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Abstract

We study solutions for 2-layer models that minimize the number of contact
points and the effect of overlap on the channe! width. All known algorithms [or
the 2-layer model without overlap use ®(dn) contact points. We present an algo-
rithm lor a restricted class of channcl routing problems that uses 2d —1 tracks
and O(n) contact points. While channel routing problems of this restricted class
were successfully used to prove lower bounds on the channel width, any proof
that 2d—1 tracks and O(r )} contact points cannot be achieved simultancously in
general in this model must make use of some special properties not present in
the restricted channel rouling problem. We supply insight into those propertics
and into some of the difliculties that must be overcome by an algorithm that
uses O(n) contact points. For the 2-layer inocdel with overlap we present an
algorithm that solves any channel routing preblem on a chanral of 2d —1 tracks
using at mosl 3n contact points and vertical overlap of length 1. We also
present a lower bound on lhe channel width for Lhe &-layer model with & -fold
overlap, k=2.

Key Words

Channel reuting, two-terminal nets, density, conlact points, overlap, wire layout,
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1. Introduction

The Chonnel Routing Problem (CRP) is a wiring problem in integrated cir-
cuit design Lhat has received much attention recently ([BB], [D], [DI(SSLJ]. [PL].
[RBM]). An important and extensively studied mecasure in channel rouling is Lhe
channel widlh, but, besides minimizing the channel width, an eficient algorithm
should alse miniinize the number of contect points. Since the technological obs-
tacles for using more than lwo layers and/or a small amount of overlap has
decreased, it is flurthermore important Lo understand the relationship belween
the number of layers and the channel width, and how overlap affects channel
width and the number of contact points. In this paper we present answers to

these questions for the 2-terminal CRP on 2-layer square-grid models.

The (infinite) channel of width £ consists of the grid points (i,5), O=i<f+1,
—w<j<ew, where % is the track number and j is the column nurmber, and the
edges connecling adjacent grid points. Grid points on track O and £+1 are
called terminals. A wire is a path connecting adjacent grid peints and a wire can
switch from one layer to the other by using a grid point as a contact noint, In
the CRP we are given m (Lwo-terminal) nects {p;, ¢;). where p; is a column
number on track 0 and g; is a column number on track £ +1, 1<i=n, and no two
nets share a common terminal. A solution Lo the CRP consists of the channel

widlh £ and the wires connecting the two terminals of each net.

In owr models cach layer can be used to run horizontal and verlical wires.
In the &-layer model wires on different layers can cross or share a corner (i-e.,
form a knocl-knee), but are only allowed to overlap in Lhe overlap model. Solu-
tions presented for the 2-layer model without overlap in [BB] and [RBM] achieve
a channel width of 2¢—1 and use O(dn) contact poinls when solving an = nel
CRP of densily d. (The density @ is the maximum over all £ of the number of

nets (p,g) for which p<z<qg or g<z<p). Leighlon has shown that there exist



CRPs of density d that require 2d —1 tracks [L].

We first describe an algorithm for one-sided CRPs in the 2-layer model
withoul overlap Lhal uses 2d—~1 tracks and al most 4n contact poinls. A one-
sided CRP consisls either of right and trivial nets (right CRP), or of lell and
trivial nets (left CRP). A net (o;, ;) is a right not if p; <q;, a left net if p;>q;, and
a trivial net if p;=q;. Lower Bounds on the channel width for this and for
another, more restrictive, model have been obtained by considering only right
{or left) CRPs ([BR], [L]). While it is nol known whelher 2d—1 tracks and O(n)
conlact points can be achieved simultaneously, our result thus says that right
(or left) CRPs alone are not powerful enough to prove it cannot be done. We
furthermore give some insight into the difficulties that must be overcome by an
algorithm that uses O{n) contact points. We then show that any CRP can be
solved on Rd ~1 tracks using O(n) contact points when vertical overlap of length
1 is allowed between two nets. We thus trade knock-knees and 0(dn) contact
points for slightly morc overlap and O(n) contact poinls. An algorilthm given in

[RI3M] uses vertical overlap of length O(d) to achieve O(n) contact poinls.

