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HOLDER CONTINUITY OF THE VALUE FUNCTION FOR
CONTROL-AFFINE SYSTEMS

DARIO PRANDIT#

Abstract We prove the continuity and we give a Holder estimate for the value function as-
sociated with the L! cost of the control-affine system ¢ = fo(q) + Z;":l u;j f;(q), satisfying the
strong Hormander condition. This is done by proving a result in the same spirit as the Ball-Box
theorem for driftless (or sub-Riemannian) systems. The techniques used are based on a reduction
of the control-affine system to a linear but time-dependent one, for which we are able to define a
generalization of the nilpotent approximation. Finally, we also prove the continuity of the value
function associated with the L' cost of time-dependent systems of the form ¢ = 2721 U; f;(q)

Key words: control-affine systems, time-dependent systems, sub-Riemannian geometry, value
function, Ball-Box theorem, nilpotent approximation.

2010 AMS subject classifications: 53C17, 93C15.

1. INTRODUCTION

A sub-Riemannian control system on a smooth manifold M is a control system in the form

(1) $(t) =D wilt) fi(x(1),  ae te[0,T),
i=1
where u : [0,7] — R™ is an integrable control function and {f1,..., fi.} is a family of smooth

vector fields satisfying the Hérmander condition, i.e., such that its iterated Lie brackets generate
the whole tangent space at any point. The length of a curve « solving (), is then defined as the

length(y) = min fOT |u| dt, where the minimum is taken over all the possible u(-) satisfying the
above ODE. Due to the linearity of the system w.r.t. u, this length will be independent of the
parametrization of . Finally, we define

dsr(q,q') = inf{length(y): 7 :[0,1] — M is a solution of (), v(0) = q and y(T) = ¢'}.

By the Hormander condition, dgg is a distance, called Carnot-Carathéodory distance, endowing
M with a natural metric space structure. A manifold considered together with a sub-Riemannian
control system is called a sub-Riemannian manifold.

Define A! = span{fi,..., fm} and ATl = A 4+ [AS Al] for every s € N. Under the
hypothesis that {f1,..., fm} is equiregular, i.e., that, for each s € N, the dimension of A%(q)
is independent of ¢ € M, the Hormander condition implies that there exists a (minimal) r € N
such that A"(q) = ToM for all ¢ € M. Such r is called the degree of non-holonomy of the
sub-Riemannian control system.
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A fundamental result in the theory of sub-Riemannian manifolds is the celebrated Ball-Box
theorem (see for example [8]). This theorem gives a rough description of the infinitesimal shape
of the sub-Riemannian balls. Namely, at any point g of an equiregular sub-Riemannian manifold,
the sub-Riemannian ball of small radius ¢ is equivalent, in privileged coordinates, to the box

[—e,e] X ... x [—ge] x ..o x [, e’ x ..o x [—ef e’ x Lo x el e x L x [—eTL e

dim A1 dim As—dim As—1 dim A" —dim A7—1
By this we mean that, for some constant C' > 0, the sub-Riemannian ball is contained in a box
of side Ce, and contains a box of side ¢/C.
This fact has a plethora of applications. First, it allows to prove a Holder regularity estimate

with respect to the Euclidean distance in coordinates, namely that, for ¢’ sufficiently close to ¢,
it holds

(2) | < dsr(g,q) S a7
Here we use “<” to denote an inequality up to a multiplicative constant, independent of ¢’. Then,
among many others, it is a fundamental step in the computation of the Hausdorff dimension of
the manifold (see [21]), and it is used to obtain asymptotic estimates on the heat kernel (see e.g.,
[23, 20 14, 2]). Moreover, it is the main tool in computing the asymptotic equivalents of the
entropy and the complexity of curves (see e.g., [18] 19} 22 15l 16]).

In this paper, we focus on a very important generalization of the control system (II), namely

on control-affine systems. These systems are obtained by adding to (1) an uncontrolled vector
field fy, called the drift, and are in the form

3) Y(t) = fo(r(t) + Zui(t) fiy®),  ae tel0,T].

These kind of systems appears in plenty of applications. As an example we cite, mechanical
systems with controls on the acceleration (see e.g., [I0], [7]), where the drift is the velocity, or
quantum control (see e.g., [12], [9]), where the drift is the free Hamiltonian. We always assume the
strong Hormander condition, i.e., that the family {f1,..., fi,} satisfies the Hormander condition.

The cost of a curve v solving (@) is ¢y, (y) = min fOT |u| dt. Unlike the sub-Riemannian length,
due to the presence of the drift, the cost depends on the parametrization of the curve. Finally,
the value function, between ¢, ¢’ € M, of the control system at time T' > 0, is defined as

PP (q,q) = inf{cs, (7): v:[0,T'] = M solves @), ¥(0) = ¢, ¥(T") = ¢/, and T' < T}.
Assume now that the drift is regular, in the sense that there exists s € N such that fo(q) €
As(q) \ A71(q), for any ¢ € M, where A® is defined through the vector fields {f1,..., fm} as
before. Our main result is, then, a generalization of (2) to this context.

Theorem 1.1. Let z = (z1,...,2,) be a system of privileged coordinates at q for {f1,..., fm},
rectifying fo as the k-th coordinate vector field 0,,, for some 1 < k < n. Then, for sufficiently
small T and ¢, if pé’ (q,q') < e then in z coordinates it holds

dlSt (Z(ql)’ Z(€[07T]f0q)) 5 p;‘o (q’ q/) 5 dlSt (z(q/), Z(G[O’T]foq))

Here for any x € R™ and A C R”, dist(z, A) = infyca |z — y| denotes the Fuclidean distance
between them, et’o denotes the flow of fo, and r is the degree of mon-holonomy of the sub-
Riemannian control system defined by {f1,..., fm}-

l/r

In this result, instead of the Euclidean distance from the origin that appeared in (2), we have
the distance from the integral curve of the drift. This is due to the fact that moving in this
direction has null cost. As in the sub-Riemannian case, Theorem [[.1] is a consequence of an
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estimate on the shape of the reachable sets, contained in Theorem Moreover, although
Theorem [[L1] seems a natural generalization of (2), the shape of the reachable sets described in
Theorem is much more complicated than the boxes of the sub-Riemannian case, yielding a
more difficult proof. Theorem [I.T] and represent the key step for generalizing the estimates
on the complexity of curves from sub-Riemannian control systems to control-affine systems.

It is worth to mention that these results regarding control-affine systems are obtained by
reducing them, as in [3], to time-dependent control systems in the form

(4) y(t) = Zui(t) fity®),  ae tel0,T],

where f! = (e~t/0), f; is the pull-back of f; through the flow of the drift. On these systems, that
are linear in the control, we are able to define a good notion of approximation of the control vector
fields. Namely, in Section [3.3]we will define a generalization of the nilpotent approximation, used
in the sub-Riemannian context, taking into account the fact that in the system (4]), exploiting the
time, we can generate the direction of the brackets between fy and the f;s. This approximation
and an iterated integral method yield the correct estimates on the reachable set, contained in
Theorem

The paper is divided in three sections. In Section Pl we recall some generalities and definitions
regarding sub-Riemannian control systems, used in the following sections. In Section Bl we
consider control systems in the form (@), and we prove the continuity of the value function
for general time-dependent vector fields. Then, in Theorem [B.19 restricting then to the case
where the time dependency is explicitly given as f} = (e=tf0), f;, we establish some estimates
on the reachable sets, in the same spirit as the Ball-Box theorem. Finally, in Section M we
consider control-affine systems. After proving the relation between control-affine systems and
time-dependent systems, we prove the continuity of the value function. Then, in Lemma 28,
exploiting the affine nature of the control system, we give an upper bound on the time needed to
join two points ¢ and ¢’ as a function of p? (q,q'). From this fact and the estimates of Section [3]
Theorems and follow. Theorem [Tl is then a particular case of Theorem 26| that
holds under slightly milder assumptions on fy and {f1,..., fm}-

2. SUB-RIEMANNIAN GEOMETRY

Throughout this paper, M is an n-dimensional connected smooth manifold. In this section
we recall some classical notions and results of sub-Riemannian geometry.

