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Introduction

This thesis studies unit-root tests in large panels. ‘Large’ means here that
both the number of panel units n as well as the number of time periods T are
large; in our asymptotic analyses we typically assume that both n and T" go to
infinite jointly. Unit-Root Tests have long been a key research topic in both
statistics and econometrics. Given a time series of observations, the aim of a
unit-root test is to discriminate between stationary behavior and a stochastic
trend.

The long-run properties of a stationary time series and that with a stochas-
tic trend are vastly different. Based on a finite number of observations, how-
ever, it is challenging to differentiate between the two regimes. A time series
can be stationary but look almost identical to a unit-root process in the short
run. For example, consider the AR(1) process {y;};2, defined by yo = 0 and,
fort=1,...,T,

Yt = pYi—1 + €, (0.1)

where, say, ¢ is i.i.d. standard normally distributed. If p = 1, we have a unit-
root process, while for |p| < 1 the process is stationary. However, whenever p
is close to one, the first few observations of the process will have almost the
same distribution as if p was actually equal to one. In the long run, on the
other hand, the behavior under p = 1 is vastly different from that under p < 1.
This is why unit-root tests have important policy implications as well as being
an important ingredient for the statistical analysis of time-series data.

For example, the hypothesis of purchasing power parity is often tested by
applying a unit-root test to the real exchange rate. Rejecting a unit-root in the

real exchange rate means that the price levels of the two countries will roughly
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be the same in the long-run and is thus evidence for purchasing power parity.
When real exchange rates exhibit unit-root behavior, on the other hand, price
levels could diverge in the long run.

One approach to overcome the difficulty of distinguishing between station-
ary and unit-root series based on a limited number of time periods is to use
multiple series at once. For example, when testing for purchasing power par-
ity, one can exploit the real exchange rates of multiple countries jointly. That

is, for each country ¢ = 1,...,n, one observes
Yit = PilYit—1 + €t (0.2)

By using n such series, the power of the unit root test can typically be im-
proved at a rate of \/n. Of course, this comes at the cost of imposing some
homogeneity on the stationarity properties of the individual series. Typically,
the null hypothesis is that all units have a unit root, while they are all station-
ary under the alternative. Sometimes, the units are allowed to have different
values of p; under the alternatives, but are on average stationary in the sense
that the average p; is smaller than one.

In Chapter 1, we relax the assumption that the units are on average sta-
tionary under alternatives and derive the power envelope for panel unit root
tests where heterogeneous alternatives are modeled via zero-expectation ran-
dom perturbations, i.e.,

h

for mean-zero perturbations U;. While (0.3) is a common way to model het-
erogeneous alternatives, it is typically assumed that their mean is positive.
We show that relaxing this assumption means that power gains are only pos-

/4 We obtain an asymptotically uniformly most powerful test

sible at rate n
and discuss how to proceed when one is agnostic about the expectation of the
perturbations.

For the subsequent chapters, we go back to the more standard assumption
of the U; having a positive mean, or, for simplicity, assume U; = 1 altogether.

However, we relax one of the main limitations of the ‘first-generation’ panel
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unit-root tests as described in (0.2): the independence across units. In most
applications, the panel units will not be independent of each other, but instead
may depend on some common shocks. For example, the real exchange rates of
different countries may all depend on events in the numeraire country or other
global powers, as well as, for example, global health crises. In panel unit root
tests, this is typically accounted for by adding unobserved common factors to
the specification.

In Chapter 2, we reconsider the two prevalent approaches in the litera-
ture, that of Moon and Perron (2004), who specify a factor model for the
innovations, and the PANIC setup proposed in Bai and Ng (2004), who test
common factors and idiosyncratic deviations separately for unit roots. While
these frameworks have been considered as completely different, we show that,
in case of Gaussian innovations, testing for a unit-root in the observations a la
Moon and Perron (2004) is asymptotically equivalent to the testing problem
for the idiosyncratic parts in PANIC. Using Le Cam’s theory of statistical
experiments we derive an optimal test jointly in both setups. We show that
the popular Moon and Perron (2004) and Bai and Ng (2010) tests only attain
the power envelope in case there is no heterogeneity in the long-run variance
of the idiosyncratic components. The new test is asymptotically uniformly
most powerful irrespective of possible heterogeneity. Moreover, it turns out
that for any test, satisfying a mild regularity condition, the size and local
asymptotic power are the same under both data generating processes. Monte
Carlo simulations corroborate our asymptotic results and document significant
gains in finite-sample power if the variances of the idiosyncratic shocks differ
substantially among the cross sectional units.

One way to phrase the results of Chapter 2 is that specifying a factor
model in the innovations is equivalent to testing the idiosyncratic parts for a
unit root in a component specification. However, nonstationarity in the obser-
vations may also be due to nonstationary factors, which would not be picked
up by the unit-root tests considered in Chapter 2. Chapter 3, therefore studies
unit-root tests for unobserved common factors in large panels. Recent panel

unit-root tests typically allow for cross-sectional correlation due to common
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unobserved factors. As originally proposed in Bai and Ng (2004) (‘PANIC’),
unit-root tests are applied separately to the common factors and idiosyncratic
deviations. While the testing problem for the idiosyncratic parts is in many
cases well understood, the testing problem for the factors has received much
less attention. Bai and Ng (2004) show that using principal component es-
timates in ADF tests does not change their properties. We generalize this
result to other unit-root tests and other factor estimates, which can lead to
higher finite sample powers. In particular, we show that a Kalman smoother
imposing the null hypothesis to estimate the factors often has a simple closed-
form solution that avoids the computational issues usually associated with
such methods.

We also discuss the implications of including deterministic trends in the
factor equation, i.e., having factors with non-zero mean innovations. This
specification can be considered as an alternative to including individual deter-
ministic trends for each unit. Although this leads to nontrivial powers closer
to the unit root, we can again attain these powers based on estimated fac-
tors. In particular, we propose tests based on simple cross-sectional averages
that are asymptotically uniformly most powerful. We derive the properties
of these unit root tests in the presence of multiple potentially cointegrated
factors and show that they can be interpreted as unit-root tests for the ob-
servations. The cross-sectional averaging approach can lead to higher powers
than cointegration-rank based tests and does not require pre-estimation of the
total number of factors.

The final Chapter 4 revisits the testing problem for the unobserved com-
mon factors, but exploits additional observed covariates that are known to
be stationary to obtain higher powers. A typical macroeconomic example for
such a covariate would, for example, be changes in the unemployment rate.
The starting point is the popular PANIC framework and we analyze the poten-
tial power gains due to observing additional stationary covariates, focusing on
panel unit-root tests that are robust to cross-sectional cointegration, i.e., tests
for a unit root in the common unobserved factors. The stationary, observed

covariates are assumed to be unit-specific but allowed to be cross-sectionally
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correlated. We differentiate two cases: one in which the contribution of the
factor of interest to the covariance structure of the covariate can be perfectly
identified, and a more general one, where the contribution of the factor inno-
vations in the covariate equation is perturbed by another unobserved common
shock.

In the former case, the inclusion of stationary covariates leads to vastly
more powerful tests, entailing a faster convergence rate. We first analyze the
problem for an observed factor, and show that the statistical experiment is
locally asymptotically mixed normal (LAMN). This implies that no UMP test
exists, but we obtain an asymptotically optimal invariant test. We demon-
strate how to conduct valid inference also based on estimated factors. The
improved rate allows us to compare different factor estimation schemes in
terms of resulting asymptotic power. When implemented well, the asymptotic
power of estimated factor based tests is relatively close to the observed-factor
power envelope.

In the second case, the statistical problem is closely related to that of
univariate unit-root tests with stationary factors that have been studied in El-
liott and Jansson (2003) and Hansen (1995). We demonstrate that the original
time-series experiment is locally asymptotically Brownian Functional (LABF)
but converges to the better understood LAMN case as the contribution of the
covariate grows to 1. Moreover, we show that the CADF test of Hansen (1995)
becomes optimal invariant as the share of the variation explained by the co-
variate converges to unity. This explains why the tests of Hansen (1995) are
competitive in terms of power to those of Elliott and Jansson (2003), in par-
ticular when the covariate is more important. We show that both the CADF
tests and the point-optimal tests can also be implemented in a panel setting
with unobserved common factors and that their optimality properties carry

over to the panel setup.
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Chapter 1

The power envelope of panel
unit root tests in case
stationary alternatives offset

explosive ones'

Abstract

We derive the power envelope for panel unit root tests where hetero-
geneous alternatives are modeled via zero-expectation random perturba-
tions. We obtain an asymptotically UMP test and discuss how to proceed

when one is agnostic about the expectation of the perturbations.

! This chapter is based on Becheri, Drost, Van den Akker, and Wichert (2016).
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1.1 Introduction

We start from the setup of Moon, Perron, and Phillips (2007), followed by
Becheri, Drost, and Van den Akker (2015a), which study the asymptotic power
envelope for the unit root testing problem in a Gaussian cross-sectionally in-
dependent panel where the observations Y; fori =1,...,nandt=1,...,T,

are generated by

0
Yie =m; + Yit’
]rO }rO
it Pitit—1 T Oi€it,

with m; a deterministic observed fixed effect, Yi% = 0, and &; satisfying As-
sumption 1.1(a) below. Both papers assume the heterogeneous autoregression
coefficients p; to be generated according to the random coefficient structure
pi = 1+ hU;/(\/nT) where Uy, ..., U, are i.i.d. unobserved random variables
with mean 1 and unknown distribution. The results from Moon, Perron, and
Phillips (2007) and Becheri, Drost, and Van den Akker (2015a) cannot be ex-
tended to the case where the perturbations have zero mean since the power
envelopes would be flat (which intuitively means that there do not exist tests
that can detect alternatives at the localizing rate \/nT).

In this note we assume U; to have mean zero and, more specifically, to

satisfy Assumption 1.1(c) below and we reparameterize p; as

pi=1 Ui, h<o0, (1.1)

+ Tn”

for some appropriate value of . Note that, U; being unobserved, the sign of

h is unidentified; thus there is no loss of generality in assuming h < 0.

Remark 1.1.1 Alternatively, one could restate our local alternatives as p; =
1 + U; where the variance of U; is Tghi;w h < 0. This highlights the fact that
the sign of h is not identified.

Assumption 1.1 (a) The innovations €, i,t € N, are i.i.d. N(0,1).

(b) The deterministic scale parameters o; are positive, i.e. o; > 0 for i € N.
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(¢) The perturbations U;, i € N, are i.i.d. with mean 0 and variance 1,
have bounded support, and are independent of the idiosyncratic shocks
€it, i,t € N. Moreover, the moment generating function of Uy exists on

an open interval containing 0.
Throughout, we are interested in testing the unit root hypothesis
Ho: h =0 versus H, : h < 0. (1.2)

Under the null hypothesis, each panel unit has a unit root whereas, under the
alternative, there are both explosive and stationary time series {Yj, t € N}.
Assumption 1.1 allows the U; to have an atom at zero, so a random fraction
of the time series {Yj, ¢ € N} might have a unit root under the alternative.
In this note we show that, under Assumption 1.1, the alternatives are
contiguous to the null hypothesis if v = 1/4. Note that this is a different rate
than the one in Moon, Perron, and Phillips (2007) and Becheri, Drost, and
Van den Akker (2015a) (where U; has expectation 1 and v = 1/2). We derive
the UMP test for (1.2) and we also compare this test to the UMP test for
the setting where the expectation of Uy is 1. The m; and o; are treated as

unknown nuisance parameters.

1.2 Main results

First we derive the limit experiment of the model where m; and o; are known.
This yields the power envelope for the testing problem (1.2). In Section 2.2,
we prove adaptivity of our problem with respect to the nuisance parameters

m; and o; and propose an optimal test.

1.2.1 Limit experiment and Power envelope

In this section we assume the parameters m; and o; to be known. The limit
experiment for this model is given in Proposition 1.2.1.

Let [Pgln’T) denote the law of Y :={Y;,i =1,...,n,t =1,...,T}, [|5§L"’T)
the law of Y conditional on Uy,...,U,, and P, the law of Uy,...,U,. Note
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that, thanks to Assumption 1.1(c), under the null, the law of Uy, ..., U, con-
ditional on Y is still P,,. Unless otherwise indicated, all expectations are taken
under Hp.

In order to derive the limit experiment, we have to study the likelihood
ratio of our model, that is legLn’T) / d[P[()n’T). To compute it, we use the following
relation between likelihood ratios:

Py [dﬂB,ﬂ”’T)
api?) ap{?

Y] , (1.3)
where dP{™") 7ap{™ ")
U; are observed.

Let AY;; =Yy —Yy 1 fori=1,...nandt=1,...,T, and let us introduce
(1)

as

the partial sum process W;

is the likelihood ratio of the model where both Y;; and

(Tu]
() () i 1
W (u) == AYy,
i ( ) \/TO}; e t
and define
1 1 2
XZ.(T) = / WZ-(T) (u—)dWi(T) (u) and Ji(T) = / (Wi(T) (u—)) du, (1.4)
0 0
where W (u—) = lim,_,,- W(z). The likelihood ratio dﬂsgn’T)/dﬂSén’T) can be
easily computed thanks to Assumption 1.1(a) and it is given by
p(nT) — n 2772
ar"" < XM _ h*U; (T))
- exp | Ui =, (1.5)
d[P(()n,T) H 1/4 Qf

In the following proposition, we make use of (1.3)—(1.5) to establish the
LAN property for the model of interest under joint asymptotics (T, n) — oo,
as in Becheri, Drost, and Van den Akker (2015a). The proof is postponed to
the appendix.

Remark 1.2.1 Note that (T,n) — oo means that min(T,n) — oco.

Proposition 1.2.1 Let Assumption 1.1 hold and put v = 1/4. Then, under

[Pén’T) as (T,n) — oo,

apy""

log
S

1
= W2 A, — 5h4J +0,(1), (1.6)
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where J =5/8 and, under [P[()n’T)

(T)y2 _ 4(T)
X —J.
()\/ﬁ‘]l 4 N(0, ). (1.7)
=1

P>
E
S
|
DO | —
()=

Moreover, under [PﬁlmT)’ AV 4 N(R2J,J) as (T,n) — co.

Remark 1.2.2 In Assumption 1.1 a), it might be possible to replace the Gaus-
sian assumption by some milder conditions. Plausibly, the results of this note
still hold if €; 1 satisfy a functional central limit theorem for arrays that would
ensure convergence of the partial sums to Wiener processes. However, this is

beyond the aim of this note.

Remark 1.2.3 Note that the first moment of U; being zero implies that the
first term of the typical likelihood-ratio expansion drops out. The new central
sequence marrors the typical unit-root testing statistic XZ-(T), but we now have
to consider its square. At the same time, the contiguity rate is slower. One
might wonder whether one could attain an even slower rate and even higher
powers of X by setting additional moments to zero. However, if the second
moment is also zero, the U; have no cross-sectional variation anymore, likely

necessitating an analysis that is not at all in the spirit of this chapter.

This proposition and an application of Theorem 9.4 in Van der Vaart (2000)
imply that the sequence of experiments {[P;:”’T) i h € R_} converges to the

experiment {N(h?J,J) : h € R_} under [P;L"’T).2 Using the Asymptotic Rep-

resentation Theorem,?

we can thus obtain the (asymptotic) power envelope
for testing hypothesis (1.2). The resulting power envelope is presented in the

following corollary.

Corollary 1.2.1 Let Assumption 1.1 hold, v = 1/4, o € (0,1), and denote
zo = ®71(1—q). Consider atest (Y11, ..., Yur) of level a with power m, ().

2 Note that Theorem 9.4 in Van der Vaart (2000) needs to be applied to the model where
pi is re-parameterized in terms of the local parameter h = h? as pi=1— T@Ui.

3 See, for example, Chapter 15 in Van der Vaart (2000).
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Then, for all h, we have

limsup 7, 7(h) < @ (fza + h2\/j> , (1.8)

(T,n)—o0

where ® denotes the cumulative distribution function of the standard normal

distribution. Moreover, let

Ay 21 e (1)
tn = \/jT\/;\/ﬁ;((XiT)2_JiT)- (1.9)

Then, for all h, the test Yn1r = {tn1 > 24} attains the upper bound (1.8)

uniformly in h.

Remark 1.2.4 Note that this test is semiparametrically optimal in the sense
that the power envelope (1.8) does not depend on the distribution of the per-

turbations Uj.

1.2.2 A feasible test

In this section we treat m; and o; as unknown nuisance parameters. We show
that the unit root testing problem is adaptive with respect to these parameters,
that is the power envelope can still be attained when m; and o; are unknown
when n/T — 0.* In fact, we can define a test whose (local and asymptotic)
power achieves the power envelope (1.8) while being invariant with respect to
m; and where o; are estimated. This test is based on a feasible version of the

central sequence A, 7, obtained by replacing aiz, i1=1,...,n, by

T
1
~2 § - \2
o; = 7T— 1 t:2(A}/Zt) .

Our test statistic #, 7 is thus defined on the basis of (1.9) as:

T /t—1 2 T -1 2
3 %51 § 1§ § 1AY IAY ]'§ L § AY;
t — I — _ - _ g o 7 g
" 5v/n i=1 T =3 \s=2 60 ) e 7 t—3 o7 5—2 l

4 The additional assumption on n and T is needed to handle an increasing number of

nuisance parameters; this assumption is standard in the literature, see, for instance,
Moon, Perron, and Phillips (2007) and Becheri, Drost, and Van den Akker (2015a).
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% 7 7

Sy e — E ; — A — —T; — T , .
5y = |\&l"" 627 ghvt a2t

where

9 1 T 1 T t—1
+ ? <T Z A}/zlA}/zt> <T Z AstAifzt> ) and
i t=2 t=3 s=2
T-1AY2 2 AV i3
b . 1 71
riT T2 JZ-QZ T2 01'2 ; — AYis

Note that r;-fT and ri?,T are remainder terms due to not observing Y;o = m;.
The following proposition proves that tA,LT is asymptotically equivalent to

tn,r in the sense that they differ only for order op(1) terms.

Proposition 1.2.2 Let Assumption 1.1 hold and suppose n/T — 0. Then we
have, for all h € R and under P,En’T) as (T,n) — oo,

fn,T :tn7T+0p(1). (1.11)

Remark 1.2.5 From (1.11) and Corollary 1.2.1, it readily follows that the
test TZJMT = 1{7§n,T > zo} is asymptotically UMP.

1.3 Testing for a unit root when EU; is unknown

In practice, it may be difficult to determine whether some data were generated
under the DGP introduced in Section 4.2, where EU; = 0, or under the DGP
considered in Moon, Perron, and Phillips (2007) and Becheri, Drost, and Van
den Akker (2015a), where U; satisfies Assumption 1.2 below, i.e. EU; = 1.
In this section we address the problem of testing for a unit root while being
agnostic about the first moment of U;. For notational simplicity, we consider
the test statistics ¢, 7 and 7, 7 (introduced below) which, as in Section 1.2.1,
rely on the nuisance parameters being known; the extension to their estimated,

feasible counterparts is immediate as long as n/T — 0.
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Assumption 1.2 The perturbations U;, i € N, are i.i.d. with mean 1 and
independent of the idiosyncratic shocks €i, i,t € N. Moreover, the moment

generating function of Uy exists on an open interval containing 0.

Note that we need v = 1/2 to ensure contiguity of the alternatives with
respect to the null hypothesis under Assumption 1.2 (see Moon, Perron, and
Phillips (2007) and Becheri, Drost, and Van den Akker (2015a)).

In Section 1.2, we have shown that optimal inference for the testing prob-
lem (1.2) can be based on t, 7 when EU; = 0. Becheri, Drost, and Van den
Akker (2015a) shows that, if EU; = 1, optimal inference can be based on

V2 & ()
= YENT XD,

Let us denote by an’T) the law of Y when the U; satisfy Assumption 1.2
and p; satisfies (1.1) with v = 1/2. Clearly, since Q[()n’T) = IPén’T), the statistics
t,r and 7,7 converge to a standard normal distribution under both [P(()n’T)
and Qén’T) (see Proposition 1.2.1 and Proposition 4.2 in Becheri, Drost, and
Van den Akker (2015a)). This implies that both statistics are valid in terms
of size for testing the unit root hypothesis (1.2) irrespective of the expectation
of the Uj.

In what follows, we propose two tests based on the statistics ¢, 7 and 7, 7
having power against h < 0 even when we do not know whether U; satisfies
Assumption 1.1(c¢) or Assumption 1.2.

Lemma 1.3.1 provides the distribution of ¢, v and 7, 7 under [P;ln’T) and

;Ln’T). Its proof relies on a straightforward application of Le Cam’s third

lemma and can be found in the appendix.

Lemma 1.3.1 Let Assumption 1.1(a)-(b) hold.
(i) Let Assumption 1.1(c) hold and v = 1/4. Then, under [Pgln’T), as

(T,n) — oo,

tor 5 N(h2\/5/8,1) and 71 -5 N(h2\/2/9,1). (1.12)
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(ii) Let Assumption 1.2 hold and v = 1/2. Then, under Q;LH’T), as (T,n) —
OO,
tor 5 N(h\/3/45,1) and 7or 5 N(h/V2,1).

This result provides guidance on defining tests that do not rely on knowing
the expectation of Uy and it enables us to compute their (local and asymptotic)
power.

From Lemma 1.3.1(i), we conclude that, under IPEZL’T), one would reject for
a large value of either test statistic. On the contrary, under Qé"’T), one would
reject for small values. This suggests that, when it is not known whether
EU; = 0 or EU; = 1, one should reject for both large and small values of ¢,, 7
and 7, 7. Following this lead, we can define two tests having power both under

[Pén’T) and Qén’T). Let us define the tests:

Pn,T = 1—1{—Za/2 < tn,T < Za/Z} and @n,T = 1—1{—Za/2 <TpT < Za/g}.

From Lemma 1.3.1, we easily obtain the (local and asymptotic) powers of these

tests which are presented in the following corollary.
Corollary 1.3.1 Let Assumption 1.1(a)-(b) hold.

(i) Let Assumption 1.1(c) hold and p; satisfy (1.1) with v = 1/4. Then,

under [PEZn’T) ,

(TE)IEmo(l — [PEL"’T)[—ZQ/Q <tn1 < Zasal)

=0(—24/2 — h*\/5/8) + D(—2q/0 + h*\/5/8),

and

(Tlni)nim(l — P 200 < T < Zaga])

:(I)(*Za/2 - h2\/%) + (D(_Zoz/2 + h2\/2/7EJ)

(ii) Let Assumption 1.2 hold and p; satisfy (1.1) with v = 1/2. Then, under
Qi

. n, T
(T,B)Igoo(l - QEL )[—Za/Q <tn1 < za/2])
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Za/g h\/ 8/4 +(b Za/2+h\/8/4

and

. n, T’
(Tﬁ)rgoo(l — Q" [~ Zaj2 < T < Zay2)

:(I)(_ZQ/Q - h/\/§) + (I)(_Za/Q + h/\/i)a

Corollary 1.3.1(i) shows that under [PELH’T)7 the power of the test ¢, 7 is

(asymptotically) higher than that of ¢, while, from Corollary 1.3.1(ii) it
an,T)

follows that under the power of ¢, ; is higher than that of ¢, r. Fur-

thermore, from Corollary 3.1 it is clear that neither ¢, ; nor ¢, 7 is optimal.

It is, however, important to note that the one-sided test 1, 7, which is optimal

(n,T)

under P, 7, always has power less than the size « in the an’T)—model. A

similar remark applies to the test 1{7 < —z}, which is optimal under Q%n’T)

(1) This implies that these tests are

[P;Ln’T) or an’T).

but has power less than o under P}
pretty useless when it is not possible to decide on the model
Therefore, when it is not possible to determine under which DGP the data

were generated, we recommend to use the two-sided tests.

1.A Proofs

1.A.1 Proof of Proposition 1.2.1

In the following, we first establish convergence (1.7), then we prove the expansion (1.6),
and finally we establish the convergence result under the alternative. All probabilities and
expectations are evaluated under UD(()"’T) unless otherwise stated.

Form = 2,...,8, we introduce the random variables K,,; = fm(Xi(T)7 JfT))7 i=1,...,n,

where

. z2—j . 2% —3zj . z*—622j 2
fax, ) = 551, fa(m,j) = 28 fu(a, j) = L0 480
4

. i2_o0.3, . — i3 .
f5(ma]):%7f6(xa]) 33?] J ,f?(l' .7) Zg ?fs(xmj):gjﬁv

and X(T) and J(T) are as defined in (1.4). Note that these are approximations to the

stochastic integrals X; = fo (w)dW;(u) = 1/2(W2(1) — 1) and J; = fol W72 (u)du, based
on independent Brownian motions W; and that, for fixed m, the variables K,;, 1 = 1,...,n,
are i.i.d.

Put ,uSnT) =EKn1, a,(ﬂm v/ Var(Kp1). Some tedious calculations show, as T" — oo,

pi) = Efm(X{7J7) = pn = Efm(X1,J1) and
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Uﬁg):\/Var(fm(XfT),JfT))) = om = v/ Var(fm (X1, J1)).

Although it is not strictly necessary to demonstrate convergence to the moments of the

limiting process (X, J;), it provides some additional intuition why the sequences ug ) and

07(nT ) are bounded. Furthermore, the limits pm, and om can be easily obtained from Ito

()—>u4:0,andU§T)—>

calculus. In particular, we obtain u;T) = U2 = u3 =u3 =0, p
o9 = %. Using once again the Gaussianity of our innovations, it can be demonstrated that
higher moments of K,,; are bounded as well.

The previous considerations on the moments of K,,1 enable us to apply a Central Limit

Theorem for a double array of random variables see p. 32 in Serfling (1980),

> i (Kmi — g>)dN01 danQ (T)\2 (T2 £ AL
T) - (7)an 72( mi_(am)_(um))_}' ()
Vnom : [t
As M =0 and cr ) 2, (1.A.1) establishes the limiting distribution (1.7) of the central
sequence A, as well as a useful approximation to the Fisher information J = ¢, 5 namely
Anr = ZKzZ = N(0,J) and — ZKQl =S

\/>21

Next, we obtain the desired expansion of the loglikelihood ratio. Define a; = hn[fj4 XZ-(T>

and b; = —h? ;{FJZ(T). From (1.3) and (1.5) and using the independence across i, we get
dp (n T) n
log —+— d[P"T Zlogﬂ: exp(a; +b;) | Y).
=1

= &(Us,n, T, X7 )] < |ai+bil,

Expanding the exponential, we have, for some 0 < |1 ;

(n,T) n N
lo dE:(nT) §:log[E(1+§:]€| (ai + b;) geﬁll(a“Lb) Y) :Zlog(1+L§T,n)).

=1

Recall U;, with EU; = 0 and EU? = 1, is independent of both XfT) and Ji(T) (see Assump-

tion 1.1); hence

LET,n) (Z% az_i'_b éegl l(al—i-b) ‘ )

4
k=1

1 m —m m 1
:hQEK%—FZh n~ ™ HEUMK "”“LEE( i (ai +b;)° | Y). (1.A.2)

Using boundedness of moments and employing the following inequality for i.i.d. random
variables due to Gumbel (1954),

m=3

n—1
[El%afmmiﬁ < E|Kmi|f + Var(\Km1|“)ﬁ, £>0,

we obtain Emax;<, |Km:|* = O(y/n). Therefore, the Markov inequality implies,

max | Kmi| = 0p(n®) for any a > 0.
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A similar reasoning shows C,r = n'/® max;<, {| —~77 X(T)| + 5 b2 J(T)} = 0p(1). This im-
plies that the final term of LE ) is asymptotically negligible. Indeed7 using again a similar
reasoning as before, we find that, for all € > 0, there exist n, T" and k such that

max [E(e2 (ai +b0)° | Y)| < 0T ¢y = 0, (n7Y),

i<n

where k is a finite positive constant that depends on the support of U; (use Assump-
tion 1.1(c)).
Collect the previous results and repeatedly use the Central Limit Theorem for a double

array of random variables (Serfling (1980), p.32), to obtain

p{mT) [max|L§T’">| <€ -1, (1.A.3)
SoLm = ZKQZ +o0p(1) % N(0,h4), (1.A.4)

S (Tyn)\2 _ 41n 2 5.4 P 14
S @M =n - ZKZ- +op(1) = gh' +0p(1) 5 A1 (1.A.5)

i=1
Subsequently, proceed with an expansion of the logarithm in the loglikelihood ratio,
yielding

d[PgLn’T) = (T,n) "\ (T L(T ™2 I (LT3
log—F—= = > log(l+L;”"")=>» L, + ,
i~ R ) =R - h ey e

i=1

for some &,; between 0 and L{™™. Since |&,,] < [L™™| < e (with probability converg-
(LT3 LT3

i i € (T'\n) 2
S | < S b < st i P
Therefore, (1.A.3)—(1.A.5) establish the desired expansion.

Finally, an application of Le Cam’s third lemma immediately yields convergence of the

ing to one), we find the bound

central sequence to a normal N (hJ, J) distribution under the local alternatives.

1.A.2 Proof of Proposition 1.2.2

As we have shown that our model is LAN, contiguity is obtained from Le Cam’s first lemma.

[Png)

Hence we only have to prove (1.11) under . In the remainder of this proof, all expres-

. R . T
sions, probabilities and expectations are evaluated under [Pén ).
We have
n
2 0'4 2 b
E rznT TznT A47‘7,T+ AQTZT )
o; o;
where

4 2
rfnT = (% — 1) (Xi(T))2 and T{],nT = (% — 1) JZ.(T).
& &

i i
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Below, we analyze one term at the time and prove each one is op(1). First we obtain

some handy relationships on replacing the scale parameters o; by estimates. We obtain
2

. 2
Sy (Z—:Z - 1) = op(1) since

. 52 P 5
Hence we also have min;<,, & — 1 and max;<,

o
i

> (Z-1) <%

S ‘&Q
L i ¥
1w
=
;%
=N
%
o
7
o
oy
=
)
=
@D
wn

&2 ? &2 : &8
—12 - 1) <rnax—"”2 + 1) /min — = op(1).

i<n o, i<n o,

Since the averages %Z?:l(Xi(T>)4 and %ZLI(JZ.(T))Q are bounded in probability, the
Cauchy-Schwarz inequality yields that the leading remainder terms due to ri)fnT and r;{ T

are negligible,

Finally, we show that the remainder terms due to not observing the initial observations
Yio, are negligible. Using (a + b)? < 2a® + 2b* and Cauchy-Schwarz, we have

2 2
n n
1 U:l a 0_28 2 1
— g —zTir| <2max —g S g €it
n&—aot " i<n 68 ¢4 T
i=1 z T oi=1 t=2
2 2
n T n T t—1
1 , (1 4 1
- E A E €it | + n T E €is€it ,
i=1 t=2 =1 t=3 s=2

To obtain the desired negligibility of these two remaining terms, observe (take expectations

and note the similarity to the proofs of the LAN theorem)

n ) 1 T 2 1 1 T t—1 2
Zez‘l Tzﬁit = OP(1)7 EZ TZZQ’SE“ = Op(l),
i=1 t=2 i=1

t=3 s=2

LS o, L3 (A
T " " n e \TVT



CHAPTER 1. STATIONARY AND EXPLOSIVE ALTERNATIVES 20

1.A.3 Proof of Lemma 1.3.1

Note that the first part of the statement (i) and the second part of statement (ii) follow from
Proposition 1.2.1 above and Proposition 4.2 of Becheri, Drost, and Van den Akker (2015a),
respectively. The other two statements can also be obtained by a straightforward application
of Le Cam’s third lemma. To obtain the appropriate shifts under local alternatives, we
calculate the covariance between the central sequences in both set-ups (see also Section 1.A.1)

X2 J X3 _3X1J1  1_ 4 1 1
Cov |t 20 X)) =22 220 4 CEX? = EK e
0V< 5 ) 1> 6 +3 1 31—|—3 3

To compute the distribution of 7, 7 under [Pgbn’T), we need to consider the (asymptotic)
covariance between 7, 7 and the log-likelihood ratio log d[PgL"’T)/d[Pé"’T). Since, the central
sequence A, r is multiplied by h? and the 7, r-test has a factor v/2 in front of the X;, the
shift under local alternatives P is h2v/2/3: 7,1 2 N(h? V2/9,1).

Similarly, we compute the distribution of ¢, 7 under len’T). To obtain the covariance
between ¢, r and the log-likelihood ratio log dQEzn’T)/dQén’T) note that, in the quadratic
expansion of log dQEL"’T)/dQ(()"’T) from Proposition 4.2 of Becheri, Drost, and Van den Akker
(2015a), the central sequence is multiplied by A while the ¢, r-test has a factor \/% Hence,
under Q;"’T), we obtain a shift of h\/8/5/3: tnr 4 N(h/8/45,1).

This completes the proof of the lemma.



Chapter 2

Local Asymptotic Equivalence
of the Bai and Ng (2004) and
Moon and Perron (2004)
Frameworks for Panel Unit
Root Testing'

Abstract

This chapter considers unit root tests in dependent panels with a large
cross-sectional and time dimension. We reconsider the two prevalent ap-
proaches in the literature, that of Moon and Perron (2004), who specify a
factor model for the innovations, and the PANIC setup proposed in Bai
and Ng (2004), who test common factors and idiosyncratic deviations
separately for unit roots. While these frameworks have been considered
as completely different, we show that, in case of Gaussian innovations,
testing for a unit-root in the observations & la Moon and Perron (2004)
is asymptotically equivalent to the testing problem for the idiosyncratic
parts in PANIC. Using Le Cam’s theory of statistical experiments we
derive an optimal test jointly in both setups. We show that the popular

! Based on joint work with I.G. Becheri, F.C. Drost, and R. van den Akker.

21
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Moon and Perron (2004) and Bai and Ng (2010) tests only attain the
power envelope in case there is no heterogeneity in the long-run variance
of the idiosyncratic components. The new test is asymptotically uni-
formly most powerful irrespective of possible heterogeneity. Moreover,
it turns out that for any test, satisfying a mild regularity condition, the
size and local asymptotic power are the same under both data generating
processes. Monte Carlo simulations corroborate our asymptotic results
and document significant gains in finite-sample power if the variances
of the idiosyncratic shocks differ substantially among the cross sectional

units.

Testing for unit roots is an important aspect of time series and panel data anal-
ysis. See, for example, the monographs Patterson (2011), Patterson (2012),
and Choi (2015) for overviews. A well-known problem with univariate unit
roots tests is their low power. In the last two decades, increased data availabil-
ity led to the development of panel unit root tests that increase the statistical
power by exploiting the cross-sectional data dimension. The “first generation”
of panel unit root tests imposes the panel observations Z;; to be independent
over panel units ¢. Surveys of this literature are provided by Banerjee (1999),
Baltagi and Kao (2000), Choi (2006), Breitung and Pesaran (2008), and West-
erlund and Breitung (2013). O’Connell (1998) and Gutierrez (2006) showed
that presence of cross-sectional dependence typically leads to invalidity of “first
generation tests”. For this reason, a “second generation” of models and tests
has been introduced.

