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ABSTRACT

We assume that a real square-free polynomial A has a degree
d, a maximum coefficient bitsize 7 and a real root lying in
an isolating interval and having no nonreal roots nearby (we
quantify this assumption). Then, we combine the Double
Ezxponential Sieve algorithm (also called the Bisection of the
Ezponents), the bisection, and Newton iteration to decrease
the width of this inclusion interval by a factor of t = 27L.

The algorithm has Boolean complexity Op(d*7 + dL).

Categories and Subject Descriptors:

F.2 [Theory of Computation]: Analysis of Algorithms and
Problem Complexity; 1.1 [Computing Methodology]: Sym-
bolic and algebraic manipulation: Algorithms

General Terms
Algorithms, Experimentation, Theory

Keywords
real root refinement; polynomial; real root problem, Boolean
complexity

1. INTRODUCTION

Given a polynomial A, of degree d and maximum coeffi-
cient bitsize 7, and an interval with rational endpoints that
contains one of its real roots (isolating interval), we devise
an algorithm that refines this inclusion interval to decrease
its width by a factor ¢t = 27, for some positive integer L.

The problem of real root refinement appears very often as
an important ingredient of various algorithms in computer
algebra and nonlinear computational geometry, for example
in algorithms for computing the topology of real plane alge-
braic curves [11}|22], solving systems of polynomial equations
|24] |14} 117], isolating the real roots of polynomials with co-
efficients in an extension field |38 |20], cylindrical algebraic
decomposition |2} 13|, and many others.

For the complexity of approximating (all) the roots of a
polynomial we refer the reader to [29], see also [27], [25]
Chapter 15] where a Boolean complexity of Op(d* + d?L)
is proved, which is “within polylogarithmic factors from the
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optimum”, provided 7 = O(L).

The problem of refinement is also an important ingredient
for algorithms that tackle the real root problem, that is the
problem of isolating and approximating the real roots of a
polynomial that has only real roots. In this context we refer
to the work of Ben-Or and Tiwari (3| that introduced inter-
lacing polynomials and Double Exponential Sieve. Pan and
Linzer [30] and Bini and Pan (8] in a sequence of works, see
also (6}, [7], modified the approach of 3] (they called it Bisec-
tion of the Exponents) to approximate the eigenvalues of a
real symmetric tridiagonal matrix by using Courant-Fischer
minimax characterization theorem. In [32] a variant of the
refinement algorithms in 30| |§] is used, for approximating
all the real roots of a polynomial.

Collins and Krandick [12] presented a variant of Newton’s
algorithm where all the evaluations involve only dyadic num-
bers, as well as a comparison with the case where operations
are performed with rationals of arbitrary size. Quadratic
convergence of Newton’s iterations is guaranteed by point
estimates and a-theory of Smale, e.g. |9]. For robust ap-
proximation of zeros based on bigfloats operations we refer
to |37]. A very interesting and efficient algorithm that com-
bines bisection and Newton iterations is the Quadratic In-
terval Refinement (QIR) by Abbott [1]. For a detailed analy-
sis of the Boolean complexity of QIR we refer the reader to
[21]. Kerber and Sagraloff [22] modify QIR to use interval
arithmetic and approximations and they achieve a bound
of Op(d®r® +dL). A factor of 7 could be saved if we use
fast algorithms for root isolation of univariate polynomials,
e.g. |35, [29, 36]. We should also mention [34] that is based
on Kantorovich point estimates which is efficient in practice
but of unknown complexity.

We revisit the approach of [3], [30, |8] to devise our Real
Root Refinement (Rs) algorithm and present a detailed analy-
sis in the bit complexity model, based on exact operations
with rationals (Thm. . We also introduce an approximate
variant (aRs) based on interval arithmetic, Sec. where
we use multi-precision floating point numbers for compu-
tations and to represent the endpoints of intervals, and we
estimate in advance the maximum precision needed. For this
we use tools from Kerber and Sagraloff [22] for evaluating a
polynomial at a rational number using interval arithmetic.
We also study the Newton operator both from an exact and
approximate point of view (Sec. . We provide Boolean
complexity bounds for approximate variants of Double Ex-
ponential Sieve (Lem. [d]) and Newton iteration (Lem. [L0).

The Boolean complexity of Rs and aRz is Op (dQT +dL)
(Theorem . The same algorithms support the bound
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Op(d*r+d*L) and promise to support the bound Op(d*r +
dL), respectively, for the refinement of up to d roots (Sec-
tion . We assume that there is no complex root of the
polynomial in the complex disc that has the isolating inter-
val as diameter. Such an interval could be the outcome of
root-finding algorithms. We detail this in Section 2.5

The rest of the paper is structured as follows. First we
introduce our notation. Section [2] presents a high level de-
scription of the real root refinement algorithm. We detail its
three steps, in Sec. Sec. [2:2 and Sec. 2:3] Section [3]es-
timates the expected number of steps of DES and aDES when
the input polynomial is random of type Weyl, Sec. or
SO(2), Sec. Finally, in Section 4| we conclude and sug-
gest directions for furhter study.