2.1. Sub-Riemannian control systems. A sub-Riemannian (or non-holonomic) control sys-
tem on M is a control system in the form

(SR) g=> uifile), qe€M, u=(uy... um)€R™,
1=1

where {f1,..., fm} is a family of smooth vector fields on M. We let f, = > 1", u; fi.

An absolutely continuous curve v : [0,7] — M is (SRl)-admissible if there exists a control
u € LY([0,T],R™) such that §(t) = fuw (v(t), for a.e. ¢t € [0,7]. The curve is said to be
associated to any such control. The length of v is defined as

(5) length('y) = min ||u||L1([O,T]7Rm),

where the minimum is taken over all controls u such that v is associated with w. It is at-
tained, due to convexity reasons. Notice that, by definition, length(~) is invariant under time
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reparametrization of the curve. The distance induced by the sub-Riemannian system on M is
then defined as

dsr(q, q') = inf{length(v): v (BR)-admissible and «y : g ~ ¢'},

where 7 : ¢ ~ ¢ stands for v : [0,T] — M, for some T > 0, v(0) = ¢ and v(T') = ¢.

Let A be the C*°-module generated by the vector fields {f1,..., fm} (in particular, it is
closed under multiplication by C*(M) functions and summation). Let A! = A, and define
recursively ATt = A® + [A% A], for every s € N. Due to the Jacobi identity A® is the C°°-
module of linear combinations of all commutators of fi,..., f,, with length <s. For g € M, let
A%(q) ={f(gq): f € A®} C T,M. We say that {fi,..., fm} satisfies the Hérmander condition
(or that it is a bracket-generating family of vector fields) if |J, -, A®(q) = Ty M for any g € M.
In the following we will always assume this condition to be satisfied.

By the Chow—Rashevsky theorem (see for instance [I]), the hypothesis of connectedness of
M and the Hormander condition guarantee the finiteness and continuity of dgg with respect to
the topology of M. Hence, the function dggr, called sub-Riemannian or Carnot-Carathéodory
distance, induces on M a metric space structure. The open balls of radius € > 0 and centered at
q € M, with respect to dgg, are denoted by Bsr(q, ).

We say that a (SR])-admissible curve « is a minimizer of the sub-Riemannian distance between
q,¢ € M if v : g ~ ¢ and length(y) = dsr(q,¢’). Equivalently, v is a minimizer between
q,q' € M if it is a solution of the free-time optimal control problem, associated with (SRJ),

T m
(6) lull oz = / Swtydt > min,  4(0) =g, AT)=¢, T>0.
o\ iz

Indeed, the sub-Riemannian distance is the value function associated with this problem. It is a
classical result that, for any couple of points ¢, ¢ € M sufficiently close, there exists at least one
minimizer.

Remark 2.2. The optimal control problem (@) is equivalent to the following, with p > 1 and
T > 0 fixed,

T /v
(7) llull L o,7) = </ |ul? dt) — min, 7(0)=¢q, (T)=4,
0

In fact, due to the invariance under time reparametrization of system (SRI), in (@) we can fix either
T > 0 or the Euclidean norm of u. Moreover, by the Holder inequality, for any p > 1, letting p’
be the conjugated exponent to p (i.e., 1/p+1/p’ = 1), we get ||ulrr0,7) < T |ul £oo,7), With
the equality holding if and only if |u| is constant. From these two facts, it is easy to check that
minimizers of the optimal control problem (7)) coincide with the minimizers of (G with constant
norm. Thus the two optimal control problems are equivalent.

Remark 2.3. This control theoretical setting can be stated in purely geometric terms. Indeed,
it is equivalent to a generalized sub-Riemannian structure. Such a structure is defined by a rank-
varying smooth distribution and a Riemannian metric on it (see [I] for a precise definition). In
a sub-Riemannian control system, in fact, the map ¢ — span{ fi(q), ..., fm(q)} C T;M defines a
rank-varying smooth distribution, which is naturally endowed with the Riemannian norm defined,
for v € A(q), by

g(q,v>inf{|u| Wt a2, fu(Q)v}-
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The pair (A, g) is thus a generalized sub-Riemannian structure on M. Conversely, every rank-
varying distribution is finitely generated, see [0, [, [4, 3], and thus a sub-Riemannian distance
can be written, globally, as the value function of a control system of the type (SRI).

2.2. Privileged coordinates and nilpotent approximation. We now introduce the equiva-
lent, in the sub-Riemannian context, of the linearization of a vector field. This classical procedure,
called nilpotent approximation, is possible only in a carefully chosen set of coordinates, called
privileged coordinates.

Since {f1,..., fm} is bracket-generating, the values of the sets A® at ¢ form a flag of subspaces
of T4 M,

Al(g) C A%(g) C ... C A"(q) = T,M.

The integer r = 7(q), which is the minimum number of brackets required to recover the whole
T,M, is called degree of non-holonomy (or step) of the family {f1,..., fm} at ¢. Set ns(q) =
dim A®(q). The integer list (n1(q),...,n.(q)) is called the growth vector at q. From now on we
fix ¢ € M, and denote by r and (ni,...,n,) its degree of non-holonomy and its growth vector,
respectively. Finally, let wy < ... < w, be the weights associated with the flag, defined by w; = s
if ng_1 <1i < ng, setting ng = 0.

For any smooth vector field f, we denote its action, as a derivation on smooth functions, by
f:aeC®(M)w— fae C>®(M). For any smooth function a and every vector field f with f #£ 0
near ¢, their (non-holonomic) order at ¢ is

ordg(a) =min{s € N: Jiy,...,is € {1,...,m} s.t. (fi, ... fi, a)(q) # 0},
ordy(f) = max{oc € Z: ordy(fa) > o + ordy(a) for any a € C*°(M)}.
In particular it can be proved that ordg(a) > s if and only if a(¢") = O(dsr (¢, q))°.

Definition 2.4. A system of privileged coordinates at g for {f1,..., fm} is a system of local
coordinates z = (21,. .., 2zn) centered at ¢ and such that ordg(z;) = w;, 1 <i<mn.

For any point ¢ € M there always exists a system of privileged coordinates around g. Consider
such a system z = (21, ..., 2,). We now show that this allows to compute the order of functions
or vector fields in a purely algebraic way. Given a multiindex o = (aq,...,q,) we define
the weighted degree of the monomial z® = 2" -+ 28" as w(a) = wiog + -+ + wpay, and the
weighted degree of the monomial vector field 2%0., as w(a) —w;. Then one can prove that, given

a € C®(M) and a smooth vector field f, with Taylor expansion
a(z) ~ Zaazo‘ and  f(z) ~ Z fa,j2%0z;,
o a,j

their orders at ¢ can be computed as

ordg(a) = min{w(e): aq #0} and  ordy(f) = min{w(a) —w;: fa,; # 0}
A function or a vector field are said to be homogeneous if all the nonzero terms of the expansion
have the same weighted degree.

We recall that, for any a,b € C*° (M) and any smooth vector fields f, g, the order satisfies the
following properties

®) ordy(a + b) = min{ord,(a), ord,(b)}, ordy(ab) = ord,(a) + ord,(b),
ordy(f + g) = min{ordy(f),ordg(g)},  ordy([f, gl) = ordy(f) + ordy(g)-

Consider f;, 1 < i < m. By the definition of order, it follows that ord,(f;) > —1. Then we
can express f; in coordinates as

n

zfi = Z (hij +7i7) 0,

j=1
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where z, is the push-forward operator on vector fields associated with the coordinates, defined
as z.f = dzo foz"! h;; are homogeneous polynomials of weighted degree w; — 1, and r;; are
functions of order larger than or equal to w;.