We will iollow the definilions inlroduced in [I’L] and distinguish between the
wire layoul and Lhe wiring of a CRP. Informually, Lthe wire layout describes Lhe
path of the wires in the channel without considering Lheir assignment te the
layers, while the wiring gives the assignment of wires to the layers. Sce Fig. 1.1,
where (ii) shows the wiring of the wire layout given in {i). Wires running on the

top (botlom) layer are called T- {B-)wires.

In section 3 we consider the k-layer model when k-fold overlap is allowed.
The trivial lower bound on the channel widih for this model is [d/%]. Using a
counting argument we show that for a large class of CRPs al least [@/ (k—1)|
Lracks are needed even when horizonlal and vertical overlap of arbilrary length

arc allowed.




2. Two layers and no Overlap

We describe a channel routing algorithm for the 2-layer model without over-
lap that selves right CRPs on a channel of width 2d ~1 by using at most 4n con-
tact poinls. The algorithm for left CRPs is analogous. We assume thatl the right
CRP does nol contain any trivial nets (trivial nets can casily be added after the
algorithm}, and that the CRP is full; i.c., each terminal (excluding the ones on
the right and left end of the channel) is either the slarting or the ending point of
a net. ach right CRP of density d uniquely decomposes into d right runs. A
right run is a maximal sequence of nets (p,.9,). (P2.q92). .... (p;,.9:) such that
P; <gq;and gy = piy,.

The obvious wire layout for right CRP is to assign each run to one ol d
tracks and lo produce a knock-knee when a net ocnds and a new onc starts up;
see Fig. 1.1 (a). If the wiring is then obtained by using d—1 intermediate tracks
lo accommodate necessary contact poinls, up to dn contact poinls are needecd
(IBB], [RBM]). An even stronger result holds: there cxist right CRPs thal require
Q(dn) contact points when wired on a channel of width 2d—1 with all nels having
the 'simple’ shape (i.e., a verlical, a horizonlal, and a vertical wire). Thus, when
minimizing the number of contact points the shape of the wircd nets has to be

different from the simple shape.

In our algorithm o tracks are used to run horizontal wires and d—1 inter-
mediate Lracks are used {or Lhe contacl points. 'The intermediate track between
track 7 and i+1 is called track m;, 1=i<d—1. The wiring is determined column
by column, {rom left to right. It Lries to run all horizontal wires as T-wires and
all vertical wires as B-wires. This is nol always possible: when a nel reaches its
final column as a T-wire, the wire immedialely conlinuing on Lhis track has to
start off as a B-wirc. The algorithm removes such a i3-wire irom Lhe track wilhin

the next two columns by conlinuing il on another Lrack as either a T-wire, or as




a B-wire (if it again participates in a knock-knee). Between any two columns in
the channel there will be al most 3 B-wires. l"urthermore, a horizontal T-wire
changes into a B-wire only when ils corresponding nct reaches Lhe final column

(in somc cases it will be the column before Lhe final one).

In the j-Lh step of the algorithm we determine Lhe vertical wires in column
7. and Lhe horizontal wires between column J and column j+1. All horizontal T-
wires - excepl the one correspending Lo Lhe net ending in eolumn j. and possibly
the one ending in column 5 +1 - continue as T-wires. We only consider the hor-
izontal B-wires, which we lry to change into T-wires, and the net starting in
column 7, the net ending in column 7, and, in some cases, the net ending in
column 7+1. We first describe the twe routincs used when processing one
column. The slipping reutine, which changes B-wires into T-wires by letting them
'slip’ onto other tracks, and the take-down routine, which runs vertical wires

from one irack to another track.

The slipping Touline has one argument 4, a track number, and causes cach
B-wire on track 1 to -1 to 'slip’ onto a higher numbered Lrack (less than i) and
change into a T-wire. Thus, after the slipping routine tracks 1 te i-~1 are

guaranteed to contain only T-wires, and track ¢ contains a T- or a B-wire.

