-

View metadata, citation and similar papers at core.ac.uk brought to you byff CORE

provided by INRIA a CCSD electronic archive server

archives-ouvertes

Global Carleman estimates for waves and applications.

Lucie Baudouin, Maya de Buhan, Sylvain Ervedoza

» To cite this version:

Lucie Baudouin, Maya de Buhan, Sylvain Ervedoza. Global Carleman estimates for waves and ap-
plications.. Communications in Partial Differential Equations, Taylor & Francis, 2013, 38 (5), pp.
823-859. hal-00633562v2

HAL Id: hal-00633562
https://hal.archives-ouvertes.fr /hal-00633562v2

Submitted on 14 May 2013

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://core.ac.uk/display/49789087?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
https://hal.archives-ouvertes.fr/hal-00633562v2
https://hal.archives-ouvertes.fr

Global Carleman estimates for waves and applications*

Lucie Baudouin®? T
1 CNRS, LAAS, 7 avenue du colonel Roche, F-31400 Toulouse, France;
2 Univ de Toulouse, LAAS, F-31400, Toulouse, France;
Maya de Buhan®*
3 CNRS, UMR 8145, MAPS5, Université Paris Descartes, Sorbonne Paris Cité, France;
Sylvain Ervedoza*®
4 CNRS, Institut de Mathématiques de Toulouse UMR 5219 ; F-31400 Toulouse, France;
5 Univ de Toulouse, IMT, F-31400 Toulouse, France.

May 14, 2013

Abstract

In this article, we extensively develop Carleman estimates for the wave equation and give
some applications. We focus on the case of an observation of the flux on a part of the boundary
satisfying the Gamma conditions of Lions. We will then consider two applications. The first one
deals with the exact controllability problem for the wave equation with potential. Following the
duality method proposed by Fursikov and Imanuvilov in the context of parabolic equations, we
propose a constructive method to derive controls that weakly depend on the potentials. The
second application concerns an inverse problem for the waves that consists in recovering an
unknown time-independent potential from a single measurement of the flux. In that context,
our approach does not yield any new stability result, but proposes a constructive algorithm to
rebuild the potential. In both cases, the main idea is to introduce weighted functionals that
contain the Carleman weights and then to take advantage of the freedom on the Carleman
parameters to limit the influences of the potentials.

Keywords: wave equation, Carleman estimates, controllability, inverse problem, reconstruc-
tion.

AMS subject classifications: 93B07, 93C20, 35R30.

1 Introduction

The goal of this article is to revisit observability properties in the light of Carleman estimates
for the wave equation with a potential in a bounded domain. We will present applications of
the appropriate Carleman estimates in two directions:

e In control theory on the dependence of the exact controls for waves with respect to the
potentials;

e In an inverse problem for the wave equation in which the potential is unknown, where we
will give a reconstruction algorithm for the potential.
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1.1 Setting
Let © be a smooth bounded domain of R™, n > 1, and T > 0. We consider the wave equation

07z —Nz+pz=yg, in Q x (0,27),
z=0, on 99 x (0,27), (1.1)
z(0) = 20, 0:2(0) =21, in Q.

Here, z denotes the amplitude of the waves, p is a potential supposed to be in L (2 x (0, 2T)),
g is a source term for instance in L*(Q x (0,27T)) and (z0,21) are the initial data lying in
H} () x L*(Q). Tt is by now well-known that, due to hidden regularity results [24], under these
assumptions, the normal derivative of z on the boundary belongs to L*(9Q x (0, 2T")).

In this article, we focus on the following observability property:

Given I'o C 992, can we determine z solution of (1.1) from the knowledge of g, p
and of 0,z on I'g x (0,27)?

When p = 0, this question has a positive answer if and only if the Geometric Control
Condition holds [1, 8] for ©,27 and I'o. Roughly speaking, it asserts that all the rays of
geometric optics in €2, which here are simply straight lines reflected on the boundary according
to Descartes Snell’s law, should meet the observation region I'g at a non-diffractive point in a
time less than 27

However, other methods exist based on multiplier techniques [24, 23] or on Carleman es-
timates [14, 31]. These methods use stronger geometrical assumptions, and in particular the
following ones, sometimes referred to as the Gamma-condition of Lions or the multiplier con-
dition.

Geometric and time conditions:

Jz0 ¢ Q, such that Ty D {z € 9Q, (z — x0) - v(z) > 0}, (1.2)
T > sup |z — xo. (1.3)
zeQ

The advantage of Carleman estimates on the multiplier techniques is that they allow to
easily handle potentials in L* (2 x (0,27")) - see e.g. [14, 31, 11]. In the applications we have
in mind and that will be developed hereafter, it will be important to understand the dependence
of the observability inequalities with respect to the potentials. This precisely explains why the
path we have chosen hereafter uses Carleman estimates.

In order to state our results precisely, we shall need several notations. To make them easier,
instead of working on (0,27") as in (1.1), we do a translation in time in order to consider:

0tz — Az+pz=g, in Qx (-7,7),
z=0, on 00 x (—=T,T), (1.4)
2=T)=25", z(~T)=27", inQ.

Let us define, once for the whole paper, the weight functions we shall consider in Carleman
estimates.
Weight functions: Assume that Ty satisfies (1.2) for some zo ¢ Q. Let 8 € (0,1), and define,
for (z,t) € Q@ x (=T,T),

Yz, t) = | — xo[* — Bt + Co, and for A >0, o(z,t) =M, (1.5)
where Cp > 0 is chosen such that ¢ > 11in Q x (=T,T).

Note that the weight function ¢ defined that way depends on 8 € (0,1) and A > 0 and shall
rather be denoted ¢g,x, but these dependences are omitted for simplifying notations.
We also define, for m > 0, the spaces

LZ,(Q) = {q € L™ (), [lqll L~ ) < m},
LS (Qx (=T,7)) ={p € L=(Q x (=T, 7)), |IpllL~ax(-1,1)) < m}.

The main results we shall use are the following ones:



Theorem 1.1. Assume the multiplier condition (1.2) and the time condition (1.3). Let 8 €
(0,1) be such that

sup |z — zo| < BT. (1.6)
zeQ

Then for any m > 0, there exist A > 0 independent of m, so = so(m) > 0 and a positive
constant M = M(m) such that for ¢ being defined as in (1.5), for all p € LT, (2 x (=T,T))
and for all s > so:

T T
s/ /eQw (102> +|V2|*) dadt + 53/ / e**?|2)? dadt
—T7JQ —T JQ

—&—s/eQS‘p(_T) (10e2(=T)” + |V2(=T)[*) dz + 53/ 22D (=T dw (1.7)
Q Q

T T
< M/ / e**?|07 2z — Az + pz|? dzdt + Ms/ / e**? 19, z2|° dodt,
-TJa -1 J1g

for all z € LA(=T,T; Hy(Q)) satisfying 87z — Az +pz € L*(Q x (=T,T)) and d,z € L*(T'y x
(=T,7)).

Theorem 1.2. Under the assumptions of Theorem 1.1, if z furthermore satisfies z(-,0) = 0
in §2, one also has

T
51/2/ e*?19,2(0) dﬂCSM/ /623‘p|8t2z—Az + pz|? dxdt
Q -rJa

T
+M5/ / e*? 10,2 dodt. (1.8)
-1t Jry

In particular, if z(-,0) = 0 in Q and q € LS, (), then for all z € L*(0,T; Hy(R)) satisfying
07z — Az +qz € L2(Q2 x (0,T)) and 9,z € L*(To x (0,T)) and for all s > so(m),

T T
51/2/ e 19,2(0) dx—f—s/ /625(” (102 + |V2|?) dacdt+53/ /623‘p|z|2 dxdt
Q o Jeo o Ja
T T
§M/ /628¢|8327Az+qz|2 d:vdtJrMs/ / e**? 10,2 dodt. (1.9)
o Ja o Jry

Note that the condition z(-,0) = 0 in Q of Theorem 1.2 makes sense for z such that z €
L2((0,T); H3(Q)) and 872 — Az+pz € L2(Q2x (0, T)) since then 07z = Az—pz+ (02— Az+pz)
belongs to L*((0,T); H~'(Q)).

Theorems 1.1-1.2 do not claim particular originality and many of their ingredients are
already available in the literature, see e.g. [2] where very similar estimates are proved and
[14, 31, 17] for more references. However, to our knowledge, this is the first time that these
global Carleman estimates are written under that form, which is easier to use to achieve our
goals. Detailed proofs of Theorem 1.1-1.2 are given in Section 2.

1.2 Applications to controllability

The idea is to take advantage of the Carleman estimate of Theorem 1.1 to obtain controls
whose dependence with respect to the potential is weak. To be more precise, we focus on the
following exact controllability problem:

Given (y; 7,y; ") € L*(Q) x H Y(Q), find u € L*(To x (=T,T)) such that the
solution y of

Oy — Ay +py =0, in Qx (=T,T),
y=ulry, on 0Q x (-T,T), (1.10)
y(-T)=y5 ", dwy(-T)=y;", inQ

solves

y(T) = o0wy(T) =0, in Q. (1.11)



This exact controllability problem is equivalent to the observability of the system (1.4).
These two properties are dual one from another, as stated by Lions [24] using the Hilbert
Uniqueness Method (HUM): the HUM computes the control of minimal L*(T'g x (T, T))-
norm from the minimization of a quadratic functional whose coercivity is equivalent to an
observability property for the adjoint system (1.4) that can be deduced from Theorem 1.1 un-
der the conditions (1.2)—(1.3).

