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Finite volume approximation for an immiscible two-phase flow in
porous media with discontinuous capillary pressure®

Konstantin Brenner! Clément Cances? Danielle Hilhorst?

February 21, 2013

Abstract

We consider an immiscible incompressible two-phase flow in a porous medium composed of two different
rocks so that the capillary pressure field is discontinuous at the interface between the rocks. This leads us
to apply a concept of multi-valued phase pressures and a notion of weak solution for the flow which have
been introduced in [Cances & Pierre, STAM J. Math. Anal, 44(2):966-992, 2012]. We discretize the prob-
lem by means of a numerical algorithm which reduces to a standard finite volume scheme in each rock and
prove the convergence of the approximate solution to a weak solution of the two-phase flow problem. The
numerical experiments show in particular that this scheme permits to reproduce the oil trapping phenomenon.

Keywords : Finite volume schemes, degenerate parabolic, two-phase flow in porous media, discontinu-
ous capillarity

AMS Classification : 35K65, 35R05, 66M12, 76M12

1 Introduction

1.1 Multivalued phase pressures

Models of incompressible immiscible two-phase flows are widely used in oil engineering to predict the motion
of oil in the underground. They have been widely studied from a mathematical point of view (see e.g. [1],
[2], [6], [7], [18]) as well as from a numerical point of view (see e.g. [17], [20], [21], [19], [30], [35]). In these
models, sometimes referred to as dead-oil approximations, it is assumed that there are only two phases, oil
and water, and that each phase is composed of a single component.

The governing equations are derived by substituting the Darcy-Muskat law in the conservation equations for
both phases, so that we obtain for each phase o € {0, w} (o0 corresponds to the oil phase, while w corresponds
to the water phase):
) ko(s
P0:Sq — div <KO‘(O‘) (Vpa — pag)> =0, (1)
Ho
where ¢ = ¢(x) is the porosity of the rock (¢ € (0, 1) in the domain ), s, is the saturation of the phase «, the
permeability of the porous medium K is supposed to be a positive scalar function, the relative permeability
k. of the phase « is an increasing function of the saturation s,, satisfying k,(0) = 0 and ko (1) = 1, fta, Pa
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and p, denote respectively the viscosity, the pressure and the density of the phase a, and g is the gravity
vector. Assuming that the two phases occupy the whole porous volume, one has

So + 8w =1, (2)

so that we can eliminate the water saturation. We note s := s,, so that s, =1 — s.

We suppose that the phase pressures satisfy the relation
Po = Pw = 77(80)7 (3)

where 7 is the capillary pressure function, which is strictly increasing on (0, 1).

It follows from [16] and [1] that the quantity

T
> /O /Q Kko‘liza)(Vpa)dedt (4)

ac{o,w}

is bounded. However, when the phase a vanishes, i.e. when s, = 0, this does not provide any control on the
pressure p,. This leads to define p, as a graph, allowing it to take any value lower than a threshold value,
for which the phase « would appear. This point of view, which has been developed in [16], leads to

Po € [_Oova + "T(O)} if s,=0 (5)
and

Puw € [-00,po —m(1)] if s, = 1. (6)
We will take advantage of this multivalued formalism in order to deal with the case where the porous medium

is composed of several rock types, and where the functions describing the porous medium depend of space in
a discontinuous way.

Following the approach of [10] and [15], the capillary pressure function s +— 7(s,x) has to be extended into
a maximal monotone graph 7(-,x) from [0, 1] to R defined by

[— oo, 7(0,x)] if s=0,
7(s,x) =< 7(s,x) if s € (0,1),
[7(1,%x),+00] ifs=1,
so that the relations (5) and (6) imply that
Po(X,t) — pu(x,t) € T(s(x,t),x) for (x,t) € 2 x (0,T). (7)

Note that relation (7) does not enforce a unique value for the phase pressures. Nevertheless, if s, (x,t) > 0,
the corresponding phase pressure p, (X, t) is uniquely defined since it is controlled by the quantity (4).

Now, focusing on the case where x — 7(s,x) is discontinuous across a surface I' separating two rocks
and g, the problem turns to finding phase pressures on the interface such that the relation (7) is satisfied
on both sides of I'. Denoting by 7; the capillary pressure graph in 2; and by s; the one-sided trace of the
saturation on I' from €Q;, then the phase pressures have to satisfy

Do(X,t) — pu(x,1t) € T1(s1(x%, 1)) N7Ta(s2(x,t)) for (x,t) € ' x (0,T). (8)

We stress that the one-sided traces p,; of the phase pressure p, (if it exists) can be discontinuous across
I, ie. Pa,i # Pa2, if 54,5 = 0 on one side of the interface. However, there exist interface phase pressures
Pa(x,t) for x € T" such that (8) holds. It is important to notice that, for x € T', if s4,1(x,t) and sq.2(x, 1)
both belong to (0, 1], the phase pressure p,(x,t) corresponds to the trace of the phase pressure p, on both
sides of the interface.

Finally, we prescribe the balance of the flux across the interface, i.e.,

> Kkau(ES) (Vpate, = pag) mi=0 onT. )
i€{1,2}

where Palq, denotes the restriction of p, to the domain €2;, n; is the normal to I' outward w.r.t. ;, and K;
denotes the permeability of €;.



1.2 A brief review of the state of the art

Since discontinuous capillarity play a crucial role in the qualitative behavior of the saturation field in het-
erogeneous rock, numerous contributions have already been published for proposing numerical methods and
mathematical analysis tools on this subject.

In particular, as pointed out by C.J. van Duijn et al. [38], such capillarity discontinuities may be responsible
of oil-trapping. The first rigorous existence and uniqueness results in the one dimensional case has been
proposed by M. Bertsch el al. [8] for a particular choice of functions characterizing the porous medium. This
existence and uniqueness frame was extended to general physical data in [15] and [11], but still in the one-
dimensional frame, relying on the graph extension of the capillary pressure. Note that this graph extension
was simultaneously and independently proposed in [10]. The concept of multivalued phase pressures, based
on the graph extension of the capillary pressure, allowed to prove the global existence of a solution to the
problem [16].

Concerning the numerical approximation of the solution to the problem, let us mention first the contribution
of B.G. Ersland et al [25] where a method based on the characteristic method combined with Finite Elements
was proposed. In [23], G. Enchéry et al. proved the convergence of a Finite Volume scheme for a simplified
model reducing to a single equation, but the convergence proof was performed in the multidimensional
case. It was then shown in [11] that, in the one-dimensional case, and accounting the convection, a closely
related scheme converges towards the unique one-dimensional solution to the problem. In [29], R. Eymard et
al. studied general Finite Volume method based on a pressure—pressure formulation. The convergence of
the method was proved under a non-degeneracy assumption. A numerical method based on Mixed Finite
Element was developed by H. Hoteit and A. Firoozabadi [34], while a Discontinuous Galerkin method has
been proposed by A. Ern et al. [24], and its effective implementation was discussed in the contribution of I.
Mozolevski and L. Schuh [36]. As far as we know, our contribution is the first one where the convergence of
the numerical approximation is proved without particular assumption, like non-degeneracy or reduction of
the model to a single equation.

In their recent contribution [3], B. Amaziane et al. studied the case of a compressible two-phase flow. Another
model enrichment, that consists in taking the dynamic capillary effects into account, has been studied in [32],
[33], where numerical strategies are proposed for solving the degenerate pseudo-parabolic corresponding
problem. Finally, let us mention the contribution of A. Papafotiou et al. [37] where a node centered Finite
Volume method was built in order to take the hysteresis into account.

Finally, since the effects of the capillary diffusion are often negligible within the homogeneous rock, several
contributions have been proposed for computing the vanishing capillarity solution. Let us mention in partic-
ular the contributions [12], [13], [14], where it has been established that the interaction between buoyancy
and capillary pressure discontinuities can produce singular effects yielding oil trapping. In the recent contri-
bution [5], it has been pointed out that, even if the capillarity seems to be neglected in the so-called vanishing
capillarity regime, the capillary pressure curves have a strong influence on the behavior of the solution. A
“cheap” Finite Volume scheme was proposed in [4] for simulating the vanishing capillarity solution in the
multidimensional context.

1.3 The model problem and assumptions on the data

We assume that the porous medium (2 is a connected open bounded polygonal subset of R%, and is made of
two disjoint homogeneous rocks €);, i € {1,2}, which are both open polygonal subsets of R. We denote by
I" the interface between €7 and o, i.e.

T =00, NoNs.

For all functions a depending on the physical characteristics of the rock, we use the notation a; = a(-,x) if
X € 97



We assume that the initial phase distribution is known
8], = S0 € L>(;[0,1]). (10)
We also assume the natural boundary conditions

K,»M (Vpa — pag) -m; =0, on (0Q2N0Q;) x (0,T), (11)

(03

where the positive constant T is fixed but arbitrary. Nevertheless, it should be possible to deal with other
types of boundary conditions, such as Dirichlet conditions on a part of the boundary and Neumann conditions
on the remaining part.

We make the following assumptions on the capillary pressure functions.
Assumption 1 The functions m; are increasing, locally Lipschitz continuous on (0,1), and belong to L*(0,1).

Their graph extensions, denoted by 7;, are defined by

[— o0, m(0)] ifs=0,
7i(s) =< mi(s) if s €(0,1),
[m:(1),400] ifs=1.

Since 7; are maximal monotone graphs from [0,1] to R, they admit maximal monotone inverse graphs 6;
from R to [0, 1], defined by
if p S Yy (0)7

0
0i(p) == = '(p) ifpe (m(0),m(1)),
1 it p > m(l).

Due to the fact that m; are supposed to be strictly increasing, the graphs 6; are in fact nondecreasing
continuous functions defined from R to [0, 1]. The following property holds:

0:(p) =s it pem(s). (12)
Therefore, at the interface I', one has
m e (s1)NTa(se) iff  s3=01(7) and sy = Oa(7). (13)
The relations (13) are illustrated on Fig. 1.

We now state another crucial property of the functions 6;, whose proof is given in [16].

Lemma 1.1 It follows from Assumption 1 that

0; € L'(R_) and (1—6;) € LY(Ry), ie{1,2}.

We do also the following assumptions on the relative permeabilities.

