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❲❆❱❊❙ ∗

P✳ ❍❡❧❧✉②1 ❡t ❚✳ ❙tr✉❜2

❘és✉♠é✳ ❉❛♥s ❝❡t ❛rt✐❝❧❡✱ ♥♦✉s ♣rés❡♥t♦♥s ❞❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s tr✐❞✐♠❡♥s✐♦♥✲
♥❡❧❧❡s ❞✬♦♥❞❡s é❧❡❝tr♦♠❛❣♥ét✐q✉❡s✳ ▲❡s éq✉❛t✐♦♥s ❞❡ ▼❛①✇❡❧❧ s♦♥t rés♦❧✉❡s ♣❛r ❧❛ ♠ét❤♦❞❡
❞❡ ●❛❧❡r❦✐♥ ❉✐s❝♦♥t✐♥✉❡ ✭●❉✮✳ P♦✉r ❛❝❝é❧ér❡r ❧❡s ❝❛❧❝✉❧s✱ ♥♦✉s ❡①♣❧♦✐t♦♥s ❞❡✉① ♥✐✈❡❛✉①
❞❡ ♣❛r❛❧❧é❧✐s♠❡✳ ▲❡ ❧❛r❣❡ ❣r❛✐♥ ❡st ❜❛sé s✉r ▼P■✳ ▲❡ ♣❛r❛❧❧é❧✐s♠❡ à ❣r❛✐♥ ✜♥ r❡♣♦s❡ s✉r
❖♣❡♥❈▲ ❛✜♥ ❞✬❡①♣❧♦✐t❡r ❧❡s ♣r♦❝❡ss❡✉rs ♠❛ss✐✈❡♠❡♥t ♠✉❧t✐❝♦❡✉r ✭●P❯ ♦✉ ❈P❯✮ ré❝❡♥ts✳
◆♦✉s ♣rés❡♥t♦♥s ♣❧✉s✐❡✉rs ❡①♣ér✐❡♥❝❡s ♥✉♠ér✐q✉❡s ❡t ❞❡s t❡sts ❞❡ ♣❡r❢♦r♠❛♥❝❡✳

❆❜str❛❝t✳ ■♥ t❤✐s ♣❛♣❡r ✇❡ ♣r❡s❡♥t t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♦❢ ❡❧❡❝tr♦✲
♠❛❣♥❡t✐❝ ✇❛✈❡s✳ ❚❤❡ ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s ❛r❡ s♦❧✈❡❞ ❜② t❤❡ ❉✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ✭❉●✮
♠❡t❤♦❞✳ ❋♦r ❛❝❤✐❡✈✐♥❣ ❤✐❣❤ ♣❡r❢♦r♠❛♥❝❡✱ ✇❡ ❡①♣❧♦✐t t✇♦ ❧❡✈❡❧s ♦❢ ♣❛r❛❧❧❡❧✐s♠✳ ❚❤❡ ❝♦❛rs❡
❣r❛✐♥ ♣❛r❛❧❧❡❧✐s♠ ✐s ♠❛♥❛❣❡❞ t❤r♦✉❣❤ ▼P■ ❛♥❞ ❛ ❝❧❛ss✐❝❛❧ ❞♦♠❛✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥✳ ❚❤❡
✜♥❡ ❣r❛✐♥ ♣❛r❛❧❧❡❧✐s♠ ✐s ♠❛♥❛❣❡❞ ✇✐t❤ ❖♣❡♥❈▲ ✐♥ ♦r❞❡r t♦ ♦♣t✐♠✐③❡ t❤❡ ❧♦❝❛❧ ❝♦♠♣✉t❛✲
t✐♦♥s ♦♥ ♠✉❧t✐❝♦r❡ ♣r♦❝❡ss♦rs ♦r ●P❯✬s✳ ❲❡ ♣r❡s❡♥t s❡✈❡r❛❧ ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts ❛♥❞
♣❡r❢♦r♠❛♥❝❡ ❝♦♠♣❛r✐s♦♥s✳

■♥tr♦❞✉❝t✐♦♥

❚❤❡ ❉✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ✭❉●✮ ♠❡t❤♦❞ ✐s ❜❡