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èr❡ ✉♥❡ éq✉✐✈❛❧❡♥❝❡ q✉✐ t✐❡♥t ❝♦♠♣t❡ ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡s ❛❝t✐♦♥s✳ ❈❡tt❡ tr❛✲
❞✉❝t✐♦♥ ♣❡✉t s✬ét❡♥❞r❡ ❛✉① rés❡❛✉① ❞❡ P❡tr✐ t❡♠♣♦r❡❧s ❜♦r♥és✳ ◆♦✉s ✉t✐❧✐s♦♥s
❞✬❛❜♦r❞ ❧❡s ❙✲✐♥✈❛r✐❛♥ts ♣♦✉r ❞é❝♦♠♣♦s❡r ❧❡ rés❡❛✉ ❡♥ ❝♦♠♣♦s❛♥ts q✉✐ ❞♦♥♥❡♥t
❞✐r❡❝t❡♠❡♥t ❧❛ str✉❝t✉r❡ ❞❡s ❛✉t♦♠❛t❡s✱ ♣✉✐s ♥♦✉s r❛❥♦✉t♦♥s ❞❡s ❤♦r❧♦❣❡s ♣♦✉r
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❢r♦♠ ♦♥❡ ❢♦r♠❛❧✐s♠ t♦ ❛♥♦t❤❡r✳ ❚❤❡ ❞✐✣❝✉❧t② ✐s t♦ s❤♦✇ t❤❛t t❤❡ ❞✐✛❡r❡♥t r❡♣r❡✲
s❡♥t❛t✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✳ ❚❤✐s ✇♦r❦ ♣r♦♣♦s❡s ❛ tr❛♥s❧❛t✐♦♥ ❜❡t✇❡❡♥ t✇♦ ♣♦♣✉❧❛r
❢♦r♠❛❧✐s♠s t❤❛t ❞❡s❝r✐❜❡ t✐♠❡❞ ❝♦♥❝✉rr❡♥t s②st❡♠s✿ ✶✲❜♦✉♥❞❡❞ t✐♠❡ P❡tr✐ ♥❡ts
✭❚P◆✮ ❬✶✻❪ ❛♥❞ ♥❡t✇♦r❦s ♦❢ t✐♠❡❞ ❛✉t♦♠❛t❛ ✭◆❚❆✮ ❬✸❪✳ ❚❤❡s❡ ❢♦r♠❛❧✐s♠s ❤❛✈❡
❞✐✛❡r❡♥t ❤✐st♦r✐❡s ❜✉t t❤❡② ✇❡r❡ ❜♦t❤ ❞❡s✐❣♥❡❞ t♦ ♠♦❞❡❧ r❡❛❧✲t✐♠❡✱ ❞✐str✐❜✉t❡❞
s②st❡♠s✳ ▼♦r❡♦✈❡r t❤❡② ❜♦t❤ ❤❛♥❞❧❡ ✉r❣❡♥❝②✱ ✇❤✐❝❤ ✐s ❛ ❦❡② ❢❡❛t✉r❡ ✇✐t❤♦✉t
✇❤✐❝❤ ♠♦st r❡❛❧✲t✐♠❡ s②st❡♠s ❝❛♥♥♦t ❜❡ ♠♦❞❡❧❡❞ ❝♦rr❡❝t❧②✳

❇❡❝❛✉s❡ t❤❡s❡ t✇♦ ❢♦r♠❛❧✐s♠s ❛r❡ ✉s❡❞ ❜② ❞✐✛❡r❡♥t ✈❡r✐✜❝❛t✐♦♥ t♦♦❧s✱ tr❛♥s✲
❢♦r♠❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞✱ ❛♥❞ ✇❡ r❡♠❛r❦ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ✭✐✮ ❚❤❡ tr❛♥s✲
❢♦r♠❛t✐♦♥s ♠❛✐♥❧② r❡❧② ♦♥ ♥❛t✉r❛❧ str✉❝t✉r❛❧ ❡q✉✐✈❛❧❡♥❝❡s ❜❡t✇❡❡♥ t❤❡ ❜❛s✐❝
❡❧❡♠❡♥ts ♦❢ t❤❡ ❢♦r♠❛❧✐s♠s✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ❧♦❝❛t✐♦♥ ♦❢ ❛♥ ❛✉t♦♠❛t♦♥ ❝♦rr❡✲
s♣♦♥❞s t♦ ❛ ♣❧❛❝❡ ♦❢ ❛ P❡tr✐ ♥❡t✱ ❛ tr❛♥s✐t✐♦♥ ♦❢ ❛ P❡tr✐ ♥❡t ❝♦rr❡s♣♦♥❞s t♦ ❛
t✉♣❧❡ ♦❢ s②♥❝❤r♦♥✐③❡❞ tr❛♥s✐t✐♦♥s ♦❢ ❛♥ ◆❚❆✱ ❛♥❞ t❤❡ t✐♠❡❞ ✐♥t❡r✈❛❧ ❛ss♦❝✐❛t❡❞
t♦ ❛ tr❛♥s✐t✐♦♥ ♦❢ ❛ P❡tr✐ ♥❡t ❜❡❝♦♠❡s ❛ ♣❛✐r ❣✉❛r❞✲✐♥✈❛r✐❛♥t ✐♥ ❛ t✐♠❡❞ ❛✉✲
t♦♠❛t♦♥✳ ✭✐✐✮ ❇❡②♦♥❞ t❤❡s❡ ♥❛t✉r❛❧ ❡q✉✐✈❛❧❡♥❝❡s✱ ❧✐♠✐t❛t✐♦♥s ❢♦r ♠♦r❡ ❣❡♥❡r❛❧

❘❘ ♥➦ ✼✸✸✽



❈♦♥❝✉rr❡♥❝②✲Pr❡s❡r✈✐♥❣ ❚r❛♥s❧❛t✐♦♥ ❢r♦♠ ❚P◆ t♦ ◆❚❆ ✹

♠♦❞❡❧s ❛r❡ ♥♦t ❝❧❡❛r✳ ■♥❞❡❡❞✱ t❤❡ ♥❛t✉r❛❧ tr❛♥s❢♦r♠❛t✐♦♥s t❡♥❞ t♦ ♣r❡s❡r✈❡ ❝♦♥✲
❝✉rr❡♥❝②✳ ❇✉t ✇❤❡♥ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥s ❜❡❝♦♠❡ ❧❡ss ✐♠♠❡❞✐❛t❡✱ ♦♥❡ ✉s❡s tr✐❝❦s
t❤❛t ✉♥❢♦rt✉♥❛t❡❧② ❞❡str♦② ❝♦♥❝✉rr❡♥❝②✳

❚❤❡r❡❢♦r❡ ✐t ✐s ♥♦t s✉r♣r✐s✐♥❣ t❤❛t t❤❡ ✜rst ✇♦r❦s ❛❜♦✉t ❢♦r♠❛❧ ❝♦♠♣❛r✐s♦♥s ♦❢
t❤❡ ❡①♣r❡ss✐✈❡♥❡ss ♦❢ t❤❡s❡ ♠♦❞❡❧s ❞♦ ♥♦t ❝♦♥s✐❞❡r ♣r❡s❡r✈❛t✐♦♥ ♦❢ ❝♦♥❝✉rr❡♥❝②✳
■♥ ❬✻❪✱ ❛ str✉❝t✉r❛❧ tr❛♥s❢♦r♠❛t✐♦♥ ❢r♦♠ ❚P◆ t♦ ◆❚❆ ✐s ❞❡✜♥❡❞✳ ❚❤✐s tr❛♥s✲
❢♦r♠❛t✐♦♥ ❜✉✐❧❞s ❛ t✐♠❡❞ ❛✉t♦♠❛t♦♥ ♣❡r tr❛♥s✐t✐♦♥ ♦❢ t❤❡ ❚P◆ ❛♥❞ ♣r❡s❡r✈❡s
✇❡❛❦ t✐♠❡❞ ❜✐s✐♠✐❧❛r✐t②✳ ■♥ t❤❡ ♦t❤❡r ❞✐r❡❝t✐♦♥✱ ❬✹❪ s❤♦✇s t❤❛t t❤❡r❡ ❡①✐st t✐♠❡❞
❛✉t♦♠❛t❛ t❤❛t ❛r❡ ♥♦t ✇❡❛❦❧② t✐♠❡❞ ❜✐s✐♠✐❧❛r t♦ ❛♥② ❚P◆✳ ■♥ ❬✺❪✱ t❤❡ ❛✉t❤♦rs
♣r♦♣♦s❡ ❛ tr❛♥s❧❛t✐♦♥ ❢r♦♠ ❜♦✉♥❞❡❞ t✐♠❡❞✲❛r❝ P❡tr✐ ♥❡ts ✭❛♥♦t❤❡r ✈❛r✐❛♥t ♦❢
P❡tr✐ ♥❡ts ❡①t❡♥❞❡❞ ✇✐t❤ t✐♠❡✮ t♦ ◆❚❆✱ ❜❛s❡❞ ♦♥ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ♥❡t
✐♥ s❡q✉❡♥t✐❛❧ ❝♦♠♣♦♥❡♥ts t❤❛t ❝♦♠♠✉♥✐❝❛t❡ t❤r♦✉❣❤ ❤❛♥❞s❤❛❦❡ s②♥❝❤r♦♥✐③❛✲
t✐♦♥s ✭✐♥ t❤❡ ❯♣♣❛❛❧ st②❧❡✮✳ ■♥ ❬✶✽❪✱ ❛♥♦t❤❡r t✐♠❡❞ ❡①t❡♥s✐♦♥ ♦❢ P❡tr✐ ♥❡ts ✇✐t❤
✐♥t❡r✈❛❧s ♦♥ ❛r❝s ✐s ❝♦♥s✐❞❡r❡❞✳ ❋♦r ❛ ♠❛tt❡r ♦❢ ❝♦♠♣♦s✐t✐♦♥❛❧ ♣r♦♣❡rt✐❡s ✭✇❤✐❝❤
✐s ❝❧♦s❡ t♦ ♦✉r ♣r♦❜❧❡♠✮✱ t❤❡✐r P❡tr✐ ♥❡ts ❛r❡ tr❛♥s❧❛t❡❞ t♦ t✐♠❡❞ ❛✉t♦♠❛t❛ ❡♥✲
r✐❝❤❡❞ ✇✐t❤ ❛♥ ❛❞✲❤♦❝ ♠❡❝❤❛♥✐s♠ ♦❢ ❞❡❛❞❧✐♥❡s✱ ✇❤✐❝❤ ❤✐❞❡s t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥s
❜❡t✇❡❡♥ ❝♦♠♣♦♥❡♥ts t❤❛t ✇♦✉❧❞ ❜❡ ♥❡❝❡ss❛r② t♦ ✐♠♣❧❡♠❡♥t ✐t✳

❍❡r❡ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ♣r❡s❡r✈❛t✐♦♥ ♦❢ ❝♦♥❝✉rr❡♥❝②✳ ❙✐♥❝❡ ❜♦t❤ ❚P◆s ❛♥❞
◆❚❆ ✇❡r❡ ❞❡s✐❣♥❡❞ t♦ ♠♦❞❡❧ ❞✐str✐❜✉t❡❞ s②st❡♠s✱ ✇❡ ❝♦♥s✐❞❡r t❤❛t ♥♦t ♦♥❧②
t❤❡✐r s❡q✉❡♥t✐❛❧ ❜❡❤❛✈✐♦r ❛s t✐♠❡❞ tr❛♥s✐t✐♦♥ s②st❡♠s ✐s r❡❧❡✈❛♥t✱ ❜✉t ❛❧s♦ t❤❡✐r
❞✐str✐❜✉t❡❞ ❜❡❤❛✈✐♦r✳ ❋♦r t❤❛t r❡❛s♦♥✱ ✇❡ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢
❛❝t✐♦♥s ♦✈❡r ❛ s❡t ♦❢ ♣r♦❝❡ss❡s✱ ❡❛❝❤ ♣r♦❝❡ss r❡♣r❡s❡♥t✐♥❣ ❛ ❝♦♠♣♦♥❡♥t ✇❤✐❝❤
❤❛s ✐ts ♦✇♥ ❛❧♣❤❛❜❡t ♦❢ ❛❝t✐♦♥s✳ ❲❤❡♥ ❛♥ ❛❝t✐♦♥ ❜❡❧♦♥❣s t♦ s❡✈❡r❛❧ ♣r♦❝❡ss❡s✱
✐t r❡♣r❡s❡♥ts ❛ s②♥❝❤r♦♥✐③❛t✐♦♥✱ ♦t❤❡r✇✐s❡ ✐t ✐s ❛ ❧♦❝❛❧ ❛❝t✐♦♥✳ ■♥ t❤❡ ✉♥t✐♠❡❞
❝♦♥t❡①t✱ ▼❛③✉r❦✐❡✇✐❝③ tr❛❝❡s ❬✾❪ ❛r❡ ❞❡✜♥❡❞ ✉s✐♥❣ ❛♥ ✐♥❞❡♣❡♥❞❡♥❝❡ r❡❧❛t✐♦♥ t❤❛t
❛r✐s❡s ♥❛t✉r❛❧❧② ❢r♦♠ t❤✐s ❞✐str✐❜✉t✐♦♥ ♦❢ ❛❝t✐♦♥s✳

❍♦✇❡✈❡r✱ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t✐♠❡ s✉❝❤ r❡❧❛t✐♦♥ ✇♦✉❧❞ ❤❛✈❡ ❧❡ss ♥✐❝❡ ♣r♦♣❡rt✐❡s
❜❡❝❛✉s❡ ❡✈❡♥ ❛❝t✐♦♥s t❤❛t ♦❝❝✉r ✐♥ t✇♦ t♦t❛❧❧② ✐♥❞❡♣❡♥❞❡♥t ♣r♦❝❡ss❡s ♠❛② ❜❡
♦r❞❡r❡❞ ❜② t❤❡✐r ♦❝❝✉rr❡♥❝❡ t✐♠❡✳ ❚❤❡s❡ ♦r❞❡rs ✐♥❞✉❝❡❞ ❜② ❝❛✉s❛❧✐t② ❛♥❞ ❜② t❤❡
t✐♠❡ st❛♠♣✐♥❣ ♦❢ ❡✈❡♥ts ❛♣♣❡❛r ✐♥ ❬✶❪✱ ✇❤❡r❡ t✐♠❡❞ ▼❙❈s ✭▼❡ss❛❣❡ ❙❡q✉❡♥❝❡
❈❤❛rts✮ ❛♥❞ ▼❙❈s ✇✐t❤ t✐♠✐♥❣ ❝♦♥str❛✐♥ts ❛r❡ ❝♦♥s✐❞❡r❡❞ ❛♥❞ ✐♥ ❬✷❪ ✇❤❡r❡
t❤❡ ❛✉t❤♦rs ❝♦♥s✐❞❡r ❞✐str✐❜✉t❡❞ t✐♠❡❞ ❛✉t♦♠❛t❛ ✇✐t❤ ✐♥❞❡♣❡♥❞❡♥t❧② ❡✈♦❧✈✐♥❣
❝❧♦❝❦s✳ ■♥ ❬✶✺✱ ✶✼❪✱ ❛♥ ✐♥❞❡♣❡♥❞❡♥❝❡ r❡❧❛t✐♦♥ ✐s ❞❡✜♥❡❞ ❛♠♦♥❣ t❤❡ ❛❝t✐♦♥s ♦❢
❛ t✐♠❡❞ ❛✉t♦♠❛t♦♥ ✉s✐♥❣ ❛ ❞✐❛♠♦♥❞ ♣r♦♣❡rt② t❤❛t t❛❦❡s t✐♠❡ ✐♥t♦ ❛❝❝♦✉♥t✳
❚❤✐s r❡❧❛t✐♦♥ ✐s ✉s❡❞ t♦ ❞❡✜♥❡ ♣❛rt✐❛❧ ♦r❞❡r r❡❞✉❝t✐♦♥ t❡❝❤♥✐q✉❡s t❤❛t ❛✈♦✐❞ t❤❡
❝♦♠❜✐♥❛t♦r✐❛❧ ❡①♣❧♦s✐♦♥ ✐♥ t❤❡ ❛♥❛❧②s✐s ♦❢ t✐♠❡❞ ❛✉t♦♠❛t❛✳ ❆♥②✇❛② t❤❡ t✐♠❡
❝♦♥str❛✐♥ts ♠❛❦❡ t❤✐s ✐♥❞❡♣❡♥❞❡♥❝❡ r❡❧❛t✐♦♥ ✈❡r② r❡str✐❝t✐✈❡✳ ❚❤❡r❡❢♦r❡ ✐t ❝❛♥♥♦t
❜❡ s❡❡♥ ❛s ❛ ❣❡♥❡r❛❧ ❝♦♥❝✉rr❡♥❝② r❡❧❛t✐♦♥ ❢♦r t✐♠❡❞ s②st❡♠s✳

■♥ t❤✐s ❛rt✐❝❧❡✱ ✇❡ ♣r♦♣♦s❡ t♦ st✉❞② t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❛❝t✐♦♥s ❛s ❛ ✜rst st❡♣
t♦✇❛r❞s t❤❡ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ ✇❤❛t ❝♦♥❝✉rr❡♥❝② ♠❡❛♥s ✐♥ t✐♠❡❞ s②st❡♠s✳ ❋♦r
t❤✐s ♣✉r♣♦s❡✱ ✇❡ ❞❡✜♥❡ ❛ ♥♦t✐♦♥ ♦❢ t✐♠❡❞ tr❛❝❡s ❛s ❛ ♣❛rt✐❛❧ ♦r❞❡r r❡♣r❡s❡♥t❛t✐♦♥
♦❢ ❡①❡❝✉t✐♦♥s ♦❢ ♦✉r ♠♦❞❡❧s ❢♦r r❡❛❧✲t✐♠❡ ❞✐str✐❜✉t❡❞ s②st❡♠s✳ ❲❡ ✇✐❧❧ ✉s❡ t❤❡♠
❛s ❛♥ ❛❧t❡r♥❛t✐✈❡ t♦ t✐♠❡❞ ✇♦r❞s✱ t♦ r❡♣r❡s❡♥t t❤❡ ❡①❡❝✉t✐♦♥s ♦❢ ❡✐t❤❡r ❛♥ ◆❚❆
♦r ❛ ❚P◆ ✇❤❡r❡ ♣r♦❝❡ss❡s ❤❛✈❡ ❜❡❡♥ ✐❞❡♥t✐✜❡❞✳

❚❤❡♥ ✇❡ ♣r♦♣♦s❡ ❛ str✉❝t✉r❛❧ tr❛♥s❢♦r♠❛t✐♦♥ ❢r♦♠ ✶✲❜♦✉♥❞❡❞ ❚P◆s t♦ ◆❚❆
✇❤✐❝❤ ♣r❡s❡r✈❡s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❛❝t✐♦♥s✳ ❚❤❛t ✐s ✇❡ r❡q✉✐r❡ t❤❛t ✐❢ t❤❡ ❚P◆
r❡♣r❡s❡♥ts t❤❡ ♣r♦❞✉❝t ♦❢ s❡✈❡r❛❧ ❝♦♠♣♦♥❡♥ts ✭❝❛❧❧❡❞ ♣r♦❝❡ss❡s✮✱ t❤❡♥ ❡❛❝❤ ♣r♦✲
❝❡ss s❤♦✉❧❞ ❤❛✈❡ ✐ts ❝♦✉♥t❡r♣❛rt ❛s ♦♥❡ t✐♠❡❞ ❛✉t♦♠❛t♦♥ ✐♥ t❤❡ r❡s✉❧t✐♥❣ ◆❚❆✳
❚♦ t❤✐s ❡♥❞✱ ✇❡ ✜rst ❞✐s❝✉ss ❤♦✇ t♦ ✐❞❡♥t✐❢② ♣r♦❝❡ss❡s ✐♥ ❛ ❚P◆❀ t❤❡♥ t❤❡ str✉❝✲
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❈♦♥❝✉rr❡♥❝②✲Pr❡s❡r✈✐♥❣ ❚r❛♥s❧❛t✐♦♥ ❢r♦♠ ❚P◆ t♦ ◆❚❆ ✺

t✉r❡ ♦❢ ❡❛❝❤ ♣r♦❝❡ss ❣✐✈❡s ❛ ♥❛t✉r❛❧ tr❛♥s❢♦r♠❛t✐♦♥ ✐♥t♦ ❛♥ ❛✉t♦♠❛t♦♥✱ ❛♥❞ ✇❡
s❤♦✇ ❤♦✇ t♦ ❡q✉✐♣ t❤✐s ❛✉t♦♠❛t♦♥ ✇✐t❤ t✐♠❡❞ ❝♦♥str❛✐♥ts s♦ t❤❛t t❤❡ r❡s✉❧t✐♥❣
◆❚❆ ♣r❡s❡r✈❡s t❤❡ t✐♠❡❞ tr❛❝❡s✳ ❲❡ s❤♦✇ t❤❛t t❤✐s tr❛♥s❢♦r♠❛t✐♦♥ ✐s ♣♦ss✐❜❧❡
✐♥ ❣❡♥❡r❛❧ ♦♥❧② ✐❢ ✇❡ ❛❧❧♦✇ t❤❡ ❛✉t♦♠❛t❛ t♦ r❡❛❞ t❤❡ st❛t❡s ♦❢ t❤❡✐r ♥❡✐❣❤❜♦rs✱
✇❤✐❝❤ ✇❡ ✐♥t❡r♣r❡t ❛s ❛ ❞❡♣❡♥❞❡♥❝② ❜❡t✇❡❡♥ t❤❡ ♣r♦❝❡ss❡s✱ t❤❛t ✇❛s ❤✐❞❞❡♥ ✐♥
t❤❡ ❚P◆✳

