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Application of Lie Transform Techniques for simulation of a
charged particle beam

Mathieu Lutz*
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Abstract

We study a Lie Transform method for a charged beam under the action of a radial
external electric field. The aim of the Lie transform method that is used here is to
construct a change of variable which transforms the 2D kinetic problem into a 1D
problem. This reduces the dimensionality of the problem and make it easier to solve
numerically. After applying the Lie transform method, we truncate the expression of
the characteristics of the Vlasov equation and the expression of the Poisson equation in
the Lie coordinate system and we develop a numerical method for solving the truncated
model and we study its efficiency for the simulation of long time beam evolution.

Keywords: Vlasov-Poisson system, kinetic equations, homogenization, Lie transform, Lie
transform PIC method, gyrokinetic.

1 Introduction

In the same spirit of [4], we will consider non-relativistic long and thin beams. Within
the general framework, if we neglect the collisions between particles, the particle density is
obtained by solving a Vlasov Maxwell system of equations. Here, in addition to consider a
long and thin beam, we will consider a beam satisfying the following assumptions :

e The beam is steady-state: all partial derivatives with respect to time vanish.

e The beam is long and thin.

The beam is propagating at constant velocity v, along the propagation axis z.

The beam is sufficiently long so that longitudinal self-consistent forces can be neglected.

The external electric field is supposed to be independent of the time.
e The beam is axisymmetric.

e The initial distribution fp is concentrated in angular momentum.

*Université de Strasbourg, IRMA, 7 rue René Descartes, F-67084 Strasbourg Cedex, France & Projet
INRIA Calvi.



Under the five first assumptions, the 3D Vlasov-Maxwell system reduces itself to a 2D
Vlasov-Poisson system in which the variable ¢ does not represent, from a physical point
of view, a time variable, but rather the longitudinal coordinate. The details about the
derivation of this model can be found in [3]. Moreover, under all these assumptions it
reduces even to a 1D axisymmetric Vlasov-Poisson system of the form

afa ﬁafa e r 8fa N
ot + e Or * (E E) ovy =0, (1.1)
10 [ 09\ 09
Cror (T 07“) =pe(tr), Be= or’ (1.2)
peltir) = [ fo (b do (1.3)
R

Eg(t,TZO) =0, (;55(75,7‘20):0,
fE (tzo’rva) = fO (T,UT),

where r > 0 is the radial component of the projection of the position vector in the trans-
verse plane to the propagation direction, v, € R is the projection of the transverse velocity
in the transverse plan to the propagation direction, € is the ratio between the character-
istic transverse radius of the beam and the characteristic longitudinal length of the beam,
fe = fe(t,r,v,) is the distribution function of the particles, E. = E.(r,t) is the radial part of
the transverse self-consistent electric field, and —Z is the strong transverse external electric
field. This system is naturally defined for » > 0 but we can extend it to r € R by using
the conventions f.(t,r,v,) = fo(t,—r,—v,) and E.(t,r) = —E(t,—r). Details about the
derivation of this model can be found in [4]. Moreover, in the same way as in [4] we will
consider initial conditions for which the beam is confined. Such initial conditions can be
found by solving envelope equations (see [3] for details about the obtention of such initial
conditions).

The characteristics of ([1.1)) are given by

8;:5 = %, R®(0,7,v,) =1, (1.6)
8;? = —§ + E. (R°,t), V.5 (0,7,0,) = v,. (1.7)
Setting
Harvn ) = 5 o), (18)
dynamical system — becomes:
O = 0 (R, V1), R® (0,7, 0,) = 1. (1.9)
agii =—0,H. (R*,V;, 1), V. (0,7,0,) = vy (1.10)

Consequently the dynamical system that gives the characteristics is Hamiltonian.



Furthermore, dynamical system (|1.6])-(1.7]) corresponds to a perturbation of dynamical
system

aR%n Vi,Un

5 = e Un (0,7,0,) =1, (1.11)
oViy ReE
(515 2= ;“, Vi un (0,7,0:) = vy (1.12)

In other words the Hamiltonian function (|1.8]) is a perturbation of the Hamiltonian function

2 2
HY™ (7,0, t) = ”’“2i (1.13)
19

associated to the dynamical system ([1.11])-(1.12)).

A well adapted coordinate system for the study of the dynamical system (1.11})-(1.12)) is
the (u, @) coordinate system defined by

2 2
=" ;”’“. (1.14)

and

7= /2ucos (6), (1.15)
v, = /2usin (6) . (1.16)

Indeed, in this coordinate system the dynamical system ((1.11))-(1.12]) reads:

‘993;‘;“ —0, M, (0,1, 0) = p, (1.17)
005, 1
8? = S0 (0,11,60) = 6. (1.18)

As a consequence, solving this dynamical system in the new system of coordinates, reduces
to find a trajectory in R, in place of a trajectory in R? when it is solved in the original
system of coordinates.

Under the same change of coordinates, the Hamiltonian function associated to dynamical

system ([1.6)-(1.7) becomes:
A, (1,0,1) = g + 6. (\/2,1 cos (0) ,t) , (1.19)
and the dynamical system (1.6])-(1.7) reads:

€
89;” — VIUUE sin (©F) . (VI cos (€) 1) M (0.n6) = (120)
0©° 1  cos(©°) - - . B
5=t et e (\/QEITIu cos (© ),t> , ©°(0,1,0) =0,  (1.21)



and we observe that 9tu® is no longer an invariant.

This kind of situation is very similar to the situation encountered in the Geometrical
Gyrokinetic theory that was introduced by Littlejohn [9) [10, 11|, Brizard [I], Dubin et al.
[2], Frieman & Chen [6], Hahm [7], Hahm, Lee & Brizard [§], Parra & Catto [15] [16) [17] and
Quin et al [I8]. In order to study this kind of situation, the idea is to make an infinitesimal

change of coordinate (u, 6) — (/1, 5) = L! (u,0) bringing the characteristics independent of

6 and in which the characteristic associated with [t is an invariant.

The infinitesimal change of coordinates that we will construct belongs to the class of the
Lie change of coordinates that are defined as follow:

Definition 1.1. A Lie Change of Coordinates is a formal change of coordinates of the form

Lo (1,0,t) = Lo (1,0,t) =...0@% o...0o@! (1,0,1) (1.22)
=(PL: (1, 0,1),t) (1.23)

where for each n € N*, @Y is the flow of a vector field

Z" = 710, + Z5 0y, (1.24)
i.e., the solution of

8¢n,1 S

= 20, (1.25)
a¢n72 7N (=N 3

a;\\ = 2(()0)\)? ()00(/% 97t) = (M?Hat)7 (126)
apy?

=0. 1.2
o =0 (1.27)

In this paper we will always denote by Py = (¢1,p2) the projection of a function
© = (¢1, P2, ¢3) . In section , starting from the Hilbert expansions of the electric field E.
and the electric potential ¢,

E.=FEy+¢eE +e*FEy+ ..., (1.28)
¢e = do+epr+ 7P+ ..., (1.29)

we will develop and use a Lie Transform algorithm, based on the utilization of the Poincaré-
Cartan one form, in order to give a constructive proof of the following Theorem:

Theorem 1.1. There exists a Lie change of coordinates L. such that in the yielding (ﬂ, é)
coordinate system, given by (r,v,) — (ﬂ, é) =PL. (Pol(r,v,),t) where

Pol: R? - Ry x| —m,7]; (r,v,) — (u,06) (1.30)



with 6 and p given by formulas (1.15))-(1.16)), the system of equations (L.1))-(L.5]) reads:

%ﬁa (/1 g,t ) + ac (ji, t) a";‘f (u,e t) (1.31)
() - ne
petr) = [ b (PL (7 00)) Jo (#.0,4) | T (#08) | diadl,  (1.33)
E.(t,r=0) ;o, e (t,r =0) =0, (1.34)
7 (,1, g, ) fo (‘Bo[_l oPLo! (g, 6.t = o)) : (1.35)

where fs 1s the particle density expressed in the (ﬂ, 0~> coordinate system, a. is defined by

B0, b = hy (4,0') is given by he (1, 0') = 8 (r = VI cos (1), |Tpeor (,051)| is
the jacobian associated with PL-' and Dt = PL. (R, x] — 7, 7],1).
Moreover, up to the second order, L, L;l and a. admit the following expansions:

fi=p+eZi (n,0,t)+ 0 (2,

. ‘ 1.36
0:0+5221(M797t)+0(€2)’ ( )
p=fi—eZ} (ﬁ,é,t) +0(£?),

e s (1.37)
0=0-223 (70.t) + 0 (),

and

ac (fi,t) = 27‘1’\/7 cos Ey (ﬁcos (5) ,t) o+ O (e), (1.38)

where Zi and Z3 are given by formula (3.41]) and -

Remark 1.1. In formulas , and , we have only given the second order
expansions of the direct and the reciprocal Lie change of coordinates and the first order
ezpansion of a.. Nevertheless the algorithm developed in the proof of Theorem[1.1] allows us
to obtain these expansions at any order.

The change of coordinates L. is formal in the sense that L. corresponds to a composition
of an infinite number of flows. Moreover the construction of L. is based on Lie series
expansions of each of these flows; i.e., for any n € N we will use the formal expansion

5”_2 'Zn'

n>0

See [14] (page 31) for more precisions about these series.