Actually, we shall not focus on these HUM controls. Nevertheless, the controls that we
shall consider below are also computed with a duality argument, based on the “observability”
inequality (1.7) directly. Our approach is strongly inspired by the duality strategy employed
by Fursikov and Imanuvilov [14], that has mainly been used for parabolic equations so far. The
idea is to minimize, for s > 0, the functional

T T
K, p(z) = i/ /623‘p|8t2z—Az + pz|? dxdt—f—l/ / e**?19, z|* dodt
25 J_rJa 2J rJr,
+<(y0_T7y1_T)7(Z(_T)7atz(_T)»(LZxH*l)x(H%><L2)7 (1.12)

on the trajectories z such that z € L*(~T,T; H}(Q)), 87z — Az + pz € L*(Q x (-T,T)) and
Bz € L*(Tg x (=T, T)). Here,

-7 —T>

<(y0_T7y1_T)7(ZO_T7ZI_T)>(L2><H*1)><(H(%><L2):/yO—TZI_T7<y1 ) 20 H*leédx:
Q

with
Wi Dy = [ V(80T Ve Tds,
Q

where A, is the Laplace operator with Dirichlet boundary conditions. Note that this functional
K, depends on s - the parameter chosen in the exponential - and on the potential p.

Then, according to the Carleman inequality of Theorem 1.1, under conditions (1.2)—(1.3), if,
for some m > 0,p € LT, (Qx (=T,T)) and s > so(m), we shall easily show that K , is strictly
convex and coercive. K, s,p therefore has a unique minimizer, denoted by Z|s, p] to underline the
dependence with respect to the potential p and the parameter s. Simple computations prove
that if we set

1 S S
Y[s,p] = ~e®?(0] —=A+p)Z[s,p] and Uls,p] = e, Z[s,plr,,  (1.13)
s
we obtain a solution to the exact controllability problem (1.10)—(1.11) - see Theorem 3.1 for
precise statements and proofs. We are then in position to study the dependence of the controls

with respect to the potential:
Theorem 1.3. Assume the conditions (1.2)—(1.3).

Let m > 0 and p®, p® be two potentials in L2, (Q x (=T,T)). Given an initial data
(wo Ty ™) € L*(Q) x H™X(Q), there exists a constant M = M(m) > 0 independent of s such
that the corresponding controlled trajectories (Y[s,p®], Uls,p®]) and (Y[s,p®],U[s,p"]) satisfy,
for all s > so(m),

T T
s / / 29V [s,p"] — Vs, p)|? dardt + / / 29U s, p%] — Uls, p)|? dadt
—-rJa -7 JTg

T T
s [ [ e P e Vi Pydsar+ [ [ e Ul 4 Ul ) dude
—TJo =T JTg

<M

< 7l — Pl @x -y < 2mMs™??, (1.14)

where ¢ = g, is chosen so that Theorem 1.1 holds and so(m) is the parameter given by
Theorem 1.1.

In other words, the relative error between the controlled trajectories (Ys, p],Uls, p]) decays
as s73/2 for potentials lying in LZ,(Q x (=T,T)).



Theorem 1.3 states that, as s increases, the control obtained by the minimization of K,
depends less and less of the potential p. This is of course in complete agreement with the
results obtained using microlocal analysis, in which the potentials play no role - see e.g. [8].
However, to our knowledge, the relations between controls computed for different potentials
have not been studied so far.

The proof of Theorem 1.3 is purely variational and comes from the variational character-
ization of the controls. The main issue is to track the powers of s during the proof. Again,
this strongly relies on the Carleman estimate of Theorem 1.1. One will find all the details in
Section 3.

1.3 Applications to inverse problems

The idea now is to take advantage of the Carleman estimate of Theorem 1.2 to conceive a
reconstruction algorithm of the potential from the knowledge of the flux of the solution. To be
more precise, we focus on the following inverse problem:

Given the source terms h and hs and the initial data (wo,w1), considering the
solution of
W — AW + QW = h, in Q x (0,7),
W = hy, on 092 x (0,T), (1.15)
W(O) = wo, BtW(O) = w1, in Q,

can we determine the unknown potential Q = Q(z), assumed to depend only on
z € €, from the additional knowledge of the flux

w=09,W, onTqyx(0,T) (1.16)
of the solution?
Under the regularity assumption
W e H'((0,T); L= (2)), (1.17)
the positivity condition
Ja > 0 such that |wo| > « in Q (1.18)

and the multiplier conditions (1.2)—(1.3), the results in [2] (and in [29] under more regularity
hypothesis) state the stability of this inverse problem consisting in finding the potential Q
from the measurement of the flux (1.16). To be more precise, it is proved that, given Q%, Qb e

= .(9) and denoting by W[Q"] and W[Q"] the corresponding solutions to (1.15), there exists
a positive constant M = M(Q,T,z0,m) such that

1 a a a
MHQ - Qb||L2(Q) < [|0:0,W[Q"] — 3t3uW[Qb]||L2(0,T;L2(r0)) < M|Q" — Qb||L2(Q)-

Nevertheless, this stability result is not given with a constructive argument that could allow
to explain how to find @ from the knowledge of 9, W1r,. We are thus interested in deriving
an algorithm so that it can eventually be implemented numerically.

The algorithm we shall propose is based on a data assimilation problem that we briefly
present below.

Let m > 0 and g € LZ,,(Q). Let p € L*(I'o x (0,7))) and g € L*(Q2 x (0,T)). We introduce
the functional

T T
Js,qlit, 9)(2) = 2_13/0 /Q623‘p|8t22;—Az—&—qz—g|2 dxdt—i—%/o /1" e**?)8,z — p|? dodt, (1.19)
9

on the trajectories z such that z € L?(0,T; Hg()), 0fz — Az + qz € L*(Q x (0,T)), duz €
L*(Ty x (0,7)) and 2(-,0) = 0 in Q. Remark that z(-,0) makes sense in H~'(Q) since
072 = Az — qz+ (02 — Az +qz) € L*(0,T; H~'(0,1)) under the previous assumptions.



Similarly as for K ,, one will see that this functional Js 4[y, g] has a unique minimizer
Z for s > so (Proposition 4.1). We emphasize that Z depends on s and ¢, but the context
will make it obvious and we therefore drop these dependences to simplify the notations. More
importantly, we can study how the minimizer Z depends on g € L*(Q x (0,7)) and, similarly
as in Theorem 1.3, we will prove the following result:
Theorem 1.4. Assume the multiplier condition (1.2) and the time condition (1.3).

Assume that i € L*(To x (0,T)) and g%, g® € L*(Q x (0,T)). Let m > 0 and q € LZ,,(Q).
Let Z7 be the unique minimizer (see Proposition 4.1) of the functionals Js (i, g°] for j € {a,b}.
Then there exist positive constants so(m) and M = M(m) such that for s > so(m) we have:

T
51/2/ e**?(019,2%(0) — 0, 2°(0)|* dz < M/ / e**?|g" — ¢°* dadt, (1.20)
Q o Ja

where ¢ = @g x is chosen so that Theorem 1.2 holds and so(m) is the parameter in Theorem
1.2.

Based on this result, we propose an algorithm to compute the potential () from the mea-
surement of the flux, based on some additional knowledge on the L (€2)-norm of the unknown
potential @Q:

Im >0 such that Q € LS, (Q). (1.21)
The algorithm then is the following:
Algorithm 1. e Initialization: ¢° = 0.

e Iteration. Given ¢*, we set p* = 0, (O,w[q*] — D, WIQ]) on Ty x (0,T), where w(g"]
denotes the solution of

8,?’[1)—A11}—|—qkw:h7 inQX(O7T)7
w = ho, on 0 x (0,T), (1.22)
w(0) = wo, Ow(0) =wi, inQ,

corresponding to (1.15) with the potential ¢". We then introduce the functional I gk (", 0]
defined, for some s > 0 that will be chosen independently of k, by

1 (T
I gk [1¥,0](2) = % / / e*?|0fz — Az + ¢" 2| dadt
$Jo Ja

1 /T
+ —/ / e**?10,z — p*|? dodt, (1.23)
2Jo Jrg

on the trajectories z € L*(0,T;Hg(Q)) such that 8}z — Az + ¢*2 € L*(Q x (0,T)),
Oz € L*(To x (0,T)) and 2(-,0) = 0 in Q.
Let Z* be the unique minimizer (see Proposition 4.1) of the functional I,k [1*,0], and
then set .

F =gt 4 2200 (1.24)

wo

where wo is the initial condition in (1.15).
Finally, set

i <
qk+1 _ Tm((jk+1), where Tm(q) — { q, if |q| sm, (125)

sign(q)m, if |¢| > m.

One will see in Section 4 how Theorem 1.4 allows to prove the convergence of the above
algorithm for s large enough:

Theorem 1.5. Assuming the multiplier and time conditions (1.2)—(1.3) and (1.17),(1.18) and
(1.21), there exists a constant M > 0 such that for all s > so(m) and k € N,

/ 628“"(0)(qk7Ll - Q)2 dx < M / e25¢(0) (q’c — Q)2 dx. (1.26)
Q Vs Ja

In particular, when s is large enough, the above algorithm converges.



We emphasize here that this approach is constructive. In particular, at each step of this
algorithm, we solve a quadratic strictly convex minimization problem, which can be easily
done. Besides, the algorithm necessarily converges to ) due to Theorem 1.5. This is a great
advantage compared to the classical methods for solving this inverse problem, that usually
consists in minimizing

J(q) = /0 ! /F Bywlg] — B W[Q)Pdodt, (1.27)

wlg] being the solution of (1.15) (or (1.22)) corresponding to the potential ¢, which is not
convex and may have several local minima. Of course, due to that fact, it is very difficult to
propose a convergence result based on the minimization of the functional J in (1.27), since
classical minimization algorithms are not guaranteed to converge toward the global minimum
of J.

However, when doing numerics, as underlined from the seminal work [15] to the most recent
developments [12], the discretization process usually creates spurious high-frequency waves that
do not travel and strongly disturb control processes, even making the discrete controls blow
up for some initial data to be controlled. Based on the recent work [4] that proves Carleman
estimates for discrete waves uniformly with respect to the space discretization parameter, we
will investigate the numerical methods to compute approximations of potentials in a future
work.

Let us finally conclude this section by giving some references considering inverse problems
for hyperbolic equations using Carleman estimates.

The use of Carleman estimates to prove uniqueness results in inverse problems was intro-
duced in [7] by Bukhgeim and Klibanov. The first proofs of the stability of inverse problems for
hyperbolic equations rely on uniqueness results obtained by local Carleman estimates (see e.g.
[17, 22]). One can read for instance [25, 26, 29, 30, 27|, where the method uses compactness-
uniqueness arguments based on observability inequalities.

