
  

 

 

Tilburg University

Latent Markov factor analysis

Vogelsmeier, L.V.D.E.

Publication date:
2022

Document Version
Publisher's PDF, also known as Version of record

Link to publication in Tilburg University Research Portal

Citation for published version (APA):
Vogelsmeier, L. V. D. E. (2022). Latent Markov factor analysis: A mixture modeling approach for evaluating
within- and between-person measurement model differences in intensive longitudinal data. Ridderprint.

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain
            • You may freely distribute the URL identifying the publication in the public portal

Take down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

Download date: 27. Oct. 2022

https://research.tilburguniversity.edu/en/publications/91f03917-8a3f-4d11-a14b-b4e14e2a0777


A mixture modeling approach for 
evaluating within- and between-person 
measurement model differences 
in intensive longitudinal data

LATENT MARKOV 
FACTOR ANALYSIS

Leonie V. D. E. Vogelsmeier





 

Latent Markov Factor Analysis 

Leonie Valentina Dorothea Edith Vogelsmeier 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

155045 Vogelsmeier BNW.indd   1155045 Vogelsmeier BNW.indd   1 23-11-2021   14:3223-11-2021   14:32



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

155045 Vogelsmeier BNW.indd   2155045 Vogelsmeier BNW.indd   2 23-11-2021   14:3223-11-2021   14:32



 

 

Latent Markov Factor Analysis

155045 Vogelsmeier BNW.indd   3155045 Vogelsmeier BNW.indd   3 23-11-2021   14:3223-11-2021   14:32



Promotor

Copromotor  

Leden promotiecommissie  

 

155045 Vogelsmeier BNW.indd   4155045 Vogelsmeier BNW.indd   4 23-11-2021   14:3223-11-2021   14:32



 

 

 

To my parents,  

Gabriele & Eberhard Vogelsmeier 

 

155045 Vogelsmeier BNW.indd   5155045 Vogelsmeier BNW.indd   5 23-11-2021   14:3223-11-2021   14:32



155045 Vogelsmeier BNW.indd   6155045 Vogelsmeier BNW.indd   6 23-11-2021   14:3223-11-2021   14:32



Contents 
1 General Introduction ................................................................................................................ 11 

   

 

   

   

   

2 Latent Markov Factor Analysis ............................................................................................. 21 

   

   

   

   

   

   

3 Continuous-Time Latent Markov Factor Analysis for Unequally-Spaced   
    Observations ............................................................................................................................... 51 

   

   

   

   

   

4 Three-Step Latent Markov Factor Analysis for Evaluating Covariate Effects ....... 71 

   

   

   

   

   

5 Latent Markov Latent Trait Analysis for Categorical Data ....................................... 111 

   

   

   

   

6 Tutorial for the R Package lmfa ......................................................................................... 139 

   

   

155045 Vogelsmeier BNW.indd   7155045 Vogelsmeier BNW.indd   7 23-11-2021   14:3223-11-2021   14:32



  lmfa  

   

   

7 Epilogue...................................................................................................................................... 181 

   

   

   

Appendix A ................................................................................................................................... 195 

  

  

  

Appendix B ................................................................................................................................... 201 

Appendix C .................................................................................................................................... 203 

   

 

   

Appendix D ................................................................................................................................... 207 

  

  

  

  

Appendix E .................................................................................................................................... 213 

Appendix F .................................................................................................................................... 217 

Appendix G ................................................................................................................................... 221 

Appendix H ................................................................................................................................... 223 

  

  

Appendix I ..................................................................................................................................... 227 

  

  

Appendix J ..................................................................................................................................... 235 

  

  

Appendix K ................................................................................................................................... 241 

 

  

155045 Vogelsmeier BNW.indd   8155045 Vogelsmeier BNW.indd   8 23-11-2021   14:3223-11-2021   14:32



  

 

Appendix L .................................................................................................................................... 247 

  

  

  

  

  

  

  

Appendix M ................................................................................................................................... 265 

 step1()  

 step2()  

 step3()  

 chull_lmfa()  

 factorscores_lmfa()  

 probabilities()  

Appendix N ................................................................................................................................... 273 

  

  

 lmfa  

 lmfa  

 lmfa  

  

Bibliography ................................................................................................................................ 287 

Summary ....................................................................................................................................... 309 

Acknowledgments...................................................................................................................... 311 

155045 Vogelsmeier BNW.indd   9155045 Vogelsmeier BNW.indd   9 23-11-2021   14:3223-11-2021   14:32



155045 Vogelsmeier BNW.indd   10155045 Vogelsmeier BNW.indd   10 23-11-2021   14:3223-11-2021   14:32



1                                                                                      

General Introduction

155045 Vogelsmeier BNW.indd   11155045 Vogelsmeier BNW.indd   11 23-11-2021   14:3223-11-2021   14:32



1.1 Measuring Psychological Constructs 

ent (e.g., it is not possible to hold a ruler on a person’s head and say 

). In the resulting factor model or “measuremen
model” (MM), the factors correspond to the latent constructs and factor loadings indicate 

the factors). Based on the MM, one can derive construct scores (or “factor scores”) for 

, which corresponds to a questionnaire with the five items “happy”, “cheerful”, 
“determined”, “enthusiastic”, and “excited” to assess positive affect (PA) and the four 
items “upset”, “anxious”, “nervous”, and “jittery” to assess negative affect (NA). The 

For example, if we observe high scores on positive emotions like “happy” or “cheerful”, 

Figure 1.1. 
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1.2 Dynamics in Psychological Constructs 

). Instead of only answering “who” experiences certain 
, or thoughts, ILD goes beyond this “between person” approach and 

also allows to answer “in which contexts” they 

over a course of 30 days. The psychologists’ goal is to understand how employees’ 

1.3 Measurement Invariance When Studying Dynamics in Psychological 
Constructs 

). Others might start applying such an “extreme response style” once they 

1
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considered the item “excited” a positive emotion. Indeed, this emotion is often used to 

, “excited” may also be seen as

Figure 1.2
positive affect (PA) and negative affect (NA) when being “excited” is interpreted as 
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points, “measurement 
invariance” (

on the item “excited” 

interpretation of the item “excited” was ignored, that is, the psychologists would assume 

on “excited” would erroneously be included in their PA scores. In turn, the psychologists 

1
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—
— —

the “configural model”) to 

example where the loading of the item “excited” changed from PA to NA. 

heterogeneity in the MM across subjects and time. For instance, if the item “excited” 

1.4 Latent Markov Factor Analysis for Evaluating Measurement (Non-) 
Invariance 
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few latent “states” (i.e., dynamic latent classes). Furthermore

— —

S1,… , S10 = 1
S11, … , S20 = 2
S21, … , S30 = 1

see that the interpretation of the item “excited” changes o

Figure 1.3  

 

1.5 Outline of the Thesis 

Chapter 2, 

1
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by LMFA’s flexibility to detect all kinds of MM differences, even regarding the number of 

Structural Equation Modeling: A Multidisciplinary Journal

Chapter 3
called “continuous time” approach (

) because the regular “discrete time” approach (as employed in Chapter 2) assumes 

Methodology

Chapter 4 
“covariates”) in the LMFA model because, usually, researchers do not only want to know 
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Multivariate Behavioral Research

Chapter 5

states with “latent trait” (or “item response 
theory”) model that directly treats the 

Evaluation & the Health Professions

Chapter 6 lmfa

this chapter’s

1
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lmfa

Behavior Research Methods  

Chapter 7
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Abstract 

—
—

method “latent Markov factor analysis”
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2.1 Introduction 

rement models (MMs) over time. The MM is the model underlying a participant’s 

— —

2
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Latent Markov modeling
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2.2 Methods 

2.2.1 Data Structure and Motivating Example 

𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖 𝑖𝑖 = 1, … , 𝐼𝐼 
𝑗𝑗 = 1, … , 𝐽𝐽 𝑡𝑡 = 1, … , 𝑇𝑇

𝑇𝑇𝑖𝑖) 𝑖𝑖 𝐽𝐽 × 1
𝐲𝐲𝑖𝑖𝑖𝑖 = (𝑦𝑦𝑖𝑖1𝑡𝑡, 𝑦𝑦𝑖𝑖2𝑡𝑡, …  𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖)′ 𝑖𝑖

𝑡𝑡 𝑇𝑇 × 𝐽𝐽 𝐘𝐘𝑖𝑖 = (𝐲𝐲𝑖𝑖1
′ , 𝐲𝐲𝑖𝑖2′, … , 𝐲𝐲𝑖𝑖𝑖𝑖

′ )′ i
𝑇𝑇. 

he ‘No Fun No Glory’ study described in more detail 

(“Not at all”) to 100 (“Very much”), how much they had felt each of 18 emotions (listed in 

 

2
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M SD

n
n n

n = n n

underlying factors “positive affect” (“PA”) and 
negative affect (“NA”

2.3 Latent Markov Factor Analysis 

2.3.1 Latent Markov Modeling 

t 𝑡𝑡 − 1 first-order 
Markov assumption t

t local independence assumption
𝑖𝑖   

 
 
3

rated their “momentary” ing, they rated their emotions “since 
last measure”
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𝑝𝑝(𝐘𝐘𝑖𝑖, 𝐒𝐒𝑖𝑖) = 𝑝𝑝(𝐬𝐬𝑖𝑖1)⏞  
initial state 

probabilities

∏𝑝𝑝(𝐬𝐬𝑖𝑖𝑖𝑖|𝐬𝐬𝑖𝑖𝑖𝑖−1)⏞      
transition

probabilities𝑇𝑇

𝑡𝑡=2
∏𝑝𝑝 (𝐲𝐲𝑖𝑖𝑖𝑖|𝐬𝐬𝑖𝑖𝑖𝑖)⏞      ,

response 
probabilities𝑇𝑇

𝑡𝑡=1

𝐬𝐬𝑖𝑖𝑖𝑖 𝐾𝐾 × 1
𝐒𝐒𝑖𝑖 (𝐬𝐬𝑖𝑖1, 𝐬𝐬𝑖𝑖2, … , 𝐬𝐬𝑖𝑖𝑖𝑖)
𝑘𝑘 = 1, … , 𝐾𝐾 𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1 𝑖𝑖 𝑘𝑘

𝑡𝑡 initial state probabilities
𝑝𝑝(𝑠𝑠𝑖𝑖1𝑘𝑘 = 1), 

𝑡𝑡 =  1 𝜋𝜋𝑘𝑘 ∑ 𝜋𝜋𝑘𝑘𝐾𝐾
𝑘𝑘=1 =

1, 𝐾𝐾 × 1 𝛑𝛑 transition probabilities
𝑡𝑡 𝑡𝑡 − 1

𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖|𝑠𝑠𝑖𝑖𝑖𝑖−1,𝑙𝑙) 𝑙𝑙 =  1, … , 𝐾𝐾 𝑎𝑎𝑙𝑙𝑙𝑙  ∑ 𝑎𝑎𝑙𝑙𝑙𝑙𝐾𝐾
𝑘𝑘=1 = 1

𝐾𝐾 × 𝐾𝐾 𝐀𝐀
homogeneous

latent Markov chain response probabilities

𝑡𝑡 ,  𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖|𝐬𝐬𝑖𝑖𝑖𝑖)

2.3.2 Latent Markov Factor Analysis 

 𝐲𝐲𝑖𝑖𝑖𝑖 =  𝛎𝛎𝑘𝑘 + 𝚲𝚲𝑘𝑘 𝐟𝐟𝑖𝑖𝑖𝑖 +  𝐞𝐞𝑖𝑖𝑖𝑖   

𝚲𝚲𝑘𝑘  𝐽𝐽 × 𝐹𝐹𝑘𝑘  𝐟𝐟𝑖𝑖𝑖𝑖 𝐹𝐹𝑘𝑘 × 1
𝑡𝑡 𝐹𝐹𝑘𝑘 𝛎𝛎k

 𝐽𝐽 × 1 𝐞𝐞𝑖𝑖𝑖𝑖 𝐽𝐽 × 1
𝑡𝑡. 𝐟𝐟𝑖𝑖𝑖𝑖 𝑀𝑀𝑀𝑀𝑀𝑀(0;𝚿𝚿𝑘𝑘)

𝐞𝐞𝑖𝑖𝑖𝑖~𝑀𝑀𝑀𝑀𝑀𝑀(0;𝐃𝐃𝑘𝑘) 𝐃𝐃𝑘𝑘
𝑑𝑑𝑘𝑘𝑘𝑘

𝚿𝚿𝑘𝑘

2
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𝛎𝛎𝑘𝑘 𝚲𝚲𝑘𝑘 𝐃𝐃𝑘𝑘 𝚿𝚿𝑘𝑘

configural invariance weak 
factorial invariance strong factorial invariance 

strict factorial invariance 

𝜆𝜆141 𝜆𝜆151 𝜆𝜆162
𝜆𝜆242 𝜆𝜆252 𝜆𝜆262

𝜆𝜆111
𝜆𝜆311

𝜈𝜈12 𝜈𝜈22.

𝑒𝑒11 
𝑒𝑒31

𝐀𝐀𝑖𝑖

𝐀𝐀𝑖𝑖  
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2.3.3 Model Estimation 

𝛉𝛉
𝛑𝛑  𝐀𝐀𝑖𝑖 𝛎𝛎𝑘𝑘

𝚺𝚺𝑘𝑘 = 𝚲𝚲𝑘𝑘𝚲𝚲𝑘𝑘 + 𝐃𝐃𝑘𝑘 log𝐿𝐿
log𝐿𝐿

 
log𝐿𝐿(𝛉𝛉|𝐘𝐘) = ∑ log (∑ …

𝐬𝐬𝑖𝑖1

∑ 𝑝𝑝(𝐬𝐬𝑖𝑖1) ∏ 𝑝𝑝(𝐬𝐬𝑖𝑖𝑖𝑖|𝐬𝐬𝑖𝑖𝑖𝑖−1)
𝑇𝑇

𝑡𝑡=2
∏ 𝑝𝑝 (𝐲𝐲𝑖𝑖𝑖𝑖|𝐬𝐬𝑖𝑖𝑖𝑖)

𝑇𝑇

𝑡𝑡=1𝐬𝐬𝑖𝑖𝑖𝑖

)
𝐼𝐼

𝑖𝑖=1
.  

log𝐿𝐿

𝐾𝐾 𝐹𝐹𝑘𝑘

K 𝐹𝐹𝑘𝑘

K
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2.4 Simulation Study 

2.4.1 Problem 

2.4.2 Design and Procedure 

𝐹𝐹𝑘𝑘 
𝐾𝐾

 
 

The “*” marks the subset of conditions that is included in the evaluation of model selection.

2
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𝑒𝑒

𝑁𝑁
𝑇𝑇𝑖𝑖𝑖𝑖

J 𝐹𝐹𝑘𝑘

𝚲𝚲𝑘𝑘
re matrix was used as a common “base”

e original researchers of the “No Fun No G
study”

zero loadings. For the “no loading difference”
𝚲𝚲𝑘𝑘
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Table 2.1.  

λ1 λ2
1 λ1 λ2

– … … … … … …
λ2 λ1

λ2 λ1

– … … … … … …
Note. λ1 = 0 λ2 = 1 λ1 =
√. 5 λ2 = √. 5 – –

λ1  λ2

𝐹𝐹𝑘𝑘 =  2 𝐹𝐹𝑘𝑘 =  4
𝐹𝐹𝑘𝑘 =  4

√. 5
√. 5

variables’ common variance and t

𝜑𝜑  

𝜑𝜑  
𝜑𝜑𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚

 

 
 

8 ’s (1951) congruence coefficient between column vectors x and y is defined as: 𝜑𝜑𝑥𝑥𝑥𝑥 = 𝑥𝑥′𝑦𝑦
√𝑥𝑥′𝑥𝑥√𝑦𝑦′𝑦𝑦

2
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1 − 𝑒𝑒 e

U U K−
U U K−

U U K−

 ∑ (𝑇𝑇𝑖𝑖 − 1)𝐼𝐼
𝑖𝑖

𝑇𝑇𝑖𝑖𝑖𝑖 𝑖𝑖 =  1, … , 𝐼𝐼 𝑘𝑘 =  1, … , 𝐾𝐾
𝑇𝑇𝑖𝑖

. 

𝑖𝑖
𝑡𝑡

𝐾𝐾 = 2 𝐾𝐾 > 2

 
 
9
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—
—

 𝐟𝐟𝑖𝑖𝑖𝑖 𝑀𝑀𝑀𝑀𝑀𝑀(0; 𝐈𝐈)
𝐹𝐹 𝐞𝐞𝑖𝑖𝑖𝑖 𝑀𝑀𝑀𝑀𝑀𝑀(0; 𝐃𝐃𝑘𝑘) J Ti

𝐃𝐃𝑘𝑘
𝐲𝐲𝑖𝑖𝑖𝑖 𝚲𝚲𝑘𝑘 𝛎𝛎𝑘𝑘

𝑖𝑖 𝑡𝑡
𝐘𝐘𝑖𝑖

𝐘𝐘 = (𝐘𝐘1
′, 𝐘𝐘2

′ , … , 𝐘𝐘𝐼𝐼
′)′ ∑ 𝑇𝑇𝑖𝑖

𝐼𝐼
𝑖𝑖 𝐘𝐘 

× ×
× ×

× ×

Model selection was evaluated for a subset of the conditions (indicated by “*”) and for 

𝐾𝐾– 1 𝐾𝐾 , 𝐾𝐾 +  1
𝐹𝐹𝑘𝑘 − 1 𝐹𝐹𝑘𝑘 𝐹𝐹𝑘𝑘 + 1

𝐾𝐾 =  2 𝐾𝐾 =  4

2.4.3 Results 

Sensitivity to Local Maxima 

log 𝐿𝐿

—
—

log𝐿𝐿

2
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K  

Goodness of State Recovery 

𝐴𝐴𝐴𝐴𝐴𝐴
𝐴𝐴𝐴𝐴𝐴𝐴

𝐴𝐴𝐴𝐴𝐴𝐴 SD

ARI

Goodness of Loading Recovery 

𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺
𝜑𝜑 

 
𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 =  

∑ ∑ 𝜑𝜑(𝚲𝚲𝑓𝑓
𝑘𝑘, 𝚲̂𝚲𝑓𝑓

𝑘𝑘)𝐹𝐹
𝑓𝑓=1

𝐾𝐾
𝑘𝑘=1

∑ 𝐹𝐹𝐾𝐾𝐾𝐾
𝑘𝑘=1

.  
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𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺
𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺

SD
ARI GOSL 𝑟𝑟𝑠𝑠 = .45, 𝑝𝑝 < 0.001

Table 2.2. 
  

𝐴𝐴𝐴𝐴𝐴𝐴 𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺
𝑀𝑀𝑀𝑀𝑀𝑀𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡s

𝑀𝑀𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖𝑖𝑖
𝑀𝑀𝑀𝑀𝑀𝑀𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢

Note. For the between-state difference condition, the combination of no loading difference and no 
intercept difference was not included because this would imply that the MM does not differ across 
states.

2
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Goodness of Transition Matrix Recovery 

𝑀𝑀𝑀𝑀𝑀𝑀)

 
𝑀𝑀𝑀𝑀𝑀𝑀𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 =  

∑ ∑ ∑ |A𝑖𝑖𝑖𝑖𝑖𝑖 − Â𝑖𝑖𝑖𝑖𝑖𝑖|𝐾𝐾
𝑙𝑙=1

𝐾𝐾
𝑘𝑘=1

𝐼𝐼
𝑖𝑖=1

𝐼𝐼𝐾𝐾2 .  

𝑀𝑀𝑀𝑀𝑀𝑀𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 SD

Goodness of Intercept Recovery 

MAD

 
𝑀𝑀𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖𝑖𝑖 =  

∑ ∑ |ν𝑘𝑘𝑘𝑘 − ν̂𝑘𝑘𝑘𝑘|𝐽𝐽
𝑗𝑗=1

𝐾𝐾
𝑘𝑘=1

𝐾𝐾𝐾𝐾 .  

𝑀𝑀𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖𝑖𝑖 SD

Goodness of Unique Variance Recovery 

MAD

 
𝑀𝑀𝑀𝑀𝑀𝑀𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢 =  

∑ ∑ |𝑑𝑑𝑘𝑘𝑘𝑘 − 𝑑̂𝑑𝑘𝑘𝑘𝑘|𝐽𝐽
𝑗𝑗=1

𝐾𝐾
𝑘𝑘=1

𝐾𝐾𝐾𝐾 .  

𝑀𝑀𝑀𝑀𝑀𝑀𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢 SD

𝑀𝑀𝑀𝑀𝑀𝑀𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢 ), which pertain to “improper” 

2
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Model Selection 

2.4.4 Conclusions & Recommendations 

•
×

• —
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— ×

•
le size does not allow for the “true”

•

•

2.5 Application 

The intercepts are higher for “positive affect” (PA) items 
than for “negative affect”

isible in State 3 (hereinafter “pleasure state”
ediate in State 2 (hereinafter “neutral state”

(hereinafter “displeasure state”

2
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Figure 2.3. 
 

displeasure states both have a “distress” factor with high 
s of “upset”, “anxious”, and “nervous”— h they slightly differ in that “calm”

the displeasure state, whereas “gloomy” and 
“sluggish”

pertains to “ enity” with strong loadings of “calm” and “relaxed”
state, it is a bipolar “drive” factor indicating that being “determined”

related to feeling “sluggish”, “bored”, and “listless”

2
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, “Think about the most unpleasant event you 
experienced since the last assessment: how unpleasant was this experience?” The scales 
ranged from 0 (“Not at all”) to 100 (“Very much”). Interestingly,

M SD
M SD M

SD
M SD M

SD M SD
with the states’ labels. 

—
—
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2.6 Discussion 

—
—

2
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3                                                                        

Continuous-Time Latent Markov Factor 

Analysis for Unequally-Spaced Observations 

Methodology: European Journal of Research 
Methods for the Behavioral and Social Sciences 15 –
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Abstract 

“discrete time”

called “continuous time”
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3.1 Introduction 

tent the latent constructs (or “ actors”
as indicated by the values of “factor loadings”

 

because of the “signal contingent”

called “discrete time”

3
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instead adopt a “continuous time”

ctsem

3.2 Method 

3.2.1 Data Structure  

𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖 𝑖𝑖 = 1,… , 𝐼𝐼 𝑗𝑗 = 1,… , 𝐽𝐽
𝑡𝑡 = 1,… , 𝑇𝑇 𝐽𝐽 × 1 𝐲𝐲𝑖𝑖𝑖𝑖 =

(𝑦𝑦𝑖𝑖1𝑡𝑡, 𝑦𝑦𝑖𝑖2𝑡𝑡, … , 𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖)′ 𝑇𝑇 × 𝐽𝐽 𝐘𝐘𝑖𝑖 =
(𝐲𝐲𝑖𝑖1′ , 𝐲𝐲𝑖𝑖2′, … , 𝐲𝐲𝑖𝑖𝑖𝑖′ )′ i 𝑇𝑇

𝑖𝑖 𝑇𝑇𝑖𝑖

3.2.2 LMFA 

DT-LMFA 

latent classes (referred to as “states”
“Markov chain”, which follows (a) the “ kov assumption”
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𝑘𝑘 (𝑘𝑘 = 1, … , 𝐾𝐾) 𝑡𝑡
𝑡𝑡 − 1 and (b) the “independence assumption”

𝑡𝑡 . 𝑘𝑘
𝐾𝐾 × 1 𝛑𝛑 𝜋𝜋𝑘𝑘 = 𝑝𝑝(𝑠𝑠1𝑘𝑘 = 1)

𝑠𝑠𝑡𝑡𝑡𝑡 = 1 𝑘𝑘 𝑡𝑡   ∑ 𝜋𝜋𝑘𝑘
𝐾𝐾
𝑘𝑘=1 = 1.

𝑘𝑘 𝑡𝑡 𝑙𝑙 𝑙𝑙 =
 1, … , 𝐾𝐾 𝑡𝑡 − 1 𝐾𝐾 × 𝐾𝐾 𝐏𝐏
𝑝𝑝𝑙𝑙𝑙𝑙 = 𝑝𝑝(𝑠𝑠𝑡𝑡𝑡𝑡 = 1|𝑠𝑠𝑡𝑡−1,𝑙𝑙 = 1) ∑ 𝑝𝑝𝑙𝑙𝑙𝑙

𝐾𝐾
𝑘𝑘=1

𝐏𝐏  

 𝐲𝐲𝑖𝑖𝑖𝑖 =  𝛎𝛎𝑘𝑘 + 𝚲𝚲𝑘𝑘 𝐟𝐟𝑖𝑖𝑖𝑖 +  𝐞𝐞𝑖𝑖𝑖𝑖   

 𝐽𝐽 × 𝐹𝐹𝑘𝑘 𝚲𝚲𝑘𝑘  𝐹𝐹𝑘𝑘 × 1
𝐟𝐟𝑖𝑖𝑖𝑖~𝑀𝑀𝑀𝑀𝑀𝑀(0; 𝚿𝚿𝑘𝑘) t 𝐹𝐹𝑘𝑘

𝚿𝚿𝑘𝑘  𝐽𝐽 × 1
𝛎𝛎k 𝐽𝐽 × 1 𝐞𝐞𝑖𝑖𝑖𝑖~𝑀𝑀𝑀𝑀𝑀𝑀(0; 𝐃𝐃𝑘𝑘)

𝑡𝑡 𝐃𝐃𝑘𝑘 𝑑𝑑𝑘𝑘𝑘𝑘

.

𝚲𝚲𝑘𝑘 𝛎𝛎𝑘𝑘 𝐃𝐃𝑘𝑘
𝚿𝚿𝑘𝑘

𝚿𝚿𝑘𝑘

3
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𝚺𝚺𝑘𝑘 = 𝚲𝚲𝑘𝑘𝚲𝚲𝑘𝑘′ + 𝐃𝐃𝑘𝑘 𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖|𝐬𝐬𝑡𝑡),
𝐽𝐽 𝑡𝑡 

𝑡𝑡

𝑖𝑖’s observations and state 

 𝑝𝑝(𝐘𝐘𝑖𝑖, 𝐒𝐒) = 𝑝𝑝(𝐬𝐬1)⏞  
initial state 
probabilities

∏𝑝𝑝(𝐬𝐬𝑡𝑡|𝐬𝐬𝑡𝑡−1)⏞      
transition

probabilities𝑇𝑇

𝑡𝑡=2
∏𝑝𝑝 (𝐲𝐲𝑖𝑖𝑖𝑖|𝐬𝐬𝑡𝑡)⏞      ,

response 
probabilities𝑇𝑇

𝑡𝑡=1

𝐒𝐒 (𝐬𝐬1, 𝐬𝐬2, … , 𝐬𝐬𝑇𝑇) 𝐾𝐾 × 𝑇𝑇 
𝐬𝐬𝑡𝑡 = (𝑠𝑠𝑡𝑡1, … , 𝑠𝑠𝑡𝑡𝑡𝑡)′, 𝑡𝑡 = 1,… , 𝑇𝑇

𝑡𝑡 𝐾𝐾 = 3 𝑡𝑡
𝐬𝐬𝑡𝑡 = (0, 0, 1)′

called “phantom variables”

CT-LMFA 

𝛿𝛿 𝑙𝑙
𝑘𝑘
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𝑞𝑞𝑙𝑙𝑙𝑙

 𝑞𝑞𝑙𝑙𝑙𝑙 = lim
𝛿𝛿→0

𝑝𝑝(𝑠𝑠𝑡𝑡𝑡𝑡 = 1|𝑠𝑠𝑡𝑡−𝛿𝛿,𝑙𝑙 = 1)
𝛿𝛿 .