This chapter considers two widely used setups for second generation panel
unit root tests: the ‘PANIC’ framework of Bai and Ng (2004) and the frame-
work of Moon and Perron (2004) (‘MP’).? To this end we introduce the follow-
ing data generating process that covers both frameworks. The observations
Zi,t=1,...,nand t =1,...,T, are assumed to be generated by the compo-

nents specification

Zit = my + Y, (2.1)

2 These setups are also popular in applied work, see, for example Carvalho and Jilio

(2012) and Saldias (2013) for applications to testing Purchasing Power Parity and sys-

temic risk.
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K

Yie =Y AkiFke + Eu, (2:2)
=1

Eit = pEiy—1 + nit, (2.3)

Frt = ppFyi—1 + fre, (2.4)

where Ap; is the loading of unobserved factor Fj; on panel unit ¢, the m;
are fixed effects, and the innovations {n;;} and {fx:} are assumed to be mu-
tually independent, Gaussian, stationary time series. The innovations {n; }
are idiosyncratic in the sense that they are cross-sectionally independent, i.e.,
the cross-sectional dependence in the panel is generated by the common fac-
tors. The number factors, K, is assumed to be deterministic and known.?
Section 2.1.2 discusses the precise assumptions.

For pp, =1,k =1,..., K, we obtain the PANIC framework and with p, =
p,k=1,..., K, we obtain the MP framework, in which we can also rewrite
(2.2)-(2.4) as

K
Yie = pYiso1 +ei and g = Y Apifue + it (2.5)

k=1
Note that MP uses an autoregressive structure with the factors appearing in
the innovations e in (2.5), whereas the factors are part of the “mean specifi-
cation”, i.e. (2.2), in the PANIC setup. Consequently, the PANIC framework
allows for non-stationarity of Z;; generated by the factors Fj; and for non-
stationarity generated by the idiosyncratic components E;;, while the factors
and the idiosyncratic components have the same order of integration in the
MP framework. Following Bai and Ng (2010), Pesaran, Smith, and Yamagata
(2013) and Westerlund (2015), when considering the PANIC framework we
focus on testing for unit roots in the idiosyncratic components, i.e. Hy : p =1
versus H, @ p < 1. Note that, under the null hypothesis, the model equations
of both models coincide. The two main restrictions on the DGP considered

here are the absence of idiosyncratic deterministic trends and the assumption

3 This number can be estimated consistently, so this makes no difference for the asymp-

totic analysis. See, for example, Section 2.3 in Moon and Perron (2004) and Section 5

in Bai and Ng (2010) for a discussion of this issue.
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of Gaussian innovations {n;;}. As shown in Moon, Perron, and Phillips (2007),
in the presence of deterministic trends the contiguity rate changes and thus
an entirely separate analysis is required. Optimality theory extending beyond
Gaussian innovations is not available even in a first-generation setting. Thus,
we restrict ourselves to demonstrating that our proposed tests remain valid
under deviations from Gaussianity.

This chapter offers four contributions. Firstly, we show that in case the
nuisance parameters are known the MP experiment is Locally Asymptotically
Normal (LAN) when n,T — oo (jointly). This means that the limit exper-
iment, in the Le Cam sense, is a simple Gaussian shift experiment; see, for
example, Van der Vaart (2000). We further establish that the PANIC experi-
ment for the idiosyncratic parts, in case of known nuisance parameters, is also
LAN with the same central sequence and Fisher information as for the MP
experiment.

Secondly, the LAN results imply that for any test satisfying a mild reg-
ularity condition, it suffices to determine its asymptotic size and local power
in one of the frameworks, since the same results automatically hold for the
other one. This appears to be a surprising result as the two frameworks, as
well as tests and power analyses, have been considered to be completely dif-
ferent. To our best knowledge, the equivalence has not even been observed for
the well-studied tests proposed in Moon and Perron (2004) and Bai and Ng
(2010).

Thirdly, we derive the local asymptotic power envelope. The LAN results,
which are based on known nuisance parameters, directly yield an upper bound,
which is the same for PANIC and MP, to the local asymptotic power of unit
root tests. We demonstrate that we can attain this upper bound also for the
case the O(n) nuisance parameters are unknown. In other words, we establish
adaptivity: the obtained upper bound yields the local asymptotic power enve-
lope. This result extends the work by Moon, Perron, and Phillips (2007),
Becheri, Drost, and Van den Akker (2015a), Moon, Perron, and Phillips
(2014), and Juodis and Westerlund (2018) on first generation frameworks,

to the second generation. It turns out that the level of the local asymptotic
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power envelope only depends on the (local) deviation to the unit root. Thus,
contrary to the asymptotic powers of existing tests, the level of the power en-
velope is not affected by the nuisance parameters. The power loss attributed
by Moon and Perron (2004) and Westerlund (2015) to the heteroskedasticity
in 7; is thus a feature of the test statistics under consideration, rather than
of the MP and PANIC models.

Fourthly, we show that the popular Moon and Perron (2004) and Bai and
Ng (2010) tests are optimal only in case there is no heterogeneity in the long-
run variances of the idiosyncratic components n;.. We propose a new test that
is asymptotically uniformly most powerful (irrespective of the presence of het-
erogeneity). Westerlund (2015) derived, via “triangular array asymptotics”,
the local asymptotic power function, only for the PANIC, framework, of the
tests proposed in Bai and Ng (2010). Using our LAN results and Le Cam’s
third lemma, we provide a new and shorter derivation of these results and also
derive the local asymptotic power functions of the tests proposed in Moon and
Perron (2004). On comparing these power functions to the power envelope, it
is seen that these tests are optimal only in case there is no heterogeneity in the
long-run variances of the idiosyncratic components. Our new asymptotically
UMP test is motivated by our LAN results. We report numerical asymptotic
powers for commonly encountered amounts of heterogeneity and use Monte
Carlo experiments to show that the new test also compares favorably in finite
samples.

The chapter is organized as follows. Section 2.1 presents and discusses
the precise assumptions we impose. Section 2.2 derives the common approx-
imation to the local likelihood ratios in the two experiments and derives its
limiting distribution. Section 2.3 introduces our new UMP test based on the
limit experiment. Section 2.4 computes the local asymptotic power functions
of the tests proposed in Moon and Perron (2004) and Bai and Ng (2010) and
Section 2.5 compares their asymptotic and finite-sample power to those of the
new UMP test. Section 2.6 concludes. All proofs are organized in several

appendices.



CHAPTER 2. EQUIVALENCE OF FRAMEWORKS 26

2.1 Notation and Assumptions

2.1.1 Matrix notation

Before we introduce our assumptions, we introduce some notation in
order to write the model in matrix form. We write [, and Ip for

identity matrices of dimension n and T, respectively, while ¢ denotes

a T-vector of ones. Introduce the n-vectors A\, = (Ag1,---5 Akn)',
k= 1,...,K and the n x K matrix A = (A1,...,Ax). Collect the
observations as Z = (Z11, 212, 21T+, Znly - Znr). We also write

Z,1 = (Zlo, ZH, ceey Zl,T—la ey Zno, ey Zn,T—l),a AZ =7 — Zfl, and define
e,n, E, E_1, AE, Y, Y_;, and AY analogously. Write m = (mq,...,my)’,
N = (nila"'777iT),7 = 1,...,n, fk = (fkla"'vfkT)/7 k=1,...,K, and
denote their corresponding covariance matrices by Xy = var fi, € R™*T and

2, = diag(Sy1, - .-, Syn), with 5, = varn; € RT*T.

The long-run variances of { fi;} and {7}, see Remark 2.1.3 below, are denoted

2
n,i?

variances OJJQc wr = VS pt/T and w?] i = U%yt/T. For a given T, these ignore

by w% i and wy ., respectively. In addition, we define the approximate long-run
the contribution of any autocovariances further than 7" apart. We will use the
approximate long-run variances to simplify notation and the structure of our
proofs. We add the subscript T to the approximate versions to emphasize the

difference and define

Q, = diag(w?m,T, . ,w?m’T) and Qp = diag(wfc’LT, . ,w?7K7T).

In addition to this ‘vectorized’ notation, it will also be useful to consider
the observations as T' x n matrices. Thus, let 7 = (71,...,7,), and define £,
Y,Z, E, f= (fi,..., fx), and F analogously. With this notation, (2.5) can

be rewritten as

E=fN +1, (2.6)

while for the vectorized versions we have

K
=Y N®fr+n.
k=1
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Finally, we introduce the T x T matrix A by Ag (= 1if s > ¢ and 0
otherwise and we put A := 1, @ A € R*"T>*"T je.

0 O . e 0 A 0T><T . e OT><T

Ao 1 .O . O and A= Orxr A coo Opxr
Do T : Ot
]. “e e ]. 0 OT><T o 0T><T A

The matrix A can be considered a cumulative sum operator and premultiply-
ing the vectorized panel with A takes the cumulative sum in the time direction
for each panel unit. It is also related to ‘approximate one-sided long-run vari-
ances’, which we can define by §, ;7 = tr[AX, ;/T] and 67 = tr[A¥ . /T].
Note A + A’ = 1t/ — I, so that, analogous to the long-run variances, we have

20,11 = wrzl,i,T — Yn,i(0).

2.1.2 Assumptions

Now we can formally state the full specifications of our DGPs in (2.1)-(2.4).
The distributional assumptions on the time series of the factors {fy;} and
idiosyncratic shocks {7;;} are given in Assumption 2.1 and we formulate the
assumptions on the (deterministic) factor loadings Ag; in Assumption 2.2. As-
sumption 2.3 states the assumption on the initial values E;y and Fjy. Assump-
tion 2.4 specifies the joint asymptotics we consider in this chapter. Finally,

Assumption 2.5 differentiates between the two setups discussed in Section 2.1.

Assumption 2.1

(a) Each factor innovation, indexed k = 1,...,K, is a zero-mean ergodic
stationary time series { fx:} independent of the other factors and all id-

iosyncratic parts 0. Its autocovariance function vy, satisfies

o0

Y (ml+Dlysalm)] < oo

m=—0Q

and is such that the variance of each factor innovation { fi:} is positive.
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(b) For each panel unit i € N, the idiosyncratic part {ni} is a Gaussian
zero-mean stationary time series independent of the other idiosyncratic

parts and all factors. The autocovariance function -y, ; satisfies

sup > (ml+ Dlyga(m)] < oo (2.7)
1€ m=—o0

and is such that the eigenvalues of the T' x T covariance matrices are

uniformly bounded away from zero, i.e., inf; v Apin (Ep,:) > 0.

Remark 2.1.1 The Gaussianity of ny facilitates a relatively easy proof of
the LAN-results and it seems to be very difficult to generalize this assumption;
even for first-generation frameworks no results on limit experiments and power
envelopes are available yet for the non-Gaussian case. For the proposed asymp-
totically uniformly most powerful test, we stress that it is also valid (i.e., has
correct asymptotic size, under suitable moment-conditions) in non-Gaussian

settings.

Remark 2.1.2 The imposed restrictions on serial correlation are sometimes
phrased in terms of spectral densities. Note that our assumption on the bound-
edness of the eigenvalues is implied by the spectral density being uniformly
bounded away from zero (see, for example, Proposition 4.5.3 in Brockwell
and Davis (1991)). Similarly, they are sometimes phrased in terms of lin-
ear processes on which analogous assumptions are imposed; see, for example,
Assumption C in Bai and Ng (2004) and Assumption 2 in Moon and Per-
ron (2004). Finally, note that a collection of causal ARMA processes satisfies

Assumption 2.1 if the roots are uniformly bounded away from the unit-circle.

Remark 2.1.3 Note that, under Assumption 2.1, the long-run variances of
the {mit}, W127,i’ are also uniformly bounded and uniformly bounded away from

zero.* Moreover, the one-sided long-run variances

o
1 .
On,i = Z Vni(m) = ) (%2” - 777,i(0)) , el
m=1

The former directly follows from (2.7) whereas the latter follows from w;; =

im0 %L/EU,Z‘L > limr oo %)\min (Zn,i) Vo > infi,T Amin (E'f?,i) > 0.
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are also well-defined.

As already announced, we also need to impose some stability on the factor
loadings A;, which we assume to be fixed. Assumption 2.2 is standard in the
literature, c.f. Assumption A in Bai and Ng (2004) or Assumption 6 in Moon

and Perron (2004). It is commonly referred to as the factors being ‘strong’.

Assumption 2.2 There exists a positive definite K x K matriz W such that

lim,, o0 %A'A = WA, Moreover, maxy—1, . K SUP;cp |Awi| < 00.

For univariate time series it is known (see, for example, Miiller and Elliott
(2003)) that the initial value can have a non-negligible impact on the asymp-
totic behavior of unit root tests. Our assumption on the initial values is as

follows.
Assumption 2.3 We assume zero starting values: E;g = 0 and Fy = 0.

We refer to Section 6.2 in Moon, Perron, and Phillips (2007) for a discussion
on why relaxing initial conditions can be problematic in a panel context and
do not pursue this issue further, except by noting that our tests are invariant
with respect to the m;.

Assumption 2.4 below specifies the asymptotic framework we consider
throughout this chapter. We follow Moon and Perron (2004), Bai and Ng
(2010), and Westerlund (2015) in considering large ‘macro panels’, where both
n and T go to infinity, but 7" will be the larger dimension. We derive all our
results using joint asymptotics, which yields more robust results than taking

sequential limits where first T'— oo and subsequently n — oco.

Assumption 2.4 We consider joint asymptotics, in the Phillips and Moon
(1999) sense, with n/T — 0.

Finally, Assumption 2.5 below specifies that we either operate in the PANIC
(case (a)) or in the MP (case (b)) framework. In the PANIC framework, we
allow the long-run variance of the factor innovations to be zero, so that we con-
sider both integrated and stationary factors. This is ruled out in the MP case,
in which the factors have the same order of integration as the idiosyncratic

parts.
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Assumption 2.5 One of the below holds:

(a) For each factor Fi,k=1,..., K, we have p; = 1, or,

(b) For each factor k = 1,...,K, we have pp = p. Moreover, {fi:} is

Gaussian and its long-run variance exists and is positive.

2.2 Limit Experiment and Power Envelope

We phrase our hypotheses about p in (2.1)—(2.4) using the local parameteri-

zation

h
p=pm0 =14 Noia (2.8)

As shown below, these rates indeed lead to contiguous alternatives, which

5

allow us to obtain the (local) power of our tests.” The unit root hypothesis

can be reformulated in terms of the “local parameter” h:

Ho: h =0 versus H, : h <O0.

Remark 2.2.1 We do not allow for ‘heterogeneous alternatives’, i.e. we im-
pose that p does not differ across panel units. This helps to unify the treatment
of the two setups. Indeed, a more general MP framework, Y = p;Yii—1 + €it,
can no longer be rewritten in the PANIC form of (2.1)—(2.4). Becheri, Drost,
and Van den Akker (2015a) prove that, for the case without factors, unob-
served heterogeneity in the autoregressive parameters has mo tmpact on the
power envelope or optimal tests. Therefore, in Section 2.5 we also investi-
gate the performance of our tests in the presence of heterogeneous alternatives;
those results seem to confirm their conclusion that there is no impact on power

also for the general factor case.

5 Note that the rate depends favourably both on n and 7. This can be interpreted as a

‘blessing of dimensionality’ that originally motivated the use of panel unit-root tests.
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In this section we show that likelihood ratios related to the unit root hy-
pothesis, for the MP and for the PANIC framework, exhibit the same local
asymptotic expansion. For both setups, we consider the likelihood ratio for
observing Z;; in case p is the only unknown parameter. Hence, the number
of factors K, the factor loadings \j;, the autocovariance functions, and the
fixed effects m; are considered as known in this section. We will first show, for
each model separately, that its likelihood ratio satisfies an expansion, under
the null hypothesis, of the form
dPp .1

lo
& dPo 7

= hA, 1 — h?J/2 + 0,(1)

with Fisher-information J = 1/2. In Section 2.2.3, we consider the limiting
distribution of their common central sequence A, 7 and will conclude that
both experiments enjoy the LAN-property. This result allows us to treat the
two setups jointly and to obtain three main results. Firstly, it yields an upper
bound to the local asymptotic powers of tests (that are valid in case the nui-
sance parameters are unknown). Secondly, in Section 2.3 we propose a new
test, valid in case the nuisance parameters are unknown, that attains this up-
per bound. This demonstrates that our test is locally asymptotically uniformly
most powerful (UMP) and that the Gaussian MP and PANIC experiments are
adaptive with respect to the nuisance parameters. Thirdly, the LAN results
allow us to show that any test, satisfying a mild regularity condition, has the
same, typically nonoptimal, local asymptotic power function under both data

generating processes.

Remark 2.2.2 For unit root problems in (univariate) time series, limit ex-
periment theory has been exploited by, amongst others, Jansson (2008) and
Zhou, Van den Akker, and Werker (2019). That limit experiment is of the
Locally Asymptotically Brownian Functional (LABF) type for which asymp-
totically UMP tests do not exist. Also in our case, the central sequence could
be written as an (approximate) stochastic integral. However, we obtain an
additional sum across panel units. Combined with a CLT-type argument, but
now in the more complicated joint (n,T)-convergence case, this sum is the

intuition for the Gaussian limits we obtain in this panel setting.
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2.2.1 Expanding the likelihood in the PANIC setup

For the PANIC case we will assume, in this subsection, that the factors F}; are
observed. Just as for the nuisance parameters, we show in Section 2.3 that the
resulting likelihood ratio can still be approximated by an observable version
(up to a negligible term). This result implies that observing the factors will not
lead to an increase in local asymptotic power for the PANIC framework. This
appears to be a surprising result. Indeed, Moon, Perron, and Phillips (2014)
derived the power envelope for a first-generation data generating process that
basically corresponds to PANIC with observed factors. Our analysis implies
that, for the PANIC framework, the same power envelope applies. We stress
that for the MP setting the situation is different: Becheri, Drost, and Van den
Akker (2015b) report higher powers in case factors are observed and Juodis
and Westerlund (2018) show power gains when covariates correlated to the
innovations are observed.

Denote the joint law of F' and Z under Assumptions 2.1, 2.2 and 2.4
and Item (a) of Assumption 2.5 by Pgﬁ\%q Using n ~ N(0,%,) and 1 =
AE — hE_1/(y/nT), we obtain the log-likelihood ratio

lo dPl’j’é‘{VTIC: f AF'ASIAE — h AFE' ASYAAE
& APPANIC ~ T n onT? n

1
. 1 APANIC 2 7PANIC
Note, from (2.6), AE = AY — AFA’ |, implying AE is indeed observable in
this PANIC framework (with observed factors as considered here). Moreover,
under POP’[:‘L%\ITIC, AFE =n. We now show that we can replace variances by long-
run variances, to obtain a more tractable version of the central sequence and

empirical Fisher information.

Lemma 2.2.1 Suppose that Assumptions 2.1, 2.2 and 2.4 and Item (a) of

Assumption 2.5 hold. Then we have, under Pgﬁ])}m, (Aﬁ‘i}mc, Jff}Nm) =

(An1,3) + 0p(1), where

n

1 s 0,
AEAVIAE — —=3" 2L with O = 0 @ I

1
Apr = —r
\/ﬁ im1 Yna,T

S /nT
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Remark 2.2.3 The simplified central sequence Ay, T is the result of substitut-
mng Z;l by \11;1. To obtain the correct centering, a correction term involving
the one-sided long-run variance is needed for each panel unit. This is anal-
ogous to the univariate case, see Elliott, Rothenberg, and Stock (1996), and
arises due to the fact that, contrary to E;UQAE, W;1/2AE exhibits serial

correlation.

2.2.2 Expanding the likelihood in the Moon and Perron (2004)

setup

Let us denote the law of Z under Assumptions 2.1, 2.2 and 2.4 and Item (b) of
Assumption 2.5 by PI}\L/[S p- Then the log-likelihood ratio of PMPT with respect

PMPT is given by, using € ~ N(0,%.) and ¢ = AY — hY_;/(y/nT),
dPil\z/IsT h
dpgﬂgT VnT

1
= hALT — Sh2 T

h2

AY'ASTAY — ASTTAAY

In this more complicated model, we simplify the central sequence and also
the Fisher information in two steps. The first is analogous to the approxi-
mation in the PANIC setup, i.e., we replace variances by long-run variances.
Note that thanks to our independence assumptions, the nT x nT covariance

matrix of the € can be written as

Ye=vare =

] =

(AN, @ Zf ) + 5 (2.9)

e
Il

1

Replacing ¥ ¢ . by wj% wplT and X, ; by wg ;. rdr in (2.9) we obtain the simplified

versions of central sequence

A LAy SIAY - — Onit (2.10)
s \/>T Z »,77rLT

where the nT x nT" matrix W, is defined by

U, =4 © Iy = (AQpA + Q) ® I, (2.11)
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with Q, = diag(w727717T, . 7“727,n,T) and Qp = diag(w}%’LT, . ,wjzf’K’T). The
following lemma demonstrates that applying these replacements to the central

sequence and Fisher information do not affect their asymptotic behavior.

Lemma 2.2.2 Suppose that Assumptions 2.1, 2.2 and 2.4 and Item (b) of
Assumption 2.5 hold. Then we have, under Pé\ffiT, (Aff;, Jrjxfﬁ) = (AMP 1y 4

n,T> 2
op(1).

Remark 2.2.4 In the MP case, the covariance matriz that is approrimated by
long-run variances is not block diagonal. Therefore, contrary to Lemma 2.2.1,

the proof of Lemma 2.2.2 exploits the Assumption that n/T — 0.

Exploiting the Sherman-Morrison-Woodbury formula we obtain
vl=y ey = (Q;l — A (O ) A'Q,;l) ®Ir. (2.12)

Note that removing Q}l from (2.12) yields a projection matrix correspond-
ing to ‘projecting out the factors’. Thus, basing a central sequence on such a
projection matrix would simplify approximating it based on observables by re-
moving the need to estimate Q}_pl and, more importantly, by ensuring that the
factors are projected out. The next lemma shows that using such a projection
version ¢;‘*1 of 1-1 in the central sequence does not change its asymptotic

behaviour.

Lemma 2.2.3 Suppose that Assumptions 2.1, 2.2 and 2.4 and Item (b) of
Assumption 2.5 hold. Then we have, under Pé\f[iT, AQ/HTD = Ay p+ op(1),

where

1 ~ 1 = byt
np =AY AT @ Ip)AY — —= > 1 with (2.13)
n,T € T 2 ’
\/ﬁT \/ﬁ i—1 w’r],i,T
x—1 -1 -1 —14\ 1 -1
- :Qn _Qn A(A’Qn A) A’Qn . (2.14)

2.2.3 Asymptotic normality

Having simplified each framework’s central sequence and Fisher information
separately, we are now ready to show that they are asymptotically equiva-

lent and the central sequences converge to a normal distribution. We begin
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this section by showing that the central sequence in the MP framework is

asymptotically equivalent to the one in the PANIC framework.

Lemma 2.2.4 Suppose that Assumptions 2.1, 2.2, 2.4 and 2.5 hold. Then we

have, under P&ﬁfﬁ}m and ng[f;T, AL 7= Apr+o0p(1).

Finally, we consider the weak limit of the central sequence A, 7 (and there-
fore also of A;“%T), showing that both experiments are locally asymptotically

normal.

Proposition 2.2.1 Suppose that Assumptions 2.1, 2.2, 2.4 and 2.5 hold.
Then we have, under nglf\gc and PgﬁT, Apr LN N(0,J) with J = 3.

Remark 2.2.5 Under the null hypothesis, the model equations of both mod-
els coincide. Hence, the additional distributional Item (b) of Assumption 2.5
implies that under the null, the MP framework is a special case of the PANIC
framework. Therefore, it is sufficient to show the desired convergence for
Pgﬁ%fc. This principle applies to all calculations under the hypothesis. As
the central sequences are equal as well and thanks to the LAN result below, it
even extends to many calculations under alternatives, through Le Cam’s Third

Lemma.

Proposition 2.2.1 is an important result as it establishes that the unit root
testing problem in both models is locally asymptotically normal, i.e., it is
asymptotically equivalent to testing h = 0 against h < 0 based on one obser-
vation X ~ N(Jh,J). This equivalence prescribes how to perform asymptot-
ically optimal inference and yields the asymptotic local power envelope and
the power functions of various test statistics: The asymptotic representation
theorem (see, for example, Chapter 9 in Van der Vaart (2000)) implies that
in our framework no unit root test can have higher power than the optimal
test in the limit experiment. This best test is clearly rejecting for small val-
ues of X, leading to a power (for a level-a test) of ®(®~'(a) — JY/2h). Thus,
with J = 1/2, this constitutes the power envelope for our unit root testing

problems:
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Corollary 2.2.1 Suppose that Assumptions 2.1, 2.2 and 2.4 and Item (a) of
Assumption 2.5 hold. Let ¢p1 = ¢n1(Z11,...,ZnT) be a sequence of tests
and denote their powers, under Pgﬁ{\}m, by m,r(h). If the sequence ¢p 1 is
asymptotically of level o € (0,1), d.e. imsup,, p_,o 0, 7(0) < @, we have, for
all h <0,

léglilig (k) < ® <<I>_1(a) - \%) . (2.15)

Replacing Item (a) of Assumption 2.5 by Item (b) of Assumption 2.5, the same

bound applies to powers under P,%I;T.

The above power envelope would be reached by any of our previously intro-
duced central sequences.® In the next section we show that we can approxi-
mate these central sequences based on observables, yielding a feasible test that

attains the asymptotic power envelope.

2.3 An Asymptotically UMP Test

In the previous section we derived a testing procedure that reaches the power
envelope for the unit root testing problem. This test, however, is not feasible
when the nuisance parameters are unknown. In this section, we demonstrate
how to estimate the nuisance parameters to obtain a feasible version that also
attains the power envelope. We provide a feasible version of A;T, which is
motivated by the likelihood ratio in the MP experiment. As (2.14) projects
out the factors, basing our feasible version on A;T instead of A,, r spares us
the approximation of the idiosyncratic parts.

Recalling our LAN results in Section 2.2 and that the central sequences are
asymptotically equivalent across the two setups (see Lemma 2.2.4) it is clear
that a feasible version of A;’T would be optimal. Therefore, we show that
replacing all nuisance parameters with estimates does not change the limiting

behavior of AJ 1. Specifically, we need estimates A of the factor loadings, as

6 This always holds in LAN experiments and follows from Le Cam’s Third Lemma (sce,

for example, Chapter 6 in Van der Vaart (2000).
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well as estimates 5,,2 and @2, of the (one-sided) long-run variances of each

7,0
idiosyncratic part. The feasible test statistic is then

T t—-1
ZZAZ’ VIAZ Z A2 7Where (2.16)
t 2 5=2 \/>

=1 ._@-1 ~1 5-1AV-1A/O-1

W .an — O AT AT (2.17)

Assumption 2.6 Let Sw" @2 . and A be estimators of 0n.i, w% . and A satis-

2
51 )i

- MP PANIC
fying, under Py’ and Poop®,

1. maxi:Lm’n [E|(§,7,z’ — 577,i|2 = 0(1/n),

2. max;—1,..n [E|dj72” - w%ﬂ- 2 =0o(1/n), and

3. for a K x K matriz Hi satisfying |Hg||p = Op(1) and HH

e =
Op(1), we have HAHK = AHF = o0p(1).

Under suitable restrictions on the bandwidth and the kernel, conditions
Items 1 and 2 hold for kernel spectral density estimates; see Remark 2.9 in
Moon, Perron, and Phillips (2014). Item 3, on the other hand, is stronger
that the results in Moon and Perron (2004), so we show in Lemma 2.3.1 that

it indeed holds under our assumptions.

Lemma 2.3.1 Let A be \/n times the n x K matriz containing the K or-
: : : AZ'NZ

thonormal eigenvectors corresponding to the K largest eigenvalues of =5=%

Take A = AZ! AZA There exists a K x K matriz Hi such that, under POnT

and PEANIC N\ H e —AHF = 0p(1) and both |H|| p and HH are Op(1).

1
o,n,T 7 KHF

Remark 2.3.1 These factor estimates are the same as those used in Moon
and Perron (2004) and correspond to factor estimates based on classical prin-
cipal component analysis. We adapt the proof of Moon and Perron (2004), who
have demonstrated HAHK — AHF = Op(1), but we treat one term differently,
see Remark 2.A.2.

Remark 2.3.2 The factors are only identified up to a ‘rotation’ Hx. Note

that A, 1 is (indeed) invariant under such rotations, as wa also equals

0" —Q'AHk (H}(A’leAHK)_ Hi N,
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Lemma 2.3.2 Under Assumptions 2.1, 2.2 and 2.4-2.6 we have, under Pé‘ﬁT
and PEANIC A 0 = A% 1+ 0p(1).

Although Lemma 2.3.2 only concerns adaptivity under the null hypothesis Hy,
we can use Le Cam’s First Lemma to obtain that, thanks to contiguity, also
under P%iT or PgﬁlﬁTIC, An,T has the same limiting distribution as A;T, SO
that tests based on A,, 7 will be uniformly most powerful. Formally, the size

and power properties of our optimal test follow from the following theorem.

Theorem 2.3.1 Let tyyp = \/ﬁAan. Under Assumptions 2.1, 2.2 and 2.4—

MP PANIC
2.6 we have, under th’T and Ph,n,T ,

d 1
t — N | —=h,1].
vmr <x/§ )

Rejecting Hy for tyyp < ®1(a), a € (0,1), leads to an asymptotic power
of ® <(I>*1(oc) — %), implying that tyyp is asymptotically uniformly most

powerful.

Remark 2.3.3 The asymptotic size of our test can also be obtained under
weaker assumptions not exploiting Gaussianity, see Remarks 2.A.1 and 2.A.3.
In such a situation, our test is still valid although perhaps non-optimal. For
optimal inference with non-Gaussian innovations a new analysis of the likeli-

hood ratio would be needed, but this is not feasible here.

Remark 2.3.4 Note that the limiting distribution of t yarp, both under the null
hypothesis and under local alternatives, does not depend on the autocorrelations
or the heterogeneity of the long-run variances. This shows that the decrease
in asymptotic power attributed to these features, for example in Remark 2 of
Westerlund (2015) was due to the specific tests under consideration rather

than being a feature of the unit root testing problem.

Remark 2.3.5 Note that An,T only involves differenced data, so that our test

18 tnvariant with respect to the incidental intercepts m;.

Here is one way to obtain the UMP test in practice:
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1. Compute an estimator K of the number of common factors on the basis
of the observations AZ;, t = 2,...,T using information criteria from
Bai and Ng (2002).”

2. Use the observations AZy, t = 2,...,T, and K to determine the factor
loadings A and the factor residuals Ne, t = 2,...,T, using principal

components.

3. Determine estimates wm- of wm- and 3,“- of 6,, from 7, t = 2,...,T,

using kernel spectral density estimates. Let () = diag(w? Wp1s- - ,d)%n)

4. Calculate the estimated central sequence An,T as in (2.16) and reject
when tymp = \@AnT < <I>_1(a). Alternatively, based on small sample
considerations, also estimate the empirical Fisher information

T t—1

I = nTQZZAZ’ w;ZAZ s

t=2 s=2
and reject the null hypothesis when t{j\[p 1= An /A Inr < 07 Ha).

Remark 2.3.6 Although the uniformly most powerful test tyyp does not re-

quire a complicated estimate of the known J = 1/2, it can be undersized in

small samples, whereas the empirical version t?]\lgp behaves very well in most
emp

DGPs, both in terms of size and power. Thus we recommend to use the ty;p

in small samples. See Section 2.5 for details.

2.4 Comparing Powers Across Tests and Frame-

works

This section derives the asymptotic powers of commonly used tests in both the
Moon and Perron (2004) and the Bai and Ng (2004) frameworks. Recall that
the two frameworks are identical under the null hypothesis and write Py ,, 7 for
both PgﬁNIC and Pg/fi - We start by formalizing our observation that local

powers are equal across the two frameworks.

7 As (n,T — o0), these criteria select the correct number of factors with probability one.

Therefore, we can treat the number of factors as known in our asymptotic analyses.
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Corollary 2.4.1 Let t,, 7 be a test statistic that, under Py, T, converges in
distribution jointly with A, r. Then, for all x € R, and all h,

Pon . ..
If, more specifically, t, S N(u,0?) and if tor and Anr are jointly
asymptotically normal under Py, with asymptotic covariance oy, its lim-
iting distribution under local alternatives is given by

PN 2 BT 2
thr = N(p+hoat,0%), andt,r =" N(pu+ hoayt, o).
Thus, rejecting for small values of t, T leads to an asymptotic power for a

level-a test of ®(®~ () — hoa /o) in both frameworks.

Once again, our result on the asymptotic equivalence of the two experiments
allows us to obtain results for both frameworks at the same time. By demon-
strating the joint normality under the null as in Corollary 2.4.1 we obtain sim-
ple proofs of the powers of commonly used tests in these frameworks, without
ever relying on triangular array calculations. To show the elegance of this
approach, we include here the full argument for the first part of this corol-
lary. The second part follows immediately from a more specific version of Le
Cam’s third lemma, which directly prescribes the desired normal distribution
under alternatives. We can use this simple way to obtain powers under local
alternatives thanks to our LAN results of Section 2.2.

Denote the weak limit of (¢, 7, A, ) under Py, 7 by (t,A). Thanks to

PANIC PMP
our results in Section 2.2, both (¢,,1, spraxre) and (tn,7, gpre) converge in
0,n,T 0,n,T

distribution to (t,exp(hA — h?/4)). By a general form of Le Cam’s third
lemma, the distribution of ¢, 7 under local alternatives only depends on this

joint limiting law and is thus equal across the two frameworks (see Theorem
6.6 in Van der Vaart (2000)).

Remark 2.4.1 The equality of powers across the two frameworks applies to
the practically relevant case of the factors being unobserved. In the PANIC set-
ting, observing the factors does not yield any additional power. This in sharp

contrast to other data generating processes, used in the literature on panel unit
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roots, where observing factors or correlated covariates does yield additional
power; see, for example, Pesaran, Smith, and Yamagata (2013), Becheri,

Drost, and Van den Akker (2015b), and Juodis and Westerlund (2018).

Before we apply Corollary 2.4.1 to derive asymptotic powers, we first de-
scribe the relevant test statistics in some detail. We focus on the tests proposed
in Bai and Ng (2010) (‘BN tests’) and Moon and Perron (2004) (‘MP tests’).
Following these papers, we denote

T L I N

w = nh_)rlgo - Zwm, P" = nh_)rgo - Z (wm) , 0= nh—%lo - Zém, (2.18)
i=1 i=1 i=1
all assumed to be positive, and their estimated counterparts

I U IR R LA
w® = *Zwm, ¢ = —Z (wm) ,and 0 = 7257]#‘.
i i i
Finally, we define w* = (w?)? and &* = (0?)2.

Both the MP and BN tests rely on a two stage procedure. In the first stage,
the unobserved idiosyncratic innovations E are estimated. Subsequently, a
pooled regression procedure is used to estimate the (pooled) autoregression
parameter. This pooled estimator is then used to construct a t-test. The
main difference between the MP and the BN procedures lies in the way the
idiosyncratic innovations are estimated.

Bai and Ng (2010) propose to estimate the idiosyncratic errors E by the
PANIC approach introduced in Bai and Ng (2004), which in turn relies on
principal component analysis applied to the differences AYj;. Denoting this

estimator of F; by Ei, the BN tests are
T(pt —1
p V(P ) and

a ~
V264 it
d)2

) I &y 2
Pb :\/ﬁT(pJ’_ — 1) W E Elfl,iEflvig’ where
i=1

At _Z?=1 E/—l,iEi —nT%
Z?:l EA/—l,iE—Li

is a bias-corrected pooled estimator for the autoregressive coefficients.
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Remark 2.4.2 Recall that ti}ﬁfp is a modification of tyyp that replaces the
asymptotic Fisher Information J = 1/2, with its finite sample equivalent in
the MP setup, jyjlf The resulting statistics can be considered a version of Py:
In the case of homogeneous long-run variances, inserting the true long-run
variances into ty\1p yields Py. Conversely, t)\7p is a version of Py, that takes

into account the heterogeneity in the long-run variances.