Notation. In what follows Op, resp. O, means bit, resp.
arithmetic, complexity and the o B, resp. (5, notation means
that we are ignoring logarithmic factors. For a polynomial
A=7 aiz’ € Z[z], deg(A) = d denotes its degree and
L (A) = 7 the maximum bitsize of its coefficients, including a
bit for the sign. For a € Q, £ (a) > 1 is the maximum bitsize
of the numerator and the denominator. M (7) denotes the
bit complexity of multiplying two integers of size 7; we have
M(7) = Ogp(r). 2" is an upper bound on the magnitude
of the roots of A. We write Ay(A) or just A, to denote
the minimum distance between a root « of a polynomial A
and any other root, we call this quantity local separation
bound. If we are considering the i-th root, a;, then we also
write A; instead of Aq,. A(A) = ming Aq(A4) or just A
denotes the separation bound, that is the minimum distance
between all the roots of A. The Mahler bound (or measure)
of Ais M(A) = aq[], >, lol, where a runs through the
complex roots of A, e.g. |26,[40]. If A € Z[z] and L (A) =T,
then M (A) < |All2 < Vd+ 1Al = 27Vd+ 1. If we
evaluate a function F' (e.g. F = A) at a number ¢ using
interval arithmetic, then we denote the resulting interval by
[F'(c)], provided that we fix the evaluation algorithm and the
precision of computing. Let D(c,7) ={z : |x —¢| < r}.

2. THE r; AND or; ALGORITHMS

In what follows A = Zf:() a;xt € Z[z] with L(A) = 7.
Let a1 be the real root of A that lies in an (isolating) interval
I = [a..b]. The width of I, w = (b — a)/2, has bitsize
L(w) = O(lgA(A)) = O(dr), in the worst case (see also
Prop. [[). We write |I| = b—a and m = (a + b)/2. We
wish to refine I to include o into a subinterval of the width
t = 27 w. We define the isolation ratio of a real isolating
interval I of a root « of A as ir(I) = 2|m — a.|/|I|, where
o is the root of A that is the closest to a.

The high-level description that we present follows [3] and
[30]. For details and various improvements we refer the
reader to [30} 6, 8, 32]. The algorithm for refining the isolat-
ing interval of a real root a1 consists of three steps: Double
Exponential Sieve (DES), Bisection (BIS) and Newton itera-
tion (NEWTON). We denote the approximate variants by aDES,
aBIS, and aNEWTON, respectively. The three procedures are
as follows:

(1) DES or aDES achieves an isolation ratio at least 3.

(2) Sufficiently many bisections (BIS or aBIS), but O(lg(d)),
increase the isolation ratio.

(3) Then Newton iteration, NEWTON or oNEWTON, converges

quadratically and yields an inclusion interval of the de-
sired width.

In the sequel we describe in detail and analyze the complex-
ity of the three sub-algorithms.

The following proposition estimates the separation bounds
for a univariate (integer) polynomial. For variants and proof
techniques we refer the reader to e.g. [13] [15] [26] [20]. We
use a variant from |23, Thm. 4].

Proposition 1. Suppose A € Z|z] is a square-free univari-
ate polynomial of degree d, L (A) = 7, and aa,...,aq, are
the d distinct roots of A. Let SRo(A, A’) be the resultant
of A and its derivative, A’, w.r.t. x, and A; = A;(A) =
Aq,(A), where i =1,...,d. Then it holds

li] < 28 <24l <271, (1)
=Y 1gAi(A) < 30dlgM(A)+3L(SR(A A"))(2)
i < 36dT+42dlgd .

Lemma 2. |22] Suppose we evaluate A at ¢, where |c| <
28'*2 and suppose we use a working precision (or fixed pre-
cision arithmetic) p. Then

width[A(c)] < 27T (d + 1)227 4T+
The following lemma generalizes [22, Lemma 4].