Assumption 2 For a € {o,w}, the relative permeabilities ko ; of the phase o are the strictly increasing
Lipschitz continuous functions of the saturation sq, satisfying kq(0) =0 and ko (1) = 1.

The last assumption on the data we need concerns the Kirchhoff transform function, the will be introduced
in Section 1.4.

Assumption 3 Fori € {1,2}, the function s — ko ;($)kyw. i(s)m(s) belongs to L>(0,1).

All along the paper, we denote by Q7 and Q; 7 the space-time cylinders

QT =0 X (O,T), QLT = X (O,T)



satnration

Figure 1: The capillary pressure graphs m; are obtained by extending the capillary pressure functions m; by
adding them the semi-axes [—oo, m;(0)] and [m;(1), +00]. At the interface I', to each capillary pressure level 7
correspond two values s; = 0;(m) that are the one-sided traces of the saturation on both sides of the interface.

1.4 Global pressure formulation of the problem

The lack of control on the phase pressures, described in Section 1.1 and in [16], leads to important math-
ematical difficulties. A classical mathematical tool to circumvent some of them consists in introducing the
so-called global pressure P as a new unknown function.

ko,i(s) kw,i(s)

+ . Since the relative permeabilities k, ; are

w

Define the total mobility M; by M;(s) = K; (
supposed to be strictly monotone, one has kq ;(s) > 0if s € (0,1). As a consequence,

there exists aps > 0 such that, for ¢ € {1,2}, and for all s € [0, 1],

one has M;(s) > ayy. (14)
Then, for (x,t) € Qr; and m € 7;(s(x,1)), we set
_ T ko,i(0:(a))
Pt = plst+ [ gt o s (Or(a) 19)
- B & kw,i 91 a)) a
= )= [y e ey (0r(a) (o)

The global pressure P is built so that it satisfies

M;(s)VP =K, (kol:(s) Vpo + kw’i(S)pr> :

o w

While the phase pressures p, shall be defined as multivalued, it has been pointed out in [16] that the global
pressure P is always single valued (despite it seems to be defined up to a choice of 7 € 7;(s)), and is therefore
much easier to work with. Remark that P may however be discontinuous at the interface I'. It is well known



that in the case where the domain 2 is homogeneous ([17]), or if x — 7(s,x) is a smooth fonction ([7], [18]),
then the global pressure belongs to the space L°°(0,7; H'(Q2)). This regularity result does not remain true,
as it will be shown in the sequel, in the case of a discontinuous capillary pressure.

Let us define the fractional flow function f;(s) = o )k_il,(f)k B) and introduce the Kirchhoff trans-
0,i(S o Rw S

Hw

° ko,i(a)kw,i(a) /
wi(s) = / K; . . mi(a)da, Vs € (0,1), (17)
0 Hwko,i(a) + pokuw,i(a)
that we extend in a continuous way by constants outside of (0,1). It follows from Assumption 2 that
the functions f; are Lipschitz continuous and increasing on [0, 1], with f;(0) = 0 and f;(1) = 1. Moreover,
Assumptions 1, 2 and 3 imply that the functions ¢; are 1 and 2 that the functions ¢; are Lipschitz continuous
and increasing on [0, 1].

form

It is well known (see [17]) that the system (1)—(3) can be formally rewritten in @; 7 under the form

$i0¢s + div (fi(s)q; +7i(s)g — Vi(s)) =0,
divg; = 0, (18)
q; = —M;(s)VP + (i(s)g,

where o s(5) o (5)
0,i\S)Rw,i(S
Yils) = K1 o — Pw - - 19
(s) (Po—p )kam(s) ok (®) (19)
e Foa(s) . Kua(s)
0,i\S w,i\S
Gi(s) = K; ( Po + pw> .
Mo Haw
The boundary conditions on the phase fluxes (11) are given by
qi-n; =0, (fi(s)di +7vi(s)g = Vi(s)) -m; =0, on (002N 0Q;) x (0,T). (20)

Concerning the transmission conditions on the interface I', we look for two phase pressures so that the
relation (7) holds. This leads us to require the existence of a capillary pressure 7 such that

S 7?1(81) n 77'2(82), (21)
P17W1(7T):P27W2(7T), (22)

where

Wi(p) = /Op fio0;(u)du.

In view of (15), the function W; is such that P — W;(w) = p; for any m € 7;(s). Therefore, Eq. (22) is
nothing but the requirement of the continuity of the water pressure in an extended sense. Indeed, if s; and
s2 both belong to [0, 1), water is present on both sides of the interface, and (22) requires the continuity of the
water pressure. But if s1 or sg is equal to 1, then (21)—(22) only enforce the existence of an interface water
pressure such that (8) holds. By adding 7 (given by (21)) on both sides in (22), we deduce from (16) that
the continuity in the same extended sense of the oil pressure is also required by the system (21)—(22).

The conservation of the total mass and of the oil mass give

> @-ni=0 onT, (23)
ie{1,2}

> (fil9)a +7i(s)g — Vepi(s)) -mi =0 onT, (24)
i€{1,2}

where n; denotes the outward normal to I with respect to ;.



Since the global pressure P is defined up to a constant, we have to impose a condition to select a solution.
Let mg, (P)(t) denote a mean value of a global pressure in the subdomain 4

ma, (P)(t) := m(IQi) Q

P(x,t)dx for i € {1,2}

We impose that
ma,(P)(t) =0, forae. te(0,T). (25)

The global pressure jump at the interface is fixed by the relation (22), so that the mean value mgq,(P) of P
on 29 is locked by (25).
We now define a weak solution of Problem (18)-(25).
Definition 1.1 We say that a function pair (s, P) is a weak solution of Problem (18)-(25) if:

1. s € L>®(Qr;[0,1]) and ¢;(s) € L*(0,T; H*(Q));

2. P € L?(0,T; H()), with mgq, (P)(t) = 0 for almost every t € (0,T);

3. there exists a measurable function m on T’ x (0,T) such that, for a.e. (x,t) €T x (0,T)

e 7?1(81) n 77'2(82), (26)
—Wl(ﬂ'):PQ—WQ(ﬂ'). (27)

4. for all ¢ € C° (2 x [0,T)), the following integral equalities hold:

/ > / qi - Vipdxdt = 0, (28)

i€{1,2}
and
T
/ /qﬁs@twdxdt—t—/ dsot(+,0)dx
o Ja Q
T
= [ X [ (o)t + Tals) - Veaxds, (20)
0 jeq1,2y 7%
where

qi = —M;(s)VP + (i(s)g.

We will use several time the following lemma, which ensures that the global pressure jump P; — P, at the
interface belongs to L (T" x (0,T)).

Lemma 1.2 The function p — Wi(p) — Wa(p) belongs to C1(R;R), is uniformly bounded on R and admits
finite limits as p — Foo.

Proof: Define

/ﬂﬂoe<r4wm ifp >0,
Wip) = (30)
/ f7.09 1fp<0,

therefore Wi (p) — Wa(p) = W, (p) — WQ( ). Hence, we _deduce that if Wl( ), Wg(p) have finite limits for

p — o0, then Wi — Ws also does, since f;(1) = 1. Since Wl, Wg are nonincreasing functions, it only remains
to check that they are bounded. Let p > 0, then

0> Wiy /\ﬂoﬁ £i(1)|dp

2 sz/ 0:(p) — 1ldp > —Ly,[|0; — 1|11 r,)-



Similarly, for p < 0, one has e

Oill L1 (r_)-
We conclude the proof of Lemma 1.2 by applying Lemma 1.1. |

2 The Finite Volume approximation

2.1 Discretization of Qr

Definition 2.1 An admissible mesh of Q is given by a set T of open bounded convex subsets of Q called
control volumes, a family € of subsets of Q0 contained in hyperplanes of R with strictly positive measure, and
a family of points (Xx)keT (the “centers” of control volumes) satisfying the following properties:

1. there exists i € {1,2} such that K C Q;. We note T, ={K € T,K C Q;} ;
2. Uger, K =Q;. Thus, Uper K =9Q;
3. for any K € T, there exists a subset Ex of £ such that 0K = UaesK G. Furthermore, € = Jycr €k ;

4. for any (K,L) € T? with K # L, either the “length”(i.e. the (d — 1) Lebesque measure) of K N L is 0

or KNL =73 for some o € £. In the latter case, we write o = K|L, and

° gi = {0' S 5, H(Ka L) S T27 g = K‘L}; gint =& UgQ; EK,int =&k mgim”

° gext = {0 65, o C 89}7 gK,ext :(-C:ngext;
o & = {0’65, H(K,L) €T x 71, U:KIL}, EK,F:gKﬁgF;

5. The family of points (xx)xer is such that xx € K (for all K € T) and, if o0 = K|L, it is assumed
that the straight line (xy,xr) is orthogonal to o.

For all o € &, we denote by m(c) the (d — 1)-Lebesgue measure of 0. If o € Ek, we note dx » = d(xk,0),
and we denote by Tk » the transmissibility of K through o, defined by Tk , = %. If o = K|L, we note

,o

dr,r = d(XK,x1) and T, = ;ZEUL) The size of the mesh is defined by: ’

size(T) = max diam(K),

and a geometrical factor, connected with the reqularity of the mesh, is defined by

- m(a)dK,L
regM=max| >, — o=
0=K|LEEK int

Remark 2.1 One can see the spatial discretization introduced above is an admissible mesh in the sense of
[26]. In addition we assume that it resolve the interface T'. We illustrate this definition thanks to Figure 2.

Definition 2.2 A uniform time discretization of (0,T) is given by an integer value N and a sequence of

real values (t")neqo,...Ny- We define 5t = NLH and, Vn € {0,..., N}, t"* = ndt. Thus we have t° = 0 and
tN+1 =T.

Remark 2.2 We can easily prove all the results of this paper for a general time discretization, but for the
sake of simplicity, we choose to only consider uniform time discretizations.



Figure 2: In Definition 2.1, we assume both a classical orthogonality solution in the sense of [26] and the fact
that the interface I' is made of a union of edges.