The MP tests are based on a different estimator of p. The idiosyncratic
components F; are estimated by projecting the data on the space orthogonal
to the common factors. Let A be a consistent estimators for A as defined on
p. 89-90 of Moon and Perron (2004), and Y.; = (Yi¢,...,Ynt)". Then the MP
test statistics are given by

nT(pF  —1
ta:f ( pool )’ and

\/ 204 /it

T
1 w2
tb :\/ET(p;_OOI — 1) W E Y:t—lQ’AYY,tflg7 where
t=1

o _Ethl Y'QsY. -1 —nTd
=
e Zthl Y QY i

,and Q5 =1 — AAA)TTA

We are now ready to compute the asymptotic behaviour of the MP and BN
tests under local alternatives by an application of Corollary 2.4.1. The power
of the MP tests in the MP framework has been derived in Moon and Perron
(2004) and that of the BN tests in the PANIC framework has been derived in
Westerlund (2015). Given our LAN result, we can provide simple independent
proofs of these results. These rely on the second part of Corollary 2.4.1; we
demonstrate the required joint asymptotic normality in a supplementary ap-
pendix. More importantly, our approach also leads to new results, namely the
asymptotic powers of the MP test in the PANIC framework and the asymp-
totic powers of the BN tests in the MP framework. In fact, those results can
be considered an immediate consequence of the first part of Corollary 2.4.1

and the existing power results in the literature.
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Proposition 2.4.1 Suppose that Assumptions 2.1, 2.2 and 2.4-2.6 hold.
Then, under P,ﬁ‘i{\r}lc or P%iT, as (n, T — o0), the test statistics Py, Py, t,,
and ty all converge in distribution to a normal distribution with mean h %
and variance one. Rejecting for small values of any of these statistics leads
to an asymptotic power for a level-a test of ®(®~!(a) — h %) in both
frameworks.

Remark 2.4.3 [t turns out that the powers are equal, no matter which test
statistic and which framework is considered. We have discussed in some detail
that, for a given test, the equality of powers across frameworks is a general
phenomenon. The fact that in each framework, the power of the MP tests is
equal to that of the BN tests, on the other hand, is a ‘coincidence’. Originally,
the MP tests have been developed for the MP experiment, whereas the BN
tests are designed for the PANIC experiment. It has been noted in Bai and
Ng (2010) that the MP tests are valid in term of size in the PANIC setup for
testing the idiosyncratic component of the innovation for a unit root but their
(local and asymptotic) power in the PANIC framework has not been considered.
More discussion on the use of the MP tests in the PANIC setup can be found
in Bai and Ng (2010) and Gengenbach, Palm, and Urbain (2010). Similarly,
to the best of our knowledge there are no studies on the local asymptotic power
of the BN tests in the MP framework.

The Cauchy-Schwarz inequality implies ;—: < 1, thus Proposition 2.4.1 shows
that, in general, the local asymptotic power of the MP and BN tests lies
below the power envelope. In fact, they are all asymptotically UMP only
when g—i = 1. This condition is satisfied when the long-run variances of the
idiosyncratic shocks 7;; are homogeneous across i. The proposed test tynp
is asymptotically UMP irrespective of possible heterogeneity. In Section 2.5
we assess whether the asymptotic power gains, compared to the MP and BN

tests, are also reflected in finite samples for realistic parametric settings.
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2.5 Simulation results

This section reports the results of a Monte-Carlo study with three main goals:
firstly, to assess the finite sample performance of our proposed test tump,
secondly, to see how the asymptotic equivalence between the Moon and Perron
(2004) and PANIC setups is reflected in finite samples, and, finally, to check

the robustness of our results to deviations from our assumptions.

2.5.1 The DGPs

We generate the data from (2.1)-(2.4) with m; = 0. Using sample sizes

n = 25,50,100 and T' = n, 2n, 4n, we simulate both the MP and the PANIC

setups.” Recall that, for a local alternative h, we take p = 1 + —b_in both

V/nT
setups. In the MP case we also set pr = p, whereas in the PANIC case we set
pr. = 1 under the null and all alternatives. The factor loadings A are drawn

1/2 and covariance matrix K11, 10

from a normal distribution with mean K~
Most of the simulations are run with K = 1 but we also explore what happens
with more factors. Throughout this section we assume the number of factors
to be known. For the innovation processes fi; and 7;; we examine Gaussian
iid., MA(1), and AR(1) processes. We fix the MA or AR parameter at 0.4
and set the variance such that the long-run variances of the fi; equal one, and
the long-run variance of the 7;; is w?. The w? are drawn i.i.d. from a lognormal
distribution whose parameters are chosen to match different values of w*/¢*

and a mean of one.l!

Recall that our tests are invariant with respect to m;.

While it is not clear that the n/T — 0 asymptotics are a good approximation in the

T = n case, we consider this case to test the robustness of our results.

10 As done in Moon and Perron (2004), we scale by v/K to ensure the contribution of the
factors is comparable across specifications.

1 Recall from Section 2.4 that the asymptotic relative efficiency of the existing tests com-

pared to our UMP test depends on the heterogeneity of the long-run variances and
more specifically on the ratio w*/¢*. Therefore, the sample size at which it becomes
worthwhile to estimate the heterogeneous long-run variances (i.e., use the asymptoti-
cally UMP tests suggested here) mainly depends on this ratio. We present simulation
results for \/W between 0.6 and 1, where lower values indicate more heterogeneity.
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n=25T=25 n =25 T =50 n =25, T =100
02 . .
/:\\\_/{j‘.
| | | |
100 2 4 6 8 10
n =50, T = 200
01} - -
0 - I /\ﬁﬁ .
—.01} - -
_02 | | | | | | | | | | | |
0O 2 4 6 8 100 2 4 6 8 100 2 4 6 8 10
n =100, T = 100 n =100, T = 200 n =100, T = 400
02 . .
o1 - -
0 7T TS — -— e
—01] - -
—.02 | | | | | | | | | | | |
0O 2 4 6 8 100 2 4 6 8 100 2 4 6 8 10

_ g4emp
tymp Py

Figure 2.1: Difference between powers in the MP vs the PANIC framework
as a function of —h with i.i.d. factor innovations and i.i.d. idiosyncratic parts
and \/w*/¢* = 0.8. Based on 1000000 replications.

2.5.2 The test statistics

In addition to the tests proposed in Section 2.3, tymp and tf}jﬁfp, we consider
the MP tests of Moon and Perron (2004) and the BN tests of Bai and Ng
(2010). However, the powers and sizes of the (MP) ¢, and (BN) P, tests were

very similar also in finite samples, so we only report results for P,. We omit

A cursory look at a few typical applications reveals that these ratios are mostly between

0.6 and 0.8 and match the skewed nature of the lognormal distribution.
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the comparison with P, and ¢, since they tend to show large biases in terms
of size (see, for example, the Monte Carlo studies in Gengenbach, Palm, and
Urbain (2010) and Bai and Ng (2010)).

The sizes of all considered tests are highly sensitive to estimation of the
(one-sided) long-run variances. We have considered a variety of methods, for
example, using a Bartlett or quadratic spectral kernel and selection of the
bandwidth according to the Newey and West (1994) or the Andrews (1991)
rule with/without various forms of prewhitening. Whereas the differences
from using different kernels are small, the selection of both the bandwidth
and the prewhitening are essential. Our preferred method employs a Bartlett
kernel with prewhitening.'? There is a size-power tradeoff between using the
Andrews (1991) and the Newey and West (1994) bandwidth selection: The
Andrews (1991) bandwidth leads to higher powers for the smallest sample
sizes, but an oversized test when the innovations have a strong MA compo-
nent. The decision which bandwidth to use thus depends on the preferences
of the researcher. In this section, all results are based on the Andrews (1991)
bandwidth. However, the sizes and powers based on the Newey and West

(1994) bandwidth can be found in a supplementary appendix.

2.5.3 Sizes

Table 2.1 reports the sizes of our tests for the baseline DGP based on the An-
drews bandwidth. Many other specifications can be found in the supplemental
appendix. Recall that the sizes depend considerably on how the long-run vari-
ances are estimated. Using the method described above, the sizes of t%nﬁfp
reasonable across most DGPs and generally comparable to those of P,. tuwmp,
on the other hand, is undersized in many specifications, so that we focus on its
empirical version t%mlvﬁ, in the remainder. Only in the MA(1) example, both
toap and Py are oversized ({{j)p is more oversized for the smallest sample
sizes and marginally less oversized in the larger ones). Thus, when a strong

MA component is suspected, we recommend to use tests based on the Newey

12 As in Moon, Perron, and Phillips (2014), the prewhitening model is selected based on

the BIC between four simple ARMA models.
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Figure 2.2: Size-corrected power of unit-root tests as a function of —h for
varying sample sizes in the PANIC framework with i.i.d. factor innovations and
i.i.d. idiosyncratic parts and y/w*/¢* = 0.8. Based on 100000 replications.

and West (1994) bandwidth. Generally, the Newey and West (1994) band-
width provides better sizes, especially in the MA case. However, small sample
powers are slightly lower. Both sizes and powers based on the Newey and

West (1994) bandwidth can be found in a supplementary appendix.

2.5.4 Powers

We start this subsection by investigating the finite-sample differences between
the MP and the PANIC setups. Recall that we have shown that the asymp-
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iid. AR(1) MA(1)
n T Vwt/ot tump  tome Do tump  tome Do tump  tone P
25 25 0.6 0.6 2.8 3.1 1.8 4.5 4.2 2.2 7.0 5.6
25 50 0.6 1.4 4.7 4.0 1.7 4.9 3.6 3.1 8.9 6.2
25 100 0.6 1.8 5.5 4.6 2.3 6.1 4.1 3.9 10.1 6.7
50 50 0.6 2.0 4.3 3.7 2.5 4.5 3.5 5.3 9.9 6.6
50 100 0.6 2.6 5.1 4.2 2.9 5.2 3.7 6.1 11.0 7.0
50 200 0.6 2.9 5.5 4.6 3.4 5.9 4.1 5.3 9.2 6.1
100 100 0.6 3.2 5.0 4.2 3.3 4.9 3.8 9.1 13.1 8.2
100 200 0.6 3.6 5.3 4.5 3.7 5.3 4.1 7.0 10.0 6.6
100 400 0.6 3.6 5.3 4.5 4.3 6.1 4.5 4.9 7.1 5.1
25 25 0.8 0.9 3.1 3.5 1.8 4.3 4.7 2.4 6.7 6.4
25 50 0.8 1.8 5.1 4.6 1.7 4.4 4.0 3.1 8.3 7.2
25 100 0.8 2.3 5.8 5.2 2.2 5.3 4.6 3.9 9.3 7.8
50 50 0.8 2.4 4.6 4.2 2.4 4.2 4.2 5.1 9.3 8.3
50 100 0.8 3.0 5.4 4.8 2.6 4.6 4.3 5.9 10.1 8.5
50 200 0.8 3.3 5.7 5.2 3.1 5.2 4.7 5.0 8.4 7.1
100 100 0.8 3.5 5.1 4.6 3.1 4.4 4.4 8.7 12.3 104
100 200 0.8 3.8 5.5 5.0 3.3 4.7 4.5 6.6 9.2 7.9
100 400 0.8 3.9 5.5 5.1 3.9 5.5 5.0 4.7 6.6 5.9
25 25 1.0 1.0 3.3 3.9 1.9 4.3 5.4 2.4 6.5 7.2
25 50 1.0 2.0 5.2 5.1 1.7 4.2 4.5 3.2 8.1 8.2
25 100 1.0 2.6 6.0 5.8 2.1 5.0 5.1 3.9 8.9 8.8
50 50 1.0 2.5 4.7 4.6 2.4 4.0 5.0 5.2 9.2 10.1
50 100 1.0 3.1 5.4 5.2 2.6 4.4 4.8 5.8 9.8 10.0
50 200 1.0 3.4 5.7 5.6 3.0 5.0 5.1 4.9 8.2 8.1
100 100 1.0 3.6 5.2 4.9 3.0 4.2 4.9 8.6 12.1  12.6
100 200 1.0 3.9 5.5 5.3 3.2 4.6 4.9 6.5 9.0 9.1
100 400 1.0 4.0 5.6 5.5 3.8 5.3 5.5 4.6 6.4 6.4
Mean abs. dev. from 5% 2.3 0.6 0.6 2.3 0.5 0.6 14 4.1 2.7

Table 2.1: Sizes (in percent) of nominal 5% level tests with no heterogeneity

in the alternatives. Based on 1000000 replications. Andrews Bandwidth.
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Figure 2.3: (Size-corrected) power gains from using tf}rﬁfp over P, for varying
values of y/w*/¢* and sample sizes in the PANIC framework with i.i.d. factor

innovations and i.i.d. idiosyncratic parts. Based on 100000 replications.

totic, local power functions are the same and that (under some regularity
conditions) all tests have the same asymptotic power in the MP framework as
they do in the PANIC framework. Figure 2.1 compares the powers of t{\[p
and P, across the two frameworks.'? Indeed, also in small samples the powers

are very similar. Moreover, both a larger n and a larger T' contribute to re-

13 All figures show size-corrected powers, i.e., powers based on exact simulation-based

critical values.
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duce the difference. When the factor is stationary under the hypothesis, the
difference is considerably smaller still. Noting the small scale on the y axis
in these plots, in the remainder we will only present results for the PANIC
framework, as the lines would otherwise be mostly indistinguishable.

We now turn to comparing the performance of the UMP tests to existing
ones. As discussed in Section 2.3, we need to estimate the individual long-run
variance of each idiosyncratic part in order to attain the power envelope. Of
course, this becomes easier with a larger time series dimension and is more
beneficial when the long-run variances differ substantially between series.

Figure 2.2 presents the baseline power results for a medium amount of
heterogeneity (\/W = 0.8). It is evident that even for relatively small
samples using the optimal test pays off: except for n = T = 25, the power of
toap is uniformly higher than that of B,.

Next, Figure 2.3 presents the power difference between the optimal test
and P, for varying degrees of heterogeneity. As expected, the higher the
amount of heterogeneity, the more beneficial it is to use the optimal test, also
in finite samples. In the case of perfect homogeneity, the losses from estimating

individual long-run variances are minor, except for the n =T = 25 case.

0 2 4 6 8 10 0 2 4 6 8 10 0 2 4 6 8 10
— thwe - P Asympt. Power Envelope Asympt. Power MP/BN

Figure 2.4: Size-corrected power of unit-root tests as a function of —h for
varying sample sizes in the PANIC framework with i.i.d. factor innovations
and i.i.d. idiosyncratic parts and \/W = 0.8. Innovations drawn from a t5
distribution. Note that the power envelopes refer to the Gaussian experiment.
Based on 100000 replications.
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Finally, Figure 2.4 investigates powers when the innovations have a t5 dis-
tribution, rather than the Gaussian one underlying our optimality results.
Finite sample powers are not significantly different in this case. In the supple-
mental appendix, we investigate the effects of serial correlation and multiple
factors. Qualitatively, the power results are not affected by these variations in
the DGP. We also consider the robustness of our results to further deviations
of our assumptions: we consider the power against heterogeneous alternatives

and further investigate the effects of non-Gaussian innovations.

2.6 Conclusion and Discussion

This chapter shows that the MP and PANIC frameworks are equivalent, for
unit root testing, from a local and asymptotic point of view. Using the un-
derlying LAN-result, the local asymptotic power envelope for the MP and
PANIC frameworks readily follows. We show that the tests proposed in Moon
and Perron (2004) and Bai and Ng (2010) only attain this bound in case the
long-run variances of the idiosyncratic component are homogeneous. We de-
velop an asymptotically uniformly most powerful test; a Monte Carlo study
demonstrates that this test also improves on existing tests for finite-samples.

To obtain the local and asymptotic equivalence of the MP and PANIC
frameworks, we need to impose some restrictions. First, we assume that the
driving innovations are Gaussian. Second, we impose the deviations to the
unit root, under the alternative hypothesis, to be the same for all panel units.
And third, we do not allow for (incidental) trends. The Gaussianity facilitates
a relatively easy proof of the LAN-result and it seems to be rather difficult
to generalize this assumption; even for first-generation frameworks no results
are available yet. For the proposed asymptotically uniformly most powerful
test, we stress that Gaussianity is not required for its validity. In view of
Becheri, Drost, and Van den Akker (2015a) we do not expect that imposing
constant deviations to the unit root, under the alternative hypothesis, affects
our main results. The Monte Carlo results seem to confirm this conjecture
for finite-samples. To allow for incidental trends the proper strategy seems to

be to first determine the maximal invariant (i.e. determine which part of the
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observations is invariant with respect to the incidental trends), and to analyze
if the resulting maximal invariant satisfies a LAN-result (yielding the power
envelope). On basis of Moon, Perron, and Phillips (2007) we expect that
the reduction of the data to the maximal invariant will result in a different
localizing rate compared to the situation in which there no incidental trends.
This indicates that the generalization to incidental trends really requires a

separate analysis.

2.A Detailed Proofs

2.A.1 Preliminaries

This section present some preliminary results that are heavily exploited in the proofs of our
main results.

First, we recall some elementary results from linear algebra (throughout we only consider
real matrices); see, e.g., Liitkepohl (1996) and Magnus and Neudecker (1999). Let tr[C]
denote the trace of a square, real matrix C and let Amin (C) (and Amax (C)) denote the
minimal (maximal) eigenvalue of a symmetric, real matrix C. For any real matrix C, let
IC|l = V/tr[C'C] = ||C"|| > denote its Frobenius norm, while ||C|| Amax (C'C) =
1€ e

The inequality ||CD| , < [|C]|, ..
that the Frobenius is submultiplicative, ||[CD|p < ||C||z||D||z- Moreover, the identity

spec

denotes its spectral norm. Recall ||C/| <|C -

spec —

|| D 7 is immediate from Raleigh’s quotient. It follows

IC ® D||r =|C|lz ||D] » easily follows from the alternative interpretation of the Frobenius
norm being the square-root of the sum of all squared individual matrix entries. Finally, we
note that for square matrices (C, D)r = tr[C’ D] defines an inner product, so we have the
Cauchy-Schwarz inequality |tr[C’'D]| < ||C|| || D|| »-

Next, we present a general lemma on approximating variances with long-run variances.
The results we present in this appendix are the main keys to many proofs in Section 2.2.

Moreover, they may be of general interest.

Lemma 2.A.1 Consider an indexed collection of stationary time series {Xt(h)}, h € H.

{h), ceey X;h)) by X, the m-th autocovariance of

Denote the T x T covariance matriz of (X
{Xt(h>} by yn(m), and its long run variance by w? < oco. Also write waI,T =S )T. If
SUDjen Dome oo (IM] + 1)|ya(m)| < oo, then

1. suppey \wZ’T - w§| = O(Tﬁl),

2. supey ||A'(En — widr) || + suppey [|ASH — witdr)|, = O(VT),
3. suppeq [|A' (Sh — winIT)HF + suppeq [|A(SH — wi,TIT)HF =0WT),
4. suppey |AShll p + suppeq AL p = O(T).
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PROOF Item 1 follows from wj r = £ Y., (T — |m|)yn(m) and wi = Y>> ~yn(m), so

oo

= > (min(lml, )3 (m)

Mm=—00

|w}21,T - wi2L| = )

which is indeed O(T ') uniformly in h.

For Item 2, tedious but elementary calculations yield

1A = @RIl = |4 (Sn = wii )|

T T T—t 2
ZZ( ’Yh —w12115<t>

t=s+ =—00 m=T+
-y (( - fyh(m)> +<Z’yh(m)+2’7h(m))
<57 (Z |’Yh(m)>
< 5T< > m(m > Z min(m, T') |yn (m)|.

Taking suprema, Item 2 follows immediately from this bound. Item 3 follows by combining
the first two parts and ||A||z = 4/ w = O(T). The order on |[A]|» also yields

sup [|A"Sul| . < sup |4 (2 — wiFr)| + sup wi [|4"]

=0(VT) + 0(1)O(T).

Again, the second part of Item 4 is analogous. ™

Recall the covariance matrices ¥, and X and their rough approximations ¥, and V. de-
fined in Lemma 2.2.1 and (2.11), respectively. The following three lemmas use Lemma 2.A.1

to show that these approximations do work well when considering partial sums.

Lemma 2.A.2 Under Assumption 2.1, HE;IH E;lH

are all O(1) as n, T — oo.

and H\IJQIH

spec’ qun Hspec’ H spec’ spec

ProoF Note that ¥. — ¥, and V. — W, are positive semidefinite. Hence Amin (Xc) >
Amin (37) > infi; 7 Amin (35,:) > 0 and, using Remark 2.1.3 (Remark 2.1.3) and Item 1 of
Lemma 2.A.1,

Amin (\1’5) Z)\min (\Il”r]) = Amin (Qn ® -IT) . mlﬂ w%,z T

i=1,...,n
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. 2 2 2 . 2
> inf wy ; — sup |wy, ;1 — wy ;| = inf w;, ; > 0.
i€lN i€N i€N
This shows the boundedness of all four norms. ™

Lemma 2.A.3 Under Assumption 2.1 we have, as n,T — oo,

A (£5 = ¥l + A (Ey = W)l o = O(VaT) = o(v/nT).
ProoOF Using block diagonality and Lemma 2.A.1, we obtain the bound
A (2=l = 3 420 = )
i=1
< nf:ﬂ}\? ||A'(EW- — wii,TIT)H; =O0(nT).
The other part is analogous; every A" and A’ are replaced by A and A, respectively. n

Lemma 2.A.4 Under Assumptions 2.1, 2.2 and 2.4 we have, as n,T — oo,
A (8 = )|, + A (B = Vo)l = O(VT) = o(v/nT).

PRrROOF From the definitions of ¥. and ¥. we obtain

K
A (S = W) =D A (X ® (Spp — whierlr)) + A (Sy — Q@ Ir),

k=1

which yields the bound ||A’ (2 — ¥.)|» < I+ 11 with

K
I= Z | (AN, ® A" (Spk — wigrIr)) || and 1T = ||A' (Sy — Q@ In) | 5 -
k=1

Part I is already treated in Lemma 2.A.3. For part I, again using Lemma 2.A.1, we
get a slightly weaker bound since for the factor part there is no block diagonality:

K
L= Akl 14" (Bre = winr )]

k=1

K
< N A (Bp = Wik rIn)|| = O(VT) = o(\/nT).
k=1

The proof for || A (3. — ¥. )| is analogous. =

We now present a general weak convergence result for partial sums using joint asymp-
totics. Proposition 2.2.1 is a special case of Lemma 2.A.5 with a;,,r = 1. We provide
Lemma 2.A.5 in general terms here as it might be of independent interest and we also use
it in the proof of Proposition 2.4.1 to demonstrate the joint convergence of P, and the local
likelihood ratio.
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Lemma 2.A.5 Let ain,1r be a bounded sequence of non-random numbers and assume that

2 MP PANI
LS ai.r — a. Then, under Pg'y o or PG IC, as (n,T — 00),

Z Qin,T <T Zstmt ni> 4, N(0,a/2).

nzT t=1 s=1

ProOOF First consider the case of a;,,7 being identically equal to one and observe that this
implies convergence of A, 1. Recall A+ A" = ' — I7 and 26,7 = w2 — ¥,i(0), hence,
with w,m-’T = TL St

n

1 - 1 JA+ A 1 On,i, T
Apm = ! ; — —— ZnL
- \/ﬁTZwQ T \/ﬁzw?

i, T i=1 n,%, T
J'n 2
T
-1 i 7,'(0))
2f2<<ﬁw7y,zT> ) 2\/72 nzT( ' "
Observe that X; r := —m N(0,1) and are independent across ¢ € IN. Thus, for each

A /Tw?

n,i,T
T, — 2n " (X271 —1) has the same distribution as \/% S (X7 —1), where X7 % X2(1).
Therefore, as the latter converges to a standard normal distribution as n — oo (CLT), so
does the former under joint limits. Thus, the first, leading term converges in distribution to
N(0,1/2).

Asymptotic negligibility of the second, mean-zero term follows from

1 2 2 2 2
sup var(fnim) =7 Sup Xl = 73 sup 1Z0,ill%

T—1
2 2 -1
—zsw| 3 (1= hyam)| = o).
m=—(T-1)
For general a; »,r we can apply a double array CLT, see 1.9.3 in Serfling (1980), to the
first (slightly adapted) term in the expansion. The Lindeberg condition is readily verified
since we have a weighted sum of i.i.d. centered x? variables. Asymptotic negligibility of the

second remainder term follows from the boundedness condition on the a; 7. n

Remark 2.A.1 We can obtain the same conclusion without requiring Gaussian innovations:
as long as the Lindeberg condition holds, for example thanks to higher moment conditions,
the same Theorem 1.9.3 of Serfling (1980) applies.

We conclude this subsection by taking care of important terms that appear repeatedly

in the remainder.

Lemma 2.A.6 Suppose that Assumptions 2.1-2.4 hold. Then, under PS{,?T or P&{va d

as n,T — oo, we have
r|Gae )=o),

2 HZz:Q Tt
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5. S ra|, = 00V,
4. |79 Al . = Op(VnT), and
5. || All . = Op(v/nT).

PRrROOF For Item 1, recall that K is fixed, so that the norm we consider is irrelevant. As

NQ A = Z > Z/\ M,

nzT 5U‘pzele‘)nzTi 1

the smallest eigenvalue of A'Q;lA is larger than that of A’A. Thus,

—1 —1
H (EA’Q;1A> <1A’A)
n n

thanks to Assumptions 2.1 and 2.2.

2 1
<supwy ;1 — supwl H\IIA Hspcc 00,

i€IN

spec spec

Item 2 follows from

T 2

S

t=1

E

=7}, = VEqife =2 Ennin =T wp o7 = O(nT).
F 1= i=

2
Note that the expectation of Hthzg M.l s given by (T —1)>7" | wf] ;7—1 and is thus of
F

the same order. Item 3 can be obtained along a similar line of proof.
For Ttem 4, note E7f’wij = T,,, so that

E |70 Al = trE[f uQ; AN Q!

=Tt AN Q' < T A% |2, = O(nT).

n ||spec

Item 5 follows similarly from En.¢n’; = diag(vy,1(0),...,7,,n(0)) =: D, so

T
K ||nQ 1/\H r(A Q, Z[E -7 t]Q IA) < THAHF ||Q 1||5pec |SPEC’
t=1
which is indeed O(nT') thanks to Assumptions 2.1 and 2.2. =
2.A.2 Proofs of Section 2.2
Proof of Lemma 2.2.1
PROOF In the following all probabilities and expectations are evaluated under Pgﬁlﬁ%c. To

obtain the desired result, we consider the difference between the two central sequences Apr—

APANIC and the difference between the two Fisher informations J,'r PANIC _ 1 We show that

expectations and variances of both differences converge to zero, 1mply1ng L2 convergence.
Part A: Under the null, AE = n and hence

1 — 7 T
A APANIC n/A/ o 1 77, ’
\/’ET ( ! W f Z 7] 1, T
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We first show that the difference has mean zero. We have, using tr(A4) = 0 and block
diagonality of 3,

£l - AT = o i (87 - 57 )E) WZ 3

WT

fﬁt(A‘If "3) 2_: ",?

:ﬁtr« @A) \FZ Z
AT TS - JE e o

as tr [A'S, ;] = Tén,ir.

To show that the variance of APANIC A, goes to zero, observe

nT? var (ALY — A 1) = var (' Cyn)

(2.A.1)
=tr[C, 2, Cp Sy + tr[C S, Cr 20 (2.A.2)
<G Znllz + 1C Sl IE0Coll (2.A.3)

with C, = A'(¥, " —

¥, '). Hence, it suffices to show [|C,, %, |, =
o(y/nT). Since ;"

= o(y/nT) and ||S,Cl| » =

and A’ commute, we obtain

”CUZWHF = ||AI\II1;1(E’7 - \II")HF < ||\II"71”spec H‘A/(E" - 77)HF )

which is indeed o(y/nT’) by Lemmas 2.A.2 and 2.A.3. For |2, C ||, we first have to approx-
imate AX, with AW, before we can use the commutativity as above

150 Calle < 194 Col + 1| Ch (S — )]
= [|A Sy = TS+ (20 = 507) Ay = )|
<%0 e 47 (@0 = Z0)[
(1195 e + 120 pec) M5 = ¥3) | = o(V/RT).

Part B: First, we show that the expectation of .J,’ PANIC converges to % We have

tr [A'S, TAS,] = tr [A'0, TAS, | — tr [A'C %]
= tr[A"A] + tr[ AV, A, - T,)] -

’I’LT2 [EJPANIC

tr[2,CyhAl.

This implies that the leading term is %nTz, since the final two terms are o(nT”): use the
arguments already presented in Part A together with the relation between the trace and the
Frobenius norm and

e [AA] =

T(T-1) 1
77 tr[A'A] = — e Ty
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Next, we show that the variance converges to zero. By the arguments in (2.A.1), with

D, = A" A,
n’T? var(Jf‘}NIc) <2 HEUDWH%.
The required order is now easily verified, since

[0 Dyl <A WAL || + 1150 Cr Al
<|JAA| + [[ATTAS, = )|, A+ 15,Ch Al g

and |A'Allp = Va | A'Allp < ValAlf = vaT(T - 1)/2. .

Proof of Lemma 2.2.2

PrOOF In the following all probabilities and expectations are evaluated under Pg/,[f;T. The
proof of this lemma follows the idea of the proof of Lemma 2.2.1 by considering means and
variances. The proof that Jﬁ’f? converges to % in Lj is almost identical to its counterpart in
the proof of Lemma 2.2.1: just replace n by €, ¥, by 2., C,, by C¢ etc. The same replacements
yield that the variance of AM? - Ai/fl; converges to zero, by applying them to the arguments
starting at (2.A.1). We are left to show that the expectation of Aﬁ{l; - AEL/{I; converges to
zero. This remaining expectation is more complicated since the variance matrices 3. and
W, have additional terms due to the presence of unobservable factors.
Recall, under Pg/ff;T, AY = ¢ and note

AME _ AMP _ % (;A (v - Z Oni >

2
n i, T

Thus, we have

CIAYE - AN = Jm A v n] - 23 et
nzT

1 Iaq,—1 nzT

= —tr[A'Y, " X,] =

\/ﬁT [ " fz 7]7,T

K
Dt [ AN @ A'S k]
k=1

1
* /T
1 _ _
v [(w' = Q)Y @A) S,] =1+ 1T+ 111
In the proof of Lemma 2.2.1 we have established that the first term equals zero. Therefore,
the current proof is complete once we show the final two terms converge to zero.
Convergence to zero of I1 follows from  tr(A'Syx) = 05k = O(1) in combination

with

K
3t [ ] = te[Ag AT = b [9;1 — Rt (R A A) T Q;l] (2.A.4)
k=1
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K

K

1 1

<tr [Qz'] kZ:I 7 — z::l " (2.A.5)
Convergence to zero of 111 follows from
|[111) gﬁ Z (Q;lA (Q;l + A/Q;IA)—l A/Q;1>i i |tr [A'Sy.] | (2.A.6)
1=1 ’

gﬁ br(, A (2 + N2 TA) A, Y sup |t [A'S,] | (2.A.7)

2 — _ —1
< \FT IA]% ]| lepec (QF" +A'Q,MA) e 5P [tr [A'S, ] | (2.A.8)

Observe sup;, tr [A'S, ;] = O(T) by Item 4 of Lemma 2.A.1. From Assumption 2.2 we get
[Allz = O(v/n) and

—1
1

n|[(QF + A, A) <%Q;1 + %A/lel\)

spec H
spec

—\!

main

(O + A0 A) < AL (A )

< )‘T_nzn( A A) Sup wn 1, T - )‘mzn(\IlA) sup w?},i < 0.
ieN
A combination of these observations with the penultimate display yields 171 = o(1). n

Proof of Lemma 2.2.3
PrOOF We have
|A:L,T - AnM§“| =

Sl (AR 0|

< 7 |

We consider each norm separately. We have

as | Al » = O(y/n) by Assumption 2.2, [|Q; ||

v - el

12

Yr =yt L < [(A'Q, A+ Qp) " — (AQ A) |

spec n ”spec ‘ |‘F

=0(n"?)0(1)0(n) = O(n™Y),

= O(1) by Assumption 2.1, and

spec

nl(AQ A+ Qr) Tt = (AT

_|[(reata | ar O NQTAN T
n n n
1

o (reta  or) T er NO AN T
n n n n
spec

NO'A L Qp - NOTAN T
n n n

spec

Qr

n

IN

spec

spec spec
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which is O(n™'): the second norm converges to the third, which is O(1) by Item 1 of

Lemma 2.A.6. For ||&'AZ]|, we note that ||&' A& . = 5’A+TA’5H and recall that A + A’ =
F

w' — Ir, so that
2|8’ Ag|| . = ||€' (o — Ir)E| , < ||€] 5 + €% = Op(nT), (2.A.9)

as [|E]lp < [IAllp

ij + 1ilp = O(Vm)Op(VT) + Op(v/nT) and, using Ttems 2 and 3 of
F

Lemma 2.A.6, a similar bound holds for ||| .. Conclude that the central sequence difference
is Op(n~1/2). [
Proof of Lemma 2.2.4

PROOF As 4 ! projects out the factors, we have

* 1 o x—1 1 ey =1~
AL —Apr = 7\/571 tr(AgY; 15/) - AT tr(AnQ, l77/)
1 k=1 — 1y~
= ——tr(A -0 .
AR = 2, 7)7)

Note that for a symmetric matrix B,

A+ A
2

(BT = (BT A) = (A7) = (BT ).