Lemma 3. Let xo be such that |zo — ;| > A;/c for all real
«; such that i # 1 and ¢ > 2. Then

|A(z0)| > |ad| |zo — o |4 M (A) 7! olelli Ai—t

Proof: Let I(a) be the imaginary part of o € C. It holds
|xo — as| > |S(as)| > Ai/2 > Aj/c and so |zo — as| > As/c

is true for all the ré)ots of A. Now 4

|A(wo)| = laal [ [Izo — il = laallwo — aa| ] ] lwo — v

i=1 d i=2
> Jaallzo — aa| - [ 2
= d 0 1 Al 1 c
> |aallzo — aa|c' TIM (4) 7 2Bl AL

For the last inequality we use A; < 2 M (A), that in turn
relies on A1 = |a1 — ae, | < |oa| + |ae, | < 2M (A), where
Qe is a the root closest to a;. O

2.1 Double Exponential Sieve

In this subsection we follow [3], [8] and [32] to compute an
interval that contains the real root and has endpoints “far
away” from the endpoints of the initial interval. The difficult
case is when the real root is very close to one of the endpoints
of I. Next we outline this procedure referring the reader to
[32] for its detailed treatment and efficient implementation.

Initially let a1 € I = [a..b] for a < b. We compute a new
interval I = [a .. b] containing o and such that either 0 < b—
@ < 2torir(I) > 3. In the first case the midpoint of I, m =
(a+b)/2, approximates a; within a desired error bound ¢ and
hence we return either [@..7] or [m..b], depending on the
sign of A(m). In the second case we can apply bisections to
increase the isolation ratio to the level supporting Newton’s
iteration. We present the analysis of the bisection iteration
in the next subsection.

During the first step of DES, we decide whether a; lies in
[a.. “E] or [2£2 . b]. W.lo.g. assume that a =0 and b = 2
because our claims are invariant in the shifts and scaling the



variable z. Furthermore assume that a1 € [0..1] for the
other case is treated similarly. Now the bound ir(I) > 3
follows where

b<2a . (3)
Next, we write ap = 0, bp = 1, In = [0..1] and evaluate A
at the sequence of points cx = ao + 2w0/22k, k=1,...,4q1,
where 2wy = by — ap and g1 — 1 is the maximum index

such that a1 € [0..¢cq,]. If g1 = 1, then we write a’ = ¢g,,
b =1, obtain that a1 € [a'..b'] and ir([a’..V']) > 5/3, and
yield an interval I with ir(7) > 3 in at most two bisections.
Otherwise (if g1 > 1) we reapply the DES procedure to the
interval [cg, .. 1], denote by g2 the number of evaluations
of A(z) with < a1 in this process and ensure unless
g2 < g1. Recursively we obtain a strictly decreasing sequence
of intervals I;, each defined by means of g; evaluations of
A(x) where the sequence g1, g2, ... strictly decreases. This
means that the overall number of evaluations of A(x) in the
DES procedure is at most 1+>7 | g; <14 (91 +1)g1/2 for
u < g1. Moreover, g1 = [lg(lg(w) + L —1)] = O(lg(7 + L))
because otherwise we would have 0 < b —a < 2t.

The next lemma provides an approximate variant of the
algorithm where at each step of the procedure we use exactly
the number of bits needed. We call this variant aDES, from
approximate Double Exponential Sieve.

Lemma 4 (aDES). The procedure oDES compresses the iso-
lating interval I to an interval J such that |J| < 1/2% or
ir(J) > 3 using a working precision and time

O(—g1lgw+2 + g1 (Ilg M (A)+7+dl+1g [ [ Ai))  bits,

Op(d*rgi—dg 1g w+dgi27 +dg? (1lg M (A)+7+dT+ig [ [ Ai))
or O(dr + L) and Op(d®r + dL), respectively.

Proof: Initially a; lies in the interval I = Iy = [a .. b]. Let
w = wo = |b— a| be its width. We want to compute the
maximum integer g1 such that a; € (a..a 4+ w/22""). For

this we need to evaluate A on a + w/22k, fork=1,...,91.
It might happen that the evaluation of A at one of these
numbers is zero. To avoid this, at each step, we evaluate
A at two points, instead of one. This multiple evaluation is
borrowed from [22].

For each step k we define m1 and mo such that

a<m1:a—i-w/22k+l <m2:a+w/22k <b

and evaluate A over them. At least one of them is not a zero
of A. Let j € {1,2}, then for all ¢ # 1 it holds |m; — a;| >

w/QQkJrl = w < 22k+1\mj — ;| and |a1 — my| < w/22k.
Then

Ai < lon — il < lan = my| + [my — oul

k k k
<w/2% +|mj —ai| < |my — ]2 127 4+ mj — ay

S 3\mj - Oé7;| .
Using Lemma |3| with ¢ = 3 we get
|A(my)| > [m; — aulag| 31~ M (A) 2Tl At

For at least one of m;’s it holds that |m; — a1| > 'w/22k+2
(actually this is the half the distance between mi and m2)

and hence
|A(my)| > |ad‘#31—dM (A) " oleTL At

> w3l—d 9291 =3+1g[1; A;—lg M(A)+lglag|

Using Lemma [2| the precision needed for this step, p1,
satisfies the equation

2—p1+l(d + 1)227+d(1“+2) <

— —_9291 _ 3 . —lg
w3492 —3+all; Ai—lg M(A)+lglag] 7

and thus
pr=0(—lgw+27 +1g M (A) +7+dl —Ig[]A)) -

To support our computation of the desired interval J we
double the precision of computing at every DES step. We
perform lg(p1) steps overall; each is essentially an evalua-
tion of A. By applying Horner’s rule we yield the cost bound
Op(d(dr + p1)). Similarly, at the i-th step of aDES we per-
form g; 1g(p:) evaluations, each at the cost of O (d(dr+p;)),
where

pi = (5(—lgwi,1 +2% +1lgM(A)+7+dl — lgHAi) .