Concerning other inverse problems for the wave equation with a single observation, the
references [18, 19, 20] consider the case of interior or Dirichlet boundary data observation and
use global Carleman estimates, as in [2].

For more generic hyperbolic models, one could also mention [3, 5, 21] giving stability of
inverse problem from appropriate global Carleman estimates respectively for a network of 1-d
strings, a discontinuous wave equation or the Lamé system. Let us also mention the work [6]
for logarithmic stability results when no geometric condition is fulfilled.

1.4 Outline and notations

The paper is organized as follows. Section 2 is devoted to the proof of several weighted esti-
mates yielding the Carleman estimates of Theorems 1.1 and 1.2. In Section 3, we show how the
result of Theorem 1.1 can be used to solve the exact controllability problem related to equa-
tion (1.10). In particular, we give the proof of Theorem 1.3 on the dependence of the control
with respect to the potential. Section 4 then focuses on the application of Theorem 1.2 to the
inverse problem related to equation (1.15) of recovering the unknown potential. We describe
in detail the algorithm proposed for solving this inverse problem and prove its convergence as
stated by Theorem 1.5.

Due to the important number of notations, let us make precise some of them:
e y represents controlled trajectories and u stands for the controls;

e 2z represents free trajectories of the waves with a source term and satisfying homogeneous
Dirichlet boundary conditions;

e v represents trajectories of the waves satisfying v(£7) = 0;v(£T") = 0;

e w represents trajectories of the waves conjugated by the Carleman weight in Section 2;
In the rest of the article, it represents solutions of (1.22);



e ¢, 1) are the Carleman weights defined by (1.5);
e s, A, 3 are the parameters entering into the Carleman estimates;

e p, g, Q denote potentials, but potentials denoted by p may depend on z and ¢ whereas
potentials ¢ depend only on x.

2  Weighted estimates

In this section, we will prove several weighted estimates, including a weighted Poincaré inequal-
ity, in the goal of proving Theorems 1.1 and 1.2.

Let Q be a smooth bounded domain of R™, n > 1. In order to simplify the notations, we
introduce the d’Alembertian operator:

O=67 — A.

In the following, we consider a function v € L?(—T, T; Hj(Q)) such that Ov € L?(Q x (=T, T))
and v = 0 on 90 x (—T,T). We will first prove Carleman estimates similar to the ones of
Theorems 1.1-1.2 for the operator [, corresponding to a potential equal to zero.

2.1 A Carleman estimate in arbitrary time 7T

Let us now give a global (meaning “up to the boundary”) Carleman inequality, following
Imanuvilov’s method [17].

Theorem 2.1 (see [2]). Assume the Gamma-condition (1.2). Let v and ¢ be the weight
functions defined by (1.5).

Then for every B € (0,1), there exist Ao > 0, so > 0 and a positive constant M such that
for all s > so and X\ > o,

T T
s)\/ / 0e**? (|0p|* + |Vo|?) dedt + 83)\3/ / ©*e**?|v|? dzdt
—TJQ —-TJQ

T T T
+/ / |P1(e*v)|? dedt < M/ / e**?|0w|? dadt + Ms/ / 0e**? |,v|? dodt (2.1)
—-TJQ -T JQ —T JTy

for every v € L*(=T,T; H5(2)) satisfying Ov € L*(Q x (=T, T)), dyv € L*(To x (=T, T)) and
v(£T) = 0w (£T) = 0 in Q, and where Py is defined by

Piw = diw — Aw + s° N @*w(|8:° — |Vy|?). (2.2)

Let us emphasize that such estimate is not new. Firstly, the proof can be read in the
unpublished work [2] by the first author. Secondly, there are many Carleman estimates for
hyperbolic equations. One can find (local) Carleman estimates for regular functions with
compact support in [9, 16, 14, 28, 29]. One can also read similar versions of global Carleman
estimates for hyperbolic equations in [17, 20, 31].

For completeness, we give the proof of Theorem 2.1 below.

Remark 2.2. This Carleman estimate is proved for any arbitrary time T > 0, but v has to
satisfy v(£T) = Ow(£T) = 0. Therefore, the uniqueness result implied by Theorem 2.1 is not
surprising since the corresponding unique continuation result is: If v(£T) = Ow(£T) = 0,
v e L*((-T,T); Hy(Q)), Ov =0 and dyv;r, = 0, then v = 0.

Proof. Using the weight ¢ defined by (1.5), we set, for s > 0,
w(z,t) = v(z,t)e*? ™) for all (z,t) € Q x (=T, T).
Then, we introduce the conjugate operator P defined by

Pw = e*?0(e” **w). (2.3)



Some easy computations give

Pw = 8w —2sXp(dywdip — Vw - Vo) + s° AN @*w(|0w]* — |VY|?) — Aw
—shpw (97 — AY) — s\ puw(|:p|* — VY [*)
= Piw+ Pow+ Ruw,

with P; defined by (2.2) and

Paw = (a—1Dshpw(d7d — Ap) — sApw(|0g]* — [VoI)
—25Ap(Oswdp — Vw - V) (2.4)
Rw = —ashpw(diy — Av),
where 28 )

condition that will be explained later below in Step 2 of the proof. Since we have

T T T
/ /(|P1w|2+|P2w|2) dzdt + 2/ /lePgwd:cdt:/ /|owRw|2dxdt, (2.7)
—T7JQ —-TJQ -TJQ

the main part of the proof is then to bound from below the cross-term

T
/ / Prw Pow dxdt
—rJa

by positive and dominant terms, similar to the one of the left hand side of (2.1), and a negative
boundary term, that will be moved to the right hand side of the estimate. For the sake of
clarity, we will divide the proof in several steps.

All the computations below are done for smooth functions v (equivalently, w). Then, by a
classical density argument, we can extend the results to any v satisfying Ov € L*(Q x (=T, T)),
v € L2090 x (=T, T)) and v(£T) = dpv(£T) = 0 in Q.

Step 1. Explicit calculations

We set
3

<P1w7P2w>L2(Q><(—T,T)) = Z Iik
i,k=0

where I; ;; is the integral of the product of the ith-term in Pjw and the kth-term in Pow. We

mainly use integrations by parts and the properties of w such as w(+7) = 0, dyw(+T) = 0 in
Qand w=0o0n 0Q x (=1,T).

We shall also persistently use the fact that 0;1) does not depend on x and that Vi does
not depend on time, and thus

VY =0V =0,  8:AY =8:(Vy|*) =0.
Integrations by part in time give easily

I

/, i /Q Ofw((o — 1)sApw(97 ¢ — Avp)) dadt

T
- (1‘“)SA[T/52¢|0twl2(85w—Aw) dadt
—G_TO‘)SAQ [ TT /Q plwl O (07w — Ay) dadt
—G_Ta)skg [ i /Q plwl*|0upl* (97 — Av) dadt.
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Similarly, one has

Ii2

/ : [ dFwioneu(l ~ (Vo) dede
T JQ

T T
X [ [ plorwl (ol ~ (ol dade -3 [ [ oluf ol dodt
—T JQ —T JQ
1 3 T 2 202 sA3 [T 2 202
e [ [ elulowot dnat+ 5 [ [ elul (9ol ot dedr
—-T JQ

4
- / / w2020 — [Vib[2) dadt

and

113

T
/ / O w(—25Ap(Brwdiy) — Vw - Vb)) dadt
—-T JQ

T T
SA/ /<p|8tw|28t21/)dacdt+s)\2/ /cp|8tw|2|8t1/)|2dxdt
—-T JQ —-TJQ
T T
+5A/ /cp|8tw|2A1/)dxdt+s)\2/ /<p|8tw|2|V1/)|2dmdt
—-TJQ —-T JQ

T
—2s\? / / pOrw OpVw - Vi dzdt.
-tJa

We compute in the same way

j - [Z/Q—Aw((a—l)s)\apw(afz/)—Azp))dmdt
r
— —(1—a)sA[T/§2¢|Vw|2(83w—Aw) dzdt
+(1;0‘)3A2 [i/§2¢|w|2A¢(83¢—Aw) dadt
#0590 [ [ oupiverote - av) doa
and
r
= [ [ Aol - 9o dode

= o [ [ ovul ol - 9P deat
[ P ave) et
“3 X [ ol sl - 1vu) deat
s” X[ ol ver o - (vof) dea

fs)\?’/_T/an|w|2V1/)'V(|V1/1|2)d:vdt.
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Using the fact that w|pax—7,r) = 0, Vw = (d,w)v and |Vw|* = |0, w|* on 00 x (=T, T):

I23

T
/ /wa(f2s)\<p(8tw8twwa«Vz/)))dxdt
—-TJQ
T T
= s)\/ /<p|Vw|2(8t21/17A1/;)dxdt+2s)\2/ /¢|V¢«Vw|2dxdt
—TJQ T JQ

T T
—28)\2/ / POyw OpNVw - Vip drdt + s)\2/ / | Vw(|0up > — |Vo|*) dadt
—TJQ T JQ

T T
—s)\/ / @O w|* VY - v dodt + 48)\/ / o|Vw|? dzdt
-1 Jog —TJo

since D21 = 2Id.
One easily writes

I = / [ #X (ol = (96 (o = Ddow(0hy - Av) dade
= (a—1)N / / Sl (079 — AG) (0] — |[V]?) dudt
—T JQ
and
L = / / A2 GPu([0epl? — V) (—s\Zpw(10ub]? — [V[?)) dadt

ot [ ] PP — 1) asa
-rJa
Finally, some integrations by part enable to obtain

I3

/ / SN2 Q2w (|0b > — [V?) (=25 A (Qwdeth — Vw - V) daxdt
N / / G w2(026 — Ap) (0] — Vo) dadt
—T JQ
T
1257 / / o w2029 |2ep[? + 2V ) dadt
—T JQ

T
13570 / / G lw(0u[? — [V ?)? dudt.
—T JQ
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Gathering all the terms that have been computed, we get

T
/ / PrwPow dxdt
—TJo

T T
= 23)\/ /np|8tw|28t21/)d:vdtfas)\/ /np|8tw|2(8t21/)wa) dadt
—T7JQ —-TJQ
T
+ 23)\2/ /Lp(|8tw|2|3t1/1|2728tw3t1/1Vw~V1/)+|V¢-Vw|2) dadt
-rJa

T T
+ 43)\/ /¢|Vw|2dxdt+as)\/ /¢|Vw|2(afwfmp) dadt
-rJa -rJa (2.8)

T
- s/\/ / @0, w|* Vi - v(z) dodt
-1 Jon
T
2 [ Gl ol — [Vl deds
-rJo
T
b2 [ [ Gl @ vlawl + 290l dods
-rJo
T
+as'h [ Pl @t — Av) (ol - [Vol*) dedt + X,
-rJo
where X gathers the non-dominating terms and satisfies
T
|X1] < Msx‘/ /ga|w|2d:cdt.
-rJao
Note that, since ¢ > 1, we have, for X large enough, A* < e**¥ = ¢?, and therefore,

T
| X1] < Ms/ /g03|w|2d:vdt (2.9)
—-TJo

for some M independent of s and A. Here and in the rest of the proof of Theorem 2.1, M > 0
corresponds to a generic constant depending at least on 2 and 7" but independent of s and A.

