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Efficient Contact Modeling using Compliance Warping

Abstract Contact handling is the key of deformable ob-
jects simulation, since without it, objects can not interact
with their environment nor with the user. In this paper,
we propose a novel and very efficient approach for precise
computation of contact response between various types
of objects commonly used in computer animation. Being
constraint based, this method ensures physical correct-
ness, and respects Singorini’s law. It can be used with any
deformation model, and is based on the use of the initial
compliance matrix and contact warping. Thus, the con-
tact response can be computed efficiently, and the object
deformation can still be done in a physically plausible
way provided the underlying model is physical.

Keywords Contact Handling · Real-Time Simulation ·
Physically Based Simulation

1 Introduction

Modeling and simulating the behavior of rigid and
deformable objects remains an important research area
in computer graphics. Various approaches have been pro-
posed to improve the realism of the simulations ([18] [16]
for instance) as well as the computational performance
([9] [8] for instance). This has led to the simulation of
more and more complex scenes, with dozens, sometimes
hundreds of objects, some of them rigid, deformable or
even fluid. However, the majority of the proposed meth-
ods do not explicitly address the problem of modeling
the contacts that occur when these different objects col-
lide. This is particularly true in the case of deformable
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objects. While a large effort has been put recently to-
ward collision detection between deformable structures,
little has been done regarding the precise modeling of
contacts between such objects. Additionally, when inter-
active simulations are required, the complexity of the de-
formation model, as well as the large number of degrees
of freedom, make it a very challenging problem.

In this paper we propose a novel and very efficient
approach for precise computation of contact response be-
tween various types of objects commonly used in com-
puter animation. Our method offers several advantages
over previous work. In particular we propose a formal-
ism where an approximated contact model can be de-
rived from the behavior model of the object while verify-
ing Signorini’s law of contact and Coulomb’s law of fric-
tion. This is illustrated on several examples, including
deformable models where an approximated compliance
matrix is used to estimate the objects’ motion required
to solve the contact.

1.1 Previous work

Contact modeling in computer animation is a challeng-
ing problem for several reasons. First, the way contacts
are handled plays a very important role in the overall
behavior of the interacting objects. The choice of the
contact model (penalty force, impulse, constraint, ...),
how it verifies Signorini’s law, and the inclusion or not
of friction, highly influence the post-impact motion of
the interacting objects. Additionally, when a contact be-
tween objects occurs, it induces quick changes in their
dynamic behavior. Such changes are difficult to repro-
duce manually, in particular when deformable objects
are involved, and often lead to instabilities or visual in-
consistencies when using physics-based animations. Fi-
nally, when multiple objects are in contact, the solution
space for the new, non-interpenetrating, configuration is
reduced. The high computational complexity involved in
resolving such contacts can become an important bottle-
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neck of the simulation, sometimes more time consuming
than the computation of the dynamics of the object.

Contact modeling has been extensively studied in
Mechanics, and research on modeling the non-smooth
dynamic behavior of objects in contact remains an ac-
tive topic [1]. In the field of Computer Graphics, sev-
eral solutions have been proposed to address this prob-
lem. The most popular approach is the penalty method
which consists in defining a contact force F = kδ at each
contact point where δ is a measure of the interpenetra-
tion between a pair of colliding objects, and k is a stiff-
ness parameter. This stiffness parameter must be large
enough to avoid any visible interpenetration, however, its
value cannot be determined exactly. Instead, the choice
of the value of k depends of the nature of the objects,
the type of interactions, and other elements of the simu-
lation, which leads to various heuristics to determine the
ideal stiffness parameter. Yet, no matter how k is chosen,
interpenetrations between the colliding objects can only
be reduced, not ”resolved”. This a direct consequence
of the method itself, which generates forces only when
the interpenetration distance δ is negative (assuming δ
is chosen to be negative when an interpenetration exists,
and positive when the objects are no longer in contact).
Signorini’s law of contact states that there is a comple-
mentarity relation between δ and the contact force f at
the point of contact: 0 ≤ δ⊥f ≥ 0. This condition is not
met when using penalty forces. In addition, if an explicit
time integration scheme is used, and k is large, very small
time steps are required to guarantee the stability. As ex-
plicit integration schemes are conditionally stable, using
a penalty method therefore requires that two criteria are
met: k must be large enough to limit interpenetrations,
and the time step must be small. Overall this makes this
approach, initially simple, rather inefficient for handling
contacts.