Definition 2.5. The nilpotent approximation at ¢ of f;, 1 < i < m, associated with the
privileged coordinates z is the vector field with coordinate representation

j=1
The nilpotentized sub-Riemannian control system is then defined as
(NSR) Q= ui(t)fi(a).
j=1

The family of vector fields {]?1, ce fm} is bracket-generating and nilpotent of step r (i.e., every
iterated bracket [fi,,[- .-, [fi,_1 fir]]] of length larger than r is zero).

The main consequence of the nilpotent approximation is the following (see for example [8]
Proposition 7.29]).

Proposition 2.6. Let z = (z1,...,2,) be a system of privileged coordinates at ¢ € M for
{fi, -+, fm}. ForT >0 andu € L1([0, T);R™), with |u| = 1, let y(-) and 4(-) be the trajectories
associated with u in (SR) and (NSR)), respectively, and such that v(0) = 4(0) = q. Then, there
exist C, Ty > 0, independent of u, such that, for any t < Ty, it holds

9) lz:(v() — z(F(E)| < CEwtl, =1, n.

We recall, finally, the celebrated Ball-Box Theorem, that gives a rough description of the
shape of small sub-Riemannian balls.

Theorem 2.7 (Ball-Box Theorem). Let z = (21,...,2,) be a system of privileged coordinates at
q €M for {f1,..., fm}. Then there exist C,eq > 0 such that for any € < eq, it holds

1
Box (55) C Bsr(g,e) C Box (Ce),

where, Bsr(q,¢€) is identified with its coordinate representation z(Bsr(q,€)) and, for any n > 0,
we let

(10) Box (n) ={z e R": |z;] <n"i},

Observe that the first inclusion follows directly from the definition of privileged coordinates.
As a corollary of the Ball-Box Theorem, we get the following result on the regularity of the
distance.

Corollary 2.8. Let z = (z1,...,2,) be a system of privileged coordinates at ¢ € M for {f1,..., fm}-
Then there exists C,e > 0 such that

1 "
6|Z(q/)| < dSR(Qaq/) < C|Z(q/)| / ) q/ € BSR(an)‘

3. TIME-DEPENDENT SYSTEMS

3.1. Time-dependent control systems. We now consider a more general situation. Namely,
we consider on M the time-dependent non-holonomic control system

(TD) q:Zuiff(q), geEM, u=(up,...,upn) ER™, tel,
i=1
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where I = [0,b) for some b < +oo and {f{,..., fL } is a family of non-autonomous smooth vector
m

fields, with smooth dependence on the time parameter. We let f. = > u; f}.
In analogy with the autonomous case, we define (T'DJ)-admissible curves as absolutely contin-
uous curves v : [0,7] C I — M such that 4(t) = i(t) (v(¢)) for a.e. t € [0,T], for some control

u € LY([0,T],R™). Observe, however, that contrary to what happens in the sub-Riemannian
case, the (TD)-admissibility property is not invariant under time reparametrization, e.g., a time
reversal. Thus, we define the cost (and not the length) of v to be

c(y) = min [|ul| 1o, 7)),
where the minimum is taken over all controls u such that « is associated with v and is attained
due to convexity. The value function induced by the time-dependent system is then defined as

p(q,q) = inf{c(y): v is (TD)-admissible and 7 : ¢ ~ ¢'}.
Clearly, the value function is non-negative. It is not a metric since, in general, it fails both to be

symmetric and to satisfy the triangular inequality. Moreover, as the following example shows, p
could be degenerate. Namely, it could happen that ¢ # ¢’ but p(q,q¢’) = 0.

Example 3.9. Let M = R, with coordinate  and consider the vector field f* = (1 —¢)720,
defined on [0,1). For any xp € R, 2o # 0, and for any sequence t, 1 1, let u,, € L([0,t,]) be
defined as u, = (1 — t,)xo. By definition, each u,, steers the system from 0 to xy. Hence,

tn
0 < inf ||up||i2 = inf 1—t,)zodt = xq inf t,(1 —t,) = 0.
1(0.20) < inf [uallsoy = nf, [ (0= bt = a0 inf b1 = 1,)
This proves that, for any zg € R, p1(0,29) = 0.

For T >0, g € M and € > 0, we denote the reachable set from ¢ with cost less than ¢ by

R(g,e) ={d" € M: p(a,q') <e}.
We will also consider the reachable set from ¢ in time less than T' > 0 and cost less than e, and
denote it by Rr(q,¢e). Clearly Rr(q,e) C R(q,¢).
In general, the existence of minimizers for the optimal control problem associated with (D)
is not guaranteed. We conclude this section with an example of this fact.

Example 3.10. Let M = R, with coordinate x, and consider the vector field ft = e~%d, for
t € [0,1). Fix 9 € R, 29 # 0. Observe that, for any 7" > 0 and any control u € L([0,T])
steering the system from 0 to x , it holds

/OT u(t)e " dt

This implies p(0,x0) > |xo|. Let now u, € L1([0,1/n]) be defined as u,(t) = zonet. Clearly u,
steers the system from 0 to xg. Moreover,

T
(11) |SC0| = < / |u(t)|€7t dt < ||u||L1([07T]).
0

1
. .. en—1
p(0,z0) < %IelgHunHLl([O,l/n]) = |CE0|7§I€1§ T = |wo].

This proves that p(0,z¢) = |z¢|. Hence, the non-existence of minimizers follows from (IIJ).

3.2. Finiteness and continuity of the value function. In this section, we extend the Chow-
Rashevsky Theorem to time-dependent non-holonomic systems, under the strong Hormander
condition, whose definition follows.

Definition 3.11. We say that a family of time-dependent vector fields {f},..., f! }tcr satisfies
the strong Hormander condition if { f1°, ..., flo} satisfies the Hérmander condition for any to € I.
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As we will see later on in Section Ml when considering families of time-dependent vector fields
of the form ff = (e~*/0), f; this condition is equivalent to the strong Hérmander condition for
the affine control system with drift fy and control vector fields {f1,..., fm}-

From now on we will assume that the following holds.

(Ho)
This section will be devoted to the proof of the following.

Theorem 3.12. Assume that {ft, ..., fi }ier satisfies (Hg)). Then, the function p: M x M —
[0,+00) is continuous. Moreover, for any to € I and any q,q' € M, letting dsr be the sub-
Riemannian distance induced by {f{°,..., fto}, it holds p(q,q') < dsr(q,q').

The family of smooth vector fields {f},..., f. }ier, depends smoothly on ¢

and satisfies the strong Hormander condition.

Now, we need to introduce some notation. Following [5], the flows between times s,t € R of
an autonomous vector field f and of a non-autonomous vector field 7 — f7 will be denoted by,
respectively,

t
e M — M and e?f)/ frdr: M — M.

Fix ¢ € M and assume, for the moment, that top = 0. Let £ € N and F = (i1,...,%) €
{1,...,m}t. For any T € I, T > 0, we define the switching end-point map at time 7 and
associated with F to be the function B 7 : R — M defined as

Er r(& _ej/ —fé ;, dT o - oe@/ ‘ElledT()

(12)

—ap [ &fZ;TdTo ﬁ/ & f17 dr (q).

Here we applied a standard change of variables formula for non-autonomous flows. Let then

&7 ifo<r<1/¢,

(13) & f}j’”m if1/0< 7 <2/t

& f(T EDOT Sp -1yt <7 <1,
so that we can write

Er () = & / g5 #(€) dr ().

Clearly, t — eTf)fOt 95 #(&)dr (g), t € [0,1], is a (TD)-admissible trajectory. Thus, E7 #(§),
T > 0, is the end-point of a piecewise smooth (TDJ)-admissible curve.

We recall that, by the series expansion of &xp (see [A]), for any non-autonomous smooth vector
field f7, it holds &xp [y f7dr (q) = €'/’ (g) + O(t?). Thus, we can define

1
Eo 7€) = 1TH¢% Err(§) =€t o, oetfi(q) = eﬁ/o 90.7(&) dr (),

where, g§ »() is defined in (I3). Then ¢ — exﬁfot 95 7(&) dr (q), t €[0,1], is an (SR)-admissible
curve for the sub-Riemannian structure defined by {f?,..., f0} and Ey #(£) is the end-point of
a piecewise smooth trajectory in (SR)).