Summarizing, the overall cost of performing v steps is
bounded by

Op <Z d(dr + pi)gi 18;Pi>

i=1

The sequence of g;’s is strictly decreasing, that is g; >

gi+1, and so v < gi. The produced intervals I; have widths
w; < w/2%, and so
v—1

Zlgwi =g lgw—29 +1

=0
> pi = O(=gilgw+2" +g:(lg M (A)+7+dT—1g [ [ A0)) ,

and the overall cost is bounded by

Op(d®rgi—dg? 1g w+dgi 29" +dg? (g M (A)+7+dl—1g H Aj)) -

By noticing that |aq| > 1, lgw = O(dr), T' = O(r),
O(lgM(A)) = O(r + lgd) and using Prop. [1] to bound
lgT]; A, we get that the maximum precision needed is O(dr+
L). Finally, the complexity of aDES is Og(d*r + dL). O

Remark 5 (DES). We call this procedure DES if it uses only
exact arithmetic with rational numbers. Then, in the worst
case, we perform gi = O(lg?(r + L)) evaluations of A at
numbers of bitsize O(L).

Using Horner’s rule, each evaluation costs Op(d*(t + L)).
Hence, the overall complexity is Op(d?(t 4+ L) 1g?(r + L)) =
Op(d*(t + L)). This bound is greater by a factor of d than
the one supported by aDES.

However, since we are working with exact arithmetic in the
bit complexity model, Horner’s arithmetic is not optimal. To
see this, notice that the output of the evaluation is of bitsize

O(d(T + L)). If we use the divide and conquer approach
10, |19], each evaluation costs Op(d(7 + L)) and the overall



complexity is Op(d(t+ L) 1g?(t+ L)) = Op(d(r+L)). This
bound is the same as the one supported by aDES.
Nevertheless, this approach has some drawbacks. First, we
are forced to work with full precision right from the begin-
ning. Even though this does not affect the worst case bound
it is a serious disadvantage for implementations. Second,
this approach does not scale well, in the case where we want
to refine all the real roots of A. Then, we have to multiply
the bound by d, which is not the case for the approximate
algorithm. For further details we refer to Section

2.2 Bisection(s)

This section covers the second step of the refinement al-
gorithm. Recall that the isolation ratio of a real isolating
interval I of a root ay is defined as ir(f) = 2|m — ae, |/|1],
where ae, is the root of A closest to a [30]. Our goal is,
using bisections, to achieve an isolation ratio of ir(I) > 5d2,
which ensures the quadratic convergence of Newton iteration
right from the start [33, Corollary 4.5].

If ir() = 1+ 6 for an interval I = [a..]], then after k
bisection steps, we obtain an interval Iy, such that ir([y) >
1 + 2"5. Details of the algorithm appear in Alg. We
increase the isolation ratio by applying bisections, for which
we need to evaluate A. We set dir, equal to —1, 0, or 1 to
indicate the search direction. If the initial isolation ratio is
ir(I) = 1+ 26, then after k bisections, in the worst case, we
increase the isolation ratio to ir(Ix) =1+ 2’“67 where [} is
the new, refined, isolating interval. The variable dir takes
the values left or right and specifies if the roots is on the
left or on the right of m. If we know in advance whether
the closest root of A not belonging to the interval I lies to
the left or the right of the midpoint of I then we may set
dir accordingly. Otherwise we set dir = . In the latter
case, after the first bisection, we are sure about the value of
dir. Even if this observation does not affect the asymptotic
behavior of the algorithm, it can save us a constant number
of bisections, which might be important in practice.

If the initial isolation ratio is r = 1 + 2 - 2'8C"=D=1 then
after k steps it becomes 1+ 2% - 218(=D=1_If our goal is to
achieve an isolation ratio R, then

1428 . 280D > g ok ols-D=l > B o

ktlgr—1)—1>1g(R—1) & k > 1+lg% .

In our case R = 5d%. From the previous step aDES guaran-
tees an isolation ratio at least 3 and thus we need to perform
k = O(lg(d)) bisections.