𝐾𝐾 × 𝐾𝐾 𝐐𝐐 𝑞𝑞𝑙𝑙𝑙𝑙 𝑘𝑘 ≠ 𝑙𝑙
− ∑ 𝑞𝑞𝑙𝑙𝑙𝑙𝑘𝑘≠𝑙𝑙 , 

𝐾𝐾 = 3

 𝐐𝐐 = (
−(𝑞𝑞12 + 𝑞𝑞13) 𝑞𝑞12 𝑞𝑞13

𝑞𝑞21 −(𝑞𝑞21 + 𝑞𝑞23) 𝑞𝑞23
𝑞𝑞31 𝑞𝑞32 −(𝑞𝑞31 + 𝑞𝑞32)

).

𝑞𝑞𝑙𝑙𝑙𝑙

𝐏𝐏 𝐐𝐐
𝛿𝛿

 𝐏𝐏(𝛿𝛿) = 𝑒𝑒𝐐𝐐𝛿𝛿.

𝐐𝐐
𝐏𝐏 ∑ 𝑝𝑝𝑙𝑙𝑙𝑙

𝐾𝐾
𝑘𝑘=1 = 1

𝐏𝐏
𝛿𝛿

𝐐𝐐

 
 

𝑒𝑒𝐀𝐀 𝐀𝐀 ∑ 𝐀𝐀𝑎𝑎

𝑎𝑎! = 𝐈𝐈 + 𝐀𝐀 + 𝐀𝐀𝐀𝐀
2! + 𝐀𝐀𝐀𝐀𝐀𝐀

3! +∞
𝑎𝑎=0

⋯ , 𝐈𝐈

3
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𝛿𝛿
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]”
𝑙𝑙

𝑘𝑘
𝐐𝐐

𝐏𝐏
𝛿𝛿
=
1
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i’s observations 

𝑝𝑝(𝐬𝐬𝑡𝑡|𝐬𝐬𝑡𝑡−1) 𝑞𝑞𝑙𝑙𝑙𝑙 𝛿𝛿
𝑖𝑖 𝑡𝑡 𝑡𝑡 − 1 𝑝𝑝𝛿𝛿𝑡𝑡𝑡𝑡(𝐬𝐬𝑡𝑡|𝐬𝐬𝑡𝑡−1)

3.2.3 Estimation 

— 𝛉𝛉 —
log𝐿𝐿

𝑝𝑝𝛿𝛿𝑡𝑡𝑡𝑡(𝐬𝐬𝑡𝑡|𝐬𝐬𝑡𝑡−1) = 𝑝𝑝(𝐬𝐬𝑡𝑡|𝐬𝐬𝑡𝑡−1) log𝐿𝐿
log𝐿𝐿

 log𝐿𝐿(𝛉𝛉|𝐘𝐘) = ∑ log (∑ …
𝐬𝐬𝑖𝑖1

∑ 𝑝𝑝(𝐬𝐬𝑖𝑖1) ∏ 𝑝𝑝𝛿𝛿𝑡𝑡𝑡𝑡(𝐬𝐬𝑡𝑡|𝐬𝐬𝑡𝑡−1)
𝑇𝑇

𝑡𝑡=2
∏ 𝑝𝑝 (𝐲𝐲𝑖𝑖𝑖𝑖|𝐬𝐬𝑖𝑖𝑖𝑖)

𝑇𝑇

𝑡𝑡=1𝐬𝐬𝑖𝑖𝑖𝑖

) ,
𝐼𝐼

𝑖𝑖=1

𝐾𝐾
𝐹𝐹𝑘𝑘

3.3 Simulation Study 

3.3.1 Problem 

—
—

3
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for more “ lt”

— N D
𝑇𝑇𝑑𝑑𝑑𝑑𝑑𝑑—

𝑇𝑇𝑑𝑑𝑑𝑑𝑑𝑑

𝑇𝑇𝑑𝑑𝑑𝑑𝑑𝑑

𝑇𝑇𝑑𝑑𝑑𝑑𝑑𝑑

3.3.2 Design and Procedure 

𝐹𝐹𝑘𝑘 = 𝐹𝐹
𝑒𝑒
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𝑁𝑁
𝐷𝐷

𝑇𝑇𝑑𝑑𝑑𝑑𝑑𝑑

2 (a) × 2 (b) × 2 (c) × 2 (d) × 2 (e) × 2 (f) × 3 (g) = 192
𝐽𝐽 𝐾𝐾

𝚲𝚲𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵

𝐹𝐹 = 2 𝐹𝐹 = 4
𝚲𝚲𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 𝐹𝐹 = 2

𝚲𝚲𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 = (1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1)

′

𝐹𝐹 = 2 𝐹𝐹 = 4 𝐹𝐹 = 4

𝐹𝐹 = 2

𝚲𝚲1 = (λ1 1 1 1 1 1 1 1 1 1 λ2 0 0 0 0 0 0 0 0 0
λ2 0 0 0 0 0 0 0 0 0 λ1 1 1 1 1 1 1 1 1 1)

′

𝚲𝚲2 = (1 λ1 1 1 1 1 1 1 1 1 0 λ2 0 0 0 0 0 0 0 0
0 λ2 0 0 0 0 0 0 0 0 1 λ1 1 1 1 1 1 1 1 1)

′

λ1 = 0 λ2 = 1

√. 5
√. 5 𝚲𝚲1 𝚲𝚲2

λ1 = √. 5 λ2 = √. 5
1 − 𝑒𝑒 𝑒𝑒

3
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𝜑𝜑𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 , of  Tucker’s ( 𝜑𝜑𝑥𝑥𝑥𝑥 =
𝑥𝑥′𝑦𝑦

√𝑥𝑥′𝑥𝑥√𝑦𝑦′𝑦𝑦 𝑥𝑥 𝑦𝑦 𝜑𝜑 =
1

𝜑𝜑𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚

𝛎𝛎𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 = (5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5)′

𝛎𝛎𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵

𝛎𝛎1 = (𝟓𝟓. 𝟓𝟓 𝟓𝟓. 𝟓𝟓 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5)′

𝛎𝛎2 = (5 5 𝟓𝟓. 𝟓𝟓 𝟓𝟓. 𝟓𝟓 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5)′

𝑁𝑁
𝐷𝐷,

 𝑇𝑇𝑑𝑑𝑑𝑑𝑑𝑑 𝑇𝑇
𝑁𝑁 × 𝑇𝑇𝑑𝑑𝑑𝑑𝑑𝑑 × 𝐷𝐷

𝑇𝑇𝑑𝑑𝑑𝑑𝑑𝑑
𝛿𝛿𝑡𝑡𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 = 12/(𝑇𝑇𝑑𝑑𝑑𝑑𝑑𝑑 − 1)

𝑇𝑇𝑑𝑑𝑑𝑑𝑑𝑑

𝑇𝑇𝑑𝑑𝑑𝑑𝑑𝑑

×
𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈(−1.8,1.8)

𝑇𝑇𝑑𝑑𝑑𝑑𝑑𝑑

𝐐𝐐
𝐐𝐐 𝐏𝐏
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𝑇𝑇𝑑𝑑𝑑𝑑𝑑𝑑 = 6

𝐏𝐏 = (
. 950 . 025 . 025
. 025 . 950 . 025
. 025 . 025 . 950

),

𝐐𝐐

𝐐𝐐 = (
−.05 . 03 . 03
. 03 −.05 . 03
. 03 . 03 −.05

).

𝑇𝑇𝑑𝑑𝑑𝑑𝑑𝑑 = 3 𝛿𝛿𝑡𝑡𝑡𝑡 𝑇𝑇𝑑𝑑𝑑𝑑𝑑𝑑 = 9

𝑇𝑇𝑑𝑑𝑑𝑑𝑑𝑑 × 𝐷𝐷

𝑁𝑁
𝐘𝐘𝑖𝑖

𝐘𝐘𝑖𝑖’s into one dataset 𝐘𝐘 = 𝐘𝐘1′, 𝐘𝐘2′ , … , 𝐘𝐘𝐼𝐼′)′

3.3.3 Results 

 
 

log 𝐿𝐿
unknown but, in the simulation study, an approximation (“proxy”

log 𝐿𝐿𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 < log 𝐿𝐿𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

3
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Performance Measures 

estimated state MC’s. The ARI is insensitive to state label permutations and 

𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺

 
𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 =  

∑ ∑ 𝜑𝜑(𝚲𝚲𝑘𝑘
𝑓𝑓, 𝚲̂𝚲𝑘𝑘

𝑓𝑓)𝐹𝐹
𝑓𝑓=1

𝐾𝐾
𝑘𝑘=1

∑ 𝐹𝐹𝑘𝑘
𝐾𝐾
𝑘𝑘=1

.  

𝚲̂𝚲𝑘𝑘
𝑓𝑓 𝚲𝚲𝑘𝑘

𝑓𝑓

𝜑𝜑(𝚲𝚲𝑘𝑘
𝑓𝑓, 𝚲̂𝚲𝑘𝑘

𝑓𝑓)

𝑀𝑀𝑀𝑀𝑀𝑀)

Moreover, the “true” 𝑀𝑀𝑀𝑀𝑀𝑀𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

Goodness of Parameter Recovery   

As can be seen from the “average”

𝑇𝑇𝑑𝑑𝑑𝑑𝑑𝑑

 
 

𝑀𝑀𝑀𝑀𝑀𝑀𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢

155045 Vogelsmeier BNW.indd   64155045 Vogelsmeier BNW.indd   64 23-11-2021   14:3223-11-2021   14:32



3.3.4 Conclusion and Recommendations 

3.4 Application 3
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factors pertaining to (1) “despair”— rong loadings of, for example, “mood”, 
“ ssimism”, and “lack of satisfaction”—, (2) “self image”—
example, “guilty feeling”, “self hate”, and “self accusation”— 3) “cognition/body”—

rong loadings of, for example, “irritability”, “sleep disturbance”, and “ atigability”
, all items beside “ ”, “self punitive wishes” “loss of 

appetite”
r, therefore pertaining to (1) “depression”. Only “ s” and “work 

inhibition”
(2) “cognition”

𝐐𝐐 = (−.02 . 02
. 01 −.01)

𝐏𝐏 

𝐏𝐏𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤 = (. 89 . 11
. 08 . 92) , six month  𝐏𝐏0.5𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦 = (. 43 . 57

. 42 . 58) and a year  𝐏𝐏𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦 = (. 43 . 57
. 43 . 57)

 𝛑𝛑 = (. 9 . 1) 

 
 

3
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sessions so that patients learn about their illness, which may influence patients’ concepts 

3.5 Discussion 

—
—

“reliable”

recently developed a “multigroup factor rotation”
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4                                                                           

Three-Step Latent Markov Factor Analysis 

for Evaluating Covariate Effects 

Evaluating covariate effects on ESM measurement model changes with latent Markov factor 
analysis: A three-step approach.

155045 Vogelsmeier BNW.indd   71155045 Vogelsmeier BNW.indd   71 23-11-2021   14:3223-11-2021   14:32



Abstract 

over time by clustering subjects’ observations into a few states and state
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4.1 Introduction 

enable the assessment of psychological constructs or “factors” (e.g., depression) in daily 

rchers investigated how emotional dynamics relate to subjects’ mental 
Myin‐Germeys et al., 2018) or tailored interventions to subject’s daily experience 

and how these factors are measured by items, which is expressed by means of “factor 
loadings”. I

subjects’ psychopathology) but the MM might also differ within one subject (e.g., the 

their underlying MM into dynamic latent MM classes or “states”, which implies that 

 
 

4
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states (i.e., “partial invariance” holds; 

variables (in the following referred to as “covariates”) that can possibly explain MM 

an example, when studying adolescents’ affective well

context. For instance, “being excited” might be mor
when being with friends whereas “being content” might be more related to positive affect 

different (sets of) covariates to the “structural model” (SM). Note that 
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1 − 3 1 − 3

19 × 3 = 57 

19 + 3 = 21

“three step” (“3S”) approach, which decomposes

 

— —

4
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“
”

—
—

proposed the “BCH” method in which the classification error is used to 

orrection (“ML” method) in which the estimation of the latent class model in the third 
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4.2 Method 

4.2.1 Data Structure  

𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖 𝑖𝑖 = 1, … , 𝐼𝐼
𝑗𝑗 = 1, … , 𝐽𝐽 𝑡𝑡 = 1,… , 𝑇𝑇 𝑇𝑇

𝑖𝑖 𝑇𝑇𝑖𝑖 𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖
1 × 𝐽𝐽 𝐲𝐲𝑖𝑖𝑖𝑖 = (𝑦𝑦𝑖𝑖1𝑡𝑡, … , 𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖)

𝑇𝑇 × 𝐽𝐽 𝐘𝐘𝑖𝑖 = (𝐲𝐲𝑖𝑖1′ , … , 𝐲𝐲𝑖𝑖𝑖𝑖′ )′

4.2.2 Motivating Example 

N MAge

onsecutive days via the “Ethica Data” mobile 

, participants’ current company) at each measurement occasion. 

 
 

4
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4.2.3 Latent Markov Factor Analysis 

concerns the discrete latent process that is either defined by a “discrete time” latent 

s, or by a “continuous
time” latent Markov model (

. 

Measurement Part 

𝑡𝑡  𝐲𝐲𝑖𝑖𝑖𝑖
𝑘𝑘 (𝑘𝑘 = 1, … , 𝐾𝐾)

“ ”

𝑖𝑖 𝑡𝑡 𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1

 [𝐲𝐲𝑖𝑖𝑖𝑖|𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1] =  𝛎𝛎𝑘𝑘 + 𝚲𝚲𝑘𝑘 𝐟𝐟𝑖𝑖𝑖𝑖 +  𝐞𝐞𝑖𝑖𝑖𝑖  

𝚲𝚲𝑘𝑘  𝐽𝐽 × 𝐹𝐹𝑘𝑘 𝐹𝐹𝑘𝑘
 𝐟𝐟𝑖𝑖𝑖𝑖 ~ 𝑀𝑀𝑀𝑀𝑀𝑀(𝟎𝟎, 𝚿𝚿𝑘𝑘) 𝐹𝐹𝑘𝑘 × 1
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𝑡𝑡 𝚿𝚿𝑘𝑘 𝛎𝛎k
 𝐽𝐽 × 1 𝐞𝐞𝑖𝑖𝑖𝑖 ~ 𝑀𝑀𝑀𝑀𝑀𝑀(𝟎𝟎, 𝐃𝐃𝑘𝑘)

𝐽𝐽 × 1 𝑡𝑡 𝐃𝐃𝑘𝑘 𝑑𝑑𝑘𝑘𝑘𝑘

.
𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖|𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1),

𝛎𝛎𝑘𝑘 𝚺𝚺𝑘𝑘 = 𝚲𝚲𝑘𝑘𝚲𝚲𝑘𝑘
′ + 𝐃𝐃𝑘𝑘

 

Figure 4.1. 

𝜆𝜆𝑘𝑘𝑘𝑘𝑘𝑘 𝜈𝜈𝑘𝑘𝑘𝑘 𝑒𝑒𝑘𝑘𝑘𝑘

𝚲𝚲𝑘𝑘 𝛎𝛎𝑘𝑘 𝐃𝐃𝑘𝑘 𝚿𝚿𝑘𝑘

4
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—
—

’s recently 
developed “multigroup factor rotation”.
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dependency in the data (e.g., with the “primary sampling unit” identifier in LG; 

Structural Part 

—
—

“states”. For an extensive description of latent Markov model

between the states are captured by a latent “Markov chain” defined by the probabilities 
𝑘𝑘 𝑡𝑡 = 1 (“initial state probabilities”

𝑘𝑘 𝑡𝑡 > 1 𝑙𝑙 (𝑙𝑙 = 1, … , 𝐾𝐾)
𝑡𝑡 − 1 “ ”

𝑘𝑘 𝑡𝑡
𝑡𝑡 − 1 𝐾𝐾 × 1

𝛑𝛑 𝜋𝜋𝑘𝑘 = 𝑝𝑝(𝑠𝑠1𝑘𝑘 = 1) 𝑠𝑠𝑡𝑡𝑡𝑡
𝑘𝑘 𝑡𝑡 𝑠𝑠11 = 1

𝑠𝑠12 = ⋯ = 𝑠𝑠1𝐾𝐾 = 0
𝐬𝐬𝑖𝑖𝑖𝑖 = (𝑠𝑠𝑖𝑖𝑖𝑖1, … , 𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖)′ 𝑡𝑡 = 1, … , 𝑇𝑇 𝐾𝐾 × 𝑇𝑇

𝐒𝐒 = (𝐬𝐬𝑖𝑖1, 𝐬𝐬𝑖𝑖2, … , 𝐬𝐬𝑖𝑖𝑖𝑖)
𝐾𝐾 × 𝐾𝐾 𝐏𝐏, 𝑝𝑝𝑙𝑙𝑙𝑙 = 𝑝𝑝(𝑠𝑠𝑡𝑡𝑡𝑡 = 1|𝑠𝑠𝑡𝑡−1,𝑙𝑙 = 1)

∑ 𝜋𝜋𝑘𝑘
𝐾𝐾
𝑘𝑘=1 , ∑ 𝑝𝑝𝑙𝑙𝑙𝑙,𝐾𝐾

𝑘𝑘=1

𝛿𝛿

4
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𝑙𝑙  𝑘𝑘 is defined by the “intensities” (or rates) 
𝑞𝑞𝑙𝑙𝑙𝑙 𝐾𝐾 × 𝐾𝐾 𝐐𝐐 𝑝𝑝𝑙𝑙𝑙𝑙

 𝑞𝑞𝑙𝑙𝑙𝑙 = lim
𝛿𝛿→0

𝑝𝑝(𝑠𝑠𝑡𝑡𝑡𝑡 = 1|𝑠𝑠𝑡𝑡−𝛿𝛿,𝑙𝑙 = 1)
𝛿𝛿 ,  

𝑘𝑘 ≠ 𝑙𝑙 𝐐𝐐
− ∑ 𝑞𝑞𝑙𝑙𝑙𝑙𝑘𝑘≠𝑙𝑙

 𝐐𝐐 × 𝛿𝛿 𝛿𝛿
𝐐𝐐

𝐏𝐏

𝑈𝑈
𝑧𝑧𝑖𝑖𝑖𝑖𝑖𝑖 𝑈𝑈 × 1 𝐳𝐳𝑖𝑖𝑖𝑖

 log 𝑝𝑝(𝑠𝑠𝑖𝑖1𝑘𝑘 = 1|𝐳𝐳𝑖𝑖1)
𝑝𝑝(𝑠𝑠𝑖𝑖11 = 1|𝐳𝐳𝑖𝑖1) = 𝛽𝛽0𝑘𝑘 + 𝛃𝛃𝑘𝑘

′ 𝐳𝐳𝑖𝑖𝑖𝑖=1,  

 𝑘𝑘 = 2, … , 𝐾𝐾 𝑘𝑘 = 1 𝛽𝛽0𝑘𝑘
𝛃𝛃𝑘𝑘

′ = (𝛽𝛽𝑘𝑘,𝑧𝑧𝑖𝑖11, … , 𝛽𝛽𝑘𝑘,𝑧𝑧𝑖𝑖1𝑈𝑈)′

 
 

𝐐𝐐
𝐏𝐏 ∑ 𝑝𝑝𝑙𝑙𝑙𝑙

𝐾𝐾
𝑘𝑘=1 = 1
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 log 𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝑠𝑠𝑖𝑖𝑖𝑖−1,𝑙𝑙 = 1, 𝐳𝐳𝑖𝑖𝑖𝑖)
𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝑠𝑠𝑖𝑖𝑖𝑖−1,𝑙𝑙 = 1, 𝐳𝐳𝑖𝑖𝑖𝑖) = 𝛾𝛾0𝑙𝑙𝑙𝑙 + 𝛄𝛄𝑙𝑙𝑙𝑙

′ 𝐳𝐳𝑖𝑖𝑖𝑖  

𝑘𝑘 ≠ 𝑙𝑙 𝑙𝑙 𝑘𝑘
𝑙𝑙 𝛾𝛾0𝑙𝑙𝑙𝑙

𝛄𝛄𝑙𝑙𝑙𝑙
′ = (𝛾𝛾𝑙𝑙𝑙𝑙,𝑧𝑧𝑖𝑖𝑖𝑖𝑖𝑖, … , 𝛾𝛾𝑙𝑙𝑙𝑙,𝑧𝑧𝑖𝑖𝑖𝑖𝑖𝑖)′

𝑘𝑘 ≠ 𝑙𝑙

 log 𝑞𝑞𝑙𝑙𝑙𝑙 = 𝛾𝛾0𝑙𝑙𝑙𝑙 + 𝛄𝛄𝑙𝑙𝑙𝑙
′ 𝐳𝐳𝑖𝑖𝑖𝑖.  

𝑝𝑝(𝐘𝐘𝑖𝑖, 𝐒𝐒𝑖𝑖|𝐙𝐙𝑖𝑖) = 𝑝𝑝(𝐲𝐲𝑖𝑖1, … , 𝐲𝐲𝑖𝑖𝑖𝑖,𝐬𝐬𝑖𝑖1, … , 𝐬𝐬𝑖𝑖𝑖𝑖|𝐳𝐳𝑖𝑖1, … , 𝐳𝐳𝑖𝑖𝑖𝑖)

= 𝑝𝑝(𝐬𝐬𝑖𝑖1|𝐳𝐳𝑖𝑖1) ∏ 𝑝𝑝𝛿𝛿𝑡𝑡𝑡𝑡(𝐬𝐬𝑖𝑖𝑖𝑖|𝐬𝐬𝑖𝑖𝑖𝑖−1, 𝐳𝐳𝑖𝑖𝑖𝑖)
𝑇𝑇

𝑡𝑡=2
∏ 𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖|𝐬𝐬𝑖𝑖𝑖𝑖)

𝑇𝑇

𝑡𝑡=1
.

 

𝛿𝛿𝑡𝑡𝑡𝑡 𝑝𝑝𝛿𝛿𝑡𝑡𝑡𝑡(𝐬𝐬𝑖𝑖𝑖𝑖|𝐬𝐬𝑖𝑖𝑖𝑖−1, 𝐳𝐳𝑖𝑖𝑖𝑖) to the transition probabilities’ dependency on 

𝑝𝑝(𝐬𝐬𝑖𝑖𝑖𝑖|𝐬𝐬𝑖𝑖𝑖𝑖−1, 𝐳𝐳𝑖𝑖𝑖𝑖)

4.2.4 FIML Estimation of Latent Markov Factor Analysis (FIML-LMFA) 

 
log𝐿𝐿𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 = ∑ log (∑ … ∑ 𝑝𝑝(𝐘𝐘𝑖𝑖, 𝐒𝐒𝑖𝑖|𝐙𝐙𝑖𝑖)

𝐬𝐬𝑖𝑖𝑖𝑖𝐬𝐬𝑖𝑖1

)
𝐼𝐼

𝑖𝑖=1
,  

𝑝𝑝(𝐘𝐘𝑖𝑖, 𝐒𝐒𝑖𝑖|𝐙𝐙𝑖𝑖)

4
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𝐾𝐾
𝐹𝐹𝑘𝑘)

𝐾𝐾
𝐹𝐹𝑘𝑘

𝑈𝑈 = 3
2𝑈𝑈 = 8

4.2.5 Three-Step Estimation of Latent Markov Factor Analysis (3S-LMFA) 

“ ”

Step 1: Estimation of the State-Specific Measurement Models 

t 𝐲𝐲𝑖𝑖𝑖𝑖
𝑡𝑡 − 1 𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1, 

𝑡𝑡 𝐳𝐳𝑖𝑖𝑖𝑖 𝑡𝑡  𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1
the estimation, all repeated observations are treated as “independent” such that 
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𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1)
𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖𝑖𝑖|𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1) = 𝑀𝑀𝑀𝑀𝑀𝑀(𝐲𝐲𝑖𝑖𝑖𝑖𝑖𝑖|𝛎𝛎𝑘𝑘, 𝚲𝚲𝑘𝑘𝚲𝚲𝑘𝑘 + 𝐃𝐃𝑘𝑘)

 
𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖) = ∑𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1)

𝐾𝐾

𝑘𝑘=1
𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖𝑖𝑖|𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1)  

 
log𝐿𝐿𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆1 =∑∑log 𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖)

𝑇𝑇

𝑡𝑡=1

𝐼𝐼

𝑖𝑖=1
.  

 

Figure 4.2. 

 

𝐾𝐾 𝐹𝐹𝑘𝑘

— —

 
 

4
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Step 2: Classification of Observations and Calculation of the Classification 
Error 

𝐾𝐾
𝐰𝐰𝑖𝑖𝑖𝑖 = (𝑤𝑤𝑖𝑖𝑖𝑖1,… ,𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖)′ 𝐬𝐬𝑖𝑖𝑖𝑖

𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝐘𝐘𝑖𝑖𝑖𝑖)
expressed using Bayes’ theorem as

 𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝐲𝐲𝑖𝑖𝑖𝑖) =
𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1)𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖|𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1)

𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖)

= 𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1)𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖|𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1)
∑ 𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖′ = 1)𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖|𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖′ = 1)𝐾𝐾
𝑘𝑘′=1

. 
 

 

Figure 4.3.   
 

𝐲𝐲𝑖𝑖𝑖𝑖 𝐾𝐾
𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝐲𝐲𝑖𝑖𝑖𝑖)

to the final state assignments. First, “proportional 
assignment” assigns a state 
𝑝𝑝(𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝐲𝐲𝑖𝑖𝑖𝑖) = 𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝐲𝐲𝑖𝑖𝑖𝑖) to a “soft” partitioning. Second, “modal 
assignment” allocates the weight 𝑝𝑝(𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝐲𝐲𝑖𝑖𝑖𝑖) = 1 k

𝐬𝐬𝑖𝑖𝑖𝑖
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𝐾𝐾𝑇𝑇

𝐬𝐬𝑖𝑖𝑖𝑖

𝐰𝐰𝑖𝑖𝑖𝑖 𝐳𝐳𝑖𝑖𝑖𝑖 — 𝐬𝐬𝑖𝑖𝑖𝑖 —

𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖 = 1
𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1 𝑝𝑝(𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1) 𝑘𝑘,𝑚𝑚 = 1, … , 𝐾𝐾

𝐾𝐾 × 𝐾𝐾 “classifi x”. They

 𝑝𝑝(𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1) = ∫𝑝𝑝(𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝒚𝒚𝑖𝑖𝑖𝑖)𝑝𝑝(𝒚𝒚𝑖𝑖𝑖𝑖)𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝒚𝒚𝑖𝑖𝑖𝑖) 𝑑𝑑𝒚𝒚𝑖𝑖𝑖𝑖
𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1) .  

𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖)

 
𝑝𝑝(𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1) =

1
𝐼𝐼 × 𝑇𝑇∑ ∑ 𝑝𝑝(𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝐲𝐲𝑖𝑖𝑖𝑖)𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝐲𝐲𝑖𝑖𝑖𝑖)𝑇𝑇

𝑡𝑡=1
𝐼𝐼
𝑖𝑖=1

𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1) .  

𝑚𝑚 = 𝑘𝑘

𝐘𝐘 = (𝐘𝐘1′, 𝐘𝐘2′ , … , 𝐘𝐘𝐼𝐼′)

𝑅𝑅𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒2 Lukočienė, 

𝑅𝑅𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒2

4
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𝐲𝐲𝑖𝑖𝑖𝑖 
𝐲𝐲𝑖𝑖𝑖𝑖.

