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Abstract

In this paper, we introduce a second-order leap-frog time scheme combined with a high-order discontinuous
Galerkin method for the solution of the 3D elastodynamic equations. We prove that this explicit scheme is
stable under a CFL type condition obtained from a discrete energy which is preserved in domains with free
surface or decreasing in domains with absorbing boundary conditions. Moreover, we study the convergence of
the method for both the semi-discrete and the fully discrete scheme, and we illustrate the convergence results by
the propagation of an eigenmode. Finally, we examine a more realistic 3D test case simulating the propagation of
the wave produced by an explosive source in a half-space which constitutes a validation of the source introduction
and the absorbing boundary conditions.
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1 Introduction

In the last few decades, the computational seismology has become an essential tool to simulate realistic wavefields
of local, regional or even global wave propagation problems. The physics governing these phenomena is now
well understood and many different accurate numerical methods have been developed and can deal with three-
dimensional realistic applications thanks to a continuous increase of the computational resources and the use of
parallel computational facilities.

Among all the numerical methods proposed for simulations in time domain, the most popular is undoubtedly the
finite difference (FD) method and its many improvements from the initial FD schemes proposed by Alterman and
Karal [3] or Kelly et al. [19] such as, for instance, the introduction of the velocity-stress system and the staggered-
grids (Madariaga [23], Virieux [31]), fourth-order schemes in space (Bayliss et al. [5], Levander [21]) and rotated
staggered-grids (Saenger et al. [29]) allowing strong fluctuations of the elastic parameters. Their major drawback is
the restriction to cartesian grids not suited for geometrical internal or surfacic nonlinearities (topography) but, the
use of non uniform grids (Pitarka [26]) or even discontinuous grids (Aoi and Fujiwara [2]) enabled improving the
accuracy at the free surface and, more recently, an hybrid method coupling a finite-difference technique for the most
part of the domain and a finite-element method in subdomains containing the nonlinearities (topography, faults)
has been proposed (Moczo et al. [25], Galis et al. [14]). Some other methods have been further developed such as
finite element (FE) methods which allow meshes adapted to complex geometries [22], [24], [4]. However, they are
very costly because one needs to invert a global mass matrix at each time step. This difficulty was overcome by the
use of Gauss-Lobato Legendre quadrature formulae at the root of the spectral element methods (SEM) which have
been widely applied to quadrangular and hexaedral meshes (see, for instance [20, 9] amongst many contributions).
Note the recent development of two non conforming discontinuous Galerkin spectral element methods and their
convergence and stability analysis for the wave propagation in 2D quadrangular meshes [1] and 3D affine hexahedral
meshes [30]. In very complex media, the use of simplicial meshes permits a better approximation of the geometry



(bann, topography, faults). For this reason, we study a high-order Discontinuous Galerkin (DG) method applied
to tetrahedral meshes.

The Discontinuous Galerkin (DG) method has been initially introduced by Reed and Hill [27] for the solution of
neutron transport problems. Neglected during twenty years, it became very popular to solve hyperbolic problems
especially computational electromagnetics [13]. In spite of its success in many domains of applications, this method
has been rarely applied to seismic wave propagation problems. Kieser et al. (see [18, 12] and references therein)
proposed a DG finite element scheme that uses the ADER approach based on an upwind scheme in order to solve
the elastic wave equations with the same high accuracy in both space and time. However, despite its accuracy, this
scheme is diffusive; it is the reason why we propose another combination which preserves a discrete elastodynamic
energy.

In this paper, we study the P-SV seismic wave propagation considering an isotropic, linearly elastic medium
by solving the velocity-stress formulation of the elastodynamic equations. For the discretization of this system, we
focus on a DG method which is a finite element method allowing discontinuities at the interfaces introduced via
numerical fluxes as for finite volumes. Our method is based on centered fluxes and a leap-frog time-discretization
which lead to a non-dissipative combination [11]. Moreover, the method is suitable for complex unstructured
simplicial meshes. The extension to higher order in space is realized by Lagrange polynomial functions (of degree
0 to 3 for our solver), defined locally on tetrahedra and do not necessitate the inversion of a global mass matrix
since an explicit time scheme is used.

This article is organized as follows. In section 2, we state the velocity-stress formulation in a symmetrical pseudo-
conservative form. Then, in section 3, we detail the discretization of the equations system by the Discontinuous
Galerkin method based on centered fluxes in space, combined with a leap-frog scheme in time. The approximation of
the boundary conditions is also presented. After, we study, in section 4, the preservation of a discrete elastodynamic
energy and the stability of the scheme, taking into account the free surface or the absorbing boundary conditions.
Section 5 is devoted to the convergence analysis of the semi-discrete and fully discretized schemes. Finally, we
illustrate this study in section 6 by some numerical results in three dimensions of space: the propagation of an
eigenmode and the case of an explosive source in a half-space.

2  Velocity-stress formulation in pseudo-conservative form

The P-SV wave propagation in an isotropic, linearly elastic medium is modelised by the elastodynamic equations,
which initially write in displacement-stress formulation; let be U = (Ua),e {x,y,-} the displacement vector and

o= (Uaﬁ)a,ﬁe{z,y,z}v the stress tensor, then the system reads

. . (1)

pd2U = V.7,
A(V-T) T+ (VU + (VD))

Qll
Il

where T is the identity matrix, p is the density of the medium and A and p are the Lamé parameters related to

shear and compressional velocities (vs and vp) in the medium by v, = \/g and v, = A—J;Z’i.

We introduce the velocity vector V = 8,U in the equation (1) and obtain the first-order velocity-stress formulation
[31]:
P 8,517 = V. g,

_ 2
8o = MN(V-V)I+pu(VV+(VV)). )

- - t -
Let W = (V, 6’) be the vector composed of the velocity components V = (V,,, V,,, V,)! and the stress components

G = (Ouws Oyys Tzzs Ouys Ouzy Oyz )", since the stress tensor is symmetrical, then, the system (2) can be rewritten as

AW+ > Ax(pAp) 0aW =0. (3)

ae{z,y,z}

We choose here not to detail the matrices A, (p, A, ).



In order to express the system (3) in a pseudo conservative form, we introduce the following change of variables
on the stress components,

Qu

_ Ta_. _ (JII + Uyy + Oz2 20mx - Uyy —O0zz —Ogxx + 2Uyy — Ozz

3 ) 3 ) 3 s Oxy, Oxz, Uyz) . (4)

So, the system reads
porV =3 Ma0as,
. ae{z,y,z} . (5)
Ao\ p) 5= > NodaV,
a€e{z,y,z}

3 3 3 111
where Ag(\, 1) = diag | ———, —, —, —, —, — | is a diagonal matrix containing the characteristics of the medium
SA+20 20 20 o p

and
110 0 0 0 000 10O 0 0 0 010
My=(00O0160O0 ]| My=(1010UO0O0] | ,M,=(0 0 0 0O0T1 ]|,
000010 0 00 0O0 1 1 -1 -1 0 00
1 0 0 0 1 0 0 0 1
2 00 0 -1 0 0 0 -1
-1 0 0 0 2 0 0 0 -1
N = 0 10 Ny = 1 0 0 Nz = 00 0
0 0 1 0 0 0 1 0 0
0 0 0 0 0 1 01 0
We can notice that now the matrices M, and N, (o = x,y, 2z) are constant and do not depend anymore on the

material properties. So, the system (5) is a pseudo-conservative formulation of (3). At last, we multiply the second
equation of (5) by the following positive definite symmetrical (PDS) matrix

[N eNoNoNollS
O O OwlFwiv O
O O Owlhwli- O
SO R OO O
O =R OO OO
_ o O o oo

in order to obtain a symmetrical system. Therefore, we finally get the symmetrical pseudo-conservative formulation:

pOV = > Madab,
. a€e{z,y,z} . (6)
AN wae = > M.V,

ae{z,y,z}
where A(X, 1) = SAo(A, ) is a positive definite symmetrical matrix whose spectrum is

1 3 111 3 .
Sp{A}: ’ Yy Ty Ty Ty +
20 20 o 3A+2p

and we can notice that SN, = M!, (& = z,y,z). This formulation will be very useful to establish the energy
preservation. Then, we add:

(i) a physical boundary condition on the free surface
=0, (7)

which will be rewritten by respect to & in section 3.3.



(i) absorbing boundary conditions
P5 = —AV and P'V = —Bg, (8)

(where the matrices P, A and B will be specified in section 3.3) to approximate an infinite domain.

At last, we need to impose initial data

—

V(0) =V, and 5(0) = 5o, (9)

to ensure the existence and the uniqueness of the solution (V, g) of the system (6)-(7)-(8)-(9).