Each bisection consists of an evaluation of A over the mid-
point of the corresponding interval and setting dir accord-
ingly. We will perform this in an approximate way using the
algorithm from [22]. We need the following lemma for the
approximate variant, aBIS.

Lemma 6. |22] The approximate bisection for a root a €

I = [a..b] of A requires a working precision of p = O(—lg w+
T+dl+1g [, As)) bits and has bit complexity Op(d(—lg w+
7+ dl' +1g ], As)), where w is the width of I.

A single bisection halves an interval of width w, k bisec-
tions decrease the width to wr = w/Qk.
In the worst case the interval has the width w2~ %, and so

the number of bits needed in the worst case is p = O(—lgw+
L+7+dl'+1g]], Ai). We perform O(lg(d)) bisections, and

so the overall cost is Op(d(—lgw + L+ 7+ dl' +1g ], As)).

Recall that —lgw = —O(1g A(A4)) = O(dr).

Lemma 7 (aBIS). The cost of aBIS is Op(d(—lgw + L +
7+dl +1g [, Ai)) or Op(d*t +dL).

Remark 8 (BIS). If we perform the bisection step using
only exact arithmetic with rational numbers, then we per-
form O(1g(d)) evaluations of A over numbers of bitsize O(L—
lgw), in the worst case. FEach evaluation costs 5B(d(7' —
lgw + L)), using the divide and conquer scheme [19, |10].
Hence, the overall complexity is Op(d(r —1gw + L) 1g(d)) =
Op(d(dr + L)) = Op(d®t + dL).

2.3 Bounding the Newton operator

The last step of the refinement algorithm consists in per-
forming a suitable number of Newton iterations to refine
the isolating interval up to the required width. The bisec-
tions of the previous step ensure that the interval is small
enough that Newton iteration converges quadratically, right
from the beginning. Actually it satisfies the conditions of
the following theorem [33, Corollary 4.5].

Theorem 9. Suppose both discs D(m,r) and D(m,r/s) for
s > 5d? contain a single simple root of a polynomial A =
A(z) of degree d. Then Newton’s iteration

Tpy1 =z — A(zk) /A (zx), k =0,1,. .. (4)

converges quadratically to the root a right from the start
provided xg = m.

First, we estimate the precision needed at each of Newton
iteration. Given an interval [ay .. bx], let mi = (ar + br)/2
be its middle point, where we apply the Newton operator,
that is

A(my)
Ar(mg)

where Ar, = A(my), A, = A'(my), and A’ is the derivative
of A. We assume that A; > 0 and A} < 0. The other
sign combinations could be treated similarly. Suppose we
compute Ay and A), using interval arithmetic and a working
precision p to be specified later. We can assume that their
interval representation is [Ax] = [Ax —€.. Ax +¢] and [A}] =
[A}, — €.. A}, + €], both having the same width, e.

The interval evaluation of Newton operator, using the
same working precision p, results in the interval

NA(mk) =Mk —

Ap — € Ar + €
.mp +€— ——m
Azfe A;CJre

[NA(my)] = |mp —€—

The width of [NA(my)] is 2¢ — 1’25}:1: + 21;:2, and now we

ensure its upper bound t = 27 Lw.

7Ak+6 A — €
A +e A —e¢
P(e) = 26* — te® — 2(Ay —A;€—|—A;€2)e+tA;€2 >0 .

2¢ + <t=

The coefficient list of P has 2 sign variations and hence
from Descartes’ rule of signs it follows that P has at most
two positive real roots. If there exists such a pair of roots,
let them be €1 < €2 and assume that P is positive between
0 and €;. For the width of [NA(my)] to be smaller than
t = 271w, it suffices € to satisfy 0 < ¢ < min{l,e1}. To
guarantee this we estimate a (positive) lower bound on the



roots of the P and require € to be smaller than it. Combine
Lemma and Cauchy’s bound, e.g. |40} 26] to obtain

72
€< tAk —
1+ 2(A, — A + A%

by working with a precision p that satisfies

2
27p+1(d+ 1)227—+d(r+2) <e< tA;c 5
t+2(Ar — Al + AL)

Hence, we can express p as a function of the desired width.