After [24], we say that a point ¢’ € M is (TDI)-reachable from q at time ¢y = 0, if there exist
(eN, Fe{l,....m}, T >0 and ¢ € RY, such that E7 #(¢) = ¢’. In this case it is clear
that p(q,q’') < >, [&[. Moreover, if £ — E7 #(¢') has rank n at &, the point ¢’ is said to be
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(TD)-normally reachable at time to = 0. Finally, the point ¢’ is said to be (SR])-reachable or
(SR)-normally reachable for the vector fields {f?,..., fO}, if these properties holds for 7 = 0.
In the case ty > 0, taking 7 > 0 such that 7 +t¢¢ € I and changing the interval of integration
in (@) from [0, 7] to [to,to + T], it is clear how to define (TDI)-reachable and (TDI)-normally
reachable points from ¢ at time tg, and (SR])-reachable and (SR])-normally reachable points for
the vector fields {f1°,..., flol.
The proof of the following lemma is an adaptation of [24] Lemma 3.1].

Lemma 3.13. Let ¢ € M be (SRl)-normally reachable for the vector fields {ff", ooy flOY from
q, by some £ € N, ¢ € R and F € {1,...,m}*. Then, there exist e9,To > O such that, for
any € < o, the point ¢’ is (TD)-normally reachable at time ty, by the same £ and F, and some
¢ € R, with > 16 =&l < e and any T < To.

Proof. Without loss of generality, we assume ty = 0.

Let U C R? be a neighborhood of ¢ such that Ey 7 has still rank n when restricted to it.
Then, there exists B = {z: > |r; — | < €} C U such that Eypr maps diffeomorphically
a neighborhood of B in U onto a neighborhood of ¢g. It follows, from standard properties of
differential equations, that, for 7 > 0 sufficiently small, the map E7 r is well defined on B and
that E7 r — FEo 7 as T | 0 in the C'-topology over B. Thus, there exists 7; > 0 such that,
for T < T1, E7 7 has rank n at every point of B.

Since the map Ey r is an homeomorphism from B onto a neighborhood of ¢, and E7 r —
Ep, 7 uniformly as 7 | 0, it follows that there exists a fixed neighborhood V' of ¢ and 73 > 0 such
that V' C E7 #(B), for any T < T3. Then, for any 7 < min{71, T2}, there exists ' € B such
that the point ¢’ = E7 #(¢') is (ID)-normally reachable. O

We will use the following consequence of Lemma [3.13] We remark that the result holds even
if {f, ..., ft }eer satisfies the Hormander condition only at time tq € I.

Lemma 3.14. Let dgr be the sub-Riemannian distance induced by {ff”, ooy flo} ) then for any
t1 € I, such that t1 — tg > 0 is sufficiently small, and for any q,q' € M it holds

inf{c(y): v: [to,t1] = M is (ID)-admissible, ¥(to) = q and y(t1) = ¢'} < dsr(q, ¢').
In particular, p(q,q') < dsr(q,q')-

Proof. Fixe > 0. By Chow’s theorem it is clear that ¢ is ([SR])-reacheable from q. Moreover, since
there exist (SRl-normally reachable points from ¢’ arbitrarily close to ¢’ (see e.g., [I, Lemma
3.21]), follows that ¢' is always (SR)-normally reacheable from ¢ by & such that 3, [¢;| <
dsr(q,q’") + /2. Hence, by Lemma B3] if € and 7 > 0 are sufficiently small, we have that ¢’ is
(ID)-normally reachable from g at time to by £ such that 3, [{%] < dsr(q,q') +¢ and T' < t1.
This clearly implies that

inf{c(v): v is (TD)-admissible, y(to) = q and y(t1) = ¢'} < dsr(q,q) + &.

Finally, the lemma follows letting € | 0. (|
We now prove the main theorem of the section.

Proof of Theorem[312. By Lemma[B.14] we only need to prove the continuity of p. We will prove
only the lower semicontinuity, sinche the upper semicontinuity follows by similar arguments.
We start by proving the lower semicontinuity of p(q,-) at ¢’. Consider a sequence g — ¢’
and let uy € L([0, Tx],R™) be controls such that each one steers system (TD) from ¢ to g and
lim inf,, pf(q, ) = liminf,, ||uz|/r,1. Then, by Lemma 314l for any ¢ > 0 there exists a sequence
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of T}, > 0 and a sequence of controls vy, € L([T), Tk], R™) all steering system (TD)) from g to
¢" and such that lvellerre 7 mm) < dsr(gr, q') + ¢. Since dsr(qxk,q’) — 0, this implies that

pg,q") < Jim. ('Uk|L1([O,Tk]JR"") + ”Uk”Ll([Tk,Tk],]Rm])) = lim inf p(g, gi) + €.

Letting ¢ | 0 proves that p(q, -) is lower semicontinuous at ¢'.
In order to prove the lower semicontinuity of p(-,¢’) at ¢, let us define
e (p) = inf{c(y): v:[e,T) C I — M is (ID)-admissible and v : p ~ ¢'}.

We claim that for any p € M it holds that ¢.(p) — p(p,q’) as € L 0. Since it is clear that
we(+) > p(-,q"), it suffices to prove that

(14) lim . () < plp,q)  forany p e M.
£

To this aim, fix p € M and n > 0 and let v : [0, T] — M be such that ¢(y) < p(p,¢')+n. It is clear
that v(2¢) — p as € | 0, and hence that p(p,v(2¢)) — 0 as € | 0, by the first part of the proof.
Thus, for any ¢ > 0 sufficiently small, there exists a (TDJ)-admissible curve 7. : [g, 2] — M such
that 7. : p ~ 7(2¢) and c(v:) < p(p,¥(2¢)) +n. By concatenating . with 7|j. 77, we get that

¢:(p) < c(v2) +c(v) < p(p,7(2¢)) + p(p, ¢') + 21

Letting ¢ | 0 and then 7 | 0, this proves (I4]) and thus the claim.
Let now ¢, — ¢ and fix n > 0. By Lemma B4 this implies that p(gx,q) — 0 and that for
any € > 0 sufficiently small, there exists a (TD])-admissible curve 7. : [0,] — M such that

Ye : qr ~ q and ¢(ve) < p(qx, q) + n. Hence

Pk, q') < e(ve) + we(q) < plar; q) + w=(q) + 1.

By the previous claim, letting ¢,n7 | 0, this implies that p(qx,q’) < p(gr,q) + p(q,q'). Since
p(qk, q¢) — 0, taking the liminf as k — 400, this proves the lower semicontinuity of p(-,¢’) at g,
completing the proof. O

Remark 3.15. From the proof of Theorem [B.12} it follows that hypothesis (Hg)) is not sharp.
Indeed, the following is sufficient to prove the theorem.

The family of smooth vector fields {f},..., f }ie1, depends smoothly on ¢,
(Hy) and satisfies the strong Hérmander condition at ¢ = 0 and in an open

neighborhood of sup I.
We will conclude this section by showing that, in our framework, it is necessary to assume
the Hormander condition on both ends of I. Although outside the scope of the present work,
we remark that stronger assumptions on the regularity of the vector fields, i.e., that they are

uniformly Lipschitz, would allow to prove Theorem .12 assuming only that {f{,..., f! her
satisfies the Hormander condition at one time tg € I.

The following example proves that if the family {f},..., f!, }+cs satisfies the Hérmander con-
dition only near t = 0, then the value function is in general not continuous. Through a slight
modification, the same argument can also be used to prove that the same holds if the Hormander
condition is satisfied only at a neighborhood of sup I or of any ¢g € I.

