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Pr♦❥❡❝t✲❚❡❛♠s ❙♣❛❞❡s✱ Pr✐✈❛t✐❝s

❘❡s❡❛r❝❤ ❘❡♣♦rt ♥➦ ✽✸✼✽ ✖ ✈❡rs✐♦♥ ✷∗ ✖ ✐♥✐t✐❛❧ ✈❡rs✐♦♥ ❖❝t♦❜❡r ✷✵✶✸ ✖
r❡✈✐s❡❞ ✈❡rs✐♦♥ ◆♦✈❡♠❜❡r ✷✵✶✸ ✖ ✶✻ ♣❛❣❡s

❆❜str❛❝t✿ ■♥ ❝♦♠♣♦♥❡♥t✲❜❛s❡❞ s❛❢❡t②✲❝r✐t✐❝❛❧ ❡♠❜❡❞❞❡❞ s②st❡♠s ✐t ✐s ❝r✉❝✐❛❧ t♦ ❞❡t❡r♠✐♥❡ t❤❡
❝❛✉s❡✭s✮ ♦❢ t❤❡ ✈✐♦❧❛t✐♦♥ ♦❢ ❛ s❛❢❡t② ♣r♦♣❡rt②✱ ❜❡ ✐t t♦ ✐ss✉❡ ❛ ♣r❡❝✐s❡ ❛❧❡rt ♦r t♦ ❞❡t❡r♠✐♥❡ ❧✐❛❜✐❧✐t② ♦❢
❝♦♠♣♦♥❡♥t ♣r♦✈✐❞❡rs✳ ■♥ t❤✐s ♣❛♣❡r ✇❡ ♣r❡s❡♥t ❛♥ ❛♣♣r♦❛❝❤ t♦ ❜❧❛♠❡ ❝♦♠♣♦♥❡♥ts ❜❛s❡❞ ♦♥ ❛ s✐♥❣❧❡
❡①❡❝✉t✐♦♥ tr❛❝❡ ✈✐♦❧❛t✐♥❣ ❛ s❛❢❡t② ♣r♦♣❡rt② P ✳ ❚❤❡ ❞✐❛❣♥♦s✐s r❡❧✐❡s ♦♥ ❝♦✉♥t❡r❢❛❝t✉❛❧ r❡❛s♦♥✐♥❣
✭✇❤❛t ✇♦✉❧❞ ❤❛✈❡ ❜❡❡♥ t❤❡ ♦✉t❝♦♠❡ ✐❢ ❝♦♠♣♦♥❡♥t C ❤❛❞ ❜❡❤❛✈❡❞ ❝♦rr❡❝t❧②❄✮ t♦ ❞✐st✐♥❣✉✐s❤
❝♦♠♣♦♥❡♥t ❢❛✐❧✉r❡s t❤❛t ❛❝t✉❛❧❧② ❝♦♥tr✐❜✉t❡❞ t♦ t❤❡ ♦✉t❝♦♠❡ ❢r♦♠ ❢❛✐❧✉r❡s t❤❛t ❤❛❞ ❧✐tt❧❡ ♦r ♥♦
✐♠♣❛❝t ♦♥ t❤❡ ✈✐♦❧❛t✐♦♥ ♦❢ P ✳

❑❡②✲✇♦r❞s✿ ❝❛✉s❛❧✐t②✱ ❝♦♠♣♦♥❡♥t✱ tr❛❝❡✱ ❧✐❛❜✐❧✐t②

∗ ♠♦❞✐✜❝❛t✐♦♥ ✐♥ ❉❡✜♥✐t✐♦♥ ✼✳



❯♥ ❝❛❞r❡ ❣é♥ér❛❧ ❞❡ ❝❛✉s❛❧✐té ❧♦❣✐q✉❡ à ❜❛s❡ ❞❡ tr❛❝❡s

❘és✉♠é ✿ ❉❛♥s ❧❡s s②stè♠❡s ❝r✐t✐q✉❡s à ❜❛s❡ ❞❡ ❝♦♠♣♦s❛♥ts✱ ❞ét❡r♠✐♥❡r ❧❡s ❝❛✉s❡s ❞❡ ❧❛ ✈✐♦❧❛✲
t✐♦♥ ❞✬✉♥❡ ♣r♦♣r✐été ❞❡ sûr❡té ❡st ✉♥ ♣r♦❜❧è♠❡ ♣r✐♠♦r❞✐❛❧✳ ▲❛ ❝♦♥♥❛✐ss❛♥❝❡ ❞❡ ❝❡s ❝❛✉s❡s ♣❡r♠❡t
♥♦t❛♠♠❡♥t ❞❡ ❢♦✉r♥✐r ✉♥❡ ❛❧❡rt❡ ♣❧✉s ♣ré❝✐s❡ ♦✉ ❞✬ét❛❜❧✐r ❧❛ r❡s♣♦♥s❛❜✐❧✐té ❞❡s ❢♦✉r♥✐ss❡✉rs ❞❡
❝♦♠♣♦s❛♥ts✳ ❉❛♥s ❝❡ r❛♣♣♦rt✱ ♥♦✉s ♣rés❡♥t♦♥s ✉♥❡ ♠ét❤♦❞❡ ♣❡r♠❡tt❛♥t ❞✬✐❞❡♥t✐✜❡r ❧❡s ❝♦♠✲
♣♦s❛♥ts ❛②❛♥t ❝❛✉sé ❧❛ ✈✐♦❧❛t✐♦♥ ❞✬✉♥❡ ♣r♦♣r✐été ❞❡ sûr❡té P✳ ▲✬❛♥❛❧②s❡ ♥❡ ♥é❝❡ss✐t❡ q✉✬✉♥❡ s❡✉❧❡
tr❛❝❡ ❞✬❡①é❝✉t✐♦♥✳ ▲❡ ❞✐❛❣♥♦st✐❝ r❡♣♦s❡ s✉r ✉♥ r❛✐s♦♥♥❡♠❡♥t ❝♦♥tr❡❢❛❝t✉❡❧ ✭q✉❡❧ ❛✉r❛✐t été ❧❡
rés✉❧t❛t s✐ ❧❡ ❝♦♠♣♦s❛♥t ❈ ❛✈❛✐t ❢♦♥❝t✐♦♥♥é ❝♦rr❡❝t❡♠❡♥t ❄✮ ❛✜♥ ❞❡ ❞✐st✐♥❣✉❡r ❧❡s ❞②s❢♦♥❝t✐♦♥✲
♥❡♠❡♥ts ❞❡ ❝♦♠♣♦s❛♥t ❛②❛♥t ❝♦♥tr✐❜✉é à ❧❛ ✈✐♦❧❛t✐♦♥ ❞❡ P ❞❡s ❞②s❢♦♥❝t✐♦♥♥❡♠❡♥ts q✉✐ ♥✬♦♥t ♣❛s
❡✉ ❞❡ ✈❡r✐t❛❜❧❡ ✐♥❝✐❞❡♥❝❡ s✉r ❧❛ s❛t✐s❢❛❝t✐♦♥ ❞❡ P✳

▼♦ts✲❝❧és ✿ ❝❛✉s❛❧✐té✱ ❝♦♠♣♦s❛♥t✱ tr❛❝❡✱ r❡s♣♦♥s❛❜✐❧✐té



❆ ●❡♥❡r❛❧ ❚r❛❝❡✲❇❛s❡❞ ❋r❛♠❡✇♦r❦ ♦❢ ▲♦❣✐❝❛❧ ❈❛✉s❛❧✐t② ✸

✶ ■♥tr♦❞✉❝t✐♦♥

■♥ ❛ ❝♦♥❝✉rr❡♥t✱ ♣♦ss✐❜❧② ❡♠❜❡❞❞❡❞ ❛♥❞ ❞✐str✐❜✉t❡❞ s②st❡♠✱ ✐t ✐s ♦❢t❡♥ ❝r✉❝✐❛❧ t♦ ❞❡t❡r♠✐♥❡ ✇❤✐❝❤
❝♦♠♣♦♥❡♥t✭s✮ ❝❛✉s❡❞ ❛♥ ♦❜s❡r✈❡❞ ❢❛✐❧✉r❡✳ ❯♥❞❡rst❛♥❞✐♥❣ ❝❛✉s❛❧✐t② r❡❧❛t✐♦♥s❤✐♣s ❜❡t✇❡❡♥ ❝♦♠♣♦✲
♥❡♥t ❢❛✐❧✉r❡s ❛♥❞ t❤❡ ✈✐♦❧❛t✐♦♥ ♦❢ s②st❡♠✲❧❡✈❡❧ ♣r♦♣❡rt✐❡s ❝❛♥ ❜❡ ❡s♣❡❝✐❛❧❧② ✉s❡❢✉❧ t♦ ✉♥❞❡rst❛♥❞
t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ ❡rr♦rs ✐♥ ❡①❡❝✉t✐♦♥ tr❛❝❡s✱ t♦ ❛❧❧♦❝❛t❡ r❡s♣♦♥s✐❜✐❧✐t✐❡s✱ ♦r t♦ tr② t♦ ♣r❡✈❡♥t ❡rr♦rs
✭❜② ❧✐♠✐t✐♥❣ ❡rr♦r ♣r♦♣❛❣❛t✐♦♥ ♦r t❤❡ ♣♦t❡♥t✐❛❧ ❞❛♠❛❣❡s ❝❛✉s❡❞ ❜② ❛♥ ❡rr♦r✮✳

❚❤❡ ♥♦t✐♦♥ ♦❢ ❝❛✉s❛❧✐t② ✐♥❤❡r❡♥t❧② r❡❧✐❡s ♦♥ ❛ ❢♦r♠ ♦❢ ❝♦✉♥t❡r❢❛❝t✉❛❧ r❡❛s♦♥✐♥❣✿ ❜❛s✐❝❛❧❧② t❤❡
❣♦❛❧ ✐s t♦ tr② t♦ ❛♥s✇❡r q✉❡st✐♦♥s s✉❝❤ ❛s ✏✇♦✉❧❞ ❡✈❡♥t e2 ❤❛✈❡ ♦❝❝✉rr❡❞ ✐❢ e1 ❤❛❞ ♥♦t ♦❝❝✉rr❡❞❄✑
t♦ ❞❡❝✐❞❡ ✐❢ e1 ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ❝❛✉s❡ ♦❢ e2 ✭❛ss✉♠✐♥❣ t❤❛t e1 ❛♥❞ e2 ❤❛✈❡ ❜♦t❤ ♦❝❝✉rr❡❞✱ ♦r ❝♦✉❧❞
❜♦t❤ ♦❝❝✉r ✐♥ ❛ ❣✐✈❡♥ ❝♦♥t❡①t✮✳ ❇✉t t❤✐s q✉❡st✐♦♥ ✐s ♥♦t ❛s s✐♠♣❧❡ ❛s ✐t ♠❛② ❧♦♦❦✿

✶✳ ❋✐rst✱ ✇❡ ❤❛✈❡ t♦ ❞❡✜♥❡ ✇❤❛t ❝♦✉❧❞ ❤❛✈❡ ❤❛♣♣❡♥❡❞ ✐❢ e1 ❤❛❞ ♥♦t ♦❝❝✉rr❡❞✱ ✐♥ ♦t❤❡r ✇♦r❞s
✇❤❛t ❛r❡ t❤❡ ❛❧t❡r♥❛t✐✈❡ ✇♦r❧❞s✳

✷✳ ■♥ ❣❡♥❡r❛❧✱ t❤❡ s❡t ♦❢ ❛❧t❡r♥❛t✐✈❡ ✇♦r❧❞s ✐s ♥♦t ❛ s✐♥❣❧❡t♦♥ ❛♥❞ ✐t ✐s ♣♦ss✐❜❧❡ t❤❛t ✐♥ s♦♠❡ ♦❢
t❤❡s❡ ✇♦r❧❞s e2 ✇♦✉❧❞ ♦❝❝✉r ✇❤✐❧❡ ✐♥ ♦t❤❡rs e2 ✇♦✉❧❞ ♥♦t ♦❝❝✉r✳

✸✳ ❲❡ ❛❧s♦ ❤❛✈❡ t♦ ♠❛❦❡ ❝❧❡❛r ✇❤❛t ✇❡ ❝❛❧❧ ❛♥ ❡✈❡♥t ❛♥❞ ✇❤❡♥ t✇♦ ❡✈❡♥ts ✐♥ t✇♦ ❞✐✛❡r❡♥t
tr❛❝❡s ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s s✐♠✐❧❛r✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ e1 ❤❛❞ ♥♦t ♦❝❝✉rr❡❞✱ ❡✈❡♥ ✐❢ ❛♥ ❡✈❡♥t
♣♦t❡♥t✐❛❧❧② ❝♦rr❡s♣♦♥❞✐♥❣ t♦ e2 ♠✐❣❤t ❤❛✈❡ ♦❝❝✉rr❡❞✱ ✐t ✇♦✉❧❞ ♣r♦❜❛❜❧② ♥♦t ❤❛✈❡ ♦❝❝✉rr❡❞
❛t t❤❡ s❛♠❡ t✐♠❡ ❛s e2 ✐♥ t❤❡ ♦r✐❣✐♥❛❧ s❡q✉❡♥❝❡ ♦❢ ❡✈❡♥ts❀ ✐t ❝♦✉❧❞ ❛❧s♦ ♣♦ss✐❜❧② ❤❛✈❡ ♦❝❝✉rr❡❞
✐♥ ❛ s❧✐❣❤t❧② ❞✐✛❡r❡♥t ✇❛② ✭❢♦r ❡①❛♠♣❧❡ ✇✐t❤ ❞✐✛❡r❡♥t ♣❛r❛♠❡t❡rs✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ ♣♦t❡♥t✐❛❧
❡✛❡❝t ♦❢ t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ e1 ♦♥ t❤❡ ✈❛❧✉❡ ♦❢ s♦♠❡ ✈❛r✐❛❜❧❡s✮✳