Making first order approximations in the characteristics and in the change of coordinates,

we will use ((1.31))-(1.35)) in order to simulate the solution f. of (1.1)-(1.5). More precisely,

approximating the change of coordinates by

fr=p+0(e),
0=0+0),

the electric field and the electric potential by

E5:E0+O(6),
¢8:¢0+O(5)5

the charge density as follow:
D! = PL. (R x| — 1, 7),t) = PLo (Ry x| — 7], t) = Ry x] — , 7,
hW(chlgmégg)::hr(chlgméQQ)::thméj,
e (1) = o (1.0 .

pe (t,r) = /]R I (&.0) J- (.0'.t') ditad,

that is

pe (1) ~ /R+><]7r,7r] 4] (7" — /20 cos (@)) f (ﬂ’, é’,t) di'do’.
and a. by

ag (i, t) ~ —% + 27r\1/ﬁ _:rr coS (5) Ey (\/ﬁcos (é) ,t) de,
we obtain:

%€E+< 1+1/7r cos(é) E. (\/ﬁcos (é),t) dé) 81} =0,

e 2m2R ), o0
10 0P\ B ~ SN\ 7 ([~ 1 ~1 151
o (5] = o VA (0)) )
0
1%2_5?

E. (t,r=0)=0, ¢:(t,r=0)=0,
fe (ﬂ,é,t = 0) = fo (@cos (5) ,\/2fisin (é)) :

We will give some remarks about this approximation in Subsection [3.5

(1.43)

(1.44)

(1.45)

(1.46)
(1.47)

(1.48)
(1.49)
(1.50)

In the last section we will simulate (1.46])-(1.50) and then we will obtain an approximation

of f. through:

fE (TJ U?")t) ~ fg (/J, e,t) .

(1.51)



The numerical method that we will use to simulate — will be a Particle in Cell
(PIC) method. I recall that a PIC method consists in the coupling of a particle method for
Vlasov, and a mesh method for Poisson. The principle of the method is to discretize the
distribution function by a set of macro-particles and to advance them in time by numeri-
cally solving the dynamical system giving the characteristics. As a consequence, solving this
dynamical system in the new system of coordinates, reduces to find a trajectory in R, in
place of a trajectory in R? when it is solved in the original system of coordinates.

The paper is organized as follows: in Section [2] we will construct an odd dimensional
differential manifold well adapted to the study of — and we will give the mathemat-
ical tools necessary for the comprehension of the Lie Transform method we develop then.
As a by product of this section we obtain that the non autonomous dynamical system we
work with is characterized intrinsically by an autonomous dynamical system on the odd
differential manifold we work within. Moreover, we will see that this autonomous dynamical
system can also be characterized by the equivalence class of a differential one form called
the Poincaré Cartan one form. Furthermore, we will introduce the Noether Theorem within
this framework. This Theorem gives essentially an intuitive help for the comprehension of
the Lie Transform method. In the third section, we will set out the Lie transform method
and we will use it in order to derive the Lie Coordinate System and to prove Theorem [I.1]
Finally, in the fourth and fifth section, we will implement and test the previously described
numerical method based on the Lie transform method analysis.

2 Geometrical Tools

2.1 Characterization of the differential system (1.6))-(1.7) and of the Vlasov
equation on an odd dimensional manifold

In the present subsection we will characterize intrinsically on an odd dimensional manifold
differential systems of the form

ORE
8tG = 0,,G: ( G fﬂ,G,t) , Rg (0,r,v,) =1, (2.1)
oVe .
6t’ - _B’V‘Gé ( EGv i,Gv t) ) Vi,G (07 Ty UT) = Ur, <22)
where G. = G¢(r,v,,t) is a smooth function, and PDEs
01 () 400G (romt) 05 (rvn ) — 0,Ge (roon ) 2L (o) =0 (23)
ot T, Up, v Ge \T, Up, Ir Ty Up, rGe (T, Up, v, rUr,l) = .

of unknown fEG , through a vector field 7. Notice that if G. = H,, where H, is given by
formula (|1.8]), dynamical system (2.1)-(2.2) and PDE (2.3)) coincide with dynamical system
(11.9)-(1.10) and PDE (/1.1). The principal results are given in theorem and

Firstly, we need to build the manifold on which we will work. As a topological space we
take M = R2 xR endowed with the (r, v,.,t) coordinate system and with its usual topology.
Concerning the differential structure, we choose the differential atlas A which contains all
the coordinate charts of type (U, ), where p : U — R3; (r,v,,t) = (P (r,v,,t),t), which



are compatible with the global coordinate chart (M, ®), where & : M — R3; (r,v,,t)
& (r,vp,t) = (r,v,,t), and which leave the last coordinate ¢ unchanged.
Defining the vector field Xg, by:

€ = 0,, G0 — 0,G0y, + 0y, (2.4)

and denoting by F§ . its flow; i.e., the solution of

OFS

8;\@ = 0,,G: ( f\,G’) ) F(E)7,1C¥(T, up,t) =, (2:5)
OFS?

54 = —0,G. (F5.6) Fog(r,vr,t) = vy, (2:6)
OFS?

=1L Fyo(r,ont) = t, (2.7)

we conclude that the trajectory associated with (2.1])-(2.2)) corresponds to
(FL5 (0r,0) F7 (7,0,,0)) (2.8)

Now, we have enough material to characterize intrinsically the solution of (2.1)-(2.2]).

Theorem 2.1. Let ¢, : M — TM be the vector field whose principal part in the (r,v,,t)
coordinate system is given by X%, defined by formula , and let F o be its flow. Then,
in every coordinate system (7,0, t) belonging to A the trajectory associated with the dynam-
ical system (1.6)-(L.7)) is given by (Fig (7,7,,0) ,f‘fé (7, 0, O)) , where f‘i?G corresponds to
the representative of ]:in in the (7,0, t) coordinate system, or equivalently to the flow of

X &> where Xé corresponds to the representative of the principal part of T in the (7,7,,t)
coordinate system.

Proof. Let F5  be the flow of X7, where X, is given by (2.4). We denote by R* =
R* (A, r,u.,t), Vi = V(A 1,00, t) and T* = T* (\, 1, vy, t) its components. Notice that R*
and V7 depends on the small parameter €. But since this dependency does not play a role
in this proof, we do not precise it in the notation. Then, (2.8) reads:

R* (t7 T, Ur, 0) = RG (T7 (2 t) )
Vi(t,r,v,0) = V,.q(r,v,t), (2.9)
T (t,r,v,,0) = t.
Let
(C (T7 Ur, t) = (f, Ur, 2?) = (’Pd} (T, Ur, t) ,t)

be a change of coordinates such that ¢ = t. We denote by R* = R* ()\,f, 17T,i), \77‘? =
\7; ()\,f,f)r,f) and T* = T* ()\,f, ﬁr,f) the components of f‘i’G; i.e., the components of



the expression of the flow in the (f, ET,E) coordinate system. Then, the usual change of
coordinates rules yield:

RY (A, 7,8, 0) = o1 (RY (A, PO (7, 8,,8) 1), Vi (A Py (7,0r,8) ,8), T (A, Py (7,5, 1) , 1))
Vi (A7, B 1) = 92 (R (W Py~ (R 5,,8) ), Vi (A PYT! (r,vr,ﬂ,ﬂ,T*(, (1) 08))

T (A7, 0, 1) = T (A Py~ (7,5,1) 1) .
(2.10)

On the other hand, let Rg = Rg (7, 0, t) and Vr’(} = Vr,G (7, 0y, t) be the components
of the trajectory whose range by Pv~! is the trajectory associate with Rg (r,v,,t) and
V., (r,v.,1t); ie., such that

(Re (7 5r.1) Vi (7,51, 1))

=1 (Re (PY~ ! (7, 9,,0),t), Vi (PY~1 (7, 5,,0),t),t),
VY2 (R (PyY~ (7,9,,0),t), Vi (PY 1 (7,5, 0),t) ,1)).

To finish the proof, we have to show that

(R (t.7,5,0), V5 (67,5,0)) = (Ra (7,50,8), Vi (7,50, 1) ). (2.11)
Differentiating _
T* ()\7 T, Uy, i) =T (>\a 'P¢_1 (fa Ur, f) ) f)
with respect to A yields:
IT*
o\

=1
and consequently T* (f, 7, Up, 0) = {. Hence, we obtain:
(R (2.7,5,,0), Vi (i.7,5,,0) )
=1 (R* (£, Py (7,9,,0),0), Vi (F, 7>¢*1 (7, O, 0) ,0),1), (2.12)
o (R* (£, Py~ (7,0,,0),0), VI (£, Py~ (7,,,0),0) 7).
Finally, using we obtain:
(f{* (£, 7,5, 0) , V5 (£, 7, 5, 0))
=(1 (Rg (PY ™' (7,9,,0),1) , Vo (PY~ (7,9,,0),%) 1),

2.13
¢2 (RG (P¢_1 (7:7 ,Dra 0) 75) 7VT,G ('P¢ T v?": f) i) ( )
= (f{G (f7 QN}T‘) -E) 5 VT,G (fa ’DTa f))
This ends the proof of Theorem O



Theorem 2.2. Let 75 : M — TM be the vector field whose principal part in the (r,v,,t)
coordinate system is given by XZ,, defined by formula (2.4]). Then, in every coordinate system
(7, 0p, t) belonging to A the PDE (2.3) is given by

ixédff =0, (2.14)

where XFG and faG correspond respectively to the representative of the principal part of T
and the representative of fEG in the (T, 0y, t) coordinate system.