𝑅𝑅𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒2

Step 3: Estimation of the Structural Model 

𝑝𝑝(𝐖𝐖𝑖𝑖|𝐙𝐙𝑖𝑖)
𝑝𝑝(𝐒𝐒𝑖𝑖|𝐙𝐙𝑖𝑖) 𝐖𝐖𝑖𝑖 = (𝐰𝐰𝑖𝑖1,𝐰𝐰𝑖𝑖2,… ,𝐰𝐰𝑖𝑖𝑖𝑖)  𝐙𝐙𝑖𝑖 = (𝐳𝐳𝑖𝑖1, 𝐳𝐳𝑖𝑖2, … , 𝐳𝐳𝑖𝑖𝑖𝑖)  𝐒𝐒𝑖𝑖 = (𝐬𝐬𝑖𝑖1, 𝐬𝐬𝑖𝑖2, … , 𝐬𝐬𝑖𝑖𝑖𝑖) 

𝑝𝑝(𝐖𝐖𝑖𝑖, 𝐘𝐘𝑖𝑖, 𝐒𝐒𝑖𝑖, 𝐙𝐙𝑖𝑖)
𝑝𝑝(𝐖𝐖𝑖𝑖|𝐙𝐙𝑖𝑖)

 
𝑝𝑝(𝐖𝐖𝑖𝑖|𝐙𝐙𝑖𝑖) =∑⋯∑𝑝𝑝(𝐬𝐬𝑖𝑖1|𝐳𝐳𝑖𝑖1)∏𝑝𝑝(𝐬𝐬𝑖𝑖𝑖𝑖|𝐬𝐬𝑖𝑖𝑖𝑖−1, 𝐳𝐳𝑖𝑖𝑖𝑖)

𝑇𝑇

𝑡𝑡=2𝐬𝐬𝑖𝑖𝑖𝑖𝐬𝐬𝑖𝑖1

∏𝑝𝑝(𝐰𝐰𝑖𝑖𝑖𝑖|𝐬𝐬𝑖𝑖𝑖𝑖)
𝑇𝑇

𝑡𝑡=1
.  

𝐒𝐒𝑖𝑖
𝐖𝐖𝑖𝑖 𝐾𝐾

𝐘𝐘𝑖𝑖. 𝐘𝐘𝑖𝑖  
𝑝𝑝(𝐰𝐰𝑖𝑖𝑖𝑖|𝐬𝐬𝑖𝑖𝑖𝑖). 

𝐖𝐖𝑖𝑖
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Figure 4.4. 
𝐰𝐰𝒊𝒊𝒊𝒊

 

 log𝐿𝐿𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆3 =∑log(𝑝𝑝(𝐖𝐖𝑖𝑖|𝐙𝐙𝑖𝑖))
𝐼𝐼

𝑖𝑖=1
.  

𝐖𝐖𝑖𝑖  
(that contain error) of the “true” (error

𝐒𝐒𝑖𝑖,
𝐖𝐖𝑖𝑖 𝐒𝐒𝑖𝑖

 
 

4
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4.3 Simulation Study 

4.3.1 Problem 

𝑝𝑝(𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1)

𝑅𝑅𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒2
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𝐾𝐾 𝐹𝐹𝑘𝑘

4.3.2 Design and Procedure 

𝑁𝑁
𝐷𝐷

 
2 × 2 × 4 × 2 = 32

— 𝑁𝑁 𝐷𝐷 𝑇𝑇𝑑𝑑𝑑𝑑𝑑𝑑—

𝐽𝐽 = 20 𝑒𝑒 = .2 𝐾𝐾 = 3

 
 

4
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𝐹𝐹𝑘𝑘 = 𝐹𝐹 = 2 𝑇𝑇𝑑𝑑𝑑𝑑𝑑𝑑 = 9

𝑇𝑇𝑑𝑑𝑑𝑑𝑑𝑑 = 9

𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈(−0.3 × 1.5, 0.3 ×
1.5).

𝛽𝛽02 = 𝛽𝛽03 = 0

𝛾𝛾012 = 𝛾𝛾013 = 𝛾𝛾021 =
𝛾𝛾023 = 𝛾𝛾031 = 𝛾𝛾032 = −3.65

 𝐏𝐏𝒅𝒅𝒅𝒅𝒅𝒅 = (
. 950 . 025 . 025
. 025 . 950 . 025
. 025 . 05 . 950

)

𝑧𝑧𝑖𝑖𝑖𝑖1) 𝐷𝐷 = 7 𝐷𝐷 =
30, (𝑧𝑧𝑖𝑖𝑖𝑖2 = 𝑧𝑧𝑖𝑖2)

−0.5 0.5 𝑧𝑧𝑖𝑖𝑖𝑖1

increased the probability to move to and stay in a “healthy state”
𝛾𝛾12,𝑧𝑧𝑖𝑖𝑖𝑖1 = 𝛾𝛾32,𝑧𝑧𝑖𝑖𝑖𝑖1 = 1 𝛾𝛾13,𝑧𝑧𝑖𝑖𝑖𝑖1 = 𝛾𝛾21,𝑧𝑧𝑖𝑖𝑖𝑖1 = 𝛾𝛾23,𝑧𝑧𝑖𝑖𝑖𝑖1 = 𝛾𝛾31,𝑧𝑧𝑖𝑖𝑖𝑖1 =

−0.5 𝑧𝑧𝑖𝑖2

𝛾𝛾12,𝑧𝑧𝑖𝑖𝑖𝑖2 = 𝛾𝛾13,𝑧𝑧𝑖𝑖𝑖𝑖2 = 𝛾𝛾21,𝑧𝑧𝑖𝑖𝑖𝑖2 = 𝛾𝛾23,𝑧𝑧𝑖𝑖𝑖𝑖2 = 𝛾𝛾31,𝑧𝑧𝑖𝑖𝑖𝑖2 =
𝛾𝛾32,𝑧𝑧𝑖𝑖𝑖𝑖2 = 0.5
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𝐏𝐏𝑧𝑧𝑖𝑖𝑖𝑖1=−.5,𝑧𝑧𝑖𝑖𝑖𝑖2=−.5 = (
. 963 . 012 . 025
. 025 . 950 . 025
. 025 . 012 . 963

)

𝐏𝐏𝑧𝑧𝑖𝑖𝑖𝑖1 = .5,𝑧𝑧𝑖𝑖𝑖𝑖2 = −.5 = (
. 952 . 032 . 015
. 015 . 969 . 015
. 015 . 032 . 952

)  

𝐏𝐏𝑧𝑧𝑖𝑖𝑖𝑖1=−.5,𝑧𝑧𝑖𝑖𝑖𝑖2=.5 = (
. 940 . 019 . 041
. 041 . 919 . 041
. 041 . 019 . 940

)

𝐏𝐏𝑧𝑧𝑖𝑖𝑖𝑖1 = .5,𝑧𝑧𝑖𝑖𝑖𝑖2 = .5 = (
. 923 . 052 . 025
. 025 . 951 . 025
. 025 . 052 . 923

)

𝐟𝐟𝑖𝑖𝑖𝑖 ~ 𝑀𝑀𝑀𝑀𝑀𝑀(𝟎𝟎, 𝐈𝐈)

𝚲𝚲𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 = (1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1)

′
,

𝚲𝚲1 = (λ1 1 1 1 1 1 1 1 1 1 λ2 0 0 0 0 0 0 0 0 0
λ2 0 0 0 0 0 0 0 0 0 λ1 1 1 1 1 1 1 1 1 1)

′

𝚲𝚲2 = (1 λ1 1 1 1 1 1 1 1 1 0 λ2 0 0 0 0 0 0 0 0
0 λ2 0 0 0 0 0 0 0 0 1 λ1 1 1 1 1 1 1 1 1)

′

λ1 = 0 λ2 = 1
√. 5

√. 5
𝚲𝚲1 𝚲𝚲2 λ1 = √. 5 λ2 = √. 5

1 − 𝑒𝑒

4
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𝜑𝜑𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚, Tucker’s ( 𝜑𝜑𝑥𝑥𝑥𝑥 = 𝑥𝑥′𝑦𝑦
√𝑥𝑥′𝑥𝑥√𝑦𝑦′𝑦𝑦 𝑥𝑥 𝑦𝑦

𝜑𝜑 = 1
𝜑𝜑𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚

. 

𝛎𝛎𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 = (5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5)′,

𝛎𝛎1 = (𝟓𝟓. 𝟓𝟓 𝟓𝟓. 𝟓𝟓 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5)′,

𝛎𝛎2 = (5 5 𝟓𝟓. 𝟓𝟓 𝟓𝟓. 𝟓𝟓 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5)′.

𝑅𝑅𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒
2

𝑅𝑅𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑜𝑜𝑜𝑜𝑜𝑜
2

 
 

𝑅𝑅𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒
2

measurement occasions was obtained using Monte Carlo simulation. For this purpose we used the ‘Monte 
n study’ option in LG with one random draw of the time intervals and covariate patterns 

𝑅𝑅𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒
2
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4.3.3 Results 

𝑁𝑁 = 30 𝐷𝐷 = 7

SE > 10

Goodness of State Recovery 

𝑅𝑅𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒2 𝑅𝑅𝑅𝑅 = .83

 
 

log𝐿𝐿
can obtain an approximation (“proxy”) in simulation studies by estimating the models with the population 

log𝐿𝐿multistart < log𝐿𝐿proxi

4
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𝑆𝑆𝑆𝑆𝑅𝑅𝑅𝑅 = .06 𝐴𝐴𝐴𝐴𝐴𝐴 = .61  𝑆𝑆𝑆𝑆𝐴𝐴𝐴𝐴𝐴𝐴 = .14
𝑅𝑅𝑅𝑅 = .94 𝑆𝑆𝑆𝑆𝑅𝑅𝑅𝑅 = .03 𝐴𝐴𝐴𝐴𝐴𝐴 = .87  𝑆𝑆𝑆𝑆𝐴𝐴𝐴𝐴𝐴𝐴 = .06

𝑅𝑅𝑅𝑅 = .97 𝑆𝑆𝑆𝑆𝑅𝑅𝑅𝑅 = .01 𝐴𝐴𝐴𝐴𝐴𝐴 = .94  𝑆𝑆𝑆𝑆𝐴𝐴𝐴𝐴𝐴𝐴 = .03

30 (𝑁𝑁) ×
7 (𝐷𝐷) × 9 (𝑇𝑇𝑑𝑑𝑑𝑑𝑑𝑑) = 1890 𝐾𝐾 = 3

Goodness of MM Parameter Recovery 

Goodness of Loading Recovery

𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺

 
𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 =  

∑ ∑ 𝜑𝜑(𝚲𝚲𝑘𝑘
𝑓𝑓, 𝚲̂𝚲𝑘𝑘

𝑓𝑓)𝐹𝐹
𝑓𝑓=1

𝐾𝐾
𝑘𝑘=1

𝐾𝐾 × 𝐹𝐹 ,  

𝚲𝚲𝑘𝑘
𝑓𝑓

𝚲̂𝚲𝑘𝑘 𝚲𝚲𝑘𝑘

𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺
𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 = 1 𝑆𝑆𝑆𝑆 = 0

Goodness of Intercept Recovery and Unique Variance Recovery

𝑀𝑀𝑀𝑀𝑀𝑀)
𝑀𝑀𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖𝑖𝑖 = 𝑆𝑆𝑆𝑆 = 0.01

𝑀𝑀𝑀𝑀𝑀𝑀𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢 = 𝑆𝑆𝑆𝑆 = 0.00
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𝑁𝑁 =
90 𝐷𝐷 = 30

Goodness of SM Parameter Recovery 

Goodness of Transition and Initial State Parameter Recovery

𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 = 0.39
𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 = 0.36

 
 

4
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Goodness of Covariates’ SE Recovery

Computation Time 

Conclusion 

4.4 Application 

 
 

4
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on a Likert scale from 1 (totally disagree) to 5 (totally agree) (e.g., “I often have a hard 
feel.”) and (2) differentiation of emotional experience assessed 

“I am aware that each emotion has a completely different meaning.”)

𝑇𝑇𝑖𝑖 × 𝐼𝐼 J
1 − 3 1 − 3

second state (“[2 1]”). We p
𝑅𝑅𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒2 = 0.98

𝑟𝑟 = 0.07

dimensions seem to collapse in state 2, which is characterized by a single (“bipolar”) 
dimension “PA versus NA”. Moreover, it is noticeable that the item “miserable” has a high 
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positive emotions “proud” and “lively” have something unique that cannot be explained 

specific encountered events (e.g., “proud” may be elicited by achievements and “lively” is 
energy activities). Moreover, “miserable” has a large 

capable of differentiating positive and negative emotional experiences (“independent 
state”). ’

“ ” “ ” (“bipolar 
state”)

4
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 𝑝𝑝(𝐰𝐰𝑖𝑖𝑖𝑖|𝐬𝐬𝑖𝑖𝑖𝑖) = (. 9968 . 0032
. 0080 . 9920).  

 𝛼𝛼 < 0.05
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resentation of one’s emotional state.

4.5 Discussion 

Vermunt’s
—

—

4
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—
—
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5                                                                           

Latent Markov Latent Trait Analysis for 

Categorical Data 

Evaluation & the Health Professions 44 –
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Abstract 

—
—

er time. The recently proposed “latent Markov factor analysis” 

“states” according to the MM underlying these observations such that 

measurement invariance, we present “latent Markov latent trait analysis” (LMLTA), 

scents’ affective well
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5.1 Introduction 

Myin‐Germeys et al., 2018; Snippe et al., 
), and ILD can also be used to tailor interventions to the subject’s real

invariance). The MM indicates to what extent the latent constructs (or “factors”) are 
measured by which items, as indicated by the “factor loadings”. For continuous data, the 

or instance, changes in subjects’ overall emotional well

5
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his might result in a MM with one bipolar “arousal” factor 
contrasting “low” versus “high” arousal. When patients encounter depressive episodes, 

one bipolar “valence of affect” factor. Assessing MI thus allows for more accurate 

specific observations into a few dynamic latent classes or “states” 

subsequent analyses. For example, when at least “partial” invariance h

the Visual Analog Scale from 0 (“not at all”) to 100 (“very much”), many studies use 
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means of “item response theory” or “latent trait” (LT) models, where 
“trait” refers to a latent construct in the psychometric literature (

multidimensional version of Muraki’s ( ) “generalized partial credit model” (GPCM) 

ordinal data on adolescents’ well

5.2 Method 

5.2.1 Data Structure  

1 = “strongly disagree” to 5 = “strongly agree”. The latter 

𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖 𝑖𝑖 = 1,… , 𝐼𝐼 𝑗𝑗 = 1,… , 𝐽𝐽
𝑡𝑡 = 1,… , 𝑇𝑇 𝑔𝑔 = 1,… , 𝐺𝐺

𝐺𝐺
𝑇𝑇

𝑖𝑖 𝑇𝑇𝑖𝑖 1 × 𝐽𝐽
𝐲𝐲𝑖𝑖𝑖𝑖 = (𝑦𝑦𝑖𝑖1𝑡𝑡, … , 𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖) 𝑇𝑇 × 𝐽𝐽

𝐘𝐘𝑖𝑖 = (𝐲𝐲𝑖𝑖1′ , … , 𝐲𝐲𝑖𝑖𝑖𝑖′ )′ 𝐘𝐘 = (𝐘𝐘1′,… , 𝐘𝐘𝐼𝐼′)′
∑ 𝑇𝑇𝑖𝑖𝐼𝐼
𝑖𝑖=1

5.2.2 Latent Markov Latent Trait Analysis  

5
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between latent classes over time, which is why the classes are called “states”. To get 

or “covariates”. For instance, sleep quality and disruptions in the daily routine

Latent Markov Model 

𝑘𝑘 𝑘𝑘 = 1,… , 𝐾𝐾
𝑡𝑡 𝑡𝑡 − 1

𝐲𝐲𝑖𝑖𝑖𝑖 𝑡𝑡

𝐾𝐾 × 1 𝐬𝐬𝑖𝑖𝑖𝑖 = (𝑠𝑠𝑖𝑖𝑖𝑖1, … , 𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖)′
𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 𝑘𝑘

𝑡𝑡 𝑈𝑈 × 1 𝐳𝐳𝑖𝑖𝑖𝑖 =
(𝑧𝑧𝑖𝑖𝑖𝑖1, … , 𝑧𝑧𝑖𝑖𝑖𝑖𝑖𝑖)′ 𝑧𝑧𝑖𝑖𝑖𝑖𝑖𝑖 𝑢𝑢 = 1,… , 𝑈𝑈

– –
–
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–
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A LMM is characterized by the “initial state”, “transition”, and “response” 

 𝑝𝑝(𝐘𝐘𝑖𝑖, 𝐒𝐒𝑖𝑖|𝐙𝐙𝑖𝑖) = 𝑝𝑝(𝐲𝐲𝑖𝑖1, … , 𝐲𝐲𝑖𝑖𝑖𝑖,𝐬𝐬𝑖𝑖1, … , 𝐬𝐬𝑖𝑖𝑖𝑖|𝐳𝐳𝑖𝑖1, … , 𝐳𝐳𝑖𝑖𝑖𝑖)

= 𝑝𝑝(𝐬𝐬𝑖𝑖1|𝐳𝐳𝑖𝑖1)⏞      
𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

∏𝑝𝑝𝛿𝛿𝑡𝑡𝑡𝑡(𝐬𝐬𝑖𝑖𝑖𝑖|𝐬𝐬𝑖𝑖𝑖𝑖−1, 𝐳𝐳𝑖𝑖𝑖𝑖)⏞          
𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 
𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑇𝑇

𝑡𝑡=2
∏ 𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖|𝐬𝐬𝑖𝑖𝑖𝑖)⏞      

𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 
𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑇𝑇

𝑡𝑡=1

 

𝑖𝑖
𝐳𝐳𝑖𝑖𝑖𝑖 𝑧𝑧

𝑘𝑘 𝑡𝑡 = 1 𝐾𝐾 × 1 𝛑𝛑
𝜋𝜋𝑘𝑘 = 𝑝𝑝(𝑠𝑠𝑖𝑖1𝑘𝑘 = 1|𝐳𝐳𝑖𝑖1) ∑ 𝜋𝜋𝑘𝑘𝐾𝐾

𝑘𝑘=1 = 1

 log 𝑝𝑝(𝑠𝑠𝑖𝑖1𝑘𝑘 = 1|𝐳𝐳𝑖𝑖1)𝑝𝑝(𝑠𝑠𝑖𝑖11 = 1|𝐳𝐳𝑖𝑖1)
= 𝛽𝛽0𝑘𝑘 + 𝛃𝛃𝑘𝑘′ 𝐳𝐳𝑖𝑖𝑖𝑖=1  

 𝑘𝑘 = 2, … , 𝐾𝐾 𝑘𝑘 = 1
𝛽𝛽0𝑘𝑘

𝛃𝛃𝑘𝑘′ = (𝛽𝛽𝑘𝑘,𝑧𝑧𝑖𝑖11, … , 𝛽𝛽𝑘𝑘,𝑧𝑧𝑖𝑖1𝑈𝑈)′

𝑘𝑘 𝑡𝑡 > 1
 𝑙𝑙 (𝑙𝑙 = 1,… , 𝐾𝐾) 𝑡𝑡 − 1

𝛿𝛿𝑡𝑡𝑡𝑡

𝑝𝑝𝛿𝛿𝑡𝑡𝑡𝑡,𝑙𝑙𝑙𝑙 = 𝑝𝑝𝛿𝛿𝑡𝑡𝑡𝑡(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝑠𝑠𝑖𝑖𝑖𝑖−1,𝑙𝑙 = 1, 𝐳𝐳𝑖𝑖𝑖𝑖)
𝐾𝐾 × 𝐾𝐾 𝐏𝐏𝛿𝛿𝑡𝑡𝑡𝑡 𝐏𝐏𝛿𝛿𝑡𝑡𝑡𝑡 ∑ 𝑝𝑝𝛿𝛿𝑡𝑡𝑡𝑡,𝑙𝑙𝑙𝑙,𝐾𝐾

𝑘𝑘=1

 log 𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝑠𝑠𝑖𝑖𝑖𝑖−1,𝑙𝑙 = 1, 𝐳𝐳𝑖𝑖𝑖𝑖)𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝑠𝑠𝑖𝑖𝑖𝑖−1,𝑙𝑙 = 1, 𝐳𝐳𝑖𝑖𝑖𝑖)
= 𝛾𝛾0𝑙𝑙𝑙𝑙 + 𝛄𝛄𝑙𝑙𝑙𝑙′ 𝐳𝐳𝑖𝑖𝑖𝑖  
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𝑘𝑘 ≠ 𝑙𝑙 𝛾𝛾0𝑙𝑙𝑙𝑙 𝛄𝛄𝑙𝑙𝑙𝑙
′ = (𝛾𝛾𝑙𝑙𝑙𝑙,𝑧𝑧𝑖𝑖11, … , 𝛾𝛾𝑙𝑙𝑙𝑙,𝑧𝑧𝑖𝑖1𝑈𝑈)′

𝛿𝛿𝑡𝑡𝑡𝑡 and the “transition intensity matrix” 𝐐𝐐 𝐾𝐾 × 𝐾𝐾 𝐐𝐐  
𝑞𝑞𝑙𝑙𝑙𝑙 𝑙𝑙

𝑘𝑘
𝐐𝐐 𝑘𝑘 ≠ 𝑙𝑙

 𝑞𝑞𝑙𝑙𝑙𝑙 = lim
𝛿𝛿→0

𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝑠𝑠𝑖𝑖𝑖𝑖−𝛿𝛿,𝑙𝑙 = 1, 𝐳𝐳𝑖𝑖𝑖𝑖)
𝛿𝛿 .  

− ∑ 𝑞𝑞𝑙𝑙𝑙𝑙𝑘𝑘≠𝑙𝑙
𝐏𝐏𝛿𝛿𝑡𝑡𝑡𝑡 𝐐𝐐 × 𝛿𝛿𝑡𝑡𝑡𝑡

𝑘𝑘 ≠ 𝑙𝑙
𝐳𝐳𝑖𝑖𝑖𝑖

𝑘𝑘 ≠ 𝑙𝑙

 log 𝑞𝑞𝑙𝑙𝑙𝑙 = 𝛾𝛾0𝑙𝑙𝑙𝑙 + 𝛄𝛄𝑙𝑙𝑙𝑙
′ 𝐳𝐳𝑖𝑖𝑖𝑖.  

). This “mixture (CT )LMM” 

5
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𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖|𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1)
𝑡𝑡

𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1

Measurement Model 

𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖 𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 =
1

𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖

𝐟𝐟𝑖𝑖𝑖𝑖
𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖

𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖

𝑗𝑗

 
𝐸𝐸(𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖|𝐟𝐟𝑖𝑖𝑖𝑖, 𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1) =  ∑ 𝜆𝜆𝑗𝑗𝑗𝑗𝑗𝑗 𝑓𝑓𝑟𝑟𝑟𝑟𝑟𝑟

𝑅𝑅𝑘𝑘

𝑟𝑟=1
+  𝜈𝜈𝑗𝑗𝑗𝑗,  

𝑅𝑅𝑘𝑘 𝑟𝑟 = 1, … , 𝑅𝑅𝑘𝑘 
𝜆𝜆𝑗𝑗𝑗𝑗𝑗𝑗 𝑗𝑗 𝑟𝑟 𝐟𝐟𝑖𝑖𝑖𝑖 = (𝑓𝑓1𝑖𝑖𝑖𝑖, … , 𝑓𝑓𝑅𝑅𝑅𝑅𝑅𝑅)′

𝐟𝐟𝑖𝑖𝑖𝑖~𝑀𝑀𝑀𝑀𝑀𝑀(0, 𝚽𝚽𝑘𝑘)
𝚽𝚽𝑘𝑘 𝜈𝜈𝑗𝑗𝑗𝑗

𝑗𝑗

𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖
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(𝑔𝑔, 𝑔𝑔 + 1)  .

𝑔𝑔 + 1 𝑔𝑔 𝑗𝑗 𝐟𝐟𝑖𝑖𝑖𝑖
𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1 𝑖𝑖 𝑡𝑡

 
log (

𝑝𝑝(𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖+1 = 1|𝐟𝐟𝑖𝑖𝑖𝑖, 𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1)
𝑝𝑝(𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝐟𝐟𝑖𝑖𝑖𝑖, 𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1) ) = ∑ 𝜆𝜆𝑗𝑗𝑗𝑗𝑗𝑗 𝑓𝑓𝑟𝑟𝑟𝑟𝑟𝑟

𝑅𝑅𝑘𝑘

𝑟𝑟=1
+ 𝜈𝜈𝑗𝑗𝑗𝑗𝑗𝑗

∗ ,  

1 ≤ 𝑔𝑔 ≤ 𝐺𝐺 − 1 𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖 = 𝑔𝑔 𝑗𝑗 𝑔𝑔
𝜆𝜆𝑗𝑗𝑗𝑗𝑗𝑗 𝑗𝑗 𝑟𝑟. 𝜈𝜈𝑗𝑗𝑗𝑗𝑗𝑗

∗ 𝐺𝐺 −
1 

𝑔𝑔

 
𝑝𝑝(𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖 = 𝑔𝑔|𝐟𝐟𝑖𝑖𝑖𝑖, 𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1) =

exp (∑ 𝑔𝑔 × 𝜆𝜆𝑗𝑗𝑗𝑗𝑗𝑗𝑓𝑓𝑟𝑟𝑟𝑟𝑟𝑟
𝑅𝑅𝑘𝑘
𝑟𝑟=1 + 𝜈𝜈𝑗𝑗𝑗𝑗𝑗𝑗)

∑ exp (∑ 𝑔𝑔′ × 𝜆𝜆𝑗𝑗𝑗𝑗𝑗𝑗𝑓𝑓𝑟𝑟𝑟𝑟𝑟𝑟
𝑅𝑅𝑘𝑘
𝑟𝑟=1 + 𝜈𝜈𝑗𝑗𝑗𝑗′𝑘𝑘)𝐺𝐺

𝑔𝑔′=1
.  

𝜈𝜈𝑗𝑗𝑗𝑗𝑗𝑗 ∑ 𝜈𝜈𝑗𝑗𝑗𝑗𝑗𝑗 = 0𝐺𝐺
𝑔𝑔=1

𝜈𝜈𝑗𝑗𝑗𝑗𝑗𝑗
∗ = 𝜈𝜈𝑗𝑗𝑗𝑗+1,𝑘𝑘 − 𝜈𝜈𝑗𝑗𝑗𝑗𝑗𝑗

j 𝑓𝑓𝑟𝑟𝑟𝑟𝑟𝑟 𝑘𝑘 Kankaraš, Vermunt, & 

𝜈𝜈𝑗𝑗𝑗𝑗
𝐺𝐺 −

1 𝜈𝜈𝑗𝑗𝑗𝑗𝑗𝑗
∗

𝑡𝑡 𝐽𝐽

5
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𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖|𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1) = ∫…∫𝑝𝑝(𝐟𝐟𝑖𝑖𝑖𝑖; 𝟎𝟎,𝚽𝚽𝑘𝑘)∏𝑝𝑝(𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖 = 𝑔𝑔|𝐟𝐟𝑖𝑖𝑖𝑖, 𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1)

𝐽𝐽

𝑗𝑗=1
𝑑𝑑𝐟𝐟𝑖𝑖𝑖𝑖  

𝑝𝑝(𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖 = 𝑔𝑔|𝐟𝐟𝑖𝑖𝑖𝑖, 𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1) 𝑝𝑝(𝐟𝐟𝑖𝑖𝑖𝑖; 𝟎𝟎,𝚽𝚽𝑘𝑘)

of zero’s and covariance matrices 𝚽𝚽𝑘𝑘

—
—

𝑅𝑅𝑘𝑘
𝚽𝚽𝑘𝑘

𝑅𝑅𝑘𝑘
𝑅𝑅𝑘𝑘 = 2

“empirical underidentification” 𝑅𝑅𝑘𝑘 − 1

𝜓𝜓𝑘𝑘𝑘𝑘

𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖~𝑁𝑁(0, 𝜓𝜓𝑘𝑘𝑘𝑘)
𝜋𝜋2 3⁄ ,
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for error variance heterogeneity by tailoring “scale adjustment” methods (

the lack of invariance, which is called “differential item functioning” (DIF). More 
specifically, “uniform DIF” is present when only intercepts differ, in our case across latent 
states, and “non uniform DIF” is present when loadings differ across states, whether 

Maximum Likelihood Estimation 

 
log𝐿𝐿𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 =∑log(∑…∑𝑝𝑝(𝐘𝐘𝑖𝑖, 𝐒𝐒𝑖𝑖|𝐙𝐙𝑖𝑖)

𝐬𝐬𝑖𝑖𝑖𝑖𝐬𝐬𝑖𝑖1

)
𝐼𝐼

𝑖𝑖=1
.  