Example 3.16. Let M = (—2,2) x (—1,+00), with coordinates (z,y), and consider the vector

fields : )
_ (wh@)y+2)
9(=,y) T e T 2

(y+ 1)1 —a?), )

flay) = N T
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\‘ ! ‘ | A ir* —
- . ‘7+7—>7—Z
‘ Pt

-2 -1 o 1 2

FIGURE 1. The two vector fields of Example B.T0 with h(x) = ce T for x € [-1,1].

where h : [-2,2] — R is a smooth cutoff function such that supph C [-1,1], A > 0 and A(0) =1
(see Figure[l)). Fix 0 < e < 1, C' > 16 and let ¢, ¢ : [0,1] — R be two smooth functions such

that
1 if0<t<e, 1 if 0 <t < 2e,
t) = - = t) = -
o(t) {0 if2e <t <1, v {C if3c<t<1,

and such that ¢ is nonincreasing while v is nondecreasing. Finally, consider the time-dependent
system on M specified by the vector fields fi(z,y) = ¢(t)f(z,y) and g'(z,y) = ¥(t)g(x,v),
t € [0,1]. We will show that {f¢, g'} satisfies the Hormander condition for ¢ € [0, €], but that the
value function associated with the family {f*, g*}+c[0,1] is not lower semicontinuous.

We start by showing that f(p) and g(p) are transversal for any p = (z,y) € M, implying the
Hérmander condition for {f% ¢*}, t € [0,¢]. If x € (—=2,—1] U [1,2), then, by definition of h,
g(p) = (1,0) is clearly transversal to f(p). On the other hand, if z € (—1,1) \ {0} and g(p) is
parallel to f(p), a simple computation shows that h(x) < 0, which is a contradiction. Finally, for
x =0, it is clear that g(p) = (0,y + 2) and f(p) = (y + 1,0) are never parallel. We remark that
this implies also that the value function p., induced by controls defined on [0, ¢], is a distance
equivalent to the Euclidean one. In particular, |p1 — pa| < 2p-(p1,p2) for any p1,p2 € M.

Fix now ¢’ = (1,0). The set of points from which ¢’ is reachable using only f is exactly Oy =
{(1,y): y > —1}. Let then gy € (—1,0) x {0} be such that p.(go, (—1,0)) < iminpeoq, p<(q0,P)-
In order to show that p1(qo, -) is not lower semicontinuous at ¢’, consider any sequence {gy, } nen C
(1/2,1) x {0} such that ¢, — ¢’. By continuity of p, and the fact that —¢, — (—1,0), we can
always assume that, up to subsequences, p.(qo, —¢n) < & minpeo,, Pe (qo,p)-

Since g = 0 for t > 2¢, if u € L([0, 1],R?) is a control steering the system from go to ¢, the
control uljg o) steers the system from go to some p € Oy . Exploiting the fact that pse > p. by
monotonicity of v, this implies that

(15) p1(q0,q") > prél(ign pe(q0.P) > 2p<(q0, —qn)-
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Let now u € L'([0, 1], R™) be the control constructed as follows. From time 0 to &, uljo . is
the minimizer of p. steering the system from go to —g,. Then, u|. 3.) = 0 and, after this, the
control acts only on f* for time ¢ € [3¢, 1], steering the system from —gq, to ¢,. Hence,

1

[ utose. oyl =c [ uwia

5 3e

(16) lgn — (—aqn)| =

Since |gn — (—qn)| < 2, C > 16/|q0 — ¢'| > 8/p:(q0,q’), and by (0], it holds that

1
1 3
p1(q0; qn) < / [u(®)] dt = pe(ao, =an) + Flan = (=an)l < 701(%0,4)-
0
Taking the liminf as n — oo shows that p;(qo,-) is not l.s.c. at ¢'.

3.3. Estimates on reachable sets. In this section, we concentrate on a particular class of
time-dependent systems. Namely, let {f1,..., fm} be a bracket-generating family of smooth
vector fields, fo be a smooth vector field, and consider the time-dependent system

(17> qzzu’bfzta fzt:(e_tfo)*fl(Q>a qEMv u:(ul,,um)GRm

Here, (e~tf0), is the push-forward operator associated with the flow of fo.

As we will see in the next section, this class of systems arises naturally when dealing with
control systems that are affine with respect to the control. Observe, in particular, that from the
bracket-generating property of { f1, ..., fm} it follows immediately that the time-dependent fam-
ily {(e7t0) f1,..., (e7t0), f,n} satisfies the strong Hérmander condition, as per Definition 11l

Before proceeding with the estimates of the reachable sets, we need to define a suitable approx-
imation of system (I7). Namely, fix a system of privileged coordinates (in the sub-Riemannian
sense) at ¢ for {f1,...,fm}. Assume that fo(q) # 0, and let s € {1,...,7} be such that

ordg(fo) = —s. In this case, there exist, in coordinates, an homogeneous vector field f;*, of
weighted degree —s, and a vector field f;”~°, of weighted degree > —s + 1, such that
(18) zfo=fo + fo "

In particular, it holds that f; ® # 0 near z(g) = 0.

Remark 3.17. The fact that ord,(fo) = —s is not equivalent, in general, to fo € A® near ¢. In
particular, if the growth vector is non-constant around ¢, from ord,(fo) > —s it does not follow
that fo € A®. For example, consider the sub-Riemannian control system on R? with (privileged)
coordinates (z,y), defined by the vector fields J, and zd,, called the Grushin plane. Outside
{z = 0}, the non-holonomic degree of these vector fields is 1, while, on {z = 0}, we need one
bracket to generate the y direction, and thus it is 2. Hence, if § # 0 the vector field y9, is never
in A near (0, %), but ordg ) (y0,) = ord(g 5 (y) + ord( g (dy) = 0.

However, due to the properties (§) and the fact that A® is a module, the converse is always
true. Namely, if fo € A®, then ord,(fo) > —s.

For any smooth vector field f, let (ad’fo)f = [fo, f] and (ad’fo)f = [fo, (ad*~ fo)f], for any
¢ € N. We recall (see for example [I7]) that the following Taylor expansion holds

oo 4
(19) (e7t). ZE_ (ad" fo) .
=0

Since ord,(f;) > —1, by (8) we have that ordq((ad fo)fj) > —€s—1. Then, using the decomposi-
tion (8], for any £ > 0, there exists, in coordinates, an homogeneous vector field Ff of weighted
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degree —(s, and a remainder r* of order > —¢s — 1, such that
(20) z[(ad" fo) f;] = Ff + 1.

Definition 3.18. The homogeneous series approrimation at q of fjt», 1 < 7 < m, associated with
the privileged coordinates z, is the vector field with coordinate representation
a2ty
£=0
where ¢ = |7—1/s] and r is the non-holonomic degree of {fi,..., fm} at ¢. The approximated
time-dependent control system is then defined as

(ATD) i=>_ut)fj)

If a system, in some system of privileged coordinates, coincides with its homogeneous series
approximation , we will say that it is series homogeneous.

The homogeneous series approximation encodes the idea that the time ¢ is of weight s =
—ordg(fo). This is a consequence of the fact that, due to the expansion ([IJ), ¢ allows to
build brackets of fy, with the f;s. In this sense, the homogeneous series approximation is a
generalization of the nilpotent approximation.

We are now ready to state the main theorem of this section.

Theorem 3.19. Let {f1,..., fm} satisfy the Hormander condition, let z = (z1,...,2n) be a
system of privileged coordinates at ¢ € M for {f1,..., fm}. Then there exist C,T,eq > 0 such
that, for any e < eo and any ¢’ € Rr(q,¢), setting s = —ordy(fo) it holds

(22) i) < c(s““ +5T”f) s <

’u),;fl
(23) |zi(q")| < Ce (6 + T%> if w; > s.

Moreover, if the system is series homogeneous, then it holds the stronger estimate
(24) |2:(¢")] < Ce™ if w; < s.

To prove this theorem we need the following proposition, estimating the difference between
(D) and (ATD).
Proposition 3.20. Let {f1,..., fm} satisfy the Hormander condition, and let z = (21, ..., 2,) be
a system of privileged coordinates at q € M for {f1,..., fm}. For T >0 and u € L1 ([0, T]; R™),
let v(-) and 4(-) be the trajectories associated with w in (IT) and (ATD), respectively, and such
that v(0) = 4(0) = q. Then there exist C,e0,Ty > 0, independent of u, such that, if t < Ty and

fot |u|ds =€ < eq, and setting s = — ord,(fo) it holds
(25) l2i(y(1) — z:(3(1))] < Ce(e +t3)™,  i=1,...,n.