Proof. Firstly in the (r,v,,t) coordinate system ixe, dfS reads:

ngdeG = (V(r,vr,t)faG)T

afEG elafG e?afG
_ X 3 X e

ot TG 5 TG gy
_of¢ ofs %
= Tl m a6,
— 0,

and ([2.14]) is satisfied. Now, let (7, 0y, t) be a coordinate system belonging to A and (U, ) €
A the corresponding coordinate chart. Then, the expression of T¢ is given by:

XG (7 Tr,) = Vit (071 (7,0r,8) XG (071 (7,0,1)) (2.15)
and the expression of the particle distribution is given by:
fEF,or,t) = & (W7 (7, 0, 1)) (2.16)

Consequently ix. d 1S reads:
ix dfe
= (V(f,a,.,t)ff)TX%
= (Ve (07 .50.0)) " Vi (0 (.50.1))) (Vg (67 (720, 0)) X (67 (7, 0.1))
= (Voo £ (671 (7, 5,1)) " X (w (7,0, ))

:07
(2.17)
and ([2.14) is satisfied.
O
Since the last coordinates of XEG is always equal to 1, equation ([2.14) reads also:
Off | c10f8 | 5c20fC
X E 4+ X = =0. 2.1
o TG o TG gy =0 (2.18)

10



2.2 The Poincaré Cartan one-form

Theorems and allow us to characterize intrinsically the differential system -
and the PDE . More precisely, these Theorems ensure us that the differential system
— and the PDE (2.3) are characterized intrinsically through the vector field 7.
Now, we will see that T¢, can also be characterized by an equation that involves a differen-
tial one form ~¢, called the Poincaré-Cartan one-form. We will essentially see that 7 can be
characterized as the direction vector of the eigenspace of dvg, associated with the eigenvalue
0 and whose last component is 1. In other words we will see that T, is the unique solution
of ire,dyg = 0 satistying 7¢, 3 = 1. Afterwards, we will introduce the following equivalence
relation on the one forms space : "a ~ 3 if and only if @ — 3 is exact", and we will see
that VBg € [v&], where [v¢] stands for the equivalence class of vZ, the vector field 7 is
characterized by ir¢,dBg = 0 and 7¢ 3 = 1. The main results are summarized in theorem 2.3

Definition 2.1. The Poincaré-Cartan 1-form ~g associated with the dynamical system
(2.1)-(2.2)) is the one-form whose expression in the (r,v,,t) coordinate system is given by:

T (ryve,t) = vedr — Godt. (2.19)
The matrix associated with the differential two-form dI'y; is given by

0 -1 —0,Ge
M¢ (ryvp,t) = 1 0 —0, Ge (2.20)
0,Ge 0, G- 0

Lemma 2.1. Let (7,0,,t) be a coordinate system belonging to A and Mg the matriz asso-
ciated with the representative of dyg, in this coordinate system. Then,

Ker (Mg (f,ﬁr,t)) = vect (XG (f,@r,t)> . (2.21)

Proof. Let M§ be the matrix defined by (2.20). Since Mg is antisymmetric, its maximal

rank is 2. As ( 2

_01 ) is of rank 2, the rank of Mg is exactly 2. Moreover,
ixe, dTG (r,vp,t) = (XG (r,vr, 1)) Mg (r,vp,t) = 0. (2.22)
Since, V (r,v,t), X5 (r,v,,t) # 0 (the last component is 1) we have:

Ker (Mg (r,v,,t)) = vect (Xg (r, vy, 1)) . (2.23)

Let
Vo (ryop,t) e (f, ﬁr,a = (P (r,v,,t),t)

11



be a change of coordinates belonging in A and d?[‘e(; be the expression of dv¢, in the (7, 0y, t)
coordinate system. Then, the usual change of coordinates rules for differential two-forms
yield:

~E . . o~ c 1~ ~ — ~ _ ~
<dFG (7", Ur, t) 4, V> = <dFG ("¢ ! (7“, Ur, t) 7t) ;dw(f,lf)mt) -4, dw(f}@“t) ' V> ) (224)
and consequently the expression of Mg is given by
~ e i - 1~ - T e /-1 /1~ ~ 1 -
M¢ (F,0p, t) = (v(f’ﬁr7t)¢ ! (r,vr,t)) Mg, (1/1 1 (r,vr,t)) V (i,5,,0) 0 1 (7, or,t).  (2.25)

Notice that formula (2.25)) implies that ]\Zfé is of rank 2.
On an other hand the usual change of coordinates rule for vector fields yields that the
representative of T¢ in the (7,0,,t) coordinate system is given by:

XEG (fﬂ 67‘7 t) = V(T‘,vr,t)w (1/1_1 (F7 1~}T7 t)) XEG (¢_1 (7:7 177‘7 t)) . (226)

Consequently, the last component of X% is 1 and

. _ T
i 0 = (XG (f,f)r,t)> ME (7, 5y, 1)

= (X5 (07 (R0, 0) " ME (67 (7,50 1) Vs, v (Rot) (220
= 0.
Hence,
Ker (Mg (7, 5, t)) — vect (Xg (F, v, t)) . (2.28)
This ends the proof of Lemma [2.1] O

In particular, lemma [2.1] implies that in every coordinate system the dimension of the
kernel of Mg is equal to 1. Now, these kernels can be characterize intrinsically on the
manifold as follow:

Definition 2.2. The subspace V(,.,, 1) = {cﬁ(mht)/c € R} C T, pyM, where &, 1) €
Tirv,,1)M is a vector satisfying €., ) 7 0 and

TyUry
ig('r,vT,t) (d’YEG) (T’ vT? t) = 07 (229)
is called the vortex line of vz at (r,v,,t).

Easy computations lead that the vortex line is well defined; i.e., compatible with the
differential structure. Moreover, Lemma means that V (r,v,,t) € M, 7% (r,v,,t) is the
unique generator of Vi, ,, ;) whose last component is 1.

Proposition 2.1. Let (7, ,,t) be local coordinates on M and let Xé be the representative of

TG in this coordinates system. Then, sz is the unique solution of the equation of unknown
YE

igedlg =0 (2.30)

that satisfies Y~'§ =1.

12



Proposition [2.1]allows us to characterize intrinsically 7¢, by using «¢,. In fact, as dod = 0,
replacing in (2.29) v by vg + dS:, where S; is a smooth function, yields the same result.
As a consequence, we will introduce the following equivalence relation:

Definition 2.3. Let a and 3 be two differential one forms. We say that o and B are
equivalent if there exists a smooth function S such that o — 3 = dS. We will denote by [a]
the equivalence class of .

Then we can generalize Proposition [2.1

Theorem 2.3. Let (7,0,,t) be local coordinates on M, Xz the representative of T in
this coordinate system, and Bg € [¥z]. Then, sz is the unique solution of the equation of
unknown Y° :

ig-dBes =0, (2.31)

that satisfies Yg =1, where ,Bzw corresponds to the expression of B¢ in the (7, 0y, t) coordinate
system.

2.3 Noether’s Theorem within this framework

As already said in the introduction, the dynamical system — is a perturbation of
the dynamical system — and the (u,0) coordinate system is well adapted for
the study of the dynamical system —. The main argument discussed in the
introduction was that in this coordinate system p is an invariant of the trajectory. We will
see in the next subsection that the Poincaré Cartan one-form associated with the dynamical
system — is also a perturbation of the Poincaré Cartan one form associated with
the dynamical system —. Moreover, we will see that the non-exact part of the
Poincaré Cartan one form associated with the dynamical system lb does not
depend on 6 and consequently that it is invariant under the action of the flow of 55. Such flows
are called symmetries of the Poincaré Cartan one form. The Noether’s theorem connects
such symmetries with invariants of the trajectory. Applying this Theorem in our case gives
that —u is the invariant corresponding to the flow of %. Since the Poincaré Cartan one-
form associated with the dynamical system — is a perturbation of the Poincaré
Cartan one form associated with the dynamical system —, the lowest order (in
¢) of this one form, expressed in the (p, ) coordinate system, does not depend on . As a
consequence, the flow of % is close to a symmetry. The goal of the Lie transform method,

that we will introduce in the next section, is to find a coordinate system (fi,6) close to
the (u,0) coordinate system in which the flow of 9 is a symmetry and in which — i is
the corresponding invariant. The aim of this part is to introduce rigorously, within the
framework of the Poincaré Cartan one form, these notions of symmetries, invariants and
Noether’s Theorem. The notions of symmetries and Noether’s theorem can be written under
a lot of forms. Indeed, there exists a lot of mathematical frameworks to study an Hamiltonian
differential system and each of them provides an other formulation of the Noether’s theorem.
Nevertheless, in each of these mathematical frameworks a symmetry is a diffeomorphism,
or a group of diffecomorphisms, leaving unchanged the principal object of the theory and

the Noether’s theorem connects these symmetries with the invariants of the trajectory. In
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this paper, according to Theorem the principal object of the theory is the Poincaré-
Cartan one form’s equivalence class. Consequently, we will give the following definition of
symmetries:

Definition 2.4. Let Y be a vector field, Gy its flow, and vg the Poincaré Cartan one form
associated with the dynamical system (2.1)-(2.2]). We will say that (Gy) is a symmetry of
(gl if for any X for which Gy is defined, GXve € (V@] i-e., if GXve — Y& is exact.

This definition is well-posed with respect to the equivalence relation. Indeed, if B €
[v&], then there exists a smooth function S° such that 8¢ = vZ + dS¢ and consequently if
G, is a symmetry

GiBG = G (B + dS°)
= G\vg + dGyS° (2.32)
€ [val-

Remark 2.1. Fasy computations lead to the fact that this definition of symmetry is well
posed with respect to differential structure.

On an other hand, a symmetry can be characterized by using directly the vector field
that generates it.

Proposition 2.2. Let ) be a vector field and Gy its flow. Then, Gy is a symmetry of [vg]
if and only if Ly~ is ezact.

Proof. Assume that Gy is a symmetry of [yZ]. Then, there exists a smooth function P§
such that GYvg — vg = dP5. As Give = Y&, there exists a smooth gulilc;cion Q5 such that
G e — Yo = AQS. By definition of the Lie derivative, Ly~vg = gggg |a=0= dQf and
consequently Ly~ is exact.