 
 

√2

5
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) builds upon Vermunt’s (

𝐲𝐲𝑖𝑖𝑖𝑖
𝐬𝐬𝑖𝑖𝑖𝑖

𝐳𝐳𝑖𝑖𝑖𝑖

LMM with fixed MMs (correcting for step 2’s 

 
 

“primary sampling unit” (PSU) identifier, the estimation takes into account that observations may come 
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ubject’s transitions between the MMs over time as well as the 

𝑘𝑘 𝑅𝑅𝑘𝑘

1 − 3 1 − 2

9 × 5 = 45

9 + 5 = 14

 
 

𝑡𝑡 𝑡𝑡 − 1
𝑡𝑡 − 2

5
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5.3 Application 

5.3.1 Data 

The data stem from a larger “Grumpy or Depressed?” study, which aimed to assess 

bursts or “waves” (with approximately 3

5.3.2 Measures 

1 = “not feeling the 
emotion” to 7 = “definitely feeling the emotion”). The items covered both PA and NA. The 

resulting in the three “social context” covariates “being with friends” (“fri”), “being at 
school/with classmates” (“cm”), and “being with family” (“fam”), 0 = ”no” and 1 =
”yes”. At the beginn
the Dutch version of the Children’s Depression Inventory (CDI

) to screen for (sub)clinical depression (“dep”). The 
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ce, “I get sad from 
time to time”, “I get sad often”, and “I’m always sad.” Applying CDI

categorized as “no depression” (89%) and all others as “(sub )clinical depression” (11%).

5.3.3 Description of the Applied Mixture CT-LMLTA Model 

–

—
—

will just refer to this latent variable as “class”, with 𝑐𝑐𝑖𝑖𝑖𝑖𝑖𝑖 = 1
𝑣𝑣 𝑣𝑣 = 1, … , 𝑉𝑉  𝑑𝑑 𝑑𝑑 = 1, 2, 3

5
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𝑉𝑉 > 1 𝑣𝑣 = 1
𝑘𝑘 ≠ 𝑙𝑙

 
log 𝑞𝑞𝑙𝑙𝑙𝑙 = 𝛾𝛾0𝑙𝑙𝑘𝑘 + ∑ 𝛾𝛾𝑙𝑙𝑙𝑙,𝑣𝑣𝑐𝑐𝑖𝑖𝑖𝑖𝑖𝑖

𝑉𝑉

𝑣𝑣=2
+ ∑ 𝛾𝛾𝑙𝑙𝑙𝑙,𝑓𝑓𝑓𝑓𝑓𝑓,𝑣𝑣(𝑓𝑓𝑓𝑓𝑓𝑓𝑖𝑖𝑖𝑖 × 𝑐𝑐𝑖𝑖𝑖𝑖𝑖𝑖)

𝑉𝑉

𝑣𝑣=1

+ ∑ 𝛾𝛾𝑙𝑙𝑙𝑙,𝑐𝑐𝑐𝑐,𝑣𝑣(𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖 × 𝑐𝑐𝑖𝑖𝑖𝑖𝑖𝑖)
𝑉𝑉

𝑣𝑣=1
+ ∑ 𝛾𝛾𝑙𝑙𝑙𝑙,𝑓𝑓𝑓𝑓𝑓𝑓,𝑣𝑣(𝑓𝑓𝑓𝑓𝑓𝑓𝑖𝑖𝑖𝑖 × 𝑐𝑐𝑖𝑖𝑖𝑖𝑖𝑖)

𝑉𝑉

𝑣𝑣=1
.

 

 𝑣𝑣 = 2, … , 𝑉𝑉
𝑣𝑣 ≠ 𝑏𝑏 𝑏𝑏 = 1, … , 𝑉𝑉

 log 𝑝𝑝(𝑐𝑐𝑖𝑖1𝑣𝑣 = 1|𝑑𝑑𝑑𝑑𝑑𝑑𝑖𝑖1)
𝑝𝑝(𝑐𝑐𝑖𝑖11 = 1|𝑑𝑑𝑑𝑑𝑑𝑑𝑖𝑖1) = 𝛽𝛽0𝑣𝑣 + 𝛽𝛽𝑣𝑣,𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑖𝑖𝑖𝑖   and

log 𝑝𝑝(𝑐𝑐𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝑐𝑐𝑖𝑖𝑖𝑖−1,𝑏𝑏 = 1, 𝑑𝑑𝑑𝑑𝑑𝑑𝑖𝑖𝑖𝑖)
𝑝𝑝(𝑐𝑐𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝑐𝑐𝑖𝑖𝑖𝑖−1,𝑏𝑏 = 1, 𝑑𝑑𝑑𝑑𝑑𝑑𝑖𝑖𝑖𝑖) = 𝛾𝛾0𝑏𝑏𝑏𝑏 + 𝛾𝛾𝑏𝑏𝑏𝑏,𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑖𝑖𝑖𝑖,

 

  

5.3.4 Obtaining and Investigating the Results of the Mixture CT-LMLTA Model 
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Step 1 & 2: Estimating state-specific MMs & assigning observations to the 
states 

Model Selection

1 − 3 1 − 2

Results and Interpretation

the factor scales, we set the loadings of the items “happy” on factor 1 and “unhappy” on 

𝑟𝑟 = −.55

𝑟𝑟 = −.84

 
 

factors, with variances set to 1, and with the loadings of the item “irritated” set to 0 for the first factor in 
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∑ 𝑔𝑔 × 𝑝𝑝(𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖 = 𝑔𝑔|𝐟𝐟𝑖𝑖𝑖𝑖 = 𝟎𝟎, 𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1)𝐺𝐺
𝑔𝑔=1

𝑔𝑔
𝐟𝐟𝑖𝑖𝑖𝑖 𝟎𝟎 = (0, 0)′

Step 3: Estimating the Mixture CT-LMM with Fixed MMs 

examined adolescents’ transitions from one state to another. Additionally, as motivated 

𝑅𝑅𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒2 = .86

Model Selection

We first estimated the “full” model –

𝛽𝛽𝑣𝑣,𝑑𝑑𝑑𝑑𝑑𝑑
𝛾𝛾𝑟𝑟𝑟𝑟,𝑑𝑑𝑑𝑑𝑑𝑑

𝛾𝛾𝑙𝑙𝑙𝑙,𝑓𝑓𝑓𝑓𝑓𝑓,𝑣𝑣

𝛾𝛾𝑙𝑙𝑙𝑙,𝑐𝑐𝑐𝑐,𝑣𝑣

 
 

𝑅𝑅𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒2

𝐲𝐲𝑖𝑖𝑖𝑖

5
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𝛾𝛾𝑙𝑙𝑙𝑙,𝑓𝑓𝑓𝑓𝑓𝑓,𝑣𝑣

𝛾𝛾𝑙𝑙𝑙𝑙,𝑓𝑓𝑓𝑓𝑓𝑓). Comparing all full and “reduced” models, the 

Results and Interpretation

that captured differences in adolescents’ between

 𝐏𝐏𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑣𝑣=1 = (0.86 0.14
0.44 0.56) , 𝐏𝐏𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

𝑣𝑣=2 = (0.58 0.42
0.15 0.85) , 𝐏𝐏𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

𝑣𝑣=3 = (1 0
0 1).  

𝐏𝐏𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑣𝑣=1

𝐏𝐏𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑣𝑣=2

𝐏𝐏𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑣𝑣=3
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𝐏𝐏𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = (

0.69 0.09 0.21
0.12 0.59 0.29
0.06 0.05 0.88

) .  

𝑝𝑝 < 0.01

(𝛾𝛾𝑙𝑙=2,𝑘𝑘=1,𝑓𝑓𝑓𝑓𝑓𝑓,𝑣𝑣=1 = −0.63;
𝛾𝛾𝑙𝑙=2,𝑘𝑘=1,𝑓𝑓𝑓𝑓𝑓𝑓,𝑣𝑣=2 = −1.12)

watching Netflix with the family, adolescents might feel “content” or “relaxed” but not 
“excited”. 

(𝛾𝛾𝑙𝑙=1,𝑘𝑘=2,𝑐𝑐𝑐𝑐,𝑣𝑣=1 = −2.62; 𝛾𝛾𝑙𝑙=2,𝑘𝑘=1,𝑐𝑐𝑐𝑐,𝑣𝑣=1 = −1.30)

, which affects adolescents’ 

𝛾𝛾𝑙𝑙=1,𝑘𝑘=2,𝑓𝑓𝑓𝑓𝑓𝑓 = −0.63
𝛾𝛾𝑙𝑙=1,𝑘𝑘=2,𝑐𝑐𝑐𝑐,𝑣𝑣=2 = −0.75

 
 

5
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Table 5.2.  

𝛽𝛽0𝑣𝑣=2
𝛽𝛽0𝑣𝑣=3
𝛾𝛾0𝑏𝑏=1,𝑣𝑣=2
𝛾𝛾0𝑏𝑏=1,𝑣𝑣=3
𝛾𝛾0𝑏𝑏=2,𝑣𝑣=1
𝛾𝛾0𝑏𝑏=2,𝑣𝑣=3
𝛾𝛾0𝑏𝑏=3,𝑣𝑣=1
𝛾𝛾0𝑏𝑏=3,𝑣𝑣=2

𝛽𝛽0𝑘𝑘=2
𝛾𝛾0𝑙𝑙=1,𝑘𝑘=2
𝛾𝛾0𝑙𝑙=2,𝑘𝑘=1
𝛾𝛾𝑙𝑙=1,𝑘𝑘=2,𝑣𝑣=2
𝛾𝛾𝑙𝑙=1,𝑘𝑘=2,𝑣𝑣=3
𝛾𝛾𝑙𝑙=2,𝑘𝑘=1,𝑣𝑣=2
𝛾𝛾𝑙𝑙=2,𝑘𝑘=1,𝑣𝑣=3

 ×

𝛾𝛾𝑙𝑙=1,𝑘𝑘=2,𝑓𝑓𝑓𝑓𝑓𝑓,𝑣𝑣=1
𝛾𝛾𝑙𝑙=1,𝑘𝑘=2,𝑓𝑓𝑓𝑓𝑓𝑓,𝑣𝑣=2
𝛾𝛾𝑙𝑙=1,𝑘𝑘=2,𝑓𝑓𝑓𝑓𝑓𝑓,𝑣𝑣=3
𝛾𝛾𝑙𝑙=2,𝑘𝑘=1,𝑓𝑓𝑓𝑓𝑓𝑓,𝑣𝑣=1
𝛾𝛾𝑙𝑙=2,𝑘𝑘=1,𝑓𝑓𝑓𝑓𝑓𝑓,𝑣𝑣=2
𝛾𝛾𝑙𝑙=2,𝑘𝑘=1,𝑓𝑓𝑓𝑓𝑓𝑓,𝑣𝑣=3

 ×

𝛾𝛾𝑙𝑙=1,𝑘𝑘=2,𝑐𝑐𝑐𝑐,𝑣𝑣=1
𝛾𝛾𝑙𝑙=1,𝑘𝑘=2,𝑐𝑐𝑐𝑐,𝑣𝑣=2
𝛾𝛾𝑙𝑙=1,𝑘𝑘=2,𝑐𝑐𝑐𝑐,𝑣𝑣=3
𝛾𝛾𝑙𝑙=2,𝑘𝑘=1,𝑐𝑐𝑐𝑐,𝑣𝑣=1
𝛾𝛾𝑙𝑙=2,𝑘𝑘=1,𝑐𝑐𝑐𝑐,𝑣𝑣=2
𝛾𝛾𝑙𝑙=2,𝑘𝑘=1,𝑐𝑐𝑐𝑐,𝑣𝑣=3
𝛾𝛾𝑙𝑙=1,𝑘𝑘=2,𝑓𝑓𝑓𝑓𝑓𝑓
𝛾𝛾𝑙𝑙=2,𝑘𝑘=1,𝑓𝑓𝑓𝑓𝑓𝑓

Note 𝑓𝑓𝑓𝑓𝑓𝑓
𝑐𝑐𝑐𝑐 𝑓𝑓𝑓𝑓𝑓𝑓

𝑣𝑣 𝑑𝑑 𝑏𝑏 𝑑𝑑 − 1 𝑘𝑘
𝑡𝑡 𝑙𝑙 𝑡𝑡 − 1

× = 18.29
𝑝𝑝 <  0.01 × = 27.86 𝑝𝑝 <  0.01

𝛾𝛾𝑙𝑙=2,𝑘𝑘=1,𝑓𝑓𝑓𝑓𝑓𝑓,𝑣𝑣=2 = −1.12 𝑙𝑙 = 2  𝑘𝑘 =
1 𝑣𝑣 = 2
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Summary of the LMLTA Findings 

We conclude that (1) two MMs were underlying adolescents’ responses: in state 1 (42% 

— —

5.4 Discussion 

— —

5
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changes or differences in subjects’ underlying MM and thus in how latent constructs are 
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5
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6                                                                              

Tutorial for the R Package lmfa 

How to explore within-person and between-person 
measurement model differences in intensive longitudinal data with the R package lmfa.
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Abstract 

lmfa

lmfa
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lmfa

6.1 Introduction 

f psychological latent constructs (or “factors”)

—
—

2015; Myin‐Germeys et al., 2018

MM (or “FA model”), factor loadings indicate the extent to

6
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). The “high 
differentiators” differentiate more between specific emotions

than the “low differentiators”, who focus more on the valence 

(say, a bipolar “valence of affect” factor). On the other hand, the MM may change within 

differentiators may also switch to a MM with a single “valence of affect” factor when 

lavaan
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lmfa

esearchers can also learn from subjects’ transitions between MM

“stress” 

lmfa

lmfa

rchers’ confidence and ease in using LMFA. This can also indirectly 

lmfa

lmfa

6.2 Method 

6.2.1  Data Structure 

 
 

6
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6.2.2  Constructed Data Example 

following just “negative event”). Affect was measured by means of ten positive affect (PA) 

from 0 = “Not at all” to 100 = “Very much”. Moreover, after the first month, subjects were 

was a relation between the states and the two covariates “had an intervention” and 
“negative event”. 

varying covariates “had an intervention” (coded as 1 = “yes” and 0 = “no”) and 
“negative event” having an effect 
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lmfa

6.2.3  Latent Markov Factor Analysis (LMFA) 

lmfa

lmfa

lmfa

The State-Specific Measurement Models 

6
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State-Specific FA Models and (Non-)Invariance Across States

the items’

lmfa

h loadings on more than one factor (i.e., there is no “simple structure”; 
lmfa

155045 Vogelsmeier BNW.indd   146155045 Vogelsmeier BNW.indd   146 23-11-2021   14:3323-11-2021   14:33



lmfa

State-Specific FA Models for the Example Data

specific MMs resulting from LMFA with three states and three, two, and three factors (“[3 
2 3]”) of the synthetic dataset described in Section 

LMFA output box 1 
## Estimation converged after 168.67 seconds and 40 iterations.  
##  
## LL = -353166.81  
##  
## Number of states: 3  
##  
## Number of factors: [3 2 3]  
##  
## ------------------------------------------------------------- 
##  
## Obliquely rotated standardized loadings: 
##  
##               S1F1  S1F2  S1F3     S2F1  S2F2     S3F1  S3F2  S3F3    
## Interested    0.66  0.04  0.00     0.68  0.01     0.57 -0.01  0.02    
## Joyful        0.60  0.02  0.02     0.65 -0.01     0.88  0.01  0.06    
## Determined    0.37  0.03 -0.55     0.61  0.00     0.84  0.02 -0.01    
## Calm          0.37 -0.58 -0.01     0.59  0.00     0.18 -0.15  0.82    
## Lively        0.63  0.03  0.03     0.65  0.00     0.88 -0.01  0.01    
## Enthusiastic  0.65 -0.01  0.02     0.64  0.00     0.89  0.02  0.00    
## Relaxed       0.64  0.02  0.00     0.64  0.01     0.16 -0.14  0.85    
## Cheerful      0.63  0.07  0.01     0.63 -0.01     0.91  0.01  0.02    
## Content       0.61  0.00  0.03     0.67  0.02     0.93  0.02  0.01    
## Energetic     0.64 -0.01  0.00     0.63 -0.01     0.90  0.05 -0.01    
## Upset         0.09  0.62 -0.01     0.00  0.53     0.03  0.83 -0.03    
## Gloomy       -0.24  0.39  0.44    -0.01  0.53     0.02  0.82 -0.01    
## Sluggish      0.07 -0.01  0.73    -0.01  0.50    -0.29  0.34  0.77    
## Anxious       0.09  0.70 -0.02     0.00  0.52     0.05  0.79 -0.01    
## Bored         0.07 -0.01  0.74    -0.01  0.52     0.04  0.47 -0.04    
## Irritated     0.06  0.51 -0.05     0.01  0.58     0.04  0.85 -0.02    
## Nervous       0.08  0.73 -0.04     0.00  0.51     0.03  0.74  0.01    
## Listless      0.06 -0.05  0.73     0.01  0.54     0.02  0.46 -0.03    
##  
##  
## ------------------------------------------------------------- 
##  
## Factor correlations after oblique rotation:  
##  
## S1  
##       F1    F2    F3 
## F1  1.00 -0.08 -0.24 
## F2 -0.08  1.00  0.07 
## F3 -0.24  0.07  1.00 
##  
## S2  

 
 

6

155045 Vogelsmeier BNW.indd   147155045 Vogelsmeier BNW.indd   147 23-11-2021   14:3323-11-2021   14:33



##       F1    F2 
## F1  1.00 -0.37 
## F2 -0.37  1.00 
##  
## S3  
##       F1    F2   F3 
## F1  1.00 -0.04 0.23 
## F2 -0.04  1.00 0.02 
## F3  0.23  0.02 1.00 
##  
##  
## ------------------------------------------------------------- 
##  
## Intercepts:  
##  
##                 S1    S2    S3 
## Interested   49.24 61.46 51.98 
## Joyful       48.92 61.12 49.95 
## Determined   46.60 61.20 50.35 
## Calm         46.25 61.14 54.76 
## Lively       49.29 60.85 50.57 
## Enthusiastic 48.99 61.16 50.24 
## Relaxed      49.00 61.12 54.90 
## Cheerful     49.03 61.02 50.42 
## Content      49.39 60.84 49.98 
## Energetic    49.35 60.90 50.41 
## Upset        44.12 26.54 36.42 
## Gloomy       45.88 27.09 35.93 
## Sluggish     44.95 26.54 33.26 
## Anxious      45.81 26.48 35.83 
## Bored        44.98 26.75 29.94 
## Irritated    43.48 26.69 35.66 
## Nervous      46.39 26.50 35.94 
## Listless     45.35 26.84 29.67 
##  
## ------------------------------------------------------------- 
##  
## Unique variances:  
##  
##                  S1    S2     S3 
## Interested   273.26 53.37  96.43 
## Joyful       273.82 48.67  92.81 
## Determined   261.88 49.93  92.70 
## Calm         265.99 51.75  99.17 
## Lively       286.09 48.20 104.04 
## Enthusiastic 257.06 50.09 107.07 
## Relaxed      270.54 49.55  99.75 
## Cheerful     284.69 50.47  83.05 
## Content      271.52 41.15  92.38 
## Energetic    271.12 53.24  95.55 
## Upset        278.71 46.13  92.89 
## Gloomy       256.03 46.46  73.85 
## Sluggish     245.57 51.70  82.24 
## Anxious      276.61 45.65  87.14 
## Bored        253.52 47.69 103.11 
## Irritated    267.30 44.56  84.99 
## Nervous      261.57 49.30  86.21 
## Listless     269.07 47.29  92.10 
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Intercepts.

“interested”, “joyful”, “determined”, etc.) are larger than the negative emotions (i.e., 
“upset”, “gloomy”, “sluggish”, etc.). However, the states differ regarding their overall 

2. Therefore, in the following, we label the first state the “displeasure” state, the second 
one the “pleasure” state, and the third one the “neutral” state. 

Loadings. 

0.3
 

asure state (i.e., state 1), the loadings of the items “determined” 
and “calm” are somewhat lower and, in the neutral state (i.e., state 3), the loadings “calm” 
and “relaxed” are even lower than the chosen threshold. Furthermore, the second factors 

gh loadings of all negative emotions, the displeasure state has a bipolar “distress” factor 

“calm”. The second factor in the neutral state (i.e., state 3) lies in betwee

but relatively low loadings of the low arousal emotions “sluggish”, “bored”, and “listless”. 

bipolar “drive” factor, whereas the neutral state (i.e., state 3) contains a third “serenity” 

tions “gloomy”, “sluggish”, “bored” and “listless” and a 
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reversed loading of the item “determined”. The serenity factor has high loadings of the 
low arousal emotions “calm”, “relaxed”, and “sluggish”. In conclusion, when subjects are 

—

Unique variances.

The Transition Model 

point (i.e., “initial state 
probabilities”) and the probabilities 

(i.e., “transition probabilities”). In this section, we fir

Initial State Parameters
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𝛑𝛑 =
(. 42 . 34 . 24) . 42

. 34 . 24
lmfa

). The inherent logit values (or “log odds”) indicate the relative 
lmfa

Initial State Parameters for the Example Data

LMFA output box 2 
## Model estimation:  
##  
## Estimation converged after 1159.95 seconds.  
##  
## LL = -3712.4847  
##  
## ------------------------------------------------------------- 
##  

 
 

lmfa
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## Wald tests:  
##  
##                   Wald df p-value 
## intervention  213.3821  6       0 
## negativeEvent  55.7629  6       0 
##  
## ------------------------------------------------------------- 
##  
## Parameter estimates:  
##  
##                               coef   s.e. z-value p-value 
## initial state parameters 2 -0.1864 0.2408 -0.7741  0.4389 
## initial state parameters 3 -0.5479 0.2949 -1.8577  0.0632 
## transition parameters 1|2  -1.1725 0.3207 -3.6555  0.0003 
## transition parameters 1|3  -1.5951 0.4235 -3.7661  0.0002 
## transition parameters 2|1  -1.6011 0.4260 -3.7588  0.0002 
## transition parameters 2|3  -0.4188 0.4183 -1.0013  0.3167 
## transition parameters 3|1  -0.5761 0.2975 -1.9368  0.0528 
## transition parameters 3|2  -1.3186 0.7413 -1.7788  0.0753 
## intervention 1|2            0.6000 0.1786  3.3604  0.0008 
## intervention 1|3            0.3228 0.2565  1.2582  0.2083 
## intervention 2|1           -0.9528 0.2624 -3.6308  0.0003 
## intervention 2|3           -0.4081 0.2474 -1.6497  0.0990 
## intervention 3|1           -1.0119 0.1809 -5.5946  0.0000 
## intervention 3|2            0.4767 0.4931  0.9668  0.3336 
## negativeEvent 1|2          -0.0194 0.0057 -3.3903  0.0007 
## negativeEvent 1|3          -0.0096 0.0081 -1.1931  0.2328 
## negativeEvent 2|1           0.0153 0.0091  1.6812  0.0927 
## negativeEvent 2|3          -0.0071 0.0079 -0.9001  0.3681 
## negativeEvent 3|1           0.0104 0.0060  1.7364  0.0825 
## negativeEvent 3|2          -0.0142 0.0132 -1.0753  0.2823 
##  
## Note: For the initial state parameters, state 1 is the  
## reference category. The transition intensity parameters  
## are sorted by rows of the transition matrix and the  
## staying rates serve as references.  
##  
## ------------------------------------------------------------- 
##  
## Probabilities:  
##  
## 1. Initial state probabilities:  
##  
## (no covariates defined)  
##  
##     S1     S2     S3  
## 0.4153 0.3446 0.2401  
##  
## 2. Transition probabilities:  
##  
## interval length: 1  
## intervention score: 0.4139  
## negativeEvent score: 49.6505  
##  
##        S1     S2     S3 
## S1 0.7923 0.1032 0.1046 
## S2 0.2542 0.5388 0.2070 
## S3 0.3909 0.1073 0.5019 
##  
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##  
## Note: The probabilities are calculated for covariate scores  
## equal to the sample means (and a unit time interval). Use  
## the function probabilities() to calculate initial state and  
## transition probabilities for any covariate score (and   
## interval) of interest.  
##  
## ------------------------------------------------------------- 
##  
## State proportions:  
##  
##     S1     S2     S3  
## 0.5517 0.2567 0.1916 

focus only on the parts “Parameter estimates” and “Initial state 
probabilities”, starting with the former. The “coef” and “s.e.” columns indicate the 
point estimates and standard errors, respectively. The “z-value” and “p-value” columns 

the initial state parameters, there are only two “initial state parameters”. These 

can be found in the “Initial state probabilities” part further belo

Transition Parameters

 
𝐏𝐏 = (

𝑝𝑝11 = .66 𝑝𝑝12 = .18 𝑝𝑝13 = .16
𝑝𝑝21 = .20 𝑝𝑝22 = .49 𝑝𝑝23 = .31
𝑝𝑝31 = .32 𝑝𝑝32 = .17 𝑝𝑝33 = .51

).  
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. 66
. 18 . 16

“ ”

𝐐𝐐 = (
−𝑞𝑞12 − 𝑞𝑞13 = −.51 𝑞𝑞12 = .31 𝑞𝑞13 = .20

𝑞𝑞21 = .20 −𝑞𝑞21 − 𝑞𝑞23 = −.86 𝑞𝑞23 = .66
𝑞𝑞31 = .56 𝑞𝑞32 = .28 −𝑞𝑞31 − 𝑞𝑞32 = −.84

).

𝑞𝑞12 = .31
𝑞𝑞13 = .20

log(𝑞𝑞12 = .31) = −1.17 log(𝑞𝑞13 = .20) = −1.60
e−1.60 = .20
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Transition Parameters for the Example Data

the two covariates “had an intervention” and “negative event” on the transition 
parameters. This time, we focus on the parts “Parameter estimates” and “Transition 
probabilities”. The “transition parameters” in the “Parameter estimates” part 

These probabilities are displayed in the “Transition 
probabilities” part in the sample mean for “had an 
intervention” is equal to .41 and the sample mean for “negative event” is equal to 49.65. 