Let b,, by, ..., b; be the tracks containing a B-wire belween column j—1 and
7.0 <0y, 1=l<e, b, £4i—1, The net starting in column j runs down column j
as a B-wire, swilches inte a T-wire on track My -1, and continues as a T-wire on
track &,. The B-wire in track &, behaves in the analogous way, 2=l <c. The wire
on track 6. runs down column j as a B-wire and contlinues on track i as either a
B- or a T-wire, depending on the type of Lhe wire on lrack . Sce TFig. 2.1. The
number ol contact peints needed in the slipping process is equal to the number

of B-wires on Ltrack 1 to z.




The fake-down routine has two argumecnts, i, and 4,, both of which are track
numbers, 1;=i;. We run the wire currently on track i, down column 7 until it
reaches track i and use contact points as needed. If i, = d+1, Lthe wire ends al
the terminal in column j; in all other cascs il continues on Lrack i, {its type is

delermined by the wire previously on track is).

Assume Llhat the nel ending in column j is currently on lrack 4, and that a
net starls in column j. Il Lhe wire on Lrack i belonging to the ending nel is a
[ ~wire, we periorm the slipping routine down to track i and the take-down rou-
tine [rom lrack i to d+1. Column j+1 conlains then only T-wires on track 1 to 4
{a more careful analysis of Lhe algorithim shows that actually all horizonlal wires

are T-wires),

If the wire on track i belonging to ending net is a T—wire, we are forced to
put a B-wire on track i between column j and j+1. In order to have a T-wire on
track i« and Lo continue the horizontal B-wire currently on track i as a horizon-
tal T-wire as soon as possible, look at the nel ending in column F+1. We distin-
guish between Lwo cases. First assume that Lhe net ending in colurnn J+lisona
track below track i. When the B-wire now on track 4 participates in the slipping
routine [or the net cnding in column j+1, a T-wire is put on Lrack i in column
j*+1. The B-wire slips from Llrack < onto a higher numbered track, where it could

still run as a B-wire. See Fig. 2.2(1).

In the second case the net ending in column j+1 is on track i, which is
above track i. We perform the slipping routine from track 1 to i, take Lhe wire
previously on track i down Lo track i, and take the T-wire on track % belonging
te net ending in coluinn 7 [rom track 7 down to d-+1. See Fig. 2.2(i1). Track i
contains now a D-wire that ends in column j+1. Thus all horizontal B-wires
between track 4 and track ¢ (which were crossed over in take-down(i',i)) will be

changed into T-wires when processing column j+1. In the worst case we can




have 3 horizontal B-wires between two columns. This occurs when a T-wire ends
in column 7—1 and the first case holds. and a T-wire ends in column 7 and the
second case helds, as shown in T'ig. 2,.2(éi). (Note Lhaet belween column 7+1 and

J +2 we have only T-wires.)

The wiring algerithm produces nets of the shapes shown in Fig. 2.3. Rach
wired net consists of 3 parts: the slipping porf, which consists only of B-wires
and contains ¢ siips, 0=l=d. The first 1 —1 slips can only occur when the horizon-
tal B-wire is the last wire participating in the slipping routine and the wire of the
nel ending in the correspending column is a T-wire. The horizontal B-wire [ollow-
ing the last slip can be of length 2 (when the situation described in IMig. 2.2{#1)
occurs), all olher horizonlal B-wires have length 1. The horz-part of Lhe wired
net consists of a horizontal T-wire ending in the column in which the net ends
(IMig. 2.3()), or one column before (Fig. 2.3(#i) and (i4i)). The fake-down part of
the wired nel consisis either of a slraight B-wire, or a B-wire with one slip and
possibly two contacl peints before the slip. Thus, cach wired net contains al
most 4 contacl points, and the total number of conlact points is at most 4n.,
Since we only have to consider the nels ending in column § (and possibly j+1),
the net slarting in column j, and the B-wires entering column 7, one column is
processed in constant time. Hence, the wiring algerithm wires a right CRP in

lime O(n) and uses O(n) contact points.

The numbetr of slips in the slipping part of a wired net can be bounded for
the cost of two additional contact peints {(Lhey will oceur in Lhe first verlical wire
of the slipping part of a net). Assume no more than s slips are wanled in a net,
s21. Let the net ending in column j be on track %, and let w be the wire Lhat
would have to slip again in slip(¢). Instead of making a slip in wire w, run w hor-
izontally and let the net starting in column j slip onto tracl 7. Wire w will then

change inle a T-wire in column j+1 or 7+2.