3 A discontinuous Galerkin method combined with a leap-frog scheme

3.1 Integration on a simplex

We consider a bounded polyhedral domain  of R3, discretized in N7 tetrahedra 7;, which form a partition of
the domain. We assume that the characteristics of the medium are constant over each element 7; and denoted by
(pi, Ay ;). We multiply, in the sense of the scalar product, the first (resp. the second) equation of the problem (6)
by a vector field @; € R? (resp. 1/;1 € R%) and we integrate them on each element 7;. Then, we apply the Green
formula to the right-hand sides:

pi/ FoVdy = Z [—/ (aa@)tMagdv—l—/ @’ﬁManaids] ) (10a)
T; T; oT;

a€e{z,y,z}
/ GiNioGdy = Y [ / (80 0;)'ML, Vdu + ﬁfMtaVnaids} , (10Db)
T a€e{z,y,z} T oT;

where we set A; = A(\;, i) and 1; = (ng,, ny,,n.,)" represents the outwards unit normal vector to 7.

3.2 Evaluation of volume integrals

The approximations of V and & are denoted by the fields Vi, and gh which are defined locally on each element 7;
and may be discontinuous through the interfaces, so that we set

Vi, Vh\r = ‘_/; and gh\f :(;i, (11)

Consider the Lagrange nodal interpolants ¢;;, %;; € Pm(7;), set of polynomials over 7; with a degree m, then we
can write ‘_/; and &; as linear combinations of time-dependent fields:

dof

‘_/;-(SC,y,Z,t) Z‘_}Z](t) @ij(zayvz)v (12)
=
Z 5'ij (t) 1%‘ ($, Y, Z) ) (13)

j=1

gi('rayvzvt)

where dof denotes the number of degrees of freedom on the element 7;. To approximate the volume integrals on
7;, we just have to replace the fields V and & in (10) by V;, and &p,.

3.3 Approximation on faces

To calculate the integrals on 97; of (10), we split this boundary in internal and boundary faces. We denote by V(%)
the set of indices of the neighboring elements of 7; and we note by S;; each internal face common to both elements
7; and 7y, i.e. S;p = 7; N T,. Moreover, some elements 7; have one or more faces common to the boundary of the
domain. The set of the indices k of such faces S, = 7; N 0N is denoted by £(7) for absorbing boundaries and K(4)



for free surface boundaries. Remark that, for most elements, £(7) and K (i) are empty sets. Therefore, introducing
P = Z Mqana,, , we have:

ae{z,y,z}
(ﬁfMagnaidS = Z / (pz lk0d5+ Z / (pz zk0d3+ Z / (pz kudS (143‘)
ae{z,y,z} 9T; keV(i) ke& (i) keK(i)
> PIME Vg ds = ) / GIPYVds + / I Vds + ) / ‘P, Vds, (14Db)
ae{z,y,z} 0T keV(i) keE (i) keK (i)

where Tz = (N, , My s M2y, )t Tepresents the unit normal vector of Sji, oriented from 7; towards 7j.

For the interior faces S;; of 7; (k € V(i)), we choose to apply centered fluxes by introducing the mean-value on
this face: 1 )
For the boundary integrals, two types of boundary conditions have been considered : a free surface condition at
the physical interface between air and the medium, and an absorbing condition on the artificial boundaries of an
infinite domain.

Free surfaces: On these faces, we compute the fluxes by introducing weakly the physical condition (7) in the
third term of (14a) and the physical condition is rewritten in the new variable & via the change of variables (4).
No physical condition is applied to the velocity in the third term of (14b). So, for a boundary face S;x of 7;, with
k € K(i), this condition reduces to:

Sik

Vo, ~Vi and Pydy, =0. (16)
Absorbing surfaces: To simulate infinite domains, we introduce artificial boundaries, on which we impose ab-

sorbing conditions. Therefore, for any k € £(i) and any real unit vector 1i;x, we define the matrix

Ay, (Pis Niy i) = Z Aa(piy Ny i) Moy = — Osxs EP“C , (17)
ac{z,y,z} Ai_l]P’ﬁk Ogex6
which is diagonalizable in R, i.e. all its eigenvalues e (k=1,...,9) are real:
€1 = —Up, €2 =€3= VU, e4=€5=¢e5 =0, er =eg =0, €9 =1,
with
Up, = Vp(pis Ay pi) = % and vs, = vs(pi, i i) = % (18)

and we note by P, (p, A, 1) the matrix whose column k is the right eigenvector associated to the eigenvalue ey:

3vpng —VsNg Ny VsN0,1,—1 0 0 0 —VsNo,1,—1 VMg Ny —3vpng
3vpny VsN1,0,—1 —VsNg My 0 0 0 Vs Mg My —VsN1,0,—1 —3vpny
3vpnz VsMyNy VsNz Nz 0 0 0 —VsNgNy —VsNyN 2 —3vpn,
3k+2u 0 0 —MNgzMNo,1,1 —TNyM1,0,1 —MNzM1,1,0 0 0 3k+2u
2png —1,—1 —2un2n, 2pngmno,1,—1 M2M0,1,1 MyN1,0,—2 NzN1,—20 2UNzN0,1,—1 —2un2n, 2png, —1,-1
—2pni,—2,1  2pnynio,-1 —2unmn§ NgNo,1,—2 Nyn1,0,1 NzN_-2,1,0 —2unmn§ 2pnynio,—1  —2pni,—2;1
6ungzny HUnaeny,—1,—1 Hnyn_11,—1 0 0 3ngnyn, pnyn_11,-1 Pnzni, —1,—1 6ungzny
6ungn. 0 pUn-ni 1, —1 0 3ngnyn, 0 HUnzmi 1, —1 0 6ungn.
6unyn, HUnzmi 1, —1 0 3nznynz 0 0 0 pnzni1,—1 6unyn,

where, to simplify, we set ngp. = anZ + bni + cn?. Then, the boundary absorbing conditions consist in an

upwind technique where we only take into account the outgoing waves neglecting the ingoing waves part. For that,
we approximate Ay, by the matrix A} where we set Af = (Pn,,DTP; 1) (pi, \is i) with DT (pi, Ai, 1) the
diagonal matrix composed by the positive eigenvalues of A,,,, . Therefore, according to (17), we have to approximate

]P)ikg p'?g O]Rsxa
7 = - ! N ia)\i) 7 ) 19
(Pﬁkv> (& 05 ) Ao v (19

Qu <y



where ?3 denotes the identity matrix, by

Pika ~ pllg O]RJX() A+ ( ) ‘/z (20)
]P,t ‘7 — 0 A Pis uuz =
ik R6%3 i ag;
After calculus, we obtain:
pifg ORSXG A+ N 1 Azk *]P)ik 21
0 A (pz; zvﬂz) = 5 _Ppt B. ( )
R6x3 i ik ik
where
(vp, — vs; )M+ v (Up;, — Vs; )My, 0 (Up;, — Vs; )Nz 0
i si )Ty, si i si Qwik Yik pi = Us; )Ty Tz,
Aik = pPi (vpi - vsi)nzik Ny (vpi - vsi)nyik + Us; (vpi vsl)nylknzlk (22)
(vpi - USi)annzik (vpi - vSi)nyiknzik (vpi - 'Usl)n + Us;
and
2 2 2 2
) 1 ) nﬂQEik - ngik My, ; L 2ng,, Ny, 2ng,, M2y, 2Ny, Nz,
ngwk - ngzk nmik + nzik 9 nzik 9 nmiknyik 0 _nyiknzik
By = 1 Py — Tz, Pzir Ny T N2y n%knylk TP Nzik 0
PiVs; 2ng,, Ny, N My, Ny Ny Zlk + n nym nzm N Mz
2nﬂﬁiknzik 0 TN Mz, nyiknzik Iwk + n Zik N My
2nyiknzik TNy Nz 0 N Mz N Ty, nyik + ik
1 1
2 .2 2 .2
nglk nzik n%m nzik
Us; — Ups Ny =™ i ® Ny = Mz ) (23)
PiUp; Us; 2N, Ny 203, My
2N, M2y 2ng,,Nz,,
2nyiknzik 2nyiknzik
Finally, for a boundary face S;; of 7; with k € £(i), the fluxes are approximated in (14) by:
- ()B't o o
Ay, 2 ' =
/ FiPiko ds ~ / 21 [—Aik Vi + Py ol} ds, (24)
Sik Sﬂc
it
Tttt Y7 7/’1' t 17 =
/ GIPLV ds o~ 5 []P’ik V. — By az} ds. (25)
Sik Sik

Remark 1 The absorbing boundary conditions (8) follow from (20)-(21). It is a first-order approximation, efficient
for waves with a normal incidence to the artificial boundaries but whose accuracy could be improved especially to
limit reflections in presence of grazing waves.