A possible improvement over the penalty method can
be achieved through the use of an implicit integration
scheme. Implicit methods have the advantage of pro-
viding more stable simulations even with rather large
time steps [5]. When combining an implicit integration
scheme with a penalty method, it becomes possible to use
large stiffness values without compromising the stability
of the simulation. Yet, solving the resulting stiff and non-
smooth system can be computationally prohibitive when
the objective is to reduce as much as possible the inter-
penetration distance.

Another way to easily handle contact relies on the use
of impulse-based methods. Originally employed to han-
dle contact between rigid object [12,11], these methods
have been extended to deformable bodies [6]. Impulse-
based relies on velocity correction, and do not involve
constraints nor forces. Whenever two objects are collid-
ing, each one is subject to an opposite impulse which
avoid the interpenetration. Hence, a body resting on a ta-
ble is continuously experiencing collisions with the table,
and experience associated impulses. Using these meth-

ods, each type of contact, i.e. colliding, rolling, sliding,
and resting, can be simulated in the same way. However,
these methods handles poorly stable and simultaneous
contacts, as well as static friction.

Overall, the methods described above share an im-
portant limitation when dealing with multiple contacts:
they consider each contact independently while in real-
ity they are coupled. This limitation can be solved using
constraint-based techniques, which can solve ”exactly”
the contact problem (i.e. no interpenetration at the end
of the time step). Such approaches often rely on the use
of Lagrange multipliers, which are appropriate for han-
dling bilateral constraints [8]. However, contacts between
objects intrinsically define unilateral constraints, which
means that Signorini’s law of contact is not verified when
using techniques based on Lagrange multipliers. As a
consequence, when deformable objects collide, they will
appear stuck at the end of the time step. Improvements
over Lagrange multipliers techniques are possible by us-
ing a Linear Complementary Problem (LCP) formula-
tion deriving from Signorini’s law. The solution of the
LCP gives an accurate description of the contact forces
needed to zero out the interpenetration, and prevents ob-
jects to stick together. Pauly et al. [17] for instance have
proposed such an approach to solve contacts between
quasi-rigid objects. They use a Lemke solver to com-
pute a contact-free configuration from the LCP formu-
lation. By expanding the LCP, or by using a non-linear
solver, the formulation can be extended to model both
static and dynamic friction. For rigid objects, see for in-
stance, [3] or [2] and for deformable objects, see [17] or
[7]. Computationally efficient methods for solving linear
complementary problems have been proposed [15], thus
making such approaches appealing even for interactive
simulations. Yet, when dealing with deformable models,
real-time computation of the solution is almost impossi-
ble since the LCP algorithm relies on the computation
of the inverse of the stiffness matrix for each object in
contact. While this inverse can be pre-computed in the
case of linear elastic models [7], this is not possible for
non-linear deformable models.

1.2 Contributions

In this paper we propose a method for precisely solv-
ing multiple coupled contacts between various types of
objects. Friction between colliding objects is taken into
account, and the method guarantees that all interpene-
tration are solved at the end of each time step. Section 2
describes a general technique for handling both rigid and
deformable dynamic objects in contact: first, objects are
integrated separately by considering their internal be-
havior and the known external forces, then, after a com-
putation of contact forces, a corrective motion is applied.
The proposed approach for processing multiple contacts
is compatible with all types of dynamic objects and only
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requires an estimation of their mechanical compliance.
We introduce in Section 3 the use of an approximation
of the object’s compliance during the corrective motion
and show that it improves the computation time signifi-
cantly with minimal impact on the accuracy. Finally Sec-
tion 4 summarizes the results obtained on various sim-
ulations and Section 5 addresses possible directions for
future work.