Reciprocally, if Ly~vg is exact; i.e. if there exists a smooth function R such that

Ly~vg = dR®, then, the usual formula

0 . )
5@’75@ =r0= G3, (diyvG +iydye) (2.33)
and the Cartan formula
Lyve = diyyg +iydyg (2.34)
yield:
8 * € * £
ﬁg,\’)’c =G; (ﬁy’YG)
=d(GyR°).

Finally an integration yields the result.
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Now, we turn back to the notion of invariant.

Definition 2.5. Let Z be a smooth function on M. We say that T is an invariant of

(2.1)-(2.2) if and only if ire,dZ = 0.

Remark 2.2. Fasy computations lead to the fact that this definition of invariant is well
posed with respect to the differential structure.

Having this material in hands, we can easily derive the Noether theorem within this
framework.

Theorem 2.4. Let Y be a smooth vector field whose flow is a symmetry of [vg]. Let S¢ be
a smooth function such that Ly~g = dS®. Then, iyyg — S° is an invariant.

Proof. The Cartan formula yields that Ly~ = dS° is equivalent to
iydyg + diyyg = dS°. (2.36)
Moreover, as irs,dyg = 0 we obtain:
ireiydyg = (dve: Y. T6)
= {76 Y)
= - <z7’éd’7€G7 y>
= 0.

(2.37)

Consequently, applying irc, at the both sides of (2.36) yields irc.d (iyvg — S°) = 0; ie.,
iyYg — S° is an invariant. O

Remark 2.3. Notice that Theorem[2.]] is compatible with the relation of equivalence. Indeed,
if Lyve = dS®, then for any smooth function o°, Ly (y¢ + do®) = d(S° + Lyo®). In
other words Y generates a symmetry of vg + do®. Moreover, the associated invariant is
(Y +do®) - Y = (S+ Lyo®) = v - Y — 5% i.e. the same invariant as the invariant
associated to ~°.

Remark 2.4. Easy computations lead to the fact that this Theorem is well posed with respect
to the differential structure.

Remark 2.5. Definition s a non-standard formulation of symmetry. A more popular
approach, in cases where G does not depend on t, is via momentum map (see for instance
[12] or [13]). Within such framework, taking place on the symplectic manifold (RQ, dr A dvr),
a symmetry associated with dynamical system — is a flow Y[ of an Hamiltonian
vector field Xp satisfying G, (@bf (r, UT)) = G (r,v,;) for any (r,v,) € R2. Constructing
the vector field Xp on M by setting Xp = Xp + 0 04 t.e., Xp = 0, FOr — 0, F0,,, we
observe that Lx Vg = d(—F +ix,7g) . Hence, the flow of Xp is also a symmetry in the
sense of definition [2.4. Notice that the corresponding invariant is well the momentum map
F. Consequently definition[2.4) is well an extension of the classical definition of symmetry in
cases where dynamical system - 18 non autonomous.
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2.4 Application at the differential system (|1.6])-(1.7])
The non perturbed case (Dynamical system ([1.11)-(1.12))
The solution of (|1.11)-(1.12) is given by

€
( ‘I,{;i; > = etN* ( ; ) : (2.38)

vel§ 3 mer= ) 2]

e

where

€
According to formula ([2.38)), the trajectories are circle of radius /72 + v2. Under the change
of coordinates ([1.15)-(1.16) dynamical system ({1.11])-(1.12)) reads:

I
PMim _ g, Mty (0,1, 6) = . (2.39)
905, 1 ]
n_ _ - 0)=20. 2.4
ot 6, @Un (O,M, ) ( O)

Making the change of coordinates ([1.15)-(|1.16|) in the Poincaré Cartan one form, defined by
[2.19) and with G. = HY™ given by (1.13), yields:

T'un = sin (8) cos (0) dp — 2 sin® (6) df — gdt

= —pdf — gdt + d(psin (0)cos (0)) (241)
— Biyon -+ usin (0)cos ().

The flow of % reads:

Gx (1, 0,t) = (u, A+ 0,t). (2.42)

As Lo B%Un = 0, proposition yields that Gy is a symmetry and Noether Theorem
20
(Theorem ) yields that —p is the corresponding invariant.

The perturbed case (Dynamical system ([1.6)-(1.7))

Making the change of coordinates ([1.15])-(|1.16|) in the Poincaré-Cartan one form, defined by
(2.19) and with G. = H., where H. is defined by (1.8]), yields:

T, = sin (6) cos () dy — 2pusin® (0) df — (g + . (V/2pcos (0),t) ) dt
— a9 — (% + 6. (V21cos (0),t) ) dt + d (usin (6) cos (6)) (2.43)
= B, +d(usin (0) cos (0)) .

We remark that 8% defined by (2.43) is a perturbation of B%un defined by (2.41]). Moreover,
in this case the symmetry is broken; i.e., Gy defined by (2.42)) is no longer a symmetry.
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2.5 Change of coordinates as the flow of a vector field
Change of coordinates in a one form

Let w be a one form defined on M and €2 its expression in the (r,v,,t) coordinate system.
If (r,vr,t) € M and u € TM,,, 1), we will use the following notation for w evaluated at
(r,v,t) and applied at u:

W(rppt) - W =< @(r,vp,t);u > . (2.44)

Let ¢ : (r,vp,t) = (F,0r,t) = (Py(r,vp,t),t) be a change of coordinates belonging in A
and € the expression of w in the (7, ¥, t) coordinate system. Then, Qis given by (v ~1)*€,
where (¢~1)*Q is called the pullback of € by ¥~! and is computed as follow:

< Q7 B, t);0 >=< QT (F, 0, 1)); (A )0 0> (2.45)
In term of coordinates, formula (2.45) means that Q(f, Op, t) corresponds to the line vector

[Ql(f, Trs ), Qo (F, B, 1), 3, @T,t)]

(2.46)
= [Ql(wil(f/mﬁ )) 92(1/} (7’ v?“a )) Q3(¢ (T vmt))] T‘vr,t)fl/} (7’ v?“a )
Usually, we also use the notation:
(5 _ (o =INx O (s
Q(F, 0p, t) = (V)" QT, Uy, t) (2.47)

= Q4 (F, Oy, t)dF + Qo (7, By, t)di, + Q3(F, Ty, t)dt,
where Q1 (7, ¥y, 1), Qa(7, ¥y, t) and Q3(7, ¥, t) are given by formula (2.46).

Change of coordinates as the flow of a vector field.

Theorem 2.5. Let (7, 0y, t) be local coordinates on M, Z a vector field on M and w a one
form on M. Let Z and Q be their expressions in the (F,v,,t) coordinate system. Assume
that the last coordinates of Z is 0; i.e. that

Z (7,0, t) = ZY (7, 0y, t) Or + Z2 (F, Dy, t) Oy, . (2.48)
Let ¢ be its flow; i.e. the solution of
0p: _ o1,
=7 2.49
85 (@5), ( )
o -
% = Z2(¢5)7 @O(Fa 1_}7”7t) = ("77777“775)’ (250)
0p?
—= =0. 2.51
e (2.51)

Then, under the change of coordinates (T, vy, t) — (7, 0p,t) = @(7, 0, t), the expression Q.
of w in the (T, 0,,t) coordinate system admits the following expansion:

~ _ _ —1)"en _
QL5 8) = QF 5. 1) — LaQF T+t D £ 5 1)
gn—i-l 1 8n+19 ‘ (252)
+ ol /0 (1 — u) W ’&-u r Ur,t)du,
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where E’%Q is defined recursively for k > 1 by

L2 = <§8 ((soa)*ﬂ)> le=0 (2.53)

and
LN = £, (L’;Q) . (2.54)
Moreover, the change of coordinates admits the following expansion in power of € :
_ ok _
P 2 (0 t) ok (£5702Y) (00 8)
n!

€n+1 1 8n+1@1 o
+— /0 (1= )" S eu (7,00, 1) du

o (2.55)
Oy =0y + €22 (F, Uy, t) + ... + — (ﬁ%‘122> (7, Oy, t)
n!
cntl 1 g+ 52 -
- /0 (1= )" © e o (7, )
and the reciprocal change of coordinates admits the following expansion:
S —1)"en 11\ . ~
F=F—ecZ (F,0,,t) + ...+ (Tz' (E% 1Z1> (7, O, t)
€n+1 1 6n+1 ~ s
2o s (et e Gt du
- 0 (1) en i (2.56)
Oy =br — 22 (7, By t) 4 (5%422) (7, B, 1)
€n+1 1 an—H - o
+ ] /0 (1—u)" <85"+1 @25> lew (7, 0y, t) du.

Proof. Let (7,v,,t) be local coordinates on M, Z a vector field on M, and w a one form
on M. Let Z and Q be their expressions in the (7, 9,,t) coordinates. We assume that the
last coordinates of Z is 0; i.e. that

Z =7'0; + Z?0,,. (2.57)

Let @, be its flow; i.e. the solution of (2.49)-(2.51)). According to formula (2.47)), under the
change of coordinates (7, v,,t) (f,?r, t) = @c(7, Uy, t), the expression of w in the (7, 0y, 1)
coordinates is given by 2. = (¢-1)*Q. A Taylor expansion in power of ¢ yields:

N - o0 e" 9" )
Q. (7, 0y, 1) = Qo(F, Ty, t) + e |emo (F, Oy t) + oo+ — = |e—o (7, Ty, 1)
Oe n! Oem 958
T g (2.58)
. / - Z 2| (7,5, t)du.
n! 0 BE"
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Notice that for each k € {1,...,n + 1} we have use the following notation:

Q. [orQl ora? (259
ok | Ok’ ek '
As Q. = (g-1)*Q, we have for each k € {1,...,n+ 1}
Q. ok
ek |le=0= <85"3 ((905 ) Q)) le=o0 - (2.60)
By definition, the Lie derivative of € with respect to —Z is given by
_ O
£ g = (1 () L (2:61)
5
and easy computations lead to
kpk @& E_@ o \*@
(1= 20— (7 (7)) o 2:62)

where C%Q is defined recursively by formulas (2.53)-(2.54). Injecting formulas (2.62)) in
(2.58) leads to formula (2.52)).