Remark 2 A;; is a symmetrical positive definite matrix whose spectrum is
Sp(Aik) = {pivpi » PiUs; pivsi} )
whereas B, is a symmetrical semi-definite positive matriz. Indeed, we have

det(Bi, — :Ei;) = 2%(az® + bx® + cx + d)

where
a=1,
1
b= oo [vp: (2 — Qnik +nl, —ni + 2n . T 2n n2 ) v (240t — Qnik + Qnik - Qniknik)] ,
1YPiVSi
1 4 2 2
c= 2 [vpi(l + 2nyik - 2nyik - zlk + nzlk Ny T + 3” n Jr 3ny1k zlk)
pZ /Upwv

2 2

+0s; (4 T Mk + n;ik + 2n12/ik + 4nl2jiknzi - Snylk n4 - Sn 7’L + 3” nzik )] ’



1 2 4 4 2 4
d = A - (24 2n?, —3n,,, +3n,, —n,, —n, N, + 4ny e+ 4ny ) -
i “Pi sZ
We can deduce that O is a third order eigenvalue of B, but the three other eigenvalues are not easily specified.
Then, we shall use the Sylvester’s criteria. For that, we denote by B, = (bji)1<j,i<6 the coefficients of the matriz
Bir and By = (bj1)1<j,i<q the submatrices of B, and we observe that

1
det(B,)) = >0,
PiVp;

1
det(BQ) = m [4niikn§ik + n;ik (nim + ni‘k )} 20,

9 2 2 2
det(Bs) = rvp.v% N My Mase = 05
det(B4) = d@t(B5) = d@ﬁ(Bf;) = 0,

so that the three other eigenvalues of B are mecessarily positive.

3.4 Time-discretization

At last, we apply a leap-frog time-integration scheme. It is a two steps explicit scheme which results, when combined
to the centered fluxes defined at (15), in a non-diffusive scheme (see section 4.2). We note by At the time-step
and the superscripts refer to time stations. Thus, on each element 7;, V;” represents the velocity field at t" = nAt

ontl - -1
and 6?+2 the stress tensor components at t"+2 = (n + 1)At. Starting from initial values V? at ¢t = 0 and 67 at

t= %, the final scheme expresses on each element 7; by:
. Vn+1 Vn ongl
Pi ‘PfT dv = Z / Dai) Moo ;ﬂ *odv
T ae{z,y,z}

kev (i) Sik
ontl 1 .
+ Z / { 5i+% — Ak Vit| ds, (26)
ke& (i)
W*z _ 5”*2 . .
/’l/Jt z dv = — Z /(aawi)tMta‘/;n+1d'U
ac{zy,z} "t
Vn-i—l Vn—i—l
+ 3 / gt e + ds
keVv(i)
1 on+d
+ > / wt[ Pt x/z."“fizaaik&i“ ds
ke& (i)
+ Z/ PPt Vit ds (27)
ke (i)

Obviously, linear combinations (12) and (13) are still valid with superscripts.

4 Energy preservation and stability of the scheme

The discrete scheme (26)-(27) being explicit, it is conditionally stable. The aim of this section is to establish a
sufficient condition on the time step At for the L2-stability of the Discontinuous Galerkin scheme, taking into
account both free surface (16) and absorbing boundary conditions (24)-(25). Following [13, 7, 8], we shall define a
discrete energy and prove that it is a quadratic positive definite form playing the role of a Lyapunov function of

all the unknowns V" and 5 1/ 2



4.1 A discrete elastodynamic energy

In the continuum, the total energy of the system is given by:

B =3 [ IPOR @+ 5 [ 700

Ey, kinetic energy  E,,, mechanical energy

where € is the symmetrical deformation tensor whose components are ¢; ; = % (gg? + %). As for the stress,
J i

we introduce the deformation vector € = (€44, €yy, €22, 2 €2y, 2 €52, 2eyz)t. For an elastic medium, the generalized
Hooke’s law links deformations and stresses through the linear relationship € = C &, where the matrix C' expresses

1 —v —v 0 0 0
-v 1 —v 0 0 0
C—i v —v 1 0 0 0
“E|l 0 0 0 2(1+v) 0 0 ’
0 0 0 0 2(1+4v) 0
0 0 0 0 0 2(1+4v)

FE and v being respectively the Young’s modulus and the Poisson’s ratio

E:M and 1/:#.
At 2(A 4 )

Thanks to this relationship, the mechanical energy becomes

1 1
Em:—/ (a)tgdUZ—/ (&) Cédv,
2 Ja 2 Ja

and introducing the change of variables (4), we obtain

1 Nt - 1 N\t -
By = —/ (T715) ¢ (T7'7) av = —/ (5) [(r) cr]Fav.
2 Ja 2 Ja
We can easily check that (T_l)t CT~! = A so that, the total energy writes

B) =5 [ V@I a5 [ (50) A0 i,

Definition 1 The discrete energy E™ in three dimensions of space at time nAt is defined by:
n—i— Zn—2
= —Z/ Di VZ" V" ( )Aiaide. (28)

4.2 Energy preservation

Now, we study the evolution of the discrete elastodynamic energy through one time-step. More precisely, we aim to
establish that the combination between the centered approximation of the fluxes and the leap-frog time-integration
leads to a non-dissipative scheme for unbounded domains or domains with free surfaces.

ploed] _ Ve 2l _ A

K3

1
op_1
”2

For the simplex 7;, we denote by and ¢ the mean-values of the velocity

and the stress vectors at times (n + %) At and nAt respectively.

Lemma 1 The variation of the total discrete energy during one time-step At is

t
E"Tt_pr = Z > / (V["+ ) aw VI + <5§"+%) Bix 5. } ds. (29)

i=1 ke& (i)




Proof 1 We calculate the variation of the discrete energy during one time-step At:

t
:’nJrl
& 2

(Ve - ) + QAZ- (55 =57) | do. (30)

V"Jrl + V”)

En+1 E" — Z / pz

- P gl
Thus, we substitute @; and ; in (26)-(27) by V;[ +1] and G, "2 whose each component belongs to P, (T;):

n 2n ont+1\?¢ —|n+1
EL_Er = At Z 3 / (a AR ) M5+ (0a577) M7 | gy
=1 ae{z,y,z}
At R =n = [n+d
+ 722/ < >]P)ik0'k+ +( +)]P’§kvk[+2] ds
=1 keV(i)
Nt t
At —n+2 n 2[n
3PN M G R A CRU T A e
i= lkeg(z) Sik
At k 1 1yt ! (3D
o ol M e e e
=1 | keV(3)
t n
+Z/ (Vz )sz5?+2+(~?+;) Pkai[Jr]}ds
ke& (i)
+2 ) / (57*5 P, VI H g
keK (i)
By the Green formula, we obtain:
~|n+% =n 2n+1)? ~(n+% S nd] ) on+:
/ <aam[ +2]) M,&""? (aa&ﬁ%) w7 3] dv:/ <vj +2]> Mad" g, ds. (32)
T; 0T;
oI\t —[n+1] S+, zn
Moreover, we clearly have (51- 2) Pt Ve = (VZ 2 ) P 0, *. Consequently, we deduce that the first and

the fourth terms of E"*1 — E™ wvanish. Further, thanks to the orientation of na,, from T; to Tr, we remark that:

ZZ/ ”"* “pr, ZZ/ < )m&Z*‘ds,

i=1 keV(i) i=1 keV(i)

which implies that the second term is also equal to zero. Therefore, it remains only the third term which concludes
this proof.

Corollary 1 Using the scheme (26)-(27), for an infinite domain or a domain including free surface boundaries
(16) only, the discrete elastodynamic energy is preserved through one time-step:

VneN, E"tl=F".

Proof 2 In an infinite domain or a domain with free surface boundary conditions, £(i) is an empty set. Therefore,
following (29), the discrete elastodynamic energy is preserved.

4.3 A corrected discrete elastodynamic energy for absorbing boundaries

When absorbing boundary conditions are applied at some faces of the domain (i.e. when £() is not empty), the
discrete variation of the energy through one time-step At is not necessarily negative according to Lemma 1, because
of the time-asymmetry on both V; and gi in (29). In order to overcome this difficulty, we introduce correction
terms in the definition of the discrete energy (28) and prove that this corrected discrete elastodynamic energy is
not increased through each time step.



Definition 2 We introduce a corrected discrete elastodynamic energy E™ at time nAt by:
Nt
n n At n ¢ n zn—1\* n—3
E"=F _?ZZ_/S [(Vi)AikVi—(Ui ) By, &, Z]ds. (33)
i=1 ke () 7 Sik

These correction terms only concern the absorbing faces and have no particular physical meaning. However, they
match the loss of energy (which appears as a decreasing discrete energy) through these faces since we only consider
outgoing waves.

Lemma 2 The sequel (E™),, cy is not increasing. More precisely, we have for all n € N:

. L AL &
N

i=1 ke&(i) VS

A3\ ) gl (e gz
(vi > Ay VL2 +(&i ) By, 6| ds. (34)

Proof 3 We calculate the variation of the total corrected discrete elastodynamic energy:
Nr -
At — > t i >n+1 t zn—1 zn+1
e = G S [ e b v (5 B (7 5 [
Nr -

K2

(7741) Ao 74— () v] s

N~ r
At 2n+ 1 t Zn+4 1 on—1 t on—1
+35 § > / (a—i“) B, &, 2 — (ai ) Bix &, Q}ds.

After a reorganization of the terms by using the symmetry of the matrices Ay, and B, the last expression simplifies
into (34), which is negative because A and By are respectively a positive definite symmetrical and a semi-positive
definite symmetrical matrices.