❚❤✐s ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✷ ♣r❡s❡♥ts ❝❡♥tr❛❧✐③❡❞ t✐♠❡❞
s②st❡♠s✱ ❛♥❞ ❙❡❝t✳ ✸ ♣r❡s❡♥ts ❞✐str✐❜✉t❡❞ t✐♠❡❞ s②st❡♠s ❛♥❞ ✐♥tr♦❞✉❝❡s t✐♠❡❞
tr❛❝❡s✳ ■♥ ❙❡❝t✳ ✹✱ ✇❡ r❡❝❛❧❧ ❤♦✇ t♦ ✐❞❡♥t✐❢② t❤❡ ♣r♦❝❡ss❡s ✐♥ ❛ P❡tr✐ ♥❡t✳ ▲❛st❧②✱
✐♥ ❙❡❝t✳ ✺✱ ✇❡ ♣r♦♣♦s❡ ❛ tr❛♥s❧❛t✐♦♥ ❢r♦♠ ❛ ❚P◆ t♦ ❛ t✐♠❡❞ ❜✐s✐♠✐❧❛r ◆❚❆ ✇✐t❤
t❤❡ s❛♠❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❛❝t✐♦♥s✳

✷ ❈❡♥tr❛❧✐③❡❞ t✐♠❡❞ s②st❡♠s

❚✐♠❡❞ ❛✉t♦♠❛t❛ ❛r❡ ❛ ♣♦♣✉❧❛r ❢♦r♠❛❧✐s♠ ❢♦r ♠♦❞❡❧✐♥❣ ❝❡♥tr❛❧✐③❡❞ t✐♠❡❞ s②s✲
t❡♠s✳ ❚❤❡✐r r✉♥s ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② t✐♠❡❞ ✇♦r❞s✱ ❛♥❞ t❤❡✐r s❡♠❛♥t✐❝s ❝❛♥ ❜❡
❡①♣r❡ss❡❞ ❛s ❛ t✐♠❡❞ tr❛♥s✐t✐♦♥ s②st❡♠✳

✷✳✶ ❇❛s✐❝s

❉❡✜♥✐t✐♦♥ ✶ ✭❚✐♠❡❞ ❲♦r❞s✮✳ ❆ t✐♠❡❞ ✇♦r❞ w ♦✈❡r ❛ ✜♥✐t❡ ❛❧♣❤❛❜❡t Σ ✐s
❛ ✜♥✐t❡ ♦r ✐♥✜♥✐t❡ s❡q✉❡♥❝❡ w = (a0, d0)(a1, d1) . . . (an, dn) . . . s✳t✳ ❢♦r ❡❛❝❤
i ≥ 0, ai ∈ Σ✱ di ∈ R≥0 ❛♥❞ di+1 ≥ di ✭t❤❡ di✬s ❛r❡ ❛❜s♦❧✉t❡ ❞❛t❡s✮✳ △

❆ t✐♠❡❞ ❧❛♥❣✉❛❣❡ ♦✈❡r Σ ✐s ❛ s❡t ♦❢ t✐♠❡❞ ✇♦r❞s ♦✈❡r Σ✳

❉❡✜♥✐t✐♦♥ ✷ ✭❚✐♠❡❞ ❚r❛♥s✐t✐♦♥ ❙②st❡♠✮✳ ❆ t✐♠❡❞ tr❛♥s✐t✐♦♥ s②st❡♠ ✭❚❚❙✮ ✐s
❛ t✉♣❧❡ S = (Q, q0, A,→) ✇❤❡r❡

❼ Q ✐s ❛ s❡t ♦❢ st❛t❡s✱

❼ q0 ∈ Q ✐s t❤❡ ✐♥✐t✐❛❧ st❛t❡✱

❼ A ✐s ❛ ✜♥✐t❡ s❡t ♦❢ ❛❝t✐♦♥s ❞✐s❥♦✐♥t ❢r♦♠ R≥0✱

❼ → ⊆ Q× (A ∪ R≥0)×Q ✐s ❛ s❡t ♦❢ ❡❞❣❡s✳

△
■❢ (q, e, q′) ∈ →✱ ✇❡ ❛❧s♦ ✇r✐t❡ q

e
→ q′✳

❆♥ ✐♥✐t✐❛❧ ♣❛t❤ ♦❢ ❛ ❚❚❙ ✐s ❛ ♣♦ss✐❜❧② ✐♥✜♥✐t❡ s❡q✉❡♥❝❡ ♦❢ tr❛♥s✐t✐♦♥s ρ =
q0

τ0−→ q′0
a0−→ . . . qn

τn−→ q′n
an−→ . . . ✳ ❚❤❡ t✐♠❡❞ ✇♦r❞ w = (a0, d0)(a1, d1) . . .

an, dn) . . . ✐s s❛✐❞ t♦ ❜❡ ❛❝❝❡♣t❡❞ ❜② t❤❡ ❚❚❙ ✐❢ t❤❡r❡ ❡①✐sts ❛♥ ✐♥✐t✐❛❧ ♣❛t❤ ρ

s✉❝❤ t❤❛t di =
∑i

j=0
τj ❢♦r ❡✈❡r② 1 ≤ i ≤ k✳

❉❡✜♥✐t✐♦♥ ✸ ✭❚✐♠❡❞ ❇✐s✐♠✉❧❛t✐♦♥✮✳ ▲❡t S1 = (Q1, q
0
1 , A,→1) ❛♥❞ S2 = (Q2, q

0
2 ,

A,→2) ❜❡ t✇♦ ❚❚❙ ❛♥❞ ≈ ❜❡ ❛ ❜✐♥❛r② r❡❧❛t✐♦♥ ♦✈❡r Q1 ×Q2✳ ❲❡ ✇r✐t❡ q ≈ q′

❢♦r (q, q′) ∈ ≈✳ ≈ ✐s ❛ t✐♠❡❞ ❜✐s✐♠✉❧❛t✐♦♥ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ S1 ❛♥❞ S2 ✐❢✿

❼ q01 ≈ q02 ✱

❼ ✐❢ q1
a
→1 q′1 ✇✐t❤ a ∈ A ∪ R≥0 ❛♥❞ q1 ≈ q2✱ t❤❡♥ ∃q2

a
→2 q′2 s✉❝❤ t❤❛t

q′1 ≈ q′2❀ ❝♦♥✈❡rs❡❧② ✐❢ q2
a
→2 q′2 ✇✐t❤ a ∈ A ∪ R≥0 ❛♥❞ q1 ≈ q2✱ t❤❡♥

∃q1
a
→1 q′1 s✉❝❤ t❤❛t q′1 ≈ q′2✳ △

❘❘ ♥➦ ✼✸✸✽



❈♦♥❝✉rr❡♥❝②✲Pr❡s❡r✈✐♥❣ ❚r❛♥s❧❛t✐♦♥ ❢r♦♠ ❚P◆ t♦ ◆❚❆ ✻

✷✳✷ ❚✐♠❡❞ ❛✉t♦♠❛t❛

❚❤❡ s❡t B(C) ♦❢ ❝❧♦❝❦ ❝♦♥str❛✐♥ts ♦✈❡r t❤❡ s❡t ♦❢ ❝❧♦❝❦s C ✐s ❞❡✜♥❡❞ ❜② t❤❡
❛❜str❛❝t s②♥t❛① g ::= x ⊲⊳ k | g∧g✱ ✇❤❡r❡ x ∈ C✱ k ∈ N ❛♥❞ ⊲⊳ ∈ {<,≤,=,≥, >}✳
■♥✈❛r✐❛♥ts ❛r❡ ❝❧♦❝❦ ❝♦♥str❛✐♥ts ♦❢ t❤❡ ❢♦r♠ g ::= x ≤ k | x < k | g ∧ g✳

❉❡✜♥✐t✐♦♥ ✹ ✭❚✐♠❡❞ ❛✉t♦♠❛t♦♥ ❬✸❪✮✳ ❆ t✐♠❡❞ ❛✉t♦♠❛t♦♥ ✭❚❆✮ ✐s ❛ t✉♣❧❡
A = (L, ℓ0, C,Σ, E, Inv) ✇❤❡r❡

❼ L ✐s ❛ ✜♥✐t❡ s❡t ♦❢ ❧♦❝❛t✐♦♥s✱

❼ ℓ0 ∈ L ✐s t❤❡ ✐♥✐t✐❛❧ ❧♦❝❛t✐♦♥✱

❼ C ✐s ❛ ✜♥✐t❡ s❡t ♦❢ ❝❧♦❝❦s✱

❼ Σ ✐s ❛ ✜♥✐t❡ s❡t ♦❢ ❛❝t✐♦♥s✱

❼ E ⊆ L× B(C)× Σ× 2C × L ✐s ❛ s❡t ♦❢ ❡❞❣❡s✱

❼ Inv : L → B(C) ❛ss✐❣♥s ✐♥✈❛r✐❛♥ts t♦ ❧♦❝❛t✐♦♥s✳

△

■❢ (ℓ, g, a, r, ℓ′) ∈ E✱ ✇❡ ❛❧s♦ ✇r✐t❡ ℓ
g,a,r
−→ ℓ′✳ ❋♦r s✉❝❤ ❛♥ ❡❞❣❡✱ ℓ ✐s ❝❛❧❧❡❞ t❤❡

s♦✉r❝❡ ❧♦❝❛t✐♦♥✱ g t❤❡ ❣✉❛r❞✱ a t❤❡ ❛❝t✐♦♥✱ r t❤❡ s❡t ♦❢ ❝❧♦❝❦s t♦ ❜❡ r❡s❡t ❛♥❞ ℓ′

t❤❡ t❛r❣❡t ❧♦❝❛t✐♦♥✳

❙❡♠❛♥t✐❝s ❲❡ ❞❡♥♦t❡ ❜② (ℓ, v) ❛ st❛t❡ ♦❢ ❛ ❚❆✱ ✇❤❡r❡ ℓ ∈ L ✐s t❤❡ ❝✉rr❡♥t
❧♦❝❛t✐♦♥ ❛♥❞ v : C → R≥0 ✐s ❛ ❝❧♦❝❦ ✈❛❧✉❛t✐♦♥ t❤❛t ♠❛♣s ❡❛❝❤ ❝❧♦❝❦ t♦ ✐ts
❝✉rr❡♥t ✈❛❧✉❡✳ ❚❤❡ ♣❛✐r (ℓ, v) ✐s ❛ ❧❡❣❛❧ st❛t❡ ❢♦r t❤❡ t✐♠❡❞ ❛✉t♦♠❛t♦♥ ♦♥❧② ✐❢
t❤❡ ✈❛❧✉❛t✐♦♥ v s❛t✐s✜❡s t❤❡ ✐♥✈❛r✐❛♥t ♦❢ ❧♦❝❛t✐♦♥ ℓ✱ ❞❡♥♦t❡❞ ❜② v |= Inv(ℓ)✳ ❚❤❡
✐♥✐t✐❛❧ st❛t❡ ✐s (ℓ0, v0)✱ ✇❤❡r❡ v0 ♠❛♣s ❡❛❝❤ ❝❧♦❝❦ t♦ ✵✳ ❋♦r ❡❛❝❤ s❡t ♦❢ ❝❧♦❝❦s
r ⊆ C✱ t❤❡ ✈❛❧✉❛t✐♦♥ v[r] ✐s ❞❡✜♥❡❞ ❜② v[r](x) = 0 ✐❢ x ∈ r ❛♥❞ v[r](x) = v(x)
♦t❤❡r✇✐s❡✳ ❋♦r ❡❛❝❤ d ∈ R≥0✱ t❤❡ ✈❛❧✉❛t✐♦♥ v + d ✐s ❞❡✜♥❡❞ ❜② (v + d)(x) =
v(x) + d ❢♦r ❡❛❝❤ x ∈ C✳

▲❡t A = (L, ℓ0, C,Σ, E, Inv) ❜❡ ❛ ❚❆✳ ❲❡ ❞❡✜♥❡ t❤❡ ❚❚❙ ❣❡♥❡r❛t❡❞ ❜② A
❛s T (A) = (S, s0,Σ,→)✱ ✇❤❡r❡✿

❼ S = {(ℓ, v) ∈ L× (C → R≥0) | v |= Inv(ℓ)}✱

❼ s0 = (ℓ0, v0)✱

❼ → ∈ S × (Σ ∪ R≥0)× S ✐s ❞❡✜♥❡❞ ❜②

✕ ❆❝t✐♦♥ st❡♣✿ (ℓ, v)
a
→ (ℓ′, v′) ✐✛ ∃(ℓ

g,a,r
−→ ℓ′) ∈ E✱ v |= g✱ v′ = v[r] ❛♥❞

v′ |= Inv(ℓ′)✱

✕ ❚✐♠❡ ❞❡❧❛② st❡♣✿ ∀d ∈ R≥0, (ℓ, v)
d
→ (ℓ, v+ d) ✐✛ ∀d′ ∈ [0, d], v+ d′ |=

Inv(ℓ)✳

❆ r✉♥ ♦❢ ❛ ❚❆ A ✐s ❛ ♣❛t❤ ✐♥ T (A) st❛rt✐♥❣ ✐♥ s0 ✇❤❡r❡ ❝♦♥t✐♥✉♦✉s ❛♥❞
❞✐s❝r❡t❡ tr❛♥s✐t✐♦♥s ❛❧t❡r♥❛t❡✳ ❆ t✐♠❡❞ ✇♦r❞ ✐s ❛❝❝❡♣t❡❞ ❜② A ✐❢ ✐t ✐s ❛❝❝❡♣t❡❞
❜② T (A)✳
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ℓ0

ℓ1x ≤ 4

ℓ2 y ≤ 1

ℓ3

x ≥ 3
a

{x}

x = 4
c

b, {x}

y = 1
dc

{y}

❋✐❣✉r❡ ✶✿ ❆ ♥❡t✇♦r❦ ♦❢ t✐♠❡❞ ❛✉t♦♠❛t❛✳

✸ ❉✐str✐❜✉t❡❞ t✐♠❡❞ s②st❡♠s

❉✐str✐❜✉t❡❞ t✐♠❡❞ s②st❡♠s ❛r❡ s②st❡♠s ✇✐t❤ s❡✈❡r❛❧ ❝♦♠♣♦♥❡♥ts ✭♦r ♣r♦❝❡ss❡s✮
t❤❛t ♠❛② ♣❡r❢♦r♠ ❧♦❝❛❧ ❛❝t✐♦♥s ♦r s②♥❝❤r♦♥✐③❡ ✇✐t❤ ❡❛❝❤ ♦t❤❡r✳ ❲❡ ❢♦❝✉s ♦♥ t✇♦
♠♦❞❡❧s ❢♦r s✉❝❤ s②st❡♠s✿ ♥❡t✇♦r❦s ♦❢ t✐♠❡❞ ❛✉t♦♠❛t❛ ❛♥❞ ♦♥❡ ♦❢ t❤❡ ✈❛r✐❛♥ts ♦❢
P❡tr✐ ♥❡ts ❡①t❡♥❞❡❞ ✇✐t❤ t✐♠❡✱ ❝❛❧❧❡❞ t✐♠❡ P❡tr✐ ♥❡ts✱ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✶✻❪✳ ❲❡ ✜rst
♣r❡s❡♥t t❤❡ s❡q✉❡♥t✐❛❧ s❡♠❛♥t✐❝s ♦❢ t❤❡s❡ s②st❡♠s✱ ❛s ✐t ✐s ✉s✉❛❧❧② ❞♦♥❡✳ ❚❤❡♥
✇❡ ❞❡✜♥❡ ❛ ♣❛rt✐❛❧ ♦r❞❡r s❡♠❛♥t✐❝s ✇❤✐❝❤ r❡✢❡❝ts t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❛❝t✐♦♥s✱ ❛s
❛♥ ❛❧t❡r♥❛t✐✈❡ t♦ t✐♠❡❞ ✇♦r❞s✳

✸✳✶ ◆❡t✇♦r❦s ♦❢ t✐♠❡❞ ❛✉t♦♠❛t❛

❆ ♥❡t✇♦r❦ ♦❢ t✐♠❡❞ ❛✉t♦♠❛t❛ ✭◆❚❆✮ ✐s ❛ ♣❛r❛❧❧❡❧ ❝♦♠♣♦s✐t✐♦♥ ♦❢ n t✐♠❡❞ ❛✉✲
t♦♠❛t❛ (A1, . . . ,An)✱ ✇✐t❤ Ai = (Li, ℓ

0
i , Ci,Σi, Ei, Invi) ✭s❡❡ ❋✐❣✳ ✶✮✳ ❲❡ ❞❡♥♦t❡

❜② C =
⋃

i Ci t❤❡ s❡t ♦❢ ❝❧♦❝❦s ❛♥❞ Σ =
⋃

i Σi t❤❡ s❡t ♦❢ ❛❝t✐♦♥ ♥❛♠❡s✳ ❈❧♦❝❦s
❛♥❞ ❛❝t✐♦♥ ♥❛♠❡s ♠❛② ❜❡ s❤❛r❡❞✳

❙❡q✉❡♥t✐❛❧ s❡♠❛♥t✐❝s ❚❤❡ s❡t ♦❢ s②♥❝❤r♦♥✐③❛t✐♦♥s Sync ✐s ❞❡✜♥❡❞ ❛s t❤❡ s❡t
♦❢ (e1, . . . , en) ∈ (E1 ∪ {•})× · · · × (En ∪ {•}) \ {(•, . . . , •)} s✉❝❤ t❤❛t t❤❡ s❛♠❡
❧❛❜❡❧ a ✐s ❛tt❛❝❤❡❞ t♦ ❛❧❧ t❤❡ ❡❞❣❡s ei 6= •✱ ❛♥❞ ❢♦r ❛❧❧ i s✉❝❤ t❤❛t ei = •✱ a /∈ Σi✳
❋♦r ❛♥② s = (e1, . . . , en) ∈ Sync✱ Is = {i ∈ [1..n] | ei 6= •} ❞❡♥♦t❡s t❤❡ ✐♥❞✐❝❡s ♦❢
t❤❡ ❛✉t♦♠❛t❛ t❤❛t ❛r❡ ❝♦♥❝❡r♥❡❞ ❜② t❤❡ s②♥❝❤r♦♥✐③❛t✐♦♥✳

❲❡ ❞❡♥♦t❡ ❜② (~ℓ, v) ❛ st❛t❡ ♦❢ ❛♥ ◆❚❆✱ ✇❤❡r❡ ~ℓ ∈ L1 × · · · × Ln ✐s t❤❡
✈❡❝t♦r ♦❢ ❝✉rr❡♥t ❧♦❝❛t✐♦♥s ❛♥❞ v ✐s ❛ ❝❧♦❝❦ ✈❛❧✉❛t✐♦♥✳ ❚❤❡ s❡♠❛♥t✐❝s ♦❢ t❤❡
◆❚❆ (A1, . . . ,An) ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s t❤❡ t✐♠❡❞ tr❛♥s✐t✐♦♥ s②st❡♠ (S, s0,Σ,→)
s✉❝❤ t❤❛t✿