The wiring algorithm can be modified to soive week CRPs on 24 —1 tracks
using O(n) contacl points. A weak CRP is a CRP that contains right and left nets
with the following restriction: in all 2olumns wlere one terminal belongs to a
right and one Lo a lefl net, we either have always a right net end and a left net
begin, or a righl net begin and a left nel end. Thus, the two situations shown in
Fig. 2.4 cannot occur together, (In a wire layout of a weak CRP all nels can have
the siimple shape.) If situation 2.4(i) occurs Lhe algorithm processes the channel
lelt to right; if situation 2.4(ii) occurs righl Lo left. During the algorilhm right
neis and left nets are handled scparalely; i.e., a verlical wire of a right ncl
passes over a horizontal B-wire of a left nel and vice-versa. Hence Lhe algorilhrn
contains a right and a left slipping rouline and the nwnber of contact poinls

needed is still O(n).

If we remove the restriction of IMig. 2.4 Lhe idea used in the previeus algo-
rithims fails. The @-track wire layout mighl have to contain some nets of non-
simple shape. Preparata and Lipski show that nets of Lhe shapes shown in I'ig.
3.1 are sufficient, [PL]. The ordering of the wires in the chaanel is now crucial,
and Lhe use of a slipping routine to remove horizonlal B-wires as done in our
algorithm destroys the ordering. At the presenl, it is nol known whelther 2d -1
lracks and O(n) coulact points can be achieved simultaneously in Lthe 2-layer
model withoul overlap. A proef Lhat it cannol be achieved for all CRPs mighl use
a 'worst-case’ CRP that contains nets of Lhe [orm shown in Fig. 2.4, and els that
require a U-shape in the d-lrack wire layoul, In the next scction we show Lhat
allowing a constant amount of vertical overlap reduces the number of conlact

peints to O(n) for all CRPs.




3. Two Layers and Vertical Overlap

While it is not known how to achieve O(n) contact points and 2d—1 tracks
simultaneously in the R-layer model without overlap, we show how to wire any
CRP in a channel of 2d—1 tracks using al most 3n contact points and a vertical
overlap of length 1. We thus trade knock-knees and O{dn) contact points [or
slightly more overlap and 0{n) contact points. Our algorithm consists of a wire
layoul and a wiring step. The wire layout of the CRP on d tracks is found by
using the algorithm given in [’PL]. We then interleave the 4 tracks with d—1i
intermediate tracks. The intermediale track between track i and i+1 is again
called oy, 1=i=d-1. The wiring changes Lhe shape of Lhe nets delerrmined by
the wire layout algorithm only at the knock-knees, where it, in gencral, replaces
the knock-knce by a slip and a vertical unit overlap in one of the nels invelved.
We run all horizontal wires as T-wires, and all vertical wires, except the cnes par-

Licipating in Lhe unit overlap, as B-wires.

The wiring proceeds column by column, and, since the wire laycout algo-
rithm produces nets of the shapes shown in Fig. 3.1, one of the following situa-

tions (or a subsel of one) occurs in column j:

(1) a right (left) run continues and hence column j contains
a right (left) knock-knee

(i)  aright run and alelt run start {end); in this case column 7
can contain the vertical segmenls of U-shaped nels; see ig.3.2

Each right knock-knee on track % in column j is wired according to the rule
shown in Fig. 8.3(i): left knock-knees are wired according to Fig. 8.3(ii). The
vertical unit segment put inlo column j +1 conflicts wilh the wiring to be done in
column 7+1 when Lhe new wire leaves track 7 in column 7+1, when Lhe contact
point (m;_;.7+1) is needed in the case of a right knock-knee in column j.or
when the contacl point (m;,j+1) is nceded in the case of a lelft knoclc-knee in

column j. We thus have to look inte column j+1 before wiring the knock-knees




in eolumn 7.