Definition 2.3 A finite volume discretization D of Qr is a family
D= (Ta ga (XK)KGTv N, (tn)ne{o,...,N})’

where (T,&, (XK )xer) is an admissible mesh of Q1 in the sense of definition 2.1 and (N, (t")neqo,....n}) 5 @
discretization of (0,T) in the sense of definition 2.2. For a given mesh D, one defines:

size(D) = max(size(T), ot), and reg(D) = reg(T).

2.2 Definition of the scheme and main result

For K € T;, we denote by gk (s) = ¢i(s) for all function g whose definition depends on the subdomain ;, as
for example ¢;, ;, M;, f;, W;,.... For a function f: R — R and for (a,b) € R? we denote by R(f;a,b) the

Godunov flux ) e i )
. _ M eelq,p] J\C if a <0,
R{f;a,b) = { maxcep,q f(c) ifb<a. (31)

The total flux balance equation is discretized by

> me)QEt) =0, Wne{0,...,N},VK €T, (32)
occlk
with u o
MisCRsl) (P~ Pp) + 2, o = KIL € £k
Qo= Ml (pp—pp )+ 2y,  ifoeékr, (33)
0 if o S gK,extn

where My 1 (s%h, s%TY) = My g (s71, 8% is a mean value between Mg (s%') and My, (s}*). For exam-
ple, we can consider, as in [35], the harmonic mean
n+1 n+1
M (sk )Mk (s7 )dr,1

My (s sl = . 34
) = O M (i) + o M5 (34

The quantity Zj , is an approximation of (k(s)g - ng, at the interface . We set

Cr(s%)dr,e + Cr(sT)dKk o
ZK = dr,r
(k(s%)8 Ngo if o €&k,

g NKg o ifO':K|L€8K’i,



where ng , denotes the outward normal to o with respect to K.

Remark 2.3 Let us briefly justify the choice of the definition (33) of Q%+ in particular the discretization of
M. For the sake of simplicity, we neglect the gravity, despite our purpose can be extended to the full problem.
Assume that all the fluxes are discretized by following the formula

Mg (s%
QTIL(,O': CI;( K) (Pf’réip}},o)ﬁ
K,o

with the continuity condition Py , = Pp , for o = K|L € &;. Then, prescribing the conservativity of the
scheme, i.e.,

Qo+ QLo =0,

we recover the formula
_ My 1(s%, sT) (

Qk,o = Pg - Pr),

dr,1

where M (s, s7) is given by the formula (34).

The oil-flux balance equation is discretized as follows:

n+1

P i

s om(K) + ) m(e)Flt =0, (35)

o€k

with
oK (sk) — pr(s7)
dr,1

Sn _ Sn
¢k (sk) — pr (k) ifo e Exr (36)

Ko [k o) + R(GK o3 8%, 8T) + if o = K|L € &k i,

n —
FK,U_

QTIL(,U fK (g?(,o') + R(GK70'7 5?(7 s?{,o’) +
0Oif o € gK,exty

dK,cr

where Gk »(s) = Yk (s)g - Nk, and E}?'Ul is the upwind value defined by

1 : 1
st QR >0,
sl =1q 1T i Q) <Oand 0 = K|L € £k, (37)
SnK+01 if Q’};ro_l <0ando € &k r.

The interface values (s?(f;,szzl,P}};l,szl) for 0 = K|L € &r are defined by the following nonlinear
system. For all 0 = K|L € &, for all n € {0,..., N}, there exists 77"! € R such that

my € T (s, ) NFL(sEh), (38)
P;};l — Wk (W;Hrl) _ Pf,ttl — Wy (W;Hrl) 7 (39)

Kla +QLL =0, (40)
Fptl+ Fptt =o. (41)

In view of relations (13) and (38), given a value of 7721, the values of the interface saturation s}‘f; and sztfl
are given by
sk = Ok (my ™), sphl=00(n0"). (42)

o

We illustrate the localization of the unknowns of the unknowns on figure 3.

Moreover, we impose the discrete counterpart of the equation (25), that is, for all n € {0,..., N},
> m(K)PEtt =o0. (43)
KeT,
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Figure 3: In the scheme, we use cell unknowns (s, Pj) corresponding to the saturation and the global
pressure as well as interface unknowns (77, Pg .. Pr. ) corresponding to the capillary pressure and the one-
sided global pressures. From the capillary pressure 77, we reconstruct one-sided saturations thanks to (42).
As it will be noticed in the sequel, the interface global pressures P  and PJ'  can be eliminated thanks to
the linear system (39)—(40).

We will show below in Section 2.3 that the system (38)-(41) possesses a solution. We denote by X (D, ) the
finite dimensional space of piecewise constant functions up defined almost everywhere in Q; v having a trace
on the interface T, i.e.

X(D,i) = {uD’i :Qir — Rst. forall (K,o,n) €T x& x{0,...,N},
up,; is constant on K x (¢",#" '], up ; is constant on o x (75";75"Jr1)}7

and by X (D) the space of the functions up whose restriction (up),

solution (sp, Pp) € X(D)? of the scheme by

- belongs to X(D,4). We define the
i T

sp(x,t) = sy, Pp(x,t) = Ppttif (x,t) € K x (¢, t" 1],
and, for x € 0 = K|L C T for some K € Ty, L € Ty, for t € (t",t"+1), the traces

5D, (x,t) = s}"(t,l, 5Dy, (x,t) = sfgl.

In this paper we prove the following convergence result.

Theorem 1 Assume that Assumptions 1 and 2 hold. Let (D,y,),,, be a sequence of admissible discretizations of
Qr in the sense of Definition 2.3, then for allm € N, there exists a discrete solution (sp,,, Pp,,) € X(Dm)? to
the scheme. Moreover, if lim,, o size(Dy,) = 0, and if there exists ( > 0 such that, for all m, reg(Dy,) < ¢,
then up to a subsequence, sp,, converges, towards s € L (Qr;[0,1]) in the LP(Q) topology for all p € [1,00),
Pp,, converges to P weakly in L*(Qr), where (s, P) is a weak solution of Problem (18)-(25) in the sense of
Definition 1.1.

2.3 The interface conditions system

Define, for all 0 = K|L € &p, for all m € {0,..., N},

Pyttt o= Pt = Wi (1) = PLit = Wi+, (44)

g
and

fole (Mg 1) = o (PR = PPN (™) = Wi (mg ™) + Zi (45)

11



where ot = % Then, the balance of the fluxes on the interface (40)—(41) can be rewritten as
Qn-',-l( n+1) Qn+1( n+1) 0 (46)
Qi) e (St + QpH (mah o (i )
R(Gro3 85 0k (15 ™1) + R(GLos s, 00 (5 ) (47)
+<PK(S?<+1) P 0 Ox (g ™) pr(sp) —probu(mgtt) _
dK,J dL,a' ’
where _ _ -
s = K e = (19)
Ox(p) if Qk,(p)<0.
We deduce from (46) that
prst _ Ok(PRT = Wie(mpth) + Oé”H(PELH — Wi(mg™h))
o n+1 -|—Ot (49)
Zko+ 27,
n+1 +an+1
and thus that
1 0‘?(“042“ 1 1 1 1
Qn+ ( n+1) — m (P;é-&- _P£L+ _ WK(W;H' )—I—WL(T&';H' ))
(50)

n+1 n+1
ZK ») — Qg 27 o

n—i—l + OZn+1

As a direct consequence of Lemma 1.2, Q"H belong to C*(R;R) and admits finite limits as p — 4-o0.

Denote by
Vit p) = QR0 (fxGrop) = f1(5L,0 (1))

R(Gro; 85 0k (D) + R(GLois7T,00(p))

or (si) — o o (p) N or(sit) —prom ! (p)

* dK,a dL,o‘

9

then V¥, is continuous on R.

Lemma 2.1 Let (s}t s"1) € [0,1)2, there exists 727! € [min; m;(0), max; 7;(1)] such that W7+ (72+1) =
0.

Proof: From the definition (48) of ET}Q'UI (p), since limy, _ i, =,(0) Ok (p) = 0, and since QT}(“'; (p) admits a limit
as p — min; m;(0), one has

Q) () - fuGE @) 2 0

and also

lim  R(Gumo;sh ' 0m(p)) = max Guo(s) >0,  with M e {K,L}.

p—min; 7;(0) s€[0,s]

This yields that

n+1) (Sn+1)
m wrti(p) > SRR ) el
p—>milnr?7'ri(0) 7 (p) B dK o dL70' N

One obtains similarly that lim U1 (p) < 0. One conclude thanks to the continuity of ¥+, O]

p—max; 7;(1)

12



Proposition 2.2 Let 0 = K|L € &r, and let ( nrl ”H P"+1 P”H) € R*, then there exists a solution

(772”‘1 STIL(+;,$L+1 PQEI,P"H) € [min; m;(0), max; 7ri( )] [0,1]2 x R? to the nonlinear system (38)—(41).

Proof: Let m"*1 € R be a solution of the equation W2*!(72+1) = 0, whose existence has been claimed in

Lemma 2.1. Flrstly, defining s”+1 = () and S"H := 7 H(72+1), one has directly that

Ve fg (sKU) N 7TL(37L’+01).

As it was noticed in Lemma 1.2, the function p — Wk (p) — Wr(p) is uniformly bounded. In view of (44) and

(50) the values P”t_l and P}fg_l are also finite. It is now easy to check that (w;‘H 87;;;_17 s LH P}étfl, Pf’ffl)

is a solution to the system (38)—(41) thanks to the analysis carried out above.

3 A priori estimates and existence of a discrete solution

3.1 L>*(Qr) estimate on the saturation

Proposition 3.1 Let (sp, Pp) be a solution to the scheme (32)—(43), then

0<sp<1l ae inQr. (51)

Proof: 'We will prove that for all K € T, for all n € {0,..., N},
sl < 1.
The proof for obtaining s?jl > 0 is similar.

Using the definition (36) of F}éj;l, one can rewrite (35) under the form

+1 +1 +1 +1 —
i (55 55 (65 e - (00) L, (@R10) ) =0 (52)

n+1 n+1

where Hp is non increasing with respect to s’%, (sL )LENK , ( SK.o . Making use of the notations

)UGSKI
aTh = max(a,b), we obtain that

n+l _n n+1 n+1 n+1
Hi ( ST (T, s (5K70T1>U€£m (i) e ) <0,
We remark that for all K € 7 and for all s € [0,1] one has

Z m(o)G g o(s) = 0. (53)

o€k

Combining (53) and (32) we have

Hy (17 L, (I)LENK ,(1)[,65“. ’ (Q?(Jr"l)oes ) =0

Hence, using once again the monotonicity of Hg, one obtains

n n+1 n+1 ntl
Hy <1’5K—|—17 (SL TI)LENK , (SK’O-TI)JGEKF ) (QKJ)”E&() <0.