2 Multicontact on multimodels

The present work is motivated by providing an efficient
way of solving contact and friction laws onto fixed time
step simulations. We aim at providing a method that
is compatible with a large number of object types, in-
cluding rigid and deformable models. In this section we
introduce a common (time-stepping) scheme which al-
lows interaction between deformable and rigid objects.
We also present a contact processing approach where the
motion of each object is decomposed in a free motion and
a corrective motion. The corrective motion is computed
using an LCP type algorithm (as in [2,17] for instance).
However, the novelty of our approach consist in using an
approximation of the behavior model during the correc-
tive motion instead of the exact model itself.

For the contact, we use the physics-based model of
Signorini’s law. It states that there is a complementarity
relation, at each contact point, between the interpene-
tration gap δ and the contact force f along the normal
direction, that is:

0 ≤ δ ⊥ f ≥ 0 (1)

δ ≥ 0 ensures the non-interpenetration, while f ≥ 0
guaranties that there is no stick forces, and δ ⊥ f states
that there is a contact force f > 0 if and only if δ = 0.
When dealing with friction, two tangential directions t
and s are associated. It creates a frame Fα = [nα, tα, sα]
for each contact α. With the Coulomb’s friction law, the
contact force lies within a spacial conical region whose
height and direction is given by the normal force, giving
two complementarity conditions for stick and slip mo-
tions.

[tδ sδ] = 0⇒ ‖[tf sf]‖ < µ ‖nf‖ (stick condition)
[tδ sδ] 6= 0⇒ [tf sf] = −µ ‖nf‖ [tδ sδ]

‖ [tδ sδ]‖ (slip condition)

(2)

where µ is the friction coefficient.
These complementarity relations could create singu-

lar events when it changes from one state to an other:
the acceleration could be undefined. For instance, when
objects collide at instant t?, their relative velocities v(t?)
is discontinuous. To handle this problem, two solutions
are proposed: Event driven schemes stop the time inte-
gration at each new non-smooth event [4]. Then, it solves

the contact and friction laws and restarts the time inte-
gration with new initial conditions. It provides precise
results but it is usable only for a very small number of
instantaneous contacts. On the contrary, time stepping
scheme is based on a mathematical formulation which
includes all contact appearing during a fixed time step.
Anitescu and al. [2] have shown that it can be written as
an LCP for rigid objects. Our objective is to extend time
stepping scheme to deformable objects while keeping it
compatible with rigid models.

2.1 Contact integration

First, we rewrite a time-stepping scheme for a generic
dynamic model. Equations used to model the dynamic
behavior of bodies have led to a synthetic formulation:

M(q)v̇ = P(t)− F (q,v, t) + r (3)

where q ∈ Rn is the vector of generalized degrees of free-
dom (for instance, displacement of a mesh or displace-
ment and rotation of a rigid body), M(q) : Rn 7→ Mn×n

is the inertia matrix, v ∈ Rn is the vector of velocity. F
represents internal forces and P gathers external forces.
r ∈ Rn is the vector of contact forces contribution.

For a rigid object, equation (3) would be written:[
m 0
0 I(Ω)

](
v̇
ω̇

)
=

(
p + r
mp − ω ∧ (Iω) + mr

)
(4)

where I is the inertia, ω and Ω are the angular veloc-
ity and position of the rigid virtual object. mp and mr

are the external and contact torques. For a deformable
model, M(q) and F (q,v, t) are based on the constitutive
law of the deformable material. We will describe in more
details their value in section 2.4.

Using time-stepping method, the time step is fixed
and there is no limitation on the number of discontinuity
that could happen during a time step ([2]). In this case,
integrator’s order is low such as 1 or 2. This could lead
to excessive dissipation if the time step are too large.
However it provides stable simulations.

Let’s consider the time interval [ti, tf ] which length
is h = tf − ti. We have:

M(vf − vi) =
∫ tf

ti

(P(t)− F(q,v, t)) dt + hrf (5)

qf = qi +
∫ tf

ti

vdt (6)

To evaluate integrals
∫ tf

ti
(P(t)− F(q,v, t)) dt and

∫ tf

ti
vdt

we chose an implicit Euler integration scheme:
M(vf − vi) = h (P(tf )− F(qf ,vf , tf )) + hrf (7)

qf = qi + hvf (8)
F is a non-linear function, we apply a Taylor series ex-
pansion to F and make the first order approximation:

F (qi + dq,vi + dv) = fi +
δF
δq

dq +
δF
δv

dv (9)
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Using dq = qf −qi = hvf and dv = vf −vi, we obtain:

(
M + h

δF
δv

+ h2 δF
δq

)
dv = −h2 δF

δq
vi−h (fi + pf )+ hr

(10)

where pf is the value of function P at time tf .
The only forces that are unknown are the one related

to the contact r. It will lead to a computation in two
steps: the first one with the known value of the forces,
and the second one for solving the contact forces and ap-
plying the corresponding motion to the generic dynamic
model.