It remains to bound the evaluations A and Aj,. At the k-
th step, given an interval I, we apply Newton operator on its
midpoint, mg, and deduce that A; < 2|m; —a;| for all ¢ # 1.
Indeed for my < a1 < @y, it holds |myk —au| > |a1 —as| > Ay,
whereas for a1 < my < a; it holds |ar — mi| < |mi — aul,
because «; lies outside the isolating interval. Therefore A; <
las — aa| < Jas — mg| + |ar — me| < 2|mp — ol

So using Lemma [3] we get

|[Ag| > |mi — anllaa| 3 "M (A)~ 2l 2=t (6)

- (5)

For the approximations achieved by Newton iterations |32}
8], when the convergence is quadratic, we have

ok
Imi —a1]| =27 |mo — o . (7)
Obviously
|mo — aa| >t =2ty ,

since the required width is not achieved from the initial in-
terval, and so

|mk - Oél| = 2472)C |m0 — al‘ Z 2472)“7L+1gw B (8)
which leads to
|Ak| Z |ad| 24—2k—L+lgw 31—dM (A)—l 21g1_[,i A;—1 X (9)

We need a similar bound for |A;|. Let «j be the roots
of A’. We assume that A’ is square-free. This is no loss
of generality since we can estimate the required quantities
using the square-free part of A’.

Let the two roots of A’ that are closer to a; be o) and
o, which are located to the left and to the right of a,
respectively. Let o’ denote any other root of A’. Then it
holds that |my — aj] > |’ — «j| > Aj, where A] is the
local separation bound of o/ and where o’ is either o or o}
depending on which side from my the root o} lies. To see
this assume that o lies on the right of a5. Then it holds
my < ah < af, and so |my —ab| > |ah —af| > Al A similar
argument holds when o} lies on the left of o). Therefore

d—1
|AL = |A"(mk)| = |[daa| [T Imy —of] =
i=1
d
= |daa|lmi — of|lme — ay| [] Ime — afl
=3
1 d
/ ’ !
2 |dadllmi — aj|lmi — ag| ATAL gAi
> |dag|lmi — allek - o/2| M (A’)f2 9= 2olell; 4] ,

where we used the inequality Aj < 2M (A’).

We bound |m — | and |my — a5 using the width of Ij.
We notice that my is closer to a; than to o) and ab. This is
so because both o} and a4 lie outside the interval of interest,
which holds because of the quadratic convergence of Newton
operator.

The complex disc with diameter the interval Iy satisfies the
assumptions of Thm. E and this is also the case for all discs
with the centers at my, and radii |I|/2. In other words, the
roots o and b lie outside the 5d2-dilations of these discs,
that is the centers ms lie much closer to a; than to o} and
ob.

So using Eq. we obtain |my — | > |mi — ai| >
94=2"—L+lgw [lepce

ok+1 ’

—2L+421lgw M (A/)*Q 2—2+1g1_[1- AG
(10)
Now we can bound the right-hand side of inequality .
First, we bound the numerator. For all my it holds that
|mg| <20 <2771 see Eq. . Thus

d
AL = A (mi)| < D ifas] 207D < g7 2 < g2 Hed
i=1

|AL| > |daq| 2%

and so

tA;€2 S 2—L+lgw+6d7+21gd ) (11)

Next, we bound the denominator of the upper bound in
. To simplify the notation let |Ay| > 27 > 0 and
|[A}| > 27% > 0. For the exact bounds we refer the reader
to equations @ and , Recall that we assume A}, to be
negative and hence —Aj) > 0. Then

t+ Q(Ak _ A;c + A;CQ) Z 2min{751,7222,7L+1gw}

— max{{1,2¢2,L—1gw}
>2 ;

and so

1 < 2max{él,2€27L*1gw} . (12)
t+2(Ap — Al + AL T

Combining @ and with , and we deduce

that the required precision is

(5(L—lgw+2k+7+lg(M(A)M(A’))—lgHAiHA§>

We want to achieve |my —a1| < w/2%. Using Eq. @ we get
Imi — aa] < 2472 % < QEL =k >1g(L+3) .

Hence, we need to apply the Newton operator k = O(1g(L))
times, to refine the interval by a factor of 277, So the overall
bit complexity of this step is

Op <d (L—lgw—!—dT—Hg (M (A) M (A")) —lgHAiHA§>>

Note that |aq| > 1, O(lg M (A)) = O(7+1gd), O(IgM (4")) =
O(rlgd), —1gw = O(dr), use Prop. to bound Ig [T, A; and
lg [T, A%, and obtain that the precision O(dr+L) is sufficient
for us. So the Boolean complexity of aDES is Op (d?r + dL).

Lemma 10 (aNEWTON). The maximum number of bits needed
by Newton iterations is O(dr + L) and the total complexity
of the Newton step is Op(d*T + dL).

We should mention that there is no need to realize the
Newton iteration using interval arithmetic. However, it is
easier to estimate theoretically the working precision needed
using the formalization of interval arithmetic.



Remark 11 (NEWTON). We can also estimate the complex-
ity of Newton iterations in the case where only exact arith-
metic with rational number is used. We need to perform
O(lg(L)) Newton iterations, each of which consists of an
evaluation of A and its derivative over numbers of bitsize
O(1 + L — lgw), in the worst case. The cost of the evalua-

tions is Op(d(r + L —lgw)). Hence the overall complexity
is Op(d(T + L —lgw)lg(L)) = Op(d*t + dL)).