Since aTb is either equal to a or to b, one has
n+1 n+1 n+1 n+1
Hy ( TLsETL (3T, (SKJTl)aesK,F : (QKJ)UE&{) <0. (54)
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Next we remark that for any o = K|L € &p, the equation (41) can be written as

H [ gntl g+l (Sn+1) ( n+1) —0
T\E L UM e ny T UM ek

Thanks to (40) and using ~;(1) = 0 for ¢ € {1, 2}, one has

+1 =
H, <1, 1, (1)Me{K,L} ) (Q%’“) Me{K,L}> B
We remark that H, is non decreasing with respect to s%" ', s7*!. Furthermore, since 571\7; = Oar(my ™) for

M € {K, L}, we obtain that sﬁ; € [0, 1], implying that S’AL/;T;Tl = 1. Hence, we deduce that

H, (s?(ﬂﬂ, shHIT, (s’](jf;Tl) Me(k.L}’ (Q’jﬁ)Me{K L}) > 0. (55)

Multiplying (54) by 6t and summing over K € 7 provides, using (55) and the conservativity of the
scheme,

D ol =) m(K) < ) br(sk — 1P m(K).

KeT KeT

Since sg € L*>®(Qr;[0,1]), s% € [0,1] for all K € 7. A straightforward induction allows us to conclude.
O

3.2 Energy estimate

Definition 3.1 We define the discrete L2(0,T; H*(;)) semi-norm of an element up € X (D, i) by

|up|%7i = Zét Z TKIL (u"K+1 — qu)Q + Z(St Z Z TKe (u"K+1 — u"K+(f1)2

n o=K|L€EE; n KeT, 0€€k,r

In what follows we prove the following energy estimate.

Proposition 3.2 There exists a positive constant Cy, depending only on data, such that

> (IPplp +le(sp)[p,) < Ci. (56)
i€{1,2}

Let us first establish some technical results.
Lemma 3.3 The following inequalities hold:

o for all 0 = K|L € &y,

Wi (5500 (rae(sic™) = mu(s5) = QU (Wie(mae(s57) = Wame(s571) s (57)
o forallo € Exr,
Qi e (33) (mac (S5 = 7)) = QY (Wie(mae(s3)) = Wie (™) (58)

Proof: Since fi o0k is a non decreasing function, then function Wi : p — fop frx o0k (a)da is convex, so
that for all (a,b) € R?,

fr 00x(a) (b—a) < Wk(b) = Wk(a) < fx o0k (b) (b—a).
The inequalities (57) and (58) follow from the definition (37) of E?{t‘;, from the property (12) of 0k, and from
the fact that 7 = 7y, and W = Wy, if K|L € Eips. O

14



Lemma 3.4 Let us define
OK,0(p / Gr.o (Ox(r))dr (59)

for all K € T and o € Ex. Then, the following estimates hold:
o for all o = K|L € &y,

R(Groisic st ) (mr(si) = mn(sE™)) 2 Gro (i (5%7)) = Gro(m(sT ™)) (60)
o for all o € £k r,

R(Groisi s ske) (Mr(si) = m0"Y) 2 Gra (i () = Gra (mg ™). (61)

Proof: For any a,b € R one has
R(Cre o 05c(a). 05 (b)) (a — b) = /b "G (B (p)) dp
n /b "R (Grei 05c(a), 05(5)) — Crcr (Brc(p)) dp. (62)

We only have to remark that in view of (31) the last term in the right hand side of (62) is positive, and that
7wk = 7, and O = 0r, in the case K|L € &y O

Lemma 3.5 For all K € T, for alln € {0,...,N} and for all o € Ex r, one has
(prlsi™) = o (55 (raclsi™) = mit)

> (or(si) = (3 ) (mae(sic) = e (s5)) (63)

Proof:  Assume that S”Jrl € (0,1), then ﬁ'K(S?{Jr;) = {rk (s’};rgl)}, thus the inequality (63) is in fact an
equality (see Figure 1). Assume now that 5}?‘1 = 0, then 77! < WK(S?(JFC}) < (s, and (s "+1) <
o (s%h). The inequality (63) follows. Similarly, if S"H 1, then 72+ > 7x (s’}f;) > (s T[L{H), and
@K(s’}(f) > px(s)t), leading also to (63). O

Proof of Proposition 3.2: Multiplying the equation (35) by tmg(s%!) and summing over K € 7 and
n € {0,..., N} yield, after reorganizing the sum,

A+B=0, (64)

where

A:ZZWWHWWSWML

n=0 KeT
N
B = Z5t Yo mlo)Ft (rr(sith) = mr(sE™))
n=0 o=K|LEEn
+Z§t2 > mlo)F (i (st -t
= KeT oe€k,r

where we have used (41). The definition (36) of F}?;l gives

B = B, + By + Bs, (65)
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where

By = Z& Y. mO)QK, i) (i) — m (7))

n=0 o=K|LEEint
+Z<5t >0 ml@)QR () (e (si ) — it
n=0 Ke7T o€k r
B, = Zét > mORGre sy s (mr (i) — i (sp)
n=0 o=K|LEEint
+Z&Z S mOVR(Gre i s D) (e (55 — ).
n=0 KeT oefk
By = Zét S rrr (er (5T = ox (7)) (mc (s — mre(s7H)
n=0 U'_KlLEgint
Zét S e (el — oD (i) = mt)
n=0 KeT oc€lk

It follows from Lemma 3.3 that

N
By > Yoot Y mle)@Ql (Wielm (i) = Wic(mre(sgH)))

n=0 U*K‘LGS;M

+Z6tz > mo)Qi (Wk(mw(sith) = Wi (my ™)) .

= KeT o€€k,r

Multiplying the equation (32) by ot (Pp" — WK(WK(S?(H))) and summing over K € 7 and n € {0, ...

yields, after reorganizing the sum and using (39) and (40),

N
Yoot Y mQE (PRt - Pt

n=0 G'_KlLegint

=+ Z(Stz Z n+1 Pn+1 P}Etrl)

= KeT o€k r

:Z‘St S me)QE) (Wi (rk (i) = Wi (mx (7))

n=0 o=K|LEEnt

+ z oty Y m@Ri (Wilmk(si ) = Wi (math)).

n=0 Ke7T o€fkr
Therefore, using the definition (33) of Q% ,, we deduce that
B1 > By + Bs,
where

N
Z 6t Z m(U)MK L (Pn-‘rl P£1+1)2

d
n=0 o=K|LEEn: KL

Sy ¥ MM gy

n=0 K7 o€€k r

16

NV}

(66)



and

N
=376t Y m(o)zp (P — P

n= 0 o= KlLegmt

(67)
S S e (- )
n=0 KeT o€€k
Using (14), i.e. the fact that for all s € R, M;(s) > aps > 0 we obtain
By>ay Y |Polp,. (68)
ie{1,2}
The Cauchy-Schwarz inequality applied to the right hand side of (67) implies
1
S (0) 2
m(o
Bs| < Eie (Y 0t > y (Pt — prtly?
n=0 J:K‘LEE;M K.L
1
2
Z Y Y M|
n=0 KeT O'ESK T Ko
where
n 22
znt Z 5t Z m(a)deL (ZK,G)
n=0 o= K|L65im
and
“S S S mloks (7h)
= KeT o€k r
Therefore we deduce that,
Bs < T|g\ d Z ||Cz||L<x>((o 1)) Z |PD|2D,i7 (69)
1€{1,2} 1€{1,2}
where d stands for the dimension of . Combining (66), (68) and (69) one has
Bizaw Y Polb,— (3TlePd Y m@)Iceony | | X 1Polbi) - (0)
1€{1,2} i€{1,2} 1€{1,2}
We now will show the estimates on the term By. Using Lemma 3.4 we have
N
By, > Z ot Z m(0) (Gro (T (s%1)) = Gr.o (T (s7T)))
n= 0 o=K|LEEn (71>

+Z§t > mlo) (Gko (rr(sE) = Gro (7))

n=0 Ke7T o€fk,r

Recombining terms we obtain

By >Z5tz > m(0)Gk.o (T (si))

= KeT Exk int
+ Zét > mo) (Gxo (tr(si™)) = Gro (7))
= KeT o€k r
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which in view of (59) and (53) implies

> YR Y Y w37,

n=0 KeT oc€€k

Remark that if 0 = K|L € & then the function Gk »(p) + Gr,»(p) in general is not equal to zero. However
we can write an lower bound for the term Bsy. Indeed, comparing the definition (17) of ¢; with the definition
(19) of 4;, and using the fact that +;(0) = 0 and v;(1) = 0 one has

n n

T SK,o
| o tnwin= [ c@ricla)da = (o~ puen (i)
0 0
and thus, in view of Proposition 3.1

By > _‘po pw”g‘ Hﬁl};} @z(l) (F)T'

Because of the definition (17) of the function ¢;, then, for all (a,b) € [0, 1]?,
max (Ko, fuw)
(wila) = wi(b))(mi(a) = mi(b)) 2 ———— (vila) — pi(0)”. (72)
Then it follows from Lemma 3.5 and for inequality (72) that

Bz > w Z |<Pi(5D)‘2D7¢~ (73)
mlnzG{l 2} ie{1.2}

We define TI;(s) = f; m;(a)da, then II; is a continuous convex function. As a consequence, for all (a,b) €
[0,1]%,
m:(b)(b — a) > T1;(b) — I;(a).

Therefore,

N
Z 3" orc (i (s5) = (7)) m(K)
n=0KeT

= 3 re (Ta(s) 1) — Tk (s%)) m(E).

KeT

Using the fact that, for all (a,b) € [0,1]?, one has

b 1
IL;(b) — ;(a) = / mi(u)du > —/ |7r; (w)|du,
a 0
it follows from Proposition 3.1 that
= > o)L o.)- (74)
1€{1,2}

Taking (70), (73), (73) and (74) into account in (64) we have.