In the same way, Taylor’s expansions of the inverse of the flow; i.e. of ¢_., and of the

flow; i.e. @, lead to formulas (2.55) and (2.56]).
This ends the proof of Theorem 2.5

3 Lie Transform Method

3.1 The Lie Change of Coordinates

Subsequently, we will denote by ~° the Poicarré-Cartan one form associated with the dy-
namical system (1.9)-(1.10). We will also denote by 3° € [¥¢] the one form whose expression

in the (p,0,t) coordinate system, defined by ((1.15))-(1.16), is given by (2.43));i.e., by
B = —pdd— (g + o (\/2,1 cos (9),t)) dt. (3.1)

Injecting the Hilbert expansions the electric potential, given by (1.29)), in (3.1) leads to the
following Hilbert expansion of 8° :

B = (Bo+eBi+eBat ), (32)
where
Bo (1, 0,t) = —pdt,
By (1,0,) = —ud — by (v/2pcos (6) 1) dt,

Ba (1,0,t) = —61 (/2pcos (0) 1) dt,
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According to definition a Lie Change of coordinate is a composite of flows of vector
fields ...,Z3, 22 Z! parametrlzed by ...e3,€2,e. In the same way as in Theorem [2.5) - we
will give in the following Theorem an Hllbert expansion of the expression of 3% in the Lie
coordinate system. Notice that the expression of the Hilbert expansion of ﬁ involves only
the expressions of the vector fields Z',Z%,Z3, ... and the expressions of the terms of the
Hilbert expansion of 3°.

Theorem 3.1. Let ¢ be the one form whose expression in the (r,v,,t) coordinate system is
defined by (2.19). Let B° € [¥¢] be the one form whose expression in the (p,0,t) coordinate

system, defined by (1.15)-(1.16)), is given by (3.1). Let L. : (u,0,t) — (ﬂ, 0, t) be a Lie
change of coordinates. Then the expression ,BE of B% in the Lie coordinates (ﬂ, 0, t) 18 given

by:

B (.0.1) = éz (i (WiBr) (1.0 t)) em, (3.4)

m>0 \k=0

where for each k € N*, Wy, is defined by

. (D™ (=)™,
W, = > T Lo Lo (3.5)
n1+2n2+...+knk:k

and Wo = id. Moreover, the change of coordinates admits the following expansion in power
of € :
(g, 0, t) =L.(11,0,t)
(21" .. (ZF)™ (3.6)

ng Z TL1! NN nk' (Zd) (M, 9’ t) ’

k>0 n1+2n2+...+knk:k

and the reciprocal change of coordinates admits the following expansion:

(1,0,t) = L' (ﬂ, 0, t)
(—ZV)™ . (~Z5)™ i (3.7)

- ng Z nyl. .. ng! (id) ([L’H’t»

k>0 n1+2no+...+kn==k

Proof. We will start the proof by proving formulas (3.6) and (3.7)). Let g = g(u,0,t) be a

smooth function,

v =10, +&%0y + €30, (3.8)
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a smooth vector field and ¢Y its flow. Then, (¢Y)*g = g o ¢Y admits the following Taylor
expansion:

n

()" 9) (1,0,1) = g (11,0, 1) + e (V- g) (1, 0,1) + ... + % (v" - g) (1,0,1) (3.9)
gntl 1 g+l ’
T /0 (1= )" 57 (9 (2 (1,6,1)) |eu du, (3.10)

where v - g = {1(9#9 + 2099 + £30;g and vF*t! . g = v - (vF . g). Writing formally the entire
Taylor series in €, we obtain:

(@) ) (mbt) = | [ 54 o | (nab0). (3.11)
n>0

The right hand side of is usually called the Lie series for the action of the flow on g.
The same result hold for vector valued function G : M — R™ G = (G,...,G™), where
we let v act component-wise on G : v-G = (v-Gl,...,v-G™). In our case, the change of
coordinates reads:

(ﬁ, é,t) = L. (1,0,t)
=...0o@kho...0oph (u0,t)
- ((...o@gn o...o@il)*(id)) (11,0, 1)
= (1) oo (@) o) i) (m.6,1).

According to formula ({3.11]), we have for each n € N and for each vector valued function G :

(3.12)

kny

((#5) &) oy ={ | X =5 @)™ | ¢ | (wo.0). (3.13)

|
ng:
0 k

ng=
As a consequence, formula (3.12)) can be rewritten:

ni €2n2

L. (u,0,1) = Yoo (zh™ - an! (22)™ | ... | (id) | (1,0,%)

TL1!
n12>0 n1>0

ni+2nat... (Z1)" (Z2)"2 (3.14)
(D e [0 [0

ni,n2,ns3,...>0

Grouping together the terms with the same power of ¢ leads to formula (3.6)). In the same
way we obtain formula (3.7)).

Now, we will prove formula (3.4). Let © = Q(u,0,t) be a differential one-form,

w = w9, + w?dy (3.15)
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*
a smooth vector field, and ¢Y its flow. Then, according to Theorem l cpg 1) Q
admits the following Taylor expansion:

(&™) Q) (1.0.1) = @ (#0,t) — cLw (5.0,1) +
)n n

N (_1n£” (ﬂ, g, t) n 57:!1 /01 (1—u)" 8;;? leu (u,e t) du

Writing formally the entire Taylor series in €, we obtain:

(3.16)

n _n

(&™) @) (.0.1) = Z(_lr)t,gﬁa Q| (n6.1). (3.17)
n>0

The right hand side of ([3.17)) is usually called the Lie series for the action of the flow on Q.
Now, according to formula ([2.47)), the expression of 3% in the Lie coordinate system is given
by

B () B (3.18)
Injecting (3.2)) in - ) leads to:
g =) (LY B, (3.19)

p=>0

Consequently we obtain for each p € N :

(€ 8,) (701
(( oo o@in)*ﬁp) (701

= (o @™) oo (@)™ *) ) (#.0.1)
( )™ n2£”2 Z )" m,c@l B, (ﬂ,é,t) 20
n2>0 n1>0

. [,nl _ -
_ Z‘Sk Z ( 1)n1+ +nknzlk'7nk‘ /Bp (ﬁ,&t).

k>0 ni1+2ng+...+knp==k

Injecting 13.20: in (3.19) and grouping together the terms with the same power of ¢ leads
to formula (3.4)).

This ends the proof of Theorem [3.1] O

We will denote by 3,, the (n — 1)th order of the Hilbert expansion (3.4); i.e.,

B, (10.0) =S (WiB, 1) (1.t). (.21
k=0
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3.2 The Lie Transform Method

The Lie Transform method consists to find a differential one form &. € [4°] and a Lie change
of coordinates L. such that & is under a normal form. We will precise immediately our
definition of normal forms. For this purpose, we will introduce the following linear spaces
of smooth functions:

Con ={f € C*(Ry xR;R); fis 27 periodic with respect to 6}, (3.22)
_ L of _
D_{fec%, 30_0}’ (3.23)
1 2m
R={recz =5 [ rmoiw—o}. (3:24)
T Jo

Notice also that C32 =D ® R.

Definition 3.1. Let L. : (u,0,t) — <;2, é,t) be a Lie change of coordinates, &, =

Q. (ﬂ, 0, t) be a differential one form admitting a Hilbert expansion of the form.:

1 .
& ==Y (d}ldﬂ +a2dd + di;dt) en, (3.25)
Enzo
and e = a: (u, 0,t) the differential one form defined by o (1, 0,t) = & (1, 0,t). We say
that & is under a normal form if

VneN, ol €D, (3.26)
of = —pu, and¥n € N\ {1}, o2 =0, (3.27)
Vn €N, o €D. (3.28)

This definition is made in order to have the following theorem:

Theorem 3.2. Let L. : (u,0,t) — ([L, é,t) be a Lie change of coordinates and X; the
expression of T in the Lie coordinate system. Assume that there exists & € [Y¢] which is
under a normal form. Then, the first component of X% vanish, the second component is 6
independent and it is given by

-~ \2 o0&’ oal
Xa) _ e e 3.29
and the expression of the particle distribution in the Lie coordinate system satisfies:
of- (- - N
,e,t) <X> t ( ,9,t) —0. 3.30
5 (u + (X)) (1) - (A (3.30)
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Proof. Let L. : (u,0,t) — ([L, 0, t) be a Lie change of coordinates and &, € [¥°] which is
under a normal form. According to Theorem the expression of 7¢ in the Lie coordinate
system corresponds to the solution of

i dé. =0 (3.31)

- \3
satisfying (X %) = 1. Since all the components of &, belong to D, its differential is given
by:

Oal - 9ad
dé. = —<dt Ndjp — dip A dO S dji A dt 32
G = — ~dt Ndft —dfi A df + oh fi A dt, (3.32)

and consequently

ix: dé.

— (852% _ ‘9;5 + (X;I)2> dfi — (X%>1d§+ ((5@1)1 %55 - (5(%)1> dt (3.33)

Since qu satisfies (3.31]), we obtain:

(X;{)l —0, (3.34)
8;; = %‘f + (Xg)z ~ 0. (3.35)

- \2
Since @} and &2 lie in € D, equation (3.35) implies that (X%) belongs to D.