“negative 

 
 

𝑡𝑡
𝑡𝑡 − 1 𝑡𝑡

𝑡𝑡
point (e.g., “Please rate 

”).
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event” score equal to the sample mean 
“had an intervention” pertaining to the “no intervention 

observations”

LMFA output box 3 
## 1. Initial state probabilities:  
##  
## (no covariates defined)  
##  
##   S1   S2   S3  
## 0.42 0.34 0.24  
##  
## 2. Transition probabilities:  
##  
## interval length: 1  
## intervention score: 0  
## negativeEvent score: 49.65  
##  
##      S1   S2   S3 
## S1 0.84 0.07 0.08 
## S2 0.37 0.44 0.19 
## S3 0.54 0.08 0.39 

“ ”

LMFA output box 4 
## 1. Initial state probabilities:  
##  
## (no covariates defined)  
##  
##   S1   S2   S3  
## 0.42 0.34 0.24  
##  
## 2. Transition probabilities:  
##  
## interval length: 1  
## intervention score: 1  
## negativeEvent score: 49.65  
##  
##      S1   S2   S3 
## S1 0.71 0.16 0.13 
## S2 0.14 0.66 0.20 
## S3 0.23 0.15 0.61 

“negative 
event”
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the “had an intervention” score equal to the sample mean. The probabilities for a 
“negative event” score of 

LMFA output box 5 
## 1. Initial state probabilities:  
##  
## (no covariates defined)  
##  
##   S1   S2   S3  
## 0.42 0.34 0.24  
##  
## 2. Transition probabilities:  
##  
## interval length: 1  
## intervention score: 0.41  
## negativeEvent score: 34.54  
##  
##      S1   S2   S3 
## S1 0.74 0.14 0.13 
## S2 0.21 0.55 0.24 
## S3 0.33 0.13 0.53 

The probabilities for a “negative event” score of 

LMFA output box 6 
## 1. Initial state probabilities:  
##  
## (no covariates defined)  
##  
##   S1   S2   S3  
## 0.42 0.34 0.24  
##  
## 2. Transition probabilities:  
##  
## interval length: 1  
## intervention score: 0.41  
## negativeEvent score: 64.76  
##  
##      S1   S2   S3 
## S1 0.84 0.08 0.09 
## S2 0.31 0.51 0.18 
## S3 0.45 0.08 0.46 

scores on “negative event” are

Summary of the LMFA Findings for our Example Data 
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6.2.4 Estimation 

lmfa,
Vermunt’s (

probability, that is, “modal state assignment” is applied.

covariates), while correcting for step 2’s assignment uncertainty. This correction is 

–

6.3 How to Conduct LMFA with the lmfa Package 

lmfa

 
 

Note that it is theoretically also possible to use a “proportional assignment”, which assigns t
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lmfa

lmfa

install.packages("devtools") 
library("devtools") 
install_github("LeonieVm/lmfa@0.1.0") 
library("lmfa") 

devtools

data("ESM") 

 
 

summary() plot()

6
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Figure 6.1. 
lmfa
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6.3.1 Step 0: Checking Data Requirements 

Data Format 

"Interested", "Joyful", 
"Determined",...) "intervention"
"negativeEvent"

"id"

"deltaT"
For instance, if there is approximately only one observation per day, the unit “days” is 

, “hours” is an appropriate unit. 
With “minutes” or “seconds” as unit, the intervals for these examples would take large 

Missing Data 

mice
lmfa
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6.3.2 Step 1a: Selecting the Number of States and Factors 

of finding the “global” maximum and how to assess convergence of the estimation 

lmfa

BIC and CHull 

higher boundary of the “convex hull” (or CHull) in a “loglikelihood vs. number of 
parameters” plot (
“elbow”) in this scree plot (or CHull plot) at which improvement in fit levels off when 

comparing “s ratios” (see 

lmfa
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lmfa

Range of States and Factors 

–

“determined”, which 

Increasing the Chance to Find the Global Maximum and Assessing 
Convergence 

loglikelihood value. However, it is possible that the solution is not a “global” maximum 
but a “local” one. To clarify this, consider the 

6
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Model Selection with lmfa 

select the “best” model among the models with different numbers of states 
lmfa’s step1()

lmfa

set.seed(1000) 
modelselection <- step1(data = ESM, 
                       indicators = c( 
                         "Interested", 
                         "Joyful", 
                         "Determined", 
                         "Calm", 
                         "Lively", 
                         "Enthusiastic", 
                         "Relaxed", 
                         "Cheerful", 
                         "Content", 
                         "Energetic", 
                         "Upset", 
                         "Gloomy", 
                         "Sluggish", 
                         "Anxious", 
                         "Bored", 
                         "Irritated", 
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                         "Nervous", 
                         "Listless"), 
                       modelselection = TRUE, 
                       n_state_range = 1:4,  
                       n_fact_range = 2:3, 
                       n_starts = 25, 
                       max_iterations = 1000) 

data ESM indicators

c("Interested", "Joyful", "Determined",...)
modelselection 

modelselection = TRUE
n_state_range = 1:4 

n_fact_range = 2:3

n_starts = 25 max_iterations = 1000

summary(modelselection) 

data("modelselection")

LMFA output box 7 
##               LL      BIC convergence n_par 
## [323]  -353166.8 708485.3           1   254 
## [333]  -353149.0 708602.3           1   272 
## [3322] -353071.7 708913.6           1   327 
## [3233] -353065.6 709053.8           1   345 
## [3333] -353016.6 709108.4           0   363 
## [3222] -353316.0 709249.7           1   309 
## [322]  -353855.3 709709.8           1   236 
## [33]   -354421.0 710375.3           1   181 
## [2222] -353962.6 710390.5           1   291 
## [32]   -355010.3 711401.4           1   163 
## [222]  -354986.3 711819.4           1   218 
## [22]   -356377.4 713983.1           1   145 
## [3]    -361759.6 724281.6           1    90 

 
 

?step1

6
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## [2]    -363744.0 728098.0           1    72 
##  
## Note: When re-estimating models that did not converge, the  
##    number of maximum iterations should be increased. 

The first column (i.e., “LL”) pertains to the loglikelihood value. The 
“BIC”) shows the value of the BIC. The third column (i.e., “convergence”) indicates 
whether the model estimation converged (with 1 = “convergence” and 0 = “non
convergence”). The fourth column (i.e., “n_par”) shows the total number of 

step1()
modelselection = FALSE

set.seed(1000) 
model3333 <- step1(data = ESM, 
                        indicators = c( 
                          "Interested", 
                          "Joyful", 
                          "Determined", 
                          "Calm", 
                          "Lively", 
                          "Enthusiastic", 
                          "Relaxed", 
                          "Cheerful", 
                          "Content", 
                          "Energetic", 
                          "Upset", 
                          "Gloomy", 
                          "Sluggish", 
                          "Anxious", 
                          "Bored", 
                          "Irritated", 
                          "Nervous", 
                          "Listless"), 
                        modelselection = FALSE, 
                        n_state = 4, 
                        n_fact = c(3,3,3,3),  
                        n_starts = 25, 
                        max_iterations = 2000) 
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modelselection = FALSE
n_state n_state = 4

n_fact n_fact = c(3,3,3,3)

max_iterations = 2000

modelselection$`[3333]` <- model3333 

plot(modelselection) 

LMFA output box 8 

6
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chull_lmfa()

chull_lmfa(x = modelselection) 

x
modelselection

LMFA output box 9 

## Models on the upper boundary of the CHull:  
##  
##        n_par        LL        st 
## [2]       72 -363744.0        NA 
## [3]       90 -361759.6  1.126582 
## [22]     145 -356377.4  1.288490 
## [32]     163 -355010.3  2.319779 
## [33]     181 -354421.0  1.905623 
## [323]    254 -353166.8 13.191076 
## [3322]   327 -353071.7  3.812062 
## [3233]   345 -353065.6        NA 
##  
## Selected model(s):  
##  
##       n_par        LL 
## [323]   254 -353166.8 
##  
## Note 1: The least and most complex models cannot be selected.  
## Therefore, it is advisable to also visually inspect the CHull plot.  

 
 

?chull_lmfa
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##  
## Note 2: The st value(s) of the best model(s) might be artificially  
## inflated. Therefore, it is advisable to also consider the next best model(s). 

test values “st”), and the selected model(s). 

modelselection

measurementmodel323 <- modelselection$`[323]` 

summary(measurementmodel323) 

6.3.3 Step 1b: Interpreting the Measurement Models 

summary(measurementmodel323)

6.3.4 Step 1c: Attach Factor Scores to the Dataset 

 
 

summary()

rounding = 2
measurementmodel323

lmfa
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ESM_fs <- factorscores_lmfa(data = ESM, model = measurementmodel323) 

data
step1() ESM

model step1()
measurementmodel323 ESM_fs

are called “S1F1”, “S1F2”, etc., where the “S” refers to the state and “F” to the

6.3.5 Step 2: Obtaining state assignments & classification errors 

lmfa

step2()

classification <- step2(data = ESM_fs, model = measurementmodel323) 

step1() data
ESM_fs

step1()

 
 

factorscores_lmfa()

oblique = TRUE

rounding = 4
?factorscores_lmfa
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model measurementmodel323

summary(classification) 

LMFA output box 10 
## R2_entropy: 0.86  
##  
## Total classification error: 0.05  
##  
## Classification errors:  
##  
##         S1      S2     S3 
## S1 2568.11    4.12  59.50 
## S2    2.71 1146.53  44.37 
## S3   50.19   89.35 811.13 
##  
## Classification-error probabilities:  
##  
##      S1   S2   S3 
## S1 0.98 0.00 0.02 
## S2 0.00 0.96 0.04 
## S3 0.05 0.09 0.85 
##  
## State proportions:  
##  
##   S1   S2   S3  
## 0.55 0.26 0.19 

𝑅𝑅𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒2 (called “R2_entropy” in the output)

Lukočienė et al., 2010
𝑅𝑅𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒2

𝑅𝑅𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒2 < .5

𝑅𝑅𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒2

 
 

?step2

rounding = 2
𝑅𝑅𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒2

6
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error (called “Total classification error” in the output).

classification error matrix (called “Classification errors” in the output), which cross
classifies the modal state assignments by the “true” state assignments

called “Classification-error probabilities” in the output). Inspecting 

ns (also called like that in the output; i.e., “State 
proportions”)

ESM_fs_cl <- classification$data 

Specifically, the columns with the posterior state probabilities (called “State1”, “State2” 

, the modal state assignments (called “Modal”

6.3.6 Step 3a: Selecting the Covariates for the Transition Model 

155045 Vogelsmeier BNW.indd   172155045 Vogelsmeier BNW.indd   172 23-11-2021   14:3323-11-2021   14:33



lmfa

lmfa

Covariate Selection Procedure Using Wald Tests 

state or transition parameters (e.g., the covariate “had an intervention” has six effects, 
lmfa

This “backward selection” continues until only significant covariates are left 

Covariate Selection with lmfa 

In the following, we estimate a transition model with covariate effects of “had an 
intervention” and “negative event” on the transition parameters. In order to estimate the 

step3()

set.seed(1000) 

transitionmodel <- step3(data = ESM_fs, 
                         identifier = "id", 
                         n_state = 3, 
                         postprobs =  
                           classification$classification_posteriors[,-1], 
                         timeintervals  = "deltaT", 
                         initialCovariates = NULL, 
                         transitionCovariates =  
                           c("intervention", "negativeEvent"), 
                         n_starts = 25, 
                         max_iterations = 1000) 

data ESM_fs

6
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identifier ( "id")
n_state = 3

postprobs step2()
classification$classification_posteriors[,-1]

[,-1]

timeintervals
"deltaT"

transitionCovariates initialCovariates
NULL

c("intervention", "negativeEvent") transitionCovariates

step1()
n_starts

max_iterations80

n_starts = 25 max_iterations 
= 1000

summary(transitionmodel) 

data("transitionmodel"). The results are shown in the “Wald tests” part in 

test statistic (i.e., “Wald”), the degrees of freedom (i.e., “df”), and the p value (i.e., “p-
 

 
step3()

lmfa
max_iterations

?step3

rounding = 4
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lmfa

value”). We see that both covariates have significant effects on the transition parameters. 

6.3.7 Step 3 b: Interpreting the Transition Model & Updating the State 
Assignments 

lmfa 

summary(transitionmodel)

probabilities()
“had an intervention” score equal to zero a “negative event” score 

probabilities(model = transitionmodel,  
              deltaT = 1, 
              initialCovariateScores = NULL, 
              transitionCovariateScores = c(0, 49.65)) 

step3()
transitionmodel model

deltaT = 1 initialCovariateScores = NULL transitionCovariateScores = 
NULL

step3()
transitionCovariateScores = c(0,49.65)

 
 

?probabilities
probabilities()

rounding = 2

6
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, the final state proportions are shown under “State proportions”

ESM_fs_cl <- transitionmodel$data 

ESM_fs_cl

6.4 Proceeding Based on the Results of LMFA 

—

—
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lmfa

—
—

which the states would be considered as observed groups. Furthermore, if “partial” 

 
 

6
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6.5 Discussion 

lmfa

—

lmfa

specific “latent trait” (or “item response theory”) models should be 
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lmfa

lmfa

lmfa

lmfa

result of the increasingly employed “planned missing data designs”, in which researchers 

lmfa

lmfa

lmfa
depmix

 
 

postprobs

6
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depmix()

lmfa

lmfa

“aligned”) with respect to their means, thereby disentangling differences in the intercepts 

lmfa

a “shift” in 
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7                                                                           

Epilogue 
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lmfa

“drive” factor. Furthermore, in Chapter 3, we investigated longitudinal data from patie

7.1 Answers to Open Questions About LMFA 
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7.1.1 Evaluating Higher Levels of Invariance  

possible that “full” invariance cannot be endorsed but, if only
or unique variances differ across states, “partial” weak, strong or strict invariance would 

 
 

7
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lmfa

Evaluation Procedure 

 
 

lmfa
pgmm
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Evaluating Configural and Weak Invariance

–

 
 

For example, if all loadings turn out to be √2 larger in one o

7
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Evaluating Strong Invariance

–

— —

 
 

similar way. A “shift” in all intercepts of items corresponding to a factor would be indicative of differences 
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Evaluating Strict Invariance

Challenges 

—

 
 

7
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7.1.2 Unraveling Response Styles 

additional explanation. Response styles refer to participants’ 

(or “acquiescence”) response style, where respond

and (3) the “content non responsivity response style”, which

). Thus, detecting respondents’ 

the actual “content” factors on the item responses (
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D’Urso, Tijmstra, Vermunt, & De Roover, 2021

D’Urso et al., 2021; Ferrando & Lorenzo

 
 

7
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D’Urso et al., 2021

7.2 Current Limitations and Future Research 

7.2.1 Predominant Influence of Intercepts 
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“feeling hopeless” or “feeling inferior” are rather extreme for subjects that do not suffer 

LMFA’s normality assumption would be violated. The zero scores can then be extremely 

 
 

7
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lmfa

7.2.2 Proceeding Based on the Results of LMFA 
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7.3 Concluding Remark About LMFA for Studying Dynamic Phenomena 

this change, which could be detected by “early warning signals” (
7
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Appendix A 
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complete-data loglikelihood log 𝐿𝐿𝑐𝑐

 expectation-
step (E-step, 

𝛉̂𝛉

𝛉̂𝛉𝐨𝐨𝐨𝐨𝐨𝐨

forward-backward

log 𝐿𝐿𝑐𝑐 (𝐸𝐸(log 𝐿𝐿𝑐𝑐)). maximization-step (M-
step) 𝛉̂𝛉 𝐸𝐸(log 𝐿𝐿𝑐𝑐) E-step

M-step

A.1 E-Step 

log 𝐿𝐿𝑐𝑐

log 𝐿𝐿𝑐𝑐 = log (∏ ∏ [𝜋𝜋𝑘𝑘
𝑠𝑠𝑖𝑖1𝑘𝑘 ∏ ∏ 𝑎𝑎𝑖𝑖𝑖𝑖𝑖𝑖

𝑠𝑠𝑖𝑖𝑖𝑖−1,𝑙𝑙 𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 ∏ 𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖|𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖)𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖

𝑇𝑇

𝑡𝑡=1

𝐾𝐾

𝑙𝑙=1

𝑇𝑇

𝑡𝑡=2
]

𝐾𝐾

𝑘𝑘=1

𝐼𝐼

𝑖𝑖=1
)

= ∑ ∑ [𝑠𝑠𝑖𝑖1𝑘𝑘 log(𝜋𝜋𝑘𝑘) + ∑ ∑ 𝑠𝑠𝑖𝑖𝑖𝑖−1,𝑙𝑙 𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 log(𝑎𝑎𝑖𝑖𝑖𝑖𝑖𝑖)
𝐾𝐾

𝑙𝑙=1

𝑇𝑇

𝑡𝑡=2

𝐾𝐾

𝑘𝑘=1

𝐼𝐼

𝑖𝑖=1

− 1
2 ∑ 𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖(𝐽𝐽 log(2𝜋𝜋 ) + log (|𝚺𝚺k|) + (𝐲𝐲𝑖𝑖𝑖𝑖 − 𝛎𝛎𝑘𝑘)𝚺𝚺k

−1(𝐲𝐲𝑖𝑖𝑖𝑖 − 𝛎𝛎𝑘𝑘)′)
𝑇𝑇

𝑡𝑡=1
]

 

𝛾𝛾(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖) = 𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖| 𝐘𝐘𝑖𝑖)
𝜀𝜀(𝑠𝑠𝑖𝑖𝑖𝑖−1,𝑙𝑙 𝑠𝑠𝑖𝑖𝑡𝑡𝑡𝑡) =  𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖−1,𝑙𝑙 𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖|𝐘𝐘𝑖𝑖)

𝐸𝐸(log 𝐿𝐿𝑐𝑐
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𝐸𝐸(log 𝐿𝐿𝑐𝑐) = ∑ ∑ [𝛾𝛾(𝑠𝑠𝑖𝑖1𝑘𝑘) log(𝜋𝜋𝑘𝑘) + ∑ ∑ 𝜀𝜀(𝑠𝑠𝑖𝑖𝑖𝑖−1,𝑙𝑙, 𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖) log(𝑎𝑎𝑖𝑖𝑖𝑖𝑖𝑖)

𝐾𝐾

𝑙𝑙=1

𝑇𝑇

𝑡𝑡=2

𝐾𝐾

𝑘𝑘=1

𝐼𝐼

𝑖𝑖=1

− 1
2 ∑ 𝛾𝛾(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖)(𝐽𝐽 log(2𝜋𝜋 ) + log (|𝚺𝚺𝑘𝑘|) + (𝒚𝒚𝑖𝑖𝑖𝑖 − 𝛎𝛎𝑘𝑘)𝜮𝜮𝑘𝑘

−1(𝒚𝒚𝑖𝑖𝑖𝑖 − 𝛎𝛎𝑘𝑘)′)
𝑇𝑇

𝑡𝑡=1
] .

 

forward-backward Baum-Welch

k t

 𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖, 𝐘𝐘𝑖𝑖) = 𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖, 𝐲𝐲𝑖𝑖1, … , 𝐲𝐲𝑖𝑖𝑖𝑖)𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖+1, … , 𝐲𝐲𝑖𝑖𝑖𝑖|𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖, 𝐲𝐲𝑖𝑖1, … , 𝐲𝐲𝑖𝑖𝑖𝑖 ).  

first-order Markov assumption
t

t

 𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖, 𝐘𝐘𝑖𝑖) = 𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖, 𝐲𝐲𝑖𝑖1, … , 𝐲𝐲𝑖𝑖𝑖𝑖)𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖+1, … , 𝐲𝐲𝑖𝑖𝑖𝑖|𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 ).  

𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖, 𝐲𝐲𝑖𝑖1, … , 𝐲𝐲𝑖𝑖𝑖𝑖) forward probabilities
𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖+1, … , 𝐲𝐲𝑖𝑖𝑖𝑖|𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖) backward probabilities. 

𝛼𝛼(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖) 𝐲𝐲𝑖𝑖1:𝑡𝑡
𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 forward algorithm

i
k

 𝛼𝛼(𝑠𝑠𝑖𝑖1𝑘𝑘) = 𝜋𝜋𝑘𝑘𝑝𝑝(𝐲𝐲𝑖𝑖1|𝑠𝑠𝑖𝑖1𝑘𝑘)  

𝛼𝛼(𝑠𝑠𝑖𝑖𝑖𝑖−1,𝑙𝑙)
𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 𝑠𝑠𝑖𝑖𝑖𝑖−1,𝑙𝑙
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𝛼𝛼(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖) = 𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖|𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖) ∑ 𝛼𝛼(𝑠𝑠𝑖𝑖𝑖𝑖−1,𝑙𝑙)𝑎𝑎𝑖𝑖𝑖𝑖𝑖𝑖

𝐾𝐾

𝑙𝑙=1
 .  

𝛽𝛽(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖)
𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 𝐲𝐲𝑖𝑖𝑖𝑖+1:𝑇𝑇

backward algorithm T
t 

𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 ∅) 

 𝛽𝛽(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖) = 𝑝𝑝(∅|𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖) = 1  

K 𝑡𝑡 + 1
𝛽𝛽(𝑠𝑠𝑖𝑖𝑖𝑖+1,𝑙𝑙)

K

 
𝛽𝛽(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖) = ∑ 𝛽𝛽(𝑠𝑠𝑖𝑖𝑖𝑖+1,𝑙𝑙)𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖+1|𝑠𝑠𝑖𝑖𝑖𝑖+1,𝑙𝑙)

𝐾𝐾

𝑙𝑙=1
𝑎𝑎𝑖𝑖𝑖𝑖𝑖𝑖.  

𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖, 𝐘𝐘𝑖𝑖)

 𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖, 𝐘𝐘𝑖𝑖) = 𝛼𝛼(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖) 𝛽𝛽(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖)  

𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖

 𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖, 𝐘𝐘𝑖𝑖) = 𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖| 𝐘𝐘𝑖𝑖) 𝑝𝑝(𝐘𝐘𝑖𝑖)  

 𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖| 𝐘𝐘𝑖𝑖)𝑝𝑝(𝐘𝐘𝑖𝑖) = 𝛼𝛼(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖) 𝛽𝛽(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖).  
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 𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖| 𝐘𝐘𝑖𝑖) = 𝛼𝛼(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖) 𝛽𝛽(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖)
𝑝𝑝(𝐘𝐘𝑖𝑖)

= 𝛾𝛾(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖).  

𝑝𝑝(𝐘𝐘𝑖𝑖) 
t  

 
𝑝𝑝(𝐘𝐘𝑖𝑖) = ∑ 𝛼𝛼(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖) 𝛽𝛽(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖),

𝐾𝐾

𝑘𝑘=1
 

t T 𝛽𝛽(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖) = 1

 
𝑝𝑝(𝐘𝐘𝑖𝑖) = ∑ 𝛼𝛼(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖)

𝐾𝐾

𝑘𝑘=1
.  

Finally, we can calculate the joint probability of two successive states by applying Bayes’ 

 
𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖−1,𝑙𝑙, 𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖|𝐘𝐘𝑖𝑖) = 𝑝𝑝(𝐘𝐘𝑖𝑖|𝑠𝑠𝑖𝑖𝑖𝑖−1,𝑙𝑙, 𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖) 𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖−1,𝑙𝑙, 𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖)

𝑝𝑝(𝐘𝐘𝑖𝑖)

= 𝛼𝛼(𝑠𝑠𝑖𝑖𝑡𝑡−1,𝑙𝑙) 𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖|𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖) 𝑎𝑎𝑖𝑖𝑖𝑖𝑖𝑖 𝛽𝛽(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖)
∑ 𝛼𝛼(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖)𝐾𝐾

𝑘𝑘=1
= 𝜀𝜀(𝑠𝑠𝑖𝑖𝑖𝑖−1,𝑙𝑙, 𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖)

 

A.2 M-Step 

𝐸𝐸(log 𝐿𝐿𝑐𝑐) 𝛉̂𝛉

∑ 𝜋𝜋𝑘𝑘 = 1𝐾𝐾
𝑘𝑘=1

 
π𝑘𝑘

𝑛𝑛𝑛𝑛𝑛𝑛 =
∑ 𝛾𝛾(𝑠𝑠𝑖𝑖1𝑘𝑘)𝐼𝐼

𝑖𝑖=1
∑ ∑ 𝛾𝛾(𝑠𝑠𝑖𝑖1𝑘𝑘)𝐼𝐼

𝑖𝑖=1
𝐾𝐾
𝑘𝑘=1
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𝑎𝑎𝑖𝑖𝑖𝑖𝑖𝑖

𝑛𝑛𝑛𝑛𝑛𝑛 =
∑ 𝜀𝜀(𝑠𝑠𝑖𝑖𝑖𝑖−1,𝑙𝑙, 𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖)𝑇𝑇

𝑡𝑡=2
∑ ∑ 𝜀𝜀(𝑠𝑠𝑖𝑖𝑖𝑖−1,𝑙𝑙, 𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖)𝑇𝑇

𝑡𝑡=2
𝐾𝐾
𝑘𝑘=1

 

 
𝛎𝛎𝑘𝑘

𝑛𝑛𝑛𝑛𝑛𝑛 =
∑ ∑ 𝛾𝛾(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖)𝒚𝒚𝑖𝑖𝑖𝑖

𝑇𝑇
𝑡𝑡=1

𝐼𝐼
𝑖𝑖=1
∑ ∑ 𝛾𝛾(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖)𝑇𝑇

𝑡𝑡=1
𝐼𝐼
𝑖𝑖=1

 

𝚺𝚺𝑘𝑘
𝑛𝑛𝑛𝑛𝑛𝑛 = 𝚲𝚲𝑘𝑘

𝑛𝑛𝑛𝑛𝑛𝑛𝚲𝚲𝑘𝑘
𝑛𝑛𝑛𝑛𝑛𝑛 + 𝐃𝐃𝑘𝑘

𝑛𝑛𝑛𝑛𝑛𝑛

𝛾𝛾(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖) K
𝐘𝐘𝑘𝑘

A.3 Convergence 

log 𝐿𝐿

 
𝛿𝛿 = ∑ |𝜃𝜃𝑟𝑟

𝑣𝑣 − 𝜃𝜃𝑟𝑟
𝑣𝑣−1

𝜃𝜃𝑟𝑟
𝑣𝑣−1 |

𝑅𝑅

𝑟𝑟=1
,  

𝑟𝑟 =
1, … , 𝑅𝑅 𝛿𝛿 < 1 ×  10−8

log 𝐿𝐿 1 ×  10−10
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Appendix B 
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//LG5.1// 
version = 5.1 
infile 'Sim1.csv' quote = single 
 
model 
options 
   algorithm 
      tolerance=1e-008 emtolerance=1e-008 emiterations=3000   
      nriterations=0; 
   startvalues 
      seed=0 sets=25 tolerance=1e-005 iterations=100 PCA; 
   bayes  
      latent=0; 
   montecarlo 
      seed=0 replicates=500 tolerance=1e-008; 
   quadrature nodes=10; 
   missing  includeall; 
   //classification added to output 
   output 
      profile parameters standarderrors estimatedvalues   
      classification probmeans iterationdetails  
      WriteParameters = 'results_parameters.csv' 
      write = 'results.csv' 
      writeloadings='results_loadings.txt'; 
   outfile  
      'classification.csv' classification; 
       
variables 
  caseid id; 
  dependent  
   V1 continuous, V2 continuous, V3 continuous, V4 continuous, V5  
   continuous, V6 continuous, V7 continuous, V8 continuous, V9   
   continuous, V10 continuous, V11 continuous, V12 continuous, V13  
   continuous, V14 continuous, V15 continuous, V16 continuous, V17  
   continuous, V18 continuous, V19 continuous, V20 continuous; 
  latent 
   State nominal dynamic coding=first 2, 
   F1 continuous dynamic, 
   F2 continuous dynamic; 
   independent id nominal; 
equations 
   // factor variances 
  (1) F1| State; 
  (1) F2| State; 
   // Markov model  
   State[=0] <- 1 ; 
   State <- (~tra) 1 | State[-1] id; 
   //dependent variables determined by state specific Factors  
   V1-V20 <- 1 | State + F1 | State + F2 | State; 
   //Unique variances 
   V1-V20 | State; 
end model 
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Appendix C 
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C.1 Problem of the Additional Simulation Study 