3T|gl 2
ay Y. |5 > m@Q)[Gill7 < (01 > |IPolp,
ie{1,2} ie{1,2} ie{1,2} (75)

er Z |<Pi(5D)"2D7Z‘§C~

min;eq 2y K; 2}

>
[N

Applying Young’s inequality to (71) we complete the proof of Proposition 3.2. Indeed,

Ny 2 max(ﬂmﬂw) 2
—_— E P o — E ; < (.
2 | D|D’l + min;e (123 K |%(3D)|Dﬂ -

ie{1,2} 2F M ey
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3.3 Existence of a discrete solution

Proposition 3.6 There exists (at least) a solution to the scheme (35)-(43).

Proof:  The proof is based on a topological degree argument (see for example [22]). For v € [0,1], we
introduce the functions

o f¥(s)=vfi(s)+ (1 —v)s, o ¥ (s) =vmi(s)+ (1 —v)mi(s),

* GO =2l ) =) « 1) = [ @) (Y (o)
o MY(s) =vM;(s)+ (1 —v)aum,

0
o \/(s) =vAi(s)+ (1 —v)aus(l —s), o Wils) = o fi(a) (x}) (a)da.

We denote by (s%, P§) the solution to the modified scheme. For v = 0, the problem becomes homogeneous,
corresponding to the equations

{ 9ys® — div (sVP? — VO(s%)) =0, (76)

704MAPO =0.

The pressure equation provides a classical linear Finite Volume scheme which is completely uncoupled from
the saturation equation. The transmission conditions (40),(39) turn to

41,0 41,0
P;; +TL0'P£L

n+1,0 _ pnt+1,0 _ TKo
PK o - PL,a‘ -
TKo + TLo

i

and thus
n+1,0 n—+1,0 n—+1,0
Ko — TKL (PK - P ) :

Note that the a priori estimates (51) and (56) still hold for (s%, P%) instead of (sp, Pp). We introduce now
a new parameter 7 € [0, 1], and we approximate the problem

0,s%" — n div (SO’”VPO — Vo (80’”)) =0,
—Oé]\/[APO =0.

The corresponding discrete solution s%" satisfies
0<sx7<1, Vnelo,1]. (77)
We introduce the compact set
K = {(uD,vD) e (X(D)? | JJupllee <2 and |vp|p < 201},

where C1 is the quantity introduced in Proposition 3.2. Since, for v = n = 0, the problem turns to an
invertible linear problem, we can claim that the corresponding topological degree is equal to +1 (since the
determinant of the underlying matrix is positive). One can let first n go to 1, and thanks to (56),(77),

(s%", Pg) never belongs to the boundary 9K of K. Hence, the topological degree is constant for 7 € [0, 1],

and, for n = 1, the discrete counterpart of (76) admits at least a solution. Letting then v tend to 1 provides
thanks to similar arguments the existence of a solution to the scheme (35)-(38). O

4 Convergence analysis of the scheme

In order to prove the convergence of the scheme, we will use the method presented in [26] to derive the

relative compactness of the sequencies (sp,, ),,cy and (Pp,, ),,cn, Where (Dy,),, o is a sequence of admissible
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discretizations of  x (0,7") in the sense of Definition 2.3, for which the discretization parameter h,, :=
size(Dy) tends to 0 as m — oo, while the regularity parameter reg(D,,) remains bounded.

Firstly, since 0 < sp,, < 1 almost everywhere in Qr, we can claim that there exists s € L>(Qr; [0, 1]), such
that, up to a subsequence,

sp,, — s in the L*°(Qr) weak- x sense as m — oo.

This is of course not sufficient to pass to the limit, so that we seek for additional compactness on the family
of approximate solutions (sp,,, Pp,,),,-

The compactness arguments used for the quantities defined in Q; r are fairly standard (see [26]). For the
sake of completeness and clarity, they are briefly recalled in Section 4.1. But in our problem, we have to
focus on the convergence of the traces on the interface. Up to our knowledge, the convergence of the traces
for piecewise constant functions with bounded discrete L?(H!) semi-norms has not been proved before. This
will be done in Section 4.2.

4.1 Estimates on differences of space and time translates

In this section we show that there exists a subsequence of (Dy,),,, oy (Which we will denote again by (D), en),
such that ¢;(sp,,) — ¢i(s) strongly in LP(Q; r) while sp,, — s strongly LP(Q; 1) for any p € [1,00). Let us
firs recall here two lemmas adapted from [26].

Lemma 4.1 (Internal space translates ( Lemma 4.2 of [26] )) Let up be an element of X(D), then
for all € € RY,

T
/ /Q (up(x + €,1) — up(x, ) dxdt < Jupl3 ;[€] (€] + 2size(D))
0 ie
where Q; ¢ ={z € Q; | [x,x+&] C U}

Lemma 4.2 (Truncated R? space translates ( Lemma 4.3 of [26] )) Let up be an element of X (D),
and let T;(up) the function of L?(R*1) defined by

_f oup(x,t)  if (x,8) € Q; x (0,T),
Ti(up)(x,t) = { 0D otherwise,

then for all € € RY,

T
| @um) et €)= iup) .0
< [up|p il€| ([&] + 2size(D) + 2m(0%) [up|ls) »

where Q; ¢ ={z € Q; | [x,x+&] C U}
The following result is an extension of Lemma 4.6 of [26] (see also Proposition 5.1 in [30]).

Lemma 4.3 There exists Cs, which does not depend on size(T), 6t nor on T such that for all 7 € (0,T),

T—1
/0

Proposition 4.4 The sequence (p;(sp,,))
the function p;(s) € L*(0,T; H(€2;)).

/Q (@i (sp) (%, t +T) — pi(sp)(x,t))* dxdt < Csr. (78)
i€{1,2} i

m converges strongly in L*(Q; 1), up to a subsequence, towards

Proof:  First recall that, by Proposition 3.1, (¢;(sp,,)),, is bounded in L*(Q; ) for i € {1,2} and that
by Proposition 3.2 the sequence (|¢i(sp,,)|D,..i),, is bounded. Thanks to the lemmas 4.2 and 4.3 and
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the Kolmogorov compactness criterion (see e.g. [9] or [26, Theorem 3.9]), it follows that (T;(¢:(sp,.))),,
is relatively compact in L?(R%*1) for i € {1,2}. Thus we can extract a subsequence, still denoted by
(T;(¢i(sp,,))),,» such that both Ty (¢1(sp,,)) and To(¢2(sp,,)) converge to their limit strongly in L?(Q1,7)
and L?(Q2,71) respectively. As a direct consequence, (¢;(sp,,)),, converges in L*(Q; r) for i € {1,2} towards
a function ¢, which satisfies, thanks to Lemma 4.1,

T
/ / ((x+ £.1) — d(x,1))%dxdt < CIeP, Ve € RY
0 Qi,s

This implies (see [9]) that ¢ € L?(0,T; H*(;)). It remains to identify ¢ as ¢;(s), i € {1,2}. This can be
done using Minty’s lemma (see e.g. [28, Theorem 4.1]). O

Corollary 4.5 Up to a subsequence, (sp, ), converges towards s strongly in LP(Qr) for all p € [1,0).

m

Proof:  Since (¢;(sp,,)),, converges in L*(Qr) towards ¢;(s), it converges (up to a new subsequence) almost
everywhere in Q7. Since ¢, !is continuous, sp,, tends to s almost everywhere. The result then follows from
the uniform bound on (sp,,),, stated in Proposition 3.1. O

Using the discrete Poincaré-Wirtinger inequality [31] and the energy estimates given by Proposition 3.2, one
can obtain the following convergence result.

Lemma 4.6 There exists P € L*(0,T; H'(S;)) such that, up to a subsequence,

Pp,, —mq,(Pp,,) = P weakly in LZ(Qi,T) as m — oo.

We denote again by (D, )m a subsequence of (D, )., for which the convergence results stated by Proposition
4.4, Corollary 4.5 and Lemma 4.6 hold.

4.2 Convergence of the traces

We denote by D)., (resp. Pp‘m) the trace of sp (resp. Pp) on I from the side of Q;, defined by
5Dy, (x,t) = S?(T;, PD‘” (x,t) = P}éi;l, V(x,t) € o x (t", "1,
where 0 € Eg 1, K C ().
It has been proven in Proposition 4.4 that ¢;(sp,, ) converges strongly in L?(Q; r) towards ¢;(s) € L%(0,T; H*(Q;)).

Hence, ¢;(s) and @5(s) admits a trace in the sense of L?(T" x (0,T)). Since ¢; * is continuous, s also admits
a traces on the interface, denoted by s; and s3. We claim in Corollary 4.10 below that sp converges

strongly in LP(T' x (0,T)) towards s; for all p € [1,00).

mp ;

We now introduce another definition of the trace, denoted by . ,. For a function u of X'(D) we define
Gy, (x,8) = ulif (x,1) € o x (", 1" ],0 CTNOK, K C Q.

Lemma 4.7 Let u € X(D), then

T
/ / ., — g, |dxdt < [ulp (Tm(T)size(D)) 2.
0 r '

Proof: From the definitions of the traces of w,

T
/ / |u|1‘1 _ﬂ‘\rq‘|dth:
o Jr ' -

N

5t > mlo)uity —uptt.
0

KeT; (TEEK)F

n=
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Cauchy-Schwarz inequality yields that

1/2
T
| [ = Jaxar < zatz > o — )2
0 Jr n=0 KT, o€k
1/2
Zf” > > mle)dio
n=0 KeT;o0€€k
The result follows. O

Since €2; is supposed to be polygonal, I' is made of a finite number of faces (I';), <j<J contained in affine

hyperplanes of RY. We denote by n;; the outward normal to I'; with respect to €;. Let ¢ > 0 and
j€{1,...,J}, then, following [27], we define the open subset w; ;. of Q; as the largest cylinder of width
generate by I'; and n; ; included in €;, that is

wije={z—hn;; €Qir|r €T;,0<h<cand [x,z—en;;] CQ}. (79)
We refer to Figure 4 for an illustration. We also define the subset I'; j . = Ow; ; -.NI'; of I';, that satisfies
m(Lj\Tije) < Ce, (80)
where C only depends on €.