According to Theorem [2.2] the Vlasov equation reads

8f5 ~ N e 2 ~ afs ~ A _
This ends the proof of Theorem ([3.2)). O

Having this material in hand we can precise the objectives of the Lie Transform method.
The Lie transform method consists to find a sequence (Z”)n N+ of vector fields and a se-
quence (@, )nen of differential one forms such that under the Lie change of coordinates £,
associated with this sequence of vector field the differential one form &, defined by

- I
&, = gZangn (3.37)

is under a normal form and belongs to [v¢].
More precisely, let 3° € [¥¢] be the one form whose expression in the (u,6,t) coordinate

system, defined by (|1.15))-(1.16)), is given by formula (3.1)) and whose formal expansion in
6

power of ¢ is given by (3.3). Let L. : (u,0,t) — ([L, ,t] be the unknown Lie Change of
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Coordinates and 3~ the expression of 3° in this unknown Lie coordinate system. According
to Proposition Ba admits the expansion in power of € given by . The Lie Transform
method consists to construct by induction the sequences of vector fields and differential one
forms such that for each n € N*

1 . - N 1 /- ~ ~
- (do+ea;+...+e"ay) € [5 (60 +eBi+... + s”,@n)} (3.38)
and such that the differential one form
1 n
at =) ayet (3.39)
€ =0

is under a normal form.
Notice that by construction a Lie change of coordinate is infinitesimal and consequently
the first term of the sequence defining & is given by

&y = —fudt. (3.40)

Now, the constructive proof of the following Theorem constitutes the Lie Transform
algorithm.

Theorem 3.3. There exists a Lie change of coordinates L. and a differential one form o
such that & belongs to [v¢] and is under a normal form. Moreover the proof of this Theorem
constitutes a constructive algorithm to build L. and &..

3.3 The Lie Transform Algorithm: proof of Theorem

Lemma 3.1. For any (Z")n>2 € CSe and Z3 € C52, setting

7' (1,0,¢) = <¢0 (@cos 0) ,t) - % /_: o (mcos 0) ,t) d9> 9,

+ Z309

(3.41)

and
s = —jidi— (2 " 60 (V/2hicos (8) ) dd ) d 3.4
) = —ji —<27T/ﬂ¢0( ,ucos(),t) ) t (3.42)
yields that
&l = é(do tear) e [i (BO n 5[31)} (3.43)

and that & is under a normal form.
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Proof. Applying formula (3.21)) with n = 1 yields:
B, (g,é, t) = WoB, (ﬁ,é,t) + W18, (ﬁ, q, t) . (3.44)
Computing W with formula (3.5 and using Cartan Formula yields:
Wi = —igid — dig. (3.45)

According to ([3.45)), the only non-exact contribution of Wy is given by —iz1d. Consequently,
we just have to find é, S; and Z' such that:

& (,0,t) = By (. 0.1) — (i2dBy) (. 0.1) + (aS1) (7.0,1) (3.46)
and such that &! = % (&g + €avp) is under a normal form. Writing formula in coordi-
nates yields:

(%21 - a}) dji + <ZS§1 i g) df+
0S8 - . = ~
<8t1 + Z{ — ¢o <\/ﬂcos (9) ,t) - a?) dt = 0.
Setting &} =0, 62 = —fi, ,a3 = —2= [ ¢ <\/ﬁcos (é) ,t) dé,
_ _ ~ 1 (7 - .
Zi (,&,0,15) = ¢ (\/ﬁcos (9> ,t) - 27r/ oo <\/ﬁcos (9) ,t) do (3.48)

and S7 = 0 yields the result. This ends the proof of Lemma [3.1]

(3.47)

O
Theorem 3.4. For any (Z"), ., € C37, Z¥P e D and Z2 € C32, setting
Zy = \1@/0 oS (9’) Ey (\/ﬂcos (6’) ,t) do’
; o (3.49)
/ / /
— NG /ﬂcos (O)Eo <\/2ucos (9) ,t) de’,
_ e s 1 ([T s .
le’R (:ua Hat) = 02 (/UJ, 07t> - 27_(_/ 02 (M,H,t) dga (350)
where oo is defined by formula , and
- - I - =
&g = <va7’ e I (u, H,t) d9> dt (3.51)
yields that
- 1, _ . 1 /- - -
&= . (Go + ey + @) € L (50 +eBy + 52,32>] (3.52)

and that &2 is under a normal form.
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Proof. Applying formula with n = 2 yields:
By (7,0,8) = WoBy (1,0,6) + W1B, (. 6,t) + WaBy (,0.t) (3.53)
Computing W with formula and using Cartan Formula yields:
Wy = —iged — diga + % (igadigid + digiLz:) . (3.54)
According to , the only non-exact contribution of W is given by
—izad + %izldizl d.
Consequently, we just have to find Sy, Z4 and Z? such that:
ez (1.0,t) = B (1.0.1) — (iz2dBo) (.0.1) — (iza0B1) (7.6.1)
+ % (iz2digadBy) (f0,t) + (dS2) (7. 6,¢)

(3.55)

Writing the terms of formula (3.55)) in coordinates yields:

iZQd,BO == _Z%dt,

ig1dBy = Zadji — Zido + %% (@cos (é) ,t) Z%\/ﬁsin (é) — 7 CO\S/;S) dt,

L. = 0Z1 YAy
igidigidBy = — (Zl a} + 73 =5 > dt.
(3.56)
Consequently, (3.55)) reads:
S -
a; —Z3—ab =0, (3.57)
S -
872 +Zl—ak=o, (3.58)

and

f),
( ,usm -7 “ <é> % (\/ﬁCOS <é) ,t> (3.59)

6~
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Since CS2 = D @ R, we make the following decompositions:

Sy = ST + SF, (3.60)
Zy =73 + 237, (3.61)
7} =700 4 PR, (3.62)
Setting a3 = 0 in (3.58) implies
OSF -
2 — 7} 3.63
Y, 1 (3.63)

Since Z{ € R, equation (3.63) has a solution in R and it is given by

S;z =— /09 oo (\/ﬂcos (9’) ,t) ao’ + % /7T o0 (\/ﬂcos (9’) ,t) do’. (3.64)

. 51 _ OSR . . L. . -1 _ 71,R D
Afterwards, setting Z, = o (notice that this choice implies Z, = Z5,") and S5 =0

in (3.57) implies a3 = 0.

Finally, let g9 be the function defined by

o (1) = 5F v (vERes (1)
+ | 2 /ajisin () - 21 ﬁ(fj) O (aicos (8).1) (3.9
*3 <le8£ ! Z%%?) |

Then, equation (3.59)) reads:

72— & — o (,1, d, t) —0. (3.66)
Setting
R (- AN LR
7> (g,e,t) = o (,1,9,1:) _ / 02 (g, e,t) df (3.67)
2 J_,
remove the 6 dependency in as.
O

Remark 3.1. Notice that at this level Z%’D is not fized. But as soon as it will be fized, &3
will also be fixed and will be equal to

_ 1 [T _ _
dg’:Zf’D—%/ gg(ﬂ,ﬂ,t>d0€D.
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kons1 € Cony for any Z?’D €D and
€ C2O$r7 Z?!R € R and (ak)ogkén such that

Theorem 3.5. For any n > 2, for any sequence (Zk)

for any Z} € CS2, there exists (Zk)k<n71

1

9

o}

P L@ttt ea e L (ByreBi ot B)| G6

and such that & is under a normal form.

Proof. We will prove Theorem by induction. The case n = 2 was treated in Theorem
[3:4 Consequently, we pass directly to the induction step.

Let n > 3. Assume that Z',Z% ..., Z"2 € C$° and Z?_I’R € R are fixed in such a way
that

~n—1 __
ae =

™ | =

(G0 +ebr+...+e" 1) € [i (BO +eBy+.. .+ s”lﬁn_1>] (3.69)

and &' is under a normal form. We will find Z2~' € €32, Z'P € D and Z]"F e R
such that:

1 1 /- ~ .
al = - (o +cea+...+e"ay) € L (,80 +eBy +...+€”,8n)} , (3.70)

and such that a is under a normal form.

Formula yields:
B (10.6) =S (Wi, o) (10.1)

k=0
where W, is given by . As in formula (with £ =n) ny+2n9+...+nn, = n, the
only term depending on Z" in WnBO is —Lzn BO, and the only term depending on Z"~! is
Lzn-1L718,, and as in formula (withk=n—-1)n+2na+...+(n—ny_1 =n—1,
the only term depending on Z" ! in W,,_18, is —Lz.-13;. Consequently, the only terms in
formula depending on Z"~! and Z" are —L5.8¢, Lzn-1L718, and —Lz.-13;. Hence
B3,, reads:

Bn =B, — izndBo — Z'andBl + Z'Zn71di21d[_30 + " (Zl, ey ZTHQ) + something exact.
(3.71)

Consequently, we just have to find .Sy, Z;L*l € (32, ZIHLD € D and Z{L’R € R such that:

dn = BTL — ZZTLdBO - izn_ldB1 + Z.Z'n—ldizldBO + wn (Zl, ey ZTL*Q) + dSn (372)
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Writing formula (3.72)) in coordinates yields:

Consequently, (3.72) reads:

dS,
ot

dS,
o0

and

7+ 885;" — & — P (ﬁcos (9~> )
B . _ 5 _nilco é 0
- (Zg J/3isin (0> 7 \/2%)) O¢o (\/>c08( ) )

+ F (Zl,...,ZH) (Z” 1682} + 7 13@?) —0

Since C5y = D @ R, we make the following decompositions:

S, =8P 4 %
Zn—l o Zn—l,D + Zn—l,R
2 - 42 2 )

v (2,277 =y (2. 2"+ ™ (2,277

Setting &2 = 0 in (3.75]) implies

oSy, — n {51 n—2
85 Zl ! + 1/]2 <Z ) 4 ) =0,
and consequently we set:
aSK >n—1,R nR (71 Zn—2
= 2 (z,...,z )

2P = P (2,20,
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(3.74)

(3.75)

(3.76)

(3.77)
(3.78)

(3.79)

(3.80)

(3.81)

(3.82)



Since Z?il’R + @Z)g’R (Zl, ce Zn_Z) € R, equation (3.81) has a solution in R.