❼ S = {(~ℓ, v) ∈ (L1 × · · · × Ln)× (C → R≥0) | v |=
∧

i Invi(ℓi)}✱

❼ s0 = (~ℓ0, v0) ✇✐t❤ ∀x ∈ C, v0(x) = 0✱

❼ → ∈ S × (Σ ∪ R≥0)× S ✐s ❞❡✜♥❡❞ ❜②

✕ ❆❝t✐♦♥ st❡♣✿ (~ℓ, v)
a
→ (~ℓ′, v′) ✐✛

✯ ∃s = (e1, . . . , en) ∈ Sync s✳t✳ ∀i ≤ n✱ ✐❢ a /∈ Σi, ℓ
′
i = ℓi ❛♥❞

ei = •✱ ♦t❤❡r✇✐s❡ ei = (ℓi, gi, a, ri, ℓ
′
i)

❘❘ ♥➦ ✼✸✸✽
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✯ v |=
∧

i∈Is
gi✱ v′ = v[

⋃

i∈Is
ri]✱ ❛♥❞ v′ |=

∧

i Invi(ℓ
′
i)

✕ ❚✐♠❡ ❞❡❧❛② st❡♣✿ ∀d ∈ R≥0, (~ℓ, v)
d
→ (~ℓ, v+ d) ✐✛ ∀d′ ∈ [0, d], v+ d′ |=

∧

i Invi(ℓi)✳

▲♦❝❛❧ ❛♥❞ ❡①t❡♥❞❡❞ s②♥t❛①❡s ❲❡ ❝❛❧❧ ❧♦❝❛❧ s②♥t❛① t❤❡ ❝♦♠♠♦♥ s②♥t❛① ✐♥
✇❤✐❝❤ ❝❧♦❝❦s ❛r❡ ❧♦❝❛❧ ✐✳❡✳ ❝❛♥ ❜❡ r❡❛❞ ❛♥❞ r❡s❡t ❜② ♦♥❧② ♦♥❡ ❛✉t♦♠❛t♦♥✳ ❚❤✉s✱
✐♥✈❛r✐❛♥ts ❛r❡ ♦❢ t❤❡ ❢♦r♠ g ::= x ≤ k | x < k | g ∧ g✱ ❛s ❞❡✜♥❡❞ ✐♥ ✷✳✷✳

❲❡ ❞❡✜♥❡ ❛♥ ❡①t❡♥❞❡❞ s②♥t❛① ✭t❤❛t ✇✐❧❧ ❜❡ ✉s❡❞ ✐♥ ❙❡❝✳ ✺✮ ✐♥ ✇❤✐❝❤ ❝❧♦❝❦s
❝❛♥ ❜❡ r❡❛❞ ❜② ❛♥② ❛✉t♦♠❛t♦♥✱ ❛♥❞ ✐♥✈❛r✐❛♥ts ❛r❡ ♦❢ t❤❡ ❢♦r♠ g ::= x ≤ k |
x < k | g ∧ g | ℓ | g ∨ g✳ ❚❤❡ t✇♦ ❧❛st ❝♦♥str✉❝t♦rs ❛r❡ ♥♦t st❛♥❞❛r❞✳ ■♥ ❛♥
✐♥✈❛r✐❛♥t✱ ✏ℓ✑ ✐s tr✉❡ ✐❢ ℓ ✐s ❛ ❝✉rr❡♥t ❧♦❝❛t✐♦♥✱ t❤❛t ✐s✱ ✐♥✈❛r✐❛♥ts ❛r❡ ❡✈❛❧✉❛t❡❞
❛❝❝♦r❞✐♥❣ t♦ t❤❡ st❛t❡ ♦❢ t❤❡ s②st❡♠ ✭❝✉rr❡♥t ❧♦❝❛t✐♦♥s ❛♥❞ ✈❛❧✉❛t✐♦♥✮ ❛♥❞ ♥♦t
♦♥❧② t♦ t❤❡ ✈❛❧✉❛t✐♦♥✳ ❲❡ ❞❡♥♦t❡ ❜② B(C,L) t❤❡ s❡t ♦❢ s✉❝❤ ❝♦♥str❛✐♥ts ♦✈❡r
t❤❡ s❡t ♦❢ ❝❧♦❝❦s C ❛♥❞ t❤❡ s❡t ♦❢ ❧♦❝❛t✐♦♥s L✳

❖t❤❡r ♦♣❡r❛t♦rs t❤❛t ❞♦ ♥♦t ❡①t❡♥❞ t❤❡ ❡①♣r❡ss✐✈❡♥❡ss ♦❢ g ❝❛♥ ❜❡ ✉s❡❞✱ s✉❝❤
❛s t❤❡ ♥❡❣❛t✐♦♥ ♦❢ ❛ ❧♦❝❛t✐♦♥✿ ¬ℓi ≡

∨

ℓ∈Li\{ℓi}
ℓ✱ t❤❡ ✐♠♣❧✐❝❛t✐♦♥✿ ℓ ⇒ (x ≤

k) ≡ ¬ℓ ∨ (x ≤ k)✱ ❛♥❞ t❤❡ ♠✐♥✐♠✉♠ ♦❢ ❛ s❡t ♦❢ ❝❧♦❝❦s✿ mini∈I(xi) ≤ k ≡
∨

i∈I(xi ≤ k)✳
❚❤✐s ❡①t❡♥❞❡❞ s②♥t❛① ❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤❡ ❡①♣r❡ss✐✈❡♥❡ss ✇✳r✳t✳ t❤❡ s❡q✉❡♥✲

t✐❛❧ s❡♠❛♥t✐❝s✳ ❇✉t ✇❡ ✇✐❧❧ s❤♦✇ ✐♥ ❙❡❝t✳ ✺ t❤❛t✱ ✐❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❞✐str✐❜✉t❡❞
t✐♠❡❞ ❧❛♥❣✉❛❣❡ ✭s❡❡ s✉❜s❡❝t✐♦♥ ✸✳✸✮✱ t❤❡ ❡①t❡♥❞❡❞ s②♥t❛① ✐♠♣r♦✈❡s t❤❡ ❡①♣r❡s✲
s✐✈❡♥❡ss ♦❢ t❤❡ ◆❚❆✳

✸✳✷ ❚✐♠❡ P❡tr✐ ♥❡ts

❉❡✜♥✐t✐♦♥ ✺ ✭P❡tr✐ ◆❡t✮✳ ❆ P❡tr✐ ♥❡t ✐s ❛ t✉♣❧❡ (P, T, F,M0) ✇❤❡r❡ P ❛♥❞ T ❛r❡
t✇♦ ❞✐s❥♦✐♥t s❡ts✱ ❝❛❧❧❡❞ s❡t ♦❢ ♣❧❛❝❡s ❛♥❞ s❡t ♦❢ tr❛♥s✐t✐♦♥s✱ F ⊆ (P×T )∪(T×P )
✐s t❤❡ s❡t ♦❢ ❛r❝s ❝♦♥♥❡❝t✐♥❣ ♣❧❛❝❡s ❛♥❞ tr❛♥s✐t✐♦♥s s✉❝❤ t❤❛t ∀t ∈ T, ∃p ∈ P s✳t✳
(p, t) ∈ F ✱ ❛♥❞ M0 ⊆ P ✐s t❤❡ ✐♥✐t✐❛❧ ♠❛r❦✐♥❣✳ △

❉❡✜♥✐t✐♦♥ ✻ ✭❚✐♠❡ P❡tr✐ ◆❡t ❬✶✻❪✮✳ ❆ t✐♠❡ P❡tr✐ ♥❡t ✭❚P◆✮ ✐s ❛ t✉♣❧❡ (P, T, F,
0, efd , lfd) ✇❤❡r❡ (P, T, F,M0) ✐s ❛ P❡tr✐ ♥❡t ❛♥❞ efd : T → R ❛♥❞ lfd : T →
R ∪ {∞} ❛ss♦❝✐❛t❡ ❛♥ ❡❛r❧✐❡st ✜r✐♥❣ ❞❡❧❛② efd(t) ❛♥❞ ❛ ❧❛t❡st ✜r✐♥❣ ❞❡❧❛② lfd(t)
✇✐t❤ ❡❛❝❤ tr❛♥s✐t✐♦♥ t✳ △

❋♦r x ∈ P ∪ T ✱ ✇❡ ❞❡✜♥❡ t❤❡ ♣r❡✲s❡t ♦❢ x ❛s •x = {y | (y, x) ∈ F} ❛♥❞
t❤❡ ♣♦st✲s❡t ♦❢ x ❛s x• = {y | (x, y) ∈ F}✳ ●✐✈❡♥ ❛ s❡t X ⊆ P ∪ T ✱ ✇❡ ❞❡✜♥❡
•X =

⋃

x∈X
•x ❛♥❞ X• =

⋃

x∈X x•✳

❙❡q✉❡♥t✐❛❧ s❡♠❛♥t✐❝s ❆ ♠❛r❦✐♥❣ M ♦❢ ❛ ❚P◆ ✐s ❛ s✉❜s❡t ♦❢ P ✭✇❡ ❝♦♥s✐❞❡r
✶✲❜♦✉♥❞❡❞ ❚P◆s✮✳ ❆ st❛t❡ ♦❢ ❛ ❚P◆ ✐s ❣✐✈❡♥ ❜② (M,ν) ✇❤❡r❡ M ✐s ❛ ♠❛r❦✐♥❣
❛♥❞ ν : T → R≥0 ✐s ❛ ✈❛❧✉❛t✐♦♥ s✉❝❤ t❤❛t ❡❛❝❤ ✈❛❧✉❡ ν(t) ✐s t❤❡ ❡❧❛♣s❡❞ t✐♠❡
s✐♥❝❡ t❤❡ ❧❛st t✐♠❡ tr❛♥s✐t✐♦♥ t ✇❛s ❡♥❛❜❧❡❞✳ ν0 ✐s t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❛t✐♦♥ ✇✐t❤
∀t ∈ T, ν0(t) = 0✳ ❆ tr❛♥s✐t✐♦♥ t ✐s ❡♥❛❜❧❡❞ ✐♥ ❛ ♠❛r❦✐♥❣ M ✐✛ •t ⊆ M ✳ ❋♦r
✶✲❜♦✉♥❞❡❞ ❚P◆s✱ ✐❢ ❛ tr❛♥s✐t✐♦♥ t ✐s ❡♥❛❜❧❡❞ ✐♥ ❛ r❡❛❝❤❛❜❧❡ st❛t❡ (M,ν)✱ t❤❡♥
t• ∩ (M \ •t) = ∅✳

❆ tr❛♥s✐t✐♦♥ t′ ✐s ♥❡✇❧② ❡♥❛❜❧❡❞ ❜② t❤❡ ✜r✐♥❣ ♦❢ t ❢r♦♠ ♠❛r❦✐♥❣ M ✐❢ ✐t ✐s ♥♦t
❡♥❛❜❧❡❞ ❜② M\•t ✭✐♥t❡r♠❡❞✐❛t❡ ♠❛r❦✐♥❣✮ ❛♥❞ ✐t ✐s ❡♥❛❜❧❡❞ ❜② M ′ = (M\•t)∪ t•

✭r❡❛❝❤❡❞ ♠❛r❦✐♥❣✮✳ ❋♦r♠❛❧❧②✿

↑enabled(t′,M, t) ⇔ (•t′ ⊆ M ′) ∧
(

•t′ 6⊆ (M\•t)
)
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•p0

a[0,∞[

p1

d[2, 2]

p4

b[0, 0]

•p2

c[1, 2]

p3

❋✐❣✉r❡ ✷✿ ❆ t✐♠❡ P❡tr✐ ♥❡t✳ P❧❛❝❡s ❛r❡ r❡♣r❡s❡♥t❡❞ ❜② ❝✐r❝❧❡s ❛♥❞ tr❛♥s✐t✐♦♥s ❛r❡
r❡♣r❡s❡♥t❡❞ ❜② ❜♦①❡s✳

p0, p2

xa ≤ ∞∧ xc ≤ 2

p1, p2

xd ≤ 2 ∧ xc ≤ 2

p4, p2

xc ≤ 2

p0, p3

xa ≤ ∞

p1, p3

xd ≤ 2 ∧ xb ≤ 0

p4, p3

xa ≥ 0
a

{xd}

xc ≥ 1, c

xc ≥ 1, c, {xb}

xa ≥ 0
a
{xb, xd}

xd ≥ 2
d

xb ≥ 0
b, {xa, xc}

xd ≥ 2
d

xc ≥ 1, c

❋✐❣✉r❡ ✸✿ ❚❤❡ s❡♠❛♥t✐❝s ♦❢ t❤❡ ❚P◆ ♦❢ ❋✐❣✳ ✷ ❛s ❛ t✐♠❡❞ ❛✉t♦♠❛t♦♥✳

❋♦r t❤❡ ✜r✐♥❣ ❞❡❧❛②s ♦❢ ❛ tr❛♥s✐t✐♦♥✱ ✇❡ ✉s❡ t❤❡ str♦♥❣ s❡♠❛♥t✐❝s✿ t ❝❛♥ ✜r❡
✐❢ ✐t ✐s ❡♥❛❜❧❡❞ ❛♥❞ ν(t) ≥ efd(t) ❛♥❞ ❤❛s t♦ ✜r❡ ❜❡❢♦r❡ ν(t) ♦✈❡rt❛❦❡s lfd(t)✳

❲✐t❤ t❤❡s❡ r✉❧❡s✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ ❞❡✜♥❡ t❤❡ s❡♠❛♥t✐❝s ♦❢ t❤❡ ❚P◆ (P, T, F,M0,
, lfd) ❛s t❤❡ ❚❆ (L, ℓ0, C,Σ, E, Inv)✱ ❝❛❧❧❡❞ ♠❛r❦✐♥❣ ❚❆ ❛♥❞ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✶✵❪✱
s✉❝❤ t❤❛t✿

❼ L ⊆ 2P ✐s t❤❡ s❡t ♦❢ ❛❧❧ r❡❛❝❤❛❜❧❡ ♠❛r❦✐♥❣s✱

❼ ℓ0 = M0 ✐s t❤❡ ✐♥✐t✐❛❧ ♠❛r❦✐♥❣✱

❼ C ✐s ❛ ✜♥✐t❡ s❡t ♦❢ ❝❧♦❝❦s s✳t✳ ❡❛❝❤ ❝❧♦❝❦ xt ✐s ❛ss♦❝✐❛t❡❞ t♦ ♦♥❡ tr❛♥s✐t✐♦♥
t✱
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❼ Σ = T ✐s t❤❡ ✜♥✐t❡ s❡t ♦❢ ❛❝t✐♦♥s✱

❼ E =
{

(M, g, t, r,M ′) | M ′ = (M\•t) ∪ t•, g ≡ xt ≥ efd(t), r = {xt′ |

↑enabled(t′,M, t)}
}

✐s t❤❡ s❡t ♦❢ ❡❞❣❡s✱

❼ Inv : L → B(C) ❛ss✐❣♥s ✐♥✈❛r✐❛♥ts t♦ ♠❛r❦✐♥❣s s✳t✳ Inv(M) =
∧

•t⊆M (xt ≤
lfd(t))✳

❆ t✐♠❡❞ ✇♦r❞ ✐s ❛❝❝❡♣t❡❞ ❜② ❛ ❚P◆ ✐✛ ✐t ✐s ❛❝❝❡♣t❡❞ ❜② ✐ts ♠❛r❦✐♥❣ ❚❆✳ ❋✐❣✉r❡ ✸
s❤♦✇s t❤❡ ♠❛r❦✐♥❣ ❚❆ ♦❢ t❤❡ ❚P◆ ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✷✳ ❲❡ ♥♦t❡ t❤❛t ❝♦♥❝✉rr❡♥❝②
✐s ♥♦t ❡①♣❧✐❝✐t ✐♥ t❤✐s ❛✉t♦♠❛t♦♥✱ ❛❧t❤♦✉❣❤ ✇❡ ❝❛♥ ♦❜s❡r✈❡ ❛ ❞✐❛♠♦♥❞ t❤❛t s❤♦✇s
t❤❡ ♣♦ss✐❜❧❡ ✐♥t❡r❧❡❛✈✐♥❣s ❜❡t✇❡❡♥ ❛❝t✐♦♥s a ❛♥❞ c✳

❚❤✐s ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❛ ❚P◆ ❛s ❛ ❚❆ ❣✐✈❡s ♥❛t✉r❛❧❧② ✐ts s❡q✉❡♥t✐❛❧ s❡♠❛♥t✐❝s✳
❆ s❡q✉❡♥t✐❛❧ s❡♠❛♥t✐❝s ✐s ♥♦t ❛❞❛♣t❡❞ t♦ ❞❡s❝r✐❜❡ ❞✐str✐❜✉t❡❞ s②st❡♠s ❜❡✲

❝❛✉s❡ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❛❝t✐♦♥s ✐s ❧♦st✳ ❲❡ ❛✐♠ ❛t
✐❞❡♥t✐❢②✐♥❣ ♣r♦❝❡ss❡s ✐♥ s✉❝❤ s②st❡♠s✱ ❛♥❞ ❞❡✜♥✐♥❣ t❤❡✐r s❡♠❛♥t✐❝s ✇✐t❤ ♥❡✇
♥♦t✐♦♥s s✉❝❤ ❛s t✐♠❡❞ tr❛❝❡s ❛♥❞ ❞✐str✐❜✉t❡❞ t✐♠❡❞ ❧❛♥❣✉❛❣❡s t❤❛t r❡✢❡❝t t❤❡
❞✐str✐❜✉t✐♦♥ ♦❢ ❛❝t✐♦♥s✳ ■♥ ❛♥ ◆❚❆✱ ✐t ✐s ❝❧❡❛r t❤❛t ❛ ♣r♦❝❡ss ✐s ❛♥ ❛✉t♦♠❛t♦♥
❛♥❞ ✇❡ ❝❛♥ ❛❧s♦ ✐❞❡♥t✐❢② ♣r♦❝❡ss❡s ✐♥ ❛ ❚P◆ ✭s❡❡ ❙❡❝t✳ ✹✮✳

✸✳✸ ❚✐♠❡❞ tr❛❝❡s

❖♥❝❡ ♣r♦❝❡ss❡s ❤❛✈❡ ❜❡❡♥ ✐❞❡♥t✐✜❡❞✱ ✇❡ ❝❛♥ ❞❡s❝r✐❜❡ t❤❡ r✉♥s ♦❢ ❞✐str✐❜✉t❡❞
t✐♠❡❞ s②st❡♠s ❛s t✐♠❡❞ tr❛❝❡s✱ ✇❤❡r❡ ❡❛❝❤ ❛❝t✐♦♥ ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♣r♦❝❡ss❡s
t❤❛t ❤❛✈❡ ♣❡r❢♦r♠❡❞ ✐t✳ ❆❝t✐♦♥s ♠❛② ❜❡ ❧♦❝❛❧ ♦r s❤❛r❡❞ ✭s②♥❝❤r♦♥✐③❛t✐♦♥s✮✳

❉❡✜♥✐t✐♦♥ ✼ ✭❚✐♠❡❞ ❚r❛❝❡✱ ❉✐str✐❜✉t❡❞ ❚✐♠❡❞ ▲❛♥❣✉❛❣❡✮✳ ❆ t✐♠❡❞ tr❛❝❡ ♦✈❡r
t❤❡ ❛❧♣❤❛❜❡t Σ✱ ❛♥❞ t❤❡ s❡t ♦❢ ♣r♦❝❡ss❡s Π = (π1, . . . , πn) ✐s ❛ t✉♣❧❡ W =
(E,4, λ, t, proc) ✇❤❡r❡✿

❼ E ✐s ❛ s❡t ♦❢ ❡✈❡♥ts✱

❼ 4 ⊆ (E × E) ✐s ❛ ♣❛rt✐❛❧ ♦r❞❡r ♦✈❡r E✱

❼ λ : E → Σ ✐s ❛ ❧❛❜❡❧✐♥❣ ❢✉♥❝t✐♦♥✱

❼ t : E → R≥0 ♠❛♣s ❡❛❝❤ ❡✈❡♥t t♦ ❛ ❞❛t❡ ❛♥❞ ✐s s✉❝❤ t❤❛t✱ ✐❢ e1 4 e2✱ t❤❡♥
t(e1) ≤ t(e2)❀