❈❛✉s❛❧✐t② ❤❛s ❜❡❡♥ st✉❞✐❡❞ ✐♥ ♠❛♥② ❞✐s❝✐♣❧✐♥❡s ✭♣❤✐❧♦s♦♣❤②✱ ♠❛t❤❡♠❛t✐❝❛❧ ❧♦❣✐❝✱ ♣❤②s✐❝s✱ ❧❛✇✱
❡t❝✳✮ ❛♥❞ ❢r♦♠ ❞✐✛❡r❡♥t ♣♦✐♥ts ♦❢ ✈✐❡✇✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ❝❛✉s❛❧✐t② ❢♦r t❤❡ ❛♥❛❧②s✐s
♦❢ ❡①❡❝✉t✐♦♥ tr❛❝❡s ✐♥ ♦r❞❡r t♦ ❡st❛❜❧✐s❤ t❤❡ ♦r✐❣✐♥ ♦❢ ❛ s②st❡♠✲❧❡✈❡❧ ❢❛✐❧✉r❡✳ ❚❤❡ ♠❛✐♥ tr❡♥❞ ✐♥
t❤❡ ✉s❡ ♦❢ ❝❛✉s❛❧✐t② ✐♥ ❝♦♠♣✉t❡r s❝✐❡♥❝❡ ❝♦♥s✐sts ✐♥ ♠❛♣♣✐♥❣ t❤❡ ❛❜str❛❝t ♥♦t✐♦♥ ♦❢ ❡✈❡♥t ✐♥ t❤❡
❣❡♥❡r❛❧ ❞❡✜♥✐t✐♦♥ ♦❢ ❝❛✉s❛❧✐t② ♣r♦♣♦s❡❞ ❜② ❍❛❧♣❡r♥ ❛♥❞ P❡❛r❧ ✐♥ t❤❡✐r s❡♠✐♥❛❧ ❝♦♥tr✐❜✉t✐♦♥ ❬✶✷❪ t♦
♣r♦♣❡rt✐❡s ♦❢ ❡①❡❝✉t✐♦♥ tr❛❝❡s✳ ❍❛❧♣❡r♥ ❛♥❞ P❡❛r❧✬s ♠♦❞❡❧ ♦❢ ❝❛✉s❛❧✐t② r❡❧✐❡s ♦♥ ❛ ❝♦✉♥t❡r❢❛❝t✉❛❧
❝♦♥❞✐t✐♦♥ ♠✐t✐❣❛t❡❞ ❜② s✉❜t❧❡ ❝♦♥t✐♥❣❡♥❝② ♣r♦♣❡rt✐❡s t♦ ✐♠♣r♦✈❡ t❤❡ ❛❝❝✉r❛t❡♥❡ss ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥
❛♥❞ ❛❧❧❡✈✐❛t❡ t❤❡ ❧✐♠✐t❛t✐♦♥s ♦❢ t❤❡ ❝♦✉♥t❡r❢❛❝t✉❛❧ r❡❛s♦♥✐♥❣ ✐♥ t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ ♠✉❧t✐♣❧❡ ❝❛✉s❡s✳
❲❤✐❧❡ ❍❛❧♣❡r♥ ❛♥❞ P❡❛r❧✬s ♠♦❞❡❧ ✐s ❛ ✈❡r② ♣r❡❝✐♦✉s ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ♥♦t✐♦♥
♦❢ ❝❛✉s❛❧✐t②✱ ✇❡ ❜❡❧✐❡✈❡ t❤❛t ❛ ❢✉♥❞❛♠❡♥t❛❧❧② ❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤ ❝♦♥s✐❞❡r✐♥❣ tr❛❝❡s ❛s ✜rst✲❝❧❛ss
❝✐t✐③❡♥s ✐s r❡q✉✐r❡❞ ✐♥ t❤❡ ❝♦♠♣✉t❡r s❝✐❡♥❝❡ ❝♦♥t❡①t ❝♦♥s✐❞❡r❡❞ ❤❡r❡✿ ❚❤❡ ♠♦❞❡❧ ♣r♦♣♦s❡❞ ❜②
❍❛❧♣❡r♥ ❛♥❞ P❡❛r❧ ✐s ❜❛s❡❞ ♦♥ ❛♥ ❛❜str❛❝t ♥♦t✐♦♥ ♦❢ ❡✈❡♥t ❞❡✜♥❡❞ ✐♥ t❡r♠s ♦❢ ♣r♦♣♦s✐t✐♦♥❛❧
✈❛r✐❛❜❧❡s ❛♥❞ ❝❛✉s❛❧ ♠♦❞❡❧s ❡①♣r❡ss❡❞ ❛s s❡ts ♦❢ ❡q✉❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡s❡ ✈❛r✐❛❜❧❡s✳ ❚❤❡ ❡q✉❛t✐♦♥s
❞❡✜♥❡ t❤❡ ❜❛s✐❝ ❝❛✉s❛❧✐t② ❞❡♣❡♥❞❡♥❝✐❡s ❜❡t✇❡❡♥ ✈❛r✐❛❜❧❡s ✭s✉❝❤ ❛s F = L1 ♦r L2 ✐❢ F ✐s ❛ ✈❛r✐❛❜❧❡
❞❡♥♦t✐♥❣ t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ ❛ ✜r❡ ❛♥❞ L1 ❛♥❞ L2 t✇♦ ❧✐❣❤t♥✐♥❣ ❡✈❡♥ts t❤❛t ❝❛♥ ❝❛✉s❡ t❤❡ ✜r❡✮✳ ■♥
♦r❞❡r t♦ ❛♣♣❧② t❤✐s ♠♦❞❡❧ t♦ ❡①❡❝✉t✐♦♥ tr❛❝❡s✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ♠❛♣ t❤❡ ❛❜str❛❝t ♥♦t✐♦♥ ♦❢ ❡✈❡♥t
♦♥t♦ ♣r♦♣❡rt✐❡s ♦❢ ❡①❡❝✉t✐♦♥ tr❛❝❡s✳ ❇✉t t❤❡s❡ ♣r♦♣❡rt✐❡s ❛♥❞ t❤❡✐r ❝❛✉s❛❧✐t② ❞❡♣❡♥❞❡♥❝✐❡s ❛r❡ ♥♦t
❣✐✈❡♥ ❛ ♣r✐♦r✐✱ t❤❡② s❤♦✉❧❞ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ s②st❡♠ ✉♥❞❡r st✉❞②✳ ■♥ ❛❞❞✐t✐♦♥✱ ❛ ❦❡② ❢❡❛t✉r❡ ♦❢
tr❛❝❡ ♣r♦♣❡rt✐❡s ✐s t❤❡ t❡♠♣♦r❛❧ ♦r❞❡r✐♥❣ ♦❢ ❡✈❡♥ts ✇❤✐❝❤ ✐s ❛❧s♦ ✐♥t✐♠❛t❡❧② r❡❧❛t❡❞ t♦ t❤❡ ✐❞❡❛ ♦❢
❝❛✉s❛❧✐t② ❜✉t ✐s ♥♦t ❛♥ ❡①♣❧✐❝✐t ♥♦t✐♦♥ ✐♥ ❍❛❧♣❡r♥ ❛♥❞ P❡❛r❧✬s ❢r❛♠❡✇♦r❦ ✭❡✈❡♥ ✐❢ ♥♦t✐♦♥s ♦❢ t✐♠❡
❝❛♥ ❜❡ ❡♥❝♦❞❡❞ ✇✐t❤✐♥ ❡✈❡♥ts✮✳ ❊✈❡♥ t❤♦✉❣❤ t❤✐s ❛♣♣❧✐❝❛t✐♦♥ ✐s ♥♦t ✐♠♣♦ss✐❜❧❡✱ ❛s s❤♦✇♥ ❜② ❬✹❪✱
✇❡ ❜❡❧✐❡✈❡ t❤❛t ❞❡✜♥✐t✐♦♥s ✐♥ t❡r♠s ♦❢ ❡①❡❝✉t✐♦♥ tr❛❝❡s ❛r❡ ♣r❡❢❡r❛❜❧❡ ❜❡❝❛✉s❡ ✭❛✮ ✐♥ ♦r❞❡r t♦
❞❡t❡r♠✐♥❡ t❤❡ r❡s♣♦♥s✐❜✐❧✐t② ♦❢ ❝♦♠♣♦♥❡♥ts ❢♦r ❛♥ ♦❜s❡r✈❡❞ ♦✉t❝♦♠❡✱ ❝♦♠♣♦♥❡♥t tr❛❝❡s ♣r♦✈✐❞❡
t❤❡ r❡❧❡✈❛♥t ❣r❛♥✉❧❛r✐t②✱ ❛♥❞ ✭❜✮ t❤❡② ❝❛♥ ❧❡❛❞ t♦ ♠♦r❡ ❞✐r❡❝t ❛♥❞ ❝❧❡❛r❡r ❞❡✜♥✐t✐♦♥s ♦❢ ❝❛✉s❛❧✐t②✳

❆s s✉❣❣❡st❡❞ ❛❜♦✈❡✱ ♠❛♥② ✈❛r✐❛♥ts ♦❢ ❝❛✉s❛❧✐t② ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❛♥❞
✉s❡❞ ✐♥ ❞✐✛❡r❡♥t ❞✐s❝✐♣❧✐♥❡s✳ ■t ✐s q✉❡st✐♦♥❛❜❧❡ t❤❛t ♦♥❡ s✐♥❣❧❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❝❛✉s❛❧✐t② ❝♦✉❧❞ ✜t

❘❘ ♥➦ ✽✸✼✽



❆ ●❡♥❡r❛❧ ❚r❛❝❡✲❇❛s❡❞ ❋r❛♠❡✇♦r❦ ♦❢ ▲♦❣✐❝❛❧ ❈❛✉s❛❧✐t② ✹

❛❧❧ ♣✉r♣♦s❡s✳ ❋♦r ❡①❛♠♣❧❡✱ ✇❤❡♥ ✉s✐♥❣ ❝❛✉s❛❧✐t② r❡❧❛t✐♦♥s❤✐♣s t♦ ❡st❛❜❧✐s❤ ❧✐❛❜✐❧✐t✐❡s✱ ✐t ♠❛② ❜❡
✉s❡❢✉❧ t♦ ❛s❦ ❞✐✛❡r❡♥t q✉❡st✐♦♥s✱ s✉❝❤ ❛s✿ ✏❝♦✉❧❞ ❡✈❡♥t e2 ❤❛✈❡ ♦❝❝✉rr❡❞ ✐♥ s♦♠❡ ❝❛s❡s ✐❢ e1

❤❛❞ ♥♦t ♦❝❝✉rr❡❞❄✑ ♦r ✏✇♦✉❧❞ ❡✈❡♥t e2 ❤❛✈❡ ♦❝❝✉rr❡❞ ✐❢ e1 ❤❛❞ ♦❝❝✉rr❡❞ ❜✉t ♥♦t e′1❄✑✳ ❚❤❡s❡
q✉❡st✐♦♥s ❝♦rr❡s♣♦♥❞ t♦ ❞✐✛❡r❡♥t ✈❛r✐❛♥ts ♦❢ ❝❛✉s❛❧✐t② ✇❤✐❝❤ ❝❛♥ ❜❡ ♣❡r❢❡❝t❧② ❧❡❣✐t✐♠❛t❡ ❛♥❞ ✉s❡❢✉❧
✐♥ ❞✐✛❡r❡♥t s✐t✉❛t✐♦♥s✳ ❚♦ ❛❞❞r❡ss t❤✐s ♥❡❡❞✱ ✇❡ ♣r♦♣♦s❡ t✇♦ ❞❡✜♥✐t✐♦♥ ♦❢ ❝❛✉s❛❧✐t② r❡❧❛t✐♦♥s❤✐♣s
t❤❛t ❝❛♥ ❡①♣r❡ss t❤❡s❡ ❦✐♥❞s ♦❢ ✈❛r✐❛♥ts✱ ❝❛❧❧❡❞ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝❛✉s❛❧✐t②✳

❚❤❡ ❢r❛♠❡✇♦r❦ ✐♥tr♦❞✉❝❡❞ ❤❡r❡ ❞✐st✐♥❣✉✐s❤❡s ❛ s❡t ♦❢ ❜❧❛❝❦✲❜♦① ❝♦♠♣♦♥❡♥ts✱ ❡❛❝❤ ❡q✉✐♣♣❡❞
✇✐t❤ ❛ s♣❡❝✐✜❝❛t✐♦♥✳ ❖♥ ❛ ❣✐✈❡♥ ❡①❡❝✉t✐♦♥ tr❛❝❡✱ t❤❡ ❝❛✉s❛❧✐t② ♦❢ t❤❡ ❝♦♠♣♦♥❡♥ts ✐s ❛♥❛❧②③❡❞
✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✈✐♦❧❛t✐♦♥ ♦❢ ❛ s②st❡♠✲❧❡✈❡❧ ♣r♦♣❡rt②✳ ■♥ ♦r❞❡r t♦ ❦❡❡♣ t❤❡ ❞❡✜♥✐t✐♦♥s ❛s s✐♠♣❧❡
❛s ♣♦ss✐❜❧❡ ✇✐t❤♦✉t ❧♦s✐♥❣ ❣❡♥❡r❛❧✐t② ✖ t❤❛t ✐s✱ ❛♣♣❧✐❝❛❜✐❧✐t② t♦ ✈❛r✐♦✉s ♠♦❞❡❧s ♦❢ ❝♦♠♣✉t❛t✐♦♥
❛♥❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✖✱ ✇❡ ♣r♦✈✐❞❡ ❛ ❧❛♥❣✉❛❣❡✲❜❛s❡❞ ❢♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❢r❛♠❡✇♦r❦✳ ❲❡ ❜❡❧✐❡✈❡
t❤❛t ♦✉r ❣❡♥❡r❛❧✱ tr❛❝❡✲❜❛s❡❞ ❞❡✜♥✐t✐♦♥s ❛r❡ ✉♥✐q✉❡ ❢❡❛t✉r❡s ♦❢ ♦✉r ❢r❛♠❡✇♦r❦✳

❚r❛❝❡s ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ❛♥ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ❛❝t✉❛❧ s②st❡♠✱ ❜✉t ❛❧s♦ ❛s ❝♦✉♥t❡r✲❡①❛♠♣❧❡s
❢r♦♠ ♠♦❞❡❧✲❝❤❡❝❦✐♥❣✳ ❋♦r ✐♥st❛♥❝❡✱ ✇❡ ❝❛♥ ♠♦❞❡❧✲❝❤❡❝❦ ✇❤❡t❤❡r ❛ ❜❡❤❛✈✐♦r❛❧ ♠♦❞❡❧ s❛t✐s✜❡s
❛ ♣r♦♣❡rt②❀ ❝❛✉s❛❧✐t② ♦♥ t❤❡ ❝♦✉♥t❡r✲❡①❛♠♣❧❡ ❝❛♥ t❤❡♥ ❜❡ ❡st❛❜❧✐s❤❡❞ ❛❣❛✐♥st t❤❡ ❝♦♠♣♦♥❡♥t
s♣❡❝✐✜❝❛t✐♦♥s✳

✷ ▼♦❞❡❧✐♥❣ ❋r❛♠❡✇♦r❦

■♥ ♦r❞❡r t♦ ❢♦❝✉s ♦♥ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ✐ss✉❡s ✐♥ ❞❡✜♥✐♥❣ ❝❛✉s❛❧✐t② ♦♥ ❡①❡❝✉t✐♦♥ tr❛❝❡s ✇❡ ✐♥tr♦❞✉❝❡
❛ s✐♠♣❧❡✱ ❧❛♥❣✉❛❣❡✲❜❛s❡❞ ♠♦❞❡❧✐♥❣ ❢r❛♠❡✇♦r❦✳

❉❡✜♥✐t✐♦♥ ✶ ✭❈♦♠♣♦♥❡♥t s✐❣♥❛t✉r❡✮ ❆ ❝♦♠♣♦♥❡♥t s✐❣♥❛t✉r❡ Ci ✐s ❛ t✉♣❧❡ (Σi,Si) ✇❤❡r❡ Σi

✐s ❛♥ ❛❧♣❤❛❜❡t ❛♥❞ Si ⊆ Σ∗
i ✐s ❛ ♣r❡✜①✲❝❧♦s❡❞ s♣❡❝✐✜❝❛t✐♦♥ ✭s❡t ♦❢ ❛❧❧♦✇❡❞ ❜❡❤❛✈✐♦rs✮ ♦✈❡r Σi✳

❆ ❝♦♠♣♦♥❡♥t s✐❣♥❛t✉r❡ ✐s t❤❡ ❛❜str❛❝t✐♦♥ ♦❢ ❛♥ ❛❝t✉❛❧ ❝♦♠♣♦♥❡♥t t❤❛t ✐s ♥❡❡❞❡❞ t♦ ❛♣♣❧② t❤❡
❝❛✉s❛❧✐t② ❛♥❛❧②s✐s ✐♥tr♦❞✉❝❡❞ ❤❡r❡✳ ❙✐♠✐❧❛r❧②✱ ❛ s②st❡♠ s✐❣♥❛t✉r❡ ✐s t❤❡ ❛❜str❛❝t✐♦♥ ♦❢ ❛ s②st❡♠
❝♦♠♣♦s❡❞ ♦❢ ❛ s❡t ♦❢ ✐♥t❡r❛❝t✐♥❣ ❝♦♠♣♦♥❡♥ts✳

❉❡✜♥✐t✐♦♥ ✷ ✭❙②st❡♠ s✐❣♥❛t✉r❡✮ ❆ s②st❡♠ s✐❣♥❛t✉r❡ ✐s ❛ t✉♣❧❡ (C,Σ, B, ρ) ✇❤❡r❡

❼ C = {C1, ..., Cn} ✐s ❛ ✜♥✐t❡ s❡t ♦❢ ❝♦♠♣♦♥❡♥t s✐❣♥❛t✉r❡s Ci = (Σi,Si) ✇✐t❤ ♣❛✐r✇✐s❡ ❞✐s❥♦✐♥t
❛❧♣❤❛❜❡ts❀

❼ Σ ⊆ Σ′
1 × ... × Σ′

n ✐s ❛ s②st❡♠ ❛❧♣❤❛❜❡t ✇✐t❤ Σ′
i = Σi ∪ {ǫ} ✐s ❛ ❞✐st✐♥❝t ❡❧❡♠❡♥t ❞❡♥♦t✐♥❣

t❤❛t Ci ❞♦❡s ♥♦t ♣❛rt✐❝✐♣❛t❡ ✐♥ ❛♥ ✐♥t❡r❛❝t✐♦♥ α ∈ Σ❀

❼ B ⊆ Σ∗ ∪ Σω ✐s ❛ ♣r❡✜①✲❝❧♦s❡❞ ❜❡❤❛✈✐♦r❛❧ ♠♦❞❡❧❀

❼ ρ ⊆
(
⋃

i Σi

)

×
(
⋃

i Σi

)

✐s ❛ r❡❧❛t✐♦♥ ♠♦❞❡❧✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ✢♦✇ ❛♠♦♥❣ ❝♦♠♣♦♥❡♥ts✳

❚❤❡ ❜❡❤❛✈✐♦r❛❧ ♠♦❞❡❧ B ✐s ✉s❡❞ t♦ ❡①♣r❡ss ❛ss✉♠♣t✐♦♥s ❛♥❞ ❝♦♥str❛✐♥ts ♦♥ t❤❡ ♣♦ss✐❜❧❡
✭❝♦rr❡❝t ❛♥❞ ✐♥❝♦rr❡❝t✮ ❜❡❤❛✈✐♦rs✳ ❚❤❡ r❡❧❛t✐♦♥ ρ ♠♦❞❡❧s ♣♦ss✐❜❧❡ ✐♥❢♦r♠❛t✐♦♥ ✢♦✇ ❛♠♦♥❣ ❝♦♠✲
♣♦♥❡♥ts✳ ■♥t✉✐t✐✈❡❧②✱ (a, b) ∈ ρ ♠❡❛♥s t❤❛t ❛♥② ♦❝❝✉rr❡♥❝❡ ♦❢ a ♠❛② ✐♥✢✉❡♥❝❡ t❤❡ ♥❡①t ♦❝❝✉rr❡♥❝❡
♦❢ b ✭♣♦ss✐❜❧② ✐♥ t❤❡ s❛♠❡ ✐♥t❡r❛❝t✐♦♥✮✱ ❡✳❣✳✱ ❜② tr✐❣❣❡r✐♥❣ ♦r ❝♦♥str❛✐♥✐♥❣ t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ b✱ ♦r
❜② tr❛♥s♠✐tt✐♥❣ ✐♥❢♦r♠❛t✐♦♥✳
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❆ ●❡♥❡r❛❧ ❚r❛❝❡✲❇❛s❡❞ ❋r❛♠❡✇♦r❦ ♦❢ ▲♦❣✐❝❛❧ ❈❛✉s❛❧✐t② ✺

◆♦t❛t✐♦♥s✳ ●✐✈❡♥ ❛ tr❛❝❡ tr = α1 · α2 · · · ∈ Σ ∗ ❛♥❞ ❛♥ ✐♥❞❡① i ∈ N ❧❡t tr[1..i] = α1 · · ·αi✱ ❧❡t
tr[i] = αi✱ ❛♥❞ tr[i...] = αiαi+1 · · · ✳ ▲❡t |tr| ❞❡♥♦t❡ t❤❡ ❧❡♥❣t❤ ♦❢ tr✳ ❋♦r α = (a1, ..., an) ∈ Σ
❧❡t α[k] = ak ❞❡♥♦t❡ t❤❡ ❛❝t✐♦♥ ♦❢ ❝♦♠♣♦♥❡♥t k ✐♥ α ✭ak = ǫ ✐❢ k ❞♦❡s ♥♦t ♣❛rt✐❝✐♣❛t❡ ✐♥ α✮❀ ❢♦r
w = α1 · · ·αk ∈ Σ∗ ❛♥❞ i ∈ {1, ..., n} ❧❡t πi(w) = α1[i] · · ·αk[i] ✭✇❤❡r❡ ǫ ❧❡tt❡rs ❛r❡ r❡♠♦✈❡❞ ❢r♦♠
t❤❡ r❡s✉❧t✐♥❣ ✇♦r❞✮✳