4.4 Stability of the scheme

We aim at proving that the discrete corrected elastodynamic energy £" is a positive definite quadratic form of
the unknowns V;” and 7. ~1/2 ynder some stability condition on the time step At. For that, we need to introduce

another formulation of £", independently of the unknowns gfﬂ/ 2,

Lemma 3 The discrete corrected energy E™, defined at (33), can be rewritten as
Nt
n 1 -\ = on—I\t, oZn—1
& = ig/z[pz(i/l)\/z—i—(az 2) Ao 2]dv
Nt
At n ¢ :'n*% :'n*% t t Yn
- T X /T [(aam ) MLFTT - (0.577) MLV, } dv

i=1 ae{z,y.}

NT NT
At on—1\1t “n At on—1\1t “n
T Z/ (5072) Phvirds + 5 3 Z/ (577%) Vs
i=1 keV(i) 7 Sik i=1 kek(s) Y Sir

- %% Z/ [(‘Z’")t&k‘znﬁ-(gfé)t&kéf;}ds. (35)
( ik

i=1 keg(i) ! 5
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Proof 4 At first, we consider Eq. (27) at the previous time step (as the velocity is at time nAt) and we replace
- on_1
Vi by G, 2

on—1\t , on+l on—I\t  on- ..n s
/(51. ) MGy = /(a ) AFTEdv—Ar S / % MgVi"dv
7; 7;

ae{z,y,z}
qn ; Vo vn
2 t k
+AL > / g, i ds
keVv(i)
_.n 1 - 1 on—1
+At2/ 5, ? []P’ Vi = 5B & Z]ds
ke&(3)
+AE Y / *:’ % Pt Vi ds.
ke (i)

Then, we substitute the previous expansion in the definition of the discrete corrected energy (33) and we get:

N
e = 5> [ |n (Vﬁ)t\zmr(éf*%) AETE oA Y (058 Mii | ao
i=177Ti ac{z,y,z}
,.n—l t Tn 1 n t In 1 Zn—1 t Zn—1

+ zz/ () wvr - 3 (7 - (571) B a]ds
i=1 ke&(i)

+ Z 3 / 7‘% (V"+V”)ds+—z 3 / (5 % LV ds.
i=1 keV(s) i=1 keK (i)

At last, we conclude this proof by applying the Green formula:

1

Z/ "’% V"ds—i—Z/ 5~ 2 LV ds 4 Z/ f§ Pt V7 ds

keV (i) kee (i kEK (i)
- ¥ / { o 5 Mgﬁ"+(aax7i”) Maéf%]dv.
ac{z,y,z}

In what follows, we denote by S; = Z Sik + Z Sik + Z Sir # 0 the area of a tetrahedron 7;. Furthermore,
keVv(i) keK (i) ke& (i)

we assume that inside each finite element 7;, there exist two positive dimensionless constants a; > 0 and b, > 0

(for k € V(i), k € K(i), k € £(3)) such that, for all polynomial function ¢ defined on 7;:

10aBllizezy < m S P (36)
szzk
19lE2(s,) < T 1811527y » (37)

where [|¢[|;2(7,) and [[¢]2(s,,) mean the L%mnorm of ¢ over 7; and over the face Sj respectively. Note that
the constants a; and b;; do not depend on the size of the finite element 7; because they are invariant by any
homothetic transformation. In fact, they only depend on the geometry of 7; and on the shapes of ¢ (see [13]).

- on_1
These assumptions will be applied to V;* and 5? 2 which are linear combinations of Lagrange polynomial basis
functions.

11



Theorem 1 Considering the scheme (26)-(27), under assumptions (36) and (87), the corrected total discrete
elastodynamic energy E™ is non-increasing through iterations and is a positive definite quadratic form of all the

unknowns I_/;" and 5?71/2. Consequently, the scheme is L2-stable under the CFL type condition:
Vi € [1, Nr], VE e V(@E)UK(@E)UE®R) :

T;
At [14a; + by max(7,r4 (Ai), r+ (Big))] < 4 |S| min (p;, 7— (A;)), (38)

1 3
greatest eigenvalue of A and r4(B;i) > 0 the greatest eigenvalue of By.

where we denote by r— (A;) = min( ) > 0 the smallest eigenvalue of Ai, 4+ (Aik) = pivp, > 0 the

Remark 3 By is a real symmetrical semi-definite positive matriz by the Sylvester criteria and the eigenvalue 0
has a multiplicity equal to three. Consequently, B;i has three strictly positive bounded eigenvalues depending only
on the material properties (whose expansions are not simple) and then, r4(B;) > 0.

Proof 5 We can bound down the first term of the right-hand side of (35) in the following way:

1112

S N\t o on—1\t  op—1 on—1
: Vi") v;l+(&? ) AT 2]@2 : Fro(Ay) ||F72 . 39
/’Ti |:p ( P L2(T;)3 ( ) L2(T;)6 ( )
Then, we set ||M|| = \/r(MM*) where r(MM") is the spectral radius of the matriz MM*. Thus, |M,|| = |[[M,]| = 2
and |M.|| = 3, so that |Piy] < Z Mg || = 7. Applying (36), we clearly have:
ac{zr,y,z}
o 1 on_1\t . i || = on—21
(0.77) ML (0.577%) MtV v < 145 Si g e
|7 L2(T;)? L2(7;)
a€e{z,y,z}
aiSi S 12 on—1 2
< 7 v o2 . (40
< T (1 + 15 )+ 0
On the other hand, using (37) for the internal faces, we also have:
-1\ ¢ o P; =n||? 2n—112
/ (57%) v ds < M( vy " )
Si 2 L2(Six)? L2(Six)°
S, 2 TRy
< Z bklskz kn bzk‘s’lk =7 3 ) (41)
k L2 (7% 4 L2(7;
T ORI N e Ok

In the very same way, for the boundary faces with free surface condition, we have:

[y e < St

ds < =
Then, the last term of the right-hand side of (35) can be bounded thanks to:

2 1

n—s5

2
2 . 42
LZW) (42)

—

n
3

%

2 ITiI L2(7;)

Lo\t . on— 1\t N | o112
V-") A V" (”.’*2) Bya' 2| ds < ri(A B, }W 3
/Sik [( ’ ARG K s S relha) LZ(Sik)3+T+( 2 7i L2(S;k)®
birSik = 112 zn—1]|2
< e [u( O] L Y A

Therefore, as S; = Z Sik + Z Sik + Z Sik # 0 and thanks to the following remark related with (41):
keV(i) e 0) ke€ (i)

kaSk’L 2 Akl 1
Z Z 73 mw:;m

=1 kevy

2

gy D bikSik: (43)
Y kev(i)

—

n

—

n
2

12



we finally obtain the following estimation:

n 2 Pi 7 At
> "2
&z oy | 2 S < LAt
keV(i)
(e TA
+ Z Szk <Sq, 4 |Z|(2az+bzk))
ke (i)
. 1AL
+ Z Szk (p_ - Z |T| (140/1 +b7,k T+(Aik)))
k€& (i) ¢ ¢
N~
1 T_ (Az) 7 At
e Z HIT | e o ( s am et bm))
r— (Al) 7 At
+ Z S’Lk ( Sq, Z|Z|(2az+bzk))
ke (i)
1 At
+ Z Szk ( ) Z |T|(14a7, +b7,k T+( zk))
ke&(3) ¢

Finally, for any face S;i of the mesh, the discrete corrected energy is a positive definite quadratic form of all the

- on—1
unknowns V;"* and 5? 2 under the condition (38) on the time step.
T3]
S,

T:, so that (38) is a CFL type stability condition.

has the same dimension as the diameter h; of the finite element

Remark 5 The condition (38) might be suboptimal. Indeed, when studying this energy in the particular case
of the finite volume Py approximation, for a uniform mesh with reference tetrahedra (in this case, a; = 0 and
bir =1, Vi € [1, N7]), in an infinite domain, we obtain a more precise CFL condition:

At<\/§
v« X2
ph 3\/§7

where h = r[nax ]hi and the medium is supposed to be homogeneous.
i€[l,Np

On the other hand, we remark that max(7, 74 (Aix), r+(Bix)) > 74+ (Aix) = pvp and min (p;, 7— (A;)) < p, so that in
some cases, (38) is simplified by:

| T
Si’

Vi e [1,Nr], wv,At<4

h3V/2 h2(3+V3)
oy and Si = —— =

(44)

where |T;| =
Remark 6 The stability result (38) remains valid when the degree of the polynomial approximation is defined
locally and may vary from an element 7; to its neighbour 7.