Remark 3.21. This proposition generalizes Proposition In fact, in the sub-Riemannian
case, since fo = 0, if, for ¢t > 0, the curve ~ is associated to u € L([0,¢],R™), it is associated
also to u,(-) = Zu(%-), for any 7 > 0. Thus, since [ |u,|ds = fg |u| ds = €, ([28) reduces to

t
|2i(v(1)) — z:(3(1))] < lim C(e"H! 4 7e”) = Ce .

Finally, assuming that u satisfies the hypotheses of Proposition 2] i.e., that |u| = 1, we get
t=c¢c.
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Proof. Let z(v(:)) = =(-), 2(3(")) = y(*), and ||z|| = Y3)_, |2¢|*/*i. We mimic the proof of
Proposition 7.29 in [8]. The first step is to prove that there exists a constant C' > 0 such that
lz@l, ly@)|| < Ce for t and e = fot |u| ds small enough. We prove this for ||z(t)||, the same
argument works also for |ly(t)]|.

In z coordinates, the equation of the control system (7)) is,

@ (t) = ZUj(t)(Zi)* i),  i=1....m

Due to the fact that z.f} = z.f; + O(t), uniformly in a neighborhood of ¢ that ord,(z;) =
and that ordy(f;) > —1, we have that there exist Tp and C' > 0 such that |(2:).f}(q

Sz fi(@)] < Cllz(t)]

(26) [(t)] < O3 fus (0 [l (B)] "

w;
<

wi—l for any t < Ty. Thus we get

As in the proof for the sub-Riemannian case, choosing N sufficiently large, so that all N/w; are
even integers, and setting |||z||| = (32—, |2¢|N/**)¥ we get a norm equivalent to | z||. Deriving
with respect to time and using ([26) we get % ||[z(t)||| < C>75, luj(t)]. Finally, by integration,
equivalence of the norms, and the fact that z(0) = z(¢) = 0, we conclude that ||z(t)| < Ce.

Now we move to proving ([25). By construction of (ATD) and the Taylor expansion of ff, for
any ¢ < g = |r—1/s], there exist homogeneous polynomials hﬁi of order w; —£s—1 and remainders
rfi of order larger than or equal to w; — £s, such that we can write

o

tl
(zl)*f; = Z 7 (h?i + Tfi) +O(teth),
=0 "

Here, the O is intended as ¢ | 0 and is uniform in a compact neighborhood of the origin. Then,
m o ¢
- : v ¢ ¢
(030 = 3 w50 2 5 (1) ~ o) + 750) + O+ )
j=1 =0
o =t ‘ ¢ ot1
=Y u®( X5 X @O -n®)Quy) + @) ) + 0 ),
Jj=1 £=0 ’ wp<w;—~s
where Qﬁik are homogeneous polynomial in x and y, of order w; — wy — s — 1. We observe that,
if w; —wy, — s —1 <0, then QY = 0. Thus, for sufficiently small ||z|| and [|y[|, we have

wi—wp—Lfs—1)T wi—wp—Lfs—1)T w;—s)t
|Qjik (@, )| < O ([ m DT |y || im0y (@) < Ol =)

Here we let (£)T = max{¢&,0}, for any £ € R. Using the inequalities of the first step, taking ¢t < T'
sufficiently small, and enlarging the constant C', we get

|2 ()= (t)]

té i — —fls— .
< C'““”(ZE( Z ‘.Tk(t) —yk(t)|5““ wp—€s—1 _i_&_(wl és)*) +tg+1)

£=0 wr<w;—4Ls

o
< C|u(t)|< té( Z ’mh(t) _yh(t)’&_wifwhfl +E(wils)+) +t9+1>.
£=0

= wp <w;
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In the last inequality we applied the change of variable wy — wp — s in each of the sums.
We can integrate the system by induction, since it is in triangular form. For w; = 1, since
(w; —£s)T =0 for any £ > 1, the inequality reduces to

e
|l (t) — 5 (8)| < Clu(t)] <Z tle(wits)™ 4 t@“) < Clu(t)| (g™ +t).
£=0

Here we enlarged the constant C. Thus, integrating the previous inequality, we get |z;(t) —y;(t)] <
Ce(e® +1t) < Ce(e +t5 )i

Let, then, w; > 1 and assume that |z, (t) — yn(t)] < Ce(e + t)®» for any w, < w;. To
complete the proof it suffices to show that |i;(t) — ;(t)] < Clu(t)|(e + t)™i, since ([2H) will
follow, as above, by integration. Thus, we have, enlarging again the constant C' and taking ¢
sufficiently small,

i () — 9:(t)]
< CIU(t)|<it€ ( > (5 + t%)wh gWiTWh 4 s“”i‘“”) + t9+1>
=0

(27)

wp <w;
o
§C|u(ﬁ)|(zt6< Z $ o gWiTWh +5(wi45)+> +tg+1)_
=0 wp <w;

If t < e°, from 27) it is clear that |;(t) — ¢:(t)] < Clu(t)|e™i. Here we used the fact that
0+ 1> w;/s. On the other hand, if ¢ < ¢7/*, it holds

4
(1) — ()] < Clu(t)] (Z ( D +t“"’%“> +t@+1> < Clu(b)[t*.

=0 \wp<w;

Putting together these two estimates, we get that |d;(£) — 9 (t)] < Clu(t)|(¥ +t ) < Clu(t)|(e+
te )¥i, completing the proof of the proposition. (I

Proof of Theorem[F19. We start by claiming that (24)) implies (22). In fact, if v : ¢ ~ ¢’ is the
trajectory associated in (I7) to a control u € L([0,T],R™), and 4 is the trajectory associated
with the same control in the homogeneous series approximation [(ATDI), with 4(0) = ¢, it holds

12i(d)| < [2:(A(T))] + [2:(A(T)) — 2 (v(T))]-

Thus, by Proposition B.20, the claim is proved.
Hence, from now on we assume our system to be in the form (ATD). Let us define, for
1<j<nand0<a<r, the vector fields ga? as

where Ff are defined in (20). We do not explicitly denote the dependence on time, to lighten
the notation. Observe that, if « = g, then, by (1), ©f = fjt
We claim that, letting z(®)(-) be the trajectory associated with a control u € L'([0, 7], R™)

in system (TD) with {f,...,9%} as vector fields, then, for some constant C' > 0 and any
ie{l,...,n} and @ > 1, it holds

0 if w; < as,

() (a—1)
(28) oy N(T) — ;" (T)| < {C€(€+T;)wi1 if w; > as.
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In fact, due to the homogeneity of the Ff, proceeding as in the proof of Proposition B.20, we get
that for w; < as it holds

a—1
7 () = &V O < Clu®] Y60 D I @) =2 @l

(=0 wp<w;

By induction on 1 < w; < as, this proves the first part of the claim. On the other hand, if
w; > as, it holds

4 (6) = &V (0)] < Clu(t) (th > | “”(t)—x&ﬁ‘”(t)kw1+t%wsl).

wh<W;

Then, again by induction over w;, we get that [2!*)(T) — 2\~ (T)| < CT*c"+=*3. Finally, the
claim follows considering the cases T' < €® and T > €°.

Due to the fact that 9 = f, by Theorem 27 it holds |x§0) (T)| < Ce"™i. Thus, applying (28)
and enlarging the constant C, we get

r a 4 {— Cevi if w; < S,
2@ = 27 (@)] < 32 [219(T) 2l (@) + ol (1) s{
£=1

Cele +T)w~ 1 if w; > s.