❋♦r t❤❡ s❛❦❡ ♦❢ ❝♦♠♣❛❝t♥❡ss ♦❢ ♥♦t❛t✐♦♥s ✇❡ ❞❡✜♥❡ ❝♦♠♣♦s✐t✐♦♥ ‖ : Σ∗
1 × ... × Σ∗

n → Σ∗ s✉❝❤
t❤❛t w1‖...‖wn = {w ∈ Σ∗ | ∀i = 1, ..., n : πi(w) = wi}✱ ❛♥❞ ❡①t❡♥❞ ‖ t♦ ❧❛♥❣✉❛❣❡s✳

✷✳✶ ▲♦❣s

❆ ✭♣♦ss✐❜❧② ❢❛✉❧t②✮ ❡①❡❝✉t✐♦♥ ♦❢ ❛ s②st❡♠ ♠❛② ♥♦t ❜❡ ❢✉❧❧② ♦❜s❡r✈❛❜❧❡❀ t❤❡r❡❢♦r❡ ✇❡ ❜❛s❡ ♦✉r
❛♥❛❧②s✐s ♦♥ ❧♦❣s✳ ❆ ❧♦❣ ♦❢ ❛ s②st❡♠ S = (C,Σ, B, ρ) ✇✐t❤ ❝♦♠♣♦♥❡♥ts C = {C1, ..., Cn} ♦❢
❛❧♣❤❛❜❡ts Σi ✐s ❛ ✈❡❝t♦r ~tr = (tr1, ..., trn) ∈ Σ∗

1 × ... × Σ∗
n ♦❢ ❝♦♠♣♦♥❡♥t tr❛❝❡s s✉❝❤ t❤❛t t❤❡r❡

❡①✐sts ❛ tr❛❝❡ tr ∈ Σ∗ ✇✐t❤ ∀i = 1, ..., n : tri = πi(tr)✳ ❆ ❧♦❣ ~tr ∈ L ✐s t❤✉s t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢
❛♥ ❛❝t✉❛❧ s②st❡♠✲❧❡✈❡❧ tr❛❝❡ tr ∈ B✳ ❚❤✐s r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❛❝t✉❛❧ ❡①❡❝✉t✐♦♥ ❛♥❞ t❤❡ ❧♦❣ ♦♥
✇❤✐❝❤ ❝❛✉s❛❧✐t② ❛♥❛❧②s✐s ✇✐❧❧ ❜❡ ♣❡r❢♦r♠❡❞ ❛❧❧♦✇s ✉s t♦ ♠♦❞❡❧ t❤❡ ❢❛❝t t❤❛t ♦♥❧② ❛ ♣❛rt✐❛❧ ♦r❞❡r
❜❡t✇❡❡♥ t❤❡ ❡✈❡♥ts ✐♥ tr ♠❛② ❜❡ ♦❜s❡r✈❛❜❧❡ r❛t❤❡r t❤❛♥ t❤❡✐r ❡①❛❝t ♣r❡❝❡❞❡♥❝❡✳✶

▲❡t L(S) ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ❧♦❣s ♦❢ S✳ ●✐✈❡♥ ❛ ❧♦❣ ~tr = (tr1, ..., trn) ∈ L(S) ❧❡t ~tr
↑

= {tr ∈
B | ∀i = 1, ..., n : πi(tr) = tri} ❜❡ t❤❡ s❡t ♦❢ ❜❡❤❛✈✐♦rs r❡s✉❧t✐♥❣ ✐♥ ~tr✳

❉❡✜♥✐t✐♦♥ ✸ ✭❈♦♥s✐st❡♥t s♣❡❝✐✜❝❛t✐♦♥✮ ❆ ❝♦♥s✐st❡♥t❧② s♣❡❝✐✜❡❞ s②st❡♠ ✐s ❛ t✉♣❧❡ (S,P) ✇❤❡r❡
S = (C,Σ, B, ρ) ✐s ❛ s②st❡♠ s✐❣♥❛t✉r❡ ✇✐t❤ C = {C1, ..., Cn} ❛♥❞ Ci = (Σi,Si)✱ ❛♥❞ P ⊆ B ✐s ❛
♣r❡✜①✲❝❧♦s❡❞ ♣r♦♣❡rt② s✉❝❤ t❤❛t ❢♦r ❛❧❧ tr❛❝❡s tr ∈ B✱

(∀i = 1, ..., n : πi(tr) ∈ Si) =⇒ tr ∈ P

❯♥❞❡r ❛ ❝♦♥s✐st❡♥t s♣❡❝✐✜❝❛t✐♦♥✱ ♣r♦♣❡rt② P ♠❛② ❜❡ ✈✐♦❧❛t❡❞ ♦♥❧② ✐❢ ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡ ❝♦♠✲
♣♦♥❡♥ts ✈✐♦❧❛t❡s ✐ts s♣❡❝✐✜❝❛t✐♦♥✳ ❚❤r♦✉❣❤♦✉t t❤✐s ♣❛♣❡r ✇❡ ❢♦❝✉s ♦♥ ❝♦♥s✐st❡♥t s♣❡❝✐✜❝❛t✐♦♥s✳

✸ ▼♦t✐✈❛t✐♥❣ ❊①❛♠♣❧❡

❈♦♥s✐❞❡r ❛ ❞❛t❛❜❛s❡ s②st❡♠ ❝♦♥s✐st✐♥❣ ♦❢ t❤r❡❡ ❝♦♠♣♦♥❡♥ts ❝♦♠♠✉♥✐❝❛t✐♥❣ ❜② ♠❡ss❛❣❡ ♣❛ss✐♥❣
♦✈❡r ♣♦✐♥t✲t♦✲♣♦✐♥t ❋■❋❖ ❜✉✛❡rs✳ ❈♦♠♣♦♥❡♥t C1 ✐s ❛ ❝❧✐❡♥t✱ C2 t❤❡ ❞❛t❛❜❛s❡ s❡r✈❡r✱ ❛♥❞ C3 ✐s
❛ ❥♦✉r♥❛❧✐♥❣ s②st❡♠✳ ❚❤❡ s♣❡❝✐✜❝❛t✐♦♥s ♦❢ t❤❡ t❤r❡❡ ❝♦♠♣♦♥❡♥ts ❛r❡ ❛s ❢♦❧❧♦✇s✿

S1✿ s❡♥❞s ❛ ❧♦❝❦ r❡q✉❡st lock t♦ C2✱ ❢♦❧❧♦✇❡❞ ❜② ❛ r❡q✉❡st m t♦ ♠♦❞✐❢② t❤❡ ❧♦❝❦❡❞ ❞❛t❛✳

S2✿ r❡❝❡✐✈❡s ❛ ✇r✐t❡ r❡q✉❡st m✱ ♣♦ss✐❜❧② ♣r❡❝❡❞❡❞ ❜② ❛ ❧♦❝❦ r❡q✉❡st lock✳ ❆❝❝❡ss ❝♦♥tr♦❧ ✐s
♦♣t✐♠✐st✐❝ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡ s❡r✈❡r ❛❝❝❡♣ts ✇r✐t❡ r❡q✉❡sts ✇✐t❤♦✉t ❝❤❡❝❦✐♥❣ ✇❤❡t❤❡r ❛
❧♦❝❦ r❡q✉❡st ❤❛s ❜❡❡♥ r❡❝❡✐✈❡❞ ❜❡❢♦r❡❀ ❤♦✇❡✈❡r✱ ✐♥ ❝❛s❡ ♦❢ ❛ ♠✐ss✐♥❣ ❧♦❝❦ r❡q✉❡st✱ ❛ ❝♦♥✢✐❝t
♠❛② ❜❡ ❞❡t❡❝t❡❞ ❧❛t❡r ♦♥ ❛♥❞ s✐❣♥❛❧❡❞ ❜② ❛♥ ❡✈❡♥t x✳ ❆❢t❡r t❤❡ ✇r✐t❡✱ ❛ ♠❡ss❛❣❡ journ ✐s
s❡♥t t♦ C3✳

S3✿ ❦❡❡♣s r❡❝❡✐✈✐♥❣ journ ❡✈❡♥ts ❢r♦♠ C2 ❢♦r ❥♦✉r♥❛❧✐♥❣✳

❚❤❡ s②st❡♠ ✐s ♠♦❞❡❧❡❞ ❜② t❤❡ s②st❡♠ s✐❣♥❛t✉r❡ (C,Σ, B, ρ) ✇❤❡r❡ C = {C1, C2, C3} ✇✐t❤
❝♦♠♣♦♥❡♥t s✐❣♥❛t✉r❡s Ci = (Σi,Si)✱ ❛♥❞

✶■t ✐s str❛✐❣❤t✲❢♦r✇❛r❞ t♦ ❛❧❧♦✇ ❢♦r ❛❞❞✐t✐♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥ ✐♥ tr❛❝❡s tr ∈ B t❤❛t ✐s ♥♦t ♦❜s❡r✈❛❜❧❡ ✐♥ t❤❡ ❧♦❣✱
❜② ❛❞❞✐♥❣ t♦ t❤❡ ❝❛rt❡s✐❛♥ ♣r♦❞✉❝t ♦❢ Σ ❛♥♦t❤❡r ❛❧♣❤❛❜❡t t❤❛t ❞♦❡s ♥♦t ❛♣♣❡❛r ✐♥ t❤❡ ♣r♦❥❡❝t✐♦♥s✳ ❋♦r ✐♥st❛♥❝❡✱
❡✈❡♥ts ♠❛② ❜❡ r❡❝♦r❞❡❞ ✇✐t❤ s♦♠❡ t✐♠✐♥❣ ✉♥❝❡rt❛✐♥t② r❛t❤❡r t❤❛♥ ♣r❡❝✐s❡ t✐♠❡ st❛♠♣s ❬✷✸❪✳
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❆ ●❡♥❡r❛❧ ❚r❛❝❡✲❇❛s❡❞ ❋r❛♠❡✇♦r❦ ♦❢ ▲♦❣✐❝❛❧ ❈❛✉s❛❧✐t② ✻

❼ Σ1 = {a,m!, lock!}✱ Σ2 = {m?, journ!, x, lock?}✱ ❛♥❞ Σ3 = {b, journ?}✱ ✇❤❡r❡ ♠✦ ❛♥❞ ♠❄

st❛♥❞ ❢♦r t❤❡ ❡♠✐ss✐♦♥ ❛♥❞ r❡❝❡♣t✐♦♥ ♦❢ ❛ ♠❡ss❛❣❡ ♠✱ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ ❛✱ ❜✱ ❛♥❞ ① ❛r❡
✐♥t❡r♥❛❧ ❡✈❡♥ts❀

❼ S1 = {lock!.m!}✷✱ S2 = {lock?.m?.journ!, m?.journ!.x}✱ ❛♥❞ S3 = {journ?i | i ∈ N}❀

❼ Σ = (Σ1 × {ǫ} × {ǫ}) ∪ ({ǫ} × Σ2 × {ǫ}) ∪ ({ǫ} × {ǫ} × Σ3)✿ ❝♦♠♣♦♥❡♥t ❛❝t✐♦♥s ✐♥t❡r❧❡❛✈❡❀

❼ B =
{

w ∈ Σ∗ ∪ Σω | ∀u, v : w = u.v =⇒ (|u|m? ≤ |u|m! ∧ |u|journ? ≤ |u|journ! ∧ |u|lock? ≤

|u|lock! ∧w r❡s♣❡❝ts ❧♦ss❧❡ss ❋■❋❖ s❡♠❛♥t✐❝s)
}

✭✇❤❡r❡ |u|a st❛♥❞s ❢♦r t❤❡ ♥✉♠❜❡r ♦❢ ♦❝❝✉r✲
r❡♥❝❡s ♦❢ a ✐♥ w✮✿ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❜✉✛❡rs ❛r❡ ♣♦✐♥t✲t♦✲♣♦✐♥t ❋■❋❖ q✉❡✉❡s❀

❼ ρ = {(m!,m?), (journ!, journ?), (lock!, lock?)}✿ ❛♥② ❝♦♠♣♦♥❡♥t ♠❛② ✐♥✢✉❡♥❝❡ ❛♥♦t❤❡r ❝♦♠✲
♣♦♥❡♥t✬s st❛t❡ ♦♥❧② ❜② s❡♥❞✐♥❣ ❛ ♠❡ss❛❣❡ t❤❛t ✐s r❡❝❡✐✈❡❞ ❜② t❤❡ ❧❛tt❡r✳

❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❣❧♦❜❛❧ s❛❢❡t② ♣r♦♣❡rt② P = Σ∗
ok ∪ Σω

ok ✇✐t❤ Σok = Σ \ {(ǫ, x, ǫ)}
♠♦❞❡❧✐♥❣ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❛ ❝♦♥✢✐❝t ❡✈❡♥t x✳ ■t ❝❛♥ ❜❡ s❡❡♥ t❤❛t ✐❢ ❛❧❧ t❤r❡❡ ❝♦♠♣♦♥❡♥ts s❛t✐s❢②
t❤❡✐r s♣❡❝✐✜❝❛t✐♦♥s✱ x ✇✐❧❧ ♥♦t ♦❝❝✉r✳

❋✐❣✉r❡ ✶ s❤♦✇s t❤❡ ❧♦❣ ~tr = (tr1, tr2, tr3)✳ ■♥ t❤❡ ❧♦❣✱ tr1 ✈✐♦❧❛t❡s S1 ❛t ❡✈❡♥t ❛ ❛♥❞ tr3

✈✐♦❧❛t❡s S3 ❛t ❜✳ ❚❤❡ ❞❛s❤❡❞ ❧✐♥❡s ❜❡t✇❡❡♥ m! ❛♥❞ m?✱ ❛♥❞ ❜❡t✇❡❡♥ journ! ❛♥❞ journ? st❛♥❞ ❢♦r
❝♦♠♠✉♥✐❝❛t✐♦♥s✳

a

b

m!

m?

xjourn!

journ?

tr1

tr2

tr3

❋✐❣✉r❡ ✶✿ ❆ s❝❡♥❛r✐♦ ✇✐t❤ t❤r❡❡ ❝♦♠♣♦♥❡♥t ❧♦❣s✳

■♥ ♦r❞❡r t♦ ❛♥❛❧②③❡ ✇❤✐❝❤ ❝♦♠♣♦♥❡♥t✭s✮ ❝❛✉s❡❞ t❤❡ ✈✐♦❧❛t✐♦♥ ♦❢ P ✇❡ ❝❛♥ ✉s❡ ❛♥ ❛♣♣r♦❛❝❤
❜❛s❡❞ ♦♥ ❝♦✉♥t❡r❢❛❝t✉❛❧ r❡❛s♦♥✐♥❣✳ ■♥❢♦r♠❛❧❧② s♣❡❛❦✐♥❣✱

❼ Ci ✐s ❛ ♥❡❝❡ss❛r② ❝❛✉s❡ ❢♦r t❤❡ ✈✐♦❧❛t✐♦♥ ♦❢ P ✐❢ ✐♥ ❛❧❧ ❡①❡❝✉t✐♦♥s ✇❤❡r❡ Ci ❜❡❤❛✈❡s ❝♦rr❡❝t❧②
❛♥❞ ❛❧❧ ♦t❤❡r ❝♦♠♣♦♥❡♥ts ❜❡❤❛✈❡ ❛s ♦❜s❡r✈❡❞✱ P ✐s s❛t✐s✜❡❞✳

❼ ❈♦♥✈❡rs❡❧②✱ Ci ✐s ❛ s✉✣❝✐❡♥t ❝❛✉s❡ ❢♦r t❤❡ ✈✐♦❧❛t✐♦♥ ♦❢ P ✐❢ ✐♥ ❛❧❧ ❡①❡❝✉t✐♦♥s ✇❤❡r❡ ❛❧❧
✐♥❝♦rr❡❝t tr❛❝❡s ♦❢ ❝♦♠♣♦♥❡♥ts ♦t❤❡r t❤❛♥ Ci ❛r❡ r❡♣❧❛❝❡❞ ✇✐t❤ ❝♦rr❡❝t tr❛❝❡s✱ ❛♥❞ t❤❡
r❡♠❛✐♥✐♥❣ tr❛❝❡s ✭✐✳❡✳✱ ❝♦rr❡❝t tr❛❝❡s ❛♥❞ t❤❡ tr❛❝❡ ♦❢ Ci✮ ❛r❡ ❛s ♦❜s❡r✈❡❞✱ P ✐s st✐❧❧ ✈✐♦❧❛t❡❞✳

❆♣♣❧②✐♥❣ t❤❡s❡ ❝r✐t❡r✐❛ t♦ ♦✉r ❡①❛♠♣❧❡ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts✿
■❢ C1 ❤❛❞ ✇♦r❦❡❞ ❝♦rr❡❝t❧②✱ ✐t ✇♦✉❧❞ ❤❛✈❡ ♣r♦❞✉❝❡❞ t❤❡ tr❛❝❡ tr′1 = lock! . m!✳ ❚❤✐s ❣✐✈❡s ✉s

t❤❡ ❝♦✉♥t❡r❢❛❝t✉❛❧ s❝❡♥❛r✐♦ ❝♦♥s✐st✐♥❣ ♦❢ t❤❡ tr❛❝❡s ~tr′ = (tr′1, tr2, tr3)✳ ❍♦✇❡✈❡r✱ t❤✐s s❝❡♥❛r✐♦
✐s ♥♦t ❝♦♥s✐st❡♥t ❛s C1 ♥♦✇ ❡♠✐ts lock✱ ✇❤✐❝❤ ✐s ♥♦t r❡❝❡✐✈❡❞ ❜② C2 ✐♥ tr2✳ ❆❝❝♦r❞✐♥❣ t♦ B✱ t❤❡
❋■❋❖ ❜✉✛❡rs ❛r❡ ♥♦t ❧♦ss②✱ s✉❝❤ t❤❛t lock ✇♦✉❧❞ ❤❛✈❡ ❜❡❡♥ r❡❝❡✐✈❡❞ ❜❡❢♦r❡ m ✐❢ ✐t ❤❛❞ ❜❡❡♥ s❡♥t
❜❡❢♦r❡ m✳ ❇② ✈❛❝✉✐t② ✭❛s ♥♦ ❡①❡❝✉t✐♦♥ ②✐❡❧❞✐♥❣ t❤❡ tr❛❝❡s ~tr′ ❡①✐sts✮✱ C1 ✐s ❛ ♥❡❝❡ss❛r② ❝❛✉s❡ ❛♥❞
C3 ✐s ❛ s✉✣❝✐❡♥t ❝❛✉s❡ ❛❝❝♦r❞✐♥❣ t♦ ♦✉r ❞❡✜♥✐t✐♦♥s ❛❜♦✈❡✳ ❲❤✐❧❡ t❤❡ ✜rst r❡s✉❧t ♠❛t❝❤❡s ♦✉r
✐♥t✉✐t✐♦♥✱ t❤❡ s❡❝♦♥❞ r❡s✉❧t ✐s ♥♦t ✇❤❛t ✇❡ ✇♦✉❧❞ ❡①♣❡❝t✳ ❆s ❢❛r ❛s C2 ✐s ❝♦♥❝❡r♥❡❞✱ ✐t ✐s ♥♦t ❛
❝❛✉s❡ s✐♥❝❡ ✐ts tr❛❝❡ s❛t✐s✜❡s S2✳