Afterwards, setting S = 0,

- ST = e
n—1 __ n R 1 n—2
Z57 = T (Z,...,Z ) (3.83)
L = ymP (Zl, o Z"‘Q) : (3.84)
solve equation ([3.74]).
Finally, let g, be the function defined by
oS

On (/]’7 0, 75) =— 87: + dn—1 (\/ﬁcos (é) ,t)
+ | Z87'/20sin (5> - Z{“lcos (0) 9% (@cos <§) ,t) (3.85)

V20 or
Y'Y ST
— Y (Zl,...,Z 2)_ (Z{Ll 6'&1 _|_Z£Lfl 8@1)

Then, equation ([3.86) reads:

ZY— @& — 0, =0. (3.86)
Setting

7R = gk, (3.87)

ab = —ob + 210 (3.88)

remove the 6 dependency in &3. This ends the induction step and the proof of Theorem

O

3.4 Proof of Theorem [1.1]

Let £, and &, be the Lie change of coordinates and the normal form of ¢ constructed
in the proof of Theorem According to Theorem ([3.2]) the expression of the particle
distribution in the Lie coordinate system is given by:

of. (oad oal\ of
5+ (8;2 - 8t> o =0 (3.89)
Setting
3 a3 oal
ac (1) = ( e ) - 5 (w)) (3.90)
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yields formula ([1.31)). Moreover, the Hilbert expansion of a. is given by

%mw=2X%L<> o)) e (391)

According to formula [3.40] the first term of this Hilbert expansion is given by
ao (i, t) = —1, (3.92)

and according to formula (3.42)), the second term of the Hilbert expansion is given by
ay (fi,t) 271'\/7/ cos Eo <\/2/1 cos (5) ,t) de. (3.93)
Formulas (3.92) and (3.93)) yield formula ((1.38]).

The Poisson equation expressed in the (7, v,,t) coordinate system is given by and
the charge density by . In order to solve the Vlasov Equation we need to express
the charge density p. in terms of the particle density expressed in the Lie coordinate system.
Let f. the particle density expressed in the (u,#) coordinate system; i.e.,

fe (1, 0,t) = f- (’Bo[_l (1,0) ,t) , or equivalently (3.94)
fe (r,vp,t) = fo (Pol (r,v,),1). (3.95)

Then, the charge density p., given by (|1.3] m, can be rewritten as follow:

(t,r) / fE T, UT,t v,
= /R2 fe (P 0, t) 6 (r — 1) dr'dv).
- / T (1,0 ) e (4 0') dyi e,
Ry x]—m,7]
where h, = h, (¢/,0’) is defined by
he (1, 0) =6 (7‘ — /24! cos (9’)) : (3.96)
Let f. the particle density expressed in the (ﬂ, 0, t) coordinate system; i.e.,
f- (ﬂ, 0, t) =f (L;l (/],67, t)) , or equivalently (3.97)
fe(1,0,8) = fo (Le (1,0,1)) (3.98)

D! = £.(Ryx] -, ,¢) and ‘jﬁs_l (ly,g/,t,)
the charge density can be rewritten as follow:

poltor) = [ T (00 b () dilde
£:'(DY)

_ /Dg f- (ﬂ’,é’,t) hy (Pﬁ;l (ﬂ’,é’,t)) ’«74:;1 (ﬂ’,é’,t)(dg'déc
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Finally, Lemma [3.1] and Theorem [3.4] yields that:

2" (1.0,1) = (60 (V203 0).1) = 5 [ o0 (VEneos 0).¢) d0)o,
+ (\/127# /09 coS (9') Ey (\/ﬂcos (9’) ,t) do’ (3.99)

27r\0/ﬂ /_7; cos (0') Ey <\/ﬂcos (¢ ,t) do')oy.

Applying formulas (3.6]) and (3.7) and truncating at the second order yields formulas (1.36)
and ([1.37)). This ends the proof of Theorem

3.5 Truncated models and some remarks about their efficiency

As we saw in the previous Subsection, for a given N € N* the vector fields Z1, ..., Zy allow
us to construct the N first terms &y, ..., &y of the normal form &.. Hence, defining the
partial Lie change of coordinates of order N by

Y =N o...ogh (3.100)

and making the change of coordinates (ﬂ, 0, t) = [,i_v (1,0,t) lead to a differential one form

dET’N € [BE] which is up to order N under the normal form; i.e.,

&N (5.6,1) =+ Nan“ V). :
P (n0d) =1 (S (mr) ) s 0 101

Consequently, Proposition [2.1]and Theorem 2.2]yield that the characteristics associated with
the Vlasov equation (|1.1]) expressed in the partial Lie coordinate system of order N are given
by

oM _
# (ﬂ’ 9’t> =0 ("), (3.102)
005 i N .

37;]\[ (,&, 97t) = é (gan (QﬁuT,N,t> a”) +0 (EN) , (3.103)

provided with the initial conditions Mtu7, (g, f, 0) — i and 65, (,1, q, 0) =0

Remark 3.2. Notice that the reminders (the O (aN)) depend to fi, 6 andt and that they are
evaluated at the characteristics. By construction the vector fields Z, . .., ZyN are 27 periodic
with respect to 0. Consequently we can easily deduce that the first component of LY is 27
periodic with respect to 0 and that the second component satisfies

(£2), (70 +2,t) = (£2), (7,0,¢) + 2. (3.104)
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On the other hand, let T%; be the vector field whose principal part in the (r,v,,t) coordinate
system is given by (2.4)) (with G = H.). Then, its expression in the polar coordinate system
(1, 0,1) is given by

X2, (11,0,t) = \/2psin (8) E* (\/ﬂcos 0) ,t) 9,

+ <_i + CT/SQ(T? E (\/ﬂcos (9) ,t)> Oy + 0 (3.105)

and it is consequently 2w periodic. Hence, the expression of T in the (,&,é, t) coordinate

system s 2w pertodic with respect to 0. This implies that the O (5N) in (3.102)-(3.103) are
27 periodic with respect to 0 and consequently bounded with respect to this variable.

Remark 3.3. Since we deal with confined beams; i.e., the initial condition fy is chosen in
such a way that the beam is bounded, the characteristic 9Mu®, which corresponds for a given
particle to the evolution of the half of the square of the modulus between the origin and the
particle position in the phase space, is bounded. Hence if we observe the evolution of the beam
up to a given time T € (0,400), the usual change of coordinate rules for the characteristics
yield that Dﬁu;N is also bounded for t € [0,T]. Finally, since the reminders of —
(3.103) are 21 periodic with respect to  and since ﬁﬁuET’N is bounded for t € [0,T] we obtain
for any positive real number v and for any € € (0,v) an estimation ‘(’) (ENH < On(T,v)eN
for the reminders. Integrating these estimations yields error terms bounded by Cn (T, v)eNT.

Remark 3.4. LY admits the following expansion in power of e:

N
e-(3H %
k=0

ni+2ns+...+kng==~k

(Z)™ ... (z4)™

ny!. . nyg!

(id) | +0O (N, (3.106)

Hence, the partial Lie change of coordinates [,?7 is an approximation of order N + 1 of the

Lie change of coordinates. Moreover, since the change of coordinates (ﬂ, 0, t) = Lév (1, 0,1)

produces a O (z—:N) error term in the right hand side of (3.102)-(3.103)), it produces a O (5N)

error term in the characteristics. Hence, for numerical simulations it is sufficient to trun-
cate (3.106|) at order N. That is what we do in our simulations for N = 1.

Remark 3.5. As a consequence of the previous Remarks and since approximation
s obtained by making the change of coordinates E;, the error term in the characteristics is
bounded by Ci(v,T)eT for any positive real numbers T and v, and for any ¢ € (0,v) and
t € (0,T). Hence, for small time T' of simulation the accuracy is of order €. For longer times
the accuracy is rather 1. Nevertheless, we will observe numerically in Subsection [J that for
longer times of simulation the dynamics (fast rotation+slow filamentation) characterizing
the evolution of the shape of the beam is close, but that the filaments are longer and wider.
We will give more explanations in Subsection [
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4 Description of the numerical method

In this section, we will describe the PIC method that we will use in order to simulate
equations ((1.46))-(1.50) with the initial condition

2
fo(r,vp) = p <—Ur> X[-0,75:0,75] () - (4.1)

2
2vth

no
ex
V2Tuep
As usual in a PIC method, fe will be approximated by the following Dirac mass sum:

v (ﬁ, g, t) - iwka (g — (t)) 5 (é — & (t)) (4.2)

k=1

where <9ﬁuz (), 65 (t)) is the position in the (/1, 0, t) coordinate system of macro-particle

k which moves along a characteristic curve of the first order PDE (|1.46). Hence the job is
. .- S gl+1l ~ .

reduced to compute the macro-particle positions (Smu,i * ,@Z’Hl) at time t; 11 = t; + At

. .- =gl . . .
from their positions (imuz ,@Z’l) at time ¢;, knowing they are solutions to

= e
B () =0, ot () = (43)
ae; . 1 1 ” - o = =

dt (t) = —g + 2\/—~75 /ﬂ_ COS <0 ) E&- < 2muk(t) COS (9) ,t> d9 s (44)
65 (1) = 6. (4.5)

According to (@.3), for each t € Ry and for each k € {1,..., N}, Muy (t) = fiy and the job
is also reduced to integrate for each time step the equation

dc(ii (t) = —g +— Qw\/ﬂ /_7r cos (\/ﬁcos (5/) ,t> e, (4.6)

&5 (1) = 65" (4.7)

Notice also that as 8 — FE. (s/2ﬂ cos (é) ,t) is an even function, the above integral can be
replaced by

4/072r cos (5) E. <\/ﬂcos <9~> ,t) e’ (4.8)

The first step of the computation of C:)Z’lJrl consists in replacing the integral above by
p-node quadrature formula. As we approximate the integral of a periodic function over
one period, the trapezoidal rule is optimal and will yield very accurate results for as few
quadrature points as are needed to resolve the oscillations of the function.
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Then, the equation for (:)i’lJrl become
de; 1 2 <
Et)y=—=+ Ay, cos (o) Ex <\/2ﬂ2 cos (o) ,t> . (4.9)
dt g 2~O
Mg m=1
(:)i (tl) — éi,l’ (4.10)

where (0,)7 _ is a grid of [0, §].