This proves (23] and (24)), completing the proof of the theorem. O

We end this section by showing that the estimate (23) is sharp, at least in some directions.
Indeed, for a system which is series homogeneous at ¢ in some privileged coordinates z, and
satisfies the hypotheses of Theorem [B.19 it holds that z*((adk fo)f;) is an homogeneous vector
field of weighted degree —sk — 1. Thus, since et® < g(e + te )k, the following proposition shows
that (23)) is sharp in this direction. The proof is an adaption of an argument from [I1].

Proposition 3.22. Let {f1,..., fm} satisfy the Hormander condition. Let, moreover ¢ € M,
i€{l,...,m} and k > 0. Then, for any coordinate system y at q, there exist T,eq > 0 such that,
for any € < gg and t < T there ezists a (LD))-admissible curve v : [0,t] — M, with ¢(v) < €, and
such that

y(y(@) = gtkdy((adkfo)fj(q)) +O(ethtl)y  aset — 0.
Proof Let t,n > 0 be fixed, and define u € L(]0,T], Rm) as ui(1) =1, ui(r) = 0 for j # 4,
) =

€ [0,¢]. Then, fix any ® € C*([0,1]) such that ®® (0 () (1) = 0, for 0 < i < k. Thus, by
integrating by parts and the fact that 4 (e=t/0), g = (e tfo) (ad(fo)g), we get

| oenE ). @ = [ o). (0 i) @,

0

for any ¢ and ¢q. This implies that the flows generated by ®*) (7/¢)(e~7/0), f; and t*®(7/t) (e~ /o)., ((adk fo)fi)

coincide. Using the series expansions of the chronological exponential and (e~%/0),, see [5], Section
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2.4], there holds, then,

e%/o Zfl)(k) (T/t)uj (T)(ein“)*fj dr = eYP?)/O U‘I)(k) (T/t)(efff“)*fi dr

- & / i @ (/) (e, ((ad fo) i) dr
- & / w7 B(s) (), ((ad fo) f:) ds

— & / w1 B(s) (ad® fo) i+ O(1)) ds
—1d + ntk+1(adkf0)fi +O(nt"*?)

Finally, considering any coordinate system and letting € = nt, this completes the proof. O

4. CONTROL-AFFINE SYSTEMS

In this section we apply the results of Section [B] to control-affine systems. Let {f1,..., fi}
be a bracket-generating family of vector fields, fy be a smooth vector field, called the drift, and
consider the control-affine system

(D) Q*fO +Zuzfz q€ M, u:(ul,...,um)GRm.

The assumption on {f1,..., fm} to be bracket-generating, is called strong Héormander condition

for (D).

An absolutely continuous curve «y : [0, 7] — M is (D)-admissible if 4(t) = fo(v(t))+ fu) (7(t))
for some control u € L1 ([0, T],R™). Its cost is defined as
Cfo () = min ||U||L1([0,T],Rm),

where the minimum is taken over all controls u such that - is associated with u. Then, we define
the two value functions we are interested in as
Pl (q,q') = inf{c(y): ~: [0, T’] — M is (D)-admissible, v : ¢ ~ ¢', T < T},
0" (q,q") = inf{c(y): ~ (D)-admissible and ~ : g ~ ¢'}.

It is clear that p?(q,q’) N\ p/(q,¢") as T — +oo, for any ¢q,¢' € M. Moreover, we observe

that, pé’ (q,etoq) = 0 for any 0 < t < T. Finally, the reachable sets with respect to these value
functions, from any ¢ € M and for e,T > 0, are

Ri(q,e) ={d € M: pf*(a,d) <&}, RP(qe)={d € M: pP(q.q') <e}.

4.1. Connection with time-dependent systems. Applying the variations formula (see [5]),
system (D)) can be written as a composition of a time-dependent system in the form (I7) and of
a translation along the drift. Namely, for any u € L(]0, T], R™), it holds

(29) = | ' (f0+ St ) at =7 o | ' >t (e, .

We call time-dependent system associated with (D) the following control system,

(30) q—Zu —tho), fi(q), geM, u=(up,...,un) €R™
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Observe that, since diffeomorphisms preserve linear independence, the strong Hormander con-
dition for (@), implies that {(e*/0), f1,..., (e ), fm}te[0,400) satisfies the strong Hormander
condition, defined in Definition [B.111

Exploiting these facts, we can prove the following.

Proposition 4.23. Assume that (D) satisfies the strong Hormander condition. Then, for any
T > 0, the functions pé“,pf0 : M x M — [0,400) are continuous. Moreover, letting dsg be the
sub-Riemannian distance induced by {f1,..., fm}, for any q,q' € M it holds

tfo

fo N < in d tfo, fo "\ < mind /
or (q,q)_omng sr(e’q,q'), p (q,q)_rglzlg sr(€°q,q).

<t

Proof. The continuity of the two functions, and the fact that pé’ (q,4),p%(q,q¢") < dsr(q,q'), for
any q,q¢ € M, follows from the same arguments used in Theorem B.12] adapting Lemmata
and B4 to the system (D). In particular, one has to consider (7, F, &) + e’ oo Ey £(€) instead
of (Tv ‘Fa 5) — ET,J"(&)'

To prove the second part of the statement, we let, for any ¢ € [0,T),

wi(p) = inf{c(y): v:[t, T'] = M is (D)-admissible, v : p ~ ¢/, T' < T}.

It is clear that, as above, it holds ¢ (p) < dsr(p, ¢'). Moreover, we observe that pé’ (q,etfog) =0
for any 0 <t < T, and hence that for any such ¢ it holds

PR (a,d") < pi(ePg) < dsr(eq,q).
Taking the minimum for 0 <t < T, proves the inequality regarding pé’ . To complete the proof
it suffices to observe that p/(q,q') < pé’ (¢,q") for any T > 0. O

We point out that in system (DJ), as in time-dependent systems, the existence of minimizers
is not assured. Moreover, this lack of minimizers is possible even if they exist for the associated
time-dependent system, as the following example points out.

Example 4.24. Consider the following vector fields on R?, with coordinates (z,y, 2),

filz,y,z) = O, fo(z,y,2) = 0y + x0,.
Since [f1, fo] = 0., {f1, f2} is a bracket-generating family of vector fields. The sub-Riemannian
control system associated to {f1, fa} on R? corresponds to the Heisenberg group.

Let now fo = 0. be the drift. Since [f1,0.] = [f2,0.] = 0 it holds that (e7t/0), f; = fi and
(e7tf0), fo = fo. Hence, the associated time-dependent system is actually not time-dependent.
Thus, by @9), a curve v : [0, 7] — R? is ([SR)-admissible for { f1, fo} if and only if 7(-) = e fooy(")
is (D)-admissible. As a consequence of this, for any ¢ € R? and any & > 0,

RI(q,e) = U etfo 0 Bsr(q, €).
>0

As pointed out in Section 2] minimizers for the sub-Riemannian system exist between any
pair of points in Bsgr(q,¢), if ¢ is sufficiently small. Let us show that, for any point in R/ (g, ¢)
with positive z coordinate, we have an explicit minimizer, while for the others there exists no
minimizer. Without loss of generality we can consider ¢ = 0. Then, since et fo («',y', 7)) =
(2',y', 2’ + 1), every point (z,vy,z) € R/(0,¢) with z > 0, can be reached optimally considering
the sub-Riemannian minimizing curve between the origin and (z,y,0) rescaled on time z.

If, instead, z < 0, we cannot construct any sub-Riemannian trajectory from 0 to (z,y, z — t),
t > 0, with cost < dgr(0, (z,y,2)). This is due to the fact that the minimizing trajectories in
Heisenberg group are the lifts of arcs on the plane (z, y), spanning area equal to the z coordinates,
and that |z —t| = —z +t > |z|. Since, by Proposition E23, p/ (0, (x,y, 2)) < dsr(0, (z,y, 2)),
this implies that there exists no minimizer for pfo (q,(x,y,2)).
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4.2. Estimates on reachable sets. In this section we apply Theorem 3.9 in order to obtain
results in the spirit of Theorem 2.7 and Corollary 2.8 First, we need the following definition.