2.2 Free motion and corrective motion

The computation of each time step begins with the free
motion: position and velocity of the object are computed
according to the physical laws describing its dynamics,
without taking in account the collisions with other ob-
jects. Using dynamic equations, the solution vfree is
found by solving the non-linear equations:

M(vfree − vi) = h (P− F(qfree,vfree)) (11)
qfree = qi + hvfree (12)

Once the free position is known, all the objects in the
simulation are tested for collision. This results in a list of
contact points associated with contact normals. It allows
to define a contact space in which contact response will
be solved by a LCP. This part is described in more detail
in Subsection 2.3.

Then, knowing the contact forces r for the set of de-
tected contacts, contact reactions will be integrated in a
corrective motion dvc using:(
M + h

δF
δv

+ h2 δF
δq

)
dvc = hr (13)

This correction is added to the free motion to obtain the
final motion: vf = vfree+dvc and qf = qi + hvf

In order to be compatible with the Signorini’s law,
which is based on contact distances and forces, equation
(13) can be rewritten to link the contact force r to the
displacement ∆q from free position and the final posi-
tion:

∆q = qf − qfree =
(

1
h2

M +
1
h

δF
δv

+
δF
δq

)−1

︸ ︷︷ ︸
C

r (14)

with dvc = ∆q/h. The matrix C provides the displace-
ments due to contact forces, and we call it the compliance
thereafter. This compliance will be useful to build a LCP
from the Signorini’s law.

2.3 LCP formulation

From contact detection, we have a set of potential con-
tact spots α = 1...nc with their associate direction nα.
We do not know yet if they will be active (fα > 0) or
not (fα = 0). We have also an interpenetration distance
measure δα on the same direction, that must respect the
Signorini’s law (i.e. it must be positive or null)

For every contact and every object, we can build the
mapping function A that links this interpenetration to
the final positions qf of each dynamic colliding object.
Let’s consider the contact α, between object 1 and 2 at
point P , we have:

δα = Aα(q1, tf )− Aα(q2, tf ) (15)

with Aα(q, t) a mapping function which depends on the
contact α and the positions q1 and q2 of the colliding
objects. To obtain a kinematic relation between the two
spaces (contact and motion), we use a linearization of
equation (15). Let’s consider Hα(q) = ∂A

∂q , we obtain at
time t for each contact:

∆δα = Hα(q1)∆q1 −Hα(q2)∆q2 (16)

When the contact α is solved, the dual relation can
be applied for the contact forces fα:

r1 = HT
α(q1)fα r2 = −HT

α(q2)fα (17)

The transformation matrices for each contact and ob-
ject can be stacked together to form a matrix H that de-
scribes the relative displacement ∆δ and contact forces
f in the contact surface frames between all the contact
points in the system.

∆δ = H∆q r = HT f (18)

Once the operator H is defined, we begin the com-
putation with the description of object’s mechanics in
contact space:

δ = HCHT︸ ︷︷ ︸
W

f + δfree (19)

Where W is the Delassus operator [13] which gives the
mechanical coupling between contacts, in the contact
space. δfree represents the interpenetration found during
the free motion.

This equation and the Signorini’s law (1) create an
LCP that can be solved by several algorithms. An excel-
lent overview of LCP and corresponding solvers by Murty
can be found in [15]. The solution of this LCP provides a
physically based collision response. We remark that Ma-
trix H in equation (19) is parse and can benefit form a
sparse format storage to compute W from C quickly.