C.2 Design and Procedure 

𝐹𝐹𝑘𝑘  

𝐾𝐾

𝑒𝑒

𝑁𝑁
𝑇𝑇𝑖𝑖𝑖𝑖

𝜙𝜙 

𝑡𝑡, tor’s scores at 
𝑡𝑡 𝑡𝑡 − 1

𝜙𝜙 

 𝐲𝐲𝑖𝑖𝑖𝑖 =  𝛎𝛎𝑘𝑘 + 𝚲𝚲𝑘𝑘 𝐟𝐟𝑖𝑖𝑖𝑖 + 𝐞𝐞𝑖𝑖𝑖𝑖

𝐟𝐟𝑖𝑖𝑖𝑖 = 𝜙𝜙𝐟𝐟𝑖𝑖𝑖𝑖−1 + 𝛆𝛆𝑖𝑖𝑖𝑖

 

𝜺𝜺𝑖𝑖𝑖𝑖 𝐹𝐹𝑘𝑘 × 1 t

𝑀𝑀𝑀𝑀𝑀𝑀(0; 𝐼𝐼)) 𝐘𝐘𝑖𝑖
𝐞𝐞𝑖𝑖𝑖𝑖 𝛆𝛆𝑖𝑖𝑖𝑖

𝐟𝐟𝑖𝑖𝑖𝑖  

 
 

The conditions marked by “*” are the ones that now have less levels than in simulation study 1.
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√1 − 𝜙𝜙2

𝐘𝐘𝑖𝑖
𝐘𝐘 

𝐘𝐘
× ×

× × ×
× ×

×

 

C.3 Results    

− MADtrans MADuniq 𝜙𝜙 = 0, 𝜙𝜙 = .3, 𝜙𝜙 = .7 − whereas the recovery of the 
states, loadings and intercepts was only slightly affected − 𝐴𝐴𝐴𝐴𝐴𝐴 = .91  𝜙𝜙 = 0  and 𝜙𝜙 =
.3  . 90 𝜙𝜙 = .7 𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 = .99  𝜙𝜙 = 0, 𝜙𝜙 = .3 . 98 𝜙𝜙 = .7 𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 =
.07  𝜙𝜙 = 0, .08 𝜙𝜙 = .3  .11 𝜙𝜙 = .7
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Appendix D 
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log𝐿𝐿

log 𝐿𝐿𝑐𝑐

𝛉̂𝛉

 𝛉̂𝛉𝑜𝑜𝑜𝑜𝑑𝑑

log 𝐿𝐿𝑐𝑐 𝐸𝐸(log 𝐿𝐿𝑐𝑐)
𝛉̂𝛉 𝐸𝐸(log 𝐿𝐿𝑐𝑐)

D.1. E-Step 

𝐸𝐸(log 𝐿𝐿𝑐𝑐)

𝐸𝐸(log 𝐿𝐿𝑐𝑐) = ∑ ∑ 𝛾𝛾(𝑠𝑠𝑖𝑖1𝑘𝑘) log(𝜋𝜋𝑘𝑘)
𝐾𝐾

𝑘𝑘=1

𝐼𝐼

𝑖𝑖=1
+ ∑ ∑ ∑ ∑ 𝜀𝜀(𝑠𝑠𝑖𝑖𝑖𝑖−1,𝑙𝑙, 𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖) log(𝑒𝑒𝑞𝑞𝑖𝑖𝑖𝑖𝑖𝑖𝛿𝛿𝑡𝑡𝑡𝑡)

𝐾𝐾

𝑘𝑘=1

𝐾𝐾

𝑙𝑙=1

𝑇𝑇

𝑡𝑡2

𝐼𝐼

𝑖𝑖=1

− 1
2 ∑ ∑ ∑ 𝛾𝛾(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖)[𝐽𝐽 log(2𝜋𝜋 ) + log (|𝚺𝚺𝑘𝑘|) + (𝐲𝐲𝑖𝑖𝑖𝑖 − 𝛎𝛎𝑘𝑘)𝚺𝚺𝑘𝑘

−1(𝐲𝐲𝑖𝑖𝑖𝑖 − 𝛎𝛎𝑘𝑘)′]
𝐾𝐾

𝑘𝑘=1

𝑇𝑇

𝑡𝑡=1

𝐼𝐼

𝑖𝑖=1
. 

 

𝛿𝛿𝑡𝑡𝑡𝑡 𝑡𝑡 𝑡𝑡 − 1 𝑖𝑖
𝛾𝛾(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖) 

𝜀𝜀(𝑠𝑠𝑖𝑖𝑖𝑖−1,𝑙𝑙, 𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖)
forward probabilities 𝛼𝛼(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖) —
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1 to 𝑡𝑡 𝐲𝐲𝑖𝑖1:𝑡𝑡
𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖— backward probabilities 𝛽𝛽(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖)—
𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 𝑡𝑡 + 1 to 𝑇𝑇 𝐲𝐲𝑖𝑖𝑖𝑖+1:𝑇𝑇

𝑡𝑡 = 1

 𝛼𝛼(𝑠𝑠𝑖𝑖1𝑘𝑘) = 𝜋𝜋𝑘𝑘𝑝𝑝(𝐲𝐲𝑖𝑖1|𝑠𝑠𝑖𝑖1𝑘𝑘)  

 
𝛼𝛼(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖) = 𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖|𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖) ∑ 𝛼𝛼(𝑠𝑠𝑖𝑖𝑖𝑖−1,𝑙𝑙)𝑒𝑒𝑞𝑞𝑖𝑖𝑖𝑖𝑖𝑖𝛿𝛿𝑡𝑡𝑡𝑡

𝐾𝐾

𝑙𝑙=1
.  

𝑡𝑡 = 𝑇𝑇

 𝛽𝛽(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖) = 𝑝𝑝(∅|𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖) = 1,  

∅ refers to “ outcome”

 
𝛽𝛽(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖) = ∑ 𝛽𝛽(𝑠𝑠𝑖𝑖𝑖𝑖+1,𝑙𝑙)𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖+1|𝑠𝑠𝑖𝑖𝑖𝑖+1,𝑙𝑙)

𝐾𝐾

𝑙𝑙=1
𝑒𝑒𝑞𝑞𝑖𝑖𝑖𝑖𝑖𝑖𝛿𝛿𝑡𝑡𝑡𝑡 .  

 𝛾𝛾(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖) = 𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖| 𝐘𝐘𝑖𝑖) = 𝛼𝛼(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖) 𝛽𝛽(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖)
∑ 𝛼𝛼(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖)𝐾𝐾

𝑘𝑘=1
 

 
𝜀𝜀(𝑠𝑠𝑖𝑖𝑖𝑖−1,𝑙𝑙, 𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖) = 𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖−1,𝑙𝑙, 𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖|𝐘𝐘𝑖𝑖) = 𝛼𝛼(𝑠𝑠𝑖𝑖𝑖𝑖−1,𝑙𝑙) 𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖|𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖) 𝑒𝑒𝑞𝑞𝑖𝑖𝑖𝑖𝑖𝑖𝛿𝛿𝑡𝑡𝑡𝑡  𝛽𝛽(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖)

∑ 𝛼𝛼(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖)𝐾𝐾
𝑘𝑘=1

.  
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𝛾𝛾(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖)

D.2. M-Step 

log𝐿𝐿𝑐𝑐

D.1.1 Update Initial State Probabilities and Intercepts 

 
𝜋𝜋𝑘𝑘

𝑛𝑛𝑛𝑛𝑛𝑛 =
∑ 𝛾𝛾(𝑠𝑠𝑖𝑖1𝑘𝑘)𝐼𝐼

𝑖𝑖=1
∑ ∑ 𝛾𝛾(𝑠𝑠𝑖𝑖1𝑘𝑘)𝐼𝐼

𝑖𝑖=1
𝐾𝐾
𝑘𝑘=1

,  

 
𝛎𝛎𝑘𝑘

𝑛𝑛𝑛𝑛𝑛𝑛 =
∑ ∑ 𝛾𝛾(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖)𝐲𝐲𝑖𝑖𝑖𝑖

𝑇𝑇
𝑡𝑡=1

𝐼𝐼
𝑖𝑖=1
∑ ∑ 𝛾𝛾(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖)𝑇𝑇

𝑡𝑡=1
𝐼𝐼
𝑖𝑖=1

.  

D.1.2 Update State-Specific Covariance Matrices 

∑ = 𝚲𝚲𝑘𝑘
𝑛𝑛𝑛𝑛𝑛𝑛𝚲𝚲𝑘𝑘

𝑛𝑛𝑛𝑛𝑛𝑛′ + 𝐃𝐃𝑘𝑘
𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛

𝑘𝑘
𝛾𝛾(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖) 𝐾𝐾 𝐘𝐘𝑘𝑘

D.1.3 Update Transition Intensities 

𝐏𝐏(𝛿𝛿𝑡𝑡𝑡𝑡)

𝐐𝐐  𝛉𝛉𝐐𝐐

𝐾𝐾 = 3 𝛉𝛉𝐐𝐐 = (𝑞𝑞12, 𝑞𝑞13, 𝑞𝑞21, 𝑞𝑞23, 𝑞𝑞31, 𝑞𝑞32).
𝛉𝛉𝐐𝐐 =

(log (𝑞𝑞12), log(𝑞𝑞13) , log(𝑞𝑞21), log(𝑞𝑞23), log(𝑞𝑞31), log(𝑞𝑞32))

𝐏𝐏(𝛿𝛿𝑡𝑡𝑡𝑡) 𝜃𝜃1
𝐐𝐐 to 𝜃𝜃𝑏𝑏

𝐐𝐐 𝛉𝛉𝐐𝐐

𝛉𝛉𝐐𝐐 𝑏𝑏 × 1 𝐒𝐒(𝛉𝛉𝐐𝐐)
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𝑆𝑆(𝜃𝜃𝑢𝑢

𝐐𝐐) = 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜃𝜃𝑢𝑢

𝐐𝐐 = ∑ ∑ ∑ 𝜀𝜀(𝑠𝑠𝑖𝑖𝑖𝑖−1,𝑙𝑙, 𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖)
𝑝𝑝𝑙𝑙𝑙𝑙(𝛿𝛿𝑡𝑡𝑡𝑡)

𝐾𝐾

𝑘𝑘,𝑙𝑙=1

𝑇𝑇

𝑡𝑡=2

𝜕𝜕𝑝𝑝𝑙𝑙𝑙𝑙(𝛿𝛿𝑡𝑡𝑡𝑡)
𝜕𝜕𝜃𝜃𝑢𝑢

𝐐𝐐

𝐼𝐼

𝑖𝑖=1
,  

𝑢𝑢 =  1, … , 𝑏𝑏. 𝜀𝜀(𝑠𝑠𝑖𝑖𝑖𝑖−1,𝑙𝑙, 𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖)
𝑏𝑏 × 𝑏𝑏

𝐌𝐌(𝛉𝛉𝐐𝐐)

 
 𝑀𝑀(𝜃𝜃𝑢𝑢

𝐐𝐐, 𝜃𝜃𝑣𝑣
𝐐𝐐) = ∑ ∑ ∑ 𝛾𝛾(𝑠𝑠𝑖𝑖𝑖𝑖−1,𝑘𝑘)

𝑝𝑝𝑙𝑙𝑙𝑙(𝛿𝛿𝑡𝑡𝑡𝑡)
𝜕𝜕𝑝𝑝𝑙𝑙𝑙𝑙(𝛿𝛿𝑡𝑡𝑡𝑡)

𝜕𝜕𝜃𝜃𝑢𝑢
𝐐𝐐

𝜕𝜕𝑝𝑝𝑙𝑙𝑙𝑙(𝛿𝛿𝑡𝑡𝑡𝑡)
𝜕𝜕𝜃𝜃𝑣𝑣

𝐐𝐐

𝐾𝐾

𝑘𝑘,𝑙𝑙=1

𝑇𝑇

𝑡𝑡=2

𝐼𝐼

𝑖𝑖=1
,  

𝑣𝑣 =  1, … , 𝑏𝑏 𝑢𝑢
𝛉𝛉𝑛𝑛𝑛𝑛𝑛𝑛

𝐐𝐐

 𝛉𝛉𝑛𝑛𝑛𝑛𝑛𝑛
𝐐𝐐 = 𝛉𝛉𝑜𝑜𝑜𝑜𝑜𝑜

𝐐𝐐 + 𝐌𝐌(𝛉𝛉𝑜𝑜𝑜𝑜𝑜𝑜
𝐐𝐐 )−𝟏𝟏𝐒𝐒(𝛉𝛉𝑜𝑜𝑜𝑜𝑜𝑜

𝐐𝐐 ),  

𝛉𝛉𝑜𝑜𝑜𝑜𝑜𝑜
𝐐𝐐

the “outer”

D.3. Convergence 

𝜔𝜔 = ∑ |𝜃̂𝜃𝑟𝑟𝑛𝑛𝑛𝑛𝑛𝑛−𝜃̂𝜃𝑟𝑟𝑜𝑜𝑜𝑜𝑜𝑜

𝜃̂𝜃𝑟𝑟𝑜𝑜𝑜𝑜𝑑𝑑 |𝑅𝑅
𝑟𝑟=1 , 𝑟𝑟 = 1, … , 𝑅𝑅
𝜔𝜔 < 1 × 10−8

1 × 10−10 𝜔𝜔

D.4. Start Values 
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𝐾𝐾
𝑘𝑘
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Appendix E 
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𝑝𝑝 (𝐲𝐲𝑖𝑖𝑖𝑖|𝐬𝐬𝑡𝑡) 𝑝𝑝 (𝐲𝐲𝑖𝑖𝑖𝑖|𝐬𝐬𝑡𝑡)𝜅𝜅𝑖𝑖𝑖𝑖

𝜅𝜅𝑖𝑖𝑖𝑖 = 1 𝑖𝑖 𝑡𝑡 𝜅𝜅𝑖𝑖𝑖𝑖 = 0
𝜅𝜅𝑖𝑖𝑖𝑖 = 1 𝜅𝜅𝑖𝑖𝑖𝑖 = 0 𝑝𝑝 (𝐲𝐲𝑖𝑖𝑖𝑖|𝐬𝐬𝑡𝑡)0 = 1

𝑇𝑇𝑑𝑑𝑑𝑑𝑑𝑑 = 3

—
— 𝑇𝑇𝑑𝑑𝑎𝑎𝑎𝑎 = 3 𝑇𝑇𝑑𝑑𝑑𝑑𝑑𝑑 = 6

𝑇𝑇𝑑𝑑𝑑𝑑𝑑𝑑 = 3

𝑇𝑇𝑑𝑑𝑎𝑎𝑦𝑦 = 3
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Appendix F 
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model 
title '17 [3 2]'; 
options 
   algorithm 
      tolerance=1e-008 emtolerance=1e-008 emiterations=6000 nriterations=0; 
   startvalues 
      seed=0 sets=100 tolerance=1e-005 iterations=100 PCA; 
   bayes  
      latent=1 categorical=1 poisson=1 variances=1; 
   montecarlo 
      seed=0 replicates=500 tolerance=1e-008; 
   quadrature nodes=10; 
   missing  includeall; 
   output 
      profile parameters standarderrors estimatedvalues classification  
      probmeans iterationdetails  
      WriteParameters = 'results_parameters17.csv' 
      write = 'results17.csv' 
      writeloadings='results_loadings17.txt'; 
   outfile  
      'classification17.csv' classification; 
 
variables 
  caseid short_ID; 
  timeinterval deltaT; 
  dependent  
   V1 continuous, 
   V2 continuous, 
   V3 continuous, 
   V4 continuous, 
   V5 continuous, 
   V6 continuous, 
   V7 continuous, 
   V8 continuous, 
   V9 continuous, 
   V10 continuous, 
   V11 continuous, 
   V12 continuous, 
   V13 continuous, 
   V14 continuous, 
   V15 continuous, 
   V16 continuous, 
   V17 continuous, 
   V18 continuous, 
   V19 continuous, 
   V20 continuous; 
  latent 
   State nominal dynamic coding=first 2, 
   F1 continuous dynamic, 
   F2 continuous dynamic, 
   F3 continuous dynamic; 
   
  independent condition nominal; 
 
equations 
  // factor variances 
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  (1) F1| State; 
  (1) F2| State; 
  (1) F3| State; 
  
  // Markov model 
   State[=0] <- 1 ; 
   State <- (~tra) 1 | State[-1] ; 
 
  //Dependent variables determined by state specific      
  V1 <- 1 | State + (a1)F1 | State + (b1)F2 | State + (c1)F3 | State;   
  V2 <- 1 | State + (a2)F1 | State + (b2)F2 | State + (c2)F3 | State;   
  V3 <- 1 | State + (a3)F1 | State + (b3)F2 | State + (c3)F3 | State;   
  V4 <- 1 | State + (a4)F1 | State + (b4)F2 | State + (c4)F3 | State;   
  V5 <- 1 | State + (a5)F1 | State + (b5)F2 | State + (c5)F3 | State;   
  V6 <- 1 | State + (a6)F1 | State + (b6)F2 | State + (c6)F3 | State;   
  V7 <- 1 | State + (a7)F1 | State + (b7)F2 | State + (c7)F3 | State;   
  V8 <- 1 | State + (a8)F1 | State + (b8)F2 | State + (c8)F3 | State;   
  V9 <- 1 | State + (a9)F1 | State + (b9)F2 | State + (c9)F3 | State;   
  V10 <- 1 | State + (a10)F1 | State + (b10)F2 | State + (c10)F3 | State;   
  V11 <- 1 | State + (a11)F1 | State + (b11)F2 | State + (c11)F3 | State;   
  V12 <- 1 | State + (a12)F1 | State + (b12)F2 | State + (c12)F3 | State;   
  V13 <- 1 | State + (a13)F1 | State + (b13)F2 | State + (c13)F3 | State;   
  V14 <- 1 | State + (a14)F1 | State + (b14)F2 | State + (c14)F3 | State;   
  V15 <- 1 | State + (a15)F1 | State + (b15)F2 | State + (c15)F3 | State;   
  V16 <- 1 | State + (a16)F1 | State + (b16)F2 | State + (c16)F3 | State;   
  V17 <- 1 | State + (a17)F1 | State + (b17)F2 | State + (c17)F3 | State;   
  V18 <- 1 | State + (a18)F1 | State + (b18)F2 | State + (c18)F3 | State;   
  V19 <- 1 | State + (a19)F1 | State + (b19)F2 | State + (c19)F3 | State;   
  V20 <- 1 | State + (a20)F1 | State + (b20)F2 | State + (c20)F3 | State;   
 
  //Variances 
  V1 | State; 
  V2 | State; 
  V3 | State; 
  V4 | State; 
  V5 | State; 
  V6 | State; 
  V7 | State; 
  V8 | State; 
  V9 | State; 
  V10 | State; 
  V11 | State; 
  V12 | State; 
  V13 | State; 
  V14 | State; 
  V15 | State; 
  V16 | State; 
  V17 | State; 
  V18 | State; 
  V19 | State; 
  V20 | State; 
 
  //constraints: 
  c1[2,] = 0; 
  c2[2,] = 0; 
  c3[2,] = 0; 
  c4[2,] = 0; 
  c5[2,] = 0; 
  c6[2,] = 0; 
  c7[2,] = 0; 
  c8[2,] = 0; 
  c9[2,] = 0; 
  c10[2,] = 0; 
  c11[2,] = 0; 

155045 Vogelsmeier BNW.indd   219155045 Vogelsmeier BNW.indd   219 23-11-2021   14:3423-11-2021   14:34



  c12[2,] = 0; 
  c13[2,] = 0; 
  c14[2,] = 0; 
  c15[2,] = 0; 
  c16[2,] = 0; 
  c17[2,] = 0; 
  c18[2,] = 0; 
  c19[2,] = 0; 
  c20[2,] = 0; 
 
end model 

 

155045 Vogelsmeier BNW.indd   220155045 Vogelsmeier BNW.indd   220 23-11-2021   14:3423-11-2021   14:34



Appendix G 
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𝑛𝑛 =
60)

𝑛𝑛 = 62)

that we removed the two items “weight 
loss” “wanted”
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Appendix H 
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H.1. Derivation Step 2 

𝑝𝑝(𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1)
𝑝𝑝(𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖 = 1, 𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1, 𝐲𝐲𝑖𝑖𝑖𝑖)

 𝑝𝑝(𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖 = 1, 𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1, 𝐲𝐲𝑖𝑖𝑖𝑖) = 𝑝𝑝(𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1, 𝐲𝐲𝑖𝑖𝑖𝑖) ×

𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖|𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1)𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1)
 

𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1

 𝑝𝑝(𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖 = 1, 𝐲𝐲𝑖𝑖𝑖𝑖|𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1) = 𝑝𝑝(𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1, 𝐲𝐲𝑖𝑖𝑖𝑖)𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖|𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1)
= 𝑝𝑝(𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝐲𝐲𝑖𝑖𝑖𝑖)𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖|𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1)  

𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖 = 1 𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1 𝐲𝐲𝑖𝑖𝑖𝑖
𝐲𝐲𝑖𝑖𝑖𝑖  

 𝑝𝑝(𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1) = ∫ 𝑝𝑝(𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝐲𝐲𝑖𝑖𝑖𝑖)𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖|𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1) 𝑑𝑑𝒚𝒚𝑖𝑖𝑖𝑖,  

 can be rewritten using Bayes’ theorem:

 𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖|𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1) = 𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖)𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝐲𝐲𝑖𝑖𝑖𝑖)
𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1) .  

 𝑝𝑝(𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1) = ∫ 𝑝𝑝(𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝐲𝐲𝑖𝑖𝑖𝑖)𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖)𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝒚𝒚𝑖𝑖𝑖𝑖) 𝑑𝑑𝐲𝐲𝑖𝑖𝑖𝑖
𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1) ,  

𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1) 𝐲𝐲𝑖𝑖𝑖𝑖
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H.2. Derivation Step 3 

𝑝𝑝(𝐖𝐖𝑖𝑖|𝐙𝐙𝑖𝑖)

 𝑝𝑝(𝐖𝐖𝑖𝑖, 𝐘𝐘𝑖𝑖, 𝐒𝐒𝑖𝑖, 𝐙𝐙𝑖𝑖) = 𝑝𝑝(𝐖𝐖𝑖𝑖|𝐘𝐘𝑖𝑖, 𝐒𝐒𝑖𝑖, 𝐙𝐙𝑖𝑖)𝑝𝑝(𝐘𝐘𝑖𝑖|𝐒𝐒𝑖𝑖, 𝐙𝐙𝑖𝑖)𝑝𝑝(𝐒𝐒𝑖𝑖|𝐙𝐙𝑖𝑖)𝑝𝑝(𝐙𝐙𝑖𝑖).  

𝐙𝐙𝑖𝑖  𝐙𝐙𝑖𝑖 𝐘𝐘𝑖𝑖
𝐒𝐒𝑖𝑖   𝐖𝐖𝑖𝑖 𝐒𝐒𝑖𝑖 𝐙𝐙𝑖𝑖 𝐘𝐘𝑖𝑖

 𝑝𝑝(𝐖𝐖𝑖𝑖, 𝐘𝐘𝑖𝑖, 𝐒𝐒𝑖𝑖|𝐙𝐙𝑖𝑖) = 𝑝𝑝(𝐖𝐖𝑖𝑖|𝐘𝐘𝑖𝑖)𝑝𝑝(𝐘𝐘𝑖𝑖|𝐒𝐒𝑖𝑖)𝑝𝑝(𝐒𝐒𝑖𝑖|𝐙𝐙𝑖𝑖)
= 𝑝𝑝(𝐰𝐰𝑖𝑖1|𝐲𝐲𝑖𝑖1)⋯𝑝𝑝(𝐰𝐰𝑖𝑖𝑖𝑖|𝐲𝐲𝑖𝑖𝑖𝑖)𝑝𝑝(𝐲𝐲𝑖𝑖1|𝐬𝐬𝑖𝑖1)⋯𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖|𝐬𝐬𝑖𝑖𝑖𝑖)𝑝𝑝(𝐬𝐬𝑖𝑖1, … , 𝐬𝐬𝑖𝑖𝑖𝑖|𝐳𝐳𝑖𝑖1, … , 𝐳𝐳𝑖𝑖𝑖𝑖)
= 𝑝𝑝(𝐲𝐲𝑖𝑖1|𝐬𝐬𝑖𝑖1)𝑝𝑝(𝐰𝐰𝑖𝑖1|𝐲𝐲𝑖𝑖1)⋯  𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖|𝐬𝐬𝑖𝑖𝑖𝑖)𝑝𝑝(𝐰𝐰𝑖𝑖𝑖𝑖|𝐲𝐲𝑖𝑖𝑖𝑖) ×

𝑝𝑝(𝐬𝐬𝑖𝑖1|𝐳𝐳𝑖𝑖1)𝑝𝑝(𝐬𝐬𝑖𝑖2|𝐬𝐬𝑖𝑖1, 𝐳𝐳𝑖𝑖2)⋯𝑝𝑝(𝐬𝐬𝑖𝑖𝑖𝑖|𝐬𝐬𝑖𝑖𝑖𝑖−1, 𝐳𝐳𝑖𝑖𝑖𝑖)⏞                          
𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 𝐶𝐶ℎ𝑎𝑎𝑎𝑎𝑎𝑎 (𝑀𝑀𝑀𝑀)

,

 

𝑝𝑝(𝐰𝐰𝑖𝑖𝑖𝑖|𝐲𝐲𝑖𝑖𝑖𝑖) 𝑚𝑚 𝐰𝐰𝑖𝑖𝑖𝑖
𝑝𝑝(𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝐲𝐲𝑖𝑖𝑖𝑖) 𝐒𝐒𝑖𝑖 𝐘𝐘𝑖𝑖

 𝑝𝑝(𝐖𝐖𝑖𝑖|𝐙𝐙𝑖𝑖)

=∑⋯∑∫𝑝𝑝(𝐲𝐲𝑖𝑖1|𝐬𝐬𝑖𝑖1)𝑝𝑝(𝐰𝐰𝑖𝑖1|𝐲𝐲𝑖𝑖1)𝑑𝑑𝒚𝒚𝑖𝑖𝑖𝑖 ⋯∫  𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖|𝐬𝐬𝑖𝑖𝑖𝑖)𝑝𝑝(𝐰𝐰𝑖𝑖𝑖𝑖|𝐲𝐲𝑖𝑖𝑖𝑖)𝑑𝑑𝒚𝒚𝑖𝑖𝑖𝑖
𝐬𝐬𝑖𝑖𝑖𝑖𝐬𝐬𝑖𝑖1

× 𝑀𝑀𝑀𝑀

 

𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖|𝐬𝐬𝑖𝑖𝑖𝑖) using Bayes’ theorem (see 

𝑝𝑝(𝐖𝐖𝑖𝑖|𝐙𝐙𝑖𝑖)

=∑⋯∑∫𝑝𝑝(𝐬𝐬𝑖𝑖1|𝐲𝐲𝑖𝑖1)𝑝𝑝(𝐲𝐲𝑖𝑖1)𝑝𝑝(𝐰𝐰𝑖𝑖1|𝐲𝐲𝑖𝑖1)𝑑𝑑𝐲𝐲𝑖𝑖1
𝑝𝑝(𝐬𝐬𝑖𝑖1)