Definition 4.25. The point ¢ is said to be regular with respect to the drift fo, if ¢’ — ordy (fo)
is locally constant at q.

The main result of this section are the following local regularity estimates for pfo. We cannot
expect anything global, since in general the sets R/°(g, <) are noncompact.

Theorem 4.26. Assume that (D) satisfies the strong Hormander condition, and let q be reqular
with respect to the drift fo. Assume, moreover, that z = (z1,...,2n) is a system of privileged
coordinates at q for {f1,..., fm}, such that z.fo = 0, , for some 1 < k < n. Then, there exist
Ty, €0,C > 0 such that

1 , e
5 dist (Z(Q’),Z(e[O’T]f°q)) < pf(q,q') < C dist (z(Q’),Z(e[O’T]f°q)) , ¢ €RP(qe),

where, for any x € R™ and A C R", dist(x, A) = infyc 4 |x — y| is the Euclidean distance between
them and r is the degree of non-holonomy of {f1,..., fm} at q.

Let us define the following sets, for parameters n > 0 and T' > 0. We remark that Box () is
defined as in (I0) and that {0,,}_, is the canonical basis in R".

Er(n) = ongJg (ﬁazk + Box (1)) )

Ir(n) =Box (U | J {z €R": 2 =€, |ai <n™ + e forw; <s,i#k,
0<€<T

and |z;] < 77(77—}—5%)“”_1 for w; > s},

ﬁT(n) = Box (n) U U {z€eR": 2z =¢, |z| <™ for w; < s,i#k,
0<€<T

and |z;| < n(n+ €)% for w; > s}

As in the sub-Riemannian case, Theorem [4.26] is a direct consequence of some estimates on
the shape of the accessible sets, contained in the following.

Theorem 4.27. Assume that (D)) satisfies the strong Hormander condition, and let ¢ € M
be regular with respect to the drift fo. Assume, moreover, that z = (z1,...,2,) s a system of
privileged coordinates at q for {f1,..., fm}, such that z.fo = 0, , for some 1 < k < n. Then,
there exist C,e0,To > 0 such that

1
(31) Er (55) C R? (g,e) C I (Ce), fore <eg and T < Tp.

Here, with abuse of notation, we denoted by R%’ (q,€) the coordinate representation of the reach-
able set. In particular,

1
Box <5€> N{zr <0} C R?(q,s) N{zr <0} C Box (Ce) N {z < 0}.
Moreover, if the system is nilpotent, it holds
1 ~
(32) Er (55) C R (q,¢) c Tp(Ce), fore <eg and T < Tp.

In order to prove Theorem .27 we need the following lemma.
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Lemma 4.28. Let z = (21,...,2,) be a system of privileged coordinates at ¢ € M. Then there
exist C,e9,To > 0 such that, for any ¢’ € R? (q,e0) fore <eg and T < Ty, and such that
(i) for any t < eo, ordy () fo = —s, where ¢'(t) = e~th(q),
(i) dzi(fo(2(q"))) # 0, for some k with wy, = —s,
it holds that, if u € L1([0,T],R™) is a control steering the system (D)) from q to ¢, with |lul|; = &,
then
T < C(e® + max{z(¢'),0}).

Proof. For any 1 > 0, let v be the trajectory associated with u € L([0,T],R™) in the system
(D), and satisfying v : ¢ ~ ¢’. Let 7 be the trajectory associated with v and starting from ¢, in
the time-dependent system ([B0). Thus v(t) = etfo 0 3(t) and p(q, 5(T)) < €.

Recall that, for any vector field g and point p € M, it holds that zx(eT9(p)) — zx(p) =
fOT dzi(g(€'(p))). Thus, by the mean value theorem, there exists 7 € [0, 7] such that

(33) 2(q") = 21(V(T)) = T dzi (o™ (3(T)))) + 2z (3(T)).

Since e™0(3(T)) = e~ T=7)/o(¢"), by hypothesis (ii) and the smoothness of fy, there exist
To,C1 > 0, independent of v, such that dzj(fo(e™(5(T)))) > Cy for T < Ty. Hence, by
Theorem (since wy, = s), there exist C2,& > 0 such that, if e < & and T < Ty,

|2 (3(T))| + max{z(q'), 0} _ Ca(e” +Te) +max{zi(q'), 0}

T <
- Ch Ch
Since the constants are independent of v, taking C' = Cs/C1, g9 < min{Ty,&, (C — 1)/C?}
completes the proof. O

Proof of Theorem[{.Z7 The first inclusion in ([BI)) follows from Theorem 277 and Theorem
In fact, combining them, we have that, for any € < g and any T > 0,

_ 1
or (65) C U BSR(ethqu) C R’JIC’O (qu)'
0<t<T

To prove the second inclusion, we let ¢’ € R;’ (¢,€). Fix any n > 0 and consider a control
u € LY([0,T],R™) such that its associated trajectory v, in the system (D), satisfies v : ¢ ~ ¢/
and cg,(v) < e+ n. We distinguish two cases. First we assume that z;(¢’) < 0. In this case, by
Lemma [4.2§ it follows there exists C,eq, Ty > 0 such that if T' < Ty and € < €g, then T' < Ce?.
Moreover ([29) implies that e=77(¢') € R7(q,¢). Then, enlarging the constant C', Theorem .10
yields

|2:(¢")| = ‘zi(efo“(q’)H < C’(Ewi + ET%) < Ce™, ifw; <sandi#k,
|zk(¢)| < T + ‘zk(efo“(q’))’ <T+C(e+ Ti)S < Ce®,
|2:(a)| = |2i(e 7T (¢))| < Ce(e +T%)" 7 < Ce™, ifw; > s,

Here, we used the fact that, for any p € M, from z, fo = 8.,, it holds z;(p) = z;(e"7/°(p)) and
|dzi(fo(p))| = 1. Thus, ¢’ C Box (Ce) C I (Ce).

On the other hand, if zx(¢") > 0, Lemma [£2]] yields that T' < C(ES + z (q’)). Then, applying
again Theorem [B.19 we get

|2i(q")] < C (e +ezk(q')%), if w; < s and i # k,
k()] < T + Ce?,
|2i(q")] < Ce(e + zk(q’)i)wﬁl, if w; > s.

This proves that ¢’ C II (Ce), completing the proof of (BI).
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To prove ([32)) it suffices to use the same argument as above, applying the result on nilpotent
systems in Theorem [3.19 O

Remark 4.29. Theorem .27 suggests that the behavior of the system (DI), when moving in the
direction — fy, is essentially sub-Riemannian. However, although this is true locally in time, it is
false in general. For example, consider the Euclidean plane endowed with a rotational drift, i.e.,
such that {€'/0(q)}1e(0,400) is diffeomorphic to ' for any ¢ # 0. Then, pf(q,e~/0(q)) = 0 for
any t > 0 and thus we can move in the direction — f; for free.

Proof of Theorem[{.26] Since every norm on R™ is equivalent, dist(z(q’), [0,7]0;,) is equivalent
to
no_ (A : "N ¢l
a(q) Z |zi(q")] +. oo lz(q') — ¢
1<i<n
ik
Thus, to complete the proof it suffices to prove that it holds C~ta(q') < p? (q,q') < Calq)"".
By Theorem B.I9, =1 (C~te) C R;’ (g,e) C IIp(Ce) for any € < egg. The first inclusion is
equivalent to the fact that, for every e < g such that Ca(q’) < e, one has pé’ (¢,¢') <e. From
this follows that péo (¢,¢)) < C'"a(¢’)/". The same reasoning applied to the other inclusion
proves that

Wi

12:(d)| < C(oR (0,4 )" + pf(q, )T ) if w; < 5,0 #F,

: Nt < Cplo q)°,
té?(;g]Izk(q) | < Cp7r(9:4")

w;—1

12:(d)| < C(oR (a4 )™ + p§(q, )T =) if w; > s.

Clearly, this implies that a(q’) < Cp? (q,q"), for some larger constant, completing the proof of
the theorem. O
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