1 .
so, as ;" and Q, are symmetric and A + A" = 1/ — I, we have

(A2 = 0,7 = Sl (e — )i~ - 2, 7))
< [tr(iiwE T = Qi O]+ e T = Q7))
< [ )™ (e Al + 725 All7)

= 0(n"")(Op(nT) + Op(nT)) = Op(T),

using Items 1, 4 and 5 of Lemma 2.A.6. =

Proof of Proposition 2.2.1

ProOF Apply Lemma 2.A.5 with a; 7 =1 for all i,n,T. ™

2.A.3 Proofs of Section 2.3

Proof of Lemma 2.3.1

Remark 2.A.2 The proof follows along similar lines as that of Moon and Perron (2004).
By treating the norm of 1’7 differently, we obtain, under the assumptions of this chap-
‘AHK — AH = 0p(1) instead of the Op(1) obtained by Moon and Perron (2004). In
" = o0p(y/nT), whereas Moon and Perron (2004) only use

ter,

particular, we exploit ||7'7||

177l » = Op(vT).

spec
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PROOF As Moon and Perron (2004), we take Hx = f;f AT/L‘_\. First note that from the

definitions of Hx and A and using &€ = fA’ + 7 we have
. 1 1

A—AHg = ﬁ(é'é — Af fA)A = ﬁ(ﬁ’fA’ + Af'7+7'7)A, (2.A.10)
so that
A — &) < | ﬁlfA/AHF + Ja774], + — ||77A]| (2.A.11)
nT nT F

H" | TV |

F F F s
Ll R P T L Ty e
By the definition of A, H[\HF =vnK = O(y/n). We have

112 K n r ?
|| 7] :[E; > (; fktmt>
K n T T
SIS il - shsali— o)
k=1 1i1=1 t=1 s=1
K T T
SMnY 3 sl — )
k=1 t=1 s=1
K T—1
=Mn> (T — Im|)|vs,k(m)| = O(nT),

for some finite constant M, using that, thanks to Assumption 2.1, v, (¢t — s) is bounded
uniformly in ¢ and ¢ — s. Thus, each term of the first summand in (2.A.12) is O,(1).
Finally, we consider the second summand, which is treated differently from Moon
and Perron (2004). We obtain HAHK —f\HF = o0p(1) if we can indeed show that
177 spec = 0p(v/nT) (Moon and Perron (2004) only use [|7'7)]|, = Op(v/nT)). For
this, note that %ﬁ’ﬁ = %ZtT:I 7.7+, which can be considered an approximation to
Iy, := diag(vy,1(0),...,7n.n(0)), the n X n cross-sectional covariance matrix of the n. From
Assumption 2.1, ||y ||,

Isserlis’ Theorem to write [E[nimis} = 27y,,:(t — 8)® + E[n7JE[n7 ], we have

T 2
% ; il = ; JZ; E <T > niinse [E[m,tm,t]>
DI
1
7 4

< 00. We now show that indeed the approximation works. Using

E[ni,em5,67,5M5,5) — E[0i,em5,¢|E[1,575,5)

Il
s HM
&Mﬂ

HMH ’ﬂ\
HMH M=

'Yn,i(t - 5)2

Z
z%zz pnat —5)
i t=1 s=1
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=O(n/T) +O(n*/T).
Conclude that the difference in Frobenius norm is O, (n/v/T).

Remark 2.A.3 Note that, even without Gaussianity, this conclusion holds as long as the

long-run variances of the {nit} are uniformly bounded.

Thus,

T
> il =TT,

t=1

+ (17Tl
F

spec

17| e <
=0, (nVT) + O(T) = 0,(/nT).
Finally, we show the boundedness properties of Hg. First note that

1771,y 1A,
T /i vn

To show boundedness of the inverse, we will show that the limiting eigenvalues of Hx are

[1Hk|lp <

= 0,(1).

positive. Introduce I'y := diag(yy,1(0),...,v7 x(0)), the K x K covariance matrix of the f,

and write

AA

= 0p(1)op(1),

-,
F

spec F

where the latter follows from Assumption 2.1. As I'r has full rank, it is sufficient to show that
the eigenvalues of A;—A are bounded away from zero. A is defined through the eigenvectors
of &'&/(nT). As the eigenvalues of &'¢ are closely related to those of Af’fA’, we can use this
relation to learn about the rank of A’A. Formally, define D to be the K x K matrix with
the K largest eigenvalues of &'/(nT). Then, from the definition of A,

MR

/nnT n'
Recalling some of the above results we obtain
g  AfFN
nT nT

=o,(n"'?), (2.A.13)

P

spec
so that

ANA_ NA

A/ FEAT R
:A Af fA A_’_Op(nflm):?rf

Vi T Jm

As the Kth largest eigenvalue of &'2/(nT) is bounded away from zero (using (2.A.13) the

- + op(1).

nonzero limiting eigenvalues are given by those of WAIT'r, a product of two rank K matrices),

so must the limit of 22 and thus H K- n
n
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Proof of Lemma 2.3.2

PRrROOF First note that

[EHQn—QnH Z[E —w2)? <n max E(@2; —wl.)® =o(1),

i=1,...,n

from Assumption 2.6. Thus both HQ,,

»ll  and HQn -Q are op(1). Together with
F spec

Assumption 2.1 this also implies, with probability converging to one,

inf; Nw2
0< i . [ < min wn ; < max “’n i < QSupw77 i < 00. (2.A.14)
2 i=1,...,n i=1,...,n €N

are
spec

Therefore, H Qf !

= Op(1), so that finally also HQ*1 — Qflu and HQfl -t

spec

op(1). Similarly, we note for the one-sided long-run variances that »_ ( i —0n.i)2 = 0p(1)
follows from Assumption 2.6, so that, along the same lines, we obtain maxi—i,..n» Sm =
O,(1). A

We split the central sequence difference in three parts: one for replacing ¢} with .,
one to take care of the initial value, and one for estimating the correction term. Thus
Angr — AL =1—1II—1II, with

I =

jo (A (Gt ) )

1 — ., -
7T 25{71’(/);18.7t
t=2
1= (i O
Il = — Anﬂ _n.e .

For part I, insert (2.14) and (2.17) to find

| = 7T|tr(5'z4'5(1ﬁ§1 )]

— N AR (A’Q;lA)’1> ‘

< | nEAE0;" - 07
1 o qa [ g aN—L _ _ 1 _ s
+ o |08 (VeA) T - apta ety et | e

As Q; ' — ;" is diagonal, the first summand is bounded by (using Cauchy-Schwarz)

n 1/2
J%T(Z(E Ag;) > HQ 1 Q;lHF \fT O, (v/nT)op(1) = 0,(1).

i=1
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For 11, we have

VnTII <

9|, sl (el + llewall )
= 0,(1)0,(v/n)(Op(VnT) + Op(v/n) = O, (nVT),

= 0,(1) follows from

where [|e.a [l < Al [ £.s

1l = Op(v/n) and |
Assumption 2.6 and Item 2 of Lemma 2.A.7 implying

(e
(o

21
Ye
spec

= 0,(n "?) and

spec

-1
<27l
pec

2
|

spec

o [ W NP [V e Vi

s spec F

= 0(1) + 0(1)0(n)O(n~ ") = O(1),

using Assumptions 2.1 and 2.2 and Item 1 of Lemma 2.A.6. We conclude that Il =

0, (7@) = 0p(1).
Finally, we obtain for I11:

I s 1 1N by
IIT =— (Oni = Oni) +—= > =5 (wh s — @2 ;)
vn ; w2 K n=anwn " K
. 1 1/2 /. 1/2
< (bni = 6n.0)”
(Eas) (Ee
1 n 82 1/2 n 1/2
i -2 2 \2
(S mar) (e -ar)
i=1 ~ oMy i=1
which is indeed 0,(1) thanks to the observations at the beginning of this proof. ™

2.A.4 Auxiliary Lemmas

Lemma 2.A.7 Consider the factor estimates and the Hg from Lemma 2.3.1. Then, under

Assumptions 2.1, 2.2 and 2.4-2.6, under Pév’[f;T or P@iﬁ{VT’C and as n,T — oo, we have

1. H (A’Q;lf\)il — (HIKA'Q;IAHK)71 ; = op(n73/2), and

= op(nfl/z).

F

Q1A (A'Q;lA)_l AOy =0 A (N TA) TN,

PrROOF We start by noting that HH%A'Q;IAHK - A'Q;U\H = o0p(y/n): the terms for
F
approximating the loadings are negligible thanks to HAHK 7[&” (Lemma 2.3.1) and
F

ot = 05 =o(1).

n

being 0,(1) in combination with Hx being bounded and H Q;l ”Spec
spec

The term due to approximating the long-run variances, HfKA/(Qn_l — Q;I)A, can again be

treated using Cauchy-Schwarz: ignoring H, its (k,[)th entry is given by

n N 1/2
Zx\ikj\iz((tbg,irl - (wgl,i)fl) < (Z )\ik/\u> HQ;1 — Qf,l
=1 =1

’F
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:Op(\/ﬁ)op(l)v

thanks to the discussion at the beginning of Section 2.A.3.
Next, we have that

1 _ A%
| vy am| < imes Bl o, 0w,
F

and
-1

—1
Aumin (%H}(A’Q,;lAHK> _ HHK1 <%A’Q;1A) (Hi)™!

1 —1
(—A’Q;lA)
n

which is bounded away from zero thanks to HHKIH 5 being bounded and Item 1

spec
—1

>[|Hi

)

spec

of Lemma 2.A.6. Thus, we can restrict attention to a compact subset of the

invertible matrices on R, on which the matrix inverse is uniformly continuous.

%H}(A’Q;IAHK—%/A\'Q;UA\H =  o0p(n"Y?) implies the same for
F

Therefore,
F

For Item 2, let a = Q;lAHK and b = (H}(A'Q,;lAHK)fl and define @ = Q;IA and
. N1
b= (A'Q; 1A) analogously. Thus

(LHENQ M) ™ — (L0 1R)
nttK n K n n

|0 a (o) vy -0 vyt avey!

F

aba/ —aba'H
F
< lla = all- ]| . lall + liall - |5 = 8]|  Nall- + liall - 1] 1 = all -

From Assumption 2.2 and Hx being bounded it follows that [|b]|, = Op(n~") and in com-

bination with Assumption 2.1 we obtain

”aHF S ||Q7;1 Hspec

IAllp 1Hk | = Op(v/n).

From Item 1,

b— bH = 0,(n"3/?) so that also “l;" = Op(n™"). Finally, we have
P P

n spec

~ A—1 -1
la— all <||2" - @

A 1l + 20

[\—AHKH
F

spec

:Op(l)op(\/ﬁ)op(l) +O(L)op(1) = Op(\/ﬁ)v

where HA — AHKH = 0p(1) by Lemma 2.3.1. Combining all these results indeed yields the
F

correct rate. n

PROOF (INDEPENDENT PROOF OF PROPOSITION 2.4.1) Here we demonstrate the joint

asymptotic normality required to apply the second part of Corollary 2.4.1. We divide the
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proof into two parts. In Part A, we prove the theorem for P, while in Part B we discuss t,.
We omit the proofs concerning P, and ¢, as they follow along the same lines.

Part A: First, we establish the joint convergence, under Pg/’[}f’T and POPﬁLI?TIC, of P, and
the local likelihood ratio. As already hinted at in Remark 2.2.5, the results in Sections 2.2.1
and 2.2.2 imply that we only have to show this convergence once to get the powers in both
experiments, as both likelihood ratios are asymptotically equivalent and the models coincide
under the hypothesis. Having established this joint convergence, an application of Le Cam’s
third lemma will lead to the asymptotic distribution of P, under P%E — and P,F:/}lN%C.

Spec1ﬁgig?fé Lemmas 2.2.1 and 2.2.4 imply that the limiting distributions of
(Pa,log ji{;A’LNITC) and (Pa,log jp’;d;:) are equal to that of (Pa,hAn 1 — 1h?), under
PyY 1 and PS@TTIC. From Lemma 1 and Lemma 2 in Bai and Ng (2010) we see that P,
is adaptive with respect to the estimation of nuisance parameters while Lemma A.2 in

Moon and Perron (2004) shows that —>"" | Ef _1E17_1 converges in probability to Fw?.

Y1 Bl _AB;——

Tr Li=1 9,
Vei/2 '

Under PI(}%S’T or Pgﬁf’\ITIC, we can compute the asymptotic distribution of all possible

_ﬁT

Therefore, P, is asymptotically equivalent to P, =

linear combinations of P, and A, 7 by an application of Lemma 2.A.5. For all a, 8 in R,

we find, using a; n, 7 = Wit + B in Lemma 2.A.5,

O‘\/¢T

~ 4 2
aP, + BAnT i>N (O, (Oc2+045 2L +B2>> .

¢4

Thus, the Cramér-Wold theorem and the asymptotic equivalence of P, and Isa, yield, still

MP PANIC
under Pg, 7 or Pylnp-,

4
0 1 W
(Pa, Anr) —5 N < ) , _ Ve
0 1/ ;j? 1/2
Equivalently,

(Pa,log 732::;) 4N ( _th > (. 1 hl/;hqf
o 1 24,4
Applying Le Cam’s third lemma, we obtain P, N (h\/%, 1) under P'Y 1 or P}?j’;ﬁ%c.
Part B: As far as t, is concerned, we recall that t, is adaptive with respect to the
estimation of nuisance parameters (see proofs of Theorem 2a) and b) in Moon and Perron
(2004)) and that —r S, Y/, 1Q,Y.+—1 converges in probability to 1w? under Py'Y ;.

Thus, t, is asymptotically equivalent to

: ﬁ S Y QAAY 1 — /Y 6y

c Vor/2

Moreover, we have

T T
1 1
W E YttQAAY,t—l = W E E{,tQAAE~,t—1
t=1 t=1
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T T
1 1 _
=T S ELAE 1 - NGis Y ELANA)TIAAE
t=1 t=1

1
= — Z E—l,iAEi 4 Op(].),
VT =
where the last equality follows from the proof of Lemma 2 c) in Moon and Perron (2004).
Therefore, t, is asymptotically equivalent to P,. Thus, following the same steps as in Part A,

d 4
we find t, — N (h 25T 1) under P)'T - or P}ANC. -

2.B Additional Monte-Carlo Results

In this supplement we present sizes and powers for additional DGPs and additional long-run
variance estimates. The first subsection provides sizes and powers for additional DGPs. In
the second subsection, we consider the same DGPs as in Sections 2.B.1 and 2.5, but with
long-run variances estimated using the Newey and West (1994) bandwidth.

Tables 2.4-2.6 are analogous to Tables 2.1-2.3. Figures 2.11-2.19 are analogous to
Figures 2.1-2.3 and 2.5-2.10. In general, the sizes for the MA case are slightly better
controlled with the Newey and West (1994) bandwidth, at the expense of slightly lower

power for small sample sizes.

2.B.1 Sizes and Powers in Additional DGPs

First, Figures 2.5 and 2.6 consider the powers in the presence of MA and AR serial correlation,
respectively. The results are similar to those for i.i.d innovations. Figure 2.7 shows the
results when the factor innovations are overdifferenced, i.e., the factor is stationary under
the hypothesis. The powers appear to be unaffected. Figure 2.8 considers the case of
the dependence being generated by three factors, with the corresponding sizes reported in
Table 2.2. For very small sample sizes, powers of both tests are affected, but generally the
results are similar also here.

We now consider deviations from our assumptions. Figure 2.9 reports the size-corrected

powers of our tests against heterogeneous alternatives of the form

hU;

where the U; are i.i.d. random variables with mean one. We draw the U; from a Uni-
form(0.2,1.8) distribution. Once again, the finite-sample behaviour does not appear to be
affected significantly, for both small and large samples.

Finally, we consider non-Gaussian innovations. Figure 2.10 reports size corrected pow-
ers with the innovations drawn from a ¢ distribution with five degrees of freedom. The

corresponding sizes are reported in Table 2.3. Also here, the conclusions remain the same.
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Figure 2.5: Size-corrected power of unit-root tests as a function of —h for
varying sample sizes in the PANIC framework with MA factor innovations and
MA idiosyncratic parts and y/w*/¢* = 0.8. Based on 100 000 replications.
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Figure 2.6: Size-corrected power of unit-root tests as a function of —h for
varying sample sizes in the PANIC framework with AR factor innovations and
AR idiosyncratic parts and /w?*/¢* = 0.8. Based on 100000 replications.
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Figure 2.7: Size-corrected power of unit-root tests as a function of —h for
varying sample sizes in the PANIC framework with overdifferenced i.i.d. factor
innovations and i.i.d. idiosyncratic parts and \/W = 0.8. The factor is
stationary. Based on 100000 replications.
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Figure 2.8: Size-corrected power of unit-root tests as a function of —h for
varying sample sizes in the PANIC framework with i.i.d. factor innovations
and i.i.d. idiosyncratic parts and \/W = 0.8. Dependence based on three
factors. Based on 100000 replications.
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Figure 2.9: Size-corrected power of unit-root tests as a function of —h for
varying sample sizes in the PANIC framework with i.i.d. factor innovations
and i.i.d. idiosyncratic parts and \/W = 0.8. Alternatives drawn from a
Uniform(0.2,1.8) distribution. Based on 100000 replications.
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Figure 2.10: Size-corrected power of unit-root tests as a function of —h for
varying sample sizes in the PANIC framework with i.i.d. factor innovations
and i.i.d. idiosyncratic parts and \/W = 0.8. Innovations drawn from a t5
distribution. Note that the power envelopes refer to the Gaussian experiment.
Based on 100000 replications.
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iid. AR(1) MA(1)
n T Vwt/¢t tump  tump  Bb tump  tume B tump  tune B
25 25 0.6 0.8 3.9 5.9 4.6 10.5 9.5 3.9 108 9.6
25 50 0.6 1.4 5.7 6.6 3.1 8.2 6.4 4.2 12.0 9.4
25 100 0.6 1.8 6.5 7.1 3.5 9.3 6.5 5.1 13.7 9.9
50 50 0.6 1.7 4.4 4.7 4.8 8.2 5.6 6.8 12.9 8.4
50 100 0.6 2.1 5.1 5.1 4.3 8.0 4.8 7.4 14.0 8.4
50 200 0.6 2.4 5.5 5.4 4.6 8.5 5.0 6.4 11.9 7.3
100 100 0.6 2.9 5.0 4.6 5.4 7.8 4.7 11.3  16.6 9.3
100 200 0.6 3.1 5.2 4.8 5.0 7.4 4.5 8.5 12.5 7.4
100 400 0.6 3.3 5.3 5.0 5.7 8.3 4.9 6.0 8.9 5.7
25 25 0.8 1.0 3.7 5.2 4.9 9.8 9.6 4.1 10.0 9.5
25 50 0.8 1.9 5.7 6.0 2.8 6.7 6.0 4.0 10.1 9.0
25 100 0.8 2.5 6.6 6.6 2.9 7.0 6.0 4.7 11.1 9.5
50 50 0.8 2.4 5.0 5.0 4.5 7.1 6.5 6.7 114 9.9
50 100 0.8 3.0 5.6 5.5 3.6 6.2 5.3 6.8 11.7 9.6
50 200 0.8 3.3 6.0 5.8 3.7 6.3 5.3 5.7 9.7 8.1
100 100 0.8 3.6 5.4 5.0 4.6 6.3 5.7 10.2 14.2 11.6
100 200 0.8 3.8 5.6 5.3 4.0 5.6 5.0 74 104 8.6
100 400 0.8 3.9 5.6 5.4 4.4 6.2 5.4 5.2 7.3 6.4
25 25 1.0 1.2 4.0 5.2 5.1 9.6 10.2 4.4 9.8 10.1
25 50 1.0 2.4 6.0 6.1 2.8 6.2 6.3 4.1 9.6 9.5
25 100 1.0 3.1 7.0 6.8 2.8 6.2 6.1 4.8 104 10.1
50 50 1.0 2.9 5.3 5.4 4.5 6.8 7.7 6.6 109 11.5
50 100 1.0 3.4 5.9 5.7 3.4 5.6 5.8 6.7 109 109
50 200 1.0 3.8 6.2 6.1 3.4 5.5 5.6 5.6 9.0 8.9
100 100 1.0 3.9 5.6 5.3 4.4 5.9 6.6 99 13.6 139
100 200 1.0 4.1 5.7 5.5 3.7 5.1 5.4 7.2 9.9 9.9
100 400 1.0 4.2 5.8 5.7 4.1 5.6 5.7 5.0 6.8 6.8
Mean abs. dev. from 5% 2.3 08 06 1.0 2.2 1.2 1.7 6.1 4.2

Table 2.2: Sizes (in percent) of nominal 5% level tests with no heterogeneity in
the alternatives. Based on 1000000 replications. Andrews Bandwidth, three

factors.
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iid. AR(1) MA(1)
n T NZors tume  tonp P tume  tone P tump  tone P
25 25 0.6 0.7 2.9 3.3 2.0 4.9 4.6 2.3 7.2 5.9
25 50 0.6 1.4 4.7 4.2 1.8 5.0 3.7 3.2 9.1 6.4
25 100 0.6 1.8 5.5 4.7 2.3 6.1 4.2 3.9 10.1 6.8
50 50 0.6 2.0 4.3 3.7 2.6 4.6 3.6 5.3 10.0 6.8
50 100 0.6 2.6 5.1 4.3 2.9 5.3 3.8 6.1 10.9 7.0
50 200 0.6 2.9 5.4 4.5 3.4 5.9 4.1 5.3 9.2 6.1
100 100 0.6 3.2 5.0 4.2 3.3 4.9 3.8 9.1 13.2 8.2
100 200 0.6 3.6 5.3 4.4 3.6 5.3 4.0 6.9 9.9 6.7
100 400 0.6 3.7 5.4 4.6 4.4 6.2 4.5 4.9 7.1 5.2
25 25 0.8 0.9 3.1 3.5 2.0 4.5 4.9 2.4 6.8 6.5
25 50 0.8 1.8 5.0 4.6 1.7 4.5 4.1 3.1 8.3 7.2
25 100 0.8 2.3 5.9 5.2 2.2 5.3 4.6 3.9 9.3 7.7
50 50 0.8 2.3 4.6 4.2 2.4 4.2 4.3 5.2 9.4 8.3
50 100 0.8 3.0 5.4 4.8 2.6 4.7 4.3 5.9 10.1 8.5
50 200 0.8 3.3 5.7 5.2 3.0 5.2 4.7 5.0 8.4 7.2
100 100 0.8 3.5 5.2 4.7 3.1 4.4 4.4 8.7 124 104
100 200 0.8 3.8 5.5 5.0 3.3 4.7 4.5 6.6 9.3 7.9
100 400 0.8 3.9 5.5 5.1 3.9 5.5 5.0 4.7 6.5 5.9
25 25 1.0 1.0 3.3 3.8 2.0 4.4 5.6 2.5 6.7 7.3
25 50 1.0 2.0 5.2 5.1 1.7 4.2 4.5 3.3 8.1 8.2
25 100 1.0 2.6 6.0 5.8 2.2 5.1 5.1 3.9 9.0 8.9
50 50 1.0 2.5 4.7 4.6 2.4 4.1 5.0 5.1 9.1 10.0
50 100 1.0 3.1 5.4 5.2 2.6 4.4 4.8 5.8 9.9 10.0
50 200 1.0 3.5 5.8 5.6 3.0 5.0 5.2 4.9 8.1 8.1
100 100 1.0 3.6 5.3 4.9 3.0 4.3 5.0 8.6 12.1  12.6
100 200 1.0 3.9 5.5 5.2 3.2 4.6 4.9 6.4 9.0 9.0
100 400 1.0 4.1 5.6 5.5 3.8 5.3 5.4 4.6 6.3 6.4
Mean abs. dev. from 5% 2.3 0.6 0.6 2.2 0.5 0.6 1.4 4.1 2.8

Table 2.3: Sizes (in percent) of nominal 5% level tests with no heterogeneity
Andrews Bandwidth,

in the alternatives.

Based on 1000000 replications.

t-distribution with five degrees of freedom.
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2.B.2 Finite-Sample Results with the Newey and West (1994)
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Figure 2.11: Difference between powers in the MP vs the PANIC framework
as a function of —h with i.i.d. factor innovations and i.i.d. idiosyncratic parts
and /w?*/¢* = 0.8. Based on 1000000 replications.
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Figure 2.12: Size-corrected power of unit-root tests as a function of —h for
varying sample sizes in the PANIC framework with i.i.d. factor innovations and
i.i.d. idiosyncratic parts and y/w*/¢* = 0.8. Based on 100000 replications.
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Figure 2.13: (Size-corrected) power gains from using ¢{}\jp over P for varying
values of y/w*/¢* and sample sizes in the PANIC framework with i.i.d. factor

innovations and i.i.d. idiosyncratic parts. Based on 0 replications.
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Figure 2.14: Size-corrected power of unit-root tests as a function of —h for
varying sample sizes in the PANIC framework with MA factor innovations and
MA idiosyncratic parts and y/w*/¢* = 0.8. Based on 100 000 replications.
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Figure 2.15: Size-corrected power of unit-root tests as a function of —h for
varying sample sizes in the PANIC framework with AR factor innovations and
AR idiosyncratic parts and \/w?*/¢* = 0.8. Based on 100000 replications.
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Figure 2.16: Size-corrected power of unit-root tests as a function of —h for
varying sample sizes in the PANIC framework with overdifferenced i.i.d. factor
innovations and i.i.d. idiosyncratic parts and \/w*/¢* = 0.8. Based on 100 000

replications.
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Figure 2.17: Size-corrected power of unit-root tests as a function of —h for
varying sample sizes in the PANIC framework with i.i.d. factor innovations
and i.i.d. idiosyncratic parts and \/W = 0.8. Dependence based on three
factors. Based on 100 000 replications.
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Figure 2.18: Size-corrected power of unit-root tests as a function of —h for
varying sample sizes in the PANIC framework with i.i.d. factor innovations
and i.i.d. idiosyncratic parts and \/W = 0.8. Alternatives drawn from a
Uniform(0.2,1.8) distribution. Based on 100000 replications.
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Figure 2.19: Size-corrected power of unit-root tests as a function of —h for
varying sample sizes in the PANIC framework with i.i.d. factor innovations and
i.i.d. idiosyncratic parts and y/w*/¢* = 0.8. Based on 100000 replications.
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iid. AR(1) MA(1)
n T Vwt/ot tump  tonp Db tump  tonp Db tump  tump B
25 25 0.6 0.3 1.2 1.5 1.3 3.4 3.6 1.0 3.3 3.6
25 50 0.6 0.6 2.5 2.3 1.4 4.2 3.1 1.3 4.1 3.3
25 100 0.6 1.3 4.2 3.6 2.3 6.0 4.0 2.2 6.3 4.4
50 50 0.6 0.9 2.1 1.9 2.1 3.9 3.0 1.9 3.8 3.1
50 100 0.6 1.9 3.8 3.1 2.9 5.3 3.6 3.1 6.0 4.2
50 200 0.6 2.4 4.6 3.7 3.4 6.0 3.9 2.8 5.1 3.6
100 100 0.6 2.3 3.7 2.8 3.4 5.1 3.6 4.1 6.1 4.3
100 200 0.6 2.9 4.4 3.5 3.8 5.5 3.8 3.2 4.7 3.4
100 400 0.6 3.2 4.8 3.9 4.2 6.0 4.1 3.1 4.6 3.5
25 25 0.8 0.4 1.3 1.7 1.4 3.2 4.1 1.1 3.2 4.1
25 50 0.8 0.9 2.8 2.6 14 3.7 3.4 14 3.9 3.7
25 100 0.8 1.7 4.6 4.0 2.1 5.3 4.4 2.3 5.9 5.0
50 50 0.8 1.2 24 2.1 2.0 3.6 3.6 1.9 3.7 3.7
50 100 0.8 2.2 4.2 3.4 2.6 4.7 4.1 3.1 5.6 4.8
50 200 0.8 2.8 4.9 4.2 3.1 5.3 4.4 2.7 4.7 4.0
100 100 0.8 2.6 3.9 3.0 3.2 4.6 4.2 4.0 5.8 5.1
100 200 0.8 3.2 4.6 3.8 3.5 4.9 4.2 3.0 4.4 3.7
100 400 0.8 3.5 5.0 4.3 3.9 5.4 4.6 3.0 4.3 3.8
25 25 1.0 0.5 1.5 1.9 1.4 3.3 4.8 1.1 3.2 4.5
25 50 1.0 1.1 3.0 2.9 1.4 3.6 3.9 14 3.9 4.2
25 100 1.0 2.0 4.8 4.5 2.1 5.0 4.9 2.4 5.7 5.6
50 50 1.0 1.3 2.5 2.2 2.0 3.5 4.2 2.0 3.6 4.4
50 100 1.0 2.4 4.2 3.7 2.6 4.5 4.6 3.1 5.5 5.4
50 200 1.0 2.9 5.0 4.4 3.0 5.0 4.8 2.8 4.7 4.4
100 100 1.0 2.7 4.0 3.1 3.1 4.4 4.7 3.9 5.7 5.7
100 200 1.0 3.3 4.8 3.9 3.4 4.8 4.5 3.0 4.3 3.9
100 400 1.0 3.7 5.1 4.5 3.8 5.3 4.9 3.0 4.2 3.9
Mean abs. dev. from 5% 3.0 1.3 1.8 2.4 0.7 0.9 2.5 0.9 0.9

Table 2.4: Sizes (in percent) of nominal 5% level tests with no heterogeneity

in the alternatives. Based on 1000000 replications. Newey Bandwidth.
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iid. AR(1) MA(1)
n T Vwt/t tump  tome P tump  tome P tump  toae P
25 25 0.6 0.5 1.5 3.3 3.0 7.2 7.9 1.6 5.0 6.3
25 50 0.6 0.6 2.6 4.2 2.4 6.7 5.6 1.6 5.6 5.5
25 100 0.6 1.1 4.7 5.7 3.4 9.1 6.2 2.9 8.7 6.9
50 50 0.6 0.6 1.7 2.6 3.9 6.8 4.8 2.4 5.0 4.3
50 100 0.6 1.3 3.5 3.8 4.2 7.9 4.6 3.7 7.6 5.1
50 200 0.6 1.8 4.4 4.4 4.6 8.6 4.7 3.3 6.6 4.4
100 100 0.6 1.9 3.4 3.2 5.5 7.9 4.5 5.0 7.8 4.9
100 200 0.6 2.4 4.1 3.8 5.2 7.7 4.2 3.7 5.8 3.8
100 400 0.6 2.8 4.6 4.2 5.7 8.3 4.5 3.7 5.7 3.8
25 25 0.8 0.5 1.5 2.8 3.2 6.9 8.1 1.8 4.6 6.2
25 50 0.8 0.8 2.8 3.6 2.2 5.5 5.2 1.6 4.7 5.0
25 100 0.8 1.8 5.1 5.2 2.8 6.9 5.8 2.8 7.0 6.3
50 50 0.8 1.0 2.3 2.6 3.7 5.9 5.6 2.5 4.7 4.9
50 100 0.8 2.1 4.2 4.0 3.6 6.2 5.1 3.6 6.4 5.6
50 200 0.8 2.7 5.0 4.7 3.7 6.4 5.0 3.1 5.5 4.6
100 100 0.8 2.5 3.9 3.3 4.7 6.5 5.4 4.7 6.9 5.8
100 200 0.8 3.1 4.7 4.0 4.1 5.9 4.7 3.3 4.9 4.0
100 400 0.8 3.5 5.0 4.5 4.3 6.1 4.9 3.3 4.7 4.0
25 25 1.0 0.7 1.7 2.7 3.4 6.8 8.7 1.9 4.7 6.6
25 50 1.0 1.1 3.2 3.6 2.2 5.1 5.4 1.8 4.6 5.2
25 100 1.0 2.3 5.5 5.3 2.7 6.2 5.9 2.9 6.7 6.6
50 50 1.0 1.3 2.7 2.7 3.7 5.7 6.6 2.6 4.6 5.6
50 100 1.0 2.6 4.5 4.0 3.4 5.6 5.6 3.5 6.1 6.1
50 200 1.0 3.2 5.4 4.8 3.4 5.6 5.3 3.1 5.1 4.8
100 100 1.0 2.9 4.2 3.4 4.5 6.1 6.3 4.7 6.6 6.6
100 200 1.0 3.4 4.9 4.1 3.8 5.3 5.0 3.3 4.7 4.3
100 400 1.0 3.8 5.3 4.7 4.0 5.5 5.2 3.2 4.4 4.1
Mean abs. dev. from 5% 3.1 1.3 1.2 1.3 1.6 0.8 2.0 1.0 0.8

Table 2.5: Sizes (in percent) of nominal 5% level tests with no heterogeneity
in the alternatives. Based on 1000000 replications. Newey Bandwidth, three

factors.
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iid. AR(1) MA(1)
n T NZors tume  tonp P tume  tone P tump  tone P
25 25 0.6 0.3 1.2 1.7 1.5 3.7 4.0 1.1 3.4 3.8
25 50 0.6 0.7 2.5 2.4 1.5 4.3 3.2 1.3 4.2 3.5
25 100 0.6 1.3 4.2 3.6 2.3 6.0 4.0 2.3 6.4 4.5
50 50 0.6 0.9 2.1 1.9 2.2 4.0 3.0 1.9 3.9 3.2
50 100 0.6 1.9 3.9 3.1 2.9 5.3 3.6 3.1 6.0 4.2
50 200 0.6 2.4 4.6 3.7 3.4 6.0 3.9 2.8 5.2 3.6
100 100 0.6 2.3 3.7 2.9 3.5 5.1 3.6 4.1 6.1 4.3
100 200 0.6 2.9 4.4 3.4 3.8 5.5 3.8 3.2 4.7 3.4
100 400 0.6 3.3 4.9 3.9 4.3 6.1 4.1 3.2 4.6 3.5
25 25 0.8 0.4 1.3 1.7 1.5 3.5 4.3 1.1 3.3 4.1
25 50 0.8 0.9 2.8 2.6 1.4 3.8 3.5 1.4 3.9 3.7
25 100 0.8 1.7 4.6 4.0 2.1 5.2 4.4 2.3 5.9 5.0
50 50 0.8 1.1 2.4 2.0 2.1 3.6 3.6 2.0 3.7 3.8
50 100 0.8 2.2 4.2 3.4 2.7 4.7 4.2 3.1 5.6 4.9
50 200 0.8 2.8 4.9 4.1 3.0 5.3 4.4 2.7 4.8 4.1
100 100 0.8 2.6 4.0 3.0 3.2 4.6 4.2 4.0 5.8 5.1
100 200 0.8 3.2 4.7 3.8 3.5 4.9 4.2 3.0 4.4 3.7
100 400 0.8 3.5 5.0 4.3 3.9 5.5 4.6 3.0 4.3 3.7
25 25 1.0 0.5 1.4 1.8 1.5 3.4 4.9 1.2 3.2 4.6
25 50 1.0 1.0 3.0 2.9 1.4 3.6 3.8 1.5 3.9 4.2
25 100 1.0 2.0 4.9 4.4 2.1 5.0 4.9 2.4 5.8 5.6
50 50 1.0 1.3 2.5 2.2 2.1 3.6 4.3 2.0 3.6 4.3
50 100 1.0 2.4 4.3 3.6 2.6 4.5 4.6 3.1 5.5 5.5
50 200 1.0 3.0 5.0 4.5 3.0 5.0 4.8 2.7 4.7 4.4
100 100 1.0 2.7 4.0 3.1 3.1 4.5 4.7 3.9 5.7 5.7
100 200 1.0 3.3 4.7 3.9 3.4 4.8 4.5 2.9 4.2 3.9
100 400 1.0 3.7 5.2 4.6 3.7 5.2 4.9 2.9 4.1 3.8
Mean abs. dev. from 5% 3.0 1.3 1.8 2.4 0.7 0.8 2.5 0.9 0.9

Table 2.6: Sizes (in percent) of nominal 5% level tests with no heterogeneity

in the alternatives.

Based on 1000000 replications. Newey Bandwidth, t¢-

distribution with five degrees of freedom.
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Chapter 3

Panel Unit-Root Tests Under

Cross-Sectional Cointegration'

Abstract

We study unit-root tests for unobserved common factors in large pan-
els. Recent panel unit-root tests typically allow for cross-sectional corre-
lation due to common unobserved factors. As originally proposed in Bai
and Ng (2004) (‘PANIC’), unit-root tests are applied separately to the
common factors and idiosyncratic deviations. While the testing problem
for the idiosyncratic parts is in many cases well-understood, the testing
problem for the factors has received much less attention. Bai and Ng
(2004) show that using principal component estimates in ADF tests does
not change their properties. We generalize this result to other unit-root
tests and other factor estimates, which can lead to higher finite sample
powers. In particular, we show that a Kalman smoother imposing the
null hypothesis to estimate the factors often has a simple closed-form so-
lution that avoids the computational issues usually associated with other
methods.