4.1 Expression of the initial condition in the Lie coordinates

The first step consists to replace the initial condition (4.1f) by
(ryvr) Zwké r— Rk ( Uy — V;)k) , (4.11)

where (R?)1<k<n are uniformly distributed in [0, 75;0, 75] and (V ) 1<k<nN are normally
distributed.
Using the following expression for

([ arctan (”f) ifr>0

arctan (”T—*) +7mifr<0andov. >0

0 =4 arctan (%) —7if r <0 and v, <0 (4.12)
51fr=0andw>0

—5 ifr=0and v, <0

and formula (|1.14]) for p (Notice that formula (4.12]) works only for p # 0. If = 0 we set
6 = 0) we obtain the expression of the initial condition in the (u,0,t) coordinate system

1,0 Zwké —Mmul) s (60— 6Y). (4.13)

Finally, using for each 1 < k < N the first order approximation ((1.39)-(1.40|) of the Lie
change of coordinates, we obtain:

~0 0
K = muk)

- (4.14)
e) = el.

Consequently, the expression of initial condition in the Lie coordinate system is given by:

7 (3) = S (= ) (5 - 0). (a1
k=1
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4.2 Numerical Resolution of (1.47)
Because of the form of the right hand side in (4.9) all along the algorithm, we need to

compute values of the electric field E. generated by a given macro-particle distribution

(. 670))

k=1,..N

Firstly, in order to solve (1.47) on [—L, L] (L will be precise afterwards) we will proceed
as follow. Injecting (4.2) in the right hand side of (1.47), and denoting by pY the yielding

expression, we obtain:

o (t,r) = iwm <7“ - MCOS ((:)i (t))) . (4.16)
k=1

Now, let (rk)g—q, m, Pe a uniform one-dimensional mesh of [0, L]. In order to obtain an
expression of the right hand side of (1.47)) on the grid, we will regularize (4.16)) with first

order spline

o (tr) = iwkSl <r — /2 cos (65 (t))) . (4.17)
k=1

Afterwards, solving

0
ETEE =rpt (4.18)
on (rg) k=0,....mp by integrating this equation with the trapezoidal rule yields the expression
of the electric field E. on the grid. We denote by (Ef) ke1. m. these values. Notice that
It AR A 4

according to (1.4)), E2 = 0. On the other hand, using the fact that E. is even we obtain the
following expression for the electric field on [-L, L] :

EM (rt) = drp§E§ (S (r—rg) = ST (r+11)), (4.19)
k=0

where drp = (r1 —rg)/mp. At the end, in order to obtain the electric field E. on the macro

particle (ﬂg, CH (t)) we just have to evaluate the above expression at 4/2/9 cos ((:)i (t)) :

4.3 Numerical Resolution of (4.9)-(4.10)

We solve (4.9)-(4.10) using the classical Runge-Kutta 4 method which gives the following
scheme when applied to the computation of the approximation y'*1 of the value of y solution
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to % = K(t,y) at time t; + At knowing its approximation ¢ at time ¢ :

11 !

tl,l =t, Yy =y,
At 1
t1o =1 + DR yl’2 = yl + 511, with It = AtK(tl’l,yl’l),
At gs o, L 1,2
tig=1 — = -1 th I“ = AtK (¢t ’
1,3 1+ 9’ Yy y + 97 w1 ( ,2,Y )7 (420)

tra =t +At, Yy =4y + 13 with I? = AtK (t; 3,4>%),

1 1 1 1
Yy =yl S S S 4 ST with T = ALK (t4, yM).
6 3 3 6 ’
Now, we will apply this scheme to our problem. So, the first step consists in computing
(é:—:,l,2) through:
ko Ji<k<n

- 1
Oy =6y + 1", with

1 p R
I"'=At| -+ Ay, cos (o4,) Ex <\/2ﬂ2 cos (o) ,t171> ,

€ my /200 m=1

(4.21)

where the value of E, (\/ﬁ cos (o) 7tl,1) has been computed solving equation ([1.47) asso-
ciated with the particle distribution (@Z’l) .

E2).

The second step of the Runge-Kutta method consists in computing (:)Z’l’3 defined by

N by the procedure described in subsection

-----

- 1
Oy = 6! + 1%, with

1 2 <&
IP=At|-=+ Ay cos (o) Ex <\/2[L2 cos (o) ,tl,2> )

€ my /200 m=1

(4.22)

where the value of E. (w / 2/12 cos (o) , tl,2) is computed as previously from the (@i’l’z)

particle distribution.
Then we compute

k=1,..,N

&5 — &5 4 13, with

1 2 & . (4.23)
B=At|-=-+ Ay cos (o) Ex <\/2u2 cos (o) ,tl,3> )

€ my /200 m=1

where F. <w/2ﬁ2 cos (o) ,tl73> is computed from particle positions (92’1’3)k N
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Finally, (:)Z’H'1 is obtained by the following formula:

N 1 1 1 1
& = o ¢ 611 + §12 + gf?’ + 614’ with

1 2 &
I*=At|-—=4+—:2) A, cos (om) Ee <\/2ﬂ2 cos (o) ,tl+1> ,

/20 m=1

(4.24)

where I', I? and I® are defined above and where E. (1 [2[29 cos (o7) ,tl+1) is computed

from particle positions (@E’M) .
P P ko Jp=1,..N

4.4 Expression of the particle density in the (r,v,,t) coordinate system

Finally, using the previous algorithm, when we come to the desired time ¢y = m;At of
simulation we need to go back in the (r,v,,t) coordinate system. Firstly, we go back in
the (u,,t) coordinate system. Applying for each 1 < k < N the first order approximation

(1.39)-(1.40) of the Lie change of coordinates we obtain:

T s 125
@Z,mf _ ész. ( .

Afterwards, using formula (1.15)-(1.16) we obtain the particle density expressed in the

(r, vy, t) coordinate system.

5 Numerical simulations

For the numerical simulations we take a thermal velocity vy, = 0.0727518214392, an initial
mass density ng = 1, a number N = 1-10* of macro particles, constant weights wy, = w = %
in a 18-node composed trapezoidal quadrature formula for the computation of ,
L = 1.5 and mp = 128 for the Poisson mesh, a small parameter ¢ = 1073, a time step
At = e4/e and a Box-Muller method in order to generate the initial condition. As no
analytical solution is available, we will compare our result with a standard PIC method (see

[4]). The simulation results are given in figures , and

Remark 5.1. From Figure[l] one can see the announced property of accuracy for small times
of simulations.

Remark 5.2. From Figure [ one can see the evolution of p for two given particles: one
close to the center of the beam and the other close to the extremity of the beam.

Remark 5.3. In Figure[3 we observe that for longer times of simulation the dynamics char-
acterizing the evolution of the shape of the beam (fast rotation+slow filamentation) is close to
the reference solution but that the filaments are longer and wider. The reason is the follow-
ing: we have made first order truncations in the dynamical system giving the characteristics
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Figure 1: Beam simulation with an usual PIC method and a Lie PIC method for ¢ = 0.001.
Left: beam at time 0.001, center: beam at time 0.1, right : beam at time 1. Top : Simulation
provided with the usual PIC method, bottom: Simulation provided with the Lie PIC method.

Figure 2: Evolution of g up to time 40 with an usual PIC method and a Lie PIC
method for ¢ = 0.001. Green: with the Lie PIC method, red: with the usual PIC
method. Left: with initial condition p = 0.2948404402060960, right: with initial condi-
tion p = 4.22461332489106316 - 10~3
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Figure 3: Beam simulation at time 35 with an usual PIC method and a Lie PIC method for
€ = 0.001. Left: with an usual PIC method, right : with the Lie PIC method.

and in the change of coordinates. Within the framework of these first order truncations, the
electric field is truncated at the first order and the square of the modulus between the origin
and the particles position in the phase space become constant. The filamentation is due to the
fact that the electric field is larger at the extremity of the beam as at the center. Moreover,
without these truncations the particles of the extremity move toward the center of the beam.
With these truncations the distance between the particles and the origin remain constant and
consequently since the electric field is larger when one moves away from the center of the
beam the phenomena of filamentation begins earlier and the filaments are wider.

6 Conclusions and perspectives

In this paper we have shown that we can adapt the geometrical techniques used for the
derivation of the gyrokinetic coordinates to the case of a charged particle beam under the
paraxial axisymetric approximation. In particular, these geometrical techniques are com-
patible with our way of doing the scaling. This paper is a first step in the application of
these geometrical method, within our way to do the scaling (see Frénod & Sonnendrucker
[5]), to the Vlasov Poisson equations modeling strongly magnetized plasmas. In particular,
the derivation and the numerical simulations of these equations within our way to do the
scaling, will allow us to compare the efficiently of this method with the other techniques of
homogenization like the two scale methods. Probably, in order to eliminate a variable and to
increase the time step, it will also be possible to combine the both methods. The numerical
results are not only accurate but also promising, if one consider that they are only based on
lowest order approximation of the electric field.
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