Step 2. Dominating terms
On the one hand, about the first order derivative terms, one can notice that

T
23/\2/ /Q(p(|3tw|2|8t1/1|2 — 20,wdpVw - Vi + [V - Vw|®) ddt
-T

T
= 25A2/ / © (Bwdpp — Vw - V)2 dadt > 0. (2.10)
—-T JQ

Since this term can vanish, we focus on the terms in s in |9;w|* and |Vw|? and we want them
to be strictly positive, what is equivalent to having:

2071 — a(87 — AY) >0 and 4+ (9 — Adp) > 0.

By explicit computations, these two terms are positive if and only if « satisfies (2.6). This
justifies the choice of the parameter a. Note also that this can be satisfied only if 8 € (0,1).
As a direct consequence, we can write

T T
23/\/ /np|8tw|28t2wd:vdtfas)\/ /np|8tw|2(8t2waw) dzdt
—-T JQ —-T JQ
T T
+4s)\/ /¢|Vw|2d:cdt+as)\/ /¢|Vw|2(af¢fmp) dxdt
T JQ —-T JQ

T T
> Ms/\/ /ga|8tw|2dxdt+Ms)\/ /<p|Vw|2d:cdt. (2.11)
—TJQ T JQ
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On the other hand, considering the 0-th order terms, we can observe that:
T
2\ [ [ Gl (ol? ~ V02 dade
-rJo
T
+as'h [ [ Gl @t - Av)(ol? - Vo) deds
-rJo
T
2 [ ] Gl ulowl + 2190l deds
-rJo
T
= 53)\3/ / O lw]* Fx () dadt,
-rJa

where

Fx(8) = 2X(|100]? — [V9[)® + 207 ¥ [0 ” + 2| V|*) + a(07 v — Ap)(|0up]* — [V3)]?)
= 20(10:0]” — |V[*)? + (2079 + (979 — A))(10:0]” — |[V[*) + 207 ¢ + 2)|Vy|?
= 2AX? + (2074 + a(87 ) — AY)) X 4+ 16(1 — B) |z — 0|

with X = |0:0]2 — |Va|*.

Since o ¢ Q and 8 € (0,1), we have 16(1 — B)|z — xo|* > ¢* > 0. Therefore, we are
considering a polynomial A(X) > 2AX? — 2(a(B 4+ n) 4+ 26) X + c* and taking X > 0 large
enough, the minimum of A will be strictly positive. Consequently,

T T
33)\3/ /¢3|w2|F,\(¢) dxdt > Ms3)\3/ /<p3|w|2dxdt. (2.12)
—TJQ T JQ

Thus, plugging (2.10), (2.11) and (2.12) in (2.8), and since V¢ = 2(z — x0), we obtain

T T
/ / PrwPow dzdt + 25)\/ / @8, w|? (x — x0) - v(x) dodt + | X1
—T7JQ T JoQ

T T
> Ms)\/ / ® (|8tw|2 + |Vw|2) dxdt + Ms3)\3/ / ©°lw|? dadt.
—TJQ —-TJQ

T T
2/ /|Pw|2d:vdt+2/ /|Rw|2dxdt
—TJQ T JQ

T T
M/ /|Pw|2dxdt+Ms2/\2/ /¢2|w|2d:vdt,
—TJQ T JQ

Since we also have

T
/ /|owRw|2dxdt
—-T JQ

IN

IN

using (2.7) and (2.9), we get
T T
s)\/ /(|8tw|2+|Vw|2)<pdacdt+53)\3/ /|w|2<p3dxdt
-rJa —TJo
T
+/ / (|Prwl® + |Pow|?) dadt
-t Ja

T T
< M/ / | Pw|? dxdt+Ms)\/ / @ |vw|? (x — x0) - v(z) dodt
—TJa =T JTg

T T
+ Ms/ /4,03|w|2 dxdt+M82)\2/ /4,02|w|2 dzdt.
—T7JQ —T JQ
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We take now so large enough so that the terms of the last line (coming from X; and |Rw|?)
are absorbed by the dominant term in s*X3|w|?¢® as soon as s > so. Using also the condition
(1.2) on I'g, we finally obtain for some positive constant M,

T T
s)\/ /<p(|8tw|2 + |Vw|2)dxdt+53)\3/ /<,03|w|2 dxdt
—TJQ T JQ

T T
+/ /|P1w|2dacdt+/ /|P2w|2dxdt (2.13)
—T7JQ —-TJQ

T T
< M/ / | Pw|? dxdt—f—Ms)\/ / ¢ldw|? dodt
—TJa T JTIg

for all s > sgp and A > Ao.

Step 3. Back to the variable v
Since w = ve®?, we have

e?*?19,0)? < 20w]? + 257 |0r0 ) |w|® < 2|0:w|* + Cs*N2p?|w|?, in Qx (=T,7T),
e>*?|Vu|? < 2|Vw|® 4 25°|Vo|*lw|® < 2|Vw|? + Cs* A2 |wl?, in Qx (=7,7),
e**?19,0)° = |0,w|?, on 9Q x (=T,T).

Using (2.3) that gives by construction Pw = e*?[v, we can go back to the variable v in (2.13)
and obtain that there exists some positive constant M such that for all s > sp and A > Ao,

T T
s)\/ / 0e”*? (|9w|* + |Vo|?) dadt + 53)\3/ / ©*e*?|w|? dadt
—T7JQ —-TJQ

T T
+/ /|Pl(es“’v)|2 d:vdtJr/ /|P2(es“"v)|2 dxdt
-TJQ -TJa

T T
< M/ /e2w|Dv|2dxdt+MsA/ / ©e**? |8, v]? dodt.
-TJQ —-T JTg

This concludes the proof of Theorem 2.1. O

In the sequel, we will fix A = Ao and use the fact that ¢ then is bounded from below by 1
and from above by some constants depending on A. Since A is fixed, we can put it into the
constants and obtain the following result:

Corollary 2.3. Assume the Gamma-condition (1.2).
Then for every B € (0, 1), there exist A > 0, so > 0 and a positive constant M such that for
all s > so,

T T T
s/ / e>*?(|8]? + |Vo|?) dadt + 33/ / e**?|v|? dadt +/ / |P1(e°?0)|? dadt
—-rJo —-TJo —-rJo
T T
< M/ /e2s‘p|Dv|2d:cdt+Ms/ / e**?|9,0|° dodt  (2.14)
-1 JQ -1 Jry
for every v € L*((=T,T); H} () satisfying Qv € L*(Q x (=T,T)), dvv € L*(0Q x (=T, T))

and v(£T) = O (£T) = 0 in Q, where P1 is defined in (2.2).

In the following, M denotes various constants that do not depend on the parameter s.

2.2 Weighted Poincaré inequality

We prove here a weighted version of the Poincaré inequality that will be used thereafter.
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Lemma 2.4. Let 3 € C*(Q) and assume that the weight ¢ defined on Q satisfies

inf V| > 6 > 0. (2.15)
Then there exist so > 0 and M > 0 such that, for all s > so and for all z € H{(Q),
52/ e>*?|2* da < M/ e**?|Vz|? da. (2.16)
Q Q

Proof. We begin with the following computation, that uses the identity V - (e**°Vp) =
e P AP + 25e*P| V5|2

s2 / 62S¢|Z|2|VL)(~)|2 dx
Q

5 2 (V. (e%V3) — P A5

2/Q|2:| (V (e Vnp) e Anp) dz

= —s/erész-VgZde—£/623¢|z|2A¢daa (2.17)
Q 2 /o

Since ¢ € C*(Q) and since we suppose (2.15), the last term in (2.17) can be bounded as follows:

ff/ 623¢|z|2A¢dx§Ms/ e>*?)2)*| V| da.
2 Ja Q

Then, for s sufficiently large, this term is absorbed in the left hand side of (2.17). This implies
the following estimate:

52/ e**? 122 |Vp|* da < Ms/ ‘eQS‘ﬁzV(ﬁ‘ ‘eQS“ZVz‘ dz
o o

) 1/2 i 1/2
<M (82/ e>*? 22|Vl dx) </ e**?|Vz|? dx) .
Q Q

This yields (2.16) and concludes the proof of Lemma 2.4. |

Let us emphasize that the weight function ¢ defined by (1.5) is such that for all ¢ € (=T, 7,
o(-, t) satisfies assumption (2.15) of Lemma 2.4 since zg ¢ 2 and Vi = 2\(z — o).