❼ proc : Σ → 2Π ♠❛♣s ❡❛❝❤ ❛❝t✐♦♥ t♦ ❛ s✉❜s❡t ♦❢ Π✱

❛♥❞ s✉❝❤ t❤❛t ❢♦r ❛♥② i ✐♥ [1..n]✱ 4|πi
= 4 ∩ (Ei × Ei) ✐s ❛ t♦t❛❧ ♦r❞❡r ♦♥ Ei✱

✇❤❡r❡ Ei = {e ∈ E | λ(e) ∈ Σi}✱ ❛♥❞ Σi = {σ ∈ Σ | πi ∈ proc(σ)} ✐s t❤❡
❛❧♣❤❛❜❡t ♦❢ πi✳

❆ ❞✐str✐❜✉t❡❞ t✐♠❡❞ ❧❛♥❣✉❛❣❡ ✐s ❛ s❡t ♦❢ t✐♠❡❞ tr❛❝❡s✳ △
❋✐❣✉r❡ ✹ ❣✐✈❡s ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛ t✐♠❡❞ tr❛❝❡✳ ❆♥ ❡✈❡♥t e ∈ E ✐s ❞❡♥♦t❡❞

❜② (λ(e), t(e)) ❛♥❞ ❡✈❡♥ts ❛r❡ ♦r❞❡r❡❞ ❛❧♦♥❣ ♦♥❡ ♣r♦❝❡ss ❢r♦♠ t❤❡ t♦♣ t♦ t❤❡
❜♦tt♦♠ ♦❢ t❤❡ ❧✐♥❡✱ ❜✉t t✇♦ ❡✈❡♥ts ♦♥ ❞✐✛❡r❡♥t ♣r♦❝❡ss❡s ♠❛② ♥♦t ❜❡ ♦r❞❡r❡❞✳
❋♦r ❡①❛♠♣❧❡✱ (a, 4) ❛♥❞ (d, 1) ❛r❡ ♥♦t ♦r❞❡r❡❞ ❜✉t (b, 4)4(d, 9) ❜❡❝❛✉s❡ (c, 8)
t❛❦❡s t❤❡♠ ❛♣❛rt ❜② tr❛♥s✐t✐✈✐t②✳

●✐✈❡♥ ❛♥ ❛❝❝❡♣t❡❞ t✐♠❡❞ ✇♦r❞ w = (a1, d1) . . . (an, dn) . . . ❛♥❞ t❤❡ ❞✐str✐✲
❜✉t✐♦♥ ♦❢ ❛❝t✐♦♥s proc ♦✈❡r t❤❡ ❛✉t♦♠❛t❛✱ ✇❡ ❝❛♥ ❜✉✐❧❞ ❛♥ ❛❝❝❡♣t❡❞ t✐♠❡❞
tr❛❝❡ ❢♦r ❛♥ ◆❚❆✿ E = {e1, . . . , en, . . . }✱ λ ❛♥❞ t ❛r❡ s✉❝❤ t❤❛t✱ ∀i, λ(ei) = ai
❛♥❞ t(ei) = di✱ ❛♥❞ 4 ✐s t❤❡ tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡ ♦❢ t❤❡ r❡❧❛t✐♦♥ 4′ ❞❡✜♥❡ ❛s
ei 4

′ ej ⇔
(

i ≤ j ∧ proc(λ(ej)) ∩ proc(λ(ej)) 6= ∅
)

✳
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(d, 9)

(d, 1)

(c, 8)
(b, 4)

(a, 4)

π1 π2

❋✐❣✉r❡ ✹✿ ❆ t✐♠❡❞ tr❛❝❡ r❡♣r❡s❡♥t✐♥❣ ❛♥ ❛❝❝❡♣t❡❞ r✉♥ ❢♦r t❤❡ ◆❚❆ ♦❢ ❋✐❣✳ ✶✳
❖♥❡ ♣♦ss✐❜❧❡ ❛ss♦❝✐❛t❡❞ t✐♠❡❞ ✇♦r❞ ✐s (d, 1)(a, 4)(b, 4)(c, 8)(d, 9)✳

✹ ❙✲s✉❜♥❡ts ❛s ♣r♦❝❡ss❡s ❢♦r P❡tr✐ ♥❡ts

■❞❡♥t✐❢②✐♥❣ ♣r♦❝❡ss❡s ✐♥ ❛ ❚P◆ ✐s ♥♦t ❛s ✐♠♠❡❞✐❛t❡ ❛s ✐♥ ❛♥ ◆❚❆✳ ❇✉t✱ ✐♥
♣r❛❝t✐❝❡✱ ✇❤❡♥ ❛ s②st❡♠ ✐s ♠♦❞❡❧❡❞ ❛s ❛ ❚P◆✱ t❤❡ ❞❡s✐❣♥❡r ❦♥♦✇s ✐ts ♣❤②s✐✲
❝❛❧ str✉❝t✉r❡ ❛♥❞ ❜✉✐❧❞s t❤❡ ❚P◆ ❛s ❛ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ❝♦♠♣♦♥❡♥ts t❤❛t ♠♦❞❡❧
t❤❡ s✉❜s②st❡♠s✳ ❆♥②✇❛②✱ ✐❢ ❛ ❚P◆ ✐s ❣✐✈❡♥ ✇✐t❤♦✉t ✐ts ❞❡❝♦♠♣♦s✐t✐♦♥✱ t❤❡s❡
❝♦♠♣♦♥❡♥ts ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞✳

❲❡ ✜rst ❞❡✜♥❡ ❙✲s✉❜♥❡ts ❛s t❤❡ ♣r♦❝❡ss❡s ♦❢ ❛ P❡tr✐ ♥❡t✱ ❛♥❞ t❤❡ ❞❡❝♦♠♣♦✲
s✐t✐♦♥ ♦❢ ❛ P❡tr✐ ♥❡t ✐♥ ❙✲s✉❜♥❡ts✳ ❚❤❡♥ ✇❡ s❤♦✇ ❤♦✇ ✇❡ ❝❛♥ ✜♥❞ t❤✐s ❞❡❝♦♠✲
♣♦s✐t✐♦♥✳ ❲❡ ❜♦rr♦✇ t❤❡ ♠❛✐♥ ❞❡✜♥✐t✐♦♥s ❢r♦♠ ❬✽❪✱ ✇❤❡r❡ t❤❡ ❛✉t❤♦rs ❣✐✈❡ ❛
♠❡t❤♦❞ ✭✐♥tr♦❞✉❝❡❞ ✐♥ ❬✶✶❪✮ t♦ ❞❡❝♦♠♣♦s❡ ❛ ❧✐✈❡ ❛♥❞ ❜♦✉♥❞❡❞ ❢r❡❡✲❝❤♦✐❝❡ ♥❡t ✐♥
s✉❝❤ ❝♦♠♣♦♥❡♥ts ❛♥❞ ✇❡ ❛❞❛♣t t❤✐s ♠❡t❤♦❞ t♦ ❞❡❝♦♠♣♦s❡ ♠♦r❡ ❣❡♥❡r❛❧ ♥❡ts✳

✹✳✶ ❉❡❝♦♠♣♦s✐t✐♦♥ ✐♥ ❙✲s✉❜♥❡ts

❙✐♥❝❡ t❤❡ ♥♦t✐♦♥ ♦❢ ♣r♦❝❡ss ✐♥✈♦❧✈❡s ♦♥❧② t❤❡ str✉❝t✉r❡ ❛♥❞ ❞♦❡s ♥♦t ❞❡♣❡♥❞
♦♥ ❛♥② t✐♠❡ ♣r♦♣❡rt②✱ ✐♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r ♦♥❧② t❤❡ str✉❝t✉r❡ ♦❢ ❛ P❡tr✐
♥❡t✿ ❛ ♥❡t ✐s ❞❡♥♦t❡❞ ❜② (P, T, F ) ✇❤❡r❡ P ✐s t❤❡ s❡t ♦❢ ♣❧❛❝❡s✱ T ✐s t❤❡ s❡t ♦❢
tr❛♥s✐t✐♦♥s✱ ❛♥❞ F ⊆ (P × T ) ∪ (T × P ) ✐s t❤❡ s❡t ♦❢ ❛r❝s✳

❆ ♥❡t (P, T, F ) ✐s ❛♥ ❙✲♥❡t ✐❢ ∀t ∈ T ✱ |•t| = |t•| = 1✳
❆♥ ❙✲♥❡t ✐s ❛♥ ❛✉t♦♠❛t♦♥ ✇❤❡r❡ ❧♦❝❛t✐♦♥s ❛r❡ ♣❧❛❝❡s ❛♥❞ ❡❞❣❡s ❛r❡ tr❛♥s✐✲

t✐♦♥s✳ ❲❡ ✇❛♥t t♦ ❞❡❝♦♠♣♦s❡ ❛ ♥❡t N ✐♥ ❙✲♥❡ts t❤❛t ❝♦✈❡r t❤❡ ♥❡t✳ ❚♦ ❞♦ s♦✱
✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t✐♦♥ ♦❢ ❙✲s✉❜♥❡t✳

❆ ♥❡t (P ′, T ′, F ′) ✐s ❛ s✉❜♥❡t ♦❢ t❤❡ ♥❡t (P, T, F ) ✐❢ P ′ ⊆ P ✱ T ′ ⊆ T ❛♥❞
F ′ = F ∩

(

(P ′ × T ′) ∪ (T ′ × P ′)
)

✳
❲❡ s❛② t❤❛t t❤❡ s✉❜♥❡t (P ′, T ′, F ′) ♦❢ N ✐s P✲❝❧♦s❡❞ ✐❢ T ′ = •P ′ ∪P ′•✳ ❚❤❛t

✐s✱ ❛♥② tr❛♥s✐t✐♦♥ ❝♦♥♥❡❝t❡❞ t♦ ❛ ♣❧❛❝❡ ✇❤✐❝❤ ✐s ✐♥ t❤❡ s✉❜♥❡t ✐s ❛❧s♦ ✐♥ t❤❡
s✉❜♥❡t✳ ❚❤❡ s✉❜♥❡t ♦❢ N ❣❡♥❡r❛t❡❞ ❜② ❛ s❡t ♦❢ ♣❧❛❝❡s P ′ ✐s t❤❡ P✲❝❧♦s❡❞ s✉❜♥❡t
(P ′, T ′, F ′) ♦❢ N ✳

❉❡✜♥✐t✐♦♥ ✽ ✭❙✲s✉❜♥❡t✮✳ ❆♥ ❙✲s✉❜♥❡t ♦❢ ❛ ♥❡t N ✐s ❛ P✲❝❧♦s❡❞ s✉❜♥❡t N ′ =
(P ′, T ′, F ′) ♦❢ N s✉❝❤ t❤❛t N ′ ✐s ❛♥ ❙✲♥❡t✳ △

❚❤❡ ♥❡t N = (P, T, F ) ✐s ❞❡❝♦♠♣♦s❛❜❧❡ ✐♥ ❙✲s✉❜♥❡ts ✐✛ t❤❡r❡ ❡①✐sts ❛ s❡t ♦❢
❙✲s✉❜♥❡ts {N1, . . . , Nn} ✇✐t❤ Ni = (Pi, Ti, Fi)✱ s✉❝❤ t❤❛t

⋃

i Pi = P ✳ ■♥ t❤✐s
❝❛s❡✱ t❤❡ s❡t ♦❢ ❙✲s✉❜♥❡ts ✐s ❝❛❧❧❡❞ ❛ ❝♦✈❡r ♦❢ N ✭❛♥❞

⋃

i Ti = T ❜❡❝❛✉s❡ t❤❡
❙✲s✉❜♥❡ts ❛r❡ P✲❝❧♦s❡❞✮✳
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◆♦t❡ t❤❛t t❤❡ ♥♦t✐♦♥ ♦❢ ❙✲s✉❜♥❡t ❣❡♥❡r❛❧✐③❡s t❤❡ ♥♦t✐♦♥ ♦❢ ❙✲❝♦♠♣♦♥❡♥t ♣r❡✲
s❡♥t❡❞ ✐♥ ❬✽❪ ❜❡❝❛✉s❡ ✇❡ ❞♦ ♥♦t ✐♠♣♦s❡ t❤❛t t❤❡ s✉❜♥❡t ✐s str♦♥❣❧② ❝♦♥♥❡❝t❡❞✳

❉❡✜♥✐t✐♦♥ ✾ ✭■♥❝✐❞❡♥❝❡ ♠❛tr✐①✮✳ ▲❡t N ❜❡ t❤❡ ♥❡t (P,
T, F )✳ ❚❤❡ ✐♥❝✐❞❡♥❝❡ ♠❛tr✐① ◆ : (P × T ) → {−1, 0, 1} ♦❢ N ✐s ❞❡✜♥❡❞ ❜②

◆(p, t) =







−1 ✐❢ (p, t) ∈ F ❛♥❞ (t, p) /∈ F
1 ✐❢ (p, t) /∈ F ❛♥❞ (t, p) ∈ F
0 ♦t❤❡r✇✐s❡

△
❆♥ ✐♥❝✐❞❡♥❝❡ ♠❛tr✐① ✐s ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✶✳ ❚❤❡ ❡♥tr② ◆(p, t) ❝♦rr❡s♣♦♥❞s t♦

t❤❡ ❝❤❛♥❣❡ ♦❢ t❤❡ ♠❛r❦✐♥❣ ♦❢ t❤❡ ♣❧❛❝❡ p ❝❛✉s❡❞ ❜② t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ tr❛♥s✐t✐♦♥
t✳ ❍❡♥❝❡✱ ✐❢ t ✐s ✜r❡❞ ❢r♦♠ ♠❛r❦✐♥❣ M ✱ t❤❡ ♥❡✇ ♠❛r❦✐♥❣ ✐s M ′ = M + t✱ ✇❤❡r❡
t ✐s t❤❡ ❝♦❧✉♠♥ ✈❡❝t♦r ♦❢ ◆ ❛ss♦❝✐❛t❡❞ t♦ t✳

❉❡✜♥✐t✐♦♥ ✶✵ ✭❙✲✐♥✈❛r✐❛♥t ❬✶✹❪✮✳ ❆♥ ❙✲✐♥✈❛r✐❛♥t ♦❢ ❛ ♥❡t N ✐s ❛♥ ✐♥t❡❣❡r✲✈❛❧✉❡❞
s♦❧✉t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥ X ·◆ = ✵✳ △

❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ✐♥❝✐❞❡♥❝❡ ♠❛tr✐① ✐t ❢♦❧❧♦✇s t❤❛t ❛ ♠❛♣♣✐♥❣ I : P → Q

✐s ❛♥ ❙✲✐♥✈❛r✐❛♥t ✐✛ ❢♦r ❡✈❡r② tr❛♥s✐t✐♦♥ t ❤♦❧❞s
∑

p∈•t I(p) =
∑

p∈t• I(p)✳
❆♥ ❙✲✐♥✈❛r✐❛♥t I ♦❢ ❛ ♥❡t ✐s ❝❛❧❧❡❞ s❡♠✐✲♣♦s✐t✐✈❡ ✐❢ I ≥ ✵ ❛♥❞ I 6= ✵✳ ❚❤❡

s✉♣♣♦rt ♦❢ ❛ s❡♠✐✲♣♦s✐t✐✈❡ ❙✲✐♥✈❛r✐❛♥t I✱ ❞❡♥♦t❡❞ ❜② 〈I〉✱ ✐s t❤❡ s❡t ♦❢ ♣❧❛❝❡s p
s❛t✐s❢②✐♥❣ I(p) > 0✳ ❊✈❡r② s❡♠✐✲♣♦s✐t✐✈❡ ❙✲✐♥✈❛r✐❛♥t I s❛t✐s✜❡s •〈I〉 = 〈I〉•✳

Pr♦♣♦s✐t✐♦♥ ✶✶✳ ❆ P❡tr✐ ♥❡t (P, T, F ) ✐s ❞❡❝♦♠♣♦s❛❜❧❡ ✐♥ ❙✲s✉❜♥❡ts ✐✛ t❤❡r❡
❡①✐sts ❛ s❡t ♦❢ ❙✲✐♥✈❛r✐❛♥ts {X1, . . . Xn} s✉❝❤ t❤❛t✱

❼ ∀i ∈ [1..n], Xi : P → {0, 1} ✭s❡t ♦❢ ♣❧❛❝❡s✮✱ ✭✶✮

❼ ∀i ∈ [1..n], ∀t ∈ T,
∑

p∈•t

Xi(p) = 1
(

=
∑

p∈t•
Xi(p)

)

✱ ✭✷✮

❼ ∀p ∈ P,
∑

i

Xi(p) ≥ 1 ✭t❤❡ s❡t ❝♦✈❡rs t❤❡ ♥❡t✮✳ ✭✸✮

❚♦ ♦✉r ❦♥♦✇❧❡❞❣❡ s✉❝❤ ♣r♦♦❢ ❞♦❡s ♥♦t ❡①✐st ②❡t✳

Pr♦♦❢✳ ✭⇒✮ ❆ss✉♠❡ P ✐s ❞❡❝♦♠♣♦s❛❜❧❡ ✐♥ ❙✲s✉❜♥❡ts✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ s❡t ♦❢
n ❙✲s✉❜♥❡ts Ni = (Pi, Ti, Fi)✱ ✇✐t❤ i ∈ [1..n]✱ s✉❝❤ t❤❛t

⋃

i Pi = P ✳ ❲❡ ❝❛♥
❝❤♦♦s❡ n ♠❛♣♣✐♥❣s Xi : P → {0, 1} s✉❝❤ t❤❛t ❢♦r ❡❛❝❤ ♣❧❛❝❡ p✱ Xi(p) = 1 ✐❢
p ∈ Pi✱ ❛♥❞ Xi(p) = 0 ♦t❤❡r✇✐s❡✳ ❙✐♥❝❡ Ni ✐s ❛♥ ❙✲♥❡t✱ ❢♦r ❡❛❝❤ tr❛♥s✐t✐♦♥
t✱ |Pi ∩

•t| = |Pi ∩ t•| = 1✳ ❚❤❡r❡❢♦r❡✱ ❢♦r ❡❛❝❤ tr❛♥s✐t✐♦♥ t✱
∑

p∈•t

Xi(p) = 1

❛♥❞
∑

p∈t•
Xi(p) = 1❀ t❤❛t ✐s✱

∑

p∈•t

Xi(p) =
∑

p∈t•
Xi(p) ✇❤✐❝❤ ❞❡✜♥❡s ❛♥ ❙✲✐♥✈❛r✐❛♥t✳

▼♦r❡♦✈❡r✱ ∀p ∈ P,
∑

i Xi(p) ≥ 1 ❛❧s♦ ❤♦❧❞s ❜❡❝❛✉s❡ ❡❛❝❤ ♣❧❛❝❡ ✐s ✐♥ ❛t ❧❡❛st ♦♥❡
s✉❜s❡t ♦❢ ♣❧❛❝❡s✳

✭⇐✮ ❆ss✉♠❡ ♥♦✇ t❤❛t t❤❡r❡ ❡①✐sts ❛ s❡t ♦❢ ❙✲✐♥✈❛r✐❛♥ts {X1, . . . , Xn} ✇❤✐❝❤
s❛t✐s✜❡s t❤❡ t❤r❡❡ ❝♦♥❞✐t✐♦♥s ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✶✳ ❲❡ s❤♦✇ t❤❛t t❤❡ n s✉❜♥❡ts
❣❡♥❡r❛t❡❞ ❜② ❡❛❝❤ 〈Xi〉 ✇✐t❤ i ✐♥ [1..n]✱ ❛r❡ ❙✲s✉❜♥❡ts t❤❛t ❝♦✈❡r N ✳ ❲❡ ❞❡✲
♥♦t❡ t❤❡♠ ❜② Ni = (Pi, Ti, Fi)✱ ✇✐t❤ Pi = 〈Xi〉 ❛♥❞ Ti = •〈Xi〉 = 〈Xi〉

•✳ ❇②
❝♦♥str✉❝t✐♦♥✱ Ni ✐s ❛ P✲❝❧♦s❡❞ s✉❜♥❡t ♦❢ N ✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ ❢♦r ❡❛❝❤ ♣❧❛❝❡ p✱
Xi(p) ∈ {0, 1}✱ p ∈ 〈Xi〉 ✐♠♣❧✐❡s t❤❛t Xi(p) = 1✱ ❛♥❞ p /∈ 〈Xi〉 ✐♠♣❧✐❡s t❤❛t
Xi(p) = 0✳ ❚❤❛t ✐s✱ ❢♦r ❡❛❝❤ tr❛♥s✐t✐♦♥ t✱ |•t ∩ Pi| = |•t ∩ 〈Xi〉| =