✷❋♦r t❤❡ s❛❦❡ ♦❢ r❡❛❞❛❜✐❧✐t② ✇❡ ♦♠✐t t❤❡ ♣r❡✜① ❝❧♦s✉r❡ ♦❢ t❤❡ s♣❡❝✐✜❝❛t✐♦♥s ✐♥ t❤❡ ❡①❛♠♣❧❡s✳

❘❘ ♥➦ ✽✸✼✽



❆ ●❡♥❡r❛❧ ❚r❛❝❡✲❇❛s❡❞ ❋r❛♠❡✇♦r❦ ♦❢ ▲♦❣✐❝❛❧ ❈❛✉s❛❧✐t② ✼

❲❤② ❞♦ t❤❡ ❛❜♦✈❡ ❞❡✜♥✐t✐♦♥s ❢❛✐❧ t♦ ❝❛♣t✉r❡ ❝❛✉s❛❧✐t②❄ ■t t✉r♥s ♦✉t t❤❛t ♦✉r ❞❡✜♥✐t✐♦♥ ♦❢
❝♦✉♥t❡r❢❛❝t✉❛❧ s❝❡♥❛r✐♦s ✐s t♦♦ ♥❛rr♦✇✱ ❛s ✇❡ s✉❜st✐t✉t❡ t❤❡ ❜❡❤❛✈✐♦r ♦❢ ♦♥❡ ❝♦♠♣♦♥❡♥t ✭❡✳❣✳✱ tr1

t♦ ❛♥❛❧②③❡ s✉✣❝✐❡♥t ❝❛✉s❛❧✐t② ♦❢ C3✮ ✇✐t❤♦✉t t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ♥❡✇ tr❛❝❡ ♦♥
t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ s②st❡♠✳ ❲❤❡♥ ❛♥❛❧②③✐♥❣ ❝❛✉s❛❧✐t② ✏❜② ❤❛♥❞✑✱ ♦♥❡ ✇♦✉❧❞ tr② t♦ ❡✈❛❧✉❛t❡ t❤❡
❡✛❡❝t ♦❢ t❤❡ ❛❧t❡r❡❞ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ✜rst ❝♦♠♣♦♥❡♥t ♦♥ t❤❡ ♦t❤❡r ❝♦♠♣♦♥❡♥ts✳ ❚❤✐s ✐s ✇❤❛t ✇❡
✇✐❧❧ ❢♦r♠❛❧✐③❡ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳

✹ ❈❛✉s❛❧✐t② ❆♥❛❧②s✐s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✐♠♣r♦✈❡ ♦✉r ❞❡✜♥✐t✐♦♥ ♦❢ ❝❛✉s❛❧✐t② ♦❢ ❝♦♠♣♦♥❡♥t tr❛❝❡s ❢♦r t❤❡ ✈✐♦❧❛t✐♦♥ ♦❢ ❛
s②st❡♠✲❧❡✈❡❧ ♣r♦♣❡rt②✳ ❲❡ s✉♣♣♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥♣✉ts t♦ ❜❡ ❛✈❛✐❧❛❜❧❡✿

❼ ❆ s②st❡♠ s✐❣♥❛t✉r❡ (C,Σ) ✇✐t❤ ❝♦♠♣♦♥❡♥ts Ci = (Ci,Σi)✳

❼ ❆ ❧♦❣ ~tr = (tr1, ..., trn)✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t✇♦ ♦r ♠♦r❡ ❝♦♠♣♦♥❡♥ts ✐s
❧♦❣❣❡❞ ✐♥t♦ ❛ ❝♦♠♠♦♥ tr❛❝❡✱ t❤❡ tr❛❝❡ ♦❢ ❡❛❝❤ ❝♦♠♣♦♥❡♥t ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ♣r♦❥❡❝t✐♦♥✳

❼ ❆ s❡t I ⊆ {1, ..., n} ♦❢ ❝♦♠♣♦♥❡♥t ✐♥❞✐❝❡s✱ ✐♥❞✐❝❛t✐♥❣ t❤❡ s❡t ♦❢ ❝♦♠♣♦♥❡♥ts t♦ ❜❡ ❥♦✐♥t❧②
❛♥❛❧②③❡❞ ❢♦r ❝❛✉s❛❧✐t②✳ ❇❡✐♥❣ ❛❜❧❡ t♦ r❡❛s♦♥ ❛❜♦✉t ❣r♦✉♣ ❝❛✉s❛❧✐t② ✐s ✉s❡❢✉❧✱ ❢♦r ✐♥st❛♥❝❡✱
t♦ ❞❡t❡r♠✐♥❡ ❧✐❛❜✐❧✐t② ♦❢ s♦❢t✇❛r❡ ✈❡♥❞♦rs t❤❛t ❤❛✈❡ ♣r♦✈✐❞❡❞ s❡✈❡r❛❧ ❝♦♠♣♦♥❡♥ts✳

✹✳✶ ❚❡♠♣♦r❛❧ ❈❛✉s❛❧✐t②

❆s st❛t❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ t❤❡ t❡♠♣♦r❛❧ ♦r❞❡r ♦❢ t❤❡ ❡✈❡♥ts ❤❛s ❛♥ ♦❜✈✐♦✉s ✐♠♣❛❝t ♦♥ ❝❛✉s❛❧✐t②
r❡❧❛t✐♦♥s✳ ❲❡ ✉s❡ ▲❛♠♣♦rt✬s t❡♠♣♦r❛❧ ❝❛✉s❛❧✐t② ❬✶✼❪ t♦ ♦✈❡r✲❛♣♣r♦①✐♠❛t❡ t❤❡ ♣❛rts ♦❢ ❛ ❧♦❣ t❤❛t
❛r❡ ✐♠♣❛❝t❡❞ ❜② ❝♦♠♣♦♥❡♥t ❢❛✐❧✉r❡s✳ ❚❤✐s t❡❝❤♥✐q✉❡ ✇✐❧❧ ❛❧❧♦✇ ✉s✱ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ t♦ ❣✐✈❡
❝♦✉♥t❡r❢❛❝t✉❛❧ ❞❡✜♥✐t✐♦♥s ♦❢ ❝❛✉s❛❧✐t② ❛❞❞r❡ss✐♥❣ t❤❡ q✉❡st✐♦♥ ♦❢ ✏✇❤❛t ✇♦✉❧❞ ❤❛✈❡ ❜❡❡♥ t❤❡
♦✉t❝♦♠❡ ✐❢ t❤❡ ❢❛✐❧✉r❡ ♦❢ ❝♦♠♣♦♥❡♥t C ❤❛❞ ♥♦t ♦❝❝✉rr❡❞❄✑✳

●✐✈❡♥ ❛ tr❛❝❡ tr ∈ B ❧❡t tri = πi(tr)✳ ❚❤❡ tr❛❝❡ tr ✐s ❛♥❛❧②③❡❞ ❛s ❢♦❧❧♦✇s✱ ❢♦r ❛ ✜①❡❞ s❡t I ♦❢
❝♦♠♣♦♥❡♥ts t♦ ❜❡ ❝❤❡❝❦❡❞✳

❉❡✜♥✐t✐♦♥ ✹ ✭❈♦♥❡ ♦❢ ✐♥✢✉❡♥❝❡✱ C(~tr, I)✮ ●✐✈❡♥ ❛ ❝♦♥s✐st❡♥t❧② s♣❡❝✐✜❡❞ s②st❡♠ (S,P) ✇✐t❤
S = (C,Σ, B, ρ)✱ C = {C1, ..., Cn}✱ ❛♥❞ Ci = (Σi,Si)✱ ❛ ❧♦❣ ~tr ∈ L(S)✱ ❛♥❞ ❛ s❡t ♦❢ ❝♦♠♣♦♥❡♥t
✐♥❞✐❝❡s I ⊆ {1, ..., n}✱ ❧❡t gi : N → {⊥,⊤} ❜❡ ❛ ❢✉♥❝t✐♦♥ ❛ss♦❝✐❛t✐♥❣ ✇✐t❤ t❤❡ ❧❡♥❣t❤ ♦❢ ❡❛❝❤ ♣r❡✜①
♦❢ tri ❛ ✈❛❧✉❡ ✐♥ {⊥,⊤} ✭✇✐t❤ ⊥ < ⊤✮✳ ▲❡t (g∗1 , ..., g∗n) ❜❡ t❤❡ ❧❡❛st ✜①♣♦✐♥t ♦❢

gi(ℓ) =























⊤ ✐❢
(

ℓ = min{k | tri[1..k] /∈ Si} ∧ i ∈ I
)

∨
(

∃k < ℓ : gi(k) = ⊤
)

∨
(

∃tr′ ∈ ~tr
↑
∃j, k,m, n : m ≤ n ∧ k = |πj(tr

′[1..m])| ∧ ℓ = |πi(tr
′[1..n])| ∧

gj(k) = ⊤ ∧ (tr′[m][j], tr′[n][i]) ∈ ρ ∧ tri[1..ℓ − 1] ∈ Si

)

⊥ ♦t❤❡r✇✐s❡

❢♦r i ∈ {1, ..., n} ❛♥❞ 1 ≤ ℓ ≤ |tri|✳ ▲❡t C(~tr, I) = (c1, ..., cn) s✉❝❤ t❤❛t

∀i = 1, ..., n : ci = min
(

{|tri| + 1} ∪ {ℓ | g∗i (ℓ) = ⊤}
)

❚❤❡ ❝♦♥❡ ♦❢ ✐♥✢✉❡♥❝❡ s♣❛♥♥❡❞ ❜② t❤❡ ❝♦♠♣♦♥❡♥ts I ✐s t❤❡ ✈❡❝t♦r ♦❢ s✉✣①❡s tri[ci...] ♦❢ t❤❡ ❝♦♠✲
♣♦♥❡♥t tr❛❝❡s✳
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❆ ●❡♥❡r❛❧ ❚r❛❝❡✲❇❛s❡❞ ❋r❛♠❡✇♦r❦ ♦❢ ▲♦❣✐❝❛❧ ❈❛✉s❛❧✐t② ✽

❚❤❛t ✐s✱ ❛s s♦♦♥ ❛s ❛ ❝♦♠♣♦♥❡♥t i ∈ I ✈✐♦❧❛t❡s Si ♦♥ ❛ ♣r❡✜① tri[1..ℓ]✱ gi ✐s s❡t t♦ ⊤ ✭✜rst
❧✐♥❡✮✳ ❖♥❝❡ gi(k) = ⊤✱ ✐t r❡♠❛✐♥s ⊤ ❢♦r ❛❧❧ ❧❛r❣❡r ✐♥❞✐❝❡s ✭s❡❝♦♥❞ ❧✐♥❡✮✳ ❊❛❝❤ t✐♠❡ ❛ ❝♦♠♣♦♥❡♥t i
♣❛rt✐❝✐♣❛t❡s ✐♥ ❛♥ ✐♥t❡r❛❝t✐♦♥ β = tr′[n] ❢♦r s♦♠❡ ♣♦ss✐❜❧❡ tr❛❝❡ tr′ ♦♥ ✇❤✐❝❤ ❛♥♦t❤❡r ❝♦♠♣♦♥❡♥t
j ❤❛s ♣r❡✈✐♦✉s❧② ♣❛rt✐❝✐♣❛t❡❞ ✐♥ ❛♥ ✐♥t❡r❛❝t✐♦♥ α = tr′[m] ❛❢t❡r ❛ ♣r❡✜① ♦❢ ❧❡♥❣t❤ k s✉❝❤ t❤❛t
gj(k) = ⊤ ❛♥❞ (α[j], β[i]) ∈ ρ✱ t❤❡♥ gi ✐s s❡t t♦ ⊤✱ ♣r♦✈✐❞❡❞ t❤❛t t❤❡ ♣r❡✜① ♦❢ tri s❛t✐s✜❡❞ Si

❜❡❢♦r❡ ✭t❤✐r❞ ❧✐♥❡✮✳ ❚❤❡ ❧❛st ❝♦♥❞✐t✐♦♥ tri[1..ℓ− 1] ∈ Si ♠❡❛♥s t❤❛t ❛ ♣♦ss✐❜❧② ✐♥❝♦rr❡❝t ❜❡❤❛✈✐♦r
♦❢ Ci ❢♦❧❧♦✇✐♥❣ ❛♥ ❡♥❞♦❣❡♥♦✉s ✈✐♦❧❛t✐♦♥ ♦❢ Si ✐s ❜❧❛♠❡❞ ♦♥ Ci r❛t❤❡r t❤❛♥ ♦♥ t❤❡ ❝♦♠♣♦♥❡♥ts ✐♥
I✳

❚❤❡ ❝♦♥❡ ♦❢ ✐♥✢✉❡♥❝❡ s♣❛♥♥❡❞ ❜② t❤❡ ❝♦♠♣♦♥❡♥ts I ✐s t❤❡ ✈❡❝t♦r ♦❢ s✉✣①❡s ♦❢ t❤❡ ❝♦♠♣♦♥❡♥t
tr❛❝❡s st❛rt✐♥❣ ✇✐t❤ t❤❡ ✜rst ❝♦♠♣♦♥❡♥t ❛❝t✐♦♥ t❤❛t ♠❛② ❤❛✈❡ ❜❡❡♥ ✐♠♣❛❝t❡❞ ❜② t❤❡ ❜❡❤❛✈✐♦r
♦❢ t❤❡ ❝♦♠♣♦♥❡♥ts I st❛rt✐♥❣ ✐♥ ♦♥❡ ♦❢ t❤❡✐r ❢❛✐❧✉r❡s✳ ❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t② ✇❡ ✇✐❧❧ r❡❢❡r t♦
C(~tr, I) ❛s t❤❡ ❝♦♥❡✳

❊①❛♠♣❧❡ ✶ ❋✐❣✉r❡ ✷ ✐❧❧✉str❛t❡s t❤❡ ❝♦♥❡s C(~tr, {1}) = (1, 1, 3) ❛♥❞ C(~tr, {2, 3}) = (3, 4, 1) ❢♦r
t❤❡ ❡①❛♠♣❧❡ ♦❢ ❙❡❝t✐♦♥ ✸ ❛♥❞ ❋✐❣✉r❡ ✶✳

a

b

m!

m?

xjourn!

journ?

tr1

tr2

tr3

C(~tr, {1})

C(~tr, {2, 3})

❋✐❣✉r❡ ✷✿ ❚❤❡ s❝❡♥❛r✐♦ ✇✐t❤ t❤❡ ❝♦♥❡s C(~tr, {1}) ❛♥❞ C(~tr, {2, 3})✱ r❡s♣❡❝t✐✈❡❧②✳

✹✳✷ ▲♦❣✐❝❛❧ ❈❛✉s❛❧✐t②

❯s✐♥❣ t❤❡ ❝♦♥❡ ♦❢ ✐♥✢✉❡♥❝❡ ❞❡✜♥❡❞ ❛❜♦✈❡ ✇❡ ❛r❡ ❛❜❧❡ t♦ ❞❡✜♥❡✱ ❢♦r ❛ ❣✐✈❡♥ ❧♦❣ ~tr ❛♥❞ s❡t ♦❢
❝♦♠♣♦♥❡♥t ✐♥❞✐❝❡s I✱ t❤❡ s❡t ♦❢ ❝♦✉♥t❡r❢❛❝t✉❛❧ tr❛❝❡s ♠♦❞❡❧✐♥❣ ❛❧t❡r♥❛t✐✈❡ ✇♦r❧❞s ✐♥ ✇❤✐❝❤ t❤❡
❢❛✐❧✉r❡s FI ♦❢ ❝♦♠♣♦♥❡♥ts ✐♥ I ❞♦ ♥♦t ❤❛♣♣❡♥✱ ❛♥❞ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ r❡♠❛✐♥✐♥❣ ❝♦♠♣♦♥❡♥ts ✐s
❛s ♦❜s❡r✈❡❞ ✐♥ ~tr ✉♣ t♦ t❤❡ ♣❛rt ❧②✐♥❣ ✐♥s✐❞❡ t❤❡ ❝♦♥❡ s♣❛♥♥❡❞ ❜② FI ✳

❉❡✜♥✐t✐♦♥ ✺ ✭❈♦✉♥t❡r❢❛❝t✉❛❧s✮ ▲❡t ~tr = (tr1, ..., trn) ∈ L✱ ~C = (c1, ..., cn) ❜❡ ❛ ❝♦♥❡ ♦❢ ✐♥✢✉✲

❡♥❝❡✱ ❛♥❞ ~S = (S1, ...,Sn)✳

σ
(

~tr, ~C, ~S
)

=
{

tr′ ∈ B | ∀i : pri ✐s ❛ ♣r❡✜① ♦❢ πi(tr
′) ∧ ✭✶✮

(pri ∈ Si =⇒ πi(tr
′) ∈ Si) ∧ ✭✷✮

(pri /∈ Si =⇒ πi(tr
′) = pri) ∧ ✭✸✮

(ci = |tri| + 1 =⇒ πi(tr
′) = pri)