2.3 A Carleman estimate in time 7" large enough

When the time T is large enough in the sense of (1.3), we claim that the conditions at times
+T can be removed of the assumptions of Theorem 2.1. Roughly speaking, this will follow
from an energy argument coupled to the Carleman estimate (2.1). The result is given in the
following theorem:

Theorem 2.5. Assume the multiplier condition (1.2) and the time condition (1.3). Define the
weight functions ¢ as in (1.5) with § € (0,1) being such that (1.6) holds.
Then there exist so > 0 and a positive constant M such that for all s > so:

T T
s/ /625“" (|8tz|2 + |Vz|2) d:vdt+s3/ /628“’|z|2 dxdt
—T7JQ —TJQ

T T
< M/ /628*"|Dz|2dxdt+Ms/ / e**? 19, z2)° dodt,
—TJa =T JTg

for all z € L*((=T,T); Hy(Q)) satisfying Oz € L*(Q2 x (=T, T)) and 0z € L*(02 x (=T, T)).

Remark 2.6. Let us emphasize that Theorem 2.5, contrary to Corollary 2.3, does not require
2(£T) = 0e2(£T) =0 in Q.

(2.18)
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Proof. From condition (1.6) that states sup,cq |z — zo| < BT, we can choose n € (0,7 and
€ € (0,1) such that

(1 —e)(T —n)B > sup |z — xol. (2.19)
zeQ
Then, explicit computations on ¥ (z,t) = |z — xo|> — Bt* 4+ Co show that we have

(1= 2)|0:p(t)] = sup [V (x, B)],
e

Ve (=T, =T +m) V(T —n,T), sup ¥(z,t) < Co < inf ¥(x,0). (2.20)
e zeQ
Hence, we introduce the cut-off function x € C¢°(R) such that 0 < x <1 and
1 i T+n<t<T—n,
x(t) = { 0, if t<-T or t>T, (2:21)

and we set v = xz, in Q x (=T,T). Therefore, v satisfies the required hypothesis v(+£7) =
O (£T) = 0 in  and we can apply the Carleman estimate (2.14) of Corollary 2.3 to v:

T T
s/ /625"’ (|0ev]* + |Vo]?) dacdt+53/ /623‘p|v|2 dxdt
-rJa -rJa

T T
< M/ / e**?|w|? dzdt + Ms/ / e**?19,v|? dodt.
—TJa T JTIg

One can calculate that

(2.22)

Ov = x0z — 2x' 0z — X" 2, in Qx (-T,7).

Besides, the functions x’ and x” have compact support in (=T, T +n) U (T —n,T). Thus,
from (2.22), we deduce the following estimate on z:

T—n T—n
5/ / eo® (|8tz|2 + |Vz|2) dzdt + 53/ / e**?|2|? dadt
—T+nJQ —T+nJQ

T T
SM/ /e2s‘p|Dz|2dxdt+Ms/ / e**?10, z|* dadt
_rJa —7Jr,
T —T4n
+M/ /62”’ (|8tz|2+|z|2)dadt+M/ /em (92 + =) dedr.  (2.23)
T—nJQ -T Q

We will show that the last two terms of (2.23) can be absorbed in the left hand side if the
parameter s and the time T are chosen sufficiently large. In order to do that, we introduce the
following weighted energy:

E.(t) = %/Qe%"’(t) (10e2(t)]> + |V2(t)[*) dx. ¥Vt e (-T,T),

We first calculate:

dE;
dt

= s/ >0y (|8t2|2 + |Vz|2) dzr + / eo® (atzafz + Vz-V(0:2)) dz.
Q Q
Thus, after an integration by parts,
dEs
dt

s/ er‘pattp (|atz|2 + |Vz|2) dx + 25/ e2s‘p3tng0 -Vzdx = / e2*? 9,20z da. (2.24)
Q Q Q
Step 1: Term of (2.23) on (T —n,T)

(a) Thanks to the formula 2ab < a® 4+ b*, we can bound by below the left hand side of
equality (2.24) leading to:

dB,

el s/ e (Oup + |Ve]) (10:2]> + |V2|*) da < / e**%9,20z da.
Q Q

16



According to (2.20) and (1.5), for t € (T'—n,T)
inf {~(9up + [Vepl)} > inf {—cdup} > 2:5(T — n)e > 2eB(T —n) :=c. > 0.

Thus,

vte (T —n,T), d(is + sc*/ e (|8,5,Z|2 + |Vz|2) dx < / €**?8,20z da. (2.25)
Q Q

. b . .
Now, using the formula 2ab < ea? + — with € = sc., we can bound the right hand side of
€

(2.25) as follows:

/ e2*? 0,20z dx
Q

* s 1 S
< 2/ >0y z|* da + —/ e**?|0z|? da.
2 Jao 2scy Jq

The first term of the right hand side is absorbed by the left hand side of (2.25). We obtain

dEs SCsx 2s 2 2 1 2s 2
7 —&—T/Qe 2 (10e2]” + V2] )deR Q@ ?|0z2|" dx

or, equivalently,

dE, 1
o + sc Es < e, /0625"’||:|z|2 dz.

Using the Gronwall lemma, we can write, for all t € (T'—n,T),

t
By(t) < Es(Tfn)e“*(T”’*t)+2L / e (7Y / | 0z(7)|? dadr
SCx T—n Q

T
< B (T —n)eset=(T=m) 4 L/ / e*** 0z (1) |? dwdr. (2.26)
2sce Jr_n Ja

Integrating this relation for ¢ between T'— 1 and T', we obtain:

T

T T
B (t)dt < Es(Tfn)/ e*“*“*(T*"))dHL/ /623*"|Dz|2dxdt
-TJQ

T—n T—n 2scx

IN

T
MES(Tfn)JrM/ /623‘”|Dz|2d:vdt. (2.27)
s S JorJa

(b) Now we want to estimate Es(T'—n) by Es(7) for 7 € (=T +n,T —n) . We use equality
(2.24) that we integrate between 7 and T — n:

T—n
E (T —n)—Es(r) = s/ / e>*?0up (|10e2]” + |V2|?) dadt
T Q

T—n T—n
- 23/ / eQWBtnga -Vzdzxdt + / / e?*%9,20zdxdt.
T Q T Q

We bound the right hand side using Cauchy-Schwarz (and bounds on ¢ and its derivatives):

T—n

Es(Tin) 7ES(T) S MS/

T
Es(t)dt+%/ /e2s‘p|Dz|2dxdt.
—T+n s J_rJa

Integrating for 7 between —71 + n and 1" — 7, since s is large,

T—n

T
Es(T —n) < Ms/ Es(t)dt + %/ / e**?|0z|? dzdt. (2.28)
-TJQ

—T+n
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(c) Finally, thanks to (2.27) and (2.28), we deduce

T
/ / e*? (|02 + |V2|?) dadt
T—nJQ

T—n M T
< M/ / e**¥ (|8tz|2 + |Vz|2) dxdt + ?/ / e**?|0z|? dzdt.  (2.29)
— Q T JQ

T4n

Moreover, combining it with the weighted Poincaré estimate of Lemma 2.4, we get

T

T
5/ / e>? (|0e2]” + |V2|° + 5°|2|?) dadt < Ms Eq(t)dt
T—nJQ

T—n

T—n T
< Ms/ Es(t)dt—f—M/ /623‘”|Dz|2dacdt4 (2.30)
—T+n —-T JQ

Step 2: Term of (2.23) on (-7, -T +7)

We want to obtain the same results as previously but on the interval (=T, =T +n). In order
to do that, one can introduce Z(x,t) = z(z, —t) and apply the above estimates to Z (we make
the change of variable ¢ — —t). Thus, equations (2.26)—(2.28) coincide with the following ones:

Vte (=T, =T +1), Es(t) < Eo(—T +n)e *==TH1=0

C [T, 2
+ —/ /e (M| 0z(7) > dzdr, (2.31)
s J_r Q

—T+n T
/ Es(t)dt < MES(—T +n)+ M / / e**?|0z)? dzdt, (2.32)
—-T s s JorJa
T—n M T
E(-T+n) < Ms / Es(t)dt + — / / e**?|0z)? dadt. (2.33)
—T+n S T JQ

Combining (2.32) with (2.33), we deduce

—~T+4n
/ / e (|8tz|2 + |Vz|2) dxdt
-7 Q

T—n M T
< M/ / e?o® (|8tz|2 + |Vz|2) dzdt + —/ / e**?|0z|” dadt.  (2.34)
—T+nJQ S T JQ

Besides, similarly to (2.30), using Lemma 2.4, we have
—T+n
5/ / eo® (|8tz|2 + V2 + S2|Z|2) dxdt
-T Q
T—n T
< Ms/ Es(t)dt—f—M/ /623‘”|Dz|2dacdt4 (2.35)
-rJa

~T+n

Step 3: Conclusion
Using the power of s in the left hand side of (2.23) and estimates (2.29) and (2.34), taking
s large enough, we obtain

T—n
5/ / > (102 + |V2|* + s%|2|*) dudt
- Q

T+4n
T T
gM/ /623“"|Dz|2d:vdt+Ms/ / e**?18, z|* dodt.
—-TJQ -1 Jry

Using then estimates (2.30) and (2.35), we immediately deduce (2.18). a
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Remark 2.7. Note that, following carefully the above proof, the Carleman estimate (2.18) can
actually be slightly improved into

T T
s/ /625"9 (|8tz|2 + |Vz|2) d:vdtJrsS/ /628“’|z|2 dxdt
—TJQ T JQ
T 2s¢p 2 T 2s¢ 2 2
<M e**?|0z|" dzdt + M s e“*?x(t)°]0v2|" dodt,
—-TJQ =T JTg

where x is the cut-off function defined in (2.21).

(2.36)

2.4 A Carleman estimate with pointwise term in time —7T

The proof of Theorem 2.5 easily gives furthermore an additional weighted estimate of the
solution at time —T"

Corollary 2.8. Under the conditions of Theorem 2.5, we also have
5/ e =1) (|0e2(=T)|* + |V2(=T)|?) dx + 53/ 2D (=) dw
Q Q
T T
gM/ /623“"|Dz|2d:vdt+Ms/ / e**? 10,2 dodt, (2.37)
—rJao -7Jr,

for all z € L*((—=T,T); H3(Q)) satisfying Oz € L*(Q x (=T,T)) and 9,z € L*(0Q x (=T, T)).