The LCP formulation can be extended to solve the
Coulomb’s law by using k-sided pyramidal friction cone
[2]. However, it leads to large LCPs that need a long
time to be solved by a direct solver. However, some iter-
ative solution are proposed, we choose the Gauss-Seidel
iterative solver described in [7].
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2.4 Contact involving deformable models

The way we wrote the time-stepping scheme is compat-
ible with all dynamic deformable models, as long as the
motion of the colliding points can be mapped to the de-
formable model motion (i.e. an equation (15) can be
found for the deformable object). Using equation (3)
we can introduce the deformation parameters: the mass
function M(q) corresponds to the amount of mass dis-
tributed on the nodes which samples the deformation.
It is evaluated in a matrix M, which is very often con-
stant and diagonal (mass-lumping method). F represents
internal forces from constitutive laws that gather elastic-
ity, viscosity, incompressibility, and all other deformation
parameters from the material. In most models, it is a
non-linear function on which we can apply the Taylor
series expansion, as in equation (9):

F (q+∂q,v+∂v) ≈ F (q,v) + K(q)∂q + B(q,v)∂v (20)

Matrix function B represents the damping and matrix
function K the stiffness between sampling nodes. If F is
a non-linear equation, these matrices are not constant.

Let’s take B = B(qi,vi) and K = K(qi) their value
at the beginning of the time interval. The compliance
matrix, which is necessary for the computation of the
LCP is then obtained by computing:

C =
(

1
h2

M +
1
h
B + K

)−1

(21)

Consequently, C must be recomputed at each time step.
This is very time-consuming and can quickly become a
bottleneck for the simulation.

However, in the special case of small displacement,
function F is a constant linear application:

F (q,v, t) = Kq + Bv (22)

In that particular case, the matrix C is constant, and
can be precomputed. It leads to fast computation of W
and of the corrective motion [7]. However considering
deformations with only small displacement is a strong
limitation.

2.5 Approximation

The time-stepping presented above extends the approach,
known for rigid bodies, to general dynamic system and,
in particular, to deformable objects. This type of for-
mulation is particularly suited to provide stable results
even with highly-constrained models (with contact con-
straints in opposite directions) and with non-smooth dy-
namic events. We note an advantage of the method: the
non-linear free motion can be computed separately with
an adapted solver for each model. This part, which can
be costly for some deformable objects, can then be easily
parallelized or ported onto GPU

But the formulation has one drawback. The compu-
tation of the LCP matrix W necessitates the compliance
value of the colliding objects, or at least, the part of the
compliance matrix which concerns colliding nodes. With
large deformation model, this computation could be very
slow. This difficulty could prevent from extending in an
efficient way, the time-stepping scheme to all deformable
objects.

However, we introduce the idea of an approximation
to speed-up the computations. Based on our scheme, the
decomposition onto two successive motions allows the
use of two different behavior models: We can use an
approximate value of the compliance C̃ during the cor-
rective motion while maintaining the accurate dynamic
model during the free motion. Then, if C̃ is sufficiently
close to the right value of the compliance, we can use it
to compute the matrix of the LCP (W) and the correc-
tive motion (∆q, dvc). This way, even if the motion will
be slightly altered, we can still ensure that the corrective
motion follows Signorini and Coulomb laws.

In the following section, we provide some details on
the use of an approximate compliance value during the
corrective motion. We also present an efficient approxi-
mation for non-linear elastic and viscoelastic models un-
dergoing large displacements.

3 Contact compliance warping

In this section, we present an efficient solution to in-
troduce and solve elastic models in the time-stepping
scheme presented above. We consider the case of defor-
mations with large rotations. The solution is based on
an approximation of the mechanical compliance that is
used to compute the contact forces and subsequent cor-
rection motion. Hence, the cost of the compliance
building is independent of the deformable model
complexity. It only depends on the number of contacts
points involved.

3.1 Approximated contact model

The approximation on the compliance we introduce is
only used in the corrective motion step. Thus, it only
impact on a small part of the simulation. Moreover, this
approximation is based on the object physical model and
is similar to the exact compliance.

Moreover, we still use the exact Signorini and Coulomb
laws to govern contact correction, and compute free mo-
tion using the object constitutive law.