2.4 Overall complexity of r; and ar,

Theorem 12 (aRs). We can refine an isolating interval of
a real root of A to decrease its width by a factor of 2~L py
using aRs or Rz with Boolean complexity Op (d2’7' +dL).

Suppose we wish to refine r < d real roots of A. We can
apply our algorithm concurrently, and then its overall cost
is dominated by the cost of recursive numerical polynomial
evaluation at r points. For that task we can apply the nu-
merical algorithm of [31], which solves this problem by using
O(dlogd) arithmetic operations, which promises extension
to this task of the complexity bounds of FFT and conse-
quently the extension of the complexity estimates of Th.
to simultaneous refinement of r real roots.

In the exact version, Rs, we perform evaluations at num-
bers of bitsize L. The output of such an evaluation re-
sults in rational numbers of bitsize O(d(7 + L)). When
we isolate all the r real roots, the bitsize of the output is
O(rd(r + L)) = O(d*(r 4 L)), which is also a lower bound
on the Boolean complexity of the refinement process. This
exceeds the bound for aRs by a factor of d.

2.5 Requirements for the isolating intervals

Our algorithms support the complexity bound of Thm.
provided that we are given a real m and a positive r such
that the root-isolation disc D(m,r) = {z : |x — m| < r}
contains a single simple real root a of A, and no other roots
of A, and furthermore « is not very close to the boundary
circle of the disc, namely

o —m|(14c'/d) <r (13)

for two real constants ¢’ > 0 and ¢. Our argument in Section
shows that under the latter assumption it is sufficient to
apply O(logd) bisections to strengthen bound (13 to the
level 5d*|oc —m| < r. Then we can apply Theorem [9] to en-
sure quadratic convergence of Newton’s iteration, and then
complete our algorithms and proofs.

Is it simple to ensure bound at a low cost? For the
worst case input this is not simpler than to approximate
the root « very closely. Indeed the divide-and-conquer algo-
rithms (cf. [29], [36]) can compute a real isolation interval
for a single simple root, but produce such intervals already
well isolated from all other roots, and then our construc-
tion is not needed. On the other hand root-finders working
on the real line such as the subdivision algorithms produce
such intervals independently of the distribution of nonreal
roots on the complex plane. In this case we cannot exclude
any unfavorable distribution of them. On the average input,
however, violation of the isolation assumption seems to
be rather pathological (see also the next section).

A natural question arises: How can we test whether this
assumption holds for a given polynomial A and a real inter-
val I containing its single simple root a? In fact very easily:

Algorithm 1: ISOLATION_DISCS(A, I1,...,1I)

Input: A € Z[X], and isolating intervals I,..., I,
Output: Isolation ratio for convergence of Newton.

1 Apply a fixed number of bisections as well as bisections
of exponenent to all r input intervals I1, ..., I, which
transforms them into subintervals I1,..., I,.

2 Recall that the Mobius map z = %‘/::1 maps the real
line {z : S(x) = 0} into the unit circle

Cy = {z:|z| = 1}. Note that z = \/—7123 and
compute the coefficients of the polynomial

B(z) = (= + )" A(V=1252).

3 Apply the root-radii algorithm (cf. [29], |36]) to
approximate the root radii of this polynomial. In
particular this defines an annulus about the circle C1,
which contains the images of the r real roots of the
polynomial A(z) and no images of its nonreal roots.

b4 Compute the boundary circles of the image of this
z—1

annulus in the converse map x = y/—1 T

5 For all subintervals I1, ..., I, compute at first the
distances di, . .. ,d, from their midpoints to these two
boundary circles and then the ratios

2d1 /|1, . .., 2d /|1

6 RETURN the minimum of the ratios as the quaranteed
isolation ratio for the input intervals.

we can just apply our algorithms. They compute a sequence
of real inclusion intervals (ap .. bn), for h = 0,1,..., where
(ao..bo) = I and by, > ap, for all h. We verify the inclusion
property by checking whether A(an)A(by) < 0 and either
observe that h bisection steps decrease the width of the iso-
lating interval by a factor of 2" or otherwise conclude that
the assumption is certainly violated. This test by action
requires negligible extra cost.

Alternatively, given m and r, we can test whether the disc
D(m,r) contains only one root by applying the Schur—Conn
test, partial inverses of Descartes’ rule of sign, e.g. [16] or the
root-radii algorithms of [36] (cf. [28 Section 4]), which ap-
proximate the distances from m to all roots of A within, say
1% error. These a priori tests, however, have no advantage
versus the test by action and have a little greater cost.