∑

p∈•t

Xi(p) = 1

❛♥❞✱ ✐♥ t❤❡ s❛♠❡ ✇❛②✱ |t•∩Pi| = 1✳ ❍❡♥❝❡ Ni ✐s ❛♥ ❙✲♥❡t✳ ▲❛st❧②✱ t❤❡ n ❙✲s✉❜♥❡ts
❝♦✈❡r t❤❡ ♥❡t ❜❡❝❛✉s❡ ❢♦r ❡❛❝❤ ♣❧❛❝❡ p✱

∑

i Xi(p) ≥ 1✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t t❤❡r❡
❡①✐sts i ✐♥ [1..n] s✉❝❤ t❤❛t p ∈ 〈Xi〉✱ t❤❛t ✐s

⋃

i〈Xi〉 = P ✳
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p1

t1

p2

t2

p3

p4

t5

p5

t3

p6

p7

t4

p1

t1

p2

t2

p3

t2

p4

t5

t3

p6

p7

t4

p3

t2

p4

t5

p5

t3

❋✐❣✉r❡ ✺✿ ❆ ♥❡t ✇❤✐❝❤ ✐s ❞❡❝♦♠♣♦s❛❜❧❡ ✐♥ ❙✲s✉❜♥❡ts✱ ❛♥❞ ✐ts ❞❡❝♦♠♣♦s✐t✐♦♥✳

◆♦t❡ t❤❛t✱ ✐❢ N ✐s ❝♦♥♥❡❝t❡❞✱ ❡✈❡r② Xi ✐s ♠✐♥✐♠❛❧ ✭✇✳r✳t✳ s❡t ✐♥❝❧✉s✐♦♥✮✳
❲❤❡♥ t❤❡ ♥❡t ✐s ❞❡❝♦♠♣♦s❛❜❧❡✱ t❤❡r❡ ❡①✐sts ❛ s❡t {I1, . . . Ik} ♦❢ ♠✐♥✐♠❛❧ ❙✲
✐♥✈❛r✐❛♥ts t❤❛t ❝♦✈❡rs t❤❡ ♥❡t ❛♥❞ s✉❝❤ t❤❛t ❢♦r ❡❛❝❤ 1 ≤ i ≤ k✱ ✐❢ Ii ✐s r❡♠♦✈❡❞
❢r♦♠ t❤❡ s❡t✱ t❤❡♥ t❤❡ ♥❡t ✐s ♥♦ ❧♦♥❣❡r ❝♦✈❡r❡❞ ✭t❤❡ s❡t ✐s ♠✐♥✐♠❛❧✮✳ ❚❤✐s s❡t
❣✐✈❡s ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ♥❡t ✐♥ t❤❡ ❙✲s✉❜♥❡ts ❣❡♥❡r❛t❡❞ ❜② t❤❡ ♠✐♥✐♠❛❧
❙✲✐♥✈❛r✐❛♥ts✳ ◆♦t❡ t❤❛t t❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s ♥♦t ✉♥✐q✉❡ ❛♥❞ t❤❛t ❛ ♣❧❛❝❡ ♠❛②
❜❡ s❤❛r❡❞ ❜② s❡✈❡r❛❧ ❙✲s✉❜♥❡ts✳

❚❤❡ ♥✉♠❜❡r ♦❢ t♦❦❡♥s ✐♥ ❛♥ ❙✲s✉❜♥❡t ✐s ❝♦♥st❛♥t✳ ❚❤✉s✱ ❛♥ ❙✲s✉❜♥❡t ✐♥✐t✐❛❧❧②
♠❛r❦❡❞ ✇✐t❤ ♦♥❡ t♦❦❡♥ r❡♣r❡s❡♥ts ❛♥ ❛✉t♦♠❛t♦♥ ✇❤❡r❡ t❤❡ ❛❝t✐✈❡ ❧♦❝❛t✐♦♥ ✐s t❤❡
♠❛r❦❡❞ ♣❧❛❝❡✳ ❙✉❝❤ s✉❜♥❡t ✐s ❝❛❧❧❡❞ ❛ ♣r♦❝❡ss✳ ■❢ t❤❡ ❙✲s✉❜♥❡t ✐s ✐♥✐t✐❛❧❧② ♠❛r❦❡❞
✇✐t❤ m t♦❦❡♥s✱ t❤❡♥ ✐t ❝♦rr❡s♣♦♥❞s t♦ m ♣r♦❝❡ss❡s ✇✐t❤ t❤❡ s❛♠❡ str✉❝t✉r❡ ❜✉t
♥♦t ♥❡❝❡ss❛r✐❧② st❛rt✐♥❣ ✐♥ t❤❡ s❛♠❡ ♣❧❛❝❡✱ ❛♥❞ t❤❡s❡ ♣r♦❝❡ss❡s ❞♦ ♥♦t s②♥❝❤r♦♥✐③❡
✇✐t❤ ❡❛❝❤ ♦t❤❡rs✳ ❚♦ s✐♠♣❧✐❢②✱ ✇❡ ♦♥❧② ❝♦♥s✐❞❡r ✶✲❜♦✉♥❞❡❞ ❚P◆s✳

✹✳✷ ❆♥ ❡①❛♠♣❧❡ ♦❢ ❞❡❝♦♠♣♦s✐t✐♦♥

❲❡ ✇❛♥t t♦ ❞❡❝♦♠♣♦s❡ t❤❡ ♥❡t s❤♦✇♥ ✐♥ ❋✐❣✳ ✺✳ ❚♦ t❤✐s ♣✉r♣♦s❡✱ ✇❡ ❞❡t❡r♠✐♥❡
✐ts ❙✲✐♥✈❛r✐❛♥ts t❤❛t s❛t✐s❢② ❝♦♥❞✐t✐♦♥s ✶ ❛♥❞ ✷✳ ■❢ t❤❡② ❝♦✈❡r t❤❡ ♥❡t ✭❝♦♥❞✐t✐♦♥
✸✮✱ t❤❡♥ t❤❡ ♥❡t ✐s ❞❡❝♦♠♣♦s❛❜❧❡✳

❚❛❜❧❡ ✶✿ ❚❤❡ ✐♥❝✐❞❡♥❝❡ ♠❛tr✐① ♦❢ t❤❡ ♥❡t ♦❢ ❋✐❣✳ ✺

◆ =

t1 t2 t3 t4 t5

p1 1 −1 0 0 0

p2 −1 1 0 0 0

p3 0 0 0 0 1

p4 0 0 −1 0 0

p5 0 0 1 0 −1

p6 0 0 0 1 −1

p7 0 0 1 −1 0

❲✐t❤ t❤❡ ✐♥❝✐❞❡♥❝❡ ♠❛tr✐① ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✶✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❙✲
✐♥✈❛r✐❛♥ts✿ X1 = [1 1 0 0 0 0 0]✱ X2 = [0 0 1 1 0 1 1]✱ ❛♥❞ X3 = [0 0 1 1 1 0 0]✳
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❈♦♥❝✉rr❡♥❝②✲Pr❡s❡r✈✐♥❣ ❚r❛♥s❧❛t✐♦♥ ❢r♦♠ ❚P◆ t♦ ◆❚❆ ✶✹

•p0

a

p1

d

p4

b b

•p2

c

p3

❋✐❣✉r❡ ✻✿ ❚❤❡ ♣r♦❝❡ss❡s ♦❢ t❤❡ ❚P◆ ♦❢ ❋✐❣✳ ✷✳

❚❤❡s❡ ❙✲✐♥✈❛r✐❛♥ts s❛t✐s❢② t❤❡ t❤r❡❡ ❝♦♥❞✐t✐♦♥s ♦❢ Pr♦♣✳ ✶✶✱ t❤❡② ❛r❡ ♠✐♥✐♠❛❧
❛♥❞ t❤❡② ❢♦r♠ ❛ ♠✐♥✐♠❛❧ s❡t✳ ❚❤❡r❡❢♦r❡ t❤❡ ♥❡t ✐s ❞❡❝♦♠♣♦s❛❜❧❡ ✐♥ t❤❡ t❤r❡❡ ❙✲
s✉❜♥❡ts ❣❡♥❡r❛t❡❞ ❜② t❤❡ s❡ts ♦❢ ♣❧❛❝❡s {p1, p2}✱ {p3, p4, p6, p7}✱ ❛♥❞ {p3, p4, p5}✱
s❡❡ ❋✐❣✳ ✺✳

✹✳✸ ❆❧❣♦r✐t❤♠s ❛♥❞ s✐③❡ ♦❢ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥

❙♦♠❡ ❛❧❣♦r✐t❤♠s ❢♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ♠✐♥✐♠❛❧ ❙✲✐♥✈❛r✐❛♥ts ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✼❪
✇❤❡r❡ t❤❡② ❛r❡ ❝❛❧❧❡❞ ♣✲s❡♠✐✢♦✇s✳

❚❤❡ ♥✉♠❜❡r ♦❢ ♣❧❛❝❡s ✐♥ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s ❡q✉❛❧ t♦
∑

i |Pi| ❛♥❞ ✐s ❛t ♠♦st
|P |2 ❜❡❝❛✉s❡ ❛ ♣❧❛❝❡ ♠❛② ❜❡ s❤❛r❡❞ ❜② s❡✈❡r❛❧ ❝♦♠♣♦♥❡♥ts ❛♥❞ ♥♦ ♠♦r❡ t❤❛♥
|P | ❝♦♠♣♦♥❡♥ts ❛r❡ ♥❡❡❞❡❞ t♦ ❝♦✈❡r t❤❡ ♥❡t✳ ❆♥❞ t❤❡ ♥✉♠❜❡r ♦❢ tr❛♥s✐t✐♦♥s ✐s
∑

i |Ti| ❛♥❞ ✐s ❛t ♠♦st |T | × |P | ❢♦r t❤❡ s❛♠❡ r❡❛s♦♥✳ ❇✉t t❤❡s❡ ✉♣♣❡r ❜♦✉♥❞s
❛r❡ ♣❡ss✐♠✐st✐❝ s✐♥❝❡ ❣❡♥❡r❛❧❧② t❤❡r❡ ❛r❡ ❢❡✇❡r ❝♦♠♣♦♥❡♥ts ❛♥❞ ❢❡✇ ♣❧❛❝❡s ❛♥❞
tr❛♥s✐t✐♦♥s ❛r❡ ❞✉♣❧✐❝❛t❡❞ ✐♥ ❛❧❧ ❝♦♠♣♦♥❡♥ts✳

✺ ❚r❛♥s❧❛t✐♦♥ ❢r♦♠ t✐♠❡ P❡tr✐ ♥❡t t♦ ♥❡t✇♦r❦ ♦❢

t✐♠❡❞ ❛✉t♦♠❛t❛

❆ ❚P◆ ❝❛♥ ❜❡ tr❛♥s❧❛t❡❞ ✐♥ ❛ ❚❆ ✇❤✐❝❤ ❛❝❝❡♣ts t❤❡ s❛♠❡ t✐♠❡❞ ✇♦r❞s ✭s❡❡
❋✐❣✳ ✸✮✳ ❇✉t ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ tr❛♥s❧❛t❡ ✐t ✐♥ ❛♥ ◆❚❆ ✇❤✐❝❤ ❛❝❝❡♣ts t❤❡ s❛♠❡
t✐♠❡❞ tr❛❝❡s✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦♣♦s❡ ❛ str✉❝t✉r❛❧ tr❛♥s❧❛t✐♦♥ ❢r♦♠ ❛ ❚P◆
t♦ ❛♥ ◆❚❆✱ ❜❛s❡❞ ♦♥ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥ ♣r♦❝❡ss❡s✳

✺✳✶ Pr♦❝❡❞✉r❡

❲❡ ✜rst ❧♦♦❦ ❛t t❤❡ ✉♥t✐♠❡❞ ♥❡t t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♣r♦❝❡ss❡s ❛♥❞ ✇❡ ❝❤❡❝❦ t❤❛t
❡❛❝❤ s✉❜♥❡t ✐s ✐♥✐t✐❛❧❧② ♠❛r❦❡❞ ✇✐t❤ ♦♥❡ t♦❦❡♥✳ ❲❡ ❣❡t t❤❡ s✉❜♥❡ts s❤♦✇♥ ✐♥
❋✐❣✳ ✻✳ ❚❤✐s tr❛♥s❧❛t✐♦♥ ✐♥✈♦❧✈❡s t❤r❡❡ ♠♦r❡ st❡♣s✿

✶✳ ❊❛❝❤ s✉❜♥❡t ✐s tr❛♥s❧❛t❡❞ ✐♥ ❛♥ ❛✉t♦♠❛t♦♥ ♣r❡s❡r✈✐♥❣ ✐ts str✉❝t✉r❡ ✭♣❧❛❝❡s
❜❡❝♦♠❡ ❧♦❝❛t✐♦♥s ❛♥❞ tr❛♥s✐t✐♦♥s ❜❡❝♦♠❡ ❡❞❣❡s✮✳ ❊❛❝❤ ❡❞❣❡ ✐s ❧❛❜❡❧❡❞ ✇✐t❤
t❤❡ ♥❛♠❡ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ tr❛♥s✐t✐♦♥✳

✷✳ ❚✐♠❡ ✐s ❛❞❞❡❞ ❜② ♣r♦✈✐❞✐♥❣ ❡❛❝❤ ❛✉t♦♠❛t♦♥ ✇✐t❤ ❛ ❝❧♦❝❦ xi✳ ❚❤✐s ❝❧♦❝❦ ✐s
r❡s❡t ♦♥ ❡❛❝❤ ❡❞❣❡✳ ❚❤❡ ✐❞❡❛ ✐s t❤❛t t❤❡ ✈❛❧✉❡ ♦❢ xi ❣✐✈❡s t❤❡ t✐♠❡ ❡❧❛♣s❡❞
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❈♦♥❝✉rr❡♥❝②✲Pr❡s❡r✈✐♥❣ ❚r❛♥s❧❛t✐♦♥ ❢r♦♠ ❚P◆ t♦ ◆❚❆ ✶✺

ℓ0x1 ≤ ∞

ℓ1x1 ≤ 2∧Inv(ℓ1, b)

ℓ4

ℓ2x2 ≤ 2

ℓ3Inv(ℓ3, b)

x1 ≥ 0
a

{x1}

x1 ≥ 2

d
{x1}

x1 ≥ 0
b
{x1}

x2 ≥ 1
c
{x2}

x2 ≥ 0
b

{x2}

Inv(ℓ1, b) ≡ ¬ℓ3 ∨ x1 ≤ 0 ∨ x2 ≤ 0
Inv(ℓ3, b) ≡ ¬ℓ1 ∨ x1 ≤ 0 ∨ x2 ≤ 0

❋✐❣✉r❡ ✼✿ ❚❤❡ r❡s✉❧t✐♥❣ ◆❚❆✳

✐♥ t❤❡ ❝✉rr❡♥t ❧♦❝❛t✐♦♥✳ ❖♥ ❡❛❝❤ ❡❞❣❡✱ ✐❢ [a, b] ✐s t❤❡ ✜r✐♥❣ ✐♥t❡r✈❛❧ ♦❢ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ tr❛♥s✐t✐♦♥✱ ✇❡ ❛❞❞ ❛ ❣✉❛r❞ xi ≥ a✱ ❛♥❞ ✐❢ t❤❡ tr❛♥s✐t✐♦♥ ✐s
♥♦t s❤❛r❡❞✱ ✇❡ ❛❞❞ ❛♥ ✐♥✈❛r✐❛♥t xi ≤ b ♦♥ t❤❡ s♦✉r❝❡ ❧♦❝❛t✐♦♥✳

✸✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ t♦ ❞❡❛❧ ✇✐t❤ t❤❡ s②♥❝❤r♦♥✐③❛t✐♦♥s ✭tr❛♥s✐t✐♦♥s ✇✐t❤ s❡✈❡r❛❧
✐♥♣✉t ♣❧❛❝❡s✮✳ ❙✉❝❤ tr❛♥s✐t✐♦♥s ❤❛✈❡ t♦ ✜r❡ ✐❢ t❤❡② ❛r❡ ❡♥❛❜❧❡❞ ❛♥❞ t❤❡✐r
❧❛t❡st ✜r✐♥❣ ❞❡❧❛② ✐s r❡❛❝❤❡❞✳ ❖♥ ♦✉r ❡①❛♠♣❧❡✱ s❡❡ ❋✐❣✳ ✼✱ ✇❡ ❝❛♥ st❛② ✐♥
~ℓ = (ℓ1, ℓ3) ❛s ❧♦♥❣ ❛s min(v(x1), v(x2)) ≤ 0 ✭❜❡❝❛✉s❡ min(v(x1), v(x2))
✐s t❤❡ ❡❧❛♣s❡❞ t✐♠❡ s✐♥❝❡ b ✇❛s ❡♥❛❜❧❡❞ ❛♥❞ lfd(b) = 0✮✳ ❚❤✉s✱ ✇❡ ❛❞❞
Inv(ℓ1, b) ≡ ℓ3 ⇒ (x1 ≤ 0 ∨ x2 ≤ 0) ≡ ¬ℓ3 ∨ (x1 ≤ 0 ∨ x2 ≤ 0) ❛♥❞
Inv(ℓ3, b) ≡ ℓ1 ⇒ (x1 ≤ 0 ∨ x2 ≤ 0) ≡ ¬ℓ1 ∨ (x1 ≤ 0 ∨ x2 ≤ 0) ✐♥
t❤❡ ✐♥✈❛r✐❛♥ts ♦❢ ℓ1 ❛♥❞ ℓ3 ✭❛❝t✉❛❧❧② ✇❡ ♦♥❧② ♥❡❡❞ t♦ ❛❞❞ t❤✐s ✏❣❧♦❜❛❧✑
✐♥✈❛r✐❛♥t t♦ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ ♦♥❡ ♦❢ t❤❡ s♦✉r❝❡ ❧♦❝❛t✐♦♥s ❝♦♥❝❡r♥❡❞ ❜② t❤❡
s②♥❝❤r♦♥✐③❛t✐♦♥✮✳

❋♦r♠❛❧❧②✱ ❛ ❚P◆ N = (P, T, F,M0, efd , lfd) ✇✐t❤ n ♣r♦❝❡ss❡s ❝❛♥ ❜❡ tr❛♥s✲
❧❛t❡❞ ✐♥ t❤❡ ◆❚❆ (A1, . . . ,An) ✇✐t❤ ∀i ∈ [1..n],Ai = (Pi, ℓ

0
i , C,Σi, Ei, Invi)

s✉❝❤ t❤❛t✿

❼ Pi ✭♣❧❛❝❡s ♦❢ t❤❡ ith s✉❜♥❡t✮ ✐s t❤❡ s❡t ♦❢ ❧♦❝❛t✐♦♥s✱

❼ ℓ0i s✳t✳ {ℓ0i } = Pi ∩M0 ✐s t❤❡ ✐♥✐t✐❛❧ ❧♦❝❛t✐♦♥✱

❼ C = {x1, . . . , xn} ✐s t❤❡ s❡t ♦❢ ❝❧♦❝❦s✱

❼ Σi = Ti ✭tr❛♥s✐t✐♦♥s ♦❢ t❤❡ ith s✉❜♥❡t✮ ✐s t❤❡ s❡t ♦❢ ❛❝t✐♦♥s✱

❼ Ei ⊂ (Pi×B(C)×Ti×2C×Pi) s✉❝❤ t❤❛t Ei =
{

(p, g, t, r, p′) | p ∈ •t∧p′ ∈

t•, g ≡ xi ≥ efd(t), r = {xi}
}

✐s t❤❡ s❡t ♦❢ ❡❞❣❡s✱

❼ Invi : Pi → B(C,P ) ❛ss✐❣♥s ✐♥✈❛r✐❛♥ts t♦ ❧♦❝❛t✐♦♥s s✳t✳ ∀p ∈ Pi, Invi(p) ≡
∧

t∈p•

Inv(t)✱

✇❤❡r❡ Inv(t) ≡ (
∧

p′∈•t

p′) ⇒ min
k∈It

(xk) ≤ lfd(t) ✇✐t❤ It = {i ∈ [1..n] | t ∈ Ti}

t❤❡ s❡t ♦❢ ✐♥❞✐❝❡s ♦❢ t❤❡ s✉❜♥❡ts t❤❛t ❝♦♥t❛✐♥ t✳
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❈♦♥❝✉rr❡♥❝②✲Pr❡s❡r✈✐♥❣ ❚r❛♥s❧❛t✐♦♥ ❢r♦♠ ❚P◆ t♦ ◆❚❆ ✶✻