Figure 4: The largest cylinder w; ;. of width e generated by I'; included in §2;.

Lemma 4.8 Let u € X(D), then for all j € {1,...,J},

/ // iy, (%,1) — u(x — hm, 5, 1)) dhdxdt < |uf% (e + size(D)) .

Proof: For all o € &y, we denote by

o (%, y) = { (1) ioftfl);g;gsg o is reduced to a single point,
and we introduce the quantity
Tp(x,h,t) = ’ﬂ‘m(x, t) —up(x — hn, ;, 1),
which satisfies
Tp(x,h,t) < Z Xo(X,x — hn, ;) |u”"’1 uz+1|
o=K|LEE;

for almost all x € T'; j ., almost all h € (0,¢) and for all ¢ € (¢, ¢"*1]. Tt follows from the Cauchy-Schwarz
inequality that, for ¢t € (¢, t" 1],

n+1 n+1)2
) (uK+ uL+ )

drrn;; -ngrl

(Tp(x,h,t)* < > Xelx,x —hny

oc=K|L€EE;

X Z Xo (X, x — hn; j)dkr|n; ;- nkl
oc=K|L€EE;
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For almost all x € T'; ; ., there exists a unique K; € 7; such that x € 0K;. Moreover, for almost all h € (0,¢),
there exists a unique Ky € 7; such that x — hn, ; belongs to Ky (possibly K> coincides with K,). Let o be
such that xo(x,x — hn; ;) = 1, then we suppose, without loss of generality, that ¢ = K|L where the straight
line from x to x — hn, ; crosses the interface 0 = K|L from K to L. Therefore, the quantity n; ; - ngy, has a
constant negative sign. Moreover, using the fact that x; — xx = dxnhk, we can claim that

> Xo(x,x—hnij)drrlng nkr| = (X, = Xk,) -1
o=K|LEEn
< (xk;, — %) my; +h+[(xk, — (x = hnyj)) -ny 5] (81)
Since x — hn; ; belongs to K3, we have
|(xr, — (x = hny 5)) - m; | < size(D),

and since x belongs to I';, (xx, —x) -1, ; < 0. Then we obtain

> Xo(x,x = hngj)dip|n ;- ngL| < € + size(D). (82)
o=K|LEE;nt

For all o € &y with 0 Nw; j. =0 and all h € (0,¢), one has
/FE Xo(X,x — hn; j)dx = 0.
Forallo €& ;. ={o €& | oNuw ;. # 0}, one has
Vh € (0,¢), /F Xo (X, x — hn,; ;)dx < m(o)|n, ; - ngpl. (83)
isdse
We obtain from (82) and (83) that for all t € (t",¢"*1], for all h € (0,¢),

/ (To(x.h 1)’ dx < (e +size(D) D racr (up —uf™)”,
Tije o=K|L€&; j -

which complete the proof. [l

Proposition 4.9 Up to a subsequence, the sequence (gpi(stlr )) converges towards ;(s;) strongly in
v m
LYT x (0,T)) as m — oo.

Proof: For notation convenience, we remove the subscripts m in the proof. Denote by

T
Aijp 12/ /
o Jr;

then in view of Lemma 4.7 and Proposition 3.2, there exists C' not depending on D such that

T
Ai,w:/ /
0o Jry

By (80), for any € > 0, one has

@i(SD‘m) — i(s;)| dxdt, (84)

dxdt 4+ Csize(D)/2. (85)

(8D, ) — pilsi)

T T
/ / pi(3p, ) — pilse)| dxdt < / / pi(3p, ) — ilsi)| dxdt + 9i(1)Ce. (86)
0o Jry ’ 0 JTj.e '
Next we apply the triangle inequality to deduce that
T
/ / ¢i(Sp. ) — pi(si)|dxdt < B1p. + Bape + Bs,e, (87)
0 JTyj. :
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where

L,oi(éplm)(x7 t) — @i(sp)(x — hn; j,t)| dhdxdt,

1 T €
B = -

1 T
Bove = [ [ lolon) —ilo)laxat,
0 wiyj’s

1 T
.
€Jo Jr

where we have used (79). From Cauchy-Schwarz inequality, one has

T
(Bipe)® < m(Fz‘,Jys)T/ /
0 I

and then, from Proposition 3.2 and Lemma 4.8, one has

/ loi(s:)(x,t) — @i(s)(x — hny ;,t)| dhdxdt,
0

i,3,€

1 €
- / (¢i(3p,. ) (x,t) — pi(sp)(x — hny 5, t))?dhdxdt,
o y

7€

|Bip.e| < (Ci(size(D) + &)m(T;)T) /2 . (88)
We can now let size(D) tend to 0 in (87). Thanks to Proposition 4.4, we can claim that

lim BQ”D’E =0.
size(D)—0

Then it follows from (86) and (88) that

T
limsup/ /
size(D)—0J0 T,

Since @;(s;) is the trace of ¢;(s) on T', lim._,o B3, = 0. Therefore, letting ¢ tend to 0 in (89) implies

that
T
lim / /
size(D)—0 J T,

Then the result follows from (84) and (4.2). O

@i(gp\r,i) - (Pi(si) dxdt < C(E + \/E) + Bgﬁ. (89)

dxdt = 0.

@i(5p,,. ) — ilsi)

Corollary 4.10 Up to a subsequence, the sequence (SDMF ) converges towards s; strongly in LP(T'x (0,T))
) m
for allp € [1,00).

Proof: This corollary is just a consequence from the fact that ;(sp converges, up to a subsequence,

7”'1‘,1)
almost everywhere on I' x (0,7T), from the fact that 4,01-_1 is continuous and from the fact that 5Dy is
essentially uniformly bounded between 0 and 1. O

Lemma 4.11 Up to a subsequence, the sequence ((Ppm)lF .~ ma, (PD)> converges towards P; weakly in
L3(T x (0,7)).

Proof: Let ¢ € D(T; x (0,T)), then, there exists e, depending on ¢ such that, for any ¢ in (0,e,) one has
supp(¢) C T ;. x (0,T). We aim to prove that

T
lim / / (PDI V—mgi(PD)—Pi) Pdxdt = 0. (90)
—0Jo Jr; e

size(D)

Thanks to Lemma 4.7 and to Proposition 3.2, it is sufficient to show that

T
sizel(%I}eO/O ~/Fj (PDIFJ — Mg, (PD) - Pz) wdxdt =0.

Let € € (0,¢4), then one has

T
/ / (PD‘F - —mq,(Pp,,) — Pi) Ydxdt = Eype+ Eype + Bz,
o Jr, i
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where

T
Eipe = /
0
T
EQ,D,E = /
0
1
/ */ /(P(X—hni,j,t)—Pi)w(x,t)dhdxdt.
0 €Jri;.Jo

The Cauchy-Schwarz inequality gives that

/ Ppy, (1) = Pplx — hng 1)) (. ),
i o

M= M=

/ PD (x — hn, ;,t) —mq,(Pp) — P(x — hn, j,t)) ¥(x, t)dhdxdt,
T )0

EB,E

2
(E1p.e) / / / Ppl (x,t) — Pp(x — hn, j, t)) dhdxdt
r; g€

x/o /Fj ((x, £))? dxdt.

Using Proposition 3.2 and Lemma 4.8 yields

|B1pe| < 9]l < (o.1y) (Ch(e + size(D))) /2.

It has been stated in Lemma 4.6 that Pp — mq,(Pp) tends to P weakly in L?(Q; 1) as size(D) tends to 0,
then

lim E2 D,e = 0.
size(D)—0

[ ] (o, - ) v

Since P; is the trace on I' of P from the side of €);, one has

Therefore,

lim sup < Cyve+ |Es|.

size(D)—0

lim B . = 0.
e—0 ’

Thus, letting ¢ — 0, one obtains that for all v» € D(T'; x (0,7T)),

lim // Pp,  —mq,(Pp) — i)wdxdt:(). (91)

size(D)—0

A straightforward generalization of [26, Lemma 3.10] allows us to claim, using Proposition 3.2 and the discrete
Poincaré-Wirtinger inequality [31], that (pp‘r —mgq, (PD)) is uniformly bounded in L?(T' x (0,7')). Then,
Vi D

we conclude, using a classical density argument, that (91) holds for all 1 € L*(T'; x (0,T)). O

Proposition 4.12 There exists P € L?(0,T; H(Q;)) such that, up to a subsequence, Pp,, tends to P weakly

in L*(Qr) as m — oo, and such that (Pp converges weakly in L*>(T x (0,T)) towards P;.

m
Iryi /o

Proof:  Firstly, since we have enforced mg, (Pp,,) = 0, we can set P := P in Q1 r. Next we search for a
uniform bound on ||Pp,,|[z2(Q, ). In view of the discrete Poincaré-Wirtinger inequality

1Pp,,I22(qa r) < (e, (Pp,,))* + C, (92)

it only remains to check that mq,(Pp,,) is uniformly bounded w.r.t. m. This is a consequence of the fact
that, almost everywhere on I x (0,T), one has

me, (Pp,.) = Pp,, = (PDmln2 —ma, (PDm)) - Wi(mp,,) = Wa(mp,,)) -

Then, integrating on I' x (0,7) and using Lemma 1.2 provides

Ima, (Pp,,)| < + [[W1 = Wal|o-

|Po..,, = ma.(Po.)
ri LY(I'x(0,T))
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are bounded by the proof of Lemma 4.11.
LY(T'%(0,T))

Hence, in view of (92), (Pp,,),, converges towards some function P weakly in L?(Q; r). From the analysis
performed in the proof of Lemma 4.6, we deduce that P € L2(0,T; H'(Q;)), and from the analysis of
Lemma 4.11, we deduce the weak convergence of the traces. O

For all i € {1,2} the quantities HP% ~ma, (Ppm)‘
r,i

Lemma 4.13 Let s1,59 € L°(T' x (0,T)) be the respective limits of (st‘ ) and (st‘ ) , then,
r1/m T2/ m
71(s1) Na(se) #0  a.e. on T x (0,T). (93)

Proof: For all m € N, one has
ﬁl(SDmlr . ) N ﬁQ(SDm\F , ) 7é .