This approach is somehow opposite to the penalty
methods, that are also approximate contact models: penalty
methods rely on a simplification of the Signorini’s law
but integrate the penalty contact forces with the whole
model. The advantage of our strategy lies in the guar-
anty that no interpenetration will occur at the end of the
time step, whatever the stiffness of the object is.
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(a) (b)

Fig. 1 (a): The contact normal is rotated back to the ini-
tial configuration ; (b): Estimation of node rotation based on
adjacent elements

Some other constraints based method also introduced
a simplified model. In [8], Lagrange multipliers are used
to compute a collision response and avoid interpenetra-
tion. An approximation is provided by considering that
all contacts are only coupled by a common rigid core.
However, the approximation is only valid for small defor-
mations and is not based on accurate contact and friction
laws.

To obtain a good approximation, the compliance ap-
proximation must reflect the mechanical coupling be-
tween contacts, in the directions of contacts. We propose
to use the object compliance C0 in its rest position, in
conjunction with an estimation of nodes rotation during
the deformation. See Figure 1.

Using the well-know Rayleigh damping, with a mass
and b sitffness coefficients, the compliance is given by:

C0 =
(

M0

h2
(1 + a) + K0(1 + b)

)−1

The resulting approached compliance C̃(q) is given
by:

C̃(q) = R(q)C0RT (q) (23)

Where R(q) is a 3×3 block diagonal matrix that gathers
the rotation associated with object nodes. This simpli-
fication speeds up the computation of the compliance
needed in the time stepping scheme, because the matrix
C0 could be precomputed.

Such an approximation shares an analogy with de-
formable corotational models [14,10]. Corotational mod-
els define a deformation tensor independent from rigid
rotations. Corotational methods extract a local rotation
for each element, so that, in its local frame, each ele-
ment deformation remains small. The hypothesis of a
linear elastic material can then be applied and the ele-
ment stiffness matrix can be considered constant. Thus,
the stiffness matrix of the element in the global frame,
Ke, is given by:

Ke = ReK0
eR

T
e (24)

where Re is the element estimated rotation and K0
e, a

precomputed stiffness matrix based on the element rest
shape.

The element stiffness of such a model could be defined
as:

Ke ≈

R1

R2 0
0 R3

R4

K0

R1

R2

R3

R4

T

(25)

Where, the i ∈ [|1, 4|] refers to tetrahedral element four
nodes.

Using this approximation, it is possible to extract a
global rotation matrix R(q) for the global stiffness:

K(q) ≈ R(q)K0RT (q) (26)

where K0 is the constant global stiffness matrix esti-
mated at the rest position, and R gathers the node ro-
tations.

We use the same kind of approximation, but for the
compliance.

3.2 Corrective motion

When building the Delassus operator, we use the approx-
imate compliance. Therefore, to get a motion coherent
with the LCP, we compute the corrective motion using
the same compliance. The exact steps involved in the
corrective motion follows:

1. We map the contact forces in the original coordinate
frame of object k: r0

k = (H∗
k)T f

2. We compute the displacement in the original coordi-
nate: dx0

k = C0
kr

0
k

3. We rotate back the displacement to the current co-
ordinate frame: dxk = Rkdx0

k

This method is efficient because a reduced part of the
nodes are usually involved in the contact and conse-
quently, r0

k is highly sparse. Moreover, the displacement
computation provides a perfect correction of the detected
interpenetration and follows Signorini and Coulomb laws.

Nevertheless, as a consequence, the corrective mo-
tion is not completely based on the object constitutive
law. However, small error on deformation are visually
less disturbing that error on interpenetration. Moreover,
the approximation is partly corrected by the free motion,
based on exact constitutive law, of the next time-step.

4 Examples

We have performed all our simulation on an Intel Celeron
M 520 at 1.6 GHz with 1Gb of RAM. To give a try
to our method, we simulate objects in several scenarios,
involving different contact configurations, and measure
performances and correctness. The object deformation is
based on elasticity theory and uses a corotational model
similar to the one presented in [10].



Efficient Contact Modeling using Compliance Warping 7

(a)

(b) (c)

Fig. 2 (a): Initial Position. (b) : Deformation using exact
compliance ; (c) : Deformation using approximated compli-
ance ;

Largest Final

Deformation Shape

3 Links Chain Horizontal 1.5% 1.7%

3 Links Chain Vertical 4.4% 3.1%

Table 1 Relative error on mesh deformation for the largest
deformation and for the final shape. The 3 links are initially
aligned either in vertical or horizontal position.