❍❡r❡✱ ✇❡ ✉s❡ t❤❡ ❡①t❡♥❞❡❞ s②♥t❛① ✭s❡❡ s✉❜s❡❝t✐♦♥ ✸✳✶✮✿ ❛✉t♦♠❛t♦♥ Ai ❝❛♥
r❡❛❞ t❤❡ ❝❧♦❝❦s ♦❢ t❤❡ ♦t❤❡r ❛✉t♦♠❛t❛✱ ❜✉t ❞♦❡s ♥♦t r❡s❡t t❤❡♠ ❛♥❞ ✐t ❝❛♥ ❛❧s♦
r❡❛❞ t❤❡ ❝✉rr❡♥t ❧♦❝❛t✐♦♥ ♦❢ t❤❡ ♦t❤❡r ❛✉t♦♠❛t❛ ✐♥ ✐ts ✐♥✈❛r✐❛♥ts✳ Invi(p) ♠❛❦❡s
s✉r❡ t❤❛t ✇❡ ❝❛♥♥♦t ♦✈❡rt❛❦❡ t❤❡ ❧❛t❡st ✜r✐♥❣ ❞❡❧❛② ♦❢ ❛♥ ❡♥❛❜❧❡❞ tr❛♥s✐t✐♦♥
✇❤✐❝❤ ✐s ✐♥ t❤❡ ♣♦st✲s❡t ♦❢ p✳

✺✳✷ ❙✐③❡ ♦❢ t❤❡ ♥❡t✇♦r❦ ♦❢ t✐♠❡❞ ❛✉t♦♠❛t❛

❖♥❝❡ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s ❝♦♠♣✉t❡❞✱ ✇❡ ❞✐r❡❝t❧② ❤❛✈❡ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ t✐♠❡❞
❛✉t♦♠❛t❛✳ ❚❤✉s t❤❡ ◆❚❆ ❤❛s ❛t ♠♦st |P |2 ❧♦❝❛t✐♦♥s ❛♥❞ |T | × |P | ❡❞❣❡s ✭s❡❡
❙✉❜s❡❝t✐♦♥ ✹✳✸✮✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ❡❞❣❡s ✐s ❡①❛❝t❧②

∑

t∈T |It|✳
❚❤❡♥✱ t❤❡ t✐♠✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ✐s ♣r♦✈✐❞❡❞ ❜② ❛s ♠❛♥② ❝❧♦❝❦s ❛s ♣r♦❝❡ss❡s✱

t❤❛t ✐s ❛t ♠♦st |P | ❝❧♦❝❦s✳ ❚❤❡r❡ ✐s ♦♥❡ ❝❧♦❝❦ ❝♦♠♣❛r✐s♦♥ ♦♥ ❡❛❝❤ ❡❞❣❡✱ ❜❡❝❛✉s❡
t❤❡ ❣✉❛r❞s ❛r❡ ♦❢ t❤❡ ❢♦r♠ xi ≥ lfd(t)✳ ▼♦r❡♦✈❡r✱ ❡❛❝❤ Inv(t) ❝♦♥t❛✐♥s |It| ❝❧♦❝❦
❝♦♠♣❛r✐s♦♥s ✭❜❡❝❛✉s❡ t❤❡ min r❛♥❣❡s ♦✈❡r |It| ❝❧♦❝❦s✮✳ Inv(t) ❝❛♥ ❜❡ ❛tt❛❝❤❡❞
♦♥❧② t♦ ♦♥❡ ♦❢ t❤❡ ✐♥♣✉t ♣❧❛❝❡s ♦❢ t ❜❡❝❛✉s❡ ❛ st❛t❡ ✐s ❧❡❣❛❧ ❛s ❧♦♥❣ ❛s t❤❡ ✈❛❧✉❛t✐♦♥
s❛t✐s✜❡s ❛❧❧ t❤❡ ✐♥✈❛r✐❛♥ts ♦❢ t❤❡ ❝✉rr❡♥t ❧♦❝❛t✐♦♥s✱ t❤✉s✱ ✐❢ t ✐s ❡♥❛❜❧❡❞ ❛♥❞ ♦♥❡
♦❢ ✐ts ✐♥♣✉t ♣❧❛❝❡s ❝❛rr✐❡s Inv(t)✱ lfd(t) ❝❛♥♥♦t ❜❡ ♦✈❡rt❛❦❡♥✳ ❚❤❡r❡❢♦r❡✱ ✐❢ ✇❡
❛tt❛❝❤ ❡❛❝❤ Inv(t) t♦ ♦♥❧② ♦♥❡ ♦❢ t❤❡ ✐♥♣✉t ♣❧❛❝❡s ♦❢ t✱ ✇❡ ❤❛✈❡

∑

t∈T |It| ❝❧♦❝❦
❝♦♠♣❛r✐s♦♥s ✐♥ t❤❡ ✐♥✈❛r✐❛♥ts✳ ❚♦ ❝♦♥❝❧✉❞❡✱ t❤❡ s✐③❡ ♦❢ t❤❡ t✐♠✐♥❣ ✐♥❢♦r♠❛t✐♦♥
❣✐✈❡♥ ❜② t❤❡ ❝❧♦❝❦ ❝♦♠♣❛r✐s♦♥s ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ❡❞❣❡s✳

Pr♦♣♦s✐t✐♦♥ ✶✷✳ ❚❤❡ ✐♥✐t✐❛❧ ✶✲❜♦✉♥❞❡❞ t✐♠❡ P❡tr✐ ♥❡t✱ N ❛♥❞ t❤❡ ♥❡t✇♦r❦ ♦❢
t✐♠❡❞ ❛✉t♦♠❛t❛ S ✇❤✐❝❤ r❡s✉❧ts ❢r♦♠ t❤❡ tr❛♥s❧❛t✐♦♥ ❤❛✈❡ t❤❡ s❛♠❡ ❞✐str✐❜✉t❡❞
t✐♠❡❞ ❧❛♥❣✉❛❣❡ ✭❛r❡ t✐♠❡❞ ❜✐s✐♠✐❧❛r ✇✐t❤ t❤❡ s❛♠❡ ❞✐str✐❜✉t✐♦♥s ♦❢ ❛❝t✐♦♥s✮✳

Pr♦♦❢✳ ❋♦r ❛♥② i ✐♥ [1..n]✱ ✇❡ ♥♦t❡ pi = M∩Pi t❤❡ ❝✉rr❡♥t ❧♦❝❛t✐♦♥ ♦❢ ❛✉t♦♠❛t♦♥
Ai✳ ❲❡ ✜rst s❤♦✇ t❤❛t✱

v |=
∧

1≤i≤n

Invi(pi) ⇔ ∀t ∈ T s✳t✳ •t ⊆ M, ν(t) ≤ lfd(t) ✭✶✮

■♥❞❡❡❞✱ ❜② ❝♦♥str✉❝t✐♦♥✱ Invi(pi) ≡
∧

t∈pi
•

(

(
∧

p∈•t p) ⇒ min
k∈It

(xk) ≤ lfd(t)
)

✳

❚❤✉s✱ v |=
∧

1≤i≤n Invi(pi) ✐s ❡q✉✐✈❛❧❡♥t t♦ ∀t ∈ T s✳t✳ (•t∩M 6= ∅)∧ (•t ⊆ M)✱
min
k∈It

(

v(xk)
)

≤ lfd(t)✱ ✭•t ∩M 6= ∅ ❝❛♥ ❜❡ r❡♠♦✈❡❞✮✳

▼♦r❡♦✈❡r✱ ❜② ❝♦♥str✉❝t✐♦♥✱ ❢♦r ❡❛❝❤ ❡♥❛❜❧❡❞ tr❛♥s✐t✐♦♥ t✱ ν(t) = min
i∈It

(

v(xi)
)

✱

t❤❛t ✐s
∀t s✳t✳ •t ⊆ M, v |=

∧

i∈It

gi(t) ⇔ ν(t) ≤ efd(t) ✭✷✮

✇❤❡r❡ gi(t) ✐s t❤❡ ❣✉❛r❞ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❡❞❣❡ ❧❛❜❡❧❡❞ ❜② t ✐♥ ❛✉t♦♠❛t♦♥ Ai✳
❚❤❡♥ ✇❡ ❞❡✜♥❡ ❛ r❡❧❛t✐♦♥ R ❜❡t✇❡❡♥ st❛t❡s ♦❢ S ❛♥❞ st❛t❡s ♦❢ N ❛s ❢♦❧❧♦✇s✿

(M, v)R(M,ν) ⇔ ∀t ∈ T s✳t✳ •t ⊆ M,ν(t) = min
i∈It

(

v(xi)
)

◆♦t❡ t❤❛t R ✐s ♥♦t ❛ ❜✐❥❡❝t✐♦♥ ❜❡❝❛✉s❡ t❤❡ ❝❧♦❝❦s ♦❢ t❤❡ ❛✉t♦♠❛t❛ ❞♦ ♥♦t ❝♦r✲
r❡s♣♦♥❞ t♦ t❤❡ ❝❧♦❝❦s ♦❢ t❤❡ tr❛♥s✐t✐♦♥s✱ ❛♥❞ ❛ st❛t❡ ♦❢ N ♠❛② ❝♦rr❡s♣♦♥❞ t♦
s❡✈❡r❛❧ st❛t❡s ♦❢ S✳ ❲❡ ✇❛♥t t♦ s❤♦✇ t❤❛t R ✐s ❛ t✐♠❡❞ ❜✐s✐♠✉❧❛t✐♦♥✳

❲❡ ✜rst ♦❜s❡r✈❡ t❤❛t (M0, v0)R(M0, ν0) ❛♥❞ ✇❡ s❤♦✇ t❤❛t✱ ❢r♦♠ ❛♥② ❝♦rr❡✲
s♣♦♥❞❡♥t st❛t❡s✱ (M, v)R(M, ν)✱ t❤❡ s❛♠❡ ❡①❡❝✉t✐♦♥s ❛r❡ ♣♦ss✐❜❧❡✳
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❉❡❧❛② st❡♣ ❆ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts d ∈ R≥0 s✉❝❤ t❤❛t (M, v)
d
→ (M, v+d)✳

❚❤❡♥✱ ∀d′ ∈ [0, d], v+ d′ |=
∧

1≤i≤n Invi(pi)✳ ❊q✉❛t✐♦♥ ✭✶✮ ✐♠♣❧✐❡s t❤❛t ν + d′ ✐s
❛♥ ❛❞♠✐ss✐❜❧❡ ✈❛❧✉❛t✐♦♥ ❢♦r ♠❛r❦✐♥❣ M ✱ ❛♥❞ (M, v + d)R(M, ν + d)✳

❙✐♠✐❧❛r❧②✱ ✐❢ t❤❡r❡ ❡①✐sts d ∈ R≥0 s✉❝❤ t❤❛t (M,ν)
d
→ (M,ν + d)✱ t❤❡♥✱

(M, v + d) ✐s ❛❧s♦ ❛♥ ❛❞♠✐ss✐❜❧❡ st❛t❡ ❢♦r S ❛♥❞ (M, v + d)R(M,ν + d)✳

❆❝t✐♦♥ st❡♣ ❆ss✉♠❡ ♥♦✇ t❤❛t t❤❡r❡ ❡①✐sts ❛♥ ❛❝t✐♦♥ t s✉❝❤ t❤❛t (M, v)
t
→

(M ′, v′)✱ ❛♥❞ It ✐s t❤❡ s❡t ♦❢ ✐♥❞✐❝❡s ♦❢ t❤❡ ♣r♦❝❡ss❡s t❤❛t ♣❡r❢♦r♠ t✳ ❚❤❡♥✱ t❤❡r❡
❡①✐sts e = (e1, . . . , en) ∈ (E1 ∪ {•})× · · · × (En ∪ {•}) s✳t✳ ∀i ∈ [1..n]✱














✐❢ i /∈ It✱ t❤❡♥ ei = • ❛♥❞ pi = p′i

♦t❤❡r✇✐s❡✱ ei = (pi, gi, t, ri, p
′
i) s✳t✳







pi ∈
•t ∧ p′i ∈ t•,

gi ≡ xi ≥ efd(t),
ri = {xi}

❛♥❞ v |=
∧

i∈It
gi✱ v′ = v[

⋃

i∈It
ri]✱ ❛♥❞ v′ |=

∧

i Invi(p
′
i)✳

(M, v)R(M, ν) ✐♠♣❧✐❡s t❤❛t tr❛♥s✐t✐♦♥ t ✐s ✜r❛❜❧❡ ❢r♦♠ (M,ν)✱ ❜❡❝❛✉s❡ ✐t ✐s
❡♥❛❜❧❡❞ ✭•t = {pi | i ∈ It}✮ ❛♥❞ ✐ts ✜r✐♥❣ ❞❡❧❛②s ❛r❡ r❡s♣❡❝t❡❞ ✭❜❡❝❛✉s❡ ♦❢ ✭✶✮
❛♥❞ ✭✷✮✮✳ ❚❤✐s tr❛♥s✐t✐♦♥ ❧❡❛❞s t♦ st❛t❡ (M ′′, ν′) s✳t✳ M ′′ = (M\•t) ∪ t• = M ′✱

❛♥❞ ∀t′ ∈ T, ν′(t′) =

{

0 ✐❢ ↑enabled(t′,M, t),
ν(t′) ♦t❤❡r✇✐s❡✳

❇② ❝♦♥str✉❝t✐♦♥✱ ∀i ∈ [1..n], v′(xi) = 0 ✐❢ i ∈ It✱ ❛♥❞ v′(xi) = v(xi) ♦t❤❡r✇✐s❡✳
❚❤❛t ✐s✱ ❢♦r ❡❛❝❤ tr❛♥s✐t✐♦♥ t′✱ min

i∈I
t′

(

v′(xi)
)

= 0 ✐❢ It′ ∩ It 6= ∅ ❛♥❞ min
i∈I

t′

(

v′(xi)
)

=

min
i∈I

t′

(

v(xi)
)

♦t❤❡r✇✐s❡✳

❚❤❡♥✱ ❢♦r ❡❛❝❤ ❡♥❛❜❧❡❞ tr❛♥s✐t✐♦♥ t′✱ ✇❡ ❞✐st✐♥❣✉✐s❤ t✇♦ ❝❛s❡s✿

✶✳ t′ ✐s ♥❡✇❧② ❡♥❛❜❧❡❞ ❜② t❤❡ ✜r✐♥❣ ♦❢ t ❢r♦♠ ♠❛r❦✐♥❣ M ✭↑enabled(t′,M, t)
❤♦❧❞s✮✳ ❚❤❛t ♠❡❛♥s t❤❛t t❤❡ ❧❛st t♦❦❡♥ t♦ ❡♥❛❜❧❡ t′ ❤❛s ❜❡❡♥ ❝r❡❛t❡❞ ❜②
t✱ t❤❛t ✐s✱ It′ ∩ It 6= ∅✳ ❚❤❡r❡❢♦r❡✱ ν′(t′) = 0 = min

i∈I
t′

(

v′(xi)
)

✳

✷✳ t′ ✇❛s ❡♥❛❜❧❡❞ ❜❡❢♦r❡ t❤❡ ✜r✐♥❣ ♦❢ t✳ ❚❤❛t ✐♠♣❧✐❡s It′ ∩ It 6= ∅ ✭❜❡❝❛✉s❡
t❤❡r❡ ✐s ♦♥❡ t♦❦❡♥ ❜② ♣r♦❝❡ss ❛♥❞ t❤❡ t♦❦❡♥s ✐♥ •t′ ❤❛✈❡ ♥♦t ❜❡❡♥ ♠♦✈❡❞
❜② t✮✳ ❚❤❡r❡❢♦r❡✱ ν′(t′) = ν(t′) = min

i∈I′

t

(

v(xi)
)

= min
i∈I

t′

(

v′(xi)
)

✳

❚❤❡r❡❢♦r❡✱ ν′ ✐s ❛♥ ❛❞♠✐ss✐❜❧❡ ✈❛❧✉❛t✐♦♥ ❢♦r M ′ ❛♥❞ (M ′, v′)R(M ′, ν′)✳

❙✐♠✐❧❛r❧②✱ ✐❢ t❤❡r❡ ❡①✐sts t ∈ T s✉❝❤ t❤❛t (M, ν)
t
→ (M ′, ν′) t❤❡♥✱ ✇❡ ❝❛♥ t❛❦❡

s②♥❝❤r♦♥✐③❛t✐♦♥ t✿ (M, v)
t
→ (M ′, v′)✱ s✉❝❤ t❤❛t t❤✐s s②♥❝❤r♦♥✐③❛t✐♦♥ ✐s s❤❛r❡❞

❜② t❤❡ ❛✉t♦♠❛t❛ ✇❤♦s❡ ✐♥❞✐❝❡s ❛r❡ ✐♥ It ❛♥❞✱ ❢♦r ❛♥② i✱ v′(xi) = 0 ✐❢ i ∈ It
❛♥❞ v′(xi) = v(xi) ♦t❤❡r✇✐s❡✳ ❚❤❛t ✐s✱ ❢♦r ❛♥② tr❛♥s✐t✐♦♥ t′✱ min

i∈I
t′

(

v′(xi)
)

= 0 ✐❢

It∩It′ 6= ∅✱ ❛♥❞ min
i∈I

t′

(

v′(xi)
)

= min
i∈I

t′

(

v(xi)
)

♦t❤❡r✇✐s❡✳ ❚❤❡r❡❢♦r❡✱ ✐❢ t′ ✐s ❡♥❛❜❧❡❞✱

min
i∈I

t′

(

v′(xi)
)

= ν′(t′)✱ ❛♥❞ (M ′, v′)R(M ′, ν′)✳

❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t R ✐s ❛ t✐♠❡❞ ❜✐s✐♠✉❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❚❚❙ ♦❢ N ❛♥❞
S✳ ▼♦r❡♦✈❡r✱ t❤❡r❡ ✐s ❛ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ♣r♦❝❡ss❡s ♦❢ N ❛♥❞ t❤♦s❡ ♦❢ S
❛♥❞ ✇❡ ❤❛✈❡ t❤❡ s❛♠❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❛❝t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ♣r♦❝❡ss❡s✳ ❚❤❡r❡❢♦r❡✱
N ❛♥❞ S ❛❝❝❡♣t t❤❡ s❛♠❡ ❞✐str✐❜✉t❡❞ t✐♠❡❞ ❧❛♥❣✉❛❣❡✳
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(d, 2)

(a, 0)

(c, 2)

π1 π2

W

(c, 1)

π1 π2

W ′

(d, 2)

(a, 0)
(c, 1)

π1 π2

W|π1
‖W ′

|π2

❋✐❣✉r❡ ✽✿ ❚✇♦ ❛❝❝❡♣t❡❞ t✐♠❡❞ tr❛❝❡s ❛♥❞ ♦♥❡ ♥♦♥ ❛❝❝❡♣t❡❞ t✐♠❡❞ tr❛❝❡ ❢♦r t❤❡
❚P◆ ♦❢ ❋✐❣✳ ✷✳

✺✳✸ ❑♥♦✇ t❤② ♥❡✐❣❤❜♦r✦

❖✉r tr❛♥s❧❛t✐♦♥ ♣r♦❞✉❝❡s ❛ ♥❡t✇♦r❦ ♦❢ t✐♠❡❞ ❛✉t♦♠❛t❛ ✇❤✐❝❤ ❛❝❝❡♣ts t❤❡ s❛♠❡
❞✐str✐❜✉t❡❞ t✐♠❡❞ ❧❛♥❣✉❛❣❡ ✭❛♥❞ ✇❤✐❝❤ ✐s t✐♠❡❞ ❜✐s✐♠✐❧❛r✮✳ ❇✉t ✇❡ ✉s❡ ❛♥ ❡①✲
t❡♥❞❡❞ s②♥t❛① ✭s❡❡ s✉❜s❡❝t✐♦♥ ✸✳✶✮ ✐♥ ✇❤✐❝❤ ❡❛❝❤ ❛✉t♦♠❛t♦♥ ❝❛♥ r❡❛❞ t❤❡ st❛t❡
✭❧♦❝❛t✐♦♥ ❛♥❞ ❝❧♦❝❦✮ ♦❢ t❤❡ ♦t❤❡r ❛✉t♦♠❛t❛✳ ❲❡ s❤♦✇ t❤❛t t❤❡ ✉s❡ ♦❢ t❤✐s ❡①✲
t❡♥❞❡❞ s②♥t❛① ✐s ♥❡❝❡ss❛r②✳