⏞                    
𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 

⋯∫𝑝𝑝
(𝐬𝐬𝑖𝑖𝑖𝑖|𝐲𝐲𝑖𝑖𝑖𝑖)𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖)𝑝𝑝(𝐰𝐰𝑖𝑖𝑖𝑖|𝐲𝐲𝑖𝑖𝑖𝑖)𝑑𝑑𝐲𝐲𝑖𝑖𝑖𝑖⏞                      

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒

𝑝𝑝(𝐬𝐬𝑖𝑖𝑖𝑖)𝐬𝐬𝑖𝑖𝑖𝑖𝐬𝐬𝑖𝑖1

× 𝑀𝑀𝑀𝑀

=∑⋯∑𝑝𝑝(𝐰𝐰𝑖𝑖1|𝐬𝐬𝑖𝑖1)⋯𝑝𝑝(𝐰𝐰𝑖𝑖𝑖𝑖|𝐬𝐬𝑖𝑖𝑖𝑖) × 𝑀𝑀𝑀𝑀
𝐬𝐬𝑖𝑖𝑖𝑖𝐬𝐬𝑖𝑖1
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=∑⋯∑𝑝𝑝(𝐬𝐬𝑖𝑖1|𝐳𝐳𝑖𝑖1)∏𝑝𝑝(𝐬𝐬𝑖𝑖𝑖𝑖|𝐬𝐬𝑖𝑖𝑖𝑖−1, 𝐳𝐳𝑖𝑖𝑖𝑖)
𝑇𝑇

𝑡𝑡=2𝐬𝐬𝑖𝑖𝑖𝑖𝐬𝐬𝑖𝑖1

∏𝑝𝑝(𝐰𝐰𝑖𝑖𝑖𝑖|𝐬𝐬𝑖𝑖𝑖𝑖)
𝑇𝑇

𝑡𝑡=1
.
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Appendix I 
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I.1. Additional Simulation Study: Autocorrelated Factor Scores 

I.1.1. Problem  

–

I.1.2. Design and Procedure  

𝑁𝑁
𝐷𝐷

𝜙𝜙

The conditions marked with “*” are the ones that are the ones that are now fixed to one 

2 × 2 × 1 × 1 × 3 = 12

𝑡𝑡 𝑡𝑡 −
1 𝜙𝜙

 𝐲𝐲𝑖𝑖𝑖𝑖 =  𝛎𝛎𝑘𝑘 + 𝚲𝚲𝑘𝑘 𝐟𝐟𝑖𝑖𝑖𝑖 + 𝐞𝐞𝑖𝑖𝑖𝑖

𝐟𝐟𝑖𝑖𝑖𝑖 = 𝜙𝜙𝐟𝐟𝑖𝑖𝑖𝑖−1 + 𝛆𝛆𝑖𝑖𝑖𝑖
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𝛆𝛆𝑖𝑖𝑖𝑖~ 𝑀𝑀𝑀𝑀𝑀𝑀(𝟎𝟎, 𝐈𝐈) 𝐹𝐹𝑘𝑘 × 1
𝐟𝐟𝑖𝑖𝑖𝑖  

𝛆𝛆𝑖𝑖1

√1 − 𝜙𝜙2

I.1.3. Results 

𝜙𝜙 = .7
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I.2. Additional Simulation Study: Varying Covariate Distributions and 

Effects 

I.2.1. Problem  

I.2.2. Design and Procedure  

𝑁𝑁
𝐷𝐷

𝜏𝜏

The conditions marked with “*” are the ones that are now fixed to one value from the 
2 × 2 × 1 × 1 × 3 × 3 = 36

𝑧𝑧𝑖𝑖𝑖𝑖1 𝑧𝑧𝑖𝑖2

𝑧𝑧𝑖𝑖𝑖𝑖1

𝛾𝛾12,𝑧𝑧𝑖𝑖𝑖𝑖1 = 𝛾𝛾32,𝑧𝑧𝑖𝑖𝑖𝑖1 = 1 𝛾𝛾13,𝑧𝑧𝑖𝑖𝑖𝑖1 = 𝛾𝛾21,𝑧𝑧𝑖𝑖𝑖𝑖1 = 𝛾𝛾23,𝑧𝑧𝑖𝑖𝑖𝑖1 =
𝛾𝛾31,𝑧𝑧𝑖𝑖𝑖𝑖1 = −𝜏𝜏. 𝑧𝑧𝑖𝑖2

𝛾𝛾12,𝑧𝑧𝑖𝑖𝑖𝑖2 =
𝛾𝛾13,𝑧𝑧𝑖𝑖𝑖𝑖2 = 𝛾𝛾21,𝑧𝑧𝑖𝑖𝑖𝑖2 = 𝛾𝛾23,𝑧𝑧𝑖𝑖𝑖𝑖2 = 𝛾𝛾31,𝑧𝑧𝑖𝑖𝑖𝑖2 = 𝛾𝛾32,𝑧𝑧𝑖𝑖𝑖𝑖2 = 𝜏𝜏. The parameter τ was either 0.25, 0.5, 
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−0.5 0.5
included conditions with a uniform distribution (i.e., “50/50”) and both a “70/30” and 
“30/70” condit 𝑧𝑧𝑖𝑖𝑖𝑖1

−0.5 0.5

𝑧𝑧𝑖𝑖2 −0.5 0.5

−0.5

0.5
𝜏𝜏 = 1

I.2.3. Results 

𝜏𝜏 = 1
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Appendix J 
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J.1. Step 1 and 2 Syntax of 3S-LMFA 

//LG5.1// 
version = 5.1 
infile 'Dataset.csv' quote = single 
model 
title 'Step 1 and Sep 2 CT-[2 2 2]'; 
options 
   algorithm 
      tolerance=1e-008 emtolerance=1e-008 emiterations=5000  
      nriterations=0; 
   startvalues 
      seed=0 sets=25 tolerance=1e-005 iterations=100 PCA; 
   bayes  
      latent=1 categorical=1 poisson=1 variances=1; 
   quadrature nodes=10; 
   missing  includeall; 
    
   output 
      parameters=effect  
      betaopts=wl  
      standarderrors  
      classification 
      profile 
      probmeans=posterior 
      bivariateresiduals 
      estimatedvalues=model 
      iterationdetails  
      WriteParameters = 'results_parameters1.csv' 
      write = 'results1.csv'; 
 
   outfile  
      'classification1.csv' classification  
   keep id deltaT cov1_vary_D cov2_con_N; 
    
variables 
  dependent  
   V1 continuous,V2 continuous,V3 continuous,V4 continuous,V5  
   continuous,V6 continuous,V7 continuous,V8 continuous,V9  
   continuous,V10 continuous, V11 continuous, V12 continuous,V13  
   continuous, V14 continuous, V15 continuous, V16 continuous, V17  
   continuous, V18 continuous, V19 continuous, V20 continuous; 
  latent 
   State nominal  coding=first 3, 
   F1 continuous,  
   F2 continuous; 
    
equations 
  (1) F1| State; 
  (1) F2| State; 
  State <- 1 ; 
  V1-V20 <- 1 | State + F1 | State + F2 | State; 
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  V1  | State; 
  V2  | State; 
  V3  | State; 
  V4  | State; 
  V5  | State; 
  V6  | State; 
  V7  | State; 
  V8  | State; 
  V9  | State; 
  V10 | State; 
  V11 | State; 
  V12 | State; 
  V13 | State; 
  V14 | State; 
  V15 | State; 
  V16 | State; 
  V17 | State; 
  V18 | State; 
  V19 | State; 
  V20 | State; 
end model 
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J.2. Step 3 Syntax of 3S-LMFA 

'w = …')
matrix, it is also possible to use the “step3” option in LG (

//LG5.1// 
version = 5.1 
infile 'classification1.csv' quote = single 
model 
title 'Step 3-[2 2 2]'; 
options 
   algorithm 
      tolerance=1e-008 emtolerance=1e-006 emiterations=5000  
      nriterations=500 expm=pade; 
   startvalues 
      seed=0 sets=25 tolerance=1e-005 iterations=100 PCA; 
   bayes  
      latent=1 categorical=1 poisson=1 variances=1 ct=1; 
   quadrature nodes=10; 
   missing includeall; 
   output  
      parameters=effect  
      standarderrors  
      classification 
      profile  
      iterationdetails  
      estimatedvalues=model 
      WriteParameters = 'results_parameters2.csv' 
      write = 'results2.csv'; 
   outfile  
      'classification2.csv' classification;   
      
variables 
  caseid id; 
  independent cov1_vary_D nominal, cov2_con_N nominal; 
   timeinterval deltaT; 
  latent  
   State3 nominal dynamic coding=first 3; 
   dependent State#; 
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equations 
   State3[=0] <- 1; 
   State3 <- (~tra) 1 | State3[-1]  
             + (~tra) cov1_vary_D | State3[-1] + (~tra)    
             cov2_con_N | State3[-1]; 
   State# <- (w~wei) State3; 
   w = values obtained from first syntax; 
end model 
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Appendix K 
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K.1. Model Selection Procedure with the CHull Method 

package “multichull” (note that we also did a sensitivity check by doing the CHull test 

“ ”

During the CHull procedure, following Wilderjans et al. (2013)’s recommendation, 

factors (“[2 1]”) was the best (s
with two states and 1 factor in both states (“[1 1]”). From

K.1.1. Output CHull 

package “multichull“ shows the 

SETTINGS BY USER: 
Optimalization: upper bound 
Required improvement in fit: 1% 
Number of considered models: 11  
 
RESULTS: 
Number of selected models: 1 
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SELECTED MODEL: 
      complexity      fit 
[2 1]         71 -41695.7 
 
ALL MODELS ON upper BOUND: 
        complexity       fit       st 
[1]             30 -48338.88       NA 
[1 1]           61 -42738.06 1.733280 
[2 1]           71 -41695.70 2.572494 
[1 1 1]         92 -40844.78       NA 
 
 
ORIGINAL MODELS 
        complexity       fit 
[1]             30 -48338.88 
[2]             40 -47601.71 
[3]             50 -47468.42 
[1 1]           61 -42738.06 
[2 1]           71 -41695.70 
[2  2]          81 -41477.40 
[3 2]           91 -41430.23 
[1 1 1]         92 -40844.78 
[3 3]          101 -41406.83 
[2 1 1]        102 -40495.49 
[3 2 1]        122 -40367.42 
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K.1.2. Output BIC 
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K.2. Differentiation of Emotional Experience 

“

”

•

•
•

•

•

•

•

K.3. Emotion Clarity Deficit 

“
”

•
•
•

•
•
•
•
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K.4. Example of Display of Mood Items in the Ethica Data App 

from 0 (“not at all”) to 100 (“very much”). Initially the slider 

rom “not at all” to “very much”.
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Appendix L 

155045 Vogelsmeier BNW.indd   247155045 Vogelsmeier BNW.indd   247 23-11-2021   14:3423-11-2021   14:34



L.1. Complication in Estimating LMLTA 

𝑅𝑅𝑘𝑘 𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖|𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1)

𝛎𝛎𝑘𝑘 𝚺𝚺𝑘𝑘 = 𝚲𝚲𝑘𝑘𝚲𝚲𝑘𝑘
′ +

𝚿𝚿𝑘𝑘 𝚲𝚲𝑘𝑘  𝐽𝐽 × 𝑅𝑅𝑘𝑘 𝚿𝚿𝑘𝑘
𝜓𝜓𝑘𝑘𝑘𝑘

𝑀𝑀
𝑀𝑀 = 10 𝑅𝑅𝑘𝑘 = 2 102

𝑅𝑅𝑘𝑘

 
𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖|𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1) = ∑ …∑(∏𝑝𝑝(𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖 = 𝑔𝑔|𝑚𝑚,… , 𝑜𝑜, 𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1)𝐴𝐴𝑚𝑚

𝐽𝐽

𝑗𝑗=1
⋯𝐴𝐴𝑜𝑜)

𝑀𝑀

𝑜𝑜=1

𝑀𝑀

𝑚𝑚=1
.  

𝑚𝑚, 𝑜𝑜 = 1,… ,𝑀𝑀 𝑀𝑀 𝑀𝑀
𝐴𝐴𝑚𝑚

L.2. Summary of the 3S Estimation 
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𝑝𝑝(𝑠𝑠𝑘𝑘 = 1) 𝑠𝑠𝑘𝑘

𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖|𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1)

 
𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖) = ∑𝑝𝑝(𝑠𝑠𝑘𝑘 = 1)𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖|𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1)

𝐾𝐾

𝑘𝑘=1
 

𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖|𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1)

 
logL𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆1 =∑∑log𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖)

𝑇𝑇

𝑡𝑡=1

𝐼𝐼

𝑖𝑖=1
.  

 

𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 =
1|𝐲𝐲𝑖𝑖𝑖𝑖) = 𝑝𝑝(𝑠𝑠𝑘𝑘 = 1)𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖|𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1)/[∑ 𝑝𝑝(𝑠𝑠𝑘𝑘′ = 1)𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖|𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖′ = 1)𝐾𝐾

𝑘𝑘′=1 ],

𝑝𝑝(𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝐲𝐲𝑖𝑖𝑖𝑖) = 1 𝑘𝑘

𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖
𝐰𝐰𝑖𝑖𝑖𝑖 = (𝑤𝑤𝑖𝑖𝑖𝑖1,… ,𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖)′ 𝐲𝐲𝑖𝑖𝑖𝑖

𝑝𝑝(𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1) 𝑘𝑘,𝑚𝑚 = 1,… , 𝐾𝐾
𝐾𝐾 × 𝐾𝐾 “classification error probability matrix”. The entries of the matrix are 

 
𝑝𝑝(𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1) =

1
𝐼𝐼 × 𝑇𝑇∑ ∑ 𝑝𝑝(𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝐲𝐲𝑖𝑖𝑖𝑖)𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝐲𝐲𝑖𝑖𝑖𝑖)𝑇𝑇

𝑡𝑡=1
𝐼𝐼
𝑖𝑖=1

𝑝𝑝(𝑠𝑠𝑘𝑘 = 1) .  

 
 

called “modal” assignment is the only feasible assignment procedure for a LMM with 
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𝑘𝑘 = 𝑚𝑚

𝐰𝐰𝑖𝑖𝑖𝑖
𝐬𝐬𝑖𝑖𝑖𝑖

𝑝𝑝(𝐰𝐰𝑖𝑖𝑖𝑖|𝐬𝐬𝑖𝑖𝑖𝑖)

 log𝐿𝐿𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆3

= ∑ log (∑ ⋯ ∑ 𝑝𝑝(𝐬𝐬𝑖𝑖1|𝐳𝐳𝑖𝑖1) ∏ 𝑝𝑝𝛿𝛿𝑡𝑡𝑡𝑡(𝐬𝐬𝑖𝑖𝑖𝑖|𝐬𝐬𝑖𝑖𝑖𝑖−1, 𝐳𝐳𝑖𝑖𝑖𝑖)
𝑇𝑇

𝑡𝑡=2𝐬𝐬𝑖𝑖𝑖𝑖𝐬𝐬𝑖𝑖1

∏ 𝑝𝑝(𝐰𝐰𝑖𝑖𝑖𝑖|𝐬𝐬𝑖𝑖𝑖𝑖)
𝑇𝑇

𝑡𝑡=1
)

𝐼𝐼

𝑖𝑖=1
.  

log𝐿𝐿𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆3,𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 =

∑ log (∑ ∑ ⋯ ∑ 𝑝𝑝(𝐜𝐜𝑖𝑖) 𝑝𝑝(𝐬𝐬𝑖𝑖1|𝐳𝐳𝑖𝑖1, 𝐜𝐜𝑖𝑖) ∏ 𝑝𝑝𝛿𝛿𝑡𝑡𝑡𝑡(𝐬𝐬𝑖𝑖𝑖𝑖|𝐬𝐬𝑖𝑖𝑖𝑖−1, 𝐳𝐳𝑖𝑖𝑖𝑖, 𝐜𝐜𝑖𝑖)
𝑇𝑇

𝑡𝑡=2𝐬𝐬𝑖𝑖𝑖𝑖𝐬𝐬𝑖𝑖1

∏ 𝑝𝑝(𝐰𝐰𝑖𝑖𝑖𝑖|𝐬𝐬𝑖𝑖𝑖𝑖)
𝑇𝑇

𝑡𝑡=1𝐜𝐜𝑖𝑖

)
𝐼𝐼

𝑖𝑖=1
, 

 

𝐜𝐜𝑖𝑖 = (𝑐𝑐𝑖𝑖1, … , 𝑐𝑐𝑖𝑖𝑖𝑖)′ 𝑝𝑝(𝐜𝐜𝑖𝑖)
“mixture” proportions. LG obtains the ML parameter estimates by means of a 
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L.3. Model Selection Procedure Step 1 

the model “[2 
2]”), because it had the lowest BIC value. 

package “multichull”, we conducted the CHull model selection 

in a “loglikelihood versus number of parameters” figure are at the higher boundary of the 

with a “scree test value” 𝑠𝑠𝑠𝑠 = 4.52
𝑠𝑠𝑠𝑠 = 3.17
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L.3.1. Output BIC 

 
      number of parameters BIC value 
[1]                     84  300418.1 
[2]                     95  286193.3 
[1 1]                  169  273333.9 
[2 1]                  180  263239.3 
[2 2]                  191  259446.7 

 

L.3.2. Output CHull 

SETTINGS BY USER: 
Optimalization: upper bound 
Required improvement in fit: 1% 
Number of considered models: 9  
 
RESULTS: 
Number of selected models: 1 
 
SELECTED MODEL: 
    complexity       fit 
[2]         95 -142641.7 
 
ALL MODELS ON upper BOUND: 
        complexity       fit       st 
[1]             84 -149806.8       NA 
[2]             95 -142641.7 4.520469 
[2 2]          191 -128808.7 3.174246 
[2 2 2]        287 -124450.8       NA 
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ORIGINAL MODELS 
        complexity       fit 
[1]             84 -149806.8 
[2]             95 -142641.7 
[1 1]          169 -135857.7 
[2 1]          180 -130757.7 
[2 2]          191 -128808.7 
[1 1 1]        254 -129577.7 
[2 1 1]        265 -127080.1 
[2 2 1]        276 -125147.9 
[2 2 2]        287 -124450.8 

 

L.4. Additional Tables for the Application 

ings of “happy” and “unhappy” equal to zero). To this end, we re
𝚽𝚽𝑘𝑘

and with the loadings of the item “irritated” set
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2, the items “happy” and “excited” now have cross

𝐺𝐺 − 1
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L.5. Syntax for Running the Models 

L.5.1. Step 1 and 2 Syntax 

s, and subject IDs) have to be listed under “keep”. The variables 
are then added to the “classificationS1.csv” output file containing the posterior state 

options 
   algorithm tolerance=1e-008 emtolerance=0.01 emiterations=250   
     nriterations=50; 
   startvalues seed=0 sets=100 tolerance=1e-005 iterations=100; 
   bayes latent=1 categorical=1; 
   quadrature nodes=10; 
   missing includeall; 
output 
   parameters=effect  
   standarderrors  
   profile 
   estimatedvalues=model 
   iterationdetails; 
 
outfile  
   'classificationS1.csv' classification  
   keep ID deltaT depression family_c classmates_c friends_c 
NEWWAVE; 
   
variables 
  psuid ID ;  
  dependent  
     PA_LA1, PA_LA2, PA_LA3, PA_HA1, PA_HA2, PA_HA3, NA_LA1,   
     NA_LA2, NA_LA3, NA_HA1, NA_HA2, NA_HA3; 
  latent 
    State nominal coding=first 2, 
    F1 continuous, 
    F2 continuous; 
 
equations 
    (c1)F1| State; 
    (c2)F2| State; 
    (c3)F1 <-> F2 | State; 
 

155045 Vogelsmeier BNW.indd   257155045 Vogelsmeier BNW.indd   257 23-11-2021   14:3423-11-2021   14:34



     State <- 1 ; 
 PA_LA1<- 1 | State + (a1)F1  | State + (b1)F2   | State; 
 PA_LA2<- 1 | State + (a2)F1  | State + (b2)F2   | State; 
 PA_LA3<- 1 | State + (a3)F1  | State + (b3)F2   | State; 
 PA_HA1<- 1 | State + (a4)F1  | State + (b4)F2   | State; 
 PA_HA2<- 1 | State + (a5)F1  | State + (b5)F2   | State; 
 PA_HA3<- 1 | State + (a6)F1  | State + (b6)F2   | State; 
 NA_LA1<- 1 | State + (a7)F1  | State + (b7)F2   | State; 
 NA_LA2<- 1 | State + (a8)F1  | State + (b8)F2   | State; 
 NA_LA3<- 1 | State + (a9)F1  | State + (b9)F2   | State; 
 NA_HA1<- 1 | State + (a10)F1 | State + (b10)F2  | State; 
 NA_HA2<- 1 | State + (a11)F1 | State + (b11)F2  | State; 
 NA_HA3<- 1 | State + (a12)F1 | State + (b12)F2  | State; 
 
 //Constraints (on "I feel happy/unhappy") 
 a4[1,]=1; 
 a8[1,]=0; 
 b4[1,]=0; 
 b8[1,]=1; 
 a4[2,]=1; 
 a8[2,]=0; 
 b4[2,]=0; 
 b8[2,]=1; 

 

L.5.2. Step 3 Syntax Full Model 

In this syntax, the “classificationS1.csv” file is used as input. When using LG’s “step3” 

vide the column names as “posterior = (State.1 State.2)”.  Note that the column names 

new wave. Therefore, we added a variable (“NEWWAVE”) that indicated w

the NEWWAVE variable) were added to the “classificationS1.csv” file. By choosing to 
including all records with missing observation (“missing includeall”), LG
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command “noignoreclassification” to the “step3” option.

options 
  algorithm tolerance=1e-008 emtolerance=0.01 emiterations=250  
    nriterations=50 expm=pade; 
  startvalues seed=0 sets=10 tolerance=1e-005 iterations=100; 
  bayes latent=1 categorical=1 ct=1; 
  missing includeall; 
  step3 ml modal noignoreclassification; 
 
output 
  parameters=effect  
  standarderrors  
  profile  
  iterationdetails  
  estimatedvalues=model 
  classification; 
 
variables 
  caseid ID; 
  independent family_c nominal coding=first, classmates_c nominal   
    coding=first, friends_c nominal coding=first, NEWWAVE nominal  
    coding=first, depression2 nominal coding=first; 
  timeinterval deltaT; 
 
  latent State nominal dynamic posterior=(State.1 State.2)    
    coding=first, Class nominal dynamic dt 3 coding=first; 
   
equations 
   Class[=0] <- 1 + depression; 
   Class <- (b~tra) 1 | Class[-1] NEWWAVE 
                      + (~tra) depression| Class[-1]; 
     
   State[=0] <- 1; 
   State <- (~tra) 1 | State[-1]  
                      + (~tra) Class | State[-1]  
                      + (~tra) family_c  | State[-1] Class 
                      + (~tra) classmates_c   | State[-1] Class 
                      + (~tra) friends_c | State[-1] Class; 
 
   b[1] = -100; 
   b[2] = -100; 
   b[3] = -100; 
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L.5.3. Step 3 Syntax Reduced Model 

 

 
equations 
   Class[=0] <- 1; 
   Class <- (b~tra) 1 | Class[-1] NEWWAVE; 
     
   State[=0] <- 1; 
   State <- (~tra) 1 | State[-1]  
                      + (~tra) Class | State[-1]  
                      + (~tra) family_c  | State[-1] Class 
                      + (~tra) classmates_c   | State[-1] Class 
                      + (~tra) friends_c | State[-1]; 
 
   b[1] = -100; 
   b[2] = -100; 
   b[3] = -100; 
 

L.6. Model Selection Procedure Step 3 

(“F”) as specified in Equation –
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effect of being with friends (i.e., not conditional on the class). All reduced (“R”) models 

(i.e., the model “R3classes”) had the best fit according to the BIC, as it has the 

L.6.1. Output BIC 

 
            number of parameters BIC value 
 F1class                      9  13677.23 
 R2classes                   18  12056.45 
 F2classes                   23  12097.09 
 R3classes                   29  11828.40 
 F3classes                   41  11923.62 
 R4classes                   42  11847.99 
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L.6.2. Output CHull 

SETTINGS BY USER: 
Optimalization: upper bound 
Required improvement in fit: 1% 
Number of considered models: 6  
 
RESULTS: 
Number of selected models: 1 
 
SELECTED MODEL: 
          complexity       fit 
R2classes         18 -5942.029 
 
ALL MODELS ON upper BOUND: 
          complexity       fit       st 
F1class            9 -6795.519       NA 
R2classes         18 -5942.029 6.257659 
R3classes         29 -5775.329       NA 
 
 
ORIGINAL MODELS 
          complexity       fit 
F1class            9 -6795.519 
R2classes         18 -5942.029 
F2classes         23 -5938.405 
R3classes         29 -5775.329 
F3classes         41 -5765.476 
R4classes         42 -5722.873 
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L.7. R Code to Calculate Transition Probabilities  

log 𝑞𝑞𝑙𝑙𝑙𝑙 = 𝛾𝛾0𝑙𝑙𝑙𝑙 + 𝛄𝛄𝑙𝑙𝑙𝑙
′ 𝐳𝐳𝑖𝑖𝑖𝑖

𝐏𝐏2.25  𝐐𝐐 × 2.25

library(expm) 

# fill the estimates from table 2 into equation (12) from the article.  
# note that the 0's and 1's are the values on the dummy variables. 
# for example, -0.63 * 0 implies that we calculate the 
# transition intensity when not being with friends. 
 
q12 <- -0.55 +      # transition intercept state 
        0.00 * 1 +  # effect of class for class 2 
       -7.21 * 0 +  # effect of class for class 3 
       -0.48 * 0 +  # effect of family x class 1  
       -0.10 * 1 +  # effect of family x class 2  
       -1.11 * 0 +  # effect of family x class 3  
       -2.62 * 0 +  # effect of classmates x class 1 
       -0.75 * 0 +  # effect of classmates x class 2 
       -2.70 * 0 +  # effect of classmates x class 3 
       -0.63 * 0    # effect of friends 
 
q21 <- -0.08 +      # transition intercept state 
       -1.71 * 1 +  # effect of class for class 2    
       -8.74 * 0 +  # effect of class for class 3    
       -0.63 * 0 +  # effect of family x class 1     
       -1.12 * 1 +  # effect of family x class 2  
       -2.27 * 0 +  # effect of family x class 3  
       -1.30 * 0 +  # effect of classmates x class 1    
        0.51 * 0 +  # effect of classmates x class 2 
       -0.96 * 0 +  # effect of classmates x class 3 
       -0.39 * 0    # effect of friends    
 
# put log intensities in a matrix: 
LogIntensities <- matrix(c(0, q12, 
                           q21, 0), 
                         nrow = 2, ncol = 2, byrow = TRUE) 
 
# exponentiate to obtain intensities: 
Intensities <- exp(LogIntensities) 
 
# at this point, we already have the intensities of the 
# off-diagonal elements. the diagonal elements are equal to 
# the negative row sums of the off-diagonal elements: 
for (i in 1:ncol(Intensities)){  
  Intensities[i, i] <- -(sum(Intensities[i, -i]))} 
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# get the probabilities for the median interval d = 2.25 
# (note that we can specify any interval of interest here): 
d <- 2.25 
TransitionProbabilities <- expm(Intensities * d) 
 
# transition probabilities when being with family (in class 2). 
# as can be seen, there is a high probability to transition to 
# state 2 (66%) and to stay in state 2 (93%): 
round(TransitionProbabilities, digits = 2) 