4.1 Model validation

We want to assess the quality of our approximation through
simulation examples. To do that, we compare the defor-
mation of several models in different situations using our
approximation and the exact compliance. However, as
the computation of the exact value of the compliance is
highly time consuming, we only did the comparison on
simple cases.

For instance, we simulate a deformable torus in con-
tact with two rigid rings, one fixed and the other free.
See Figure 2-(a). Under the effect of the gravity they fall,
impact and oscillate. There is about 35 detected contact
points with friction when the 3 links are in contact.

As seen in Figures 2-(b) and 2-(c), there is no visible
difference between the two models. The relative, based
on the norm of the difference between the object defor-
mation using exact contact correction and our method,
is given in Table 1 for two different simulations. For the
first one, the chain falls vertically. In the second one, the
links are initially positioned horizontally, and the falls
create more rotations. For both cases, our method allows
high speed-up at the cost of a small error. See Table 2.

4.2 Performances

We have compared the efficiency of our method to con-
tact correction based on the exact compliance use, and
exact displacement integration. The results are presented

Tetra. Contact Exact Appro.

Num. Num. Compl. Compl.

Dino Rain 40K 2000 N/A 3.007s

3 Links Chain 862 35 13794.1ms 8.563ms

3 Links Chain 862 13 6695ms 1.520ms

3 Links Chain 862 36 16908.5ms 9.36ms

3 Links Chain 862 12 8203.6ms 1.366ms

5 Links Chain 2*862 67 11027.8ms 4.72ms

Table 2 Compliance computation at contact points for dif-
ferent models

Fig. 3 Different contact configuration are handle in this ex-
ample : Deformable - Deformable ; Deformable - Rigid ; Rigid
- Rigid

in Table 2. Our method allows a huge speed-up depend-
ing on the number of contact points.

Moreover, our method does not depend on the com-
plexity of the model used to simulate the object defor-
mation. If the same number of contact points are
involved, our method is as fast on a simple model
than on a complex one. On the opposite, using the
exact compliance would have required to solve a system
that depends on the model complexity.

4.3 Mixed deformable and rigid links

This example illustrates that we can handle various types
of bodies. We mixed deformable and rigid rings to obtain
the following contact configurations: Deformable - De-
formable, Deformable - Rigid, Rigid - Rigid. See Figure
3. All these contact configurations are handled efficiently
and in a stable way by our method.

4.4 Dinosaurs waterfall

To evaluate our method stability and robustness when a
huge number of contacts are involved, we simulated the
fall of 40 dinosaurs (∼ 1K tetrahedrons each). This sim-
ulation experiences drastic changes in a huge number of
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(a) (b) (c)

(d)

Fig. 4 (a, b, c) : The dinosaurs accelerate during a free fall
; (d) : The dinosaurs collapsing and collision generate many
contact and friction points.

contact and friction points (∼ 2K friction contacts). See
Figure 4. In this demanding case, the simulation remains
stable and its computation is quite fast. See Table 2.

5 Conclusion and future work

This paper introduces several contributions related to
contact modeling between various types of objects com-
monly used in computer graphics. First, we have pre-
sented a time-stepping scheme which allows simulation
of both deformable and rigid objects. We then proposed
a contact processing approach where the motion of each
object is decomposed in a free motion and a correc-
tive motion. The corrective motion uses a contact model
which follows Signorini and Coulomb laws for contact
and friction modeling but uses an approximation of the
behavior model of the corresponding object. In our case,
contact forces and displacements are computed using an
approximate compliance. We show how this approximate
compliance can be computed for a geometrically non-
linear deformable model. As a result, our approach dra-
matically speeds-up the contact correction, and allows
scenes with many complex interacting objects. Our ap-
proach guarantees no interpenetration at the end of the
time step, and only introduces a minimal error in the
objects motion.

Since the proposed method is independent of the de-
formation model used, and we are planning to extend it
to other deformable models, in particular models used for

the simulation of cloth, where many contacts occur. Re-
garding performances, our method can be easily adapted
to SIMD techniques and therefore we plan to port it on
the GPU to increase further performances.
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