5 Convergence analysis

The objective of this section is to prove the convergence of the totally discretized scheme (26)-(27) following the

method in [13, 28]. We consider a family of unstructured tetrahedral meshes 7, where h = I[na]%( | h;, which forms
1€|1,N1

a partition of the domain €, i.e. Q@ = U7z, e7,7;. We assume that the unstructured meshes 7;, are uniformly shape
regular in the sense that there exists a constant & > 0 such that

h;
Vh >0, VI,€T;,: ESE’ (45)
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where d; is the diameter of the biggest ball included in 7;. Moreover, we assume that there exists n > 0 (independent
of h) such that

Vh >0, VI, €T, YkeV(i): % <. (46)

In what follows, we denote by 1
Xy = {fn €L’ Vi, @, € P(T)’}, (47)
Xi = {dneLXQ)°: Vi, dn, € Pu(T)°}, (48)

the sets of discontinuous piecewise polynomial fields of degree at most k& on each 7;. We next introduce the broken
Sobolev spaces

PH*(Q) = {v: Vi, vy, € HS(Z)} (49)
N 1/2

equipped with the norm |[v]| pys(q) = <Z v, ”%{S(Ti)) , where || - ||+ (7;) denotes the standard H*-norm on 7;.
i=1

5.1 Definition and properties of the semi-discretized scheme

First, we are interested in the study of consistency and stability of the spatially semi-discretized problem below.
In what follows, we set @; (resp. ;) the restriction of g € H*(75,)3 (resp. ¢ € H*(7,)°) to the element 7; with
s > L. The semi-discrete solution (V4,, &) defined in C'([0,T], X} x X?) is the solution of the weak formulation:
for any test field (@, ¢n) € X} x X2, for 0 <t < T and all i,

pz-/ ZoVid = — > / Oafi) MaFidv + / Rk“z”kds
7;

i ac{zr,y,z} keVv(i)
1 R
+ Z / 501 |: ik Uz - iAzk ‘/z:| dS, (50)
ke& (i)
/ PiNOGidy = — Y / Dothi) ML Vidv + > / PIPY, Vit
T ae{z,y,z} keV(i)
+ > / ot LP Vi — =B az} ds+ Y / PP Vids (51)
ke&(i) ke ()
with the initial values . . . -
Vi(0) = P (Vo) and G4 (0) = PZ(50), (52)

where Pl : L?(Q)? — X} and P?: L?(Q2)% — X? denote respectively the orthogonal projection onto X} and X7.

Definition 3 For given vector fieldls W = (V,5) and W' = (V',&), we introduce the following bilinear forms
which are well defined on X} x X3:

w00 = S [ [TV Gad] o 53)
=1 T
a o Nt N7 t .
a(W, W) = Z/ 3 [(aavi’) Ma5z+(aaa—’) Mgm] dv (54)
i=1 Tiae{z,yz}
) = Y Y [ ettt e B
=1 keV(i) 2

14



Thanks to (50) and (51), we remark the following result:

Proposition 1 The semi-discrete solution Wy, = (Vi,,&1) of (50)-(51)-(52) satisfies
m(@tWh, W;’l) + G(Wh, W;/l) + b(Wh, W,;) =0, VW;’I S X;ll X X}QL
Proposition 2 The ezact solution W = (V,G) of (6)-(7)-(8)-(9) satisfies the following property
m(&W, W) + a(W, W) + b(W,W}) =0, YW}, € X} x X}.
Proof 6 According to (10a)-(10b), we have to verify that the quantity b(W, W} ) is equal to

Nt N o Nt -

-5 / [(Vi’) MoGna, + (&) M’;Vnai] ds.
=1 ac{z,y,z} 9T

i (58)
Nt
The free surface boundary condition (7) results in Z Z

/ (V)P ds = 0. On the other hand, thanks to
i=1 kek (i) Six
the absorbing boundary conditions (8), we also have:

Nt
% > 2 / (V1) (P — bax V) + (F)" (P — BarF) | ds
i=1 keg(i) ’ Sir
Nt
Y / (7)) Pad + (347 ds,
i=1 keg(q) Y Sik
which closes the proof.

Lemma 4 For any Wy, = (Bh, 1/_;;1) € X} x X3, the following quantity is positive:

Nt
S I 1
a(Wh,Wh)+b(Wh,Wh):§Z >

/ {@Mik@ + Jf&k@} ds >0
i=1 keg(i) Y Sik
Proof 7 Let be Wi, = (@, 1/_1';1) € X! x X? a given vector field. Then, we get

Nt

oW W) + 00T W) = | Y [ [0 Mati+ (0050) M|
i=lac{zy,z} T
1z S

- 52 Z /S [@szk%Jrl/ffptk@}

i=1 keV(i) Y Sik
1

IR

/ [ﬁzpikJiJrﬁfpgk@i} ds
i=1 keg(i) Vv
N
5 GiPirthr + ;PP | ds
i=1 kev(i) / Sir
1 &
PSP

/ [@tAik@ + /l/_}‘fsz/l/_;z} ds
i=1 ke&(i) ) Sin
The first term (between brackets) vanishes by the Green Formula:

ds—% Z

| i
i=1 kek (i) ) Sir

- S\t -
/ [(804551')75 Ma"/’i + (aaﬂ/}z) M;SZZ:| dv = / CPfManaﬂ/Ji dS,
7

(61)
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combined to the equality JfPfk@ = @'f-IPikz/_J;. Moreover, since P, = Z Mana,, and thanks to the orientation

ae{z,y,z}
of iy from T; to Ty, we remark that:

Z > / Uil Pr ds = — Z > / Gty ds

i=1 keV(3) i=1 keV(3)
which implies that the second term is also equal to zero. Therefore, it remains only the third term depending on

A and By, which are respectively a real symmetrical definite positive matriz and a real symmetrical semi-definite
positive matriz.

Consequently, if we define the semi-discrete energy by

1 -, -

En(t) = 5m(Wa(t), Wi(t)), (62)

where Wy, (t) = (Vi (t), 65 (t)) is the semi-discrete solution of (50)-(51)-(52), we deduce from Prop. 1 and Lemma 4
that

0:Er(t) < 0,Vt € [0,T7, (63)
which implies that & (t) is decreasing on [0, 7] and we have

5.2 Convergence of the semi-discretized problem

We shall at first give a convergence result for the spatially semi-discretized scheme (50)-(51)-(52). We recall the
two following lemmae, well-known in the framework of the finite elements (see [10]):

Lemma 5 Let 7; € Tj,, we assume that u belongs to the space HST1(T;) for s > 0. Let II be a linear continuous
operator from HSTL(T;) onto Py(T;) such that II(u) = u for all u € Py(7;). Then we have

lu—THw)leery < Cr ™ B lufgoia ), (65)
lu—T()lr2ony < O R Y2 0, (66)

where Cy 1s a positive constant only depending on k, s and the regularity parameter £ of the mesh.
Lemma 6 For all p € Py(7;), we have
—-1/2
Ipllezomy < Co b [pllar, (67)
where Cy is a positive constant only depending on k and the regularity parameter £ of the mesh.

Thus, we can state the following Lemma:

Lemma 7 Let be W = (V,5) the ezact solution of (6)-(7)-(8)-(9) supposed to belong to C°((0,T), PH* 1(Q)?)
and (Vi, 1) € CH(0,T), X} x X2) be the solution of the semi-discrete problem (50)-(51)-(52). For anyt € [0,T),
we have

b(W — PY(W), Wy, — PL(W))(t)
min{s,k} 7 117 2 = 2/ = 2 1/2 > =
< KRR (T = POy + 1Gn — PEENOR2@pe] 17,5 Ol puerap (68)
Proof 8 The two previous Lemmae 5 and 6 imply together the following estimates:

/S (Vi = PEOV)) PG — PE(@) s ds < C |[Pall BV = PEV)ILaczye 18]+ (20 (69)
il

7

= =4 > min {s,k =
[5 (Gh = PR PV = Pa(V)ypds < C [Pl G0 = PEG)le s Vil zys,  (70)
il
/S (Vh = Br (D)7 Ba(V = Br(V))jzds < C ri(Ba) b [V = B (Dlecrys [V nesszs, (1)
il
= = =4 =g min {s,k =
/S (Gn = PA(3))17, Bu(G = PA@))irnds < Crie(Ba) B &, — PRE) e [5]laes g (72)
2l
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where C' = C1C2, 1 € V(i) UE(D) in (69), L € V(i) UKGE)UE®R) in (70), 1 € E(i) in (71)-(72). In addition, applying
(46), we have in the same way, for alll € V(i):

/S (Vi = PL(V)),, Pu( — P2(3)),,. ds
il

min{s min {s,k hyd s =g
<O |y it B2 B G P |2 zs (16 e (i, (73)

/S (B — PR3N 1 PV — PL(V)) ds
il
min{s min {s,k = = %%
< C [Pl gt B2 B F — PGz [V e (g (74)

Theorem 2 Let (7)y be a family of unstructured meshes satisfying (45) and (46).