Proof. Using inequalities (2.31) at ¢ = —T and (2.33), we obtain an estimate on Es(—T). We
then deduce (2.37) from the weighted Poincaré inequality of Lemma 2.4 and Theorem 2.5. O

Let us now conclude with the proof of Theorem 1.1 that will be our main tool for the study
in Section 3 on the design of a constructive process for building controls that depend weakly
on the potentials.

Proof of Theorem 1.1. The Carleman estimate of Theorem 1.1 for the operator [J + p with
p€ LT, (Qx (=T,T)) is a direct consequence of Theorem 2.5 and Corollary 2.8 noticing that
in Qx (=T,T),

I0z|? < 2|02 + pz|® + 2|pl| 7 ax (—r.1y 21> < 2|02 + pz|® + 2m?| 2.

Then choosing sg large enough, one can absorb the term

T
2Mm2/ /623‘p|z|2 dzdt
-t Ja

by the left hand side of the sum of (2.18) and (2.37), thus obtaining (1.7) with slightly different
constants. O

Remark 2.9. Using Remark 2.7, one can easily adapt the above proof to estimate the left
hand-side of (1.7) by

T T
M/ / e**?|0z 4 pz|* dedt + Ms/ / e**?x()%10, 2|* dodt, (2.38)
—rJa T JTIg

where x is the cut-off function defined in (2.21).
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2.5 A Carleman estimate with pointwise term in time 0

We are now interested in deriving a Carleman-type estimate with 9;z(+, 0) in the left-hand side
under the condition that z(z,0) = 0 for all z € Q. We aim at proving Theorem 1.2 at the end.

Theorem 2.10. Assume the multiplier condition (1.2) and the time condition (1.3). Define
the weight functions ¢ as in (1.5) with § € (0,1) being such that (1.6) holds.
Then there exist so > 0, A > 0 and a positive constant M such that for all s > so:

T T
31/2/ e***19,2(0) d:ers/ /625"’(|8tz|2+|Vz|2)dxdt+s3/ /628"’|z|2 dxdt
Q —rJo —rJo
T T
gM/ /625*"|Dz|2dxdt+Ms/ / €**? 18, 2| dodt (2.39)
—-rJa -7 Jry

for all z € L*((=T,T); Hy(Q)) satisfying Oz € L*(Q x (=T, T)), dyz € L*(0Q x (=T,T)) and
z(x,0) =0 for all x € Q.

Remark 2.11. Let us emphasize the assumption z(-,0) = 0 in Q. Without this condition,
energy estimates based on (2.24) only yield

-T T
Es(0) < M/ / e**?|0z|? dadt + Ms/ / e**%10, z|” dodt,
—-T JQ =T JTg

which is not enough to our purpose, see Section 4.

Proof. We consider a function z € L?((—=T, T); Hg(Q)) such that z(z,0) = 0 for all z € Q. We
use the notations previously introduced by (2.2) and (2.21) and set

w=e¥xz and Piw = diw — Aw + s°A*0°w(|0:0)° — |V?).
Since we are interested only in the dependence of s, as before, all the powers of A and the
functions ¢ can be omitted and enter into the constants.

Under the condition z(-,0) = 0 in 2, we get w(z,0) = 0 for all € Q. This allows us to do
the following computations

0 0
/ / Piwdwdzdt = / /(@Qw— Aw + >N w(|0wp]? — Vo)) dyw dadt
—T7JQ —TJQ

s2A2

1 0
= §/Q|8tw<°)|2dx— 3 /_T/Q|w|28t (D2 (10202 — [Vo|?)) dadt

0
= l/|8tw(0)|2dﬂc—C'ASQ/ /|w|2dacdt
2 Ja -TJQ

implying in particular, by Cauchy-Schwarz, that

T T T
51/2/ |9:w(0)? dxg/ /|P1w|2 dxdt—i—s/ /|8tw|2 dxdt+C’As5/2/ /|w|2 dzdt.
Q —-TJa —rJo —rJa

Moreover, v = we™ °¥ = xz satisfies the assumption of Theorem 2.1. Therefore we can use
estimate (2.13) on w and, bounding each " from above and from below, we get:

T T
31/2/ |9,w(0)]? dx+s/ /(|8tw|2+|Vw|2)dxdt+53/ /|w|2 dxdt
Q —-TJQ -TJQ
T T
+/ /|P1w|2dacdt+/ /|P2w|2dxdt (2.40)
—T7JQ —-TJQ
T T
< M/ /|Pw|2 dmdt+Ms/ / |0, w|? dodt.
—TJa T JTIg
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Now, arguing as in Step 3 of the proof of Theorem 2.1, we obtain

T T
s'/? / 019, 2(0)|? dz + s/ / e>*?(18:(x2)|* + |V (x2)|?) dadt + s° / / > |2|? dxdt
o —-rJa —rJo

T T
< M/ / e>*?|0(xz)|* dadt + Ms/ / e**?x? 0, 2|* dodt.
- Ja =T JTg

We then use energy estimates as in Theorem 2.5 to deduce (2.39). |

Let us now conclude with the proof of Theorem 1.2, main tool to study the inverse problem
in Section 4.

Proof of Theorem 1.2. Since p € LZ,,(Q x (=T,T)), thanks to Theorem 2.10 and arguing as
in the proof of Theorem 1.1, the potential in (1.8) can be absorbed by taking s large enough.

When the potential ¢ in the operator does not depend on time, one can extend the function
z by z(-,t) = z(-,—t) for t € (—T,0) and apply (1.8) to this extended function z. Of course,
since each term is odd or even, the integrals on (=7, T") simply are twice the integrals on (0,7,
which concludes the proof of (1.9). |

Remark 2.12. Using Remark 2.7, similarly as in Remark 2.9, one can estimate the left hand
side of (1.8) by (2.38).

3 Application to a controllability problem

In this section, our goal is to present what are the consequences of the Carleman estimate of
Theorem 1.1 with respect to the control properties of equation (1.10).

In all this section, we shall assume that conditions (1.2)—(1.3) on I'p, 7" hold. Then there
exists B € (0,1) such that (1.6) holds. We fix 8 this way and take A large enough so that
Theorem 1.1 applies.

3.1 Setting

Let us recall that the exact controllability problem under consideration is the one described in
the introduction by (1.10)-(1.11). In order to solve that problem, following the duality tech-
nique introduced in [14] for parabolic equations (and that can be seen as an extension of the
usual Hilbert Uniqueness Method [24]), the idea is to minimize the functional K, , defined by
(1.12).

Before going further, let us take some time to describe the space on which K, is defined.
In the introduction, for p € L*°(2 x (—=T,T)), we defined K, on

Tl = {z € L’ (-1, T; H§(9), with (9} — A+ p)z € L*(Q x (=T, T))
and 9,z € L2(Do x (~T, T))}. (3.1)
Note that this is a space of trajectories of the wave operator with potential (97 — A + p) and

therefore it a priori depends on p. In order to study the functional Kj ;,, natural semi-norms
on T [p] are the following ones:

1 /7T T
2]12be..p = = / / >0}z — Az + pz|* dzdt + / / €**%10, z|” dodt. (3.2)
sJ_rJa =T JTo

Let us explain below that these quantities define norms for any parameter s > 0 and potential
p € L¥(Q x (=T,T)) and give some of their basic properties:
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e Forall s > 0and p € L®(Q x (—T,T)), and for all z € T[p], the quantity ||z||2ps.., is
equivalent to the quantity

T T
12]12bs.p = / / |07z — Az + pz| dadt +/ / |0, 2|? dodt, (3.3)
—-TJQ =T JTg

in the sense that there exists Cs such that for all z € T[p],
1

||ZH<2)bs,p < ||ZH(2)bs,s,p < CSHZ||(2)bS,p- (34)
C
s

This is a consequence of the fact that the weight function e**? is bounded from below
and from above by positive constants depending on s.

e For p € L™(Q2 x (=T,T)) with s > so(|[p||Lee(ax(~7,1))) given by Theorem 1.1, the
quantity defined in (3.2) is indeed a norm: the Carleman estimate (1.7) shows that if
I2]lobs,s,p = O, then z = 0 and that ||z||obs,s,p measures the L*(—T, T; H} (2))-norm of z.
This proves that || - [|obs,s,p i @ norm on 7 [p] for all s > so(||p|| Lo (ax(~1,1))- According
to the first item, this is actually true for all s > 0.

e Tlp] = T[0] forall p € L (Q2x (—T,T)). This is due to the fact that pz € L*(Qx (=T, T))
when p € L®°(Q x (=T,T)) and z € L*(=T,T; H3(Q)).

For convenience, we shall now denote 7[0] simply by 7, where

7= {2 € (-1, 75 H3(9)), with (5} — A)z € L*(Q x (-T,T))
and 8,z € L*(To x (~T, T))}. (3.5)
e For all m > 0, there exist constants M (m) > 0 and so(m) > 0 independent of s and p

such that for all s > so(m) and p*,p® € LZ,,(Q x (-T,T)),

1
MHZHobs,s,pb < HZHObSySyPa < MHZHobs,s,pb‘ (36)

This result follows immediately from Theorem 1.1 and its proof. Note that in (3.6), these
equivalences of norms are proven uniformly with respect to s > so(m) for potentials lying
in LZ,,(Q x (=T,T)). This is an important remark.

In the following, we will denote by (T, || - |lobs,s,p) the space T endowed with the norm
| - |lobs,s,p- But we drive the attention of the reader to the fact that these norms || - ||obs,s,p are
not uniformly equivalent with respect to s > 0.