Since the set F' = {(a,b) € [0,1]? | 71(a)N72(b) # 0} is closed in [0, 1], we conclude that (93) holds. O
We now focus on the last technical difficulty for proving Theorem 1, that is the convergence of the sequence
(7Dp,,)m- This is done by following the same path as in [16].

In the sequel, we denote by T]4 pj, the truncature operator defined by

s if s €[A, B,

T[A’B](S) = A if s < A,
B if s> B,
and by
U={(x,t) eT x(0,T) | {s1,s2} =10,1}}, Y =U°,
so that

(x,t) e iff  {s1(x,t) =0and sa(x,t) = 1} or {s1(x,t) = 1 and s2(x,t) = 0}.
Note that, thanks to Lemma 4.13, the set U is empty if min; 7;(1) > max; m;(0).

Lemma 4.14 There exists a measurable function m defined on V with values in R, such that, up to a subse-
quence,
mp,, — T a.e in V.

Proof: We define the functions ¢; by
~ P ko 7,(91(&))]{3
i P K; J
3 (0) kao,i(ei (a)) + okwﬁi (97, (a))

In view of Assumptions 1 and 1, @; satisfy

g
~
—~
D
%
—
Q
N
N
(oW
IS

m e mi(s) = @i(m) = @i(mi(s)) = wi(s), (94)
moreover

its restriction (@i)‘[ O (1) admits a continuous inverse function. (95)
7 (0), 75

Thanks to Proposition 4.9 and to (94), we can claim that, up to a subsequence, @;(mp,,) converges almost
everywhere on I' x (0,T") towards @;(m;(s;)). For a.e. (x,t) € V, the set 71(s1) N 72(s2) is reduced to the
singleton {m;,(s;,)} for some iy € {1,2}. Thanks to (95), we can identify the limit 7 of 7wp_, as m;,(si,)-

Lemma 4.15 Assume that [min; m;(1), max; 7;(0)] # 0, then there exists

re LoWU; [mijnm(l),maxm(())]),

such that, for all bounded interval J C R such that [min; m;(1), max; ;(0)] C },

Ty(mp, ) — 7 in the L™(U) weak-x sense.
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Proof: For the sake of simplicity, we assume, without loss of generality, that w1 (1) < 72(0), then thanks to
Lemma 4.13, almost everywhere in U, s; = 1 and s5 = 0.

The sequence (T7(7p,,)),, is bounded in L* (i), thus, up to a subsequence, it converges towards a function
w7 in the L% (U) weak- sense. Let us now show that w7 does not depend on the choice of the bounded
interval J. Because of Lemma 4.13, one has, for a.e. (x,t) € U,

liminf7p,, > m (1), limsup mp,, < m3(0). (96)

m

o

Let J; and J2 be two bounded intervals such that [71 (1), 72(0)] € Jx (k € {1,2}). Then, it follows from (96)
that, for a.e. (x,t) € U, for m large enough (depending on (x,t)),
Ty, (mp,,(x,t)) = T, (7D, (x,1)) = 0.

As a consequence, the sequence (Tz, (7p,,) — T7,(7p,,)),, converges almost everywhere to 0 on U, and is
uniformly bounded in L°(U). The dominated convergence theorem yields that for all ¢ € L1 (U),

/ /M (T7,(rp,,) — Tz, (7p,,)) pdxdt — 0 = / /M (r7, — m7,) wdxdt.

Choosing ¢ = (mg, — 7y,) provides that 77, = 77, = 7 almost everywhere in U. O

Lemma 4.16 Assume that [min; 7;(1), max; m;(0)] # 0, then there exists m € L®(U) such that, for all

bounded interval J C R such that [min; 7;(1), max; 7;(0)] C J, the sequence (W;(T.7(7p,,)))
towards W;(r) in the L™ (U) weak-x sense.

m CONMVETGES

Proof: We suppose, without loss of generality, that 71 (1) < 72(0). Then on U, s = 0 and s; = 1. One
has

T2 (O) TDm
Wolly(o,)) = [ fomi @ins [ pon
0 ) 0
Since for almost every (x,t) € U,
limsup mp,, (x,t) < m2(0),

m

and since f, o 7, 1(p) = 0 for all p < m5(0), then for almost every (x,t) € U,

TD,, (X,t)
/ f2omy (p)dp — 0 as m — oc.
71'2(0)

Since the function W5 o T'7 is uniformly bounded on R, the dominated convergence theorem yields that, for
all v € LY(U),

m— 00

tim [ Wa(Ty (rp, )t — / /u W (05(0)) et = / /u W ()b,

Similarly, we obtain that

/ / (W(T(mp,,)) — Ty (wp,,)) odxdt — / / (Wi (1 (1)) — 0 (1)) .
u u

Since, thanks to Lemma 4.15, T'7(7p,, ) tends to 7 in the L>°(U) weak-x sense, one has

fim_ [ [ Wa(Tstmp,paxat =[] 1(m(1)) 47 = (1) v

o _ / /M W (r)bdxdt.
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Proposition 4.17 There exists a measurable function m on I' x (0,T), with m € 71(s1) N T2(s2) a.e. on
I' x (0,T), with value in [min;(m;(0)), max;(m;(1))] such that,

Wi (rp,, ) — Wa(mp, ) — Wi(w) — Wa(r) in the L=(T x (0,T)) weak- sense as n — oo.

Proof: We know, from Lemma 1.2, that W;(p) — Wa(p) is uniformly bounded on [min; 7;(0), max; 7;(1)].
Hence, the sequence (W (7p,,) — Wa(mp,,)),, converges in the L>°(I'x (0, T")) weak-+ sense towards a function
Z. Let ¢ € LY(T' x (0,T)), then

/oT/F(W1(7rDm) - Wa(rp,,)) dxdt = //M (Wi(mp. ) — Walrp, ) ddscdt
* //v (Wi(7p,,) — Wa(rp,,)) Pdxdt.

Thanks to Lemma 4.14, 7p_, tends almost everywhere to m on V), then for almost every (x,t) € V, we can
identify Z(x,t) as Wi (mw(x,t)) — Wa(w(x,t)). Thus

lim / /v (Wi (mp.. ) — Walrp,, )) dxdt = / /v (Wi (1) — Wa(n)) thdxdt.

m—00

We denote by
A, = //M (Wi(rp,,) — Wal(rp,, ) — Wi(r) + Wa(n)) pdxdt,
= //u (W\1 (7p,,) — Wi (7T)) Pdxdt + //u (W\g(ﬂpm) - /W\Q(ﬂ')) hdxdt,

where W is given by (30). Let R € R such that [min; 7;(0), max; m;(1)] C [-R, R], then
Am — Bl,m(R) - BZ,m(R) + Cm(R)7

where

Bim(R) = / /u (Wi(m) —WZ—(T[_RyR](me))) dxdt

and

Cn(R) = //u (Wi(Ti—g,g) (7D,,)) — WaTi—g,g) (7D, ) — Wi(m) + Wa(m)) pdxdt.

Let & > 0, then since W; admits finite limits as p — min; m;(0) and p — max; m;(1), there exists Ry(e) > 0
such that P
R> Ro(e) = |[W; = WioT|_grplle <e.

Thus, for R > Ry(¢) fixed,
|Bim (R)] < Tm(ID)e.

s

Thanks to Lemma 4.16,
lim C,,(R) =0,

then, for all € > 0,
limsup |[Ay,| < 2Tm(T)e.

m— 00

As a consequence, since the above estimate holds for all ¢ > 0, A,, tends to 0, concluding the proof of
Proposition 4.17. (]
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4.3 End of the proof of Theorem 1

We have proven in the section 4 that, up to a subsequence, the sequence of approximate solutions (sp,,, Pp,,.),,
converge towards (s, P) as m — oo. Moreover, it as been stated in Lemmata 4.14 and 4.15 that (7p,,),,
converges in some sense on I' X (0,7) towards a measurable function 7. In order to conclude the proof
of Theorem 1, it remains to check that (s, P) satisfy the weak formulations (28) and (29), and that the
transmission conditions (21) and (22) are fulfilled. Let us begin by this latter point.

It follows from the construction of the function 7 carried out in Lemmata 4.14 and 4.15 that, for almost

every (x,t) € I' x (0,T),
m(x,t) € T1(s1(x,t)) N Ta(s2(x,1)). (97)

Let ¢ € L3(T x (0,T)), then thanks to (39), one has, for all y» € L2(T" x (0,T)),

/OT/F (PD’“\m N PDM\M) Ydxdt = /OT /F (Wi(mp,,) — Wa(rp,,)) dxdt.

Letting m tend to oo provides, thanks to Propositions 4.12 and 4.17, that

/()T/F(Pl — Py)ydxdt = /OT /F (Wi () — Wa(r)) 1hdxdt.

Hence,
P, —Wi(n) =Py, —Wa(n) ae. onl x(0,T). (98)

In order to recover the weak formulations (28) and (29), we can apply to our case the analysis carried out in
the proof of Theorem 5.1 in [35].

5 Numerical results
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Figure 5: The model porous medium ; U €5 Figure 6: Capillary pressure connection at t = 0

In this Section we consider a model porous medium © = (0, 1) composed of two layers Q1 and 25, which are
separated by an ”S-shaped” interface I' (see Fig. 5), and which have different capillary pressure laws. The
porosity ¢ is constant and set to ¢ = 1, and the absolute permeability K is given by K; = 1 and K5 = 0.5.
The oil and water densities are given by p, = 0.81, p,, = 1 respectively, and g = —9.81e,. We suppose that
the porosity is such that ¢; = 1,7 € {1,2}, and we define the oil and water mobilities by

Moi(s) =5 and  ny,; =3(1—s)% ie{1,2}.
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Moreover we suppose that the capillary pressure curves have the form
m(s)=In(l—s) and ma(s)=0.5—1In(l—s).

Test case 1. We suppose that the layer £2; contains some quantity of oil and it is situated below 29, which
is saturated with water, that is to say Q; = {(z,2) € Q | z < T'(2)} and Q3 = {(x,2) € Q| z > T'(x)}. The
initial saturation is given by
s0(x) = 0.3 ifx ey,
0 otherwise.

vV

Oil saturation
Oil saturation
Oil saturation

0.1

-

e
e
&

o
=

‘V

ll;/

Capillary pressure
Capillary pressure
Capillary pressure

e
@
&

Figure 8: Test case 1, capillary pressure for ¢t = 0.0125, ¢ = 0.025 and ¢t = 0.2.