Let (V,G) be the ezact solution of the symmetrical pseudo-conservative problem (6)-(7)-(8)-(9) supposed to belong
to CO([0,T); PHL(Q)9) for s > 0, and let (Vy,54) € CH([0,T), X} x X?) be the solution of the semi-discrete
problem (50)-(51)-(52). Then, there exists a constant K > 0 independent of h such that

e 7 = = 1/2 min{s 5 =
tg%g’;] [”(V - Vh)(t)”izm):’» + /(6 — O—h)(t)H%?(Q)G < KThmnt JC}H(VvU)HCO((O,T),PHS“(Q)Q)- (75)

Proof 9 First, applying Lemma 4 to the vector Wy, — PY(W) = (Vi, — PX(V), 65 — P2(5)) € X} x X2, we get
a(Wy, = PY(W), Wy, — PY(W)) + b(Wy, — PL(W), Wy, — B)(W)) > 0,

and, then

< m(@(Wh = PROV)), Wa = PI(V))

+ a(Wi — PY(W), Wy, — PL(W))

+ bWy = PYOW), Wi, — PL(W)). (76)

m(0y (Wi, — P(W)), W), — PY(W))

Thus, since W, — P,?(W) € X} x X7, the difference between (56) and (57) gives us
m(Ou(Wy, = W), Wiy = PY(W)) + (Wi, = W, Wy, — PL(W)) + b(W), — W, W, — P(W)) = 0.
After, we substract the previous equality in the right-hand side of (76) and we obtain
m(0 (Wi — PL(W)), Wy = PY(W)) < m(9(W — PY(W)), Wy, — P)(W))
+ a(W — PL(W), Wi, — PY(W))
+ bW = PY(W), Wy — PY(W)). (77)

As P} (V) (resp. P,f(g)) is the orthogonal projection of V (resp. &) onto X} (resp. X}) and Wh—P}?(W) € X} x X2,
we necessarily have

a(W — PY(W), W, — P2(W)) =0 (78)
and
(@ — PR, Wa — PROTY) = 5 om((OW — PROV)), Wi — PROT) = 0. (79)

On the other hand, we can check that
m(0:(Wy, — PY(W)), Wy — PY(W))

_ % i%/T [pi 2 (t) + ((5h - P,f(é)) A, (a?h - P,%(a?))) (t)] dv (80)

so0, by taking also into account (78) and (79) in (77), we obtain

Vi = Pr(V)

(10 = PATD@ R aps + 1o~ PRGN @)oo

< 2( i {pz-,r_mi)}) b — PO, Wi — PO (0). (81)

1<i<Nrp

17



Then, we integrate (81) from 0 to t € [0,T] and, since (9) and (52) hold, we have
(Vi = B (V) @)1y + 1@ = PEE@N )72 (s

< 2 iy (pur-(F) [ 007 - PROP)IT, — ROV 0 (52)

1<i<Nr

Therefore, the last inequality becomes

max, [H(Vh — Pr(V) Oz + 1Gn — PEE) 0200 (83)
= 2 (Kmé% {pir <Ai)})_ /O b(W — PY(W), Wy, — P2(W))(t)dt (84)

which implies, by Lemma 7, that there exists K > 0 such that

1/2 ek
e (17 = PUP)@ s + [1Go = PEENOIFaape] < KTH R (T3l on o0 e - (85)

On the other hand, we also have by Lemma 5 the existence of C > 0 such that:

1/2
veel, T, IV = BHO)® @y + G = PEE)®) @]
s . - 1/2
< ORI (P @) e ys + 15O beragay) (36)

which combined to (85) concludes the proof.

5.3 Convergence of the totally discretized problem

In this section, we prove the convergence of the totally discretized scheme (26)-(27), following the method proposed
in [28].

Theorem 3 Let a be a coefficient such that o = 1 if absorbing boundary conditions are included in the scheme, or
o = 2 for domains with only free surface boundary conditions. Let (V,G) be the exact solution of (6)-(7)-(8)-(9),
supposed to belong to C2*=1([0,T],L2(2)?) N CO([0, T], PH*T1(Q)?). Let (V" ~n+1/2) be the solution of (26)-(27).
Under a CFL condition of the same type as (38), there exists a constant C > 0 such that the following error
estimate holds:

Y Fn|2 = Zn+1/2 1/2
,tnax (HV(tn) = Vitllzoqomiz ) + 10 (tngay2) = an ™ “lleo o, L2(Q)6))
< (A pmneR) (17, 5) ez om0V, Sllos o, pres o) ) - (87)

Proof 10 Let (V,,51) € CLH([0,T), X} x X?) be the solution of the semi-discrete problem (50)-(51)-(52). We are

interested in the estimation of the following local consistency error:

- — 1/2
n n ..nJr =
et = (177 = Thlta) B + 16772 = Bultne IR ) (55)
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where (gﬁh,Jh) € X! x X? and (V""H, ~Z+1/2) has been computed as follows:

—

‘7"+1_‘7; tn
pf et a = = Y [0 MF ) o
7 ae{z,y,z}
4Gt
+ Z / t]P)zk 2)2 ( +2) ds
keVv(i)
1 -
+ Z / %[ ik Uz(n+ )*gAik Vi(tn)| ds, (89)
ke& (i)
L, O —a-(t l) B
t ® \"n+3 _ t .
/’Ti i At dv = Z / Do) MLV (41 )dv

a€e{z,y,z}

n Z / 1/] Vi n+1)+Vk( n+1)d8

2
keVv(i)

. 1 -
+ Z / ’l/)t |:2]P) z( n+1) — §sz O—’L(tn-i-%) ds

ke&(i)

+ ) / VP Viltnsr) ds. (90)

keK (i)

Using Taylor formulae, there exist ¢, 1 €]ty 1, tny1] and d,, 1 €ltn,t, 1| such that

- - At - At - AL -

Viltar1) = Valtaiz) + 50 Valtnsy) + Tath(fnﬁ) + —63Vh(cn+%)’ (91)
- -, At o A, - At3
Valta) = Viltniy) = 5 0Valtngy) + Tath(fnJr%) 53Vh( n+d)- (92)

On the other hand, applying (89), (91) and (92) in the following equality

[ (i) =T ) o= [ 8 (Tt = Bt} ot [ 4 (Vo) - T o (09
Q Q Q

and, by taking into account (50), there exists €,y 1 Eltn,t, 1] such that

— A3 NT
[ (Pt -7 ) a0 = / 2 [0V cnsy) + 0FVi(dyyy)] do
Q
At2 NT
- Ly / FhindiVi(e,yy)ds (94)
=1 Pz ke&(i

Thus, applying the Cauchy-Schwarz inequality and lemma 6, for domains with only free surface boundary conditions
(i.e. £(i) is empty), there exists a constant C > 0 such that:

Vi (tnt1) = Vi Iz s < CAE(|Vallcs (o.m).2(209), (95)
and when the domain has absorbing boundary conditions, we have the following estimate:
Vi (tnt1) = Vi H|La (s < C (At3|\‘7h||03([0,T],L2(Q)3) + At2|\‘7h||01([o,T],L2(Q)3)) : (96)

~n+2 I. Finally, as (83Vh, 03 O’h) is a discrete

approzimation of (8?‘7,85’5), the estimation of the local consistency error is bounded in the following way for
unbounded domains or domains with free surface boundary conditions (i.e. £(i) is empty):

In the very same way, we obtain analogous estimates for ||gh(tn+g)

ep < CAt3H(\7, g)||cﬁ([0,T],L2(Q)9), (97)
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and, for domains with absorbing boundary conditions,
en<C (MH(V, o o.m2 )y + AV, §)||CS([O,T]7L2(Q)9)) . (98)

For (cﬁh,Jh) € X} x X?, we introduce the notations

n - n l 71 VnJrl

Vit (@) = Zv 1 Z / pup il Z Vg, (99)
n+3 - n+2 TEA G n+ s) — E?Jr%
St = Zs (%) = Z / NS (kR (100)

which, combined with (97) for unbounded domains or domains with free surface boundary conditions, lead to
n n+§ - =
IV 1118, 2 Il < CAP NV, 6)ll s (jo,7),12(09);3 (101)
using (98) for absorbing boundary conditions, it holds
n n+43 - = - =
IR+ 1S5 2 < € (AT, 8)los o + ARIT,lesomiiear ) (102)
where we denote by |||.||| the norm of the linear forms on L2(2)3 or L2(£2).