##      [,1] [,2] 
## [1,] 0.34 0.66 
## [2,] 0.07 0.93 
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Appendix M 
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?step1

M.1. step1() function 

Arguments 

data 
indicators 
n_state modelselection 

= FALSE
n_fact modelselection 

= FALSE
modelselection 

FALSE
n_state_range modelselection = 

TRUE
n_fact_range modelselection = 

TRUE
n_starts 

n_initial_ite 

n_m_step 

em_tolerance 

m_step_tolerance 

m_step_tolerance n_m_step
max_iterations 

n_mclust 
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Output 

n_it 
seconds 

convergence 

LL 
BIC 
intercepts 
loadings_stand_obli 

loadings_stand_list
unique_variances 
state_proportions 
n_obs 

n_par 

explained_variance 

n_state 
n_fact 
intercepts_list 
loadings_list 
loadings_stand_list 
loadings_obli_list 

loadings_list
loadings_stand_obli_list 

loadings_stand_list
unique_variances_list 
factor_correlations_stand_obli_list 

factor_correlations_obli_list 

activated_contraints 

classification_posteriors 

classification_errors 
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classification_errors_prob 

R2_entropy 

warning_loadings 

warning_loadings_stand 

raw_data 

 

M.2. step2() function 

Arguments 

data step1()
model step1()

  

Output 

classification_posteriors 

classification_errors 

classification_errors_prob 

R2_entropy 

totoal_classification_error 
state_proportions 
data 

 

M.3. step3() function 

Arguments 

data 
timeintervals 

identifier 
n_state 

step1()
postprobs step2()
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transitionCovariates NULL

initialCovariates 
NULL

n_starts 

n_initial_ite 

method "BFGS"

"CG"
max_iterations 

tolerance 

scaling 

optim()

lmfa

scaling 
= "proxi"

  

Output 

seconds 

convergence 

optim()

LL 
WaldTests 
estimates 
classification_posteriors 

state_proportions 
n_initialCovariates 
n_transitionCovariates 
n_initial_covariates 

transition_covariate_means 

n_state 
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data 

 
M.4. chull_lmfa() function 

Arguments 

x step1()
 

Output 

M.5. factorscores_lmfa() function 

Arguments 

data step1()
model step1()
oblique 

TRUE

rounding 

  

Output 

M.6. probabilities() function 

Arguments 

model step3()
deltaT 

initialCovariateScores 
NULL

transitionCovariateScores 
NULL

rounding 
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Output 
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Appendix N 
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lmfa

lmfa –

N.1. Data Notation 

𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖 𝑖𝑖 = 1,… , 𝐼𝐼 𝑗𝑗 =
1, … , 𝐽𝐽 𝑡𝑡 = 1, … , 𝑇𝑇 109

𝐽𝐽 × 1 𝐲𝐲𝑖𝑖𝑖𝑖 = (𝑦𝑦𝑖𝑖1𝑡𝑡, 𝑦𝑦𝑖𝑖2𝑡𝑡, … , 𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖)′
𝑇𝑇 × 𝐽𝐽 𝐘𝐘𝑖𝑖 = (𝐲𝐲𝑖𝑖1′ , 𝐲𝐲𝑖𝑖2′ , … , 𝐲𝐲𝑖𝑖𝑖𝑖′ )′

𝑧𝑧𝑖𝑖𝑖𝑖𝑖𝑖 𝑢𝑢 = 1,… , 𝑈𝑈
𝑈𝑈 × 1 𝐳𝐳𝑖𝑖𝑖𝑖 = (𝑧𝑧𝑖𝑖𝑖𝑖1, 𝑧𝑧𝑖𝑖𝑖𝑖2, … , 𝑧𝑧𝑖𝑖𝑖𝑖𝑖𝑖)′ 𝑇𝑇 × 𝐽𝐽
𝐙𝐙𝑖𝑖 = (𝐳𝐳𝑖𝑖1′ , 𝐳𝐳𝑖𝑖2′ , … , 𝐳𝐳𝑖𝑖𝑖𝑖′ )

N.2. LMFA 

N.2.1. CT-LMM 

𝑘𝑘 𝑘𝑘 = 1,… , 𝐾𝐾 𝑡𝑡
𝑙𝑙 𝑙𝑙 = 1,… , 𝐾𝐾 𝑡𝑡 − 1

𝐲𝐲𝑖𝑖𝑖𝑖 𝑡𝑡
𝑘𝑘 𝑖𝑖

𝑝𝑝(𝐘𝐘𝑖𝑖, 𝐒𝐒𝑖𝑖|𝐙𝐙𝑖𝑖) = 𝑝𝑝(𝐲𝐲𝑖𝑖1, … , 𝐲𝐲𝑖𝑖𝑖𝑖,𝐬𝐬𝑖𝑖1, … , 𝐬𝐬𝑖𝑖𝑖𝑖|𝐳𝐳𝑖𝑖1, … , 𝐳𝐳𝑖𝑖𝑖𝑖)

= 𝑝𝑝(𝐬𝐬𝑖𝑖1|𝐳𝐳𝑖𝑖1)⏞      
𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

∏𝑝𝑝𝛿𝛿𝑡𝑡𝑡𝑡(𝐬𝐬𝑖𝑖𝑖𝑖|𝐬𝐬𝑖𝑖𝑖𝑖−1, 𝐳𝐳𝑖𝑖𝑖𝑖)⏞          
𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 
𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑇𝑇

𝑡𝑡=2
∏ 𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖|𝐬𝐬𝑖𝑖𝑖𝑖)⏞      

𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 
𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑇𝑇

𝑡𝑡=1
.

(N.1)

 
 

𝑇𝑇 𝑖𝑖
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𝐾𝐾 × 1 𝐬𝐬𝑖𝑖𝑖𝑖 = (𝑠𝑠𝑖𝑖𝑖𝑖1, … , 𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖)′

𝑡𝑡 𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1 𝑘𝑘 𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 0

𝑝𝑝(𝐬𝐬𝑖𝑖1|𝐳𝐳𝑖𝑖1) 𝐾𝐾 × 1

𝑝𝑝𝛿𝛿𝑡𝑡𝑡𝑡(𝐬𝐬𝑖𝑖𝑖𝑖|𝐬𝐬𝑖𝑖𝑖𝑖−1, 𝐳𝐳𝑖𝑖𝑖𝑖) 𝐾𝐾 × 𝐾𝐾 𝐏𝐏𝛿𝛿𝑡𝑡𝑡𝑡 

𝛿𝛿𝑡𝑡𝑡𝑡

𝛿𝛿𝑡𝑡𝑡𝑡

𝐾𝐾 × 𝐾𝐾 𝐐𝐐

𝑞𝑞𝑙𝑙𝑙𝑙 = lim
𝛿𝛿→0

𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖=1|𝑠𝑠𝑖𝑖𝑖𝑖−𝛿𝛿,𝑙𝑙=1,𝐳𝐳𝑖𝑖𝑖𝑖)
𝛿𝛿

𝑙𝑙 𝑘𝑘

𝐏𝐏𝛿𝛿𝑡𝑡𝑡𝑡 𝐄𝐄𝐄𝐄𝐄𝐄(𝐐𝐐 × 𝛿𝛿𝑡𝑡𝑡𝑡) 𝐄𝐄𝐄𝐄𝐄𝐄(∙)  

𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖|𝐬𝐬𝑖𝑖𝑖𝑖)

𝑡𝑡

𝐳𝐳𝑖𝑖𝑖𝑖
𝑡𝑡

 log 𝑝𝑝(𝑠𝑠𝑖𝑖1𝑘𝑘 = 1|𝐳𝐳𝑖𝑖1)
𝑝𝑝(𝑠𝑠𝑖𝑖11 = 1|𝐳𝐳𝑖𝑖1) = 𝛽𝛽0𝑘𝑘 + 𝛃𝛃𝑘𝑘

′ 𝐳𝐳𝑖𝑖𝑖𝑖=1;  for 𝑘𝑘 = 2, … , 𝐾𝐾,  
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𝛽𝛽0𝑘𝑘 𝛃𝛃𝑘𝑘
′ = (𝛽𝛽𝑘𝑘,𝑧𝑧𝑖𝑖11, … , 𝛽𝛽𝑘𝑘,𝑧𝑧𝑖𝑖1𝑈𝑈)′ 

 log 𝑞𝑞𝑙𝑙𝑙𝑙 = 𝛾𝛾0𝑙𝑙𝑙𝑙 + 𝛄𝛄𝑙𝑙𝑙𝑙
′ 𝐳𝐳𝑖𝑖𝑖𝑖; for 𝑘𝑘 ≠ l,  

𝛾𝛾0𝑙𝑙𝑙𝑙 𝛄𝛄𝑙𝑙𝑙𝑙
′ = (𝛾𝛾𝑙𝑙𝑙𝑙,𝑧𝑧𝑖𝑖𝑖𝑖1, … , 𝛾𝛾𝑙𝑙𝑙𝑙,𝑧𝑧𝑖𝑖𝑖𝑖𝑖𝑖)

N.2.2. State-Specific FA Models 

𝑖𝑖 𝑘𝑘 𝑡𝑡 𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1

[𝐲𝐲𝑖𝑖𝑖𝑖|𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1] =  𝛎𝛎𝑘𝑘 + 𝚲𝚲𝑘𝑘 𝐟𝐟𝑖𝑖𝑖𝑖 +  𝐞𝐞𝑖𝑖𝑖𝑖, (N.4)

 𝛎𝛎k  𝐽𝐽 × 1 𝚲𝚲𝑘𝑘  𝐽𝐽 × 𝐹𝐹𝑘𝑘
𝐹𝐹𝑘𝑘 k  𝐟𝐟𝑖𝑖𝑖𝑖 ~ 𝑀𝑀𝑀𝑀𝑀𝑀(𝟎𝟎, 𝚽𝚽𝑘𝑘)

𝐹𝐹𝑘𝑘 × 1 𝚽𝚽𝑘𝑘
𝐞𝐞𝑖𝑖𝑖𝑖 ~ 𝑀𝑀𝑀𝑀𝑀𝑀(𝟎𝟎, 𝚿𝚿𝑘𝑘)

𝐽𝐽 × 1 𝚿𝚿𝑘𝑘 𝜓𝜓𝑘𝑘𝑘𝑘
.

𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖|𝐬𝐬𝑖𝑖𝑖𝑖)
𝚺𝚺𝑘𝑘 = 𝚲𝚲𝑘𝑘𝚽𝚽𝑘𝑘𝚲𝚲𝑘𝑘

′ + 𝚿𝚿𝑘𝑘 𝛎𝛎𝑘𝑘

N.3. Step 1 in lmfa 

lmfa
step1()

log𝐿𝐿
lmfa

N.3.1. Likelihood Function 

log𝐿𝐿
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log𝐿𝐿𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆1 =∑∑log(∑𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1)

𝐾𝐾

𝑘𝑘=1
𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖|𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1))

𝑇𝑇

𝑡𝑡=1

𝐼𝐼

𝑖𝑖=1
,  

𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1) 𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖|𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1) = 𝑀𝑀𝑀𝑀𝑀𝑀(𝐲𝐲𝑖𝑖𝑖𝑖|𝛎𝛎𝑘𝑘, 𝚺𝚺𝑘𝑘)
𝚺𝚺𝑘𝑘 step1()

N.3.2. Estimation 

log𝐿𝐿

lmfa

N.3.3. Convergence 

step1()
log𝐿𝐿𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆1

Δ𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 = log𝐿𝐿𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆1𝑣𝑣 − log𝐿𝐿𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆1𝑣𝑣−1

𝑣𝑣

Δ𝜃̂𝜃𝐸𝐸𝐸𝐸 =∑|𝜃𝜃𝑟𝑟
𝑣𝑣 − 𝜃𝜃𝑟𝑟𝑣𝑣−1
𝜃𝜃𝑟𝑟𝑣𝑣−1

|
𝑅𝑅

𝑟𝑟=1
,
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𝑟𝑟 = 1,… , 𝑅𝑅

Δ𝜃̂𝜃𝑀𝑀−𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 =∑|𝜃𝜃𝑟𝑟
𝑏𝑏 − 𝜃𝜃𝑟𝑟𝑏𝑏−1
𝜃𝜃𝑟𝑟𝑏𝑏−1

|
𝑅𝑅

𝑟𝑟=1
,

𝑏𝑏

N.3.4. EM algorithm 

START 

𝑣𝑣 = 0
While Δ𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 Δ𝜃̂𝜃𝐸𝐸𝐸𝐸 > 1𝑒𝑒 − 06 𝑣𝑣 < 1000

𝑣𝑣 = 𝑣𝑣 + 1
𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝐲𝐲𝑖𝑖𝑖𝑖)

𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝐲𝐲𝑖𝑖𝑖𝑖) =
𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1)𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖|𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1)

𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖)

= 𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1)𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖𝑖𝑖|𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1)
∑ 𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1)𝑝𝑝(𝐲𝐲𝑖𝑖𝑖𝑖𝑖𝑖|𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1)𝐾𝐾
𝑘𝑘=1

.

𝑁𝑁𝑘𝑘 𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1)
𝐽𝐽 × 1 𝛎𝛎𝑘𝑘

 
𝑁𝑁𝑘𝑘 =∑∑𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝐲𝐲𝑖𝑖𝑖𝑖)

𝑇𝑇

𝑡𝑡=1

𝐼𝐼

𝑖𝑖=1
,  

 𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1) = 𝑁𝑁𝑘𝑘
𝐼𝐼 × 𝑇𝑇 , and 
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𝛎𝛎𝑘𝑘 =

∑ ∑ [𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝐲𝐲𝑖𝑖𝑖𝑖)𝐲𝐲𝑖𝑖𝑖𝑖]𝑇𝑇
𝑡𝑡=1

𝐼𝐼
𝑖𝑖=1

𝑁𝑁𝑘𝑘
. 

 

𝐽𝐽 × 𝐽𝐽 𝐂𝐂𝑘𝑘

 
𝐂𝐂𝑘𝑘 =

∑ ∑ [𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝐲𝐲𝑖𝑖𝑖𝑖)(𝐲𝐲𝑖𝑖𝑖𝑖 − 𝛎𝛎𝑘𝑘)(𝐲𝐲𝑖𝑖𝑖𝑖 − 𝛎𝛎𝑘𝑘)′]𝑇𝑇
𝑡𝑡=1

𝐼𝐼
𝑖𝑖=1

𝑁𝑁𝑘𝑘
.  

𝑏𝑏 = 0
Δ𝜃̂𝜃𝑀𝑀−𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 > 1𝑒𝑒 − 03 𝑏𝑏 < 10

𝑏𝑏 = 𝑏𝑏 + 1
𝐹𝐹𝑘𝑘 × 𝐽𝐽 𝛃𝛃𝑘𝑘

𝐹𝐹𝑘𝑘 × 𝐹𝐹𝑘𝑘 𝚯𝚯𝑘𝑘

 𝛃𝛃𝑘𝑘 = 𝚲𝚲𝑘𝑘
′ (𝚲𝚲𝑘𝑘𝚲𝚲𝑘𝑘

′ + 𝐃𝐃𝑘𝑘)−1  

 𝚯𝚯𝑘𝑘 = 𝐈𝐈𝐹𝐹𝑘𝑘 − 𝛃𝛃𝑘𝑘𝚲𝚲𝑘𝑘 + 𝛃𝛃𝑘𝑘𝐂𝐂𝑘𝑘𝛃𝛃𝑘𝑘
′ .  

𝚲𝚲𝑘𝑘 𝚿𝚿𝑘𝑘

 𝚲𝚲𝑘𝑘 = 𝐂𝐂𝑘𝑘𝛃𝛃𝑘𝑘
′ 𝚯𝚯𝑘𝑘

−1 and  

 𝚿𝚿𝑘𝑘 = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝐂𝐂𝑘𝑘 − 𝚲𝚲𝑘𝑘𝛃𝛃𝑘𝑘𝐂𝐂𝑘𝑘).  

Δ𝜃̂𝜃𝑀𝑀−𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
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log𝐿𝐿𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆1
Δ𝜃̂𝜃𝐸𝐸𝐸𝐸 log𝐿𝐿𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆1 Δ𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙

END 

N.3.5. Multistart Procedure 

5 + 10 × 25 = 255
mclust

𝑁𝑁𝑘𝑘
𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1) 𝛎𝛎𝑘𝑘

𝐂𝐂𝑘𝑘

𝚲𝚲𝑘𝑘 𝚿𝚿𝑘𝑘

𝐂𝐂𝑘̃𝑘 = 𝐌𝐌𝑘𝑘𝐯𝐯𝑘𝑘𝐌𝐌𝑘𝑘
−1,  

𝐽𝐽 × 𝐽𝐽 𝐌𝐌𝑘𝑘  
𝐽𝐽 × 1 𝐯𝐯𝑘𝑘 𝐽𝐽 × 𝐹𝐹𝑘𝑘

𝐌𝐌𝑘𝑘,𝐹𝐹𝑘𝑘 𝐹𝐹𝑘𝑘 𝐽𝐽 × (𝐽𝐽 − 𝐹𝐹𝑘𝑘
𝐌𝐌𝑘𝑘,−𝐹𝐹𝑘𝑘 𝐹𝐹𝑘𝑘 × 𝐹𝐹𝑘𝑘

𝐕𝐕𝑘𝑘,𝐹𝐹𝑘𝑘  𝐹𝐹𝑘𝑘 𝐯𝐯𝑘𝑘  

𝚲𝚲𝑘𝑘 = 𝐌𝐌𝑘𝑘,𝐹𝐹𝑘𝑘√𝐕𝐕𝑘𝑘,𝐹𝐹𝑘𝑘 −
∑𝐌𝐌𝑘𝑘,−𝐹𝐹𝑘𝑘
𝐽𝐽−𝐹𝐹𝑘𝑘

𝐈𝐈𝐹𝐹𝑘𝑘  

𝚿𝚿𝑘𝑘 =
∑𝐌𝐌𝑘𝑘,−𝐹𝐹𝑘𝑘
𝐽𝐽 − 𝐹𝐹𝑘𝑘

𝐈𝐈𝐽𝐽,  
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∑ 𝐌𝐌𝑘𝑘,−𝐹𝐹𝑘𝑘 𝐈𝐈𝐹𝐹𝑘𝑘 𝐈𝐈𝐽𝐽

𝐹𝐹𝑘𝑘 × 𝐹𝐹𝑘𝑘 𝐽𝐽 × 𝐽𝐽 𝚲𝚲𝑘𝑘
𝚿𝚿𝑘𝑘

log𝐿𝐿𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆1
log𝐿𝐿𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆1

mclust log𝐿𝐿𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆1

mclust

log𝐿𝐿𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆1
mclust

log𝐿𝐿𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆1

log𝐿𝐿𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆1 𝜃𝜃𝑟𝑟
𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏

𝑣𝑣 = 0

𝑣𝑣 = 15

N.4. Step 2 in lmfa 

𝐰𝐰𝑖𝑖𝑖𝑖 = (𝑤𝑤𝑖𝑖𝑖𝑖1, … , 𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖)
called “modal” state assignment). Thus, the

𝑝𝑝(𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝐲𝐲𝑖𝑖𝑖𝑖) = 1 𝑘𝑘 𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝐲𝐲𝑖𝑖𝑖𝑖)

amount of uncertainty or “classification error” and can be calculated by conditioning the 
𝑝𝑝(𝐰𝐰𝑖𝑖𝑖𝑖 | 𝐬𝐬𝑖𝑖𝑖𝑖𝑖𝑖)

𝑅𝑅𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒
2

lmfa
𝑅𝑅𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒

2 step2()

155045 Vogelsmeier BNW.indd   281155045 Vogelsmeier BNW.indd   281 23-11-2021   14:3423-11-2021   14:34



N.5. Step 3 in lmfa 

𝑝𝑝(𝐖𝐖𝑖𝑖|𝐙𝐙𝑖𝑖) =∑⋯∑𝑝𝑝(𝐬𝐬𝑖𝑖1|𝐳𝐳𝑖𝑖1)∏𝑝𝑝(𝐬𝐬𝑖𝑖𝑖𝑖|𝐬𝐬𝑖𝑖𝑖𝑖−1, 𝐳𝐳𝑖𝑖𝑖𝑖)
𝑇𝑇

𝑡𝑡=2𝐬𝐬𝑖𝑖𝑖𝑖𝐬𝐬𝑖𝑖1

∏𝑝𝑝(𝐰𝐰𝑖𝑖𝑖𝑖|𝐬𝐬𝑖𝑖𝑖𝑖)
𝑇𝑇

𝑡𝑡=1
,  

𝑝𝑝(𝐰𝐰𝑖𝑖𝑖𝑖|𝐬𝐬𝑖𝑖𝑖𝑖)
𝐖𝐖𝑖𝑖 = (𝐰𝐰𝑖𝑖1,𝐰𝐰𝑖𝑖2, … ,𝐰𝐰𝑖𝑖𝑖𝑖)

𝐒𝐒𝑖𝑖 𝐖𝐖𝑖𝑖
𝐒𝐒𝑖𝑖 lmfa

step3()
log𝐿𝐿

lmfa

N.5.1. Likelihood Function 

log𝐿𝐿

log𝐿𝐿𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆3 =∑log(𝑝𝑝(𝐖𝐖𝑖𝑖|𝐙𝐙𝑖𝑖))
𝐼𝐼

𝑖𝑖=1
. ( )

Note that all parameters have been defined before.

N.5.2. Estimation 

msm
msm()

msm() optim()
which performs “general purpose optimization” (

log𝐿𝐿 optim() log𝐿𝐿

?msm ?optim step3()  lmfa
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step3()
msm()

N.5.3. Convergence 

−2log𝐿𝐿

Δ−2𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 = −2log𝐿𝐿𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆3
𝑣𝑣−1 − (−2log𝐿𝐿𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆3

𝑣𝑣 )

Δ−2𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 < 1e − 10 (| − 2 log 𝐿𝐿𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆3
𝑣𝑣 |  + 1e − 10)

N.5.4. Multistart Procedure 

𝐏𝐏

𝐐𝐐
𝐏𝐏 𝐐𝐐

log𝐿𝐿
log𝐿𝐿
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N.6. Statistics 

N.6.1. Number of Free Parameters 

𝑓𝑓𝑓𝑓

 
𝑓𝑓𝑓𝑓 = 𝐾𝐾 − 1⏞  

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

+ 𝐾𝐾 × 𝐽𝐽⏞  
𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖

+ 𝐾𝐾 × 𝐽𝐽⏞  
𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢 𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣

+ 𝐾𝐾 × 𝐽𝐽 × 𝐹𝐹𝑘𝑘⏞      
𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙

 
 

𝑓𝑓𝑓𝑓

N.6.2. BIC 

𝑓𝑓𝑓𝑓 𝑁𝑁  

BIC = −2 × log𝐿𝐿𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆1 + 𝑓𝑓𝑝𝑝 × 𝑙𝑙𝑙𝑙𝑙𝑙(𝑁𝑁),  

 log𝐿𝐿𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆1 𝑓𝑓𝑓𝑓 𝑁𝑁 = ∑ 𝑁𝑁𝑘𝑘𝐾𝐾
𝑘𝑘=1 𝑁𝑁𝑘𝑘

N.6.3. CHull Scree-Test Value 

𝑠𝑠𝑠𝑠 111 

𝑠𝑠𝑠𝑠𝑛𝑛 =
(log𝐿𝐿𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆1,𝑛𝑛 − log𝐿𝐿𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆1,𝑛𝑛−1𝑓𝑓𝑓𝑓𝑛𝑛 − 𝑓𝑓𝑓𝑓𝑛𝑛−1 )

(log𝐿𝐿𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆1,𝑛𝑛+1 − log𝐿𝐿𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆1,𝑛𝑛𝑓𝑓𝑓𝑓𝑛𝑛+1 − 𝑓𝑓𝑓𝑓𝑛𝑛 )
,  

𝑛𝑛 𝑛𝑛
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𝑠𝑠𝑠𝑠𝑛𝑛 𝑛𝑛 𝑛𝑛 − 1
𝑛𝑛 + 1

N.6.4. Explained Variance 

𝐸𝐸𝐸𝐸
𝑆𝑆𝑆𝑆𝑘𝑘 𝐽𝐽

𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1) 𝐾𝐾
 

 
𝑆𝑆𝑆𝑆𝑘𝑘 = ∑ ∑(𝜆𝜆𝑘𝑘𝑘𝑘𝑘𝑘)2

𝐹𝐹𝑘𝑘

𝑓𝑓=1

𝐽𝐽

𝑗𝑗=1
,   

 
𝐸𝐸𝐸𝐸 = ∑ 𝑆𝑆𝑆𝑆𝑘𝑘/𝐽𝐽 ×  𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1)

𝐾𝐾

𝑘𝑘=1
.  

 

N.6.5. Classification Error 

𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖 = 1
𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1 𝑚𝑚, 𝑘𝑘 = 1, … , 𝐾𝐾  

𝑝𝑝(𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖 = 1 | 𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1) =
1

𝐼𝐼 × 𝑇𝑇 ∑ ∑ 𝑝𝑝(𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝐲𝐲𝑖𝑖𝑖𝑖)𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝐲𝐲𝑖𝑖𝑖𝑖)𝑇𝑇
𝑡𝑡=1

𝐼𝐼
𝑖𝑖=1

𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1) .  

𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1)
𝑝𝑝(𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝐲𝐲𝑖𝑖𝑖𝑖)

𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝐲𝐲𝑖𝑖𝑖𝑖)

N.6.6. R-squared Entropy 

𝑅𝑅𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒
2

𝑅𝑅𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒
2 = 𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸(𝐒𝐒) − 𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸(𝐒𝐒|𝐘𝐘)

𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸(𝐒𝐒) = 1 − 𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸(𝐒𝐒|𝐘𝐘)
𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸(𝐒𝐒)  

155045 Vogelsmeier BNW.indd   285155045 Vogelsmeier BNW.indd   285 23-11-2021   14:3423-11-2021   14:34



𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸(𝐒𝐒) = ∑ ∑ ∑ −𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1) log 𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1)
𝐾𝐾

𝑘𝑘=1

𝑇𝑇

𝑡𝑡=1

𝐼𝐼

𝑖𝑖=1
 

𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸(𝐒𝐒|𝐘𝐘) = ∑ ∑ ∑ −𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝐲𝐲𝑖𝑖𝑖𝑖) log 𝑝𝑝(𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖 = 1|𝐲𝐲𝑖𝑖𝑖𝑖)
𝐾𝐾

𝑘𝑘=1

𝑇𝑇

𝑡𝑡=1

𝐼𝐼

𝑖𝑖=1
.

𝑅𝑅𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒
2

 

N.6.7. Wald-test Statistic 

𝑊𝑊𝟐𝟐

𝑊𝑊𝟐𝟐 = 𝜃𝜃𝑢𝑢
′ Σ ̂(𝜃𝜃𝑢𝑢)−1𝜃𝜃𝑢𝑢   

𝜃𝜃𝑢𝑢 Σ ̂(𝜃𝜃𝑢𝑢)−1 
𝑢𝑢

N.6.8. Factor Scores 

𝐅̂𝐅𝑖𝑖𝑖𝑖

𝐅̂𝐅𝑖𝑖𝑖𝑖 = 𝐘𝐘𝑖𝑖𝚺𝚺𝒌𝒌
−𝟏𝟏𝚲𝚲𝑘𝑘𝚽𝚽𝑘𝑘, ( )

with 𝚺𝚺𝑘𝑘 = 𝚲𝚲𝑘𝑘𝚽𝚽𝑘𝑘𝚲𝚲𝑘𝑘
′ .
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