Remark 13. Suppose we have r real intervals I1,..., I,
each containing a single simple root of A. In this case our
algorithm ISOLATION_DISCS in Alg.[1] is a single a priori test
of the existence of all the r root-isolation discs. Our present
paper does not use this algorithm, but it may be of indepen-
dent interest, and our next research plan includes estimation
of its Boolean complexity, which seems to be dominated at
Stage 3. This stage is quite inexpensive, according to the
estimates in [36] and |29)].

3. AVERAGE ANALYSIS OF pes AND apes

The most time consuming part of Rz and aRs is the aDES
procedure. It requires, in the worst case,

g1 = [g(lg(w) + L — 1)]* = O(1g*(7 + L))

evaluations of our input polynomial A. This occurs where
(other) roots of A lie very close to the endpoints of the initial



interval I. However, in practice this behavior is rare, if it
occurs at all. To explain this phenomenon, Pan and Linzer
[30] estimated the average number of steps of DES under the
assumption that a real root is uniformly distributed in an
interval and concluded that in this case Rz, and hence oRs,
needed a constant number of steps, with a high probability.

Even though the assumption on the equidistribution of
the real roots in [30] is plausible, we are not aware of any
distribution on the coefficients that results in such a behavior
for the roots. We consider an average case analysis in the
case where the root we approximate is a real root of a random
Weyl or SO(2) polynomial [18]. The density function of the
real roots is considerably different in these cases. We will also
arrive to the same conclusion, that is Rz and aRs perform a
constant number of steps with high probability.

3.1 Weyl polynomials

Weyl polynomials, are random polynomials of the form
A= Ef;o a;z'/\/il, where the coefficients a; are indepen-
dent standard normals. Alternatively, we could consider
them as A = Z?:o aia:i, where a; are normals of mean
zero and variance 1/ Vil. As the degree grows, the real
roots, except a constant number of them, are in the interval
[—=V/d../d]. Their (asymptotic) probability density function
is f(t) = ﬁ.

The probability that a1 € [a..a + w/22k] is

Kk a+w/22k
Prlas € [a..atw/22"]] = Prlg: > k] :/ Fitye =
which rapidly goes to zero as k, but also as d, grows.

3.2 50(2) polynomials
Random polynomials of the form A = Z?:o a;z’, where
the coefficients are i.d. normals with mean zero and vari-
ances (Cil), where 0 < i < d are called SO(2) polynomials. Al-
(5) ai ',

ternatively, we could consider them as A = E?:o i
where a; are i.i.d. standard normals. They are called SO(2)
because the joint probability distribution of their zeros is
SO(2) invariant, after homogenization.

The (asymptotic) probability density function of the real
roots of SO(2) random polynomials is f(t) = m

Assume that the isolating interval I = [a..b] is a subset
of (0..1), and let its width be w. We can treat the case

where [ is subset of (1..00) similarly. The probability that
a1 € [a..a—}—w/?zk] is

Pr [og € [a..a—l—w/QQk]} = Prlg1 > k]

a+w/22k &
= / f(t)dt = arctan(a) — arctan(a 4+ w/2% )

w/22k w 1 w 3
= arctan T < -3 % )
1+a?w/2? 22" +a?2w 3\ 22" + a®w

which rapidly goes to zero as in the case of Weyl polynomials.
However, now there is no dependence on the degree but only
on the endpoints of the (initial) isolating interval.

4. CONCLUSIONS AND FUTURE WORK

We present an approximate variant of a real root refine-
ment algorithm that is based on the Bisection of the Ex-
ponents, or Double Ezxponential Sieve algorithm, bisection

w
2k 41 Vd ’

and Newton operator. The complexity of the algorithm is
Og (d*74dL). We are currently implementing the presented
algorithm for real root refinement and the first results are
quite encouraging. We plan to report a detailed experimen-
tal analysis in the near future.

Can we combine aDES with the approximate version of
QIR in [22] to provide an alternative method to guarantee
quadratic behavior? We believe that this is a very interesting
approach to explore.

For random polynomials, it is reasonable to assume that
we can derive an even faster algorithm for real root refine-
ment that takes advantage of the distribution of the roots.
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Algorithm 2:
INCRISOLATIONRATIO_BY_SUBDIV(A, I, 7, R, dir)

Input: A€ Z[X],I=]a,b], LEZ

Output: (r,I), where r > R

Data: Initially » < R. The direction of the closest root,
dir, may or may not be given.

if dir = () then

m+ b
S sen(A(m) ;
if s=0then I = [m..m]; RETURN (r =o00,1) ;
if s;-sm <0then I« [a.m]; dir =left ;
if sp-sm <0 then I <« [m..b]; dir =right ;
r+2(r—1)+1;

I O s N F
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m ¢ 4k
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if cdir # dir then
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else
| re20r+1) -1

s @ N F O © ®
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