We also discuss the implications of including deterministic trends in
the factor equation, i.e., having factors with non-zero mean innovations.
This specification can be considered as an alternative to including individ-
ual deterministic trends for each unit. Although this leads to nontrivial

powers closer to the unit-root, we can again attain these powers based on

! Based on joint work with B.J.M. Werker.
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estimated factors. In particular, we propose tests based on simple cross-
sectional averages that are asymptotically uniformly most powerful. We
derive the properties of these unit-root tests in the presence of multiple
potentially cointegrated factors and show that they can be interpreted
as unit-root tests for the observations. The cross-sectional averaging ap-
proach can lead to higher powers than cointegration-rank based tests and

does not require pre-estimation of the total number of factors.

3.1 Introduction

For some years now, panel unit-root tests have been developed that are ro-
bust to cross-sectional correlation, see, e.g., Breitung and Pesaran (2008) for
a review. In the presence of strong cross-sectional correlation (i.e., when the
eigenvalues of the cross sectional covariance matrix are not bounded), this
is modeled by assuming a factor structure, see, for example, Bai and Ng
(2004), Breitung and Das (2007), Moon and Perron (2004), Pesaran (2007),
and Phillips and Sul (2003).2 The PANIC (Panel Analysis of Nonstationarity
in Idiosyncratic and Common components) approach of Bai and Ng (2004)
that tests separately for unit roots in common factors and idiosyncratic com-
ponents has become a frequently used method of conducting panel unit root
tests. Instead of a unit-root test for the observations, the two components are
tested separately for a unit root. This approach allows the common factos and
idiosyncratic parts to have different orders of integration.

The vast majority of follow-up papers have focused on the testing prob-
lem for the idiosyncratic components.? However, in many cases the testing

problem for the idiosyncratic parts is just as important. Firstly, this is the

2 Applications include O’Connell (1998), Papell (2006), and Silva, Hadri, and Tremayne
(2009).

A notable exception is the working paper Barigozzi and Trapani (2018), who consider
both the number of (nonstationary) factors and number of factors with deterministic
trends. However, their focus is different, as they attempt to consistently estimate
the number of factors under very general conditions. The cost of this is that they
do not consider local-to-unity specifications and thus cannot study systematically the

asymptotic local power of their tests.
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case whenever the main interest is the stationarity of the observations them-
selves and one does not assume that the factors and idiosyncratic parts are
either both stationary or both nonstationary*: When the idiosyncratic parts
are stationary, the stationarity of the common factor determines the long-run
behavior of the observations. For example, when the variable of interest is to
be used in a regression setting, rejecting a unit-root in the idiosyncratic parts
is not sufficient to avoid spurious regression issues — unless nonstationarity
in the other variables is exclusively due to the same nonstationary common
factor.

Secondly, one may be directly interested in the source of potential non-
stationarity, i.e., whether the factors, the idiosyncratic parts, or both are sta-
tionary. This may change the interpretation of the results. For example, if
one were to find that all non-stationarity in stock prices comes from common
factors, this may signal inefficient markets despite the stock prices being non-
stationary. Thus, the problem of testing the factors for a unit root has to
be solved as well, in particular when the idiosyncratic parts turn out to be
stationary. Providing a better understanding of this unit-root testing problem
for the unobserved factors is the goal of this chapter.

Our first contribution is to show that in many cases estimated factors can
be inserted into univariate unit-root tests without their asymptotic power be-

ing affected. In Section 3.3 we consider unit-root tests for the common factors

4 Some unit-root tests have been developed for the observations, however, Breitung and

Das (2007) show that when these tests are evaluated under DGPs where the order of
integration of the factors differs from that of the idiosyncratic parts, these tests do not
attain close to nominal size even in large samples. As shown by Wichert et al. (2019),
this is due to the fact that the Moon and Perron (2004) tests are equivalent to the tests
that only test the idiosyncratic components. Consider the case of a dependent panel
with a common stochastic trend but stationary idiosyncratic component. In this case,
the observations for each panel unit are nonstationary. However, the commonly used
panel unit-root tests would falsely reject, as they implicitly test only for a unit root
in the idiosyncratic components. On the other hand, a unit-root test that is robust to
this cross-sectional cointegration would essentially boil down to a unit root test for the
common factor, as this testing problem is harder. Based on the commonly employed
tests for the factors, this would negate many of the power gains that one sought out

panel data for in the first place.
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in the original PANIC setup, i.e., the setup most commonly used in practice.
In the single factor case, when principal component factor estimates based on
first-differenced observations are inserted into ADF statistics, their asymptotic
distribution (and thus power) is the same as when based on observed factors.
This was shown when the PANIC approach was originally introduced in Bai
and Ng (2004). We generalize this result to likelihood-based unit-root tests
such as the commonly used Elliott, Rothenberg, and Stock (1996) tests and
other factor estimates, for example principal components estimated in levels
as proposed in Bai (2004) and generalized principal components as in Choi
(2017). These alternative approaches are attractive, as ADF tests require ad-
hoc specifications of lag length and, if the idiosyncratic components are known
to be stationary, differencing makes the principal component estimates less ef-
ficient.> Moreover, when the factor estimates are to be used for a unit-root
test, one can impose the unit-root in the estimation stage. We show that a
Kalman smoother that takes into account the joint distribution of the factors
and the observations under the null hypothesis also leads to correct asymptotic
sizes and powers. This can be exploited for finite-sample gains, but also in
iterative procedures to directly identify the factor of interest. We also develop
a computationally simple closed-form solution of the Kalman smoother and
relate it to existing factor estimates.

Our second contribution, in Section 3.4, reconsiders the unit-root testing
problem for the factors, but with non-zero mean factor innovations, i.e., de-
terministic trends in the factors. Throughout the unit-root literature, various
specifications with regards to how deterministic trends, regressors, and unob-

served factors enter have been considered. As mentioned earlier, we consider

In practice, of course one does not know the true DGP. However, the unit root tests
for the factors considered here will have power in T~ ' neighbourhoods of the unit

—1/2 or T—ln—1/4

root, whereas tests for the idiosyncratic parts have power in T 'n
neighbourhoods around unity. Thus, for testing the factors for a unit root, the order of
integration of the idiosyncratic parts can be considered as known and this knowledge
can be exploited to obtain better factor unit-root tests. Moreover, Banerjee, Marcellino,
and Masten (2017) argues that for most economic time series the idiosyncratic parts

are likely to be stationary.
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only a component specification for the factors, as the testing problem with
a factor structure in the innovation is well understood. However, we pay at-
tention to the role of deterministic trends and regressors entering either in a
component specification or as part of the innovations in the factor specifica-
tion. Allowing for deterministic trends is important in many applications of
unit-root tests. However, specifying individual-specific trends greatly reduces
the power of panel unit root tests: Instead of T~ n~1/2 neighbourhoods of the
unit root, testing with idiosyncratic trends leads to power only in T 'n~=1/4
neighbourhoods, see Moon, Perron, and Phillips (2007). Depending on the ap-
plication and the hypothesis of interest, specifying trends in the factor equation
can be an attractive alternative that suits the data.

With observed factors, the deterministic trend in the factor equation would
lead to sizeable power gains, see Hallin, Van den Akker, and Werker (2011,
2016), who obtain power in T —3/2 neighbourhoods of the unit root. We show
that even with unobserved factors the gains due to nonzero-mean innova-
tions in the factor equation can be fully realized. First, we show that simple
cross-section averages can successfully estimate factors that have determin-
istic trends. Moreover, we do not only consider a single factor, but discuss
what exactly is estimated by cross-section averages in the presence of multi-
ple potentially cointegrated factors. In particular, we show that if the factors
are estimated using cross-sectional averages, the asymptotic size and power
of our unit root tests are unaffected when additional stationary factors are
present. Also, enlarging our null hypothesis to allow for more than one com-
mon stochastic trend does not lead to any size distortions and, as expected,
has a positive effect on the attainable local asymptotic powers.

Often, the most relevant question will be whether the observations are
stationary or not, rather than what the exact number of common stochastic
trends will be. We propose tests that nearly attain the power envelope for
the unit root testing problem and have correct size also if there are multiple
stochastic trends present. These tests have more power than the cointegration

tests previously considered, and, importantly, they do not require estimation
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of the number of factors.”

The chapter is structured as follows: Section 3.2 introduces the basic setup
and issues common to all specifications. Section 3.3 discusses alternative unit-
root tests in the most frequently considered model with zero-mean innovations
and Section 3.4 considers deterministic trends in the factor equation. Sec-
tion 3.5 presents simulation results for all specifications. Proofs are relegated
to Section 3.A.

3.2 Setup

Throughout this chapter, we consider the factor model of Bai and Ng (2004),

T
Yie =Y Bt + Eit, (3.1)
k=1
Ey = peEii—1 + i, (3.2)
Frt = piFri—1 + i + fres (3.3)

with Ag; the loading of the (unobserved) factor {Fj;} on panel unit 7, and
r € IN being the fixed and known number of factors. The {n;:} and {fi:} are
zero-mean idiosyncratic and common shocks, respectively. For both the factors
and idiosyncratic parts we assume zero starting values. For ease of notation
suppose that 1 > p; > po > --- > p, > 0. Our starting point is the most
commonly found framework where 1, = 0, i.e., the factor innovations have zero
mean. We consider the null hypothesis p; = 1, with alternatives p; =1+ %,
and v € {1,3/2} depending on whether the factors contain a deterministic
trend, i.e., on whether p1 # 0. In case no trend is specified, v = 1 implies
alternatives contiguous to the null hypothesis, see Proposition 3.3.1. With a
possible deterministic trend we have power even at v = 3/2, see Theorem 3.4.1.
Throughout, we consider large panels in the sense that both n and T go to

infinity. This is standard in this literature. We require n-asymptotics in order

6 These are typically selected based on information criteria, see, for example Bai and Ng

(2002). However, it is known that in finite samples these often select the maximum

number of factors and can thus be of limited use in practice.
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to successfully estimate the unobserved common factors. Thus n — oo is
assumed although n does not appear in the local alternatives — after all one
cannot do better than the observed-factor benchmark.

Collect the panel units in the T x n matrices Y, E, and n. Also, write
Y;, E;, and n; for their ith columns, respectively. Introduce the n x r ma-
trix A to contain the factor loadings A;; and write Ay = (A1 g, ..., A i)
Let Fy, = {Fk’t}thl and define f; analogously. Finally, collect the factors
in F = (F,...,F.) and f = (f1,...,fr). Also, denote by F_; and Fq,
(Fo,...,Fr_1)" and (FO, . AT,l)’, respectively. Note that with this nota-
tion, we have Y = FA' + E. The T x T covariance matrices of f, 7;, are
denoted by ¥y and X, ;, respectively, with long-run variances w]%, wfm and
autocovariance functions v and ~;, respectively.

For a matrix A, let || Al » denote its Frobenius norm and || 4|, its spectral

spec
norm. By — we denote convergence, of real-valued sequencez, = denotes
convergence in distribution, and (n,T" — o0) refers to n and T' going to infinity
jointly as in Phillips and Moon (1999).

For now, we make no assumptions on the idiosyncratic parts n, but instead
assume the existence of certain estimates of F7; that are available under vari-
ous conditions on 7. We first establish a sufficient condition for the estimated
factors to yield adaptive likelihood-ratio tests. Later, we show that several
factor estimates available in the literature satisfy this condition. To enable us

to write out likelihood ratios we impose the following assumption.

Assumption 3.1 The factor innovations fi, are a stationary Gaussian time-
series with mean zero and variance one, independent of the idiosyncratic parts

n and satisfying > o (|m| + 1)y,(m) < oo.

The zero mean assumption will be relaxed in the next section and the unit
variance is necessary for identification; it allows us to estimate the factor up to
its sign. The normality assumption could probably be relaxed at the expense
of slightly more complicated likelihood ratios (as in Jansson (2008)), but is in
line with the literature on panel unit-root tests even in much simpler settings.

We also impose the standard assumption of strong factors.
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Assumption 3.2 The factors are strong, i.e., there exists a positive definite

matriz W such that lim,, oo %A’A — W,

3.3 Likelihood-Based Tests and Varying Factor Es-

timates

The goal of this section is to illustrate some features of the likelihood ratio
in the experiment where ui = 0. In a simple setting, we formally show that
panel unit-root tests that are robust to cross-sectional cointegration, can (only)
have power in 7! neighbourhoods of the unit-root. This is one motivation
for considering an alternative framework in Section 3.4.

The case of pg = 0 is the case most commonly encountered in the literature
and originally proposed by Bai and Ng (2004). In case of a single factor, they
show that after estimating the factor by principal components these can be
used in ADF tests as if the factor was observed. We start by generalizing these
results to likelihood-based test statistics and various factor estimates.

In the spirit of applying existing unit-root tests to estimated factors, we
first consider the experiment where both Y and F' are observed and recall the

local likelihood ratio. We consider local alternatives of the form
h
pP1,T = 1+T7h€ R_ (34)

and rephrase our hypotheses as Hy: h=0vs. Hy : h <0. Let P}Ln,T be the
joint law of Y and F under (3.1)—(3.4), write P}, ,, 7 for the marginal law of YV’
and Ph,T for the marginal law of F. Like the existing results for ADF tests,
we restrict ourselves to the single factor case in this section. When multiple
factors are present, typically cointegration-based methods are employed that
are beyond the scope of this chapter. However, we show in Sections 3.4.2
and 3.4.3 that such an approach is not necessary for factors with deterministic
trends as the distribution of our proposed test statistics does not change when

additional stationary factors are present.

Assumption 3.3 We have a single factor (r = 1) with unit variance and

/1,1:0.
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Writing out a local likelihood ratio in the experiment where both Y and F' are

observed yields, under Assumptions 3.1 and 3.2,

dPp 1
log —="L — _pS; — —h2Hy, (3.5)
dPon,T 2
with
1 ~ 1 _
Sp = AF'SF Ly and Hy = 5 F/ S . (3.6)

As expected, if the factor is observed there is no additional information
in Y, i.e., this is the same likelihood ratio as for only observing F' and F

constitutes a sufficient statistic in this experiment.

APy 7 _ AP, 7
dPonr dPor

This allows us to use the well-known results for the first-order autoregression,

where W is a standard Brownian Motion, see, e.g., Elliott, Rothenberg, and
Stock (1996). It turns out that given sufficiently good estimates Fl,t of the
factor, replacing Fi; by Fl,t in (3.6) leads to an asymptotically negligible
difference between (S, Hr) and the estimated counterparts. We now show
under which conditions S and Hp can be approximated based on observing
Y alone. This enables likelihood-based inference for the unobserved factor.
We first establish a sufficient condition for the estimated factor to yield adap-
tive likelihood-ratio tests. In Sections 3.3.1-3.3.4 we show that several factor

estimates available in the literature satisfy this condition.

Proposition 3.3.1 Let FM satisfy

T

1 ~
MSET = T Z(Flﬂf — Rn’TFlyt)Q :Opo,n,T(l) (38)
t=1

for some Ry, 7 satisfying || Ry 7| = Oﬁ’o,n,T(l) and HRT_LIT'HF = Oﬁ’o,n,T(l)’ and

assume {F%/T}TGN 1s uniformly integrable. Let cDJQ[ be a consistent estimator
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of the long-run variance of AF and define Sr and Hr analogous to (3.6) by

>
~

T
N 1 A oA 5f
St = EAFF_—— dH_ 3.9
T ltltla)an T 1t17 ()

t=2 / t:2

. 2_ SN
where dy = —L L Then, under Assumptions 3.1-3.3, (St, Hp) = (St, Hr) +
OP;L,n,T(l) as (n,T — o0).

The proof is provided in Section 3.A.1. Note that as we have normalized the

factor innovations to have unit variance and d; approximates the one-sided
2

long-run variance § = i
Remark 3.3.1 We use joint convergence as in Phillips and Moon (1999),
where both n and T go to infinity together without any particular relation
between the two; in this section we also do not require any restrictions on the
rates. These joint limits also imply sequential ones, but restricting ourselves
to sequential results would in our case entail potentially misleading results:
When first n — oo then T — oo, we would conclude that any test statistic is
adaptive, as long as we plug in a factor estimate that is consistent for large

n. Therefore, the additional requirements of joint asymptotics are essential in

this problem.

Remark 3.3.2 Bai and Ng (2002) remark that for estimating the number of
factors, it is the ‘average convergence’ of the factor estimates as in (3.8) that
is needed, rather than uniform convergence. Proposition 3.3.1 implies that, for

a given factor, the same remark applies to judging its stationarity.

Certainly, not observing the factor cannot make the testing problem easier.
Also, note that neither does observing Y in addition to F', since the likelihood
ratios are the same. So, not surprisingly, the power envelope for the univariate
testing problem derived in Elliott, Rothenberg, and Stock (1996) is an upper
bound for testing an unobserved factor for stationarity. It is also attainable in
the same way as in the univariate case. Firstly, it is attainable pointwise: in
the model with an observed factor, the Neyman-Pearson Lemma applies (see
Elliott, Rothenberg, and Stock (1996)), so that likelihood-ratio tests are most
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powerful against specific alternatives. Therefore, against specific alternatives,
we can construct tests with the same asymptotic power without observed
factors.

It is well-known that no UMP tests exist, see e.g. Jeganathan (1995).
However, in the univariate setup, ‘nearly efficient’ tests in the sense that their
power is very close to the power envelope, have been suggested. Among these
are the pp tests from Elliott, Rothenberg, and Stock (1996), but also, for
example, the likelihood-ratio tests Jansson and Nielsen (2012). Also these
tests can be adapted based on (3.8).

Different factor estimates have been shown to satisfy Condition (3.8) under
a variety of assumptions. In particular, Bai (2004) shows it is satisfied for
the principal component estimator, Bai and Ng (2004) show it is satisfied
for principal components estimated in differences and Choi (2017) shows it is
satisfied for a generalized principal component estimator. We proceed to recall

these results and demonstrate their compatibility with our assumptions.”

3.3.1 Level Principal Components

To successfully estimate the factor using principal components estimated in
levels,® we need to assume that |pg| < 1, i.e., we have stationary idiosyncratic
parts; see Onatski and Wang (2019) for a discussion on the problems of level
principal components in combination with integrated idiosyncratic parts. Bai
(2004) discusses in detail the properties of level principal component estimators
in large panels with nonstationary factors. Lemma 1 in that paper states that
MSEr = Op, (W), implying (3.8). In Bai (2004) these are shown
under four assumptions, A—D. Assumption A is indeed satisfied in our setup
thanks to Assumption 3.1: The first part (moments of the factor innovation)
is trivially satisfied due to the normality assumption. Part two just states

the convergence of Hy which is certainly satisfied under Assumption 3.1, with

In the below we focus on verifying (3.8) for the existing factor estimates. To formally ap-
ply Proposition 3.3.1 to these estimates one should also verify the uniform integrability

requirement.

That is, based on the estimated covariance matrix of Y rather than AY'.
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Quy = 1. Similarly, the law of iterated logarithm is standard here. Part four
is also satisfied easily, since F'; o = 0. Assumption B-D in Bai (2004) need to

be imposed; they concern only factor loadings and idiosyncratic errors.

3.3.2 Generalized Principal Components

Choi (2017) introduces generalized principal components for nonstationary
factors. These generalized principal components take the heteroskedasticity
of the idiosyncratic parts into account and can thus be more efficient. Our
condition (3.8) is verified in Lemma A.1 in the appendix to Choi (2017); it
states the same as the result in Bai (2004). The assumptions on both the
idiosyncratic errors and the f; are high level but examples are given. Assump-
tion 1 concerns the idiosyncratic innovations and needs to be imposed, as do
Assumptions 2(i) to 2(iii), which concern the factor loadings. The functional
central limit theorem in Assumption 2(iv) holds with ®r = 1 based on our
Assumption 3.1. Assumption 3(i) and 3(ii)(a) also concern the idiosyncratic

parts.

3.3.3 Difference Principal Components

Difference principal components proceed by estimating AF based on the esti-
mated covariance matrix of AY and taking cumulative sums. Our condition
in (3.8) is stated in levels, making it hard to verify for factor estimates that
are based on differences. However, the only such factor estimate we are aware
of are the difference principal components suggested in Bai and Ng (2004)
and the two conclusions of Proposition 3.3.1 regarding Sr and Hp are veri-
fied therein as Lemma B.(iv) and Lemma B.(ii), respectively. Therefore, our
conclusions concerning power envelopes and point-optimal tests apply also to

difference principal components, under the assumptions of Bai and Ng (2004).

3.3.4 The Kalman smoother

Recently, methods that use the time-series properties of the data in addition to
postulated cross-sectional correlation structure have been developed, see, for

example Doz, Giannone, and Reichlin (2011) and Poncela, Ruiz, and Miranda
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(2020). As we are interested in the unit-root testing problem, and thus know
the time-series properties of the factor under the hypothesis, the use of these
methods is particularly appropriate. A popular approach for this is to employ
the ‘Kalman smoother’ factor estimate, which is given by FXS = E[F}|Y], i.e.,
the expectation of the factor given all observations Y, i =1,...n,t=1,...T.

As common in this literature, we now also require Gaussianity of the factor
innovations. Moreover, we focus on the case where the nT x nl" covariance
matrix of the innovations 7 can be written as a Kronecker-product, i.e., each
panel unit may have a different (long-run) variance, as long as the correlation
structure is the same across panel units. We focus on the case pg = 0; the
theory for nonstationary idiosyncratic parts could be developed analogously.
Moreover, we impose the hypothesis of an integrated factor. Recall that (3.8)
only concerns the behavior under the null hypothesis; convergence to zero

under local alternatives is then implied by contiguity.

Assumption 3.4 The idiosyncratic innovations n are normally distributed
with mean zero and covariance matriz 2, ® ¥,, where Q,, is a diagonal matriz
whose diagonal entries are bounded and bounded away from zero and ¥, is a
covariance matrix of a stationary time series with summable autocorrelations.
The factor innovations f are normally distributed with mean zero and covari-
ance matriz Xy with spectral density bounded and bounded away from zero.

Finally, pp = 0.

Under Assumption 3.4, we can rewrite the desired conditional expectation as
FES = E[R|Y] = Spy Syt vee(Y), (3.10)

where Y gy is the T' x nT' ‘cross-covariance matrix’ of Fy and Y, that is
(EF’Y)tV(Z‘_l)T_;'_S = Cov(F14,Ys). To our knowledge, the Kalman smoother
has not been studied in the presence of nonstationary factors. However, in
the case of equal correlation structure among the idiosyncratic errors, it is
relatively straightforward to obtain condition (3.8). The key insight is that
the inverse nT x nT" covariance matrix of Y does not have to be computed, as
for the Kalman smoother we only need the inverse premultiplied by ¥y . Let

A denote a cumulative sum operator, a T x T matrix with ones on and below
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the diagonal and zeros on and above, so that F = AAF. More explicitly, we

have?
FES = (N @ Ax A )W @ A A" +Q, @ %,) Hvec(Y) (3.11)
~ ~ —1
(AxpA) ! 1A
=(Ir+%,~———] YQ . 3.12
(T TN, A TN, A (3.12)

This insight has three main consequences. First, it greatly reduces the com-
putational burden when implementing the Kalman smoother. Often, the
Kalman smoother is employed in an iterative procedure to jointly estimate
other nuisance parameters. However, repeatedly computing the nT" x nT in-
verse is computationally prohibitive. (3.12), on the other hand, only involves
a T x T inverse. Second, the formulation disentangles the cross-sectional
and time-series manipulation of the observations, aiding interpretation of the
procedure. Indeed, with i.i.d. innovations and homoskedasticity, FES —
(IT + (Af/l;_l ) ~ foLs , where FOLS ig the estimate of a least squares regres-

sion of Y on A. As expected, the Kalman smoother leaves intact the cross-

sectional correlation structure of principal components/OLS, but re-weighs
the estimates in the time direction. In the more general case, we can similarly

relate the Kalman smoother estimate to a GLS estimate, i.e.,

- -1
- A¥ AN .
FES — |14+ ¥% (A% FGLS
( T o, T
Note that with unobserved factor loadings, the GLS estimate corresponds to
the Generalized Principal Components estimate of Section 3.3.2. This insight
also allows a relatively straightforward proof of the following proposition, im-

plying that the Kalman smoother can be used for panel unit-root tests.

Proposition 3.3.2 Let (A\,AF) be GPC estimates of (\, F) and let f]f, 2777

and Qn be consistent estimators of X¢, ¥y, and ), respectively. Let FES —

Ir 4 S, SR Ny oot A nger 4 tions 3.1-3 h
<T+ nm) N NG A nder Assumptions 3.1-3.4, we have
1 T
MSEr =Y (K —F)?=op (1), (3.13)
t=1

o For a proof of this relation see Section 3.A.1.
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Remark 3.3.3 Although we have imposed Assumption 3.4, joint Gaussianity
of the factor and idiosyncratic innovations is only necessary for FtKS to be
the Kalman smoother, i.e., a conditional expectation. However, (3.13) can be
shown under weaker conditions. In particular, the proof in Section 3.A.1 uses
only the MSE condition of the GPC' estimator as well as boundedness of the

spectral morms of the estimated covariance matrices.

3.4 Factors with Deterministic Trends

Having formally shown that in the standard setting cross-sectional cointegra-
tion robust unit-root tests cannot have a faster convergence rate than tests
based on a single time series, we now consider an alternative setup that allows
for more powerful tests: we consider factor innovations with non-zero mean,
i.e., ur # 0. Hallin, Van den Akker, and Werker (2011) study such a univariate
autoregressive model with deterministic trends under the hypothesis, treating
the trend as a nuisance parameter. For Gaussian innovations, Equation (14)
in Hallin, Van den Akker, and Werker (2011) shows that the asymptotically

optimal test for the unit root hypothesis for an observed factor Fj is based on

T
1 t 1
T(AFir) = = }1: <T+1 - 2) N (3.14)

t

For contiguous alternatives of the form

h h
(pl,Tnu’l,T) = <1 + TTl/Qvul + \/2T> ) (315)

where p; 7 and pq 7 refer to the autoregressive parameter and the trend, re-
spectively, they show that the model is locally asymptotically normal (LAN).

Note that the presence of the trend makes it easier to identify p in the sense
that now the local alternatives are closer to the hypothesis. Once again, we
show that observing the factors ‘does not make a difference’ (asymptotically)
and suggest how to estimate them.

The literature on estimating factors in the presence of both a stochastic
and a deterministic trend is very limited. The papers by Bai (2004), Bai
and Ng (2004), and Choi (2017) do not allow for deterministic trends. In
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an unpublished working paper, Maciejowska (2010) shows that indeed the
solutions of Bai (2004) do not work in the presence of a deterministic trend
but that the method of principal components can still be used to get consistent
estimates. However, it turns out that much simpler estimates are sufficient
for optimal unit-root tests. In particular, we show that replacing AFy r with
scaled cross-section averages in (3.14) leads to asymptotically uniformly most
powerful unit-root tests.

In Section 3.4.1, we again consider a single factor and show how to im-
plement an asymptotically UMP unit-root test. In Section 3.4.2, we allow
for multiple factors, with at most one of them being nonstationary. We show
that the asymptotic distributions of the test we have proposed in Section 3.4.1
is not affected by additional stationary factors. Finally, in Section 3.4.3, we
allow for multiple potentially nonstationary factors. This implies that the
observations are nonstationary, so we do not want to reject the panel unit-
root hypothesis. We show that, also in the presence of multiple nonstationary
factors, the asymptotic size of the proposed test does not exceed its nominal

level.

3.4.1 A Single Factor with Trend

We now consider the case where p; # 0. Once again, we are interested in
the unit-root hypothesis, i.e., testing Hy : p = 1, based on observing Y.
Under the hypothesis of a unit-root, this corresponds to the presence of both
a deterministic and a stochastic trend, whereas under the alternative neither
is present.

We allow for both stationary and integrated idiosyncratic parts. Moreover,
we do not require Gaussianity at this stage, relaxing Assumption 3.1. At the
same time, we impose restrictions on the idiosyncratic parts that allows us to

estimate the factors without relying on external estimates.

Assumption 3.5 The idiosyncratic parts {E;} are cross-sectionally indepen-
dent. They also have mean zero and start at zero, i.e., ;g = 0, EE;; = 0,
we have E[(AE; ;)% = 02 < 0o and one of the following holds:

1. The idiosyncratic parts are covariance stationary, or
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2. The first differences of the idiosyncratic parts, AE;;, are covariance

stationary with summable autocovariances, i.e., we have

Z |E[AEi’tAEi’t_s” < 0.
s=0

Assumption 3.6 The factor innovations are covariance stationary and er-
godic with Efi; =0 and Efﬁt =1 and independent of the idiosyncratic inno-

vations F. .

The assumption of summable autocovariances in Assumption 3.5(2) implies
that the variance of E;7 is of the same order as that of a random walk. The
assumption is satisfied, for example, for near epoch dependent processes on
a mixing process, as demonstrated in Theorem 17.7 in Davidson (1994) or in
particular a stationary ARMA process.

Under the alternatives (3.15), let Phl,hgm,,T be the joint law of Y and Fi,
write Phth’T for the marginal law of F1 and write Py, p, 7 for the marginal
law of Y. As in Section 3.3, the likelihood ratio of the joint law of Y and F}

equals the likelihood ratio of the marginal law of F; alone, i.e.,

APy hyn _ APy o1
dp; &

, (3.16)
vhont T

for all hi, ho, 1, he. This is due to the independence between idiosyncratic
and factor innovations from Assumption 3.6 ensuring that the distribution of
Y; ¢+ conditional on F; and the past does not depend on the local parameters.
Because of (3.16), the asymptotically optimal test for the panel model with
observed factors is based on (3.14) as well. In fact, the same LAN result
as in Proposition 2.1 in Hallin, Van den Akker, and Werker (2011) holds,
which, analogous to Lemma 3.A.1 implies mutual contiguity of local alterna-
tives around the unit root; see also Remark 2.1 in Hallin, Van den Akker, and
Werker (2011). In our setting, where the factors are unobserved, we will show
that T(AFi 1) can be approximated with Y-measurable estimates up to an
op(1) term, implying that the more complicated unobserved factor model is

adaptive.
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Lemma 3.4.1 Write AY .; = %Z;;l AY;, and let AFLt =AY .;/s(AY ),
where s%(-) denotes the sample variance. Then, under Assumptions 3.2, 3.5
and 3.6, T(AF 1) — T(AFy 1) = op, . (1) as (n,T) — oo jointly.

1,27,

The proof is provided in Section 3.A.2. Lemma 3.4.1 allows us to use many
of the results in Hallin, Van den Akker, and Werker (2011) as summarized
in Proposition 3.4.1. In the spirit of the existing panel unit-root tests, this
chapter does not consider rank-based tests. Instead, we rely on their statis-
tics that are valid and optimal under normality.'? Therefore, we strengthen

Assumption 3.6:

Assumption 3.7 The factor innovations are independent of the idiosyncratic
ones and satisfy g1 # 0 as well as fi, u N(0,1).

Theorem 3.4.1 Let 7,7 be the test that rejects iff \/E'T(AFLT) > D1,
where ®1_,, is the 1 — a percentile of the standard normal distribution. Un-
der Assumptions 3.2, 3.5 and 3.7, this test is an asymptotically uniformly
most powerful level-a test for a unit-root in the unobserved factors: For any
asymptotic level a test tpr let my, . (h1) = Phy on,7[tn Tejects] be the power

function. Then

: - hlﬂl)
lim hi) < lim 7, h)=1—-®( P1_, — ,
(n,T)—00 tr (1) < (n,T)—o0 nr (1) ( ! V12

for all hy > 0, where ®(-) refers to the standard normal CDF.

PROOF These results follow immediate from those in Hallin, Van den Akker,
and Werker (2011), noting that any power function we can get with tests based
on Y only we can also get based on (Y, F'). Thus, if a test is optimal among on
(Y, F') based tests, and it is just based on Y, it must also be optimal among

those tests. u

10 The rank-based versions of these test statistics require estimation of weights that depend

on the levels of the factor of interest. While these estimates can be obtained in case
the idiosyncratic parts are stationary, this is problematic if the idiosyncratic parts are

integrated.
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3.4.2 Additional Stationary Factors

We now extend the model from Section 3.4.1 to allow for multiple factors.
Here, many approaches are possible. Our choice of model and hypothesis are
motivated by our ultimate goal of conducting optimal unit-root tests for the
observations Y;; under cross-unit cointegration. The observations have a unit
root if and only if at least one of the factors is nonstationary. In Section 3.4.2,
our null hypothesis is that exactly one of the factors is integrated, with the
alternative being all of them are stationary.

Since different factors usually represent completely different economic se-
ries, it makes little sense to impose any homogeneity on intercepts or autore-

gressive parameters. Our model therefore reads

.
Yie=> MFpy+Eigi=1,...nt=1,..T (3.17)
k=1

Fit =perFrei—1+ for + per, Fro=0k=1,...,nt=1,...,T. (3.18)

For the first factor, we use the same local alternatives as in Section 3.4.1,
i.e.,, we impose (3.15). Under these alternatives, we write, just as in Sec-
tion 3.4.1, phl,hg,n,T for the joint law of Y and Fr, phth,T for the marginal
law of Fy 7 and write Pj, p, 7 for the marginal law of Y. Our null hy-
pothesis is p1 7 = 1, treating the other autoregressive parameters as nuisance
parameters under the assumption that the other factors are stationary, see
Assumption 3.9 below. Since (3.16) also holds in this setting, once again an
optimal unit-root test for the model in (3.17) and (3.18) with observed factors
would be based on (3.14). Again, it turns out we can draw on Hallin, Van
den Akker, and Werker (2011), by showing that even in the presence of other
factors, we can estimate Fj 7 well enough to approximate the test statistic in
(3.14) up to an o0,(1) term.

The following assumption allows us to approximate the test statistic under
the null hypothesis. We maintain Assumption 3.2 on the loadings of the first
factor as well as Assumption 3.5 on the idiosyncratic parts from Section 3.4.1.

Assumption 3.8 is completely analogous to Assumption 3.6.
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Assumption 3.8 The factor innovations are covariance stationary and er-
godic with Efy,; =0 and Ef,?t =1 and independent of the idiosyncratic inno-

vations E. 7 and the other factors.

Assumption 3.9 The number of factors is fized at r < oo. At most one
of them has a unit root, i.e., pr7 = pr < L,k = 2,...,r. The loadings of
the stationary factors are bounded, i..e, 5\;“. < M for some M € R, k =
2,...,mn €N.

The following lemma, proved in Section 3.A.2, shows that the adaptivity result

is robust to the presence of additional stationary factors.

Lemma 3.4.2 Let j\% be a consistent estimator of the long run variance of
AY ., and let AFLt = AY /M. Then, under Assumptions 3.2, 3.5, 3.8
and 3.9, T(AFy7) — T(AF 1) = 05, o p(1) as (n,T) — oo jointly.