We now introduce the functional space Hg () x L*(Q) on which we consider the family of
norms,

(20, 20) |16 = / =T (|Vz0|2 + |z1|2) dz, for s> 0.
Q
Again, several remarks can be done:

e Using the weighted Poincaré inequality of Lemma 2.4, || - |-7,s is equivalent, uniformly
in s> 0, to

1/2
(/ 2= (|Vz0|2 + |z1|2) dx + 52/ 2?1502 dx) .
Q Q

e According to Theorem 1.1, for all z € T, (2(=T),8:2(=T)) belongs to Hs(Q) x L*()
and for all m > 0, there exists a constant C independent of p and s such that for all
p €L, (2% (=T,T)) and s > so(m),

[(z(=T),0e2(=T))l|-1,s < Cllzllobs,5,0, 2 €T 3.7
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Note that, anyway, for all s > 0 and p € L*°(Q2 x (=T, T)), one easily checks that, bounding
the functions depending on s if needed, there exists C(s,p) such that

[(z(=T),0:2(=T))||l-1.s < C(s,p)[z]lobs,s.p, 2 €T (3-8)

Finally, we also introduce the dual space L?(Q) x H™(Q2) on which we consider the family
of norms

[0 e = [ 25 (ol + [V(=20) ) d (3.9)

3.2 Construction of a null-controlled trajectory

Proposition 3.1. Assume the multiplier condition (1.2) and the time condition (1.6).
Then, for all s > 0 and p € L™®(Q x (=T,T)), the functional K, defined in (1.12), that
we recall below for the convenience of the reader,

T T
K p(2) = 2_15/ /62S¢|8327AZ + pz|? d:vdtJr%/ / %19, z|* dodt
—-TJQ =T JTg
+ <(y0_T7y1_T)7 (Z(_T)7atz(_T)»(LZxH*l)x(H[}><L2)7

is continuous, strictly convex and coercive on (T, || - |lobs,s,p) for initial data (y5*,y7 ") in
(L2(Q) x HH(Q), (-, )|-1,5,«) and therefore admits a unique minimizer Z[s,p] € T.
Setting

Y[s,p] = %62”(83 — A+p)Z[s,p] and Uls,p| = €**%9,Z[s, p|1r,

as in (1.13), Vs, p] solves (1.10) with control Uls, p] and satisfies the control requirement (1.11).

Besides, for all m > 0, there exists a constant M > 0 independent of s and p such that
for all p € L, (Q x (=T,T)), s > so(m), for all data (y5=,y;T) € L*(Q) x H~Y(Q), the
minimizer Z|[s,p] of K, p satisfies:

T T
1205w = [ [ Wil dudir [ [ e p)? dvar
—-TJQ —T JTg
S M||(yO_T7y1_T)H27T,s,*‘ (310)
Proof. We fix s > 0 and p € L®(Q x (=T,T)). For (yo5,y7") € L*(Q) x HY(Q), the

functional K, is defined and continuous on (7, || - ||obs,s,p) because of (3.8). Estimate (3.8)
also yields immediately the coercivity of K p:

1 T T
Kop(2) 2 5 lalossn = 10z 20 D=l (o w1 Dl -rs.»

1 T _
> S l12lGbs,5.0 = C(s:2)l12llobs,s | (Wo s )ll-ms,0-

Therefore K, , has a unique minimizer Z[s, p] on (T, ]| - |lobs,s,p) -
Since K ,(0) = 0, we have K, ,(Z) < 0, which, according to the above inequality, implies

1Z[s, Plllobs.s.p < 2C(s,D) 1w " 91 ) |-Ts,0-

Besides, when for some m > 0, we have s > so(m) and p € LT, (2 x (=T,T)), using
(3.7) instead of (3.8), the above constant C can be chosen independently of s > so(m) and
p€ L, (Qx (=T,T)):

1Z1s, plllebs.s.0 < 2CN (w0 551 =70,

which is precisely (3.10).
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Let us now check that Y7s, p] defined by (1.13) is a controlled trajectory of (1.10) with
control function Uls,p] that satisfies the control requirement (1.11). In order to simplify the
notations, until the end of the proof, we fix s > 0 and p € L*=(Q x (=7,T)) and denote
Zls,p|,Y[s,p],U[s,p] by Z,Y,U.

The Euler-Lagrange equation given by the minimization of K ; is as follows: for all z € T,

T T
1 / / ¥ (072 — Az 4 p2) (01 Z — AZ + pZ) dadt + / / €**%8,20, 7 dodt
sJ-rJa =T JTg

+ <(y0_T7 yl_T)7 (Z(_T)78tz(_T))>(L2><H*1)><(H(}XLQ) =0. (3'11)

Therefore, with Y and U as in (1.13), we obtain, for all z € T,

T T
/ / (072 — Az + pz)Y dadt + / 0,2U dodt
-t Ja -1 Jrg
+ <(y0_T7 yl_T)7 (Z(fT)7atz(fT)»(L?xH*l)x(Hé><L2) =0.

But this is precisely the dual formulation of equation (1.10) and integrations by parts yield,
forall z € T,

T T
/ / 2(87 — A+ p)Y dxdt + / 9,2(Ulr, — Y) dodt
—-TJQ

1 Jaa
+ <((y5T’y;T) B (Y(iT)’atY(iT)) ' (Z(iT)’atz(iT))>(L2xH*1)x(HlxLZJ
+{((Y(T),0:Y (T), (Z(T)78tZ(T))>(L2><H*1)><(H&><L2) =0.

This implies that Y = Y[s, p] solves (1.10)—(1.11) with control function U = Ufs, p]. a

3.3 Dependence of the controls with respect to the potentials

We are now in position to prove Theorem 1.3.

Proof of Thgorem 1.3. In order to simplify the notations, we set L’ = 07 — A+p*, Z' = Z][s,p],
Y =Y](s,p'land U* = Uls, p'] for ¢ € {a, b}. Using (1.13), we are going to bound the following
expression:

T T
s/ /e*2w|¥“ - Yb|2d:vdt+/ / e 2 P\U" — U dadt
—-TJQ —T JTg

T T
-1 / / L 2% — LPZ° 2 dadt + / / €210, 2% — 9,2 dwdt
SJ_1Ja =T JTo

T

! / / 2% <|L“Z“|2 L2 - 2L“Z“L"Z”) dwdt

sSJ_rJa
T

+/ / e (|auza|2 + 10, 2% - 2auzaayz") dadt. (3.12)
~7Jry

We recall first the Euler-Lagrange equation (3.11) associated to the trajectory Z°, for i € {a,b}:

T T
1 / / L 2L 7 dadt + / / €2°%0,20, 7" dxdt
sJ_rJa -T JTg

+ <(y0_T7y1_T)7 (Z(_T)7atz(_T)»(LZ><H*1)><(H[}><L2) =0 (3'13)
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We apply (3.13) to z = Z° and z = Z?, j # i and obtain the following equations for (i,j) €

{a,b}*:

T T
1/ /623“"|LZZZ|2dxdt+/ / e**?10, Z"? dadt
sJ_rJa -T JTg

+ <(yO_T7 yl_T)7 (Zi(_T)7atzi(_T)»(L?xH*l)x(H(}XLZ) =0; (3'14)

1 / / PPLIZIL 7 dwdt + / / 2°0,290, 7" dwdt
sJ-rJa -7 J1rg
+ <(y07T7y1—T)7 (Z](fT)7atZ](fT)»(L?xH*l)x(Hé><L2) =0. (315)

Summing (3.14) for ¢ = a and ¢ = b and subtracting from it (3.15) for (¢,j) = (a,b) and
(1,5) = (b, a), we get:

T
1/ / 2% (|L“Z“|2 F\LPZPP - Lzt 2t — LbZ“Lbe) dadt
SJ_rJa
T
+/ / 2% (|auza|2 +10,2°)? - 28VZ“8VZb) dadt = 0.
—-7Jrg
Thus, making use of L'Z? = L7 Z7 4 (p' — p?)Z?, we have from (3.12):
T T
5/ / e 2P Y — Y2 dadt +/ / e 2P|\U" — U)? dadt
—TJQ -7 Jry

1 T
- ;/ /eQS“O(L“ZbL“Z“+LbZ“Lbe72L“Z“Lbe)dxdt
-TJQ

T
= l/ /eQS“O(pb—p“)(ZbL“Za—Z“Lbe)dxth
sSJ_rJa

Finally, we obtain

T T
. . 1
S/ /e 2S"’|5’“—Y"|2dﬂcdH/ / e U U ddt < — 5 [Ip" = 1"l @x (- r1)
—-TJQ —T JTg $

T T
(/ /628*"(|L“Z“|2+|Lbz"|2)dxdt+s3/ / 628*"(|Z“|2+|Z"|2)dxdt). (3.16)
—-TJQ —T JIg

Applying the Carleman estimate of Theorem 1.1 for i € {a, b}, we have:

T T T
33/ /628“’|Zl|2dxdt§ M/ /eQS‘p|LlZl|2dxdt+Ms/ / e**?19, 2" * dodt.
-TJQ -TJQ -7 JTg

Of course, this implies

T o T ,
/ / *?\L' 2 dazdt+83/ / e**?|Z"? dadt
—T7JQ —-TJQ

T o T .
gM/ /625“’|L'Z'|2dacdt+Ms/ / e**%10,Z"'* dodt
—-TJQ =T JTg

T T
/ /e2s‘p|LlZl|2dxdt+s/ / e**?10, 2" * dodt
—-TJa -1 Jrg
= 32/ /e*%ﬂylﬁdmws/ / e >*?|U | dodt,
-TJQ —-T JTg
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it can be rewritten as

T o T ,
/ /623¢|L121|2d$dt+83/ /623(”|Z'|2 dxdt
-TJa —TJo
T , T _
< Ms (s/ /6_25¢|Y’|2dxdt+/ / 6_25‘P|U1|2dxdt)4 (3.17)
—-TJQ —TJTg

Combining (3.16) and (3.17), we obtain the desired estimate (1.14). |

4 Application to an inverse problem

Let us consider the inverse problem defined in (1.15). In this section, we shall propose an
algorithm based on the Carleman estimate (1.9) and a data assimilation approach. Let us recall
that the unknown is the potential @ = Q(z), that we aim at recovering from the measurement
of the normal derivative of the solution W[Q] of (1.15) on I'g X (0,7"). We also assume that
Q € LZ,,(Q2) for some given constant m > 0.

Let us also mention that we are working under the geometrical assumptions (1.2)(1.3),
and the function ¢ we shall consider below always satisfies (1.6) such that Theorem 1.2 holds
when the parameter s is large enough.