The contact point (m;_;,j+1) is needed if column 741 contains a lelt
knock-knee on track i—1. We solve this conflict by letting either the wire on
track 7 slip onto track m; in column j—1 (Fig. 3.4(3)), or by letling the wire on
2—1 slip onto track m;_3 in column j (Fig. 3.4(%)). The slips are not possible if
colunn 7—1 contains a lelt knoek-knce on track i —~2 end a right knock-knee on
1+1. This oeccurs when the layout contains wires of the shape shown in Fig. 3.5
which is not pessible in the PL-layoul. Thus cne of the slips can always be done.
Il Lhe contact point (7,7 +1) is needed, column 7+1 contains a right knock-knee

on track i+1, and letting one of Lhe wires slip as before resolves the confict.

Another set of wiring rules is needed when track i contains a sequence of
wires of length 1. I[n the case of lelt knock-knees, each wire of length 1 belongs
te a net of length 1, and in the case of right knock-knees the wire can also be
part of a U-shaped net. If the sequence of length 1 wires is even, we wire as
shown in Fig. 3.6. If it is odd, we wire either as shown in Fig. 3.7(1), or, when the
contact point cannot be used, as shown in Fig. 3.7(i%). Again, one of the two
solulions is always possible.

Since U-shaped nets require al most 4 contact points, all the other nets al
most 2, and the wire layoul contains no more than lr /g U-shaped nets, we need
no more than 3n contact points. Using Lhe resull of [GT] we can show that the

running lime of the algorilhm is O(n).
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4. A Lower Bound for the Overlap Model
In the k-layer model with k-fold horizontal overlap [:—] is the trivial lower
bound on the channel width. We improve this bound and show that for a large

class of CRPs [

kdl ] tracks are needed even when horizontal and vertical over-

lap of arbitrary length is allowed. The resulting lower bound of d for the e-layer
model has been stated without a proof in [L]. Since no wires can cross a k -fold
horizontal or vertical overlap, and it seems intuitive that in some situations the
ability to use a k-fold overlap might not help. For example, il a trivial net is
wired as a straight vertical wire, at most a (& —1)-fold horizontal overlap can
occur on a track in this column, and if a trivial net is wired any other way we

increase the density of the CRP,

Consider full right (or full left) CRPs of density &, d>k, that consist of 7 +d

nets and satisfy the following conditions:
(i) n=kd?/(k-1)°

()  the density between column J1 and §,+1 and between
column j, and jp+1 is 7, 1<7,2d -1, j, = n+2d -

(#4i) the density between column § and Jtlisd, d=j=nd.
We thus can divide the channel into the startup window, where density d is
achieved as fast as possible, the main window, where density € is maintained,
and the finishing window, where the last d nets end. We show that such CRPs

require [d/ (% —1)] tracks in the & -fold horizontal and vertical overlap model.
Assume we solve a CRP of the described class on a channel censisting of £
tracks, |'~f:—] =t =fd/(k-1)]-1. At least n—d of the n nets starting in the main

window have their corresponding final terminal also in the main window, Each
wired net contains at least £ +1 vertical unit segments. (Note that the main win-

dow contains k (f +1)n vertical unit segments.) We obtain the lower bound on the

channel width by computing two quantities: Vmine the mintmum, number of verti-
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cal unit segments needed in the main window in order to wire the 7 nets start-
ing in the main window, and, Vg, the mezimum number of free vertical unif
segmenis in Lhe main window. Fach free vertical unit segment can conlain one
of the at least {+1 vertical segments needed [or cach net that is completoely

wired in the main window. Since V., 2V, is needed, we obtain the bound on £.

We first computle V. Some of the nets slarting in the main window can
escape into the startup or the finishing window to run their vertical wire seg-
ments. On the left side of the main window d nets enler and thus %t —d of the kf
horizontal tracks arc available for escaping nets. Since cach escaping nect has Lo
return inte the main window, at most (kf —d}/ 2 nets can gscape on this side.
Analogous, o nets leave Lhe main window on the right =ide, and at most
(kt—d)/ 2 nets can escape the on the right side. Hence, at least n —(it —d)—d =
n—kf nets have to be wired completely within the main window, and Vinin =
(£ +1)(n~kt). Our lower bound does not include the vertical segments nceded in
the main window by the escaping nets, the nets coming [rom the slariup window
and ending in the main window, and the nets starting in the main window and
ending in the finishing window. We furthermore do nol consider the effcct of

contact points on vertical segments.