Remark 3.4.1 Once more we can use cross-section averages, however, now

we have to take more care to scale them correctly. We have, under the null

hypothesis,
,
A _-,t = j\k,-AFk,t + AE~,t
k=1
~ r ~ 1 t—1
=M (g + ) + Y Ak (Hk/’l/;l + frea+ (1= g) > P’;‘;Suk,s> :
k=2 s=1

so that the stationary factors indeed contribute something to the variance of the
differenced cross-sectional averages. Therefore, we cannot use the method from
Section 3.4.1 to scale our estimator. However, since the differenced stationary
factors are over-differenced, they do not impact the long-run variance, so that
scaling by the long-run variance correctly scales the nonstationary factor. Since
the model in this section generalizes the single-factor model of Section 3.4.1,
the long-run variance approach also works with a single factor. Simulations in

Section 3.5 compare the performance of the two approaches in finite samples.

Lemma 3.4.2 implies that we can also extend the results of Proposition 3.4.1

to the case of multiple factors. In particular, we get optimal unit-root tests
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for the observations in case the idiosyncratic parts are stationary and we have
at most one nonstationary factor. As before, we need to assume normality of

the factor innovations for the optimality result, i.e., impose Assumption 3.7.

Theorem 3.4.2 Consider a cross-sectionally cointegrated panel generated by
(3.17) satisfying Assumptions 3.2, 3.5 and 3.7-3.9. Let AFM = W.,t/j\l.
For the problem of testing Hy : Y;; are integrated for most i against Hp : all
Yi: are stationary, the test T, r that rejects iff \/ﬁT((AFLt)tT:l) > dy_, is

asymptotically uniformly most powerful.

Remark 3.4.2 The statement ‘for most i’ relates to the problem that some
units might not load on the nonstationary factor. Therefore, the precise null
hypothesis would depend on which assumptions are made concerning the num-
ber of A1 that can be zero. For example, if we assume that, for some € > 0,
|A1,i| > € for a share c of the panel units i, the hypothesis would be that at

least a share ¢ of the panel units have a unit root.

3.4.3 Multiple Common Trends

In the previous section we have derived an optimal test for testing one common
trend against none. What we really want, however, is a test for ‘at least one’
trend against no trend, i.e., a unit root test for the observations without the
restriction that there is at most one common trend.

Enlarging the null hypothesis in this way complicates optimal inference
significantly, since we can no longer immediately rely on the results for optimal
univariate unit root tests in Hallin, Van den Akker, and Werker (2011). Even
if we could perfectly estimate each nonstationary factor, it is unclear how to
conduct optimal inference based on those multiple factors. However, we can
still demonstrate that the test 7, 7 proposed in Theorem 3.4.2 is robust to
multiple trends, in the sense that that it still has the correct size if more than
one factor is nonstationary. The assumptions Assumptions 3.10-3.13 adapt

Assumptions 3.2 and 3.7-3.9. Once again we maintain Assumption 3.5.

Assumption 3.10 The number of factors is fived at v < co. The firstry <r

of them have a unit root.
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Assumption 3.11 The factor loadings are deterministic and satisfy

Y2 2 3 . 3 . 1
pey AL = 0% # 0, where Ay = limy, 00 Ap. = My 500 7 Y 0t Ak

Assumption 3.12 The factor innovations are covariance stationary and er-
godic with Efy; = 0 and Ef,?t =1 and independent of the idiosyncratic inno-

vations and each other.
Assumption 3.13 The nonstationary factors satisfy fi . u N(0,1), k <ry.

Proposition 3.4.1 Reconsider the model (3.17)—(3.18) but now under As-
sumptions 3.5 and 3.10-3.13. Denote the law of Y under this DGP by P,,.
Forri > 1, we have

( lTl)ni P, [T rejects] = a
n, oo

for the test T, v from Theorem 3.4.2.

Remark 3.4.3 With multiple nonstationary factors, the notation AFM on
which T, T is based, may be misleading, since Aﬁ’l,t in fact estimates a certain
linear combination of the nonstationary factors. This linear combination will
not be stationary under the hypothesis, since the factors are independent and
thus not cointegrated. Therefore, intuitively, multiple nonstationary factors do

not create a problem for detecting nonstationarity in the observations.

Note that the problem of multiple nonstationary factors is not only a prob-
lem under the null hypothesis. Of course, against a fixed alternative the power
will be the same as before, since under a fixed alternative all factors are sta-
tionary. However, the power, and even size under local alternatives merits
another look here.

We have seen that neither the presence of stationary nor the presence of
additional nonstationary factors changes the distribution of our test statistic
under the hypothesis. However, adding multiple heterogeneous local-to unity
factors, i.e., localizing the autoregressive parameters of more than one factor
at once changes the distribution both under the null of at least one integrated

factor and under the local alternatives:
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Proposition 3.4.2 Reconsider the model (3.17)-(3.18) but now as-
h
57

and some ¢ > 0. Under Assumptions 8.5 and 3.10-8.13, we have
T(AF17) = N (135 52 Mehakbie: 15) -

suming pp = 1 + for k- < 71 oand pr < 1 — € for k > 1r

PROOF Since local alternatives of the form considered here are still contiguous,
it is sufficient to show the desired convergence for 7 (AGr). Note that T is
linear, so that

T2

S\kT(AFk 7).

T(AGT) = ,
k=1

Q|+~

The result now follows from Theorem 2.2 in Hallin, Van den Akker, and Werker

(2011), together with independence of the factors. n

Remark 3.4.4 Note that even if one hyy equals zero, i.e., we should not
reject the hypothesis of nonstationary observations, the test statistic will have
nonzero mean unless all hyy, equal zero. In this situation, 7, will not have
correct asymptotic size. The problem is that the ‘locally stationary’ factors are
close enough to one to be estimated as part of the cross-section average, while
being far enough from one to change the distribution of our test statistic. Of
course, the problem of incorrect size vanishes if we impose some homogeneity

under the null on the local parameters, e.g., hij = hi,k=1,...,r1.

3.5 Finite Sample Performance

In this section, we investigate to what extent our asymptotic results remain

valid in finite samples.

3.5.1 Factors without Trends

Here we consider the setup from Section 3.3, where we confirm that estimating
the factors using the approaches of Bai (2004), Bai and Ng (2004), and Choi
(2017) leads to adaptive unit root tests, as do tests based on the Kalman filter.

We use different unit-root tests, applied to estimated or observed factors:
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1. Dickey-Fuller t-tests (labeled ‘ADF’): This is one of the most commonly-
used unit-root tests, based on OLS statistics in the univariate autore-
gression, see Dickey and Fuller (1979). We report three different kinds of
ADF statistics, corresponding to a regression without intercept (no extra
label), to one with an intercept under the alternative (labeled ‘Drift’),
and to one with a time trend (labeled ‘Trend’). Since, in Section 3.3,
we assumed that there is no intercept, all three specifications are valid
in the sense that they produce asymptotically correctly sized tests when

based on observed factors.

2. Test for the number of common trends (labeled ‘Q-Test’): These tests
establish, for a given multivariate time series, the number of underlying
common trends, see Stock and Watson (1988). As suggested in Bai and
Ng (2004), we apply these tests to the (observed or estimated) factors,
instead of the observations Y in order to analyze the stationarity of com-
mon and idiosyncratic parts separately. If more than one common trend
is suspected, these tests have the advantage of being able to determine
the number of underlying trends through sequential testing. However,
since we consider at most one trend and are interested in unit-root tests,
we only conduct the ‘final stage’, i.e., test for a single trend. We use the
version based on a first-order VAR, i.e., the ). test in the notation of
Bai and Ng (2004).

3. Point-optimal tests from Elliott, Rothenberg, and Stock (1996) (labeled
‘ERS’): These are likelihood-ratio tests against a specific alternative. We

choose a fixed alternative of A = 10.

These three different classes of tests are applied to different factor estimates.
For reference, we also consider the infeasible estimator, labeled ‘observed’,
where the above tests are based on observed factors. The factors have been

estimated in four different ways.

1. Level Principal Components: This is the principal component estimator
discussed in Section 3.3.1 and studied in detail in Bai (2004). In the

notation of that paper, we use the estimate F*, which is based on the
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n x n matrix X’X. It does in fact, for the performance of the test, make
a difference which principal components solution is used. The solution

F* is easy to compute for large values of T' and has good size properties.

2. Difference Principal Components. This is the estimator originally pro-
posed in Bai and Ng (2004) and discussed in Section 3.3.3. Here, we use
the eigenvectors of X X', as suggested in Bai and Ng (2004) and again
note that using another principal components solution seriously affects
the tests. We also note that the relevant eigenvectors of the 7" x T" ma-
trix XX’ are equal to the left singular vectors of the T x n matrix X,

enabling us to do simulations also for large T'.

3. Cross Section Averages: Here we estimate the factors using

cross-sectional averages scaled as in Section 3.4.1.

4. Cross Section Averages Multivariate: Here we estimate the factors using

cross-sectional averages scaled as in Section 3.4.2.

Table 3.1 shows the empirical sizes of various nominal 5% level tests for the
unit root hypothesis of a single factor without a trend based on these factor
estimates. All three ADF tests are almost perfectly sized when based on
observed factors, except for the zero-mean ADF test for 7' = 50 (see ‘ADF
Observed’, ‘ADF Observed (Trend)’,’ADF Observed (Drift)’ in Table 3.1).
Estimating the factors with principal components also results in reasonably
well-sized tests, but we do note that level principal components consistently
outperform principal components based on differenced data, as advocated in
Bai and Ng (2004), especially for small T (see ‘ADF Difference’, ‘ADF Level’,
‘ADF Difference (Trend)’,ADF Level (Trend)’,'ADF Difference (Drift)’,ADF
Level (Drift)’). This is expected, since our idiosyncratic parts are stationary.
The behavior of the pr tests from Elliott, Rothenberg, and Stock (1996),
labelled ‘ERS’, are very similar to the ADF tests.

To illustrate the virtue of the factor-based approach, we have added a test
just based on a single cross-section unit (see ‘Univariate ADF’, ‘Univariate
ADF (Trend)’, ‘Univariate ADF (Drift)’). This test appears to be completely

useless, both in terms of size and power. The reason might be that the factor
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loading will relatively often be close to zero, so that the test cannot detect the
nonstationarity.

We have also included tests based on the factor estimates suggested in
Section 3.4. Whereas we have demonstrated that the different principal com-
ponent estimators will lead to asymptotically correctly sized tests for all four
tests, we are unsure about the asymptotic behavior of the average-based tests.
In finite samples, they generally lead to oversized ADF and Q tests (see ‘ADF
Average Mult.”, ‘ADF Average Mult. (Trend)’, ‘ADF Average Mult. (Drift)’,
‘Q Test Average’, ‘Q Test Average Mult.’).

We conclude that, in terms of size, estimating the factors by principal
components indeed is almost as good as using observed ones, even for sample
sizes as small as T' = 50, n = 40.

Now we consider the power in finite samples. In Figure 3.1, we compare the
power of the ADF tests to other unit root tests. The nearly efficient likelihood-
ratio tests show a very similar performance to the Dickey-Fuller ones, but now
even for small sample sizes the differences between observed and estimated
factors are negligible. This also holds for the ERS and Q tests, however, these
have considerably lower power. Whereas the Q-tests are significantly less
powerful than the nearly efficient tests for all sample sizes, the ERS tests can
perform even worse in small samples but on the other hand are nearly efficient
in large samples. We conclude that all considered unit root tests work well
with both level and difference estimated principal components even in small

samples.

3.5.2 Factors with Trends

In this section we turn to the DGP from Section 3.4 and the tests suggested for
it. Again, we are interested in the difference between observed and estimated
factor-based tests. We also want to see how the factor estimators suggested
in Sections 3.4.1 and 3.4.2 compare to each other and existing estimators.
Table 3.2 shows the empirical sizes in this setup. The only ADF tests
that are valid under the null hypothesis are those with a trend term, so only

these are included. Their power is close to the nominal power if the factors
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T 50 100 200 500 1000
ADF Observed 104 50 52 52 5.0
ADF Difference 6.5 6.0 59 57 54
ADF Level 54 54 55 56 54
ADF Average Mult. 151 93 93 97 94
Univariate ADF 48.2 49.9 50.2 50.8 51.4
ADF Observed (Trend) 51 5.0 48 49 49
ADF Difference (Trend) 69 64 60 6.1 57
ADF Level (Trend) 56 5.7 56 6.0 56

ADF Average Mult. (Trend) 11.0 11.7 12.1 12.3 124
Univariate ADF (Trend) 62.1 66.6 67.7 68.5 69.8

ADF Observed (Drift) 43 50 52 52 5.1
ADF Difference (Drift) 6.3 58 58 56 5.6
ADF Level (Drift) 55 56 54 55 5.5
ADF Average Mult. (Drift) 7.3 9.1 10.0 10.0 9.8
Univariate ADF (Drift) 42.6 56.3 57.2 57.8 58.5
Q Test Observed 3.6 6.1 6.7 65 6.5
Q Test Difference 5.3 73 T4 69 6.6
Q Test Level 41 6.7 72 68 6.6
Q Test Average 9.6 11.9 11.0 9.1 8.2
Q Test Average Mult. 9.6 11.9 11.0 9.1 8.2
ERS 1.5 24 3.7 49 49
ERS Difference 1.3 23 37 48 4.9
ERS Level 14 23 37 48 49
Average ERS 1.2 22 37 48 50
Average ERS Mult. 1.2 22 37 48 5.0

Table 3.1: Empirical sizes (in percent) of nominal 5% level tests for different
sample sizes. We have n = 40 throughout, a single factor, u; = 0. Factor
innovations are i.i.d. standard normally distributed. The factor loadings are
drawn from a normal distribution with mean 1/2 and unit variance. The initial

values of factor and idiosyncratic innovations are zero.
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T 50 100 200 500 1000
ADF Observed (Trend) 48 51 52 51 51
ADF Difference (Trend) 6.3 62 63 58 54
ADF Level (Trend) 56 5.8 6.1 57 54
ADF Average Mult. (Trend) 10.9 11.7 124 12.7 12.9
Rank Observed 39 43 46 48 49
Rank Level 3.5 41 42 45 45
Rank Average 25 29 30 32 32
Rank Average mult. 25 29 30 32 32
Trend UMP Observed 30 34 38 42 45
Trend UMP Level 6.0 63 63 6.6 6.7
Trend UMP Average 1.8 22 25 28 29

Trend UMP Average Mult. 33 38 39 42 45

Table 3.2: Empirical sizes (in percent) of nominal 5% level tests for different
sample sizes. We have n = 40 throughout, a single factor with trend p; = 1.
Factor innovations are i.i.d. standard normally distributed. The factor load-
ings are drawn from a normal distribution with mean 1/2 and unit variance.

The initial values of factor and idiosyncratic innovations are zero.

are estimated using principal components, but using averages, as suggested
for the UMP tests, does not work well (see ‘ADF Average Mult. (Trend)’ in
Table 3.2). Concerning the optimal tests (‘Trend UMP’), we see in Table 3.2
that the method from Section 3.4.2 (labeled ‘Average Mult.”) is clearly supe-
rior to that of Section 3.4.1 (labeled ‘Average’) in terms of size. Although the
tests are a bit undersized (based on asymptotic critical values), the size of the
UMP test based on Section 3.4.2 is very close to that of the UMP test with
observed factors.

For reference, we have also included rank-based tests, as suggested in
Hallin, Van den Akker, and Werker (2011). Proving that our factor estimates
lead to adaptive rank-based tests is beyond the scope of this chapter, but they
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would be instrumental in getting valid tests for non-normal factor innovations
and they perform well in our simulations even under normality. They have the
added advantage, that the scaling has no influence, i.e., our factor estimators
from Sections 3.4.1 and 3.4.2 yield to identical rank-based tests.

Figure 3.2 displays the size-corrected powers of those tests with reasonable
sizes. The ADF tests have no power in excess of size. This again shows that
what we actually tests is the presence of the deterministic trend: in our model
it exists only under the hypothesis, allowing us to consider autoregressive
parameters closer to one. In the Dickey-Fuller specification, on the other
hand, the trend exists also under the alternative, so that we have no power at
these alternatives.

In general, Figure 3.2 demonstrates that, for all tests, the convergence to
the asymptotic power envelop is very slow; even for 7' = 1000 there is a con-
siderable gap. This is for a fixed n = 40, however, since even the tests based
on observed factors do not reach the power envelope quickly, a larger n would
have no impact. Throughout sample sizes, the tests based on cross-section av-
erages do considerable better than those based on principal components. It is
unclear whether the principal component-based factor estimates will even lead
to asymptotically adaptive tests. The Gaussian UMP tests do slightly better
than their rank-based counterparts, although this difference closes quickly as
T grows. Also, for small sample sizes, the scaling from Section 3.4.1 appears
to do slightly better than that from Section 3.4.2, but the difference is even

smaller.

3.6 Conclusion

We have shown how to conduct panel unit root tests for unobserved factors
in a variety of settings. Throughout our specifications, not observing the
factors does not preclude inference at the usual rate. However, the exact
specification of the factor equation matters as much as it does in time-series
case. Which specification is most realistic depends on the application as well
as the exact hypothesis of interest. However, if the factor innovations can

reasonably be augmented with deterministic trends this pays off not only in
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higher powers, but even in a faster convergence rate. In Section 3.4, we have
demonstrated that cross-sectional averages can lead to optimal panel unit-root
tests under cross-sectional cointegration when the factors have deterministic
trends. A natural question is whether these findings generalize to the more
commonly used setting, where the factor innovations have zero mean and but
more than one factor is present. For illustration, reconsider the setting of
Section 3.4.2, but with pz7 = 0,k = 1,...,r. When trying to estimate the
central sequence S based on cross-sectional averages, the additional term
5\2% Z:;F:l F>; 1AF,; appears in the difference of the estimated and oracle
central sequence. Note that if F3 is integrated this converges to a Brownian
functional while in the stationary case it converges in probability to a nonzero
constant. Either way, additional factors do change the distribution of a central-
sequence based test statistic, so we end this conclusion on a cautionary note:
In the setting with zero-mean factor innovations, both sizes and powers of
average based unit-root tests will be affected by the presence of additional
stationary factors. When secondary factors are likely to be of importance
and one does not want to specify deterministic trends under the hypothesis,
cointegration-rank methods or Kalman-smoother based methods that directly
identify the nonstationary factor are likely the way forward. For the testing
problem with deterministic trends, however, cross-sectional averages provide

a convenient way of conducting uniformly most powerful unit-root tests.
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Figure 3.1: Size-corrected power of unit-root tests for n = 40 and different 7T'.
Single factor with trend p; = 0 and A = 0.5. The factor loadings are drawn
from a normal distribution with mean 1/2 and unit variance. The initial values

of factor and idiosyncratic innovations are zero.
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Figure 3.2: Size-corrected power of unit-root tests for n = 40 and different 7.

Single factor with trend p; = 1 and A = 0.5. The factor loadings are drawn

from a normal distribution with mean 1/2 and unit variance. The initial values

of factor and idiosyncratic innovations are zero.
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3.A Proofs

3.A.1 Factors without Trends

The following lemma establishes that negligibility under the hypothesis can be used inter-
changeably with negligibility under the alternatives.

Lemma 3.A.1 Local alternatives as in (3.4) are mutually contiguous.

PRrOOF Using (3.5) and (3.7), we get that

d]50 n,T P(J,n,,T 1 2
— =" exp(—hS — =h"H). 3.A.1
T p(~hS — 5h°H) (3.A.1)

We will show contiguity using Le Cam’s First Lemma as, e.g., in Van der Vaart (2000)
Lemma 6.4. To show that ﬁ’h,n,T is contiguous to PO,n,T7 we use the equivalence of ()
and (ii7) of that Lemma. Writing M(t) = fOthW(r) dW (r), we can rewrite the right-hand
side of (3.A.1) as exp(—hS — Lh*H) = exp(—M (1) — 1(M)1), i.e., a stochastic exponential
which indeed has expectation one. To show that Iso,n,T is contiguous to ﬁh’n,T we can use
the equivalence of part (z) and (i) of the Lemma by again using (3.A.1) and noting that

exp(—hS — %th) > 0, since S and H are bounded in probability. ™

Proof of Proposition 3.3.1

Proor Thanks to Lemma 3.A.1, we only have to prove Proposition 3.3.1 under the hypothe-
sis ﬁo,n,T, as probability convergence to zero under alternatives then follows from contiguity.
Therefore, all following calculations proceed under the hypothesis If’o,n,T. Let A be a lagged
cumulative sum operator, i.e., a T' x T" matrix with ones below the diagonal and zero on and
above the diagonal. Rewrite St as
1 « 1
Sr=r5 Y AF P+ Tf’(zgl — w1 Af

= 2
wa —

and note that
1
E—
T
As A4+ A =u' —1,

FEF —wDAf = tr((5) ! — w1 ASy) = —w; 2 tr(AXy).

T-1

T (A) = /S - () = X Q= Tyislm) = 55(0) o =350

For the variance, we obtain, using again the formulas for quadratic forms of Gaussian random

variables,

1 -1 —2
Var ff/(Ef —wi DAf

1 - _ 1 - - —
S T2 ([ —waI)Aszi ) (7 =@ S Al (S5 = wr*DAS |,
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We have

[(Z5" —wi DAS|| . < |55 —wr )AL 154 lpee = OMo(T)O(1),

spec H spec

thanks to Assumption 3.1 and Lemma 2.A.1 Conclude that

& 1 ’Yf(O) & (;f
T=58T — -+ =5+ 1)=5r——=5+ 1
S S 5 5 J% op(l) =5 J% op(1),

;*’Yf(o)

where §; = 5

is the one-sided long-run variance of f and Sr = %& Ethz AFy Fypq.
¥

Similarly, we obtain, for Hp = ﬁ Z;‘rzl F2 4,

HTfHT—ffA(Zf 70Jf )Af%O
in probability, as the (scaled) expectation of the difference is given by

tr(A' (S5 —wp P DASy) < JA(S; —wp D] 1Al 1] o(T)O(T)O(1),

spec -
using the same arguments as above, and the (scaled) variance is bounded by
/=1 -2
A7 —wi DA

to which the same bound applies.'
Having significantly simplified the likelihood ratio, we now show that |Hp — Hp| =
05, r(1). We have

Flt 1 F12,t—1
T2 Z ( wf WJQ’

t=2

|Hr — Hr| =

T T
1 2 2 2 1
<l\sgm——= (Fl,t—l - R ,TFl,t—l) + | —
R = Z ! wF wa T2 ;

Since 7z S, F2,_, = Og, , »(1) by (3.7) and (3.A.2), it is sufficient to show that the
two absolute values converge to zero. Using the identity a®> — b* = (a — b)® + 2b(a — b) and
Cauchy-Schwarz, we obtain

T
1 A
=2 (Fle —RorFl )

t=2

TMSET+T2§;‘RnTF1t I(Flt 1— RnrFi:-1)|

(3.A.2)

g%MSET +24 /REL’THT%MSET. (3.A.3)

To show that o.)f converges to R2 wa, we recall that by assumption, dj? converges to the

long-run variance of F, i.e., wf — limr_, o Var FT/\/T We have

%(FT — RFT)Q < MSEr — 0

1 GSimilar results on the simplification of the likelihood ratio could be obtained from

Phillips (1987a).
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in probability. As F% /T is assumed to be uniformly integrable, and the same applies to
F2/T thanks to Gaussianity, we also obtain that %(FT — RFr)? converges to zero in L1, or
put differently, % Var(Fr — RFr) — 0. Conclude that &F — R2 rw? — 0. As R? qw? > 0,

this implies convergence to zero of - — ﬁ
Wi Ry pw¥

Now consider Sr. We first take care of the scaling as above, i.e.,

T
TR2 Z (AFI,tFI,t—l — RZ,TAFl,tFl,t—1>

. 5 .
|ST + A"; — 87| <
wr

1 1

~2

Jr -
Wi RE pwi

ZAF1 P

From telescoping and triangle inequality, we have

B~ B PRl | [FRr — R Fial
- T T

Sl

T
Z (Aﬁl,tﬁl,t—l — Ri,TAFl,tFLt—1)
t=2

T
Z (AF1L.)? — (RarAFL:)?]. (3.A4)

For the first two terms, use a® — b? = (a — b)? + 2b(a — b) to note that

‘Flzt — Ri,TFEt\ < (Fl,t — Rp1Fi)? n 2|Ry,rF1 4] |F1,t — Ry rF14|
T - T VT VT '

From Assumption 3.1 we get that Fl,t/\/f = 0150 . T(l) even for a growing t = T', so that

the condition on M SEr implies both summands converging to zero.
For the term in (3.A.4), write

1

T (AF1 ¢t — Ry rAFL,)? (3.A.5)

HMH

T

1 R

T D H(AFL:)? = (Ra,rAF1)?| <
t=2

T
2
+ 7 Z n T AP (AFy = Ry r AFL))|
1 T
<7 D (AP = R rAF)? (3.A.6)
t=2
RQ T T
+ ;, Z AF;)? Z (AF1+ — Rn 7 AF14)2.
t=2 t=2

By Assumption 3.1 and a Law of Large Numbers, + Zthl(AFlyt)Q converges in probability
to v7(0). For the first summand and the second part under the root we use the identity
(a +b)? < 2a* + 2b*, to demonstrate that
T T
Z AFM nTAFlt = Z Flz* nTFl,tJar,TFLtA*F’1,t71)2 <4MSETr
=2 t=2

converges to zero in probability.
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Note that we impose conditions on the factor estimates only under the null hypothesis
of an integrated factor, for which results are readily available. We have now shown that
(Sr, Hr) = (Sr, Hr) + 0p, , r(1). However, thanks to Lemma 3.A.1, we can use op, (1) and

op, (1) terms interchangeably. n

Proof of Proposition 3.3.2

PRrROOF In the following, all probabilities are evaluated under Py, 7. We first verify (3.12).

The key insight is that (A’ @ AX;A) AN @ AL A + Q, @ £,))"" can be written as the
o 1

(An ANt

Kronecker product (#;AQ;U ® (IT + X0 =0Ty
n n

) . To verify this, note

N ASP AN L
((XQ o H® (1T+z %) 0N @ ASA +Q, @%,)
n

~ ~ — ~ ~ —1
_ (AS, A0\ e 1, X (A, A
o (12, ) dmd e (e n A )

AS; AN i 5 8
N (Ir+X2 (fi) (AZ A 7 )
@ ( R Vi re5 SR VIESY

/ As AN\ by e\ e
=\N® (IT + 27,%) ([T + —1 (A% A) 1> (Ax;A")
n n

=\N® AEfA/
=N @AS;A)YON @ AL A +Q,9%,) TN @ AS; A +Q, @ %,).
As AN @ AS A" + Q, ® %, has full rank, this shows the desired equality.

We now prove Proposition 3.3.2, using (3.12) to relate the Kalman smoother to the

generalized principal component estimator. Note that MSEr = % HﬁKS —F1H , SO
F

from Section 3.3.2 we obtain HFGPC — "

= op(T). Thus it is sufficient to show that
P

m, we have

TS N1 -1
FES _ FGPCHF _ H <(]T + 277%) _ IT) pGPC
n

S\ 1
3 fA)) —Ir
QA
n

Note that the matrix in the former norm equals (A3;A'S, Q' A 4+ Ir)~!. Thus, as
HFGPCH = Op(T), we need H(Aiffl’flnﬂ’@;l}\ +Ip) !
F

HFKS*FGPCH = 0p(T). As FOPC =yt
F

F

~GPC
F
spec

= op(1). For this, write

—1
(A8, 48,80, 5+ 1) ! AS AS, + 2T
spec Nl A N e
1 ro e )71
<
S\/Q»;l)\ H (AEfA E”) spec
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e s

o1
p

<
NQy 1)\
=0p(n " ")O(1)0p(1)0p(1).

spec spec spec

A~ is a simple tridiagonal Toeplitz matrix whose spectral norm converges to 2 and is thus

O(1). The rates on the covariance matrices follow from the bounds on the spectral densities.m

3.A.2 Factors with Trends

Proof of Lemma 3.4.1

PrOOF By contiguity, it once more suffices to do all calculations under the hypothesis of a
unit-root, i.e. under Isoyh%n,T, where AY; ; = \i1(p1,r + fi1,t) + AE;+. We first show that
s(AY.;) — A1 in probability. For this, write

T < T T 2
_ 1 _ __ _ 1 _
S (AY 1) =7 > <A1,.(um + /i) +AE.; — > fii— 7 > AE. t>
=1 t=1 t=1
1o (- 1 & o1& Y
=7 ; <A1,,(f1,t -7 ; fi) + BB, — o ; AE%>
~ L 9 T 1 T L 1 T
=N () +SBE) + 5D (fre =5 D fL)BE = ) AE.).
t=1 t=1 t=1

Thanks to our second-moment assumptions on and u: and ergodicity, 52( f1,t) converges to

its population counterpart, i.e., one, as T" — co. Using Cauchy Schwarz, we get

T

1 — 1
72— 5 D fu
t=1

AE. | < \/s?(f1.1)s*(AE. 1),

H
&M*

T4
so that demonstrating that s*>(AFE. ;) — 0 in probability is enough to show that
s>(AY . ;) — A} in probability. (3.A.7)

We will demonstrate this by showing s?(AE.;) — 0 in L;. We have, using cross-sectional

independence,
1 T 1 n 2 1 T 1 n 2
’ (AE%) :ET = <n i=1 AEM) - <T t=1 n i=1 AEM)
<E g E AEM :——>0asn—>oo

Now we can show the approximation of our test statistic. For convenience write w; :=

(%H - %) and note that 3. w; = 0 and |w| < 1 for all . We have

T
T(AF 1) — T(AF: 1) Z (AR, — AF )
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1 At 1 1 g
:ﬁ Zwt <3(TY) - 1) (1 4+ fre) + mm gwt;AEz,t

A 1< 1 1
:<5(AY.t)_1 Tzwtfl’t+s(ﬁ)(T+1 )

First, note that

T T 2
1 > Dy Wi
ar(ﬁt_lwtfl’t> T =

so that % Zthl we f1,+ is bounded in probability. Combining this with (3.A.7), the first

E;
summand converges to zero. For the second summand, note that % S . 2L has mean zero

i=1 /T
and that 5
1 <= Eir
E _

by the cross-sectional dependence of the idiosyncratic errors. Now, if the E; . are covariance

1 <~ EEZ, 1
== T — ___RE? 3.A.8
TL2 P T TLT iTy ( )

stationary, i.e., we impose Assumption 3.5(1), this converges to zero even for fixed n. Under

Assumption 3.5(2), however, we have

rem = 3 Tl <0 423 0)

s=—T

which is bounded by assumption. Therefore, under Assumption 3.5(2), the second summand

goes to zero in probability as long as also n — co. The last summand is treated similarly:
1
\ﬁZt L i T+1

T T
:ﬁ Y E Z ZAEW
t=1 s=1 wu=1
1 T T t s
=520 D> BAELAE,
t=1 s=1u=1v=1
1 T T s
=22 > 2 =)
t=1 s=1 u=1v=1

so we can conclude that the last term converges to zero as well as n,7" — co. Finally, since

S2(AY . ;) — A3, (ﬁ — 1) converges in probability to zero. =
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Proof of Lemma 3.4.2

PrOOF The long run variance of AY'.; equals

Y. < T _

Var ( ’T> =1, Var(Fi,r/VT) + Y M. Var(Fy,r)/T + Var(E.. /VT).
VT P’

Since all but the first factors are stationary, Var(Fk,r) does not depend on T for k > 2, so

the second summand converges to zero. Also the third part does, as shown in (3.A.8). By

assumption, Var(Fl,T/\/T) =1, so indeed the long run variance converges to \3.

Now we have

T
—=> wi(AF1 — AF1,)

’ﬂ

1 i, e 1 & 11 & _
:ﬁ Zwt ( = )AFlt —|—Z ky: watAFk’t + Tﬁ ZthEA,t.

= M

The last term was handled in the proof of Lemma 3.4.1; it converges to zero. The second

term can be handled in a similar way: We have

T T-1
1 T 1\ Fr,r 1 Frt
7ZthFk,t:(—ff) ==Y (3.A.9)
VT “ T+1 2) T thlT-i-l

which, for k > 2, goes to zero in probability: Due to Fy; being stationary, E|Fy | is a

constant, so that both summands converge to zero in L;. n

Proof of Proposition 3.4.1

. P, .
Proor We will show that T (AF1,r) = N (0,1/12) in distribution for the AF} ; introduced
in Lemma 3.4.2. First, we introduce the process G; = % Wy j\ka,t,t =1,...,T, that our

factor estimate will approximate. From Assumption 3.13, we have
AG: = 1 ij\kﬂk + 1 f:;\kfk,t ~ N (1 ij\k,ufk, 1) .
7 =1 7= 7 =1
Because of Assumption 3.13 and the unit variance, it follows from Theorem 2.1 in Hallin,
Van den Akker, and Werker (2011) that T(AGr) — N(0,1/12) in distribution. We proceed

to show that T(AGr) — T(AF 1) = op,, (1). Analogous to the proof of Lemma 3.4.2, we

first show that the long run variance of AY . ; converges to o2: We have

Var(\/T) Z)‘k Var (Fp.r/VT) + Z M. Var(Fy r)/T + Var(E. . /VT),

k=r1+1

where we can handle all terms completely analogous to the proof of Lemma 3.4.2. Using

AY ., Z,\k AFy, + Z Mo AF1; +AFE. 4,
= k=ri+1
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we have

T N N T
1 Z Z Ak, A 1 Z T =
:ﬁ Wt < ik7 ;) AFkt+ = )\kyAAFl’t'i—AE.’t

=1 =1 \ A1 )\1 [———1
1 N N T
A )\k> 1 >
= — — — | = thFk,t
k=1 ( )\1 g \/T t=1
1 - 1 &
=1 D ZthF1t+ S wAE,|.
A1 k=r1+1 \/> T t=1

The two elements of the second term have been handled in the proof of Lemma 3.4.2. Thus,

using that (;\i - %) — 0 and recalling from the same proof that % Zthl wAFy . is
1

bounded in probability, we are done. ™



Chapter 4

Using Stationary Covariates
to Test for Common

Stochastic Trends in

High-Dimensional Panels

Abstract

This chapter considers panel unit-root tests in the presence of sta-
tionary covariates and cross-sectional dependence. Our starting point is
the popular PANIC framework and we analyze the potential power gains
due to observing additional stationary covariates, focusing on unit-root
tests that are robust to cross-sectional cointegration, i.e., tests for a unit
root in the common unobserved factors. The stationary, observed covari-
ates are assumed to be unit-specific but allowed to be cross-sectionally
correlated. We differentiate two cases: one in which the contribution of
the factor of interest to the covariance structure of the covariate can be
perfectly identified and a more general one, where the contribution of
the factor innovations in the covariate equation is perturbed by another
unobserved common shock.

In the former case, the inclusion of stationary covariates leads to
vastly more powerful tests, with a faster convergence rate. We first an-

alyze the problem for an observed factor, and show that the statistical

129
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experiment is locally asymptotically mixed normal (LAMN). This im-
plies that no UMP test exists, but we obtain an asymptotically optimal
invariant test. We also demonstrate how to conduct valid inference based
on estimated factors. The improved rate allows us to compare different
factor estimation schemes in terms of resulting asymptotic power. When
implemented well, the asymptotic power of estimated-factor based tests
is relatively close to the observed-factor power envelope.