As said in the introduction, one can find in [2] the proof of the fact that the additional
information 9, W[Q] on I'y x (0,7T) allows to identify @ uniquely within the class of potentials
in LE,, (). Our approach will go further, providing an explicit algorithm to compute Q.

Our goal is indeed to prove that Algorithm 1, presented in Section 1.3, is convergent when
s is large enough, as described in Theorem 1.5.

In the following, we shall first present the idea underlying this algorithm. We will then
focus on the proof of Theorem 1.4 which is the main step within the proof of the convergence
result of Theorem 1.5.

4.1 The general idea

Algorithm 1 is based on the fact that if W is the solution of equation (1.15) and w([g"] solves
(1.22), then

=0, (w[qk] - W[Q]) (4.1)
solves
0728 — AZF +¢"2F =¢%,  inQx(0,7),
2 =0, on 9Q x (0,T), (4.2)
28(0) =0, 8:2%(0)=2F, inQ,
where
gk = (Q - qk)atW[Q]v lec = (Q - qk)w07 (43)
and by definition,
pF = 8,2" on Ty x (0,7T). (4.4)

Of course, both variables ¢g* and 2 are unknown, but the variable g* brings lower order
information than u*. This fact is actually the milestone of the proof of Theorem 1.5. We shall
then try to approximate z¥ through the additional information (4.4) and let the source term
free, as it is in the functional J, ,«[1*,0] in (1.23).

Note that this idea is behind the proofs of stability by compactness uniqueness arguments
as in [25, 26, 29, 27| or by Carleman estimates given in [2, 18, 19, 20].

4.2 Study of the functional J, [y, g]

We first give a functional setting for the minimization of the functional Js 4[p, ¢] given in (1.19),
that we recall below for the convenience of the reader:

1 e
Js.qli, 9](2) = % / /QeQS"’sz — Az +qz — g’ dadt + 3 / /1" e**?10,z — p|® dodt,
0 0 0
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defined on the trajectories z such that z € L*(0,T; H} (), 87z — Az + gz € L*(Q x (0,T)),
8,z € L*(Ty x (0,T)) and 2(-,0) = 0 in Q.
Of course, it is very close to the functional K , and we shall therefore introduce the space

75 = {2 € (0T H)(@), with 9z — Az € L(@ x (0,T)),
2(,0)=0inQ and d,z € L*(To x (0, T))}, (4.5)

and the family of norms

1 /T T
||z|\c2)bs+’s’q ==z / / e**%107 2 — Az + qz|* dadt +/ / €**%10, z|* dodt.
sJo Ja 0o Jrg

Note that these are norms for all s > 0 and ¢ € L*°(Q) according to Theorem 1.2.

The properties of the space 7 and the family of norms ||+ |[,ps+ 5, are of course completely
similar to the ones of 7 in (3.5) endowed with the family of norms ||« ||obs,s,p introduced in (3.2).
Therefore, we refer the reader to Section 3 for remarks and comments on (71, || - [lopst s.q)-

The first result states the well-posedness of the minimization problem of Js 4[u, g].

Proposition 4.1. Assume the multiplier condition (1.2) and the time condition (1.6). Assume
also p € L*(Ty x (0,T)) and g € L*(Q x (0,T)).

Then, for all s > 0 and q € L*(Q), the functional Js 4[p, g] defined in (1.19) is continuous,
strictly convex and coercive on (T, ||+ lops+ s.q)- The functional Js q[p, g therefore admits a
unique minimaizer Z in T .

Besides, for all data (p,g) € L*(0Q x (0,T)) x L*(Q x (0,T)), the minimizer Z of Js q[u, g

satisfies:
4 [T T
120 ng <2 [ [ PlgP dndt v [ [ o0 uf? dodt.
" sJo Ja 0o Jrg

Proof. The continuity, strict convexity and coercivity of the functional Js p[u, g] is straightfor-
ward and left to the reader.
To get estimates on the minimizer Z, we use Js q[u, g](Z) < Js,q[1, g](0):

1 /T T
—/ / e*?107 Z — AZ + qZ — g|? dadt +/ / e**%10,Z — p|* dodt
sJo Ja o Jro

T T
< 1/ /628“’|g|2 dxdtJr/ / e**? |u|? dodt.
sJo Ja o Jry

Developing the square on the left hand side, we obtain

T T
1/ /625*’|a§Z—AZ+qZ|2dxdt+/ / e**%10, Z|° dodt
sJo Ja o Jrg

T T
<2 / / (D} Z — AZ + qZ)g dadt + 2/ / %0, Zp dodt.
sJo Ja 0 JTo

Using 2ab < a?/2 + 2b%, we thus obtain

1 2 2 T 2s¢ 2 T 2s¢p 2
1 Zllobst 5.0 < 5 e Flgl” dwdt + 2 e ul” dodt,
0 Q 0 To

which concludes the proof of Proposition 4.1. O

Of course, our goal is not only to prove that the functional J ¢[u, g] has a minimum, but
rather to study how the minimum of Js 4[1, g] depends on the source term g. Indeed, 2* in (4.1)
is the minimum of the functional J; ;& [, g*], whatever s > 0 is, whereas in the algorithm, Z*
is the minimizer of the functional J, » [",0], see (1.23).

This is precisely the goal of Theorem 1.4. As in Section 3.3, we shall rely on the Euler
Lagrange equations satisfied by the minimum of the functionals Js [, 9%] and Js q[u, ¢°].
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Proof of Theorem 1.4. Let us write the Euler Lagrange equations satisfied by Z7, for j € {a,b}:
1 [T . . ) .
3 / / e¥(07 77 — AZ7 4+ qZ7 — ¢) (072 — Az + qz) dadt
0o Jo
T .
+/ / > (0,27 — )8, zdodt =0, (4.6)
0 Jry

for all z € TT. Applying (4.6) for j = a and j = b to z = Z* — Z° and subtracting the two
identities, we obtain:

T T
1 / / e**?107 2z — Az + qz|? dzdt + / / e**?18, z|* dodt
sJo Ja o Jrg

T
=L [ [t - @t - Ak gy doat
S 0 Q

This implies that

1 /T T
—/ /625‘P|8§z—Az+qz|2dxdt+s/ / e**%10, z|? dodt
2Jo Ja o Jro
1 T 2s¢| _a b2
<= e?g" —g’|" dxdt.  (4.7)
2Jo Ja

But the left hand side of (4.7) precisely is the right hand side of the Carleman estimate (1.9).
Hence, applying Theorem 1.2 to z, we immediately deduce (1.20). O

4.3 Convergence of Algorithm 1

Let us now focus on the proof of Theorem 1.5.

Proof of Theorem 1.5. We use Theorem 1.4 since, as we explained, we have to compare the
minimum Z* of J, 1", 0] with 2* = 9;(w[¢"] — W[Q]) solution of (4.2), which corresponds
to the minimum of J; ,» [, g¥]. Note that this requires ¢* € LZ,,(2), which is guaranteed at
each step of the algorithm by (1.25). We obtain

T
s'/? / 019, Z%(0) — 8,2"(0)|* dw < M / / e**?|g" |? dadt. (4.8)
Q o Jo
But, from (1.24) and (4.3),
02" (-,0) = (@ = q")wo, 2:2"(,0)=(Q —¢")wo and g¢" = (Q - ¢")AWI[Q].
Therefore, since (-, t) < ¢(+,0) for all ¢ € (0,T), estimate (4.8) reads:

512 / [ — Q)% dr < MIIOW [QIlI7 20,7515 (0 / 0" ~ Q) de.
Q Q

Of course, using the strict positivity (1.18) of wo, this yields in particular that

2
/ 2990 (1 _ )2 g < M [0:W[QIT2(0, 7,10y / 2500 (g* _ 9)? da. (4.9)
Q Q

81/2 (infg |u}0|)2

Since Ty defined in (1.25) is Lipschitz and Tm(Q) = Q (because Q € LZ,,(Q)), we have
|¢" T — Q| = T (") — T(Q)] < |§** — Q|, from which we immediately deduce (1.26) and
conclude to the convergence of Algorithm 1 for s large enough. O
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5 Conclusion

As a conclusion, let us formulate a few comments and highlight some remaining open problems.

On the geometrical conditions. Our strategy requires the use of Carleman estimates,
and in particular the conditions (1.2) and (1.3). But these conditions are much stronger than
the classical Geometric Control Condition (GCC) introduced in [1]. Whether or not similar
results as the ones presented above apply when only the GCC holds is an open problem. In
particular, to our knowledge, the only stability result in inverse problem proved using micro
local analysis is the recent work [27], which requires the GCC and the convexity of the whole
boundary.

Smoothness of Controls. The control process proposed in Section 1.2 does not fit in the
framework developed in [13] which proves that using the Hilbert Uniqueness Method (HUM)
(slightly modified by the introduction of a smooth cut-off function in time) to compute the
controls, if the data to be controlled is smooth, then the corresponding control and controlled
trajectory are smooth. Therefore, new questions arise:

e Does the control process in Section 1.2 enjoy smoothness properties similar to the ones of
the classical HUM control? Note that these regularity properties arise naturally when consider-
ing the control properties of semi-linear wave equations - see [10] - or when deriving convergence
rates for the discrete controls, as explained in [12].

e How does the usual HUM control process depend on the potentials of the wave equation?

Numerics and inverse problems. Recently, in [4], we have proved discrete Carleman es-
timates for the space semi-discrete 1-d wave equation discretized using finite differences. There,
following the results on the observability of discrete waves - see e.g. [12] -, a new term has been
added to make the Carleman estimates uniform with respect to the discretization parameter.
This term, somehow corresponding to some kind of Tychonoff regularization of the Carleman
estimates, is needed due to spurious waves created by the discretization process. Based on
these uniform Carleman estimates, we have been able to prove a convergence result for the
approximation of a potential in the inverse problem given in Section 1.3, provided a Tychonoff
regularization term is added in the process.

It would then be completely natural to try to adapt the algorithm developed here in the
continuous case to the space semi-discrete schemes and in numerics. This is currently under
investigation.
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