}

✭✹✮

✇❤❡r❡ pri = tri[1..ci − 1]✳

■♥t✉✐t✐✈❡❧②✱ σ r❡t✉r♥s t❤❡ s❡t ♦❢ ❛❧t❡r♥❛t✐✈❡ ❜❡❤❛✈✐♦rs tr′ ∈ B ✇❤❡r❡ ❢♦r ❡❛❝❤ ❝♦♠♣♦♥❡♥t i✱
t❤❡ ♣r❡✜① pri ❜❡❢♦r❡ ❡♥t❡r✐♥❣ ci ♠❛t❝❤❡s ✐ts ❧♦❣❣❡❞ ❜❡❤❛✈✐♦r ✐♥ tri ✭❧✐♥❡ ✶✮✱ ❛♥❞ ✐❢ t❤❡ ♣r❡✜① ✐s
❝♦rr❡❝t ❛♥❞ ❛ str✐❝t ♣r❡✜① ♦❢ tri t❤❡♥ t❤❡ s✉✣① ✐s s✉❜st✐t✉t❡❞ s✉❝❤ t❤❛t t❤❡ ✇❤♦❧❡ ❜❡❤❛✈✐♦r ♦❢ i
✐♥ tr❛❝❡ tr′ ✐s ❝♦rr❡❝t ✭❧✐♥❡ ✷✮❀ ♦t❤❡r✇✐s❡ pri ✐s ♥♦t ❡①t❡♥❞❡❞ ✐♥ t❤❡ ❛❧t❡r♥❛t✐✈❡ ❜❡❤❛✈✐♦r ✭❧✐♥❡s ✸
❛♥❞ ✹✮✳ ❚❤❡ r❛t✐♦♥❛❧❡ ❜❡❤✐♥❞ ❉❡✜♥✐t✐♦♥ ✺ ✐s t♦ ❝♦♠♣✉t❡ t❤❡ s❡t ♦❢ ❛❧t❡r♥❛t✐✈❡ ✇♦r❧❞s ✇❤❡r❡ t❤❡
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❆ ●❡♥❡r❛❧ ❚r❛❝❡✲❇❛s❡❞ ❋r❛♠❡✇♦r❦ ♦❢ ▲♦❣✐❝❛❧ ❈❛✉s❛❧✐t② ✾

❢❛✐❧✉r❡s s♣❛♥♥✐♥❣ C ❞♦ ♥♦t ♦❝❝✉r✳ ❚♦ t❤✐s ❡♥❞ ✇❡ ❤❛✈❡ t♦ ♣r✉♥❡ ♦✉t t❤❡✐r ♣♦ss✐❜❧❡ ✐♠♣❛❝t ♦♥
t❤❡ ❧♦❣❣❡❞ ❜❡❤❛✈✐♦r✱ ❛♥❞ s✉❜st✐t✉t❡ ✇✐t❤ ❝♦rr❡❝t ❜❡❤❛✈✐♦rs✳ Pr❡✜①❡s ✈✐♦❧❛t✐♥❣ t❤❡✐r s♣❡❝✐✜❝❛t✐♦♥s
✭❧✐♥❡ ✸✮ ❛♥❞ ❝♦♠♣♦♥❡♥t tr❛❝❡s t❤❛t ♥❡✈❡r ❡♥t❡r t❤❡ ❝♦♥❡ ✭❧✐♥❡ ✹✮ ❛r❡ ♥♦t ❡①t❡♥❞❡❞ s✐♥❝❡ ✇❡ ✇❛♥t
t♦ ❞❡t❡r♠✐♥❡ ❝❛✉s❡s ❢♦r s②st❡♠✲❧❡✈❡❧ ❢❛✐❧✉r❡s ♦❜s❡r✈❡❞ ✐♥ t❤❡ ❧♦❣✱ r❛t❤❡r t❤❛♥ ❡①❤✐❜✐t✐♥❣ ❝❛✉s❛❧✐t②
❝❤❛✐♥s t❤❛t ❛r❡ ♥♦t ❝♦♠♣❧❡t❡ ②❡t ❛♥❞ ✇❤♦s❡ ❝♦♥s❡q✉❡♥❝❡ ✇♦✉❧❞ ❤❛✈❡ s❤♦✇♥ ♦♥❧② ✐♥ t❤❡ ❢✉t✉r❡✳

❉❡✜♥✐t✐♦♥ ✻ ✭◆❡❝❡ss❛r② ❝❛✉s❡✮ ●✐✈❡♥

❼ ❛ ❝♦♥s✐st❡♥t❧② s♣❡❝✐✜❡❞ s②st❡♠ (S,P) ✇✐t❤ S = (C,Σ, B, ρ)✱ C = {C1, ..., Cn}✱ ❛♥❞ Ci =
(Σi,Si)✱

❼ ❛ ❧♦❣ ~tr ∈ L s✉❝❤ t❤❛t ~tr
↑
∩ P = ∅✱ ❛♥❞

❼ ❛♥ ✐♥❞❡① s❡t I✱

❧❡t ~C = C(~tr, I)✳ ❚❤❡ s❡t ♦❢ tr❛❝❡s ✐♥❞❡①❡❞ ❜② I ✐s ❛ ♥❡❝❡ss❛r② ❝❛✉s❡ ❢♦r t❤❡ ✈✐♦❧❛t✐♦♥ ♦❢ P ❜② ~tr

✐❢ σ(~tr, ~C, ~S) ⊆ P✳

❚❤❛t ✐s✱ t❤❡ s❡t ♦❢ ❧♦❣s ✐♥❞❡①❡❞ ❜② I ✐s ❛ ♥❡❝❡ss❛r② ❝❛✉s❡ ❢♦r t❤❡ ✈✐♦❧❛t✐♦♥ ♦❢ P ✐❢ ✐♥ t❤❡
♦❜s❡r✈❡❞ ❜❡❤❛✈✐♦r ✇❤❡r❡ t❤❡ ❝♦♥❡ s♣❛♥♥❡❞ ❜② t❤❡ ✐♥❝♦rr❡❝t ❜❡❤❛✈✐♦rs ♦❢ I ✐s r❡♣❧❛❝❡❞ ❜② ❛ ❝♦rr❡❝t
❜❡❤❛✈✐♦r✱ P ✐s s❛t✐s✜❡❞✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✐❢ t❤❡ ❝♦♠♣♦♥❡♥ts ✐♥ I ❤❛❞ s❛t✐s✜❡❞ t❤❡✐r s♣❡❝✐✜❝❛t✐♦♥s✱
❛♥❞ ❛❧❧ ❝♦♠♣♦♥❡♥ts ❤❛❞ ❜❡❤❛✈❡❞ ❛s ✐♥ t❤❡ ❧♦❣s ❜❡❢♦r❡ ❡♥t❡r✐♥❣ t❤❡ ❝♦♥❡✱ t❤❡♥ P ✇♦✉❧❞ ❤❛✈❡ ❜❡❡♥
s❛t✐s✜❡❞✳

❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❝♦♥❡ ♦❢ ✐♥✢✉❡♥❝❡✱ t❤✐s ❞❡✜♥✐t✐♦♥ ♦❢ ♥❡❝❡ss❛r② ❝❛✉s❛❧✐t②
♠❛❦❡s t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ ✈✐♦❧❛t✐♦♥ ♦❢ ❛ ❝♦♠♣♦♥❡♥t s♣❡❝✐✜❝❛t✐♦♥ Sj ✇✐t❤✐♥ t❤❡ ❝♦♥❡ ♦❢ ♦t❤❡r
❝♦♠♣♦♥❡♥ts I✱ j /∈ I✱ ❝❛♥♥♦t ❜❡ ❜❧❛♠❡❞ ❢♦r ❝❡rt❛✐♥ ♦♥ ❝♦♠♣♦♥❡♥t j✳

❊①❛♠♣❧❡ ✷ ❈♦♠✐♥❣ ❜❛❝❦ t♦ ❊①❛♠♣❧❡ ✶✱ ❧❡t ~C = C
(

~tr, {1}
)

✳ ❲❡ ❤❛✈❡ σ(~tr, ~C, ~S) = S1‖S2‖{tr3}✱
❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸✭❛✮✳ ❆❝❝♦r❞✐♥❣ t♦ ❉❡✜♥✐t✐♦♥ ✻✱ tr1 ✐s ❛ ♥❡❝❡ss❛r② ❝❛✉s❡ ❢♦r t❤❡ ✈✐♦❧❛t✐♦♥ ♦❢

P s✐♥❝❡ P ✐s s❛t✐s✜❡❞ ✐♥ σ(~tr, ~C, ~S)✳ ■t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t tr3 ✐s ♥♦t ❛ ♥❡❝❡ss❛r② ❝❛✉s❡✳

b

m!

m?

lock!

lock?

journ!

journ?

∈ S2

∈ S1tr′

tr′2

tr3

✭❛✮ σ(~tr, ~C, ~S) ✇✐t❤ ~C = C
`

~tr, {1}
´

a m!

m?

xjourn!

journ?
∈ S3

tr1

tr2

tr′3

✭❜✮ σ(~tr, ~C, ~S) ✇✐t❤ ~C = C
`

~tr, {2, 3}
´

❋✐❣✉r❡ ✸✿ ❚❤❡ s❝❡♥❛r✐♦ ✇❤❡r❡ t❤❡ ❝♦♥❡ ✭❛✮ C(~tr, {1}) ❛♥❞ ✭❜✮ C(~tr, {2, 3}) ✐s s✉❜st✐t✉t❡❞ ✇✐t❤
s✉✣①❡s s❛t✐s❢②✐♥❣ t❤❡ ❝♦♠♣♦♥❡♥t s♣❡❝✐✜❝❛t✐♦♥s✳

❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ s✉✣❝✐❡♥t ❝❛✉s❛❧✐t② ✐s ❞✉❛❧ t♦ ♥❡❝❡ss❛r② ❝❛✉s❛❧✐t②✱ ✇❤❡r❡ ✐♥ t❤❡ ❛❧t❡r♥❛t✐✈❡
✇♦r❧❞s ✇❡ r❡♠♦✈❡ t❤❡ ❢❛✐❧✉r❡s ♦❢ ❝♦♠♣♦♥❡♥ts ♥♦t ✐♥ I ❛♥❞ ✈❡r✐❢② ✇❤❡t❤❡r P ✐s st✐❧❧ ✈✐♦❧❛t❡❞✳

❋♦r ❛ s❡t ♦❢ tr❛❝❡s S✱ ❧❡t supS = {s ∈ S | ∀t ∈ S : s ✐s ♥♦t ❛ str✐❝t ♣r❡✜① ♦❢ t}✳

❉❡✜♥✐t✐♦♥ ✼ ✭❙✉✣❝✐❡♥t ❝❛✉s❡✮ ●✐✈❡♥

❼ ❛ ❝♦♥s✐st❡♥t❧② s♣❡❝✐✜❡❞ s②st❡♠ (S,P) ✇✐t❤ S = (C,Σ, B, ρ)✱ C = {C1, ..., Cn}✱ ❛♥❞ Ci =
(Σi,Si)✱

❘❘ ♥➦ ✽✸✼✽



❆ ●❡♥❡r❛❧ ❚r❛❝❡✲❇❛s❡❞ ❋r❛♠❡✇♦r❦ ♦❢ ▲♦❣✐❝❛❧ ❈❛✉s❛❧✐t② ✶✵

❼ ❛ ❧♦❣ ~tr ∈ L ✇✐t❤ ~tr
↑
∩ P = ∅✱ ❛♥❞

❼ ❛♥ ✐♥❞❡① s❡t I✱

❧❡t I = {1, ..., n} \ I ❛♥❞ ~C = C(~tr, I)✳ ❚❤❡ s❡t ♦❢ tr❛❝❡s ✐♥❞❡①❡❞ ❜② I ✐s ❛ s✉✣❝✐❡♥t ❝❛✉s❡ ❢♦r
t❤❡ ✈✐♦❧❛t✐♦♥ ♦❢ P ❜② ~tr ✐❢

(

supσ(~tr, ~C, ~S)
)

∩ P = ∅

❚❤❛t ✐s✱ t❤❡ s❡t ♦❢ ❧♦❣s ✐♥❞❡①❡❞ ❜② I ✐s ❛ s✉✣❝✐❡♥t ❝❛✉s❡ ❢♦r t❤❡ ✈✐♦❧❛t✐♦♥ ♦❢ P ✐❢ ✐♥ t❤❡
♦❜s❡r✈❡❞ ❜❡❤❛✈✐♦r ✇❤❡r❡ t❤❡ ❝♦♥❡ s♣❛♥♥❡❞ ❜② t❤❡ ✈✐♦❧❛t✐♦♥s ♦❢ s♣❡❝✐✜❝❛t✐♦♥s ❜② t❤❡ ❝♦♠♣❧❡♠❡♥t
♦❢ I ✐s r❡♣❧❛❝❡❞ ❜② ❛ ❝♦rr❡❝t ❜❡❤❛✈✐♦r✱ t❤❡ ✈✐♦❧❛t✐♦♥ ♦❢ P ✐s ✐♥❡✈✐t❛❜❧❡ ✭❡✈❡♥ t❤♦✉❣❤ P ♠❛② st✐❧❧
❜❡ s❛t✐s✜❡❞ ❢♦r ♥♦♥✲♠❛①✐♠❛❧ ❝♦✉♥t❡r❢❛❝t✉❛❧ tr❛❝❡s✮✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❡✈❡♥ ✐❢ t❤❡ ❝♦♠♣♦♥❡♥ts ✐♥
t❤❡ ❝♦♠♣❧❡♠❡♥t I ♦❢ I ❤❛❞ s❛t✐s✜❡❞ t❤❡✐r s♣❡❝✐✜❝❛t✐♦♥s ❛♥❞ ♥♦ ❝♦♠♣♦♥❡♥t ❤❛❞ ❢❛✐❧❡❞ ✐♥ t❤❡ ❝♦♥❡
s♣❛♥♥❡❞ ❜② t❤❡ ❢❛✐❧✉r❡s ♦❢ I✱ t❤❡♥ P ✇♦✉❧❞ st✐❧❧ ❤❛✈❡ ❜❡❡♥ ✈✐♦❧❛t❡❞✳ ❚❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ✐♥✜♥✐t❡
tr❛❝❡s ✐♥ t❤❡ ❜❡❤❛✈✐♦r❛❧ ♠♦❞❡❧ B ✭❉❡✜♥✐t✐♦♥ ✷✮ ❡♥s✉r❡s t❤❡ ❧❡❛st ✉♣♣❡r ❜♦✉♥❞ ♦❢ t❤❡ s❡t ♦❢
❝♦✉♥t❡r❢❛❝t✉❛❧ tr❛❝❡s t♦ ❜❡ ✐♥❝❧✉❞❡❞ ✐♥ B✳

■♥ ❉❡✜♥✐t✐♦♥s ✻ ❛♥❞ ✼ t❤❡ ✉s❡ ♦❢ t❡♠♣♦r❛❧ ❝❛✉s❛❧✐t② ❤❡❧♣s ✐♥ ❝♦♥str✉❝t✐♥❣ ❛❧t❡r♥❛t✐✈❡ s❝❡♥❛r✐♦s
✐♥ B ✇❤❡r❡ t❤❡ ❝♦♠♣♦♥❡♥ts ✐♥❞❡①❡❞ ❜② I ✭r❡s♣✳ I✮ ❜❡❤❛✈❡ ❝♦rr❡❝t❧② ✇❤✐❧❡ ❦❡❡♣✐♥❣ t❤❡ ❜❡❤❛✈✐♦rs
♦❢ ❛❧❧ ♦t❤❡r ❝♦♠♣♦♥❡♥ts ❝❧♦s❡ t♦ t❤❡✐r ♦❜s❡r✈❡❞ ❜❡❤❛✈✐♦rs✳

❊①❛♠♣❧❡ ✸ ■♥ ❊①❛♠♣❧❡ ✷ ❧❡t ~C = C
(

~tr, {2, 3}
)

✳ ❲❡ ♦❜t❛✐♥ σ
(

~tr, ~C, ~S
)

= {tr1}‖{tr2}‖S3✱ ❛s
s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸✭❜✮✳ ❇② ❉❡✜♥✐t✐♦♥ ✼✱ tr1 ✐s ❛ s✉✣❝✐❡♥t ❝❛✉s❡ ❢♦r t❤❡ ✈✐♦❧❛t✐♦♥ ♦❢ P s✐♥❝❡ P ✐s

st✐❧❧ ✈✐♦❧❛t❡❞ ✐♥ σ
(

~tr, ~C, ~S
)

✳ ■t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t tr3 ✐s ♥♦t ❛ s✉✣❝✐❡♥t ❝❛✉s❡✳

✹✳✷✳✶ Pr♦♣❡rt✐❡s✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts s❤♦✇ t❤❛t ♦✉r ❛♥❛❧②s✐s ❞♦❡s ♥♦t ❜❧❛♠❡ ❛♥② s❡t ♦❢ ✐♥♥♦❝❡♥t ❝♦♠♣♦♥❡♥ts✱
❛♥❞ t❤❛t ✐t ✜♥❞s ❛ ♥❡❝❡ss❛r② ❛♥❞ ❛ s✉✣❝✐❡♥t ❝❛✉s❡ ❢♦r ❡✈❡r② s②st❡♠✲❧❡✈❡❧ ❢❛✐❧✉r❡✳

❚❤❡♦r❡♠ ✶ ✭❙♦✉♥❞♥❡ss✮ ❊❛❝❤ ❝❛✉s❡ ❝♦♥t❛✐♥s ❛♥ ✐♥❝♦rr❡❝t tr❛❝❡✳

Pr♦♦❢ ✶ ✭s❦❡t❝❤✮ ❈♦♥s✐❞❡r ❛ s❡t I ⊆ {i | tri ∈ Si}✳ ❲❡ s❤♦✇ t❤❛t t❤❡ s❡t ♦❢ tr❛❝❡s ✐♥❞❡①❡❞ ❜②
I ✐s ♥♦t ❛ ♥❡❝❡ss❛r②✱ ♥♦r s✉✣❝✐❡♥t ❝❛✉s❡ ❢♦r t❤❡ ✈✐♦❧❛t✐♦♥ ♦❢ P ❜② ~tr = (tr1, ..., trn)✳