Pr♦♣♦s✐t✐♦♥ ✶✸✳ ●✐✈❡♥ ❛ ❚P◆ N ✇✐t❤ ✐ts ♣r♦❝❡ss❡s✱ ✐♥ ❣❡♥❡r❛❧✱ t❤❡r❡ ❞♦❡s
♥♦t ❡①✐st ❛♥② ◆❚❆ S ✉s✐♥❣ t❤❡ ❧♦❝❛❧ s②♥t❛① s✉❝❤ t❤❛t N ❛♥❞ S ❤❛✈❡ t❤❡ s❛♠❡
❞✐str✐❜✉t❡❞ t✐♠❡❞ ❧❛♥❣✉❛❣❡✳

❋♦r ❡①❛♠♣❧❡✱ ❋✐❣✳ ✽ s❤♦✇s t✇♦ t✐♠❡❞ tr❛❝❡s W ❛♥❞ W ′ r❡♣r❡s❡♥t✐♥❣ t❤❡
❜❡❣✐♥♥✐♥❣ ♦❢ t✇♦ ♣♦ss✐❜❧❡ r✉♥s✱ ✇✐t❤♦✉t s②♥❝❤r♦♥✐③❛t✐♦♥✱ ❢♦r t❤❡ ❚P◆ N ♦❢
❋✐❣✳ ✷✳ ❆♥② ◆❚❆ S ✉s✐♥❣ t❤❡ ❧♦❝❛❧ s②♥t❛① ❛♥❞ ❛❝❝❡♣t✐♥❣ W ❛♥❞ W ′ ✇♦✉❧❞ ❛❧s♦
❛❝❝❡♣t t❤❡ t✐♠❡❞ tr❛❝❡ ❜✉✐❧t ❜② ❝♦♠♣♦s✐♥❣ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ W ♦♥t♦ π1 ❛♥❞ t❤❡
♣r♦❥❡❝t✐♦♥ ♦❢ W ′ ♦♥t♦ π2 ✭s❡❡ ❋✐❣✳ ✽✮✳ ❇✉t t❤✐s t✐♠❡❞ tr❛❝❡ ✐s ♥♦t ❛❝❝❡♣t❡❞ ❜②
N ✳

❚♦ ♣r♦✈❡ Pr♦♣✳ ✶✸✱ ✇❡ ✜rst ❣✐✈❡ s♦♠❡ ❞❡✜♥✐t✐♦♥s ❛❜♦✉t t✐♠❡❞ tr❛❝❡s✱ ❛♥❞ ❛
❧❡♠♠❛ t❤❛t ✇✐❧❧ ❜❡ ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢✳

❚✐♠❡❞ ❧✐♥❡❛r✐③❛t✐♦♥ ❛♥❞ ♣r♦❥❡❝t✐♦♥ ❆ t✐♠❡❞ ❧✐♥❡❛r✐③❛t✐♦♥ ♦❢ ❛ t✐♠❡❞ tr❛❝❡
✐s ❛ ♣♦ss✐❜❧❡ ❡①❡❝✉t✐♦♥ ❡①♣r❡ss❡❞ ❛s ❛ t✐♠❡❞ ✇♦r❞ ✇❤✐❝❤ r❡s♣❡❝ts ❜♦t❤ t❤❡ ❝❛✉s❛❧
♦r❞❡r ❛♥❞ t❤❡ ♦r❞❡r ✐♠♣♦s❡❞ ❜② t❤❡ t✐♠❡ st❛♠♣✐♥❣✳

❆ t✐♠❡❞ tr❛❝❡ W ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s ❛ ❝♦✉♣❧❡ (w, proc) ✇❤❡r❡ w ✐s ❛ t✐♠❡❞
❧✐♥❡❛r✐③❛t✐♦♥ ♦❢ W✱ s❡❡ ❋✐❣✳ ✹✳

❚❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ ❛ t✐♠❡❞ tr❛❝❡W ♦♥t♦ ♣r♦❝❡ss πi✱ ❞❡♥♦t❡❞ ❜②W|πi
✐s ❞❡✜♥❡❞

❛s t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ ❛ ❧✐♥❡❛r✐③❛t✐♦♥ ♦❢ W✱ w✱ ♦♥t♦ Σi✱ ❞❡♥♦t❡❞ ❜② w|Σi
✿

❼ ✐❢ w = ε✱ t❤❡♥ w|Σi
= ε
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❼ ✐❢ w = (a, θ) · w′✱

t❤❡♥ w|Σi
=

{

(a, θ) · w′
|Σi

✐❢ a ∈ Σi

w′
|Σi

♦t❤❡r✇✐s❡

❏✉①t❛♣♦s✐t✐♦♥ ♦❢ t✐♠❡❞ ✇♦r❞s ❚❤❡ ❥✉①t❛♣♦s✐t✐♦♥ ♦❢ n t✐♠❡❞ ✇♦r❞s✱ w1 ‖
w2 ‖ · · · ‖ wn ✐s t❤❡ t✐♠❡❞ tr❛❝❡ ♦✈❡r n ♣r♦❝❡ss❡s✱ W s✉❝❤ t❤❛t ❢♦r ❡❛❝❤ i ✐♥
[1..n]✱ ✐❢ Σi ❞❡♥♦t❡s t❤❡ s❡t ♦❢ ❛❝t✐♦♥s t❤❛t ❛♣♣❡❛r ✐♥ wi✱ t❤❡♥ W|Σi

= wi✳
❲❡ ❞❡♥♦t❡ ❜② S ❛ ♥❡t✇♦r❦ ♦❢ n t✐♠❡❞ ❛✉t♦♠❛t❛ (A1, . . . ,An)✱ ❛♥❞ ❜② Rθ(S)

t❤❡ s❡t ♦❢ ❛❧❧ t✐♠❡❞ tr❛❝❡s r❡♣r❡s❡♥t✐♥❣ ❛❞♠✐ss✐❜❧❡ r✉♥s ♦❢ S✱ ✇✐t❤♦✉t s②♥❝❤r♦✲
♥✐③❛t✐♦♥✱ ❛♥❞ st♦♣♣✐♥❣ ❛t ❞❛t❡ θ✳

▲❡♠♠❛ ✶✹✳ ▲❡t S ❜❡ ❛ ♥❡t✇♦r❦ ♦❢ n t✐♠❡❞ ❛✉t♦♠❛t❛ t❤❛t ❞♦ ♥♦t r❡❛❞ t❤❡ st❛t❡
♦❢ t❤❡ ♦t❤❡r ❛✉t♦♠❛t❛✱ t❤❡♥✱ ❢♦r ❛♥② t✐♠❡❞ tr❛❝❡s W1, . . . ,Wn ∈ Rθ(S) ✭♥♦t
♥❡❝❡ss❛r✐❧② ❞✐✛❡r❡♥t✮✱ W1|π1

‖ · · · ‖ Wn|πn
∈ Rθ(S)✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✶✹✳ ■♥ θ✱ t❤❡ ❛✉t♦♠❛t❛ ❤❛✈❡ ♥♦t ②❡t s②♥❝❤r♦♥✐③❡❞✱ t❤❛t ✐s t❤❡✐r
r✉♥s st♦♣♣✐♥❣ ❛t ❞❛t❡ θ ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✱ ❛♥❞ t❤❡② ❝♦✉❧❞ ❤❛✈❡ ♣❡r❢♦r♠❡❞ ❛♥②
♦t❤❡r ❛❞♠✐ss✐❜❧❡ s❡q✉❡♥❝❡ ♦❢ ❛❝t✐♦♥s✱ st♦♣♣✐♥❣ ❛t ❞❛t❡ θ✱ ✇✐t❤♦✉t s②♥❝❤r♦♥✐③❛✲
t✐♦♥✳

Pr♦♦❢ ♦❢ Pr♦♣✳ ✶✸✳ ❆ss✉♠❡ t❤❛t t❤❡ t✇♦ ❛✉t♦♠❛t❛ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ t✇♦
♣r♦❝❡ss❡s ♦❢ t❤❡ ❚P◆ N ♦❢ ❋✐❣✳ ✷ ❛r❡ ♥♦t ❛❜❧❡ t♦ r❡❛❞ t❤❡ ❝✉rr❡♥t ❧♦❝❛t✐♦♥ ❛♥❞
t❤❡ ❝❧♦❝❦ ♦❢ t❤❡ ♦t❤❡r ❛✉t♦♠❛t♦♥✳ ❚❤❡♥✱ ❢♦r ❛♥② t✇♦ t✐♠❡❞ tr❛❝❡s W ❛♥❞ W ′✱
r❡♣r❡s❡♥t✐♥❣ t✇♦ ❛❞♠✐ss✐❜❧❡ r✉♥s ✇✐t❤♦✉t s②♥❝❤r♦♥✐③❛t✐♦♥✱ st♦♣♣✐♥❣ ❛t ❞❛t❡ θ✱
t❤❡ t✐♠❡❞ tr❛❝❡ W|π1

‖ W ′
|π2

r❡♣r❡s❡♥ts ❛❧s♦ ❛♥ ❛❞♠✐ss✐❜❧❡ r✉♥✳
■❢ ✇❡ ❝❤♦♦s❡✱ ❛s ✐♥ ❋✐❣✳ ✽✱ W = (w, proc) ❛♥❞ W ′ = (w′, proc)✱ ✇✐t❤ w =

(a, 0)(d, 2)(c, 2)✱ w′ = (c, 1) ❛♥❞ proc =
{

(a, π1), (b, {π1, π2}), (c, π2), (d, π1)
}

✭✇✐t❤ θ = 2✮✱ t❤❡♥ W|π1
‖ W ′

|π2
=

(

(a, 0)(c, 1)(d, 2), proc
)

✭s❡❡ ❋✐❣✳ ✽✮ s❤♦✉❧❞
r❡♣r❡s❡♥t ❛♥ ❛❞♠✐ss✐❜❧❡ r✉♥ ❢♦r S ❛♥❞ N ✳ ❲❤✐❝❤ ✐s ❢❛❧s❡ ❜❡❝❛✉s❡ ❛s s♦♦♥ ❛s
c ❤❛s ❜❡❡♥ ♣❡r❢♦r♠❡❞✱ b ♠✉st ❜❡ ♣❡r❢♦r♠❡❞ ✐♠♠❡❞✐❛t❡❧②✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❧♦❝❛❧
s②♥t❛① ♠✉st ❜❡ ❡①t❡♥❞❡❞✳

✻ ▲♦♦s❡ ❡♥❞s ❛♥❞ ❢✉t✉r❡ ✇♦r❦s

✻✳✶ ❚P◆s ✇✐t❤ ❣♦♦❞ ❞❡❝♦♠♣♦s✐t✐♦♥❛❧ ♣r♦♣❡rt✐❡s

❚❤❡r❡ ❛r❡ s♦♠❡ s✐♠♣❧❡ ❝❛s❡s ✇❤❡♥ ✐t ✐s ♣♦ss✐❜❧❡ t♦ tr❛♥s❧❛t❡ ❛ ❚P◆ ✐♥ ❛♥ ◆❚❆
✇❤✐❝❤ ✉s❡s t❤❡ ❧♦❝❛❧ s②♥t❛①✳ ❋♦r ❡①❛♠♣❧❡✱ ❛ss✉♠❡ t❤❛t ❢♦r ❛♥② tr❛♥s✐t✐♦♥ t✱
t❤❡r❡ ❡①✐sts ❛ ♣❧❛❝❡ p ✐♥ •t ✇❤✐❝❤ ✐s ❛❧✇❛②s t❤❡ ❧❛st ♣❧❛❝❡ t♦ ❜❡ ♠❛r❦❡❞ ❛♠♦♥❣
•t✳ ❚❤❡♥✱ ✇❡ ❝❤♦s❡ t♦ ❛❞❞ Inv(t) ♦♥❧② ✐♥ Invi(p) ✭t❤✐s ❝❛♥ ❜❡ ❞♦♥❡✱ ❛s ❡①♣❧❛✐♥❡❞
✐♥ t❤❡ t❤✐r❞ st❡♣ ♦❢ t❤❡ tr❛♥s❧❛t✐♦♥✮✳ ❇② ❝♦♥str✉❝t✐♦♥✱ Inv(t) ≡

(

(
∧

p′∈•t p
′) ⇒

min
k∈It

(xk) ≤ lfd(t)
)

✳ ■♥ t❤✐s ❝❛s❡✱ (
∧

p′∈•t p
′) ✐s ❛❧✇❛②s tr✉❡ ✐♥ Invi(p) ✕ ❜❡❝❛✉s❡ ✐❢

p ✐s ♠❛r❦❡❞✱ t❤❡♥ ❛❧❧ ♣❧❛❝❡s ✐♥ •t ❛r❡ ♠❛r❦❡❞ ✕ ❛♥❞ min
k∈It

(v(xk)) = v(xi) = ν(t)✳

❚❤❡r❡❢♦r❡✱ ❢♦r ❛♥② i ✐♥ [1..n] ❛♥❞ ❢♦r ❛♥② ♣❧❛❝❡ p ✐♥ Pi✱ Invi(p) ❝❛♥ ❜❡ ❡①♣r❡ss❡❞
✇✐t❤ t❤❡ ❧♦❝❛❧ s②♥t❛①✳

❇✉t t❤❡s❡ ❝❛s❡s ❛r❡ r❡str✐❝t✐✈❡✱ ❛♥❞ ✐t ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ❣✐✈❡ ❛ ❣❡♥❡r❛❧
❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡s❡ ♥❡ts✳
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❈♦♥❝✉rr❡♥❝②✲Pr❡s❡r✈✐♥❣ ❚r❛♥s❧❛t✐♦♥ ❢r♦♠ ❚P◆ t♦ ◆❚❆ ✷✵

x ≤ 2 x ≤ 4
x ≥ 1✱ a x ≥ 4✱ b

❋✐❣✉r❡ ✾✿ ❆ ❚❆ t❤❛t ❝❛♥♥♦t ❜❡ tr❛♥s❧❛t❡❞ ✐♥ ❛ t✐♠❡ ❙✲♥❡t ✇✐t❤ ♦♥❡ t♦❦❡♥✳

✻✳✷ ❘❡✈❡rs❡ tr❛♥s❧❛t✐♦♥

❲❡ ❝❛♥ ❝♦♥s✐❞❡r ❛ r❡✈❡rs❡ tr❛♥s❧❛t✐♦♥✱ ❢r♦♠ ❛♥ ◆❚❆ t♦ ❛ ❚P◆✳ ❚❤❡r❡ ❡①✐st
tr❛♥s❧❛t✐♦♥s✱ ❢♦r ❡①❛♠♣❧❡ ✐♥ ❬✹❪ ❢r♦♠ ❛ ❚❆ ✐♥t♦ ❛ ✇❡❛❦ t✐♠❡❞ ❜✐s✐♠✐❧❛r ❚P◆✱ ❜✉t
✇❡ ✇❛♥t t♦ ♣r❡s❡r✈❡ t❤❡ ❞✐str✐❜✉t❡❞ t✐♠❡❞ ❧❛♥❣✉❛❣❡✱ t❤❛t ✐s✱ ✇❤❡♥ ✇❡ tr❛♥s❧❛t❡
❛♥ ◆❚❆ ✐♥t♦ ❛ ❚P◆✱ ✇❡ ✇❛♥t t♦ ♣r❡s❡r✈❡ t❤❡ ♣r♦❝❡ss❡s✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ✇❡
s❤♦✉❧❞ ❜❡ ❛❜❧❡ t♦ tr❛♥s❧❛t❡ ❡❛❝❤ ❛✉t♦♠❛t♦♥ ✐♥ ❛ ❚P◆ ✇❤✐❝❤ ✐s ❛♥ ❙✲♥❡t ✇✐t❤
♦♥❡ t♦❦❡♥ ❛♥❞ t❤❡♥ ❝♦♠♣♦s❡ t❤❡ ♦❜t❛✐♥❡❞ ♥❡ts✳

❆ t✐♠❡ ❙✲♥❡t ✇✐t❤ ♦♥❡ t♦❦❡♥ ✐s ❧❡ss ❡①♣r❡ss✐✈❡ t❤❛♥ ❛ ❚❆ ✇✐t❤ ♦♥❡ ❝❧♦❝❦
❜❡❝❛✉s❡ ✐t ❝❛♥ ❜❡ tr❛♥s❧❛t❡❞ ✐♥ ❛ ❚❆ ✇✐t❤ ♦♥❡ ❝❧♦❝❦ ✇❤✐❝❤ ❛❝❝❡♣ts t❤❡ s❛♠❡ t✐♠❡❞
❧❛♥❣✉❛❣❡✳ ❚❤✉s✱ ✐t ✐s ❧❡ss ❡①♣r❡ss✐✈❡ t❤❛♥ ❛ ❚❆ ✇✐t❤ t✇♦ ❝❧♦❝❦s✱ ❛❝❝♦r❞✐♥❣ t♦ ❬✶✷❪✳
❲❡ ❝❛♥ ❡✈❡♥ str❡♥❣t❤❡♥ t❤✐s ❜② ♣r♦✈✐♥❣ t❤❛t s♦♠❡ ❚❆ ✇✐t❤ ♦♥❡ ❝❧♦❝❦ ❝❛♥♥♦t ❜❡
tr❛♥s❧❛t❡❞ ✐♥ ✜♥✐t❡ t✐♠❡ ❙✲♥❡t ✇✐t❤ ♦♥❡ t♦❦❡♥ ✭s❡❡ Pr♦♣✳ ✶✺✮✳ ❚❤❡r❡❢♦r❡✱ ♦♥❧② ❛
✈❡r② s♠❛❧❧ ❝❧❛ss ♦❢ ❚❆ ❝❛♥ ❜❡ tr❛♥s❧❛t❡❞✳

Pr♦♣♦s✐t✐♦♥ ✶✺✳ ❚✐♠❡ ❙✲♥❡ts ✇✐t❤ ♦♥❡ t♦❦❡♥ ❛r❡ str✐❝t❧② ❧❡ss ❡①♣r❡ss✐✈❡ t❤❛♥
❚❆ ✇✐t❤ ♦♥❡ ❝❧♦❝❦✳

Pr♦♦❢✳ ❆ss✉♠❡ t❤❛t t❤❡ ❚❆ A ♦❢ ❋✐❣✳ ✾ ❝❛♥ ❜❡ tr❛♥s❧❛t❡❞ ✐♥ ❛ ✜♥✐t❡ t✐♠❡ ❙✲♥❡t
✇✐t❤ ♦♥❡ t♦❦❡♥ ✇❤✐❝❤ ❛❝❝❡♣ts t❤❡ s❛♠❡ t✐♠❡❞ ❧❛♥❣✉❛❣❡✱ ❝❛❧❧❡❞ N ✳ ❚❤❡♥✱ ✐♥ N ✱
✜♥✐t❡❧② ♠❛♥② st❛t❡s ❝❛♥ ❜❡ r❡❛❝❤❡❞ ❛❢t❡r ❤❛✈✐♥❣ ✜r❡❞ ❛♥ a✳ ❲❡ ❞❡♥♦t❡ t❤❡s❡
st❛t❡s ❜② si = ({pi},✵) ✇✐t❤ i ∈ [1..n]✳ ❚❤❡ ❝❧♦❝❦s ♦❢ t❤❡ ❡♥❛❜❧❡❞ tr❛♥s✐t✐♦♥s
❤❛✈❡ ❜❡❡♥ r❡s❡t✳

◆♦✇✱ ❛ss✉♠❡ t❤❛t ✇❡ ❝❛♥ r❡❛❝❤ si ❜② ✜r✐♥❣ a ❛t s♦♠❡ ❞❛t❡ θ1✳ ❚❤❡♥✱ t❤❡
♦♥❧② ♣♦ss✐❜❧❡ ❝♦♥t✐♥✉❛t✐♦♥ ❢r♦♠ si ✐s t♦ ❞❡❧❛② ❞✉r✐♥❣ δ1 = 4−θ1 ❛♥❞ ✜r❡ b✳ ❚❤❛t
✐s✱ (a, θ1) ✐s t❤❡ ♦♥❧② ♣♦ss✐❜❧❡ ✇❛② t♦ r❡❛❝❤ si ✭♦t❤❡r✇✐s❡✱ ✇❡ ✇♦✉❧❞ ❤❛✈❡ ❛♥♦t❤❡r
♣♦ss✐❜❧❡ ❝♦♥t✐♥✉❛t✐♦♥ ❢r♦♠ si✮✳