The flow is driven by buoyancy, making the oil move along e, until it reaches the interface I'. As one can
see on the figures 7 and 8, for ¢t < 0.11, oil can not access the domain 9, since the capillary pressure 7 (s1)
is lower than the threshold value m2(0) = 0.5, which is called the entry pressure (see Fig. 6). Hence the
saturation below the interface s; increases, as well as the capillary pressure m1(s1). As soon as the capillary
pressure 71 (s1) reaches the entry pressure m2(0), oil starts to penetrate in the domain Q9. Nevertheless, as
pointed out in [8, 11], a finite quantity of oil remains trapped under the rock discontinuity. This phenomenon
is called oil trapping. It is worth noting that the solution at ¢ = 0 satisfies (21), thus in the absence of gravity
the initial distribution of oil-phase would be a steady state solution s(x,t) = so(x).

c 0.6 y, oz
L

S50

AVHA!{,AVVH ¥

Oil saturatior
°
=

Figure 9: Test case 2, oil saturation for ¢ = 0.2, t = 1.5 and t = 2.
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Test case 2. We assume that the oil is initially situated in the rock with a higher entry pressure pressure

i.e.
(X) o 0.3 if x € Qo,
5o 10 otherwise.

where this time Q1 = {(z,2) € Q| z > T'(z)} and Qo = {(x,2) € Q| 2 < '(x)}. This time the flow is driven
not only by a buoyancy, but also by a difference in the capillary pressure potential (the solution at ¢t = 0 does
not fulfill (21)). As a result the oil-phase can immediately penetrate the domain ;. The figure 9 shows that
the oil propagates in the domain 2; with a finite speed. Remark that in this case the capillary pressure and
the oil pressure remain discontinuous (see Fig. 10), yet the oil phase may pass through the discontinuity.

Capillary pressure

Oil pressure

Figure 10: Test case 2, capillary and oil pressure at t = 5.

References

[1] H. W. ALT AND E. DIBENEDETTO, Nonsteady flow of water and oil through inhomogeneous porous media, Ann.
Scuola Norm. Sup. Pisa Cl. Sci. (4), 12 (1985), pp. 335-392.

[2] H. W. ALT, S. LUCKHAUS, AND A. VISINTIN, On nonstationary flow through porous media, Ann. Mat. Pura
Appl. (4), 136 (1984), pp. 303-316.

[3] B. AMAZIANE, M. JURAK, AND A. ZGALJIC KEKO, Modeling and Numerical Simulations of Immiscible Com-
pressible Two-Phase Flow in Porous Media by the Concept of Global Pressure, Comput. Geosci., 84 (2010), pp
133-152.

[4] B. ANDREIANOV, K. BRENNER, AND C. CANCES, Approzimating the vanishing capillarity limit of two-phase
flow in multi-dimensional heterogeneous porous medium, to appear in ZAMM Z. Angew. Math. Mech.

[5] B. ANDREIANOV AND C. CANCES, Vanishing capillarity solutions of Buckley-Leverett equation with gravity in
two-rocks’ medium, Comput. Geosci (2013), DOI:10.1007/s10596-012-9329-8 (online first).

[6] S. N. ANTONTSEV, A. V. KAZHIKHOV, AND V. N. MONAKHOV, Boundary value problems in mechanics of
nonhomogeneous fluids, vol. 22 of Studies in Mathematics and its Applications, North-Holland Publishing Co.,
Amsterdam, 1990. Translated from the Russian.

[7] T. ARBOGAST, The existence of weak solutions to single porosity and simple dual-porosity models of two-phase
incompressible flow, Nonlinear Anal., 19 (1992), pp. 1009-1031.

[8] M. BERTSCH, R. DAL PAsso, AND C. J. VAN DULIN, Analysis of oil trapping in porous media flow, SIAM J.
Math. Anal., 35 (2003), pp. 245-267 (electronic).

[9] H. BrEzis, Analyse Fonctionnelle: Théorie et applications, Masson, 1983.

[10] F. Buzzi, M. LENZINGER, AND B. SCHWEIZER, Interface conditions for degenerate two-phase flow equations in
one space dimension, Analysis, 29 (2009), pp. 299-316.

[11] C. CANCEs, Finite volume scheme for two-phase flow in heterogeneous porous media involving capillary pressure
discontinuities, M2AN Math. Model. Numer. Anal., 43 (2009), pp. 973-1001.

[12] C. CaNcEs, Asymptotic behavior of two-phase flows in heterogeneous porous media for capillarity depending only
on space. 1. Convergence to the optimal entropy solution, STAM J. Math. Anal., 42 (2010), pp. 946-971.

31



13]
14]
[15]
[16]
17)
18]
19]
[20]
21]

[22]
23]

[24]

25]
26]
27]
28]
[20]
30]
31)
32)
33]
34]
35)
36]
37]

[38]

C. CANCES, Asymptotic behavior of two-phase flows in heterogeneous porous media for capillarity depending only
on space. II. Nonclassical shocks to model oil-trapping, SIAM J. Math. Anal., 42 (2010), pp. 972-995.

C. CANCES, On the effects of discontinuous capillarities for immiscible two-phase flows in porous media made of
several rock-types, Netw. Heterog. Media, 5 (2010), pp. 635-647.

C. CaNcEs, T. GALLOUET, AND A. PORRETTA, Two-phase flows involving capillary barriers in heterogeneous
porous media, Interfaces Free Bound., 11 (2009), pp. 239-258.

C. CANCES AND M. PIERRE, An existence result for multidimensional immiscible two-phase flows with discon-
tinuous capillary pressure field, STAM J. Math. Anal., 44 (2012), pp. 966-992.

G. CHAVENT AND J. JAFFRE, Mathematical Models and Finite Elements for Reservoir Simulation, vol. 17,
North-Holland, Amsterdam, stud. math. appl. ed., 1986.

7. CHEN, Degenerate two-phase incompressible flow. 1. Existence, uniqueness and regularity of a weak solution,
J. Differential Equations, 171 (2001), pp. 203-232.

Z. CHEN AND R. E. EWING, Degenerate two-phase incompressible flow. II1. Sharp error estimates, Numer. Math.,
90 (2001), pp. 215-240.

Z. CHEN AND N. L. KHLOPINA, Degenerate two-phase incompressible flow problems. I. Regularization and nu-
merical results, Commun. Appl. Anal., 5 (2001), pp. 319-334.

Z. CHEN AND N. L. KHLOPINA, Degenerate two-phase incompressible flow problems. II. Error estimates, Com-
mun. Appl. Anal., 5 (2001), pp. 503-521.

K. DEIMLING, Nonlinear functional analysis, Springer-Verlag, Berlin, 1985.

G. ENCHERY, R. EYMARD, AND A. MICHEL, Numerical approzimation of a two-phase flow in a porous medium
with discontinuous capillary forces, STAM J. Numer. Anal., 43 (2006), pp. 2402-2422.

A. ERrN, I. MOZOLEVSKI, AND L. SCHUH, Discontinuous galerkin approzimation of two-phase flows in heteroge-
neous porous media with discontinuous capillary pressures. Comput. Methods Appl. Mech. Engrg., 199 (2010),
pp. 1491-1501.

B. ErsLanD, M. ESpPEDAL, AND R. NYBO, Numerical methods for flows in a porous medium with internal
boundary, Comput. Geosci., 2 (1998), pp. 217-240.

R. EYMARD, T. GALLOUET, AND R. HERBIN, Finite volume methods. Ciarlet, P. G. (ed.) et al., in Handbook of
numerical analysis. North-Holland, Amsterdam, pp. 713—-1020, 2000.

R. EYyMARD, T. GALLOUET, R. HERBIN AND A. MICHEL, Convergence of finite volume schemes for parabolic
degenerate equations, Numer. Math., 92 (2002), pp. 41-82.

R. EYMARD, T. GALLOUET, D. HILHORST, AND Y. NAIT SLIMANE, Finite volumes and nonlinear diffusion
equations, RAIRO Modél. Math. Anal. Numér., 32 (1998), pp. 747-761.

R. EYMARD, C. GUICHARD, R. HERBIN, AND R. MASSON Gradient schemes for two-phase flow in heterogeneous
porous media and Richards equation, HAL:hal-00740367 (2012).

R. EYMARD, R. HERBIN, AND A. MICHEL, Mathematical study of a petroleum-engineering scheme, M2AN Math.
Model. Numer. Anal., 37 (2003), pp. 937-972.

A. GLITZKY AND J. A. GRIEPENTROG, Discrete sobolev-poincar inequalities for voronoi finite volume approzi-
mations, STAM J. Numer. Anal., 48 (2010), pp. 372-391.

R. HELMIG, A. WEISS, AND B. I. WOHLMUTH, Dynamic capillary effects in heterogeneous porous media, Comput.
Geosci., 11 (2007), pp. 261-274.

R. HELMIG, A. WEISS, AND B. I. WOHLMUTH, Variational inequalities for modeling flow in heterogeneous porous
media with entry pressure, Comput. Geosci., 13 (2009), pp. 373-389.

H. HOTEIT AND A. FIROOZABADI, Numerical modeling of two-phase flow in heterogeneous permeable media with
different capillarity pressures, Adv. Water Res., 31 (2008), pp. 56-73.

A. MICHEL, A finite volume scheme for two-phase immiscible flow in porous media, SIAM J. Numer. Anal., 41
(2003), pp. 1301-1317 (electronic).

I. MOZOLEVSKI AND L. SCHUH, Numerical simulation of two-phase immiscible incompressible flows in heteroge-
neous porous media with capillary barriers, HAL:hal-00691312 (2012).

A. PaparoTiou, H. SHETA, AND R. HELMIG, Numerical modeling of two phase flow hysteresis combined with
an interface condition for heterogeneous porous media, Comput. Geosci., 14 (2010), pp. 273-287.

C. J. vaN DuwbN, J. MOLENAAR, AND M. J. DE NEEF, The effect of capillary forces on immiscible two-phase
flows in heterogeneous porous media, Transport in Porous Media, 21 (1995), pp. 71-93.

32