❋♦r ♥❡❝❡ss❛r② ❝❛✉s❛❧✐t②✱ ❝♦✉♥t❡r❢❛❝t✉❛❧s ❛r❡ ❝♦♠♣✉t❡❞ ❜② s✉❜st✐t✉t✐♥❣ t❤❡ ❝♦♥❡ ~C = C(~tr, I)
s♣❛♥♥❡❞ ❜② t❤❡ ❢❛✐❧✉r❡s ♦❢ ❝♦♠♣♦♥❡♥ts ✐♥ I✳ ■❢ ❛❧❧ ♦❢ t❤❡♠ s❛t✐s❢② t❤❡✐r s♣❡❝✐✜❝❛t✐♦♥s✱ t❤❡♥ t❤❡

❝♦♥❡ ✐s ❡♠♣t②✱ s♦ σ(~tr, ~C, ~S) = ~tr
↑
✱ ❛♥❞ I ✐s ♥♦t ❛ ♥❡❝❡ss❛r② ❝❛✉s❡ ❛❝❝♦r❞✐♥❣ t♦ ❉❡✜♥✐t✐♦♥ ✻✳

❋♦r s✉✣❝✐❡♥t ❝❛✉s❛❧✐t②✱ ❝♦✉♥t❡r❢❛❝t✉❛❧s ❛r❡ ❝♦♠♣✉t❡❞ ❜② s✉❜st✐t✉t✐♥❣ t❤❡ ❝♦♥❡ ~C = C(~tr, I) =
(c1, ..., cn) s♣❛♥♥❡❞ ❜② t❤❡ ❢❛✐❧✉r❡s ♦❢ ❝♦♠♣♦♥❡♥ts ✐♥ I✳ ■❢ ❛❧❧ ❝♦♠♣♦♥❡♥ts ✐♥ I s❛t✐s❢② t❤❡✐r

s♣❡❝✐✜❝❛t✐♦♥s✱ t❤❡♥ σ(~tr, ~C, ~S) ⊆ P s✐♥❝❡ ρ ✖ ❛♥❞ t❤✉s✱ C(~tr, I) ✖ ❝❛♣t✉r❡s t❤❡ ♣♦ss✐❜❧❡ ✐♠♣❛❝t

♦❢ ❢❛✐❧✉r❡s ❜② ❝♦♠♣♦♥❡♥ts ✐♥ I✱ ❛♥❞ (S,P) ✐s ❛ ❝♦♥s✐st❡♥t❧② s♣❡❝✐✜❡❞ s②st❡♠✳ ▼♦r❡♦✈❡r✱ ~C ✐s
❝♦♥str✉❝t❡❞ ❛s ❛ ❝✉t ♦❢ t❤❡ ❣❧♦❜❛❧ ❡①❡❝✉t✐♦♥✱ s✉❝❤ t❤❛t t❤❡r❡ ❡①✐sts ❛ s②st❡♠✲❧❡✈❡❧ tr❛❝❡ tr ∈ B
✇✐t❤ ∀i : πi(tr) = tri[1..ci − 1]✳ ❚❤❡r❡❢♦r❡✱ σ(~tr, ~C, ~S) 6= ∅✳ ❚❤✉s✱ I ✐s ♥♦t ❛ s✉✣❝✐❡♥t ❝❛✉s❡
❛❝❝♦r❞✐♥❣ t♦ ❉❡✜♥✐t✐♦♥ ✼✳

❚❤❡♦r❡♠ ✷ ✭❈♦♠♣❧❡t❡♥❡ss✮ ❊❛❝❤ ✈✐♦❧❛t✐♦♥ ♦❢ P ❤❛s ❛ ♥❡❝❡ss❛r② ❛♥❞ ❛ s✉✣❝✐❡♥t ❝❛✉s❡✳

Pr♦♦❢ ✷ ✭s❦❡t❝❤✮ ❈♦♥s✐❞❡r ❛ ❧♦❣ ~tr = (tr1, ..., trn) ❛♥❞ ❧❡t I = {i | tri /∈ Si}✳ ❉✉❡ t♦ t❤❡ ❞✉❛❧✐t②
♦❢ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝❛✉s❛❧✐t②✱ t❤❡ ♣r♦♦❢ ♦❢ ❝♦♠♣❧❡t❡♥❡ss ❢♦r ♥❡❝❡ss❛r② ✭r❡s♣✳ s✉✣❝✐❡♥t✮
❝❛✉s❛❧✐t② ✐s s✐♠✐❧❛r t♦ t❤❡ ♣r♦♦❢ ♦❢ s♦✉♥❞♥❡ss ❢♦r s✉✣❝✐❡♥t ✭r❡s♣✳ ♥❡❝❡ss❛r②✮ ❝❛✉s❛❧✐t②✿

❋♦r ♥❡❝❡ss❛r② ❝❛✉s❛❧✐t②✱ ❧❡t ~C = C(~tr, I)✳ ❲❡ ❤❛✈❡ σ(~tr, ~C, ~S) ⊆ P✱ t❤✉s I ✐s ❛ ♥❡❝❡ss❛r②
❝❛✉s❡ ❢♦r t❤❡ ✈✐♦❧❛t✐♦♥ ♦❢ P ❜② ~tr✳

❘❘ ♥➦ ✽✸✼✽



❆ ●❡♥❡r❛❧ ❚r❛❝❡✲❇❛s❡❞ ❋r❛♠❡✇♦r❦ ♦❢ ▲♦❣✐❝❛❧ ❈❛✉s❛❧✐t② ✶✶

❋♦r s✉✣❝✐❡♥t ❝❛✉s❛❧✐t②✱ ❧❡t ~C = C(~tr, I)✳ ❇② t❤❡ ❝❤♦✐❝❡ ♦❢ I t❤✐s ❝♦♥❡ ✐s ❡♠♣t②✳ ❲❡ t❤✉s ❤❛✈❡

σ(~tr, ~C, ~S) = ~tr
↑
✱ t❤✉s σ(~tr, ~C, ~S)∩P = ∅✳ ■t ❢♦❧❧♦✇s t❤❛t I ✐s ❛ s✉✣❝✐❡♥t ❝❛✉s❡ ❢♦r t❤❡ ✈✐♦❧❛t✐♦♥

♦❢ P ✐♥ ~tr✳

✺ ❆♣♣❧✐❝❛t✐♦♥ t♦ ❙②♥❝❤r♦♥♦✉s ❉❛t❛ ❋❧♦✇

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✉s❡ t❤❡ ❣❡♥❡r❛❧ ❢r❛♠❡✇♦r❦ t♦ ♠♦❞❡❧ ❛ s②♥❝❤r♦♥♦✉s ❞❛t❛ ✢♦✇ ❡①❛♠♣❧❡✱ ❛♥❞
✐❧❧✉str❛t❡ ❛ s❡t ♦❢ ✇❡❧❧✲❦♥♦✇♥ ♣❤❡♥♦♠❡♥❛ st✉❞✐❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳

❈♦♥s✐❞❡r ❛ s✐♠♣❧❡ ✜❧t❡r t❤❛t ♣r♦♣❛❣❛t❡s✱ ❛t ❡❛❝❤ ❝❧♦❝❦ t✐❝❦✱ t❤❡ ✐♥♣✉t ✇❤❡♥ ✐t ✐s st❛❜❧❡ ✐♥
t❤❡ s❡♥s❡ t❤❛t ✐t ❤❛s ♥♦t ❝❤❛♥❣❡❞ s✐♥❝❡ t❤❡ ❧❛st t✐❝❦✱ ❛♥❞ ❤♦❧❞s t❤❡ ♦✉t♣✉t ✇❤❡♥ t❤❡ ✐♥♣✉t ✐s
✉♥st❛❜❧❡✳ ❯s✐♥❣ ▲✉str❡ ❬✶✶❪✲❧✐❦❡ s②♥t❛① t❤❡ ✜❧t❡r ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❢♦❧❧♦✇s✿

change = ❢❛❧s❡ → in 6= pre(in)

h = pre(out)

out =

{

in ✐❢ ¬change
h ♦t❤❡r✇✐s❡

❚❤❛t ✐s✱ ❝♦♠♣♦♥❡♥t change ✐s ✐♥✐t✐❛❧❧② ❢❛❧s❡✱ ❛♥❞ s✉❜s❡q✉❡♥t❧② tr✉❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ✐♥♣✉t
in ❤❛s ❝❤❛♥❣❡❞ ❜❡t✇❡❡♥ t❤❡ ❧❛st ❛♥❞ t❤❡ ❝✉rr❡♥t t✐❝❦✳ h ❧❛t❝❤❡s t❤❡ ♣r❡✈✐♦✉s ✈❛❧✉❡ ♦❢ out❀
✐ts ✈❛❧✉❡ ✐s ⊥ ✭✏✉♥❞❡✜♥❡❞✑✮ ❛t t❤❡ ✜rst ✐♥st❛♥t✳ out ✐s ❡q✉❛❧ t♦ t❤❡ ✐♥♣✉t ✐❢ change ✐s ❢❛❧s❡✱
❛♥❞ ❡q✉❛❧ t♦ h ♦t❤❡r✇✐s❡✳ ❚❤✉s✱ ❡❛❝❤ s✐❣♥❛❧ ❝♦♥s✐sts ♦❢ ❛♥ ✐♥✜♥✐t❡ s❡q✉❡♥❝❡ ♦❢ ✈❛❧✉❡s✱ ❡✳❣✳✱
change = 〈change1, change2, ...〉✳ ❆ ❧♦❣ ♦❢ ❛ ✈❛❧✐❞ ❡①❡❝✉t✐♦♥ ✐s ❢♦r ✐♥st❛♥❝❡

in ✵ ✵ ✸ ✷ ✷
change ❢❛❧s❡ ❢❛❧s❡ tr✉❡ tr✉❡ ❢❛❧s❡

h ⊥ ✵ ✵ ✵ ✵
out ✵ ✵ ✵ ✵ ✷

❲❡ ❢♦r♠❛❧✐③❡ t❤❡ s②st❡♠ ❛s ❢♦❧❧♦✇s✳

❼ Σch = R × B × N × {ch} ✇❤❡r❡ t❤❡ ✜rst t✇♦ ❝♦♠♣♦♥❡♥ts st❛♥❞ ❢♦r t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ✐♥♣✉t
t♦ ❛♥❞ ♦✉t♣✉t ❢r♦♠ change✱ t❤❡ t❤✐r❞ ❝♦♠♣♦♥❡♥t ✐s t❤❡ ✐♥❞❡① ♦❢ t❤❡ ❝❧♦❝❦ t✐❝❦✱ ❛♥❞ ❝❤

✐s ❛ t❛❣ ✇❡ ✇✐❧❧ ✉s❡ t♦ ❞✐st✐♥❣✉✐s❤ t❤❡ ❛❧♣❤❛❜❡ts ♦❢ ❞✐✛❡r❡♥t ❝♦♠♣♦♥❡♥ts✳ ❙✐♠✐❧❛r❧②✱ ❧❡t
Σh = R × (R ∪ {⊥}) × N × {h} ❛♥❞ Σout = R × R × B × R × N × {out}✳

❼ Sch = {(r1, r2, ...) ∈ Σ∗
ch | ri = (ini, changei, i, ch) ∧ change1 = ❢❛❧s❡ ∧ (i ≥ 2 =⇒

changei = ini−1 6= ini)} ✐s t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ change✳ ❙✐♠✐❧❛r❧②✱ Sh = {(r1, r2, ...) ∈ Σ∗
h |

ri = (outi, hi, i, h) ∧ (i ≥ 2 =⇒ hi = outi−1)} ❛♥❞

Sout =
{

(r1, r2, ...) ∈ Σ∗
out | ri = (ini, hi, changei, outi, i, out) ∧

outi =

{

ini ✐❢ ¬changei

hi ♦t❤❡r✇✐s❡

}

❼ Σ = {(rch, rh, rout) ∈ Σch × Σh × Σout | rch = (inch, change, i1, ch) ∧ rh = (outh, h, i2, h) ∧
rout = (inout, hout, chout, out, i3, out) | i1 = i2 = i3} ✐s t❤❡ s②st❡♠ ❛❧♣❤❛❜❡t ✭✇❤❡r❡ ❛❧❧
❝♦♠♣♦♥❡♥ts r❡❛❝t s②♥❝❤r♦♥♦✉s❧②✮✳

❼ B = {(r1, r2, ...) ∈ Σ∗∪Σω | ∀i : ri =
(

(inch
i , changei, i1, ch), (outhi , hi, i2, h)✱ (inout

i , hout
i , chout

i , outi, i3, out)
)

∧
inch

i = inout
i ∧ changei = chout

i ∧ outhi = outi ∧ hi = hout
i } ✐s t❤❡ s❡t ♦❢ ♣♦ss✐❜❧❡ ❜❡❤❛✈✐♦rs✱

♠❡❛♥✐♥❣ t❤❛t ❝♦♥♥❡❝t❡❞ ✢♦✇s ❛r❡ ❡q✉❛❧✳

❘❘ ♥➦ ✽✸✼✽



❆ ●❡♥❡r❛❧ ❚r❛❝❡✲❇❛s❡❞ ❋r❛♠❡✇♦r❦ ♦❢ ▲♦❣✐❝❛❧ ❈❛✉s❛❧✐t② ✶✷

❼ ρ =
{(

(·, ·, i, in), (·, ·, i, ch)
)

,
(

(·, ·, i, in), (·, ·, i, out)
)

,
(

(·, ·, i, ch), (·, ·, i, out)
)

,
(

(·, ·, i, h), (·, ·, i, out)
)

,
(

(·, ·, i, out), (·, ·, i + 1, h)
)

| i ≥ 1
}

♠♦❞❡❧s t❤❡ ❞❛t❛ ❞❡♣❡♥❞❡♥❝✐❡s✳

❼ P = {(r1, r2, ...) ∈ B | ∀i : ri =
(

..., (..., outi, ...)
)

∧ outi = outi+1 ∨ outi+1 = outi+2} ✐s t❤❡
st❛❜✐❧✐t② ♣r♦♣❡rt②✱ ♠❡❛♥✐♥❣ t❤❛t t❤❡r❡ ❛r❡ ♥♦ t✇♦ ❝♦♥s❡❝✉t✐✈❡ ❝❤❛♥❣❡s ✐♥ ♦✉t♣✉t✳

❋✐❣✉r❡ ✹ s❤♦✇s ❢♦✉r ❧♦❣s ♦❢ ❢❛✉❧t② ❡①❡❝✉t✐♦♥s ✭✇❤❡r❡ ❝♦♥♥❡❝t❡❞ s✐❣♥❛❧s ♦♥❧② ❛♣♣❡❛r ♦♥❝❡✱ ❛♥❞
t❤❡ t✐❝❦ ♥✉♠❜❡r ❛♥❞ ✐❞❡♥t✐t② t❛❣s ❛r❡ ♦♠✐tt❡❞✮✳

in ✵ ✵ ✶ ✷
change ❢❛❧s❡ ❢❛❧s❡ ❢❛❧s❡ ❢❛❧s❡

h ⊥ ✵ ✲✶ ✲✸
out ✵ ✵ ✶ ✷

✭❛✮ ~tr1✿ ❡❛r❧② ♣r❡❡♠♣t✐♦♥✳

in ✵ ✵ ✵ ✵
change ❢❛❧s❡ ❢❛❧s❡ tr✉❡ tr✉❡

h ⊥ ✵ ✲✶ ✶
out ✵ ✵ ✲✶ ✶

✭❜✮ ~tr2✿ ❥♦✐♥t ❝❛✉s❛t✐♦♥✳

❋✐❣✉r❡ ✹✿ ❚✇♦ ❧♦❣s ♦❢ ❢❛✉❧t② ❡①❡❝✉t✐♦♥s✳

❈♦♥s✐❞❡r ❋✐❣✉r❡ ✹❛✳ ❚✇♦ ❝♦♠♣♦♥❡♥ts ✈✐♦❧❛t❡ t❤❡✐r s♣❡❝✐✜❝❛t✐♦♥s ✭✐♥❝♦rr❡❝t ✈❛❧✉❡s ❛r❡ ✉♥❞❡r✲
❧✐♥❡❞✮✿ change ❛♥❞ h✱ ❜♦t❤ ❛t t❤❡ t❤✐r❞ ✐♥st❛♥t✳ ❚❤❡ st❛❜✐❧✐t② ♣r♦♣❡rt② P ✐s ✈✐♦❧❛t❡❞ ❛t t❤❡ ❢♦✉rt❤
♦✉t♣✉t✳ ▲❡t ✉s ❛♣♣❧② ♦✉r ❞❡✜♥✐t✐♦♥s t♦ ❛♥❛❧②③❡ ❝❛✉s❛❧✐t② ♦❢ ❡❛❝❤ ♦❢ t❤❡ t✇♦ ❢❛✉❧t② ❝♦♠♣♦♥❡♥ts✳