In the second case, with the additional perturbation, the statistical
problem is closely related to that of univariate unit-root tests with sta-
tionary factors that have been studied in Elliott and Jansson (2003) and
Hansen (1995). We demonstrate that the original time-series experiment
is locally, asymptotically Brownian Functional (LABF) but converges to
the better understood LAMN case as the contribution of the covariate
grows to one. Moreover, we show that the covariate-augmented Dickey
Fuller (CADF) test of Hansen (1995) becomes optimal invariant as the
share of the variation explained by the covariate converges to unity. This
explains why the tests of Hansen (1995) are competitive in terms of power
to those of Elliott and Jansson (2003), in particular when the covariate
is more important. We show that both the CADF tests and the point-
optimal tests can also be implemented in a panel setting with unobserved
common factors and that their optimality properties carry over to this

panel setup.

4.1 Introduction

Exploiting stationary covariates to improve the power of unit-root tests was
first proposed by Hansen (1995) for univariate time series. It is assumed that,
in addition to the series to be tested, one observes a stationary covariate that is
correlated with the innovations for the series of interest. As the covariates are
assumed to be stationary under both the null and alternative hypotheses, they
can be used to remove part of the variation in the error term, leading to more
powerful tests. The original proposal by Hansen (1995) achieves this by aug-
menting a Dickey-Fuller regression with a covariate. This is easy to implement
and improves power significantly compared to the no-covariate setup. Elliott

and Jansson (2003) reconsider this setup and propose point-optimal tests, that
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are uniformly close to the power envelope if the alternative is chosen in a smart
way. Applications of covariate-augmented unit-root tests include Elliott and
Pesavento (2006), who study purchasing power parity on a country-by coun-
try basis, using macroeconomic time-series like differenced nominal exchange
rates, differences in money supply, and interest rate differentials as stationary
covariates.

Testing the stationarity properties of unobserved common factors and id-
iosyncratic deviations separately when dealing with panel data was first pro-
posed by Bai and Ng (2004). As part of their PANIC (Panel Analysis of
Nonstationarity in Idiosyncratic and Common components) approach, they
suggest to apply Dickey-Fuller tests to common factors estimated by princi-
pal component analysis. More recently, covariates have been used to further
improve the power of panel unit-root tests. However, these papers have only
dealt with testing the idiosyncratic deviations of each panel unit for a unit
root, rather than testing the common shocks as is the focus of this chapter.
We take the PANIC framework as a starting point and analyze the conse-
quences of observing additional stationary covariates.

Unobserved latent factors are commonly used in the panel unit-root litera-
ture, introducing cross-sectional correlation either in the observations directly,
as in the PANIC approach, or in the innovations, as in Moon and Perron
(2004). Although these two setups are equivalent in the absence of observed
covariates (see Wichert et al. (2019)), studies that augment these setups with
stationary covariates obtain very different conclusions. Becheri, Drost, and
Van den Akker (2015b), who consider the Moon and Perron (2004) setup with
cross-sectionally correlated errors, show that covariates can improve the power
of unit-root tests for the idiosyncratic parts. However, the statistical problem
in that case becomes more complex, as the experiment is locally asymptoti-
cally mixed normal (LAMN) instead of locally asymptotically normal (LAN).
Juodis and Westerlund (2018), on the other hand, consider observed covari-
ates in the PANIC setting of Bai and Ng (2004) and conclude that the limit

experiment is of the same type as when no covariates are considered.!

! This holds for the case of no idiosyncratic trends being present, however, the observed
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As a further difference, Becheri, Drost, and Van den Akker (2015b) only
consider covariates that do not differ per cross-sectional unit. Juodis and West-
erlund (2018) consider the other extreme: their covariates are cross-sectionally
independent. Moreover, both papers focus on the testing problem for the id-
iosyncratic parts and not the common factors. In this chapter, we propose an
intermediate framework, where the covariates are unit-specific but correlated,
with the correlation being driven by common factors. To realize power gains,
the factor of interest must also drive (part of) the correlation between the
covariates. As Hansen (1995), we assume that the covariates (and thus their
common factor innovations) are known to be stationary.

Our approach can be considered a panel-analogue of Hansen (1995), where
again the testing problem for the factors is isolated from that of the idiosyn-
cratic parts. However, in the panel setting the potential gains from using
stationary covariates are more pronounced: depending on the exact specifica-
tion, rather than just a fixed increase in local power, the covariates here can
even deliver a faster convergence rate. Nevertheless, the intuition for the addi-
tional power is the same: observing stationary covariates allows us to predict
part of the innovations in addition to the observations of interest. If both the
innovations and the levels were observed, checking for a unit-root would be
trivial algebra. Thus, the covariate being known to be stationary and related
to the innovations offers an additional way of testing the unit-root hypothesis.

Following this intuition, the amount of power that can be gained by in-
cluding the covariate then depends on how well the covariate approximates the
innovations of the factor of interest. We consider two specifications: In the
first, the factor of interest’s innovations determine the cross-sectional correla-
tion of the covariate as an additively separable factor. In this case, intuition
suggests that, as the cross-sectional dimension grows, the covariates’ factor
structure can be estimated more accurately and the power of the test will
increase both with the number of cross-section units as well as the number of

time periods. In fact, we formally show that the convergence rate will be equal

covariate can prevent the large loss of power due to estimating heterogeneous determin-

istic trends.
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to that of typical unit-root tests that are not robust to cross-sectional cointe-
gration, highlighting the large potential gains that covariates may deliver in
this setting.

On the other hand, estimating this factor structure in the presence of
multiple factors in the covariate equation is nontrivial.? More importantly, the
assumption of the factor innovation entering without further perturbation does
not always follow from economic theory and will be hard to verify empirically.
Therefore, we also consider a more robust version of this problem, where not
the innovation of interest, but only a correlated disturbance enters the factor
structure of the covariate.? In this case, the original power envelope of Elliott
and Jansson (2003) applies, so that the number of cross-sectional units will
not enter the convergence rate. The challenge is now to find tests that get
close to this power envelope, despite being applied to estimated factors.

We offer the following contributions. In the first setting, where the contri-
bution of the factor of interest to the covariance structure of the covariate can
be perfectly identified, we analyze how to optimally combine the information
inherent in the series with that of the covariates by deriving the limit exper-
iment. We find that the experiment is of the Locally Asymptotically Mixed
Normal (LAMN) type .* The LAMN result suggests tests with certain opti-
mality properties. In particular, we show that an easily implementable test
corresponding to a t test in the limit experiment is optimal invariant, asymp-
totically normal and we derive its asymptotic power. Moreover, simulations

demonstrate good finite sample performance.

Principle components would not be sufficient here, as one would need to take into
account the time-series structure of the innovations to prevent a lagged level of the

factor to appear as an additional factor.

When considering the first setup, this is equivalent to the presence of an additional

factor with exactly the same loadings, so that they cannot be identified separately.

% This is the same limit experiment as Becheri, Drost, and Van den Akker (2015b) ob-
tain for testing the idiosyncratic parts with observed common factors. In both cases,
observing a common component leads to a term in the likelihood ratio that does not
abide by a cross-sectional central limit theorem. However, the origins of the common

and idiosyncratic parts in the likelihood ratios are completely different.
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As the focus of this chapter is on panel unit root tests with unobserved
factors, we consider the implications of applying these tests to unobserved fac-
tors. Contrary to other common setups, the limiting distribution of our test
statistics is not unaffected by using estimates when the idiosyncratic parts
are nonstationary. However, we develop the appropriate size-corrections for a
general class of linear factor estimates. Moreover, we derive the local asymp-
totic powers of these tests based on estimated factors and show that power is
maximized by using weights corresponding to principal component estimates.’

For the second setting, in which the covariate is related to the innovations
less directly, we also start by considering the observed factor case. Contrary
to the first setting, this observed factor case is now the same as that studied
in Elliott and Jansson (2003) and Hansen (1995). However, the limit exper-
iment has not been derived to the best of our knowledge. It is of the more
general Local Asymptotic Brownian functional (LABF) type, making optimal
inference even more complicated than in the first case. However, we observe
that as the correlation between the innovation and the covariate approaches
one, we again obtain a simpler LAMN experiment, motivating the use of a
t-test in the original limit experiment. This test turns out to be identical to
the Covariate Augmented Dickey Fuller (CADF) test of Hansen (1995) and is
thus simple to implement. This sheds light on why the CADF test performs
well compared to the point-optimal tests by Elliott and Jansson (2003), espe-
cially when the influence of the covariate is large.® As a final step, we again

show that the asymptotic distribution of this test is unaffected when applied

ot

The efficiency of the factor estimation method appearing in the asymptotic powers is an
additional benefit of the faster convergence of our first setting. While some authors have
argued for using cross-sectional averages instead of principal component estimates to
estimate the factor, in this setting we show that using principal components is preferable
asymptotically.

Elliott and Jansson (2003) liken the relation of their point-optimal tests to the Hansen
(1995) tests to the relation between the Elliott, Rothenberg, and Stock (1996) and
Dickey and Fuller (1979) tests. However, in the setting with an additional covariate, the
case for using the point-optimal tests is weaker, as the choice of a reasonable alternative
depends on the importance of the covariate and due to our optimality result when the

correlation approaches one.
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to the unobserved factor of interest.

4.2 Setup and Assumptions

We consider a panel analogue of Hansen (1995), featuring unit-specific, sta-
tionary covariates in addition to the observations of interest. Cross-sectional
dependence is accounted for using unobserved common factors in the spirit of
the PANIC approach of Bai and Ng (2004). This leaves us with, fori =1,...,n
andt=1,...T,

Yit = Nl + Eyg, (4.1)
Fy=pF + fi, (4.2)
Eiy = ppEii1+ i, (4.3)
Tit = Vi ft + Ui, (4.4)

where gy is observed, F' is an unobserved univariate common factor, E are
unobserved idiosyncratic shocks and x is a stationary covariate. We assume
zero starting values, i.e., Fy =0, Fjo =0 and ujo =0 for alli =1,...,n.”

In a panel context, stationary covariates have only been used in the unit-
root testing problem for the idiosyncratic components F. Becheri, Drost, and
Van den Akker (2015b) consider the case of observed factors.® Thus, their
observed covariates are cross-section common and not unit-specific. On the
other hand, Juodis and Westerlund (2018), consider unit specific covariates

that are cross-sectionally independent and for each unit exhibit correlation

When starting values are large, these can have a significant influence on the power
of panel unit-root tests, see Miiller and Elliott (2003) for a general discussion and
Aristidou, Harvey, and Leybourne (2017) and Westerlund (2013) for the special case
of covariate-augmented unit-root tests. As the goal of our chapter is to study the
implications of observing panel data, we focus on the most studied case of zero (or

small) starting values.

Becheri, Drost, and Van den Akker (2015b) consider the influence of observing the factor
innovations f; in an alternative setup where the factor model is in the innovations and
the factors and idiosyncratic parts are of the same order on integration, on the power

of unit root tests for the observations Y.
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with the error term 7;;. We assume an intermediate case, where the covariates
as well as the observations of interest have cross sectional dependence based on
a factor structure. Moreover, we focus on the testing problem for the factor F'.
Equation (4.4) assumes that x satisfies a factor model, with f, the innovation
of the factor under investigation, being one of the factors.” Depending on
the application, one might not be comfortable with the assumption that the
factor innovation of interest enters the covariate equation directly. Therefore,

we also consider an alternative specification

zit = Yi(ft + gt) + wit, (4.5)

where ¢g can be considered an extra factor that happens to have the same
loadings as f. Alternatively, g can be interpreted as the difference between
the factor that drives the correlation in the covariate equation and that in the
observations. Contrary to having separately identifiable additional factors, i.e.,
factors that do not share their loadings with f;, having a factor with exactly
the same loadings significantly changes the testing problems and entails an
entirely new analysis (see Section 4.4).

Throughout, the null hypothesis is p = 1, i.e., F' and (therefore) each panel

unit has a unit root, with local alternatives

p=1+

Tt (4.6)

The coefficient of the idiosyncratic parts, pg, is assumed to be fixed. We
choose v depending on the specification to ensure alternatives contiguous to
the null hypothesis. In the first specification, where the covariate satisfies
(4.4), we obtain v = 1/2, i.e., a faster convergence rate thanks to the presence
of the stationary covariates, see Theorem 4.3.1. However, the robustified,
second specification (using (4.5)) means that even as n — oo, f cannot be
perfectly estimated, so, as we formally show in Section 4.4, the time-series

power envelope and a convergence rate with v = 0 apply.

o In this chapter we consider the case of a single factor, but the results are expected to

be robust to additional factors entering (4.4). However, estimating these is non-trivial

and left for future work.
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4.2.1 Notation

Collect the panel units in the 7' x n matrices Y, E, z, n, and u. Also, write
Y;, E;, z;, n;, and u; for their ith columns, respectively. Introduce the n x 1
matrix A to contain the factor loadings A; and the n x 1 matrix I" to contain the
covariate loadings 7;. Finally, let F' = {F;}1_; and define f analogously. Also,
denote F_1 = (Fp,...,Fr_1) and Fq= (ﬁb, . ,FT_l)' and note that with
this notation, we have y = FA’ + F and z = fT' + u. The T x T covariance
matrices of f, n;, and u; are denoted by X, ¥, ; and X, ;, respectively, with
long-run variances wj%, w?m, and Wi,i'

For a matrix C, let ||C||z denote its Frobenius norm and [|C|,. its spec-
tral norm. Henceforth, A will denote a cumulative sum operator (a 7' x T' ma-
trix with ones below the diagonal and zeros on and above) so that F_1 = AAF,
while I denotes an identity matrix. Throughout, W; and W5 are independent
standard Brownian motions, (time) integrals of these are understood to be
from zero to one and we abbreviate fol Wi(t)dt by [Wi. By — we denote
convergence in R, = denotes convergence in distribution, while combining
any convergence mode with the statement (n,T" — oco) refers to n and T going

to infinity jointly as in Phillips and Moon (1999).

4.2.2 Basic Assumptions

In line with the existing optimality literature on panel unit-root tests, we re-
strict ourselves to Gaussian innovations.!? In our baseline specification (4.1)—
(4.4) we allow for very general serial correlation. This is nontrivial from a
methodological point of view, as we deal with both a growing number of time
series and cross-sectional observations, so that, despite the imposed Gaussian-

ity, we are dealing with infinite-dimensional nuisance parameters.

Assumption 4.1 For each i, the covariate innovations {u;}, factor innova-

tions {fi}, {gt} and idiosyncratic innovations {ny:} are stationary Gaussian

10 Without distributional assumptions we could not write out the likelihood ratios that

form the basis of our asymptotic analysis. Thus, Gaussianity is required for our opti-
mality results. Nevertheless, we expect the test statistics to have good sizes even with

non-Gaussian observations.
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time series independent of each other. Moreover, the spectral densities f; of the
w;e are uniformly bounded away form zero and twice continuously differentiable

with uniformly bounded second derivative, i.e.,
inf f;(m) > 0, sup If (m)| < . (4.7)
i,m

Similarly, the spectral density of the factors is bounded away from zero and

their autocorrelation functions yy satisfy

o0
Z (m+1)ys(m)| < oo.
m=0

Remark 4.2.1 The condition on the second derivative of the spectral density
ensures a uniform (across panel units) decay of the autocorrelation function,
while the bound on the infimum is necessary to obtain bounds on the inverse
of the covariance matrices. If the {u;} were causal ARMA processes, these
conditions would be satisfied as long as the roots are uniformly (across cross-

section units) bounded away from the unit circle.

Assumption 4.2 The factors are strong, i.e., there exist positive definite con-
stants U and Ur such that lim,_ .o %A’A = U, and lim, oo %FT = Up.

Moreover, we have, for some w;% >0, as n — o0,
b

4.3 Limit Experiments and Feasible Tests

We now analyze the statistical problems related to testing h = 0, i.e., the
presence of unit roots in Y induced by a unit root in the common factor.
This analysis yields power envelopes and suggests tests with certain optimality
properties. Section 4.3.1 considers the experiment where the factor of interest
is observed. Section 4.3.2 adapts the resulting procedure for use with an esti-
mated factor and Section 4.3.3 relaxes the requirement that the idiosyncratic

parts of the covariate are independent of those in the main covariate.
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4.3.1 Observed Factors

In the presence of unit-specific covariates, optimal unit-root tests are not avail-
able in the literature, even if the factor is observed.!’ Thus, in this section,
we treat the simplest case: a single observed factor F' that drives both the
cross-sectional correlation in the Y as well as that in the z. Moreover, we
assume all nuisance parameters are known; this will be relaxed later.

If the factor of interest F' is observed, the observations Y are not relevant
for the testing problem, i.e., observing Y in addition to F' and x yields no addi-
tional power.'? They will, however, be used later to approximate unobserved
factors and nuisance parameters.

Denote by P}, the joint law of F', z, and Y under (4.1)-(4.4) and (4.6).
The following proposition characterizes the limit experiment associated with

the testing problem h =0 vs h < 0.

Proposition 4.3.1 Under Assumptions 4.1 and 4.2, the likelihood ratio in
the experiment with a single, observed factor and known nuisance parameters,

satisfies, under Py,

dp,

log dPo hAnT h2Jn,T + Op(l),
with
] n T -
nT— ZZ Ft lxzt_’YzAFt)
TZT i=1 t=1 w
and

In,T = nTQZ % ZFt 1

i=1 Ultl

Moreover, under Py, (Apr,Jnr) = (A,J) as (n,T — o0), where J =
wiw, T [WE, and AlJ ~ N(0,J).

1 Hansen (1995) has studied the testing problem in a time-series context, i.e., with a finite

number of covariates. Here, however, we assume that covariates are unit specific.

12 This changes when we allow for correlation between the u and 7, see Section 4.3.2.
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Proposition 4.3.1, proved in Section 4.A.1, implies that the testing problem
is of the LAMN type. Although this limit experiment is well understood,
this implies that no asymptotically UMP test exist, see Jeganathan (1995).
If all nuisance parameters were known, we could, however, conduct simple
inference by using the asymptotic normality of ¢, 7 := A, 1/ \/m, leading
to optimal invariant'® tests. Note that in A, 7 and J, 7 we have replaced
covariance matrices by long-run matrices as even with an observed factor,
estimating the entire variance-covariance matrix of the innovations u and f
is impractical. Thanks to this replacement, as we show in Section 4.3.2, we
can implement tests based on ¢, 7 that do not require any knowledge about
nuisance parameters.

Proposition 4.3.2 states the distributions under alternatives. As we are
dealing with a mixed Gaussian shift limit experiment instead of the standard
Gaussian shift limit experiment, the distribution contains stochastic integrals
and no simple closed form solutions for powers exist. However, Figure 4.1,

plots powers for varying values of wyw, %

Proposition 4.3.2 Suppose Assumptions 4.1 and 4.2 hold. Under Py,

T:>Z h\/ /Wfdt

s (n,T — ), where Z is standard normally distributed and independent of
Wi.

Our LAMN result facilitates a simple proof of Proposition 4.3.2 using only
the properties of the limit experiment, see Section 4.A.2. In the simple case
of i.i.d. time series without cross sectional heterogeneity and variances o2 and
a]%, the result can also be derived using direct calculations that might be more

intuitive to some readers. As AF; = f; + ﬁFt,l we have

h n T
. 3L 1zwt YR 4)
U j=1 t=1

Ut=1

13 That is, tests that achieve nominal size even conditional on J, 7.
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Note that, from Lemma 4.A.1 in Section 4.A.6, under all alternatives, the
limiting distribution of the first part equals that of A, 7 under the null hy-
pothesis. Further, note that the second part equals .J,, 7 and, again using

Lemma 4.A.1 its distribution is the same irrespective of the alternative,'* i.e.,

J2
Jur = \I/Fg/wfdt.
UU

Combining yields

buir = WU—ZE: 1Z%uzt h/Tor = Z — hy [ 2/Wfdt

4.3.2 Tests when the Factor is Unobserved

In the previous section we have established how to conduct optimal tests when
the factor is observed and that we can exploit the covariates to obtain power
in /nT instead of T' neighbourhoods of the unit root. We now show that even
for testing an unobserved factor, we can achieve the improved rate. If the
idiosyncratic parts are stationary, the power envelope and the power of our
proposed tests are the same as if the factor was observed. If pp = 1, however,
we observe a modest loss in asymptotic power. Note that this loss in power is
atypical: both in the no-covariate case as studied in Bai and Ng (2004) and
in our robust specification in Section 4.4 using estimated factors in place of
observed ones does not change the limiting distributions of the test statistics,
even when the idiosyncratic parts are nonstationary. In our setting, however,
not observing the factors necessitates a size correction, which leads to a loss
of power. In this section we discuss how to implement a version of the test
that can be applied to unobserved factors and compare the power loss relative
to the observed factor case for different factor estimates.

Our method of choice estimates AF by applying principal components to
Ay. The resulting estimates, AE, are then used in combinations with the co-

variates x to estimate I' using OLS. Next, consider the limiting distribution of

14 This is thanks to our alternatives being in y/nT neighbourhoods around the unit root.

See Phillips (1987b) for the behaviour in 7" regions around the unit root. The present

case is obtained by letting the local parameter converge to zero.
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a version of ¢, 7 based on those estimates. To estimate the factors sufficiently
well we need to make additional assumptions on the relative size of n and T
This is common in the literature, as these unit-root tests are typically applied

to panels of macroeconomic time-series.
Assumption 4.3 We have n/T — 0 as (n,T — 00).

To create tests that can be implemented in practice, we also need estimates
of the long-run variances. These requirements are standard, and satisfied, for

example, by kernel estimates, see Remark 2.9 in Moon, Perron, and Phillips
(2014).

2 and &2 ; of the long-run variances

Assumption 4.4 We have estimators d)ui i

of the {ui} and {ni}, respectively, satisfying, under Py, as (n,T — 00),

max E(w ul—(,u?”-)2 =o(1/n), max [E( —w?”-)2 =o(1/n).
i=1,...,n ’ 1=1,....,n ’

Theorem 4.3.1 Let (AF,A) be the principal components estimator based on
Ay and let

I' = (AF'AF) AR :

2
n

- ~2 _ 1N 32- _ 1
and define the estimators K,° = =Y ", )\Z»wm, wep 2 =150 A2 -~ and

with its i-th element denoted 7;. Assume k: = hmn_>C>O - Zl 1 )\2 72” exists

Uy = %/A\’f\, using the long-run variance estimators of Assumption 4.4. Let

7‘fn,T = fn,T/\/l + \:A[IXQWII,F72KA?727

where t, 7 = —== with

ﬁb
qs }i
|

n T
n,T Z Ft 1(wir — AFA) and
nT — = w2

n T

1
nT—me

Then, under Assumptions 4.1-4.4, with pg = 1 and under Py, as (n,T — o0),

~ 1/w2w;%fW12dt
tn,T =Z—h
14+ uF/@?

2
Ftl
Ut —1
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The proof is provided in Section 4.A.3. Theorem 4.3.1 implies that we can
again use standard normal inference, based on the adapted test statistic tNmT.
The loss in power due to not observing the factors can be attributed to
the term
F'\AEANA)TIT'QTIT,

which constitutes part of the difference between the central sequence A, 7 and
its estimated counterpart AmT. Under pgp = 1, %AEA gives rise to /1727 as
its long-run variance. However, if F is stationary and AFE is thus overdiffer-
enced, the corresponding long-run variance is zero, making a size correction

superfluous.!®> Thus we obtain the following corollary.

Corollary 4.3.1 Under the assumptions of Theorem 4.3.1 but with pp = 0,

we have, under Py, as (n,T — 00),

o = 2 — h\/ whw b / Widt.

Therefore, whether tAn,T or fmT is to be used depends on whether the idiosyn-

cratic parts are stationary. If this is unclear, one can use fn,T for robust (but

potentially conservative) inference.

Remark 4.3.1 To avoid identification problems, in Theorem 4.5.1, we im-
mediately replace both factor and their loadings by estimates. Its proof demon-
strates that the power loss occurs due to having to estimate the factor in
(it — AF{%) in the central sequence. The estimation of the loadings is then
adaptive, i.e., we show that the terms due to estimating the loadings converge
to zero. Note that, thanks to Le Cam’s First Lemma and our LAMN result,
we only have to show this adaptivity under the null hypothesis. Convergence to

zero of these terms under the local alternatives is then implied by contiguity.

Remark 4.3.2 Instead of using principal components, one could also use
cross-sectional averages as a simple way to show that unit-root tests are pos-

sible in /nT neighbourhoods of the unit root even when the factor is not

15 More formally, note that if E =7, then F/|AFE; = ZtT;()l AFi(nir — i) = Op(VT).
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observed. For panel unit-root tests in the PANIC framework this is a well-
documented technique (see Reese and Westerlund (2015)) and it is often con-
sidered to be competitive with principal components. However, in this testing
problem, we can clearly identify the increase in asymptotic power due to using
principal components instead of simple averages when pp = 1.

To gain intuition, again assume i.i.d. innovations and normalize the av-
erage of the X\; to one. Consider, in addition to t, and En,T; a version of
fnﬁT that is based on cross-sectional averages. To ensure a standard normal
limiting distribution under the null hypothesis, this requires a different normal-
ization than when using principal components: the asymptotic distributions of

all three test statistics under alternative h can be written as

o2
Z—h\/Qf F/Wfdt,
oy + D

where p = 0 when the factor is observed, p = O‘%‘I’I‘\PXI i case of principle

components, and p = O'%‘Ifr when using averages. As expected, the efficiency
loss due to using averages over principal components depends on the variabil-
ity of the factor loadings in the observations (Vp ), while the loss from not
observing the factor depends mainly on the variance of the idiosyncratic terms
(072]). For general weights w, satisfying w'\ = 1, the variance of the weighted
n is w'w. If X were known, one could use the OLS weights N/ (X)) to obtain a
variance of (N'\)~! instead of 1. This explains why the variance correction is
divided by W and it also shows that there is no asymptotic loss in efficiency
from the X\ being estimated by principal components rather than being observed.
Figure 4.1 compares these asymptotic powers for a range of typical parameter

values.
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op=05,Vy=15

Figure 4.1: Asymptotic power of unit-root t-tests as a function of —h for
varying values of 072] and Wy. Here O'J% = 02 = 1. The dotted line represents
the observed-factor benchmark, the solid line presents the asymptotic power
of L:mT and the dashed line represents a version of fmT where the factor is

estimated using cross-sectional averages rather than principal components.
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4.3.3 Correlated Innovations

We now consider the more complicated case where the idiosyncratic parts of
the observations are correlated with those of the covariate. To allow for such

correlation in a simple way we augment (4.3) as
Eit = ppEii—1 + Nt + Pug. (4.9)

Note that now it becomes worthwhile to exploit the observations y to improve
on the tests even when the factor of interest is observed. The aim of this
section is to demonstrate that exploiting the correlation between the error
terms leads only to minor increases in power, so we focus on the observed
factor case. For this more complicated setup, we also consider the simplifying
Assumption 4.5. The results in this section can be extended to allow for serial

correlation along the same lines as in Section 4.3.1.

Assumption 4.5 The covariate innovations {u;}, factor innovations { fi:}
and idiosyncratic innovations {ni} are i.i.d. normally distributed, with vari-
ances 012“ JJ%, and 072], respectively. Moreover, pp = 0 and the factors are

independent of {u;t} and {ny}.

Proposition 4.3.3 below demonstrates that, based on a similar ¢-test, one can
again use standard normal critical values for testing the stationarity of the
observed factor. The proof, found in Section 4.A.4, also demonstrates that
the experiment is LAMN and the proposed t-test is thus conditionally optimal.
This test is again motivated by the limit-experiment, which is of the same type
as the one in Section 4.3.1. However, thanks to the correlation between the
two equations, this test can also exploit the fact that, under the hypothesis
n = Eiy — B(xy — v AF;), but that the right-hand side will be correlated with
F;_1 under (local) alternatives. This leads to an increase in asymptotic power,

depending on the magnitude of 3, as shown in Figure 4.2. Some limited gains

2

are possible when o}

is small relative to o2 and 012:.

Proposition 4.3.3 Suppose Assumptions 4.2 and 4.5 hold and let

B . AB / 18
tn,T T An,T/ Jn,T’



147 4.3. LIMIT EXPERIMENTS AND FEASIBLE TESTS

with

n T

" 1
Aur =Bz - \/ﬁTJ 22> viFi-1(Eie — Blea — viAF))
i=1 t=1

and

3 T

B 2 2

Jn,T T2 Z <02 2) Yi F .
t=1

7]

Under Py, and (4.9), as (n,T — o0),

02
=24 —h \pr<

1 B2 f)/wfdt

where Z is standard normally distributed and independent of W7.

o v A O 0 =

— =0 --- =05

Figure 4.2: Asymptotic power of observed factor unit-root test t p for varying

values of 077 and 3. Here af =o0l=1

Remark 4.3.3 Here we allow for any fized value of 3. Note that while the
gains in asymptotic power are small for the magnitudes of B that are likely to

be encountered in practice, as B — 0o, the power for any fized h converges to

1.

Remark 4.3.4 Proposition 4.3.3 assumes that pg = 0, i.e., the idiosyncratic
parts are stationary. If the idiosyncratic parts E are known to have an autore-

gressive unit root, one can simply replace E; by AFE;; in the central sequence.
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The intermediate case, however, where the persistence parameter of the id-
iosyncratic parts is local-to-unity at the contiguous rate \/nT is left for further

research. 16

Remark 4.3.5 Note that the correlation between E and u also implies a typ-
ical regression relation between x and Ay. In particular, under the null hy-

pothesis and with pp = 1, we obtain

Ay = (Ni — B7)AF; + Bxie + nir.

4.4 Robust Specification

In this section we consider the alternative covariate setup as introduced in

(4.5). That is, we introduce a new factor
by = ft + 9t (410)

that can be considered as the relevant factor in the covariate equation. by
is allowed to differ from the factor that is to be tested for a unit root, with
the perturbation g; representing their difference. The assumptions on g; are

analogous to Assumption 4.5.

Assumption 4.6 The covariate factor innovations by are i.i.d. normally dis-

2

5 and independent of all other innovations.

tributed, with variance o

Similarly to the previous section, we first consider an auxiliary model,
where the factor is observed. In this setup it turns out to be beneficial to as-

sume that b, is observed as well. This will be relaxed later, but for now brings

16 When B # 0, we need to remove the influence of the x;; before removing the factors.

However, to understand how x;; enters the observations y;: in this setup we need to
to know pp with sufficient accuracy. If, for example, we impose a unit root in the
FE equation whereas in fact pg = 0.5, f; directly enters the y equation. So when we
estimate the factors based on y, we in fact do not only obtain F' but also f, which
leads to size distortions for the unit-root tests based on those estimates. Therefore, if
pE was localized at the contiguous rate it becomes a non-adaptive nuisance parameter.
The joint likelihood ratio then involves both equations. The joint experiment appears

to also be of the LAMN type, but the resulting test statistics are more complicated.
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one back to the univariate covariate setup as studied by Elliott and Jansson
(2003) and Hansen (1995). While Hansen (1995) has suggested adding the co-
variate by to ADF regressions, Elliott and Jansson (2003) derive point-optimal
tests. However, in the spirit of the previous sections, we do not start from a
specific test statistic, but first investigate the structure of the limit experiment.
We show that the limit experiment in the time-series covariate setup is LABF
and that it gets closer to the LAMN case considered in the previous section
as the influence of the observed factor grows.!” This observation motivates
the use of a simple t-test (albeit with slightly adjusted critical values) that
turns out to be competitive in power with the point optimal tests proposed
by Elliott and Jansson (2003) but more robust to the choice of alternative. It
turns out that this test is equivalent to the approach of Hansen (1995) and
can thus be easily implemented using OLS regression. In Proposition 4.4.2 we
exploit our expansion of the likelihood ratio to show that both tests can be
applied to estimated common factors with no loss in asymptotic power.

In this more robust specification, we localize the autoregressive parameter
of the factor as p; = 1+ % and denote by Pj the joint law of Y.z, F, and
b under (4.2) and (4.10). The following proposition characterizes the limit
experiment associated with the testing problem A = 0 vs h < 0. The result is

immediate from the Gaussian likelihood ratio and we omit the proof.

Proposition 4.4.1 Under Assumptions 4.1, 4.2, 4.5 and 4.6, the likelihood
ratio in the experiment with an observed factor, known nuisance parameters,

and a known covariate b, satisfies

dPh ~ 1 2 ~
log — = hAr — —h 4.11
og a7, T35 Jr, (4.11)

with

T
X 1 AFt AFt—bt
Ar =72 P ( Tt o

17 Indeed the DGP in Section 4.3 corresponds to R? = 1. However, note that the contiguity

rate is different, and that the LAMN result here arises from an entirely different sequence
of experiments. This also implies that the optimality properties of the tests developed

in this section for R? < 1 do not carry over to the case of Section 4.3.
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and

1 1
2
Jr = T22Ft 1(2 z>-
f 9y
Note that, under the null hypothesis, with W; and W5 being independent
Brownian motions,

~ o ~ O'2
Ar = [ Wid(W; + U—f%) and Jr = [ 1+ U—J; /Wfdt,
g g

as T'— oco. Thus, as UJ% gets large, relative to 03 (or, in the notation of Elliott

and Jansson (2003), R? = \/U;Tiggf goes to one), i.e., the influence of the
covariate increases, the limit experiment mimics more and more the LAMN
case of the previous sections.'® This suggests to use again the simple t-statistic
by = Aif,
Vir
as this will yield optimal invariant tests in the setting of the previous section
where R?> — 1. Note, on the other hand, that ¢t7 approaches the regression
Dickey Fuller statistic as R> — 0. Therefore, we expect this test statistic
to behave reasonably well also for intermediate R. Figure 4.3 compares the
powers of ¢ to that of the point-optimal tests. As expected, the CADF test

tr performs particularly well when R? is large.

Remark 4.4.1 For easier intuition we have again treated this case based on
1.1.d. errors. However, due to the standard ingredients of our test, existing re-
sults for time series (as stated, for example, in Elliott, Rothenberg, and Stock
(1996)) imply that our test could be applied to serially correlated data by re-
placing variances by long-run variances and subtracting the correction term

(5f/wj2¢, where 05 and w]% are estimates of the one-sided long-run variance and

8 To see the relation to Proposition 4.3.1, note that f W1dWs indeed has a normal dis-
tribution conditional on fodt. As O'j% gets large relative to O';, the term [ WidW,
becomes negligible. It is also evident that as oy/0y — 00, one needs a different stan-
dardization to obtain a non-degenerate limiting distribution. This corresponds to the

analysis in Section 4.3, which uses a different contiguity rate.
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long-run variance based on AF, respectively. Note that this is the same correc-
tion term as in the no-covariate case, as the contribution of [ W1dWs requires
no correction term, c.f., Proposition 4.5.1. Although the test statistic is iden-
tical to that of Hansen (1995) in the i.i.d. case, this suggests an alternative

way of handling serial correlation.

Remark 4.4.2 Contrary to the model studied in Section 4.3, a correlation
between the idiosyncratic parts, as in (4.9), would not change the likelihood
ratio or the attainable power. Thus, the results in this section apply regardless

of whether 3 is zero or not.

Remark 4.4.3 To allow for multiple factors in the covariate equation, one
could generalize (4.5) to

K

Tt = Z%’,kz(ft + git) + Wit
k=1

With by = fi + grt observed for k=1,... K, and 0,3 denoting the variance

of gkt the central sequence and Fisher information would read

T K

~ 1 AF; AF; —b

A¥ :T E Fi 4 ( 2t + E ! 5 k’t> and
pt o o

f k=1
T K
- 1 1 1
-yt (3 h).
"I 97 k=1 Ok

Note that we have chosen this formulation of the generalized setup over a
formulation with K + 1 independent factors, as this allows us to treat the by 4

as observed without worrying about identifying the single relevant factor.'”