On the other hand, according to (89) and (90), the semi-discrete solution (Vi,,5) € C1([0,T], X} x X2) verifies:

L Viltn Vi(t
pi/% (+1)At U gy = = ¥ / DaBs) Mabi(t,s1) dv

‘ ac{z,y,z}

nid) + Ok(tosy
o3 e T,

keVv(i)
1 -

+ Z/ @z[ Pis, Giltory) - Sk Viltn) ds + V(). (103)
ke&(3)

L Gty a) — it 1) .

t n+ n+ o -

/TiwiAi 2 A7 —dv = E{Z }/ Oothi)'ME Vi (t 4 1) dv

ac{z,y,z

+ Z / ’l/)Z]P) z n+1)+Vk( n+1)d$

2
keV(i)

+ Z / wt |:2 ik _;( n+1)_§sz Uz(tn+2) ds

ke&(i)

+ Z / wzpfk _‘l( thy1) ds +8n+2 (1/11) (104)

keK(7)

Finally, using (26)-(103) and (27)-(104), the field (¥}, n+2) (Vi(tn) — Vh”,gh(tn+%) - §Z+%) satisfies the
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following set of equations:

AR AL
i ol dy = alM&””“d
p /Tisol N v e{z: }/ )
« T,Y,z
5”"“ +§”"+2
+ Z /S Plk} 2 ds
keVv(:i) ¥ ik
|1 ntd 1 n n+l/ =
+ ) i SPi L7 = Sha T ds + V() (105)
ke&(i) ¥ ik
3 1
Lo pTE gt
tA. T i _ t ~nt+1
/ﬁwiAz—At dv = E{Z }/ R A
a€{r,y,z
q//anrl /y/nJrl
ey w:z@:k%ds
keVv(i)
t n+1__ . _”JF%
ke& (i)
£y / DB Y ds 4+ ST (). (106)
ke ()

Now, we introduce the error energy & at time nAt by:
t
AT GO R
At nyt n n-3)’ n—}
_ KZZ/_[(%)A*%_(’% ) B 7 ds. (107)

Reasoning similarly as for the discrete corrected energy, we can prove that under a CFL condition of the same type
as (38), we have for domains with free surface boundary conditions only:

1 1/2 .
n n+3 =
(Hy/h ||i2(§2)3 + 1|7, ”iz(ﬂ)ﬁ) < CAP(|(V,5) |l ca(jo,1,12(90)9) (108)
and, for absorbing boundary conditions, we obtain
2 nt+3 2 /2 5 2 217 =
(s + 175 2 Bagaye) < C (AT B leromize) + AT, Hllesomizom ) - (109)

Finally, we can conclude that the order of convergence of the scheme is O(At® + h™(5:F)) by using the triangular
inequality and results already established in the semi-discrete case (see Th. 2):

. . - 1/2
n = ..nJr
,nax o (HV(tn) — Vit o.m,0202) + 19(tnss) = 0 2 20 0,1, Lz(Q)o)) (110)
< OAt|(V,8) || gza-1((o.11.02 @) + CRPRER (V)| oo (o.1), pre+1 (0)9) (111)
< C(A*  pmins:k)) (H(Vag)”Cza*l([O,T],LZ(QP) + H(Vag)llC“([O,T],PHS+1(Q)9)) , (112)

where a = 1 if the absorbing boundary conditions are invocated, otherwise @ = 2 for domains with free surface
boundary conditions only.
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6 Numerical results

The numerical method has been applied to two different studies. First, the propagation of an eigenmode in three
dimensions of space allows a convergence study of the scheme in the case of uniform and non uniform meshes.
The second application concerns the propagation of the wave produced by an explosive source in a half-space
which enables validating source introduction and absorbing boundary conditions and a study of the accuracy of
the method in a more realistic context.

6.1 Convergence study: propagation of an eigenmode in 3D

The first problem concerns the propagation of an eigenmode in three dimensions of space. The domain of computa-
tion is the unit cubic cavity on which we apply free surface boundary conditions. We are interested in the (1,1, 1)
mode whose exact solution at time ¢ and in X = («,y, 2) is given by:

Vae(t,X) = cos(mz) [sin(my) — sin(rz)] cos(2t),
Vy(t,X) = cos(my) [sin(nz) —sin(mzx)] cos(t),
V.(t,X) = cos(mz) [sin(mz) — sin(ry)] cos(§2t),
Ope(t,X) = —A sin(rz) [sin(ny) —sin(wz)] sin(Qt), (113)
oyy(t,X) = —A sin(ny) [sin(nz) — sin(wzx)] sin(),
0.:(t,X) = —A sin(rz) [sin(rz) — sin(7y)] sin(),
Uzy(taX) = Uzz—azz:()v

with A =+/2pp and Q = 71/21/p. We set dimensionless values for the medium properties, p = 1.0, A = 0.5 and
i = 0.25, which implies that v,=1. and vs=0.5. The initialisation of the leap-frog scheme is realized by deducing
from the analytical expressions (113) the values at ¢t = 0 for the velocity components and at ¢ = % for the stress
components. The L2-error at step n between the exact value and the solution of the numerical scheme in the unit

cube depends on velocities V,, (o = z,y, z) at t = nAt and stresses 043 (o, 3 = 2,y,2) at t = (n+ %)At and writes

errlty — i/ S (VadtX)— (V> + S <0’a5 ((m%) At,Xi> _(aaﬁ)ﬁl/?)z dv.

T | ae{zy,2} a,fe{z,y,2}

Series of different uniform and non uniform meshes have been constructed for a numerical study of the conver-
gence of the scheme. Different methods have been used, the notation Py, refering to a scheme based on polynomials
of degree k. Uniform meshes are obtained by dividing the domain in cubic cells which are split in six tetrahedra.
On the other hand, the non uniform meshes are constructed using the three-dimensional mesh generator GMSH
[16] and the different meshes are obtained by successive refinements of an initial coarse mesh. Three of them are
presented in figure 1. For both types of meshes, the mesh spacing h is the length of the longest edge of the mesh
(i-e. hmaz). The characteristics of both uniform and non uniform meshes are given in table 1.

Figure 1: Non uniform meshes M2, M3 and M4.

On both figures 2 and 3, we display the numerical error, at time t=>5.0s, in L?-norm and in logarithmic scale,
by respect to the mesh spacing hp,q. (left picture) and by respect to the corresponding CPU time (right pic-
ture). Figure 2 is concerned with uniform meshes whereas figure 3 refers to non uniform meshes. For uniform
and non uniform meshes, we observe a convergence approximatively of order k for a method Py, which proves the
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Uniform meshes

Non uniform meshes

Mesh hmln hmax NN NT Mesh hmzn hmaz NN NT
M1 0.5 0.866 27 48 M1 0.707 1.0 14 24
M2 0.25 0.433 125 384 M2 0.234 0.520 70 227
M3 0.125 0.216 729 3072 M3 | 8211072 0.293 398 1715
M4 6.25 102 0.108 4913 24 576 M4 | 290102 0.193 2400 | 11 899
M5 | 3.125 1072 | 5.412 102 | 35 937 | 196 608 M5 | 1.031072 | 9.52 1072 | 17 993 | 98 309

Table 1: Characteristics of the uniform and non uniform meshes used for the convergence study ; Ny and Nr are

respectively the number of nodes and tetrahedra of the meshes.

enhancement provided by higher degree methods. Note that this study also proves that the free surface condition
is accurately discretized, as proved in the previous section. If we examine the efficiency, we notice that, to obtain
a given L2-error, methods based on high degree polynomials need lower CPU times, for both types of meshes. We
also remark the good behavior of the method for non uniform meshes, since CPU times necessary to reach a given
error level are comparable to times corresponding to uniform meshes. So, we can conclude that, for this test case,

higher order approximations are more accurate and more efficient for both type of meshes.
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Figure 4: Explosive source in a half-space. Position of the source S and the four surface sensors.

6.2 Explosive source in a half-space

The method has also been applied to a more realistic test case i.e. the propagation of the wave produced by
an explosive source in a homogeneous half-space, as illustrated in figure 4, allowing the validation of the source
implementation and the absorbing boundary conditions.

The medium is homogeneous of density p=2800 kg/m?® and P- and S- waves velocities are respectively v,=6400
m/s and vs=3700 m/s. We apply a free surface condition on the upper boundary of the domain and absorbing
conditions on the other boundaries. The source is located at the center of the domain at 1000m depth (at the
coordinates (0;0;1000)) and four surface sensors are placed at 6000m from the epicenter, symmetrically on the a-
and y-axis, as described in figure 4. The source signal is a Ricker wavelet whose moment-rate is given by

3.1016 (t—1)2
exp | —
aN/T P a?

with a=0.25, corresponding to a central frequency equal to f. =1.0Hz and a maximum frequency of f,,4, =3.0Hz.
Thus, the wavelength L = v/ finae 1S approximatively equal to 1233m. The explosive source is introduced as a
right hand side on the diagonal components of the stress tensor i.e. for 04, oy, and o... In order to compare the
results obtained when using several methods P, notably the finite volume method (Fp), this right hand side writes
s(t) g(z,y, z) where g is defined by

s(t) = (114)

1 r—1x5)?+(y—ys)® + (2 — 25)?
9(z,y,2) = 7 exp _{ it hQ) ( )

} with M = [ g(z,y,2)dv,
Q

where (xg,ys, zs) are the source coordinates. Note that the support of g is taken sufficiently small, compared to
the element size, for an accurate approximation of a point source, a right hand side based on a Dirac function
s(t) d(zs, ys, zs) bemg only compatible with high degree approximation based methods. Initial conditions for the
system are V =0 and & = 0 and solutions are calculated until time ¢=6.0s.

The calculation domain is 36kmx36kmx12km. Solutions have been obtained using several uniform tetrahedral
meshes constructed, as previously for the eigenmode test case, by dividing the domain in cubic cells of edge h which
are split in six tetrahedra. The mesh spacing h, i.e. here the smallest edge of the mesh, can be expressed as a
function of the wavelength L as summarized in table 2. Calculations have been performed on 64 processors using

h (in meters) 400 300 200 150 100 75

Approx. L/n L3 L/4 L]6 L/8 L/12 L/16
Nb. tetrahedra | 1 458 000 | 3 456 000 | 11 664 000 | 27 648 000 | 93 312 000 | 221 184 000
Nb. tetra./proc. | 22 781 54 000 182 250 432000 | 1458000 | 3 456 000

Table 2: Correspondance between the mesh spacing h and the wavelength L of the source function. Characteristics
of the different meshes (total number of tetrahedra, number of tetrahedra for each processor).