❚❤❡r❡❢♦r❡✱ ❡❛❝❤ st❛t❡ si ❝❛♥ ♦♥❧② ❜❡ r❡❛❝❤❡❞ ❜② ❡①❡❝✉t✐♥❣ a ❛t ♦♥❡ ❞❛t❡ θi✱
❛♥❞ ❢r♦♠ ❡❛❝❤ si ♦♥❧② ♦♥❡ ❝♦♥t✐♥✉❛t✐♦♥ ✐s ♣♦ss✐❜❧❡✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t N ❤❛s ❛
✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❛❞♠✐ss✐❜❧❡ r✉♥s ✇❤❡r❡❛s A ❤❛s ✐♥✜♥✐t❡❧② ♠❛♥②✳ ❚❤✉s✱ A ❝❛♥♥♦t
❜❡ tr❛♥s❧❛t❡❞ ✐♥ ❛ t✐♠❡ ❙✲♥❡t ✇✐t❤ ♦♥❡ t♦❦❡♥✳

✻✳✸ ❯s❛❜✐❧✐t② ✐♥ ♣r❛❝t✐❝❡

❲❡ ❤❛✈❡ tr❛♥s❧❛t❡❞ s♦♠❡ ❡①❛♠♣❧❡ t✐♠❡ P❡tr✐ ♥❡ts ✇✐t❤ t❤❡ tr❛♥s❧❛t✐♦♥ ♣r♦♣♦s❡❞
✐♥ ❬✻❪ ❛♥❞ ✇✐t❤ ♦✉r tr❛♥s❧❛t✐♦♥✱ ❛♥❞ ✇❡ ❤❛✈❡ ✉s❡❞ ❯♣♣❛❛❧ ✭s❡❡ ❬✶✸❪✮ t♦ ❝❤❡❝❦ ❛
r❡❛❝❤❛❜✐❧✐t② ♣r♦♣❡rt② ♦♥ t❤❡ r❡s✉❧t✐♥❣ ♥❡t✇♦r❦s ♦❢ t✐♠❡❞ ❛✉t♦♠❛t❛✳

❆❧t❤♦✉❣❤ ♦✉r tr❛♥s❧❛t✐♦♥ ♦♥❧② ✇♦r❦s ❢♦r ❜♦✉♥❞❡❞ ❚P◆s ❛♥❞ ❞♦❡s ♥♦t ❛❧✇❛②s
❣✐✈❡ ❛ ♠♦❞❡❧ ✐♥ t❤❡ ❯♣♣❛❛❧ st②❧❡ ✭✇✐t❤ ❤❛♥❞s❤❛❦❡ s②♥❝❤r♦♥✐③❛t✐♦♥s✮✱ ✐t ❣❡♥❡r✲
❛❧❧② ♣r♦❞✉❝❡s ♥❡t✇♦r❦s ✇✐t❤ ❢❡✇❡r ❛✉t♦♠❛t❛✱ ❜❡❝❛✉s❡ t❤❡✐r tr❛♥s❧❛t✐♦♥ ♣r♦❞✉❝❡s
n + 1 ❛✉t♦♠❛t❛ ❢♦r ❛♥ ✐♥✐t✐❛❧ ♥❡t ✇✐t❤ n tr❛♥s✐t✐♦♥s✳ ❆♥❞ ✇❡ t❤✐♥❦ t❤❛t ♦✉r
tr❛♥s❧❛t✐♦♥ ❣✐✈❡s ❛♥ ◆❚❆ ✇❤✐❝❤ ✐s ♠♦r❡ r❡❛❞❛❜❧❡✳
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❈♦♥❝✉rr❡♥❝②✲Pr❡s❡r✈✐♥❣ ❚r❛♥s❧❛t✐♦♥ ❢r♦♠ ❚P◆ t♦ ◆❚❆ ✷✶

❘❡❣❛r❞✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❝❧♦❝❦s✱ ✇❡ ❛❧s♦ ❣❡♥❡r❛❧❧② ❤❛✈❡ ❢❡✇❡r ❝❧♦❝❦s ❜❡❝❛✉s❡
✇❡ ❤❛✈❡ ♦♥❡ ❝❧♦❝❦ ❜② ♣r♦❝❡ss ✐♥st❡❛❞ ♦❢ ♦♥❡ ❝❧♦❝❦ ❜② tr❛♥s✐t✐♦♥✳ ❇✉t ❛s ♠❡♥✲
t✐♦♥❡❞ ✐♥ ❬✻❪✱ ❯♣♣❛❛❧ ♦♥❧② ❝♦♥s✐❞❡rs t❤❡ ❛❝t✐✈❡ ❝❧♦❝❦s ❞✉r✐♥❣ t❤❡ ✈❡r✐✜❝❛t✐♦♥✳
■♥ ♦✉r ❝❛s❡✱ ✐♥ ❛ ❣✐✈❡♥ st❛t❡✱ ❛❧❧ ❝❧♦❝❦s ❛r❡ ❛❝t✐✈❡ ❛♥❞ ✇✐t❤ t❤❡ tr❛♥s❧❛t✐♦♥ ♦❢ ❬✻❪✱
t❤❡ ♥✉♠❜❡r ♦❢ ❛❝t✐✈❡ ❝❧♦❝❦s ✐s ❡q✉❛❧ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ❡♥❛❜❧❡❞ tr❛♥s✐t✐♦♥s ✐♥ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ♠❛r❦✐♥❣ ✭❚❤❡♦r❡♠ ✸ ✐♥ ❬✻❪✮✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ ❤❛✈❡ ❢❡✇❡r ❛❝t✐✈❡
❝❧♦❝❦s ✐❢ t❤❡r❡ ❛r❡ s♦♠❡ ❝♦♥✢✐❝ts✳

✻✳✹ ❚♦✇❛r❞s ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ ❝♦♥❝✉rr❡♥❝② ✐♥ t✐♠❡❞ s②s✲

t❡♠s

❚❤✐s ✇♦r❦ ✐s ❛ st❛rt✐♥❣ ♣♦✐♥t ❢♦r ❛ ♠♦r❡ ❛❞✈❛♥❝❡❞ st✉❞② ♦❢ ❝♦♥❝✉rr❡♥❝② ✐♥ t✐♠❡❞
s②st❡♠s✳ ■♥❞❡❡❞✱ ❝♦♥❝✉rr❡♥❝② ✐♥ t✐♠❡❞ s②st❡♠s ✐♥✈♦❧✈❡s ❜♦t❤ ❝❛✉s❛❧✐t② ❛♥❞ t❤❡
t✐♠❡ st❛♠♣✐♥❣ ♦❢ ❡✈❡♥ts✳ ❚r❛♥s✐t✐♦♥s t❤❛t ❛♣♣❡❛r ❛s ❝♦♥❝✉rr❡♥t ✐♥ ❛♥ ✉♥t✐♠❡❞
♠♦❞❡❧ ♠❛② ♥♦t r❡♠❛✐♥ ✐♥❞❡♣❡♥❞❡♥t ✇❤❡♥ t✐♠❡ ❝♦♥str❛✐♥ts ❛r❡ ❛❞❞❡❞✳ ❋✐rst✱
t✐♠❡ ❝♦♥str❛✐♥ts ♠❛② ❡❛s✐❧② ❢♦r❝❡ ❛ t❡♠♣♦r❛❧ ♦r❞❡r✐♥❣ ❜❡t✇❡❡♥ t❤❡♠✳ ❇✉t✱ ❡✈❡♥
✇♦rs❡✱ t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ ❛ tr❛♥s✐t✐♦♥ ♠❛② ❤❛✈❡ ❝♦♥s❡q✉❡♥❝❡s ♦♥ ❛♣♣❛r❡♥t❧②
❝♦♥❝✉rr❡♥t tr❛♥s✐t✐♦♥s ❞✉❡ t♦ t✐♠❡ ❝♦♥str❛✐♥ts✿ t❤✐s ✐s ✇❤❛t ❤❛♣♣❡♥s ✐♥ ♦✉r
❚P◆ ♦❢ ❋✐❣✳ ✷ ✇❤❡r❡ ✜r✐♥❣ c ❛❢t❡r ❞❡❧❛② ✶ ❢r♦♠ ♠❛r❦✐♥❣ {p1, p2} ♣r❡✈❡♥ts d
❢r♦♠ ✜r✐♥❣ ✭❜❡❝❛✉s❡ ✐t ❢♦r❝❡s b t♦ ✜r❡ ❡❛r❧✐❡r✮✳ ■♥ ♦✉r tr❛♥s❧❛t✐♦♥✱ t❤❡ ♥❡❝❡ss✐t②
t♦ ❛❧❧♦✇ t❤❡ ❛✉t♦♠❛t❛ t♦ r❡❛❞ t❤❡ st❛t❡s ♦❢ t❤❡✐r ♥❡✐❣❤❜♦rs ❤✐❣❤❧✐❣❤ts t❤❡s❡
❝♦♠♣❧❡① ❞❡♣❡♥❞❡♥❝❡s ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ♣r♦❝❡ss❡s✳
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❬✶❪ ❙✳ ❆❦s❤❛②✱ ❇✳ ❇♦❧❧✐❣✱ ❛♥❞ P✳ ●❛st✐♥✱ ✏❆✉t♦♠❛t❛ ❛♥❞ ❧♦❣✐❝s ❢♦r t✐♠❡❞ ♠❡ss❛❣❡
s❡q✉❡♥❝❡ ❝❤❛rts✱✑ ✐♥ ❋❙❚❚❈❙✬✵✼✱ s❡r✳ ▲◆❈❙✱ ✈♦❧✳ ✹✽✺✺✳ ◆❡✇ ❉❡❧❤✐✱ ■♥❞✐❛✿
❙♣r✐♥❣❡r✱ ✷✵✵✼✱ ♣♣✳ ✷✾✵✕✸✵✷✳

❬✷❪ ❙✳ ❆❦s❤❛②✱ ❇✳ ❇♦❧❧✐❣✱ P✳ ●❛st✐♥✱ ▼✳ ▼✉❦✉♥❞✱ ❛♥❞ ❑✳ ◆❛r❛②❛♥ ❑✉♠❛r✱ ✏❉✐s✲
tr✐❜✉t❡❞ t✐♠❡❞ ❛✉t♦♠❛t❛ ✇✐t❤ ✐♥❞❡♣❡♥❞❡♥t❧② ❡✈♦❧✈✐♥❣ ❝❧♦❝❦s✱✑ ✐♥ ❈❖◆✲
❈❯❘✬✵✽✱ s❡r✳ ▲◆❈❙✱ ✈♦❧✳ ✺✷✵✶✳ ❚♦r♦♥t♦✱ ❈❛♥❛❞❛✿ ❙♣r✐♥❣❡r✱ ✷✵✵✽✱ ♣♣✳
✽✷✕✾✼✳

❬✸❪ ❘✳ ❆❧✉r ❛♥❞ ❉✳ ▲✳ ❉✐❧❧✱ ✏❆ t❤❡♦r② ♦❢ t✐♠❡❞ ❛✉t♦♠❛t❛✱✑ ❚❤❡♦r❡t✐❝❛❧ ❈♦♠♣✉t❡r
❙❝✐❡♥❝❡✱ ✈♦❧✳ ✶✷✻✱ ♥♦✳ ✷✱ ♣♣✳ ✶✽✸✕✷✸✺✱ ✶✾✾✹✳

❬✹❪ ❇✳ ❇ér❛r❞✱ ❋✳ ❈❛ss❡③✱ ❙✳ ❍❛❞❞❛❞✱ ❉✳ ▲✐♠❡✱ ❛♥❞ ❖✳ ❍✳ ❘♦✉①✱ ✏❲❤❡♥ ❛r❡
t✐♠❡❞ ❛✉t♦♠❛t❛ ✇❡❛❦❧② t✐♠❡❞ ❜✐s✐♠✐❧❛r t♦ t✐♠❡ P❡tr✐ ♥❡ts❄✑ ❚❤❡♦r❡t✐❝❛❧
❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ✈♦❧✳ ✹✵✸✱ ♥♦✳ ✷✲✸✱ ♣♣✳ ✷✵✷✕✷✷✵✱ ✷✵✵✽✳

❬✺❪ ❏✳ ❇②❣✱ ❑✳ ❏♦❡r❣❡♥s❡♥✱ ❛♥❞ ❏✳ ❙r❜❛✱ ✏❆♥ ❡✣❝✐❡♥t tr❛♥s❧❛t✐♦♥ ♦❢ t✐♠❡❞✲❛r❝
P❡tr✐ ♥❡ts t♦ ♥❡t✇♦r❦s ♦❢ t✐♠❡❞ ❛✉t♦♠❛t❛✱✑ ✐♥ ■❈❋❊▼✬✵✾✱ s❡r✳ ▲◆❈❙✱ ✈♦❧✳
✺✽✽✺✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ✷✵✵✾✱ ♣♣✳ ✻✾✽✕✼✶✻✳

❬✻❪ ❋✳ ❈❛ss❡③ ❛♥❞ ❖✳ ❍✳ ❘♦✉①✱ ✏❙tr✉❝t✉r❛❧ tr❛♥s❧❛t✐♦♥ ❢r♦♠ t✐♠❡ P❡tr✐ ♥❡ts t♦
t✐♠❡❞ ❛✉t♦♠❛t❛✱✑ ❏♦✉r♥❛❧ ♦❢ ❙②st❡♠s ❛♥❞ ❙♦❢t✇❛r❡✱ ✷✵✵✻✳

❬✼❪ ❏✳ ▼✳ ❈♦❧♦♠ ❛♥❞ ▼✳ ❙✐❧✈❛✱ ✏❈♦♥✈❡① ❣❡♦♠❡tr② ❛♥❞ s❡♠✐✢♦✇s ✐♥ P✴❚ ♥❡ts✳ ❆
❝♦♠♣❛r❛t✐✈❡ st✉❞② ♦❢ ❛❧❣♦r✐t❤♠s ❢♦r ❝♦♠♣✉t❛t✐♦♥ ♦❢ ♠✐♥✐♠❛❧ ♣✲s❡♠✐✢♦✇s✱✑
✐♥ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✶✵t❤ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❆♣♣❧✐❝❛t✐♦♥s ❛♥❞
❚❤❡♦r② ♦❢ P❡tr✐ ◆❡ts✳ ▲♦♥❞♦♥✱ ❯❑✿ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ✶✾✾✶✱ ♣♣✳ ✼✾✕✶✶✷✳
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❈♦♥❝✉rr❡♥❝②✲Pr❡s❡r✈✐♥❣ ❚r❛♥s❧❛t✐♦♥ ❢r♦♠ ❚P◆ t♦ ◆❚❆ ✷✷

❬✽❪ ❏✳ ❉❡s❡❧ ❛♥❞ ❏✳ ❊s♣❛r③❛✱ ❋r❡❡ ❝❤♦✐❝❡ P❡tr✐ ♥❡ts✳ ◆❡✇ ❨♦r❦✱ ❯❙❆✿ ❈❛♠✲
❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✱ ✶✾✾✺✳

❬✾❪ ❱✳ ❉✐❡❦❡rt✱ ❚❤❡ ❇♦♦❦ ♦❢ ❚r❛❝❡s✱ ●✳ ❘♦③❡♥❜❡r❣✱ ❊❞✳ ❘✐✈❡r ❊❞❣❡✱ ◆❏✱ ❯❙❆✿
❲♦r❧❞ ❙❝✐❡♥t✐✜❝ P✉❜❧✐s❤✐♥❣ ❈♦✳✱ ■♥❝✳✱ ✶✾✾✺✳

❬✶✵❪ ●✳ ●❛r❞❡②✱ ❖✳ ❍✳ ❘♦✉①✱ ❛♥❞ ❖✳ ❋✳ ❘♦✉①✱ ✏❙t❛t❡ s♣❛❝❡ ❝♦♠♣✉t❛t✐♦♥ ❛♥❞
❛♥❛❧②s✐s ♦❢ t✐♠❡ P❡tr✐ ♥❡ts✱✑ ❚❤❡♦r② Pr❛❝t✳ ▲♦❣✳ Pr♦❣r❛♠✳✱ ✈♦❧✳ ✻✱ ♥♦✳ ✸✱ ♣♣✳
✸✵✶✕✸✷✵✱ ✷✵✵✻✳

❬✶✶❪ ▼✳ ❍❛❝❦✱ ✏❆♥❛❧②s✐s ♦❢ ♣r♦❞✉❝t✐♦♥ s❝❤❡♠❛t❛ ❜② P❡tr✐ ♥❡ts✱✑ ❈❛♠❜r✐❞❣❡✱
❯❙❆✱ ✶✾✼✷✳

❬✶✷❪ ❚✳ ❆✳ ❍❡♥③✐♥❣❡r✱ P✳ ❲✳ ❑♦♣❦❡✱ ❛♥❞ ❍✳ ❲♦♥❣✲❚♦✐✱ ✏❚❤❡ ❡①♣r❡ss✐✈❡ ♣♦✇❡r ♦❢
❝❧♦❝❦s✱✑ ✐♥ ■❈❆▲P✱ ✶✾✾✺✱ ♣♣✳ ✹✶✼✕✹✷✽✳

❬✶✸❪ ❑✳ ●✳ ▲❛rs❡♥✱ P✳ P❡tt❡rss♦♥✱ ❛♥❞ ❲✳ ❨✐✱ ✏❯♣♣❛❛❧ ✐♥ ❛ ♥✉ts❤❡❧❧✱✑ ❙❚❚❚✱
✈♦❧✳ ✶✱ ♥♦✳ ✶✲✷✱ ♣♣✳ ✶✸✹✕✶✺✷✱ ✶✾✾✼✳

❬✶✹❪ ❑✳ ▲❛✉t❡♥❜❛❝❤✱ ✏▲✐✈❡♥❡ss ✐♥ P❡tr✐ ♥❡ts✱✑ ●✳▼✳❉✳✱ ❇♦♥♥✱ ●❡r♠❛♥②✱ ❚❡❝❤✳
❘❡♣✳✱ ❏✉❧② ✶✾✼✺✳

❬✶✺❪ ❉✳ ▲✉❣✐❡③✱ P✳ ◆✐❡❜❡rt✱ ❛♥❞ ❙✳ ❩❡♥♥♦✉✱ ✏❆ ♣❛rt✐❛❧ ♦r❞❡r s❡♠❛♥t✐❝s ❛♣♣r♦❛❝❤
t♦ t❤❡ ❝❧♦❝❦ ❡①♣❧♦s✐♦♥ ♣r♦❜❧❡♠ ♦❢ t✐♠❡❞ ❛✉t♦♠❛t❛✱✑ ❚❤❡♦r✳ ❈♦♠♣✉t✳ ❙❝✐✳✱
✈♦❧✳ ✸✹✺✱ ♥♦✳ ✶✱ ♣♣✳ ✷✼✕✺✾✱ ✷✵✵✺✳

❬✶✻❪ P✳ ▼✳ ▼❡r❧✐♥✱ ✏❆ st✉❞② ♦❢ t❤❡ r❡❝♦✈❡r❛❜✐❧✐t② ♦❢ ❝♦♠♣✉t✐♥❣ s②st❡♠s✱✑ P❤✳❉✳
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❬✶✼❪ P✳ ◆✐❡❜❡rt ❛♥❞ ❍✳ ◗✉✱ ✏❆❞❞✐♥❣ ✐♥✈❛r✐❛♥ts t♦ ❡✈❡♥t ③♦♥❡ ❛✉t♦♠❛t❛✱✑ ✐♥
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❬✶✽❪ ❏✳ ❙✐❢❛❦✐s ❛♥❞ ❙✳ ❨♦✈✐♥❡✱ ✏❈♦♠♣♦s✐t✐♦♥❛❧ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ t✐♠❡❞ s②st❡♠s
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Centre de recherche INRIA Saclay – Île-de-France
Parc Orsay Université - ZAC des Vignes

4, rue Jacques Monod - 91893 Orsay Cedex (France)

Centre de recherche INRIA Bordeaux – Sud Ouest : Domaine Universitaire - 351, cours de la Libération - 33405 Talence Cedex
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