When computing V,,, we consider how horizontal overlap affects the availa-
bility of vertical unit segments. We first show that column j.d+1=sj=n+d, con-
tains al most k£ ~d +1 free initial vertical unit segments. An initial vertical unit
segment is a vertical unit segment that can be counled towards the £ +1 vertical
unit segments necded for each net wired within the main window. We have the

following lemma.

Lemma. Assume track i contains an m.-fold overlap between column 5~1 and §,
O=m=k, 1=i=<t. Then column § can contain at most k-7 initial vertical unit

segments between track i—1 and 1.

12



Proof: FFor each one of the m horizontal wires on track i between column 71

and 7 we consider 2 cases.

Case 1: The wire continues on track i lo column F+1, or it continues in
column j towards Llrack i+1. In both siluations no wire of the same type can be
placed between track i—1 and 4, and the number of inilial vertical unil segments

is reduced by 1.

Case 2:The wire continues in column j towards track i—1. Such a wire can
belong to a net that "goes upwards”, as shown Fig. 4.1. The vertical sepment put
into colurmn 7 is not an initial vertical unit segment and its presence reduces the
number of initial vertical unit segments by 1.

The wirc can also belong to a net thalt contains a U-shape, as shown in IMig. 4.2.
The verlical unit segment between track i and i —1 is ac tually an iniLial one, but
at the same time we increase the density between column 7 -1 and j. Let i be
the Lrack number of the corresponding sccond wire of the net between column
j—1 and j. The horizontal wire on 7" disallows a verlical unil segment between
track i" and i'~1. We account for the loss of this segment when looking at the

wire on track i, and reduce the number of initial vertical unit segments by 1. =

We now proceed to prove that column 7 contains at most k£ —d +1 free verti-
cal unit segments. For each net having more Lhan one horizontal wire on a track
between column j~—1 and j consider only the wire segment on the lowest num-
bered track and ignore the others. We thus consider exactly ¢ wire segments.
Let pj, be the number of tracks between column j—1 and 7 that contain an m-

fold everlap, C=m <k, and let Sree; be the number of [ree vertical unit segments

in celumn 5. Then,

k k

2P =t S mpl, = d, and (1)
m =0 m =0

k -

2 (k-m)pl = free;. (2)
m=0




. k-2
Assume the p},’s, 0£m=k—2, have been fixed, Then £ — ) p), tracks have

n=0
k-2
to accommodate d —~ )} mp}, wires by using either {(k~1)- or k-fold overlap.
m=1

(Since t<d/ (k —1), there have to be some tracks with an k-fold overlap.) IL [ol-

lows, that
) k-2 . k-2
pi = a—(k-1)f - Y mpl + (k-1)) p} and
=1 m=0
_ k-2 k-2 .
Ph-y =kt —d —k ) ph + )} mpj.
m =0 m=1

Using (), we get free; = kt —d. Since we did not take into account the verti-
cal segment between track £ and track £+1 (which contains the exit terminals),
the number of free vertical segments in column 7 is at most kf—d+1, and
Ve = (kb —d+1).

We need Vqex = n(kf—d+1) = (£+1)(n—kt) = Vi Let £t =[d/ (k—-1)] - 1,
then n =dk(d—k+1)/(k-1)7 is necessary for Vgae®= Vmin.  Since
n = kd?/ (k —1)3 and d>k [or all CRPs in the class considered, the condition can-

not be satisfied and [2/ (k —1)] tracks are needed.

The 2-layer model is the most extensively studiced meodel, and the immedi-
ate question is whether or not the lower bound of d iz tight [or Lhis model. Hor-
izontal overlap alone dees nol help: Leighton's lower bound argiunent [L] can be
meodified to show that 2d—1 tracks are still needed for some CRP. Brown [B]

gives an algorithm that uses vertical overlap of length 0(d) and horizontal over-
lap of constant length and Z—d + ¢ tracks, for some constant ¢c. We conjecture

that d is not achievable in the 2-layer overlap model and it would be interesting

(i

2 d. Algorithms [or the k-layer model with

to narrow the gap between d and

double overlap have been studied in [H], and general upper bounds for the %-

14




layer model with k- or (k —1)-fold overlap remain to be developed.
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