Message Passing Interface (MPI), whatever the mesh spacing, for a better comparison of the CPU times between
the different methods. The characteristics of the different meshes are also listed in table 2.
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Figure 5: Velocity V, (m/s) as a function of time (s) ; reference solution at sensor 1. Extrema and corresponding
times for the evaluation of errors erre and errs.

For such a test case where no exact solution is available, we have to define some criteria in order to estimate very
meticulously the accuracy of the solution. Firstly, we check two particular properties, consequences of an explosive
source, which are i) V=0 at sensors C1 and C3 (on y-axis) and V=0 at sensors C2 and C4 (on x-axis) and ii) the
evolution at the surface of the vertical velocity component V, only depends on the distance to the epicenter, thus
the V, profiles obtained at the four sensors are superimpose. Moreover, for a validation of the source introduction,
the amplitudes and the travel times of the computed profiles are compared to a reference solution computed at
these four sensors (and not everywhere in the computational domain) using the Discrete Wave Number method
[6]. Then, three different errors are defined. First, err; is concerned with the components which are ideally equal
to zero and expresses

err = max Vale, » Wyle, s Vale, » IVale,

The two other errors depend on the values at the extrema, as illustrated in figure 5. For each non null velocity
profile (for instance, here, V. for the reference solution at sensor 1), we identify three extrema and note their values
(Vz(extr;), i=1,2,3) and the corresponding times (¢;, i=1,2,3).

From these data, we define a relative error, in the amplitude or in time, between two profiles (for instance
profiles at sensors C; and Cy), for a given velocity component V,, and a given extremum extr; by the following
formulae, for amplitudes and times

B Valextry)o, — Va(extr;)c,
ampl — Va(extr;)res

errrel (Va, Cj /Cr, extr;)

tijo; —tijoy,
ti/ref
where the subscript ref stands for the corresponding value of the reference solution. Thus, error err, measures the

asymmetries of the computed solution (i.e. the mean maximum error of the amplitude and the travel time between
solutions computed at two sensors) of the vertical velocity component V. which writes

errrel (Va, Cj/Cr, extr;), =

)

3
1
E€TT2/ampl = § 1%%)24 ETTrel (‘/27 Cj/cka extr%)ampl ’
1=1
1 3
erry =3 13]1%)( errre (Vz, C;/Cy, extr;),
1=1

Finally, errs is the mean error between the computed and the reference solutions at all sensors, for all non null
velocity components and for all extrema. This error writes, for instance for amplitudes

3

1
errs/ampl = 21 z; 6%:4} ertyel VI, c;/C i frefs ewtrz)ampl +
i=1 |j

4
Z ervrel (Vy,Cj/Cj/Tef,6:17t7"Z JrZerrrel V..C;/C /Tef,e:rtri) ,
je{1,3} j=1
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an equivalent definition being applied to define errs,; on times.

Calculations have been done using methods based on different degrees of interpolation in combination with the
meshes defined in table 2 in order to study the convergence and CPU time corresponding to the three types of
errors; the results of these calculations are gathered in figure 6 and the CPU time of each calculation is given in
table 3. Note that, as previously, Py refers to a method based on polynomials of degree k.

The first line of the figure presents the values of err; as a function of the mesh spacing h (left picture) and
by respect to the corresponding CPU time (right picture). When examining these results, we notice (left picture)
that err; corresponding to Py method remains nearly constant, whatever the mesh spacing, in the order of 10%
of the maximum value of the velocity. Results are clearly improved by the use of higher degree methods since, in
comparison with the Py results, the value of the P, method is reduced by a factor 103. Moreover, higher degree
methods P» and P5 are also more efficient since a given error level of accuracy is obtained for lower CPU times.

Now, we study the second line of figures corresponding to erry, which is a relative error traducing the asymmetry
of the V, profiles by respect to h (left picture) and the CPU time (right picture). As previously, we notice that the
results of the Py method are not accurate enough even using the finest meshes. The improvement on the symmetry
is obvious when using the other methods, especially the P> and P3; methods resulting in erry values lower than
0.1%. As previously for erry, P, and Ps are the two most efficient methods.

Finally, we analyse the results obtained for errs (last line of figure 6) which is a relative error between the
computed and the reference solutions at the extrema. As previously, the lowest error levels correspond to the P,
and P; methods whereas the Py method produces relative errors in the order of 10% and this independently on h.
The other methods allow errors lower than 5% when using the finest meshes. Note that, for this last error, if the
improvement between Py and P; is obvious, it is more limited for the two highest degree methods. Furthermore,
the P, and P3; methods lead to the same level of error. This fact is also visible when errs is plotted as a function
of the CPU time (right picture). The improvement on the error levels for the P» and Ps methods is not sufficient
to compensate their overcost; thus, for this last error, the P; method appears to be most efficient.

CPU (s)
Pi/h 400 300 200 150 100 75
P 1min 18s Tmin 18min 1h 28min | 4h 31min
P 17min 1h 14min 3h 40min | 18h 23min | 65h 34min
P 38min | 1h 44min | 8h 12min | 25h 20min
P3 3h 8h 07min | 39h 50 min

Table 3: CPU times of the calculations for the P, methods and the different meshes on 64 processors.

We also present, in figure 7, the errors erry ) (left picture) and errs,, (right picture) on travel times as a function
of the mesh spacing. From the study of erry/;, we firstly notice a clear difference between P and other methods.
Relative error on time is approximatively 0.01% for the P, and P3 methods which is negligible, about 0.1% for
the P; method and greater than 1% for the Py method. We remark a comparable behaviour on errs;; and values
about 0.5% for the P, and P; methods.

In conclusion of this study, we have to distinguish results obtained with the Py method from those of the other
methods Py, (k=1,2,3). First of all, the Py method leads to the worst levels of errors, for amplitudes and travel
times, and the use of fine meshes do not allow improving these results. Moreover, when combining the different
criteria on the solution, the Py seems to represent the better compromise between accuracy and efficiency.

The results obtained, at sensor 1, with the method P, and a mesh spacing h=200m are presented in figure 8.
They are also compared to the reference solution. This constitutes a validation of the source implementation and
of the absorbing boundary conditions since no spurious reflections from the boundaries appear in the profiles.

7 Conclusion

We proposed a discontinuous Galerkin finite element method to solve the first-order hyperbolic system of the
elastodynamic equations, written in velocity-stress formulation. This method is applied to non uniform tetraedral
meshes allowing an accurate approximation of the medium or mesh refinement in particular areas of the domain.
The spatial approximation is based on high degree polynomials defined locally on each element of the mesh. The
scheme combines centered fluxes and a leap-frog scheme in time which leads to a non diffusive method. We also
detailed a simple absorbing boundary condition, derived from an upwind scheme. In this paper, the properties of
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the method have been analysed in detail. First, we have proved that this explicit scheme is stable under a CFL
type condition resulting from a discrete energy which is preserved in domains with free surfaces and decreasing in
presence of absorbing boundary conditions. Moreover, the convergence of the method for the semi-discrete and the
fully discrete schemes has been studied. More precisely, for solutions regular enough, the scheme is convergent with
an order O(At® + h¥), where k is the degree of the polynomial approximation, and o = 2 for domains with only
free surface boundary conditions, or &« = 1 when the absorbing boundary conditions are included in the scheme.
Three-dimensional numerical results have been obtained with a parallel implementation of the DG method. The
first one refers to the propagation of an eigenmode in a cubic cavity for which an exact solution is known and a
numerical study of the convergence has been realised for series of uniform and non uniform meshes. The second test
case concerns a more realistic problem i.e. the propagation of the waves due to an explosion in a half-space involving
the validation of the source implementation and the absorbing boundary conditions. The main conclusions of this
study are the accuracy and the efficiency of the method particularly for higher degree polynomial interpolations.
These results highlight the gain obtained with these methods, especially when compared to the finite volumes
method (P0) for which mesh refinement did not enable improving both errors on amplitudes and travel time. The
better compromise between accuracy and CPU time seems obtained using the P2 method (based on polynomials of
degree 2). Moreover, the free surface condition is accurately approximated. These results are encouraging and could
be developed in several interesting directions. First, the treatment at absorbing boundaries could be improved using
more accurate boundary conditions. Many techniques have been proposed to reduce spurious reflections, including
additional absorbing layers which may be costly in 3D. Then, high-order non reflecting boundary conditions [15] or
an implicit treatment of our simple absorbing condition could be interesting ways of improvement. Secondly, the
global accuracy of the 3D method could be increased by the use of a fourth-order leap-frog scheme in time, as done
in [17] for 2D elastic wave propagation, leading to high-order methods in both space and time with the ability to
use coarser meshes. Finally, we are interested in simulations of more realistic three dimensional problems including
topography and realistic media. Thus, the extension of this scheme to viscoelastic rheologies is on the way.
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