4.4.1 Implementing the tests with unobserved factors

In this section we demonstrate that Ap and Jp can be approximated without

actually observing F' or b. This not only enables adaptive testing based on

19 As principal components only identifies factors up to a rotation, imposing a rotation

that eliminates f; from K — 1 factors would make it harder to implement the resulting

test statistic in practice.
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o N oA O 00 =

Power Envelope - - - Point Optimal —— CADF ‘

Figure 4.3: Local asymptotic powers of unit-root tests and pointwise power en-
velope. The "Point Optimal’ test of Elliott and Jansson (2003) is implemented

for a fixed alternative h = —7 as recommended by the authors.

tr, but also based on (4.11) for a fixed h, i.e., based on point-optimal tests.
Contrary to the case in Section 4.3, here there is no change in the asymptotic
distribution of the test statistics, and thus no loss in power due to not observing

the factors.

Proposition 4.4.2 Reconsider the principal components estimator f\, F based
on AF from Theorem 4.3.1 and similarly denote the principal components
estimator based on x by I and b.2° With (}j% and &3 consistent estimates of aj%
and 03, respectively, we have, under Assumptions 4.1—4.5 and 4.6, and under
Py, as (n, T — ),

Ar —Ap = op(1) and Jr — Jp = op(1),

with

t=1 95 g
T
R 1 . 1 1
Jr 72 L1 <A2 A2>
T t=1 9 9y

20 Note that with our identification assumptions it is necessary to get a common scaling

of the principal component estimates across the two equations. We achieve this by

recovering the scaling of I' from a regression on AF on x.
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Proposition 4.4.2 implies that, even in this robust specification, there are
sizeable gains from using observed covariates when testing unobserved common
factors, as the covariate-based tests maintain their asymptotic powers as if the

factors were observed. The following corollaries formalize this notion.

Corollary 4.4.1 Let

A

tr = —.
Jr

Then, under P, and as (n,T — o00), tr has the same limiting distribution
as tp. Consider a test that rejects for small values of tr. Using the critical
values from Table 1 in Hansen (1995), this test has correct asymptotic size
and, as (n,T — oo) and subsequently R?> — 1, its power converges to that of

the optimal invariant test.

Corollary 4.4.2 Let

A test rejecting for large values of p° is asymptotically point optimal for testing
P: against Py and critical values from Table 1 in Elliott and Jansson (2003)

lead to correct asymptotic sizes as (n,T — o0).

Remark 4.4.4 Natural estimators for the variances are [7]20 = AF'AF/T and
67 = (AF' — b)Y (AF —b)/T and these indeed lead to the asymptotically well-
behaved tests. However, in small samples and with estimated factors, other

estimates lead to significantly higher powers. In particular, take

VOAF'AF — (AF'b)?

VODAE'AF — (AE'D)?
T(b'b — AF'b) '

TAF'b

) A2

o = and G, = (4.12)
These are the estimators implicitly used in the point-optimal tests proposed in
Elliott and Jansson (2003) and although unintuitive, simple algebra confirms
that these are indeed consistent estimators of the variances. Figure 4.6 shows
that using these estimates over the natural estimator significantly improves

small-sample powers for both CADF and point-optimal tests.
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4.5 Finite-Sample Performance

In this section, we demonstrate to what extent observing stationary covariates
can improve inference in finite samples. We treat the specifications of Sec-
tions 4.3 and 4.4 separately as the contiguity rates are different and even in
small samples a comparison is not insightful.

For Section 4.3, we simulate (4.1)—(4.4), drawing the factor loadings A\ and
~ from independent normal distributions with means and variances equal to
one. For the innovations, we consider i.i.d., AR(1) and MA(1) specifications
(both with parameter 0.4). The long-run variances of the n and u are drawn
from a log-normal distribution with mean and variance one (except where a
different w? is indicated, this refers to the mean of the lognormal distribution),
to create heterogeneous long-run variances. The long-run variances of the f
are unity. All results are based on 20000 replications.

Table 4.1 presents sizes in the observed-factor benchmark ¢, 7, for nomi-
nal 5% level tests. We consider the test statistics based on kernel-estimated
long-run variances, using a Bartlett kernel with Newey-West bandwidth. It is
evident that the proposed corrections for serial correlations work well even in
small samples. Table 4.2 presents the corresponding results for an unobserved
factor and also here the sizes are reasonably closer to nominal (but slightly
under-sized rather than over-sized for small sample sizes). Finally, Table 4.3
presents sizes in the robust framework of Section 4.4. Here we treat all pa-
rameters the same as in the previous framework, while adapting the variance
of g to yield the desired level of R?. We use the variance estimates from (4.12)
for better finite-sample powers, c.f. Remark 4.4.4. We observe that sizes are
close to nominal levels, but slightly lower when n is large relative to 7.

We now study the powers of the aforementioned tests, with the same DGP
as before (but focusing on i.i.d. innovations) and local alternatives generated
by (4.6). Figure 4.4 considers the tests from Section 4.3. Here the emphasis is
on the finite-sample implications of not observing the factors. Recall that not
observing the factors does lead to an asymptotic power loss here. However,
when the variance of the error terms across the two equations is comparable,

the loss of not observing the factor is not large: even in small samples the
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convergence to the asymptotic powers appears quite fast. In particular, the
distance to the asymptotic power envelope in small samples appears to mirror
the case of observed factors. Combining the insights from Figure 4.4 with the
asymptotic powers presented in Figure 4.1 gives a good idea of the expected
finite sample powers for other parameter values.

Figure 4.5 considers powers in the robust framework of Section 4.4. We
compare our proposed CADF tests based on estimated factors to the esti-
mated Dickey-Fuller tests proposed in Bai and Ng (2004). For a moderately
correlated covariate of R? = 0.5, the proposed CADF test outperforms Dickey-
Fuller tests even in small samples. However, when n is small, its power is sig-
nificantly lower than the asymptotic power envelope. Figure 4.6 revisits the
phenomenon discussed in Remark 4.4.4, highlighting how a particular set of
variance estimates outperforms the more intuitive ones. For small n, the finite
sample gains from using the more complicated variance estimates are sizeable.

It is evident that the power gains from exploiting the stationary covariates
are very large even in small samples. This applies in the robust specification of
Section 4.4, where the tests that take into account the covariate significantly
outperform Dickey-Fuller tests even in the smallest sample sizes and with a
moderately correlated covariate. In the baseline specification, where the factor
contribution can be perfectly identified, the gains are very significant even in

small samples and small correlations.
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iid., w? = AR(1), w? = MA(1), w2 =
n T 05 1 15 05 1 15 05 1 15
50 25 68 69 7.1 6.0 6.0 5.9 59 6.0 5.7
50 50 52 52 5.3 52 51 5.0 53 51 5.2
50 100 50 4.9 4.7 46 51 4.8 4.7 48 47
100 50 55 54 5.5 53 51 5.1 54 55 5.1
100 100 4.8 48 4.8 50 4.9 4.9 46 47 48
100 200 50 4.9 48 4.7 49 49 51 4.9 4.9
200 100 48 49 49 50 4.7 4.9 46 45 48
200 200 50 4.7 4.8 4.9 49 48 49 49 48
200 400 50 4.8 4.9 49 50 5.1 50 4.9 4.9

Table 4.1: Sizes (in percent) of nominal 5% level test based on ¢, 7 (observed

factor).
iid., w? = AR(1), w2 = MA(1), w? =

n T 05 1 15 05 1 15 05 1 15

50 25 29 31 34 20 22 24 24 25 28

50 50 34 35 36 31 29 33 31 31 32

50 100 4.2 41 4.0 40 41 4.1 39 39 38
100 50 32 31 33 2.7 28 3.1 28 29 29
100 100 41 40 3.9 38 39 39 36 3.7 3.7
100 200 45 43 4.2 44 43 43 42 43 44
200 100 40 40 4.0 36 3.6 3.8 35 3.6 3.7
200 200 43 42 43 45 43 4.3 4.2 43 44
200 400 4.7 46 4.6 46 47 4.6 46 45 4.6

Table 4.2: Sizes (in percent) of nominal 5% level test based on t~n,T (unobserved

factor).
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iid., R? = AR(1), R? = MA(1), R? =
n T 03 05 0.7 03 05 0.7 03 05 07
50 25 36 48 6.2 34 3.7 4.3 39 42 46
50 50 43 55 6.5 3.8 4.2 48 42 43 48
50 100 51 63 7.1 41 45 5.1 42 46 54
100 50 32 40 48 38 4.0 45 3.7 3.8 4.3
100 100 39 48 53 39 43 46 41 42 45
100 200 48 51 5.6 45 47 5.3 43 44 52
200 100 33 40 44 3.8 40 48 36 3.8 43
200 200 38 41 46 42 44 5.0 41 46 48
200 400 45 44 5.0 43 46 5.3 42 44 5.1

Table 4.3: Sizes (in percent) of nominal 5% level test based on 7 (unobserved

factor).
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n—50 T =100

n7200 T—lOO n7200 T—20() n—200 T—400

Asympt. Observed --- tn, 7 —— Asympt. PC - -~ £, p

Figure 4.4: Size-corrected powers and asymptotic powers of unit-root tests as
a function of —h for varying sample sizes. All innovations are i.i.d. normally
distributed.
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Asympt. Power Envelope - - - CADF - - - Dickey Fuller

Point Optimal

Figure 4.5: Size-corrected powers and asymptotic powers of unit-root tests as
a function of —h for varying sample sizes. All innovations are i.i.d. normally
distributed and R? = 0.5.
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n = 100, T' = 100

o N oA > 0 =

Asympt. Power Envelope - -- CADF (simple) - - - CADF
—— Point Optimal (simple) —— Point Optimal

Figure 4.6: Size-corrected powers and asymptotic powers of unit-root tests as
a function of —h for varying sample sizes. All innovations are i.i.d. normally
distributed and R? = 0.5.

4.6 Conclusion

We have demonstrated that, also for testing unobserved common factors, it can
be highly beneficial to use observed stationary covariates. The gains over the
classical PANIC procedure are particularly large when the contribution of the
factor innovation to the covariate can be separately identified, in which case the
covariate overcomes the rate-disadvantage due to allowing for cross-sectional
cointegration in panel unit-root tests. Even when one is not comfortable as-
suming that the factor in the covariate equation can be perfectly identified,
there are gains from taking into account the covariate. In this case the statisti-
cal problem is reduced to that of the well-studied time-series case, i.e., there is
no improvement in the convergence rate, but the covariate nevertheless signifi-
cantly improves local powers. Whether the rate improvement from having the
covariates is attainable depends on the application at hand. Most applications
would likely require multiple factors, requiring more advanced factor estimates
than principal components. Although they do not suffer from these problems,
the robust tests provide considerably higher finite-sample powers compared
to tests without covariates, even if the convergence rate is the same. Finally,

the analysis under the faster convergence rate also facilitates the asymptotic
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comparison of different factor estimation methods, highlighting the optimality

properties of principal components even asymptotically.

4.A Proofs

4.A.1 Proof of Proposition 4.3.1

Proor Noting that, conditional on F', the observations Y and x are both cross-sectionally

independent, we obtain the Gaussian likelihood ratio

dPh

h o1 h
log —t = — = F——_F_ J(AF — ——F_
og E AT 1)) 2y (@i — (A AT 1))

h P h
(AF ﬁTF,l) S HAF ﬁTF,l)
22: — WAF)S (2 —WAF) + 5 NG 'STIAF

—1 ° ’ -1 1 ! —1
=h | —— B Y (. — v AF —F Y, AF
(\/ﬁT;7 12 (e = AF) + R Py )

1,21 ., = %2 -1 11
— —h"—F_ =¥ i+ -2 F_
2" 27t <; n + nf !
. 1 5=
:ZhAmT — §h Jn,T.

We start by characterizing the limiting distribution of (An,:r7 jn,T) under the null hypothesis.
Then, we will show that (A7, Jo1) = (An1, Jur)+0p(1). Throughout the proofs, we use
freely the well-known results of weak convergence to stochastic integrals in the time-series
case, namely, with 4, being i.i.d standard normally distributed innovations independent of

F, we have, under the null hypothesis of F' being a random walk,?

T T T
1 1 _ 1
TE Fiafy :>/W1dW1, ?E Fi 1y #/Wldwz, T2 > FL :>/W12(t)dt
t=1 t=1 t=1
(4.A.1)

with the convergences also holding jointly.??

2L This also extends to stationary Gaussian processes with more general autocovariance

functions, if one normalizes by the square-root of the long-run variance. One way to
obtain this generalization is an application of Lemma 4.A.2.

22 In this very simple case, this is a direct consequence of the probability convergence

(formally on a different probability space) to the stochastic integral, which then implies
joint convergence. For similar convergence under more general conditions, see, for
example, Kurtz and Protter (1991) and Phillips (1987b).
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First, we show that, under the null hypothesis, the direct contribution of the factor
innovations to the likelihood ratio is negligible. For this, recall the cumulate sum operator
A, a matrix with ones below the diagonal and zeros on and above, so that F_; = AAF. We
have, under the null hypothesis,

1

/ —1 1 I gl —1
FFLSIAF = S ASE N = 0p(1),

since it has mean tr A’ = 0 and a variance given by
1
T2
1
—T2 H Azf +3;°4) EfHF

tr((A’z:;1 +SA)S (A'SF + 27T A)S))

1 B 2
< (F141e + 2 1= e 421 ) =00,

using that ||A||, = O(T) and the eigenvalues of ¥ are bounded and bounded away from
zero. As this term is divided by +/n it indeed becomes negligible.
Under the null hypothesis, x;: — v AF; = u;t, so under Py, the remaining term of An,T

is given by

-1 n
Abpi=——F Y b 4.A.2
n,T T\/ﬁ 1 ;7 u,lu , ( )

Note that, with ¥~ =+ Zl 1 ~2 u14 and ©7/2 the matrix square root of 71,

1 & -
=2 o= Z%Zu,iw ~ N(0, Ir).

Therefore, A}, 7 is equal in distribution to

A= %FilE_l/Qﬁ., (4.A.3)

s

for a 4. ~ N(0, I7) independent of F__;. Moreover, for each n,T, (A}, 1, Jn,7) has the same
distribution as (An,T, Jn, 7). We proceed to derive the limiting distribution of (An,T7 In,1).

1/2, However, it turns

A direct application of (4.A.1) is precluded by the presence of ¥~
out that it is possible to replace »no1/2 by a scalar in (4.A.3) without changing the limiting
distribution. For this, let X7 (f) denote a T'x T Toeplitz matrix based on the spectral density

function®® £, i.e.

1 27 _ .
(Er(rs = 5 (e 'FTIr N, (4.A.4)
with 2 = —1. Lemma A.1 in Wichert et al. (2019) implies that, for f the spectral den-

sity function of a time series with m-summable autocovariances, ||A'(Sr(f) — £(0)1)

I

23 Conversely, f(\) = >7° v(k)e'™*. Often, the spectral density is defined as this

k=—o0

divided by 27, but we stick to (4.A.4) for convenience. This normalization implies that

the long-run variance equals £(0).
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O(V/T). To apply this result to (4.A.3), we make use of both the inverse of a Toeplitz matrix
and its square root being asymptotically equivalent to certain Toeplitz matrices as well, see,
for example, Section 5 in Gray (20()5) In particular, let f; be the spectral density of {w;}.
Then ||E; — Sr(1/£)|| . Thanks to the uniform bounds on the spectral densities,

spec
this result also holds umformly across cross-section units, see Lemma 4.A.3. Therefore,

el

as (n,T — oo). Thanks to a uniform continuity property of the matrix square—root (see

Schmitt (1992), Lemma 2.2), and the fact that the eigenvalues of X (2 377 | f ) are bounded

away from zero thanks to the bound on the spectral densities, this also implies that
_ 1 o2
OREYLI S Vi y1/2
Gy
i=1
Combined, this implies, together with the statement on the matrix square root above,

$1/2 _ 1 -

_ 1 —
< sup 1Zai = 20/ gpee izzlvf =0

spec

— 0.

spec

[y

3 )H?) =o(1). (4.A.5)

§

spec

1/2
So define f, := (% > }—zz) , Wy I = fa(0) and split

-1
l 1/2~ _wu,F,n /o~ l P Al (s—1/2 ~ l 1At -1 ~
SFLi5T = P4 S f A Sr(fa))i 4 /A (S (f) = wi D)

We will show that only the first summand contributes to the limiting distribution. To see
that the second summand is asymptotically negligible, note that it has zero mean conditional

on f and its variance is given by
EVar o f A(57Y2 - S (f))ii | f :i[Ef’A’@—”Q — Sr(f)(E Y2~ Sr(f)AS

— ARV - zT(fn)xz—”Q — 1 (fa)) ATy

1"2
< Al |22 = S| 1A%
:%O(T)o(l)O(T) — o(1).
Similarly, the variance of the third summand is given by
2 A (S () —wi b D) — ik DASy <[4/ (R) = 0k aD3 15 pee
:%O(T%oa).

We obtain the o(T?) rate by an application of Lemma 4.A.2, which requires the £, to be
twice continuously differentiable with uniformly bounded second derivative. This follows

from the analogous assumption on the f;, as

e 2 1< 1
g;mﬁm—;;m,
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so as the f£; are uniformly bounded away from zero and their second derivatives are uniformly
bounded, the same applies to f,.
Thanks to these calculations, the dependence on n has disappeared, allowing us to use

the existing convergence results recalled in (4.A.1), i.e.,

T
1 -
T ZFt_ﬂL,,t — wf/W1dW2,
t=1
as T — oo and thus also as (n,T — 00). Conclude that, under the null hypothesis
An,T = wfw;} / WidWs =: A.

Moreover, also from (4.A.1), this convergence holds jointly with

T
1
t=1

Thus, the weak limit of jn,T equals that of

n T
. 1 Z ’Y'2 Z 2 2 -2 2 .
JH,T = nT2 — w?j’i — Ft—l = wau,r Wl (t)dt =:J.

Thus we have demonstrated the joint convergence the central sequence A, r and em-
pirical Fisher information J,, 7: (An 71, Jor) = (A, J).

For completeness, we now demonstrate that A|J ~ N(0,J), by considering its moment
generating function. Note that, conditional on Wi, [ WidWa ~ N(0, [ Widt). Thus

Elexp(tA)|J] = E[E[exp(tA)|Wh]|J] = [E[exp(t2J/2)\J] = exp(t2J/2),

as required.

Finally, we show that (An,7, Jo, 1) = (An,T,jn,T) + op(1). We have, under the null
hypothesis,

1 - Y 2 —1 1
Apr—Anr = Noiy ;%f Al(wl T — E)EuwTu

U,

which has zero mean and a variance of

1 v .
T Z JZ _ Ef A (wi il = L) (Wil — Sui)Af
i1 Pusi

n

v 2
=1 —tr A (Wi I — S i) Sy s (Wi I — S i) AXy

4
nT? wi
i=1 u

T

n

712 2 / 2 2 1
SW ; E | A" (wa i — S| ||Zu,i||spec 124 llpec

:% Z O(1)o(T)*0(1)O(1) = o(1),
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as the orders are uniform across i, thanks to Lemma 4.A.2. The analogous difference for the

Fisher information is given by

JnT JnT—? Z’Yz 2_1 TIT)F—I

nTQf Z i A (W2 I — Su1)Af.

Its mean is given by

n

1 ?
Z ailr — Dui)ASg < e JQ sup || A" (Wi, i Ir — Sua) ||, 1A ||
-1 p—y i

u,t

(4.A.6)
1
=70(T)O(T) = o(1).

As the variance is bounded by twice the square of the right-hand side of (4.A.6), the difference
between the two Fisher informations converges to zero in Lo, as does the difference between

the central sequences, implying joint convergence. ™

4.A.2 Proof of Proposition 4.3.2

PROOF As the experiment is LAMN, we can apply the general version of Le Cam’s Third
Lemma (see, for example, Chapter 6 in Van der Vaart (2000)). Here, it states that the
limiting distribution of ¢, » under under P} is given by the probability measure Ly, defined
by

La(B) = FLu(A/VT) exp(hA — %h%}).

This implies that the distribution of ¢,, 7 under local alternatives matches that of its analogue
in the limit experiment. For completeness, we show that this distribution indeed has the
representation given in Proposition 4.3.2: its moment generating function is given by (using

the conditional normality of A)

A 1 2

A 1 5
=EE[exp(t—= + hA — =k J)|J
fexp(t % ShET)1J]

:[E[exp(f%th)[E[exp((% +
=Efexp(— 31°) exp(5 (= +1)°)]
= exp(t 2)E[exp(thv/ ),

/exp(tm)dLh(ac) =Eexp(t

h)A)|J]]

which is indeed the moment generating function of an independent normal distribution added

to h/J. n
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4.A.3 Proof of Theorem 4.3.1

PROOF Due to the complexity of this proof, we now switch to vector notation. To obtain
estimates of F, A, and T, we first estimate A and F using principal components based
one Ay. Note that it is crucial to obtain the estimates of F' from the y equation and not
estimating the x equation directly. We only use the x equation to obtain estimates of I, by
applying OLS to estimated factors.

First, we establish some preliminary results. Lemma 3.1 in Wichert et al. (2019) implies

that principal components applied to Ay yield estimates A satisfying

P = 017(1)7

with Hx a K x K matrix satisfying ||[Hk||, = Op(1) and HH;(1HF = Op(1). As Hg does
nothing but complicate notation, we will suppose Hx = Ik in the remainder of this proof.

Given loading estimates A, we can estimate F' using OLS, i.e.,

=yAVR) ™" = yAWN) T +y(AAAD)T - AN (4.A.7)
=F + EANA) " +y(ANA) = ANA). (4.A.8)
Note
| &R - wn)y | < [ @hm | - v a/m= |,
= —50p(op(O(1) = 0y(n~*/%),
AANA) = AN AT . A8+ A . (AA)~ —('A)7! .
:oP(1)OP(n Y+ op(vVn)op(n*?) = op(n1). (4.A.9)
Both ||y||» and || E|» are Op(y/nT), and the same holds for | EA]| . as
|EA|Z = ; z; N E? = Op(nT?).
Therefore, using (4.A.8), we obtain
HF - FHF - HEA(A’A)—1 +yAAWAHT - AT (4.A.10)
<Op(v/nT)O(n™ ") + Op(v/nT)op(n~ ") = Op(T/\/n). (4.A.11)

Using that ||Ay||, and ||AEA|/, are Op(v/nT'), the same arguments yield

HAF - AFH = 0p(\/T/n).
P
Further, again using the AF version of (4.A.8), we have

HAF’(AF - AF)HF <||AF'AE||, O ) + |AF| . | Ayl p op(n™)
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=0p(VnT)O(n™ ") + Op(VT)Op(VnT)op(n™ ") = op(T/V/n).

Finally, for the estimated loadings in the x equation, we obtain, under the null hypothesis,

-1

=|@aranrara -1

- H (AF'AF) ' AF'(AFT' + (AF — AR +u) — r’(
F

_H (AF'AF) AR ((AF — AF)D H
<|@aran ™| farar- AF)H Il
+H (AF'AF)” H HAF AFH |\r||F+H (AR AR~ H HAF“

=0p(T™")or(T/v/n)Op(Vn)
+O0p(T™")Op(T/n)Op(v/n) + Op(T )0y (VnT)
=op(1) + Op(n "'?) + Op(\/n/T) = 0p(1).

We now show that the distribution of the empirical Fisher information J, r is not affected

’F

by estimating the factors, loadings, and long-run variances. Denote by €2 be the n X n matrix
with the long-run variances of the u;; on the diagonal, i.e., Q;; = Wi,z" and zeros off the
diagonal. Let Q) be analogously defined, using the estimates wy,; from Assumption 4.4 in

place of wy,;. We have

j%,T —Jnr =
1

—nT?

:# (0p(R)OP(T) + O(n)Op(T/\/R)O(T)) = op(T™") + Op(n~/?) = 0p(1),

T(FQ WFLE, —T'Q'TF  F )
T -

'o-

ro | HF,1H2 + et
F F F

Pl Wl + 7]
o Ol + )

where the rate on the first norm follows from

‘A/A

<[ o

“1p I"Q’ll‘H
F

b, + Il o -2

- -1
b+ 2

e [T =T,
spec

=op(1)0p(1)Op(v/n) + O(v/n)or(1)Op(v/n) + O(v/n)O(1)op(1) = op(n),

spec

as the wi,i are bounded away from zero. Conclude that the limiting distribution of .J,, r is
not affected by using factor and loading estimates instead of observed factors. Thanks to
our LAMN result and Le Cam’s First Lemma, this also holds under local alternatives.

Now consider A, 7. We have

VT (Apr — Anr) = F (@ — AFT)Q'T — F/y(x — AFT)Q™'T
FL((AF — ARY'Q'T + FLART —T)Q7'T

+

( ) (z — AFT)YQ ' T+ FL (x — AFT)(Q ™ — Q)T

+ F o (z— AFTHYQ (D —T)
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=I+1I1+IIT+1IV+V.

Term I will be responsible for the loss of power from not observing the factors. We first

show that terms 17, I11, and IV are asymptotically negligible. We have, under Hy,
Tl = Op(T)or(1)Op(1)Op(vn) = or(vnT),

where we have used the difference version of (4.A.10) to bound the first norm. For IT1, note
that

e s,

/ -1
2
F

lopee

z— AFT =u+ AFI —1") 4+ (AF — AF)IY (4.A.12)

Using (4.A.10) twice, noting that A'E'uQ™'A = O(nT), yuQ A = O(nT), NE'AF =
O(v/nT), yAF = O(y/nT), NE'AEA = O(nT), y AEA = O(nT), N'E’'Ay = O(nT),
y' Ay = O(nT), and recalling (4.A.9), we have

111 < ((A’A)’lA/E' (AR - (A'A)’IA’))y')
(u + AFop(1) + AEANA) ™" + Ay(A(A’A)~ A(A’A)_l)) QT
<(op(n™") 4+ Op(n™))O(nT) + (op(n™") +
+(op(n™") + 0p(n™")O(nT)(op(n™") +
=0p(T) + op(T) + Op(T/v/n) = op(\/nT).

For IV, we use Hoelder’s inequality, then Cauchy-Schwarz and once more (4.A.12) to obtain

Op
+Op

IV < ||[FLy(u+ AF(T = T') + (Al“ﬁ—Aﬁ)A')(Q_1 = QYT |
SHF’_l(quAF(F’ ') + (AF — AB)D HQ . *1HF||F||DO

= Op(v/nT)or(1)Op(1),

as

le_l(u + AR —T') + (AF — AB))

F

=0p(vV/nT) + Op(T)op(1) + Op(Tn~/*)Op(vn) = Op(VnT),

A e A R

where we have used

HF’,l(AF - AF)HF - HFLlAEA(A/A)_l FE L Ay(ARA) T — AN A) Y

F
<||prama|| o)+ | sy

. HA(A’A)—l CANA)

F

=0p(v/nT)O(n™ ) + Op(v/nT)op((n™') = Op(Tn™"?).  (4.A.13)
Similarly,

v <P 2=, + [ ar],
F F F

*|ar-an) e,
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:Op(\/ﬁT)Op(l) + Op(T)Op(l) + Op(Tn_l/z)Op(\/ﬁ) = OP(\/’ET).
Finally, we consider the first, non-negligible term. From (4.A.13) it follows that
I =F {AEAAA)'T'Q'T + op(v/n).

The long-run variance of AEA/\/n is given, under pp = 1, by

n

T;OO FZZA”]” = = )\ Var hm —th = Z)\ wm =: K,fhn

lim Var
t=1 i=1 i=1

. 2 . 2
Thus, with ;5 = lim,— e K5,

1 1
ﬁl = szAlwu}wfmn/Wldwg.
Inserting this this into fn,T yields

" (—uQ T = ABAANA)T'T'QTT) — b/ Jar + 0p(1)

] 1
P
AT Tt

Thanks to independence of u and AFE, the limit of the long-run variance of

1 —1 / —1y/—1
QT T —AEANA) T T'QT
7z A4 )
is given by

—2 -2 —4 2
wu,l" + \IIA wu,l"‘k‘.’n7

fr =1+ U320, 2032 — h w%w;}/Wﬁdt. .

4.A.4 Proof of Proposition 4.3.3

SO

PrOOF Considering the same likelihood ratio as in Proposition 4.3.1 but under (4.9) instead
of (4.3), the additional terms

n T n T

*% ZZ (Eit - 5($zt - %‘(AFt - #Ft 1 ) ZZ it — xn %AFt))

appear. This entails a new central sequence of

AEL,T = A'n,.,T \/»TUQ Z Z’Yth 1 zt - /B(xzt - ’-YZAFt))

M =1 t=1

and a new empirical Fisher information of

B
5T_’I'LT2Z(O'2 )’YZZFt 1:>a—f\IlF<72 72)/Wldt

t=1
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Similarly, under the null hypothesis,

n

T
AE’T :A"’T T nTo2 ZZ%E 1Mit = ﬁ ZZ i Fy 1 <7Uzt 52 nzt>

T =1 = Th

2

To obtain the distribution under alternatives, again inserting AF; = f; + #Ft_l yields

n T
P h
A,,BLVT :AH,T O' \/»T Z Z Ft 1 777,t + B’Y’L \/»Tthl)
n i=1 t=1

_ 1 ZZF uit_ﬁ. —h i+572 1 nZT:.FQ
V/nT ¢:1%t:1 -t o2 U%mt o2 o3 ) nl? 4 Vide-1s

where we used (4.8) in the last step. Thus,

Z Z Ui
tn,T - Yi Ft 1 ( L %nzt) —h JS,T'
f T =1 t=1 oL o

Recalling Lemma 4.A.1 and the discussion under the null hypothesis above, this indeed has

the desired limiting distribution. =

4.A.5 Proof of Proposition 4.4.2

PrROOF Thanks to contiguity, we only have to show the desired approximation under the
null hypothesis. From the proof of Theorem 4.3.1 recall that HF — FH = Op(T/+/n)
F

and HAF— AFHF = Op(y/T/n). By the same logic, we obtain Hb—lA)HF = Op(\/T/n).

Therefore, AF'AEF — AF'AF = Op(n~/?) and 612: converges in probability to szc. Similarly,

2 2
g9 g?

limiting distribution. To show that AT — AT = op(1) it therefore suffices to demonstrate
that FAF — F'AF = op(T) and F'b— F'b = op(T). For the former, recall (4.A.9) to write

&, converges to o,, so that replacing the variances by its estimates does not change the

F'AF — F'AF =F'(AF — AF) + AF'(F — F)
<F'AEAANA)' + F'Ayop(n™ ) + AF'EAANA) ™" + AF'yop(n™")
<||FABA|| [N o + ([ AF]| o 1Al + [[F'AE]| )or(n ™)
+ HAF’EAHF

I+ ([aBEn ]+ A E] Yortn™)

=0p(vAT)Op(n~") + (Op(T)Op(V)or(n ') = Op(n™ /1),

For the latter part, the same rates apply. This is due to the fact, that, under the null

hypothesis, the assumptions on b mimic those on AF. ™
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4.A.6 Additional Lemmas

Lemma 4.A.1 states that certain stochastic integral limits are not affected by considering
local alternatives in y/nT neighbourhoods of the unit-root. The first two results follow
directly as a limiting case of Lemma 1 in Phillips (1987b), who considers T' neighbourhoods

of unity.

Lemma 4.A.1 Let {v:}i2, be i.i.d. normally distributed and independent of F, denote its
variance by o2, let V be its cumulative sums and let W1 and Wy be two independent Brownian

motions. Then, for any alternative h, we have, as T — oo,
% Zthl Fi_1v = [ WidWse,
% Zthl FPy= J Widt,
2 S FiaVeer = Op ().

Proor For Item 3, note

T t—1

ZZAF ngfz ZT max(s,t))AFs.

t=1 s=1

Note that this term has mean zero (also conditionally on the f) while the variance is given
by

[EVar(Z vy Z (T — max(s,t))AFs|f) Z [E(Z(T — max(s, t))AFs)%o0
=Y Var(d> (T — max(s, t)) AF,)os.

Again we split AFs = fs+ ﬁF s—1 and treat both variances separately. We have, for every
L,

T T

Var(} (T — max(s,t)) fs) = Y (T — max(s, 1)) 0} < T°0%

s=1 s=1

and, for every t,

h

M=

Var (

T (T — max(s,t))Fs—1)

T
ntﬂﬂ uMﬂ i

1

1/T2 4 — ﬁTS.
n

Thus Var Ethl Fi Vi = O(T4) as required. n

Z (T — max(s1,t))(T — max(sz2,t)) Cov(Fs,—1, Fsy—1)
Z,
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Lemma 4.A.2 Consider a collection H of spectral densities fn, h € H, define wi = 27 f(0)
and denote by X7 (fn) the T x T Toeplitz matriz associated with f, (i.e., (X1 (fn))k,1 is
the |k — l|th Fourier coefficient of fn). If the f are twice continuously differentiable with
Supy, g, IfH(N)] < oo, then

Slhlp HA/(ET(fh) — wﬁI)HF =o(T).

PRrROOF Calculation analogous to Lemma A.1 in Wichert et al. (2019) yield, with y;(m) the

mth Fourier coefficient of fs,

HA/(ET(fh) — wiIT)Hi = ZZ < - Yn(m) — wilsd)

s=1t=1 =s—t+1
<57 (37 butol) 3 mintn o)
m=—oo m=1
Integrating by parts twice in (4.A.4) we obtain
Y (m) -1 . e ™ < . sup | f1/(\)| sup |[e ™| = . sup | f1 ()]
27T(ﬁﬂl)2 0 - ﬁrnﬂQ A A m2
(4.A.14)
Thus, combining yields
. ~ 1/2 | = . 1/2
2 .
b |42 -kl <plt ) (3 ) (F Emmmn k)
which converges to zero. =

Lemma 4.A.3 Let H be a collection of time series with spectral density functions f; and
autocorrelation functions (Yi(m))m=o, ¢ € H. If the f; are twice continuously differentiable
with sup, ; | (A)| < oo, and inf; x £;(X) > 0, then sup,cy ||Sr(f) ™ — ET(l/ﬂ)Hsmc =o(1).

PROOF We proceed analogous to Gray (2005), see Chapters 4 and 5 for additional details
on some of the inequalities used, who shows this result for a single time series. The proof
proceeds by first approximating the inverse by an inverse circulant matrix Cr () and then

approximating the inverse circulant by a Toeplitz matrix, i.e., we split
[Zr() ™" =S (/) jpee < NBr )" = Co () | pee +ICr )™ = S/ f)| e
= I+1II.

For I, it is sufficient to show that HET(ﬂ) - CT(ﬁ)HSpeC = 0(1), as the norm of both inverses

is bounded by the inverse of the minimum of the spectral density. We have

I52(6) = o)l e <||Er(F) =B +||ex () = er(h)

=23 Fvilm)” + 7 > f(2mm/T) = i(2rm/T))*.

Note that the second summand is bounded by 23°7°_ .., vi(m), see p. 39 of Gray (2005).
Therefore, the bound in (4.A.14) implies the desired result. ™

spec
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