✶✳ ■♥ ♦r❞❡r t♦ ❝❤❡❝❦ ✇❤❡t❤❡r change ✐s ❛ ♥❡❝❡ss❛r② ❝❛✉s❡✱ ✇❡ ✜rst ❝♦♠♣✉t❡ t❤❡ ❝♦♥❡ s♣❛♥♥❡❞ ❜②

t❤❡ ✈✐♦❧❛t✐♦♥ ❜② change ❛s C( ~tr1, {change}) = (3, 5, 3)✳ ❚❤✉s✱ t❤❡ ♣r❡✜①❡s ♦❢ t❤❡ ❝♦♠♣♦♥❡♥t
tr❛❝❡s ❜❡❢♦r❡ ❡♥t❡r✐♥❣ t❤❡ ❝♦♥❡ ❛r❡ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✺❛✳ ◆❡①t ✇❡ ❝♦♠♣✉t❡ t❤❡ s❡t ♦❢
❝♦✉♥t❡r❢❛❝t✉❛❧s✱ ❛❝❝♦r❞✐♥❣ t♦ ❉❡✜♥✐t✐♦♥ ✺✱ ❛s ( ~tr′)↑✱ ✇❤❡r❡ ~tr′ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✺❜✳ P ✐s
st✐❧❧ ✈✐♦❧❛t❡❞ ❜② t❤❡ ✭✉♥✐q✉❡✮ ❝♦✉♥t❡r❢❛❝t✉❛❧ tr❛❝❡✱ ❤❡♥❝❡ change ✐s ♥♦t ❛ ♥❡❝❡ss❛r② ❝❛✉s❡✳

in ✵ ✵ ✶ ✷
change ❢❛❧s❡ ❢❛❧s❡

h ⊥ ✵ ✲✶ ✲✸
out ✵ ✵

✭❛✮ ~tr1 ❛❢t❡r r❡♠♦✈✐♥❣ C( ~tr1, {change})✳

in ✵ ✵ ✶ ✷
change ❢❛❧s❡ ❢❛❧s❡ tr✉❡ tr✉❡

h ⊥ ✵ ✲✶ ✲✸
out ✵ ✵ ✲✶ ✲✸

✭❜✮ ~tr′ s✉❝❤ t❤❛t ( ~tr′)↑ = σ( ~tr1, ~C, ~S)

❋✐❣✉r❡ ✺✿ ❈♦♠♣✉t✐♥❣ ♥❡❝❡ss❛r② ❝❛✉s❛❧✐t② ♦❢ change ❢♦r t❤❡ ✈✐♦❧❛t✐♦♥ ♦❢ P ✐♥ ~tr1✳

❲❡ ❝❛♥ s❤♦✇✱ ✉s✐♥❣ t❤❡ s❛♠❡ ❝♦♥str✉❝t✐♦♥✱ t❤❛t h ✐s ❛ s✉✣❝✐❡♥t ❝❛✉s❡ ❢♦r t❤❡ ✈✐♦❧❛t✐♦♥ ♦❢
P✳

❘❘ ♥➦ ✽✸✼✽



❆ ●❡♥❡r❛❧ ❚r❛❝❡✲❇❛s❡❞ ❋r❛♠❡✇♦r❦ ♦❢ ▲♦❣✐❝❛❧ ❈❛✉s❛❧✐t② ✶✸

✷✳ ■♥ ♦r❞❡r t♦ ❝❤❡❝❦ ✇❤❡t❤❡r change ✐s ❛ s✉✣❝✐❡♥t ❝❛✉s❡✱ ✇❡ ✜rst ❝♦♠♣✉t❡ t❤❡ ❝♦♥❡ s♣❛♥♥❡❞

❜② t❤❡ ✈✐♦❧❛t✐♦♥ ❜② h ❛s C( ~tr1, {h}) = (5, 3, 3)✳ ❚❤❛t ✐s✱ t❤❡ ❝♦♥❡ ❡♥❝♦♠♣❛ss❡s t❤❡ ❧❛st t✇♦
✈❛❧✉❡s ♦❢ h ❛♥❞ out✳ ❉✉❡ t♦ change ❜❡✐♥❣ ✭✐♥❝♦rr❡❝t❧②✮ ❢❛❧s❡✱ t❤❡ ♦♥❧② ♣♦ss✐❜❧❡ ❝♦✉♥t❡r❢❛❝t✉❛❧

tr❛❝❡ ❛❝❝♦r❞✐♥❣ t♦ ❉❡✜♥✐t✐♦♥ ✺ ✐s σ( ~tr1, ~C, ~S) = (trchange, tr
′
h, trout)

↑ ✇❤❡r❡ trchange ✐s ❛s

♦❜s❡r✈❡❞ ✐♥ ~tr2✱ tr′h = (⊥, 0, 0, 1)✱ ❛♥❞ tr′out = (0, 0, 1, 2)✳ P ✐s st✐❧❧ ✈✐♦❧❛t❡❞ ❜② t❤❡ ✉♥✐q✉❡
❝♦✉♥t❡r❢❛❝t✉❛❧ tr❛❝❡✱ ❤❡♥❝❡ change ✐s ❛ s✉✣❝✐❡♥t ❝❛✉s❡✳

❲❡ ❝❛♥ s❤♦✇✱ ✉s✐♥❣ t❤❡ s❛♠❡ ❝♦♥str✉❝t✐♦♥✱ t❤❛t h ✐s ♥♦t ❛ ♥❡❝❡ss❛r② ❝❛✉s❡ ❢♦r t❤❡ ✈✐♦❧❛t✐♦♥
♦❢ P✳

❚❤❡ ❡①❛♠♣❧❡ ♦❢ ❧♦❣ ~tr1 s❤♦✇s t✇♦ ♣❤❡♥♦♠❡♥❛ ❝❛❧❧❡❞ ♦✈❡r✲❞❡t❡r♠✐♥❛t✐♦♥ ✭t❤❡r❡ ❛r❡ t✇♦ s✉❢✲
✜❝✐❡♥t ❝❛✉s❡s✱ ♦♥❡ ♦❢ ✇❤✐❝❤ ✇♦✉❧❞ ❤❛✈❡ s✉✣❝❡❞ t♦ ✈✐♦❧❛t❡ P✮ ❛♥❞ ❡❛r❧② ♣r❡❡♠♣t✐♦♥✿ t❤❡ ❝❛✉s❛❧
❝❤❛✐♥ ❢r♦♠ t❤❡ ✈✐♦❧❛t✐♦♥ ♦❢ Sh t♦ t❤❡ ✈✐♦❧❛t✐♦♥ ♦❢ P ✐s ✐♥t❡rr✉♣t❡❞ ❜② t❤❡ ❝❛✉s❛❧ ❝❤❛✐♥ ❢r♦♠ t❤❡
✈✐♦❧❛t✐♦♥ ♦❢ Schange t♦ t❤❡ ✈✐♦❧❛t✐♦♥ ♦❢ P✱ s✐♥❝❡ ❞✉❡ t♦ change ❜❡✐♥❣ ❢❛❧s❡✱ t❤❡ ✐♥❝♦rr❡❝t ✈❛❧✉❡ ♦❢

h ✐s ❞✐s❝❛r❞❡❞ ✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ out ✐♥ ❧♦❣ ~tr1✳
❋✐❣✉r❡ ✹❜ s❤♦✇s ❛ ❝❛s❡ ♦❢ ❥♦✐♥t ❝❛✉s❛t✐♦♥✿ ❜♦t❤ change ❛♥❞ h ❛r❡ ♥❡❝❡ss❛r② ❝❛✉s❡s ❢♦r t❤❡

✈✐♦❧❛t✐♦♥ ♦❢ P ✐♥ ~tr2✱ ❜✉t ♥♦♥❡ ♦❢ t❤❡♠ ❛❧♦♥❡ ✐s ❛ s✉✣❝✐❡♥t ❝❛✉s❡✳

✻ ❘❡❧❛t❡❞ ❲♦r❦

❈❛✉s❛❧✐t② ❤❛s ❜❡❡♥ st✉❞✐❡❞ ❢♦r ❛ ❧♦♥❣ t✐♠❡ ✐♥ ❞✐✛❡r❡♥t ❞✐s❝✐♣❧✐♥❡s ✭♣❤✐❧♦s♦♣❤②✱ ♠❛t❤❡♠❛t✐❝❛❧
❧♦❣✐❝✱ ♣❤②s✐❝s✱ ❧❛✇✱ ❡t❝✳✮ ❜❡❢♦r❡ r❡❝❡✐✈✐♥❣ ❛♥ ✐♥❝r❡❛s✐♥❣ ❛tt❡♥t✐♦♥ ✐♥ ❝♦♠♣✉t❡r s❝✐❡♥❝❡ ❞✉r✐♥❣ t❤❡
❧❛st ❞❡❝❛❞❡✳ ❍✉♠❡ ❞✐s❝✉ss❡s ❞❡✜♥✐t✐♦♥s ♦❢ ❝❛✉s❛❧✐t② ✐♥ ❬✶✸❪✿

❙✉✐t❛❜❧② t♦ t❤✐s ❡①♣❡r✐❡♥❝❡✱ t❤❡r❡❢♦r❡✱ ✇❡ ♠❛② ❞❡✜♥❡ ❛ ❝❛✉s❡ t♦ ❜❡ ❛♥ ♦❜❥❡❝t✱ ❢♦❧❧♦✇❡❞
❜② ❛♥♦t❤❡r✱ ❛♥❞ ✇❤❡r❡ ❛❧❧ t❤❡ ♦❜❥❡❝ts s✐♠✐❧❛r t♦ t❤❡ ✜rst ❛r❡ ❢♦❧❧♦✇❡❞ ❜② ♦❜❥❡❝ts s✐♠✐❧❛r
t♦ t❤❡ s❡❝♦♥❞✳ ❖r ✐♥ ♦t❤❡r ✇♦r❞s ✇❤❡r❡✱ ✐❢ t❤❡ ✜rst ♦❜❥❡❝t ❤❛❞ ♥♦t ❜❡❡♥✱ t❤❡ s❡❝♦♥❞
♥❡✈❡r ❤❛❞ ❡①✐st❡❞✳

■♥ ❝♦♠♣✉t❡r s❝✐❡♥❝❡✱ ✈❛r✐♦✉s ❛♣♣r♦❛❝❤❡s t♦ ❝❛✉s❛❧✐t② ❛♥❛❧②s✐s ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ r❡❝❡♥t❧②✳
❚❤❡② ❞✐✛❡r ✐♥ t❤❡✐r ❛ss✉♠♣t✐♦♥s ♦♥ ✇❤❛t ♣✐❡❝❡s ♦❢ ✐♥❢♦r♠❛t✐♦♥ ❛r❡ ❛✈❛✐❧❛❜❧❡ ❢♦r ❝❛✉s❛❧✐t② ❛♥❛❧②s✐s✿
❛ ♠♦❞❡❧ ♦❢ ❝❛✉s❛❧ ❞❡♣❡♥❞❡♥❝✐❡s✱ ❛ ♣r♦❣r❛♠ ❛s ❛ ❜❧❛❝❦✲❜♦① t❤❛t ❝❛♥ ❜❡ ✉s❡❞ t♦ r❡♣❧❛② ❞✐✛❡r❡♥t
s❝❡♥❛r✐♦s✱ t❤❡ ♦❜s❡r✈❡❞ ❛❝t✉❛❧ ❜❡❤❛✈✐♦r ✭❡✳❣✳ ❡①❡❝✉t✐♦♥ tr❛❝❡s✱ ♦r ✐♥♣✉ts ❛♥❞ ♦✉t♣✉ts✮✱ ❛♥❞✴♦r
t❤❡ ❡①♣❡❝t❡❞ ❜❡❤❛✈✐♦r ✭t❤❛t ✐s✱ ❝♦♠♣♦♥❡♥t s♣❡❝✐✜❝❛t✐♦♥s✮✳ ❊①✐st✐♥❣ ❢r❛♠❡✇♦r❦s ❝♦♥s✐❞❡r ❞✐✛❡r❡♥t
s✉❜s❡ts ♦❢ t❤❡s❡ ❡♥t✐t✐❡s✳ ❲❡ ❝✐t❡ t❤❡ ♠♦st s✐❣♥✐✜❝❛♥t s❡tt✐♥❣s ❛♥❞ ❛♣♣r♦❛❝❤❡s ❢♦r t❤❡s❡ s❡tt✐♥❣s✳

❆ s♣❡❝✐✜❝❛t✐♦♥ ❛♥❞ ❛♥ ♦❜s❡r✈❛t✐♦♥✳ ■♥ t❤❡ ♣r❡❧✐♠✐♥❛r② ✇♦r❦ ♦❢ ❬✽❪✱ ❝❛✉s❛❧✐t② ♦❢ ❝♦♠♣♦♥❡♥ts
❢♦r t❤❡ ✈✐♦❧❛t✐♦♥ ♦❢ ❛ s②st❡♠✲❧❡✈❡❧ ♣r♦♣❡rt② ✉♥❞❡r t❤❡ ❇■P ✐♥t❡r❛❝t✐♦♥ ♠♦❞❡❧ ❬✾✱ ✷❪ ❤❛s ❜❡❡♥ ❞❡✜♥❡❞
✉s✐♥❣ ❛ r✉❞✐♠❡♥t❛r② ❞❡✜♥✐t✐♦♥ ♦❢ ❝♦✉♥t❡r❢❛❝t✉❛❧s ✇❤❡r❡ ♦♥❧② ❢❛✉❧t② tr❛❝❡s ❛r❡ s✉❜st✐t✉t❡❞ ❜✉t
♥♦t t❤❡ ♣❛rts ♦❢ ♦t❤❡r ❝♦♠♣♦♥❡♥t tr❛❝❡s ✐♠♣❛❝t❡❞ ❜② t❤❡ ❢♦r♠❡r✳ ❚❤✐s ❞❡✜♥✐t✐♦♥ s✉✛❡r❡❞ ❢r♦♠
t❤❡ ❝♦♥❞✐t✐♦♥s ❢♦r ❝❛✉s❛❧✐t② ❜❡✐♥❣ tr✉❡ ❜② ✈❛❝✉✐t② ✇❤❡♥ ♥♦ ❝♦♥s✐st❡♥t ❝♦✉♥t❡r❢❛❝t✉❛❧s ❡①✐st✳ ❆
s✐♠✐❧❛r ❛♣♣r♦❛❝❤ ✐s ✉s❡❞ ✐♥ ❬✷✷❪ ❢♦r ❝❛✉s❛❧✐t② ❛♥❛❧②s✐s ✐♥ r❡❛❧✲t✐♠❡ s②st❡♠s✳

❲✐t❤ ❛ s✐♠✐❧❛r ❛✐♠ ♦❢ ✐♥❞❡♣❡♥❞❡♥❝❡ ❢r♦♠ ❛ s♣❡❝✐✜❝ ♠♦❞❡❧ ♦❢ ❝♦♠♣✉t❛t✐♦♥ ❛s ✐♥ ♦✉r ✇♦r❦✱
❬✷✶❪ ❢♦r♠❛❧✐③❡s ❛ t❤❡♦r② ♦❢ ❞✐❛❣♥♦s✐s ✐♥ ✜rst✲♦r❞❡r ❧♦❣✐❝✳ ❆ ❞✐❛❣♥♦s✐s ❢♦r ❛♥ ♦❜s❡r✈❡❞ ✐♥❝♦rr❡❝t
❜❡❤❛✈✐♦r ✐s ❡ss❡♥t✐❛❧❧② ❞❡✜♥❡❞ ❛s ❛ ♠✐♥✐♠❛❧ s❡t ♦❢ ❝♦♠♣♦♥❡♥ts ❢♦r♠✐♥❣ ❛ s✉✣❝✐❡♥t ❝❛✉s❡✳

❆ ❝❛✉s❛❧ ♠♦❞❡❧✳ ❬✶✷❪ ♣r♦♣♦s❡s ✇❤❛t ❤❛s ❜❡❝♦♠❡ t❤❡ ♠♦st ✐♥✢✉❡♥t✐❛❧ ❞❡✜♥✐t✐♦♥ ♦❢ ❝❛✉s❛❧✐t②
❢♦r ❝♦♠♣✉t❡r s❝✐❡♥❝❡ s♦ ❢❛r✱ ❜❛s❡❞ ♦♥ ❛ ♠♦❞❡❧ ♦✈❡r ❛ s❡t ♦❢ ♣r♦♣♦s✐t✐♦♥❛❧ ✈❛r✐❛❜❧❡s ♣❛rt✐t✐♦♥❡❞
✐♥t♦ ❡①♦❣❡♥♦✉s ✈❛r✐❛❜❧❡s U ❛♥❞ ❡♥❞♦❣❡♥♦✉s ✈❛r✐❛❜❧❡s V✳ ❆ ❢✉♥❝t✐♦♥ FX ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❡❛❝❤

❘❘ ♥➦ ✽✸✼✽



❆ ●❡♥❡r❛❧ ❚r❛❝❡✲❇❛s❡❞ ❋r❛♠❡✇♦r❦ ♦❢ ▲♦❣✐❝❛❧ ❈❛✉s❛❧✐t② ✶✹

✈❛r✐❛❜❧❡ X ∈ V ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡s t❤❡ ✈❛❧✉❡ ♦❢ X ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✈❛❧✉❡ ♦❢ ❛❧❧ ✈❛r✐❛❜❧❡s ✐♥
(U ∪ V) \ {X}✳ ❚❤❡s❡ ❢✉♥❝t✐♦♥s ❞❡✜♥❡ ❛ s❡t ♦❢ str✉❝t✉r❛❧ ❡q✉❛t✐♦♥s r❡❧❛t✐♥❣ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡
✈❛r✐❛❜❧❡s✳ ❚❤❡ ❡q✉❛t✐♦♥s ❛r❡ r❡q✉✐r❡❞ t♦ ❜❡ r❡❝✉rs✐✈❡✱ t❤❛t ✐s✱ t❤❡ ❞❡♣❡♥❞❡♥❝✐❡s ❢♦r♠ ❛♥ ❛❝②❝❧✐❝
❣r❛♣❤ ✇❤♦s❡ ♥♦❞❡s ❛r❡ t❤❡ ✈❛r✐❛❜❧❡s✳ ❚❤❡ ♦❜s❡r✈❡❞ ✈❛❧✉❡s ♦❢ ❛ s❡t X ♦❢ ✈❛r✐❛❜❧❡s ✐s ❛♥ ❛❝t✉❛❧
❝❛✉s❡ ❢♦r ❛♥ ♦❜s❡r✈❡❞ ♣r♦♣❡rt② ϕ ✐❢ ✇✐t❤ ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ X✱ ϕ ✇♦✉❧❞ ♥♦t ❤♦❧❞✱ ❛♥❞ t❤❡r❡ ❡①✐sts
❛ ❝♦♥t❡①t ✭❛ ❝♦♥t✐♥❣❡♥❝②✮ ✐♥ ✇❤✐❝❤ t❤❡ ♦❜s❡r✈❡❞ ✈❛❧✉❡s ♦❢ X ❡♥t❛✐❧ ϕ✳ ❲✐t❤ t❤❡ ♦❜❥❡❝t✐✈❡ ♦❢
❜❡tt❡r r❡♣r❡s❡♥t✐♥❣ ❝❛✉s❛❧✐t② ✐♥ ♣r♦❝❡ss❡s ❡✈♦❧✈✐♥❣ ♦✈❡r t✐♠❡✱ ❈P✲❧♦❣✐❝ ❞❡✜♥❡s ❛❝t✉❛❧ ❝❛✉s❛t✐♦♥
❜❛s❡❞ ♦♥ ♣r♦❜❛❜✐❧✐t② tr❡❡s ❬✸❪✳

■♥ ❬✶✹❪✱ ❢❛✉❧t ❧♦❝❛❧✐③❛t✐♦♥ ❛♥❞ r❡♣❛✐r ✐♥ ❛ ❝✐r❝✉✐t ✇✐t❤ r❡s♣❡❝t t♦ ❛♥ ▲❚▲ ♣r♦♣❡rt② ❛r❡ ❢♦r♠✉❧❛t❡❞
❛s ❛ ❣❛♠❡ ❜❡t✇❡❡♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t ❝❤♦♦s✐♥❣ ✐♥♣✉ts ❛♥❞ t❤❡ s②st❡♠ ❝❤♦♦s✐♥❣ ❛ ✜① ❢♦r ❛ ❢❛✉❧t②
❝♦♠♣♦♥❡♥t✳

❆ ♠♦❞❡❧ ❛♥❞ ❛ tr❛❝❡✳ ■♥ s❡✈❡r❛❧ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ ❍❛❧♣❡r♥ ❛♥❞ P❡❛r❧✬s ❙❊▼✱ t❤❡ ♠♦❞❡❧ ✐s ✉s❡❞
t♦ ❡♥❝♦❞❡ ❛♥❞ ❛♥❛❧②③❡ ♦♥❡ ♦r ♠♦r❡ ❡①❡❝✉t✐♦♥ tr❛❝❡s✱ r❛t❤❡r t❤❛♥ ❛ ❜❡❤❛✈✐♦r❛❧ ♠♦❞❡❧✳

❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛❝t✉❛❧ ❝❛✉s❡ ❢r♦♠ ❬✶✷❪ ✐s ✉s❡❞ ✐♥ ❬✹❪ t♦ ❞❡t❡r♠✐♥❡ ♣♦t❡♥t✐❛❧ ❝❛✉s❡s ❢♦r t❤❡ ✜rst
✈✐♦❧❛t✐♦♥ ♦❢ ❛♥ ▲❚▲ ❢♦r♠✉❧❛ ❜② ❛ tr❛❝❡✳ ❆s ❬✶✷❪ ♦♥❧② ❝♦♥s✐❞❡rs ❛ ♣r♦♣♦s✐t✐♦♥❛❧ s❡tt✐♥❣ ✇✐t❤♦✉t
❛♥② t❡♠♣♦r❛❧ ❝♦♥♥❡❝t♦rs✱ t❤❡ tr❛❝❡ ✐s ♠♦❞❡❧❡❞ ❛s ❛ ♠❛tr✐① ♦❢ ♣r♦♣♦s✐t✐♦♥❛❧ ✈❛r✐❛❜❧❡s✳ ■♥ ♦r❞❡r
t♦ ♠❛❦❡ t❤❡ ❛♣♣r♦❛❝❤ ❢❡❛s✐❜❧❡ ✐♥ ♣r❛❝t✐❝❡✱ ❛♥ ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥ ✐s ♣r♦♣♦s❡❞✳ ■♥ t❤✐s ❛♣♣r♦❛❝❤✱
t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ▲❚▲ ❢♦r♠✉❧❛ ✐s ✉s❡❞ ❛s ❛ ♠♦❞❡❧ t♦ ❞❡t❡r♠✐♥❡ ✇❤✐❝❤ ❡✈❡♥ts ♠❛② ❤❛✈❡ ❝❛✉s❡❞
t❤❡ ✈✐♦❧❛t✐♦♥ ♦❢ t❤❡ ♣r♦♣❡rt②✳

●✐✈❡♥ ❛ ❝♦✉♥t❡r✲❡①❛♠♣❧❡ ✐♥ ♠♦❞❡❧✲❝❤❡❝❦✐♥❣✱ ❬✶✵❪ ✉s❡s ❛ ❞✐st❛♥❝❡ ♠❡tr✐❝ t♦ ❞❡t❡r♠✐♥❡ ❛ ❝❛✉s❡
♦❢ t❤❡ ♣r♦♣❡rt② ✈✐♦❧❛t✐♦♥ ❛s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❡rr♦r tr❛❝❡ ❛♥❞ ❛ ❝❧♦s❡st ❝♦rr❡❝t tr❛❝❡✳

❆♥ ❛♣♣r♦❛❝❤ t♦ ❢❛✉❧t ❧♦❝❛❧✐③❛t✐♦♥ ✐♥ ❛ s❡q✉❡♥t✐❛❧ ❝✐r❝✉✐t ✇✐t❤ r❡s♣❡❝t t♦ ❛ s❛❢❡t② s♣❡❝✐✜❝❛t✐♦♥
✐♥ ▲❚▲ ✐s ♣r❡s❡♥t❡❞ ✐♥ ❬✻❪✿ ❣✐✈❡♥ ❛ ❝♦✉♥t❡r✲❡①❛♠♣❧❡ tr❛❝❡✱ ❛ ♣r♦♣♦s✐t✐♦♥❛❧ ❢♦r♠✉❧❛ ✐s ❣❡♥❡r❛t❡❞
t❤❛t ❤♦❧❞s ✐❢ ❛ ❞✐✛❡r❡♥t ❜❡❤❛✈✐♦r ♦❢ ❛ s✉❜s❡t ♦❢ ❣❛t❡s ❡♥t❛✐❧s t❤❡ s❛t✐s❢❛❝t✐♦♥ ♦❢ t❤❡ s♣❡❝✐✜❝❛t✐♦♥✳

❆ s❡t ♦❢ tr❛❝❡s✳ ❬✶✺❪ ❡①t❡♥❞s t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛❝t✉❛❧ ❝❛✉s❛❧✐t② ♦❢ ❬✶✷❪ t♦ t♦t❛❧❧② ♦r❞❡r❡❞ s❡✲
q✉❡♥❝❡s ♦❢ ❡✈❡♥ts✱ ❛♥❞ ✉s❡s t❤✐s ❞❡✜♥✐t✐♦♥ t♦ ❝♦♥str✉❝t ❢r♦♠ ❛ s❡t ♦❢ tr❛❝❡s ❛ ❢❛✉❧t tr❡❡✳ ❯s✐♥❣ ❛
♣r♦❜❛❜✐❧✐st✐❝ ♠♦❞❡❧✱ t❤❡ ❢❛✉❧t tr❡❡ ✐s ❛♥♥♦t❛t❡❞ ✇✐t❤ ♣r♦❜❛❜✐❧✐t✐❡s✳ ❚❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❞✐❛❣♥♦s✲
t✐❝ ❞❡♣❡♥❞s ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ s✐❣♥❛❧s ✉s❡❞ t♦ ❝♦♥str✉❝t t❤❡ ♠♦❞❡❧✳ ❆♥ ❛♣♣r♦❛❝❤ ❢♦r ♦♥✲t❤❡✲✢②
❝❛✉s❛❧✐t② ❝❤❡❝❦✐♥❣ ✐s ♣r❡s❡♥t❡❞ ✐♥ ❬✶✾❪✳

❆♥ ✐♥♣✉t ❛♥❞ ❛ ❜❧❛❝❦ ❜♦①✳ ❉❡❧t❛ ❞❡❜✉❣❣✐♥❣ ❬✷✹❪ ✐s ❛♥ ❡✣❝✐❡♥t t❡❝❤♥✐q✉❡ ❢♦r ❛✉t♦♠❛t✐❝❛❧❧②
✐s♦❧❛t✐♥❣ ❛ ❝❛✉s❡ ♦❢ s♦♠❡ ❡rr♦r✳ ❙t❛rt✐♥❣ ❢r♦♠ ❛ ❢❛✐❧✐♥❣ ✐♥♣✉t ❛♥❞ ❛ ♣❛ss✐♥❣ ✐♥♣✉t✱ ❞❡❧t❛ ❞❡❜✉❣❣✐♥❣
✜♥❞s ❛ ♣❛✐r ♦❢ ❛ ❢❛✐❧✐♥❣ ❛♥❞ ❛ ♣❛ss✐♥❣ ✐♥♣✉t ✇✐t❤ ♠✐♥✐♠❛❧ ❞✐st❛♥❝❡✳ ❚❤❡ ❛♣♣r♦❛❝❤ ✐s s②♥t❛❝t✐❝❛❧
❛♥❞ ❤❛s ❜❡❡♥ ❛♣♣❧✐❡❞ t♦ ♣r♦❣r❛♠ ❝♦❞❡✱ ❝♦♥✜❣✉r❛t✐♦♥ ✜❧❡s✱ ❛♥❞ ❝♦♥t❡①t s✇✐t❝❤✐♥❣ ✐♥ s❝❤❡❞✉❧❡s✳
❇② ❛♣♣❧②✐♥❣ ❞❡❧t❛ ❞❡❜✉❣❣✐♥❣ t♦ ♣r♦❣r❛♠ st❛t❡s r❡♣r❡s❡♥t❡❞ ❛s ♠❡♠♦r② ❣r❛♣❤s✱ ❛♥❛❧②s✐s ❤❛s ❜❡❡♥
❢✉rt❤❡r r❡✜♥❡❞ t♦ ♣r♦❣r❛♠ s❡♠❛♥t✐❝s✳ ❉❡❧t❛ ❞❡❜✉❣❣✐♥❣ ✐s♦❧❛t❡s ❢❛✐❧✉r❡✲✐♥❞✉❝✐♥❣ ❝❛✉s❡s ✐♥ t❤❡
✐♥♣✉t ♦❢ ❛ ♣r♦❣r❛♠✱ ❛♥❞ t❤✉s r❡q✉✐r❡s t❤❡ ♣r♦❣r❛♠ t♦ ❜❡ ❛✈❛✐❧❛❜❧❡✳

✼ ❈♦♥❝❧✉s✐♦♥

❲❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ ❛ ❣❡♥❡r❛❧ ❛♣♣r♦❛❝❤ ❢♦r ❝❛✉s❛❧✐t② ❛♥❛❧②s✐s ♦❢ s②st❡♠ ❢❛✐❧✉r❡s ❜❛s❡❞ ♦♥ ❝♦♠♣♦✲
♥❡♥t s♣❡❝✐✜❝❛t✐♦♥s ❛♥❞ ♦❜s❡r✈❡❞ ❝♦♠♣♦♥❡♥t tr❛❝❡s✳ ❆♣♣❧✐❝❛t✐♦♥s ✐♥❝❧✉❞❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ ❢❛✉❧t②
❝♦♠♣♦♥❡♥ts ✐♥ ❜❧❛❝❦✲❜♦① t❡st✐♥❣✱ r❡❝♦✈❡r② ♦❢ ❝r✐t✐❝❛❧ s②st❡♠s ❛t r✉♥t✐♠❡✱ ❛♥❞ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢
t❤❡ ❧✐❛❜✐❧✐t② ♦❢ ❝♦♠♣♦♥❡♥t ♣r♦✈✐❞❡rs ✐♥ t❤❡ ❛❢t❡r♠❛t❤ ♦❢ ❛ s②st❡♠ ❢❛✐❧✉r❡✳

❚❤✐s ❛rt✐❝❧❡ ♦♣❡♥s ❛ ♥✉♠❜❡r ♦❢ ❞✐r❡❝t✐♦♥s ❢♦r ❢✉t✉r❡ ✇♦r❦✳ ❋✐rst ♦❢ ❛❧❧✱ ✇❡ ✇✐❧❧ ✐♥st❛♥t✐❛t❡
❛♥❞ ✐♠♣❧❡♠❡♥t t❤❡ ❢r❛♠❡✇♦r❦ ❢♦r s♣❡❝✐✜❝ ♠♦❞❡❧s ♦❢ ❝♦♠♣✉t❛t✐♦♥ ❛♥❞ ❝♦♠♠✉♥✐❝❛t✐♦♥✱ s✉❝❤ ❛s

❘❘ ♥➦ ✽✸✼✽



❆ ●❡♥❡r❛❧ ❚r❛❝❡✲❇❛s❡❞ ❋r❛♠❡✇♦r❦ ♦❢ ▲♦❣✐❝❛❧ ❈❛✉s❛❧✐t② ✶✺

❚✐♠❡❞ ❆✉t♦♠❛t❛ ❬✶❪ ❛♥❞ ❢✉♥❝t✐♦♥❛❧ ♣r♦❣r❛♠s✳ ❚❤❡ t❛❣❣❡❞ s✐❣♥❛❧ ♠♦❞❡❧ ❬✶✽❪ ♣r♦✈✐❞❡s ❛ ❢♦r♠❛❧
❜❛s✐s ❢♦r r❡♣r❡s❡♥t✐♥❣ s✉❝❤ ♠♦❞❡❧s ✐♥ ♦✉r ❢r❛♠❡✇♦r❦✳ ■♥ ♦r❞❡r t♦ ♠❛❦❡ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ ❝❛✉s❛❧✐t②
❡✛❡❝t✐✈❡❧② ✈❡r✐✜❛❜❧❡✱ ✇❡ ✇✐❧❧ r❡❢♦r♠✉❧❛t❡ t❤❡♠ ❛s ♦♣❡r❛t✐♦♥s ♦♥ s②♠❜♦❧✐❝ ♠♦❞❡❧s✱ ❛♥❞ ✉s❡ ❡✣❝✐❡♥t
❞❛t❛ str✉❝t✉r❡s s✉❝❤ ❛s t❤❡ ❡✈❡♥t str✉❝t✉r❡s ✉s❡❞ ✐♥ ❬✺❪ ❢♦r ❞✐str✐❜✉t❡❞ ❞✐❛❣♥♦s✐s✳

❆t ❞❡s✐❣♥ t✐♠❡✱ t❤❡ ❝♦❞❡ ♦❢ t❤❡ ❝♦♠♣♦♥❡♥ts ❝❛♥ ❜❡ ✐♥str✉♠❡♥t❡❞ s♦ ❛s t♦ ❧♦❣ r❡❧❡✈❛♥t ✐♥❢♦r✲
♠❛t✐♦♥ ❢♦r ❛♥❛❧②③✐♥❣ ❝❛✉s❛❧✐t② ✇✐t❤ r❡s♣❡❝t t♦ ❛ s❡t ♦❢ ♣r♦♣❡rt✐❡s t♦ ❜❡ ♠♦♥✐t♦r❡❞✳ ❋♦r ✐♥st❛♥❝❡✱
♣r❡❝✐s❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ❛❝t✉❛❧ ✭♣❛rt✐❛❧✮ ♦r❞❡r ♦❢ ❡①❡❝✉t✐♦♥ ❝❛♥ ❜❡ ♣r❡s❡r✈❡❞ ❜② t❛❣❣✐♥❣ t❤❡
❧♦❣❣❡❞ ❡✈❡♥ts ✇✐t❤ ✈❡❝t♦r ❝❧♦❝❦s ❬✼✱ ✷✵❪✳ ●❡♥❡r❛❧❧② s♣❡❛❦✐♥❣✱ ❛♣♣r♦♣r✐❛t❡ ✐♥str✉♠❡♥t❛t✐♦♥ ♦❢ t❤❡
❝♦❞❡ ❡♥❛❜❧❡s ♠♦r❡ ♣r❡❝✐s❡ ❝❛✉s❛❧✐t② ❛♥❛❧②s✐s✳ ❲❡ ✐♥t❡♥❞ t♦ ❢✉rt❤❡r ✐♥✈❡st✐❣❛t❡ t❤✐s ❛s♣❡❝t ♦❢
❡♥s✉r✐♥❣ ❛❝❝♦✉♥t❛❜✐❧✐t② ❬✶✻❪ ❜② ❞❡s✐❣♥ ✐♥ ❢✉t✉r❡ ❢♦r❦✳

■♥ t❤✐s ♣❛♣❡r ✇❡ ❛ss✉♠❡ ♦♥❧② t❤❡ ❧♦❣s t♦ ❜❡ ❛✈❛✐❧❛❜❧❡✳ ❍♦✇❡✈❡r✱ ✐♥ s♦♠❡ s✐t✉❛t✐♦♥s s✉❝❤ ❛s
♣♦st✲♠♦rt❡♠ ❛♥❛❧②s✐s t❤❡ ✭❜❧❛❝❦✲❜♦①✮ ❝♦♠♣♦♥❡♥ts ♠❛② ❜❡ ❛✈❛✐❧❛❜❧❡✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ ❝♦✉♥t❡r❢❛❝t✉❛❧
s❝❡♥❛r✐♦s ❝♦✉❧❞ ❜❡ r❡♣❧❛②❡❞ ♦♥ t❤❡ s②st❡♠ t♦ ❡✈❛❧✉❛t❡ t❤❡✐r ♦✉t❝♦♠❡ ♠♦r❡ ♣r❡❝✐s❡❧②✳ ■♥ t❤❡ s❛♠❡
✈❡✐♥✱ ❛♥ ❛❧t❡r♥❛t✐✈❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❝♦♥tr♦❧ ♣❛rt ♦❢ ❛ ❝❧♦s❡❞✲❧♦♦♣ s②st❡♠s ✐s ❧✐❦❡❧② t♦ ✐♠♣❛❝t t❤❡
♣❤②s✐❝❛❧ ♣r♦❝❡ss✱ ❛s ✐♥ ♦✉r ❝r✉✐s❡ ❝♦♥tr♦❧ ❡①❛♠♣❧❡✿ ❛ ❝♦✉♥t❡r❢❛❝t✉❛❧ tr❛❝❡ ✇✐t❤ ❞✐✛❡r❡♥t ❜r❛❦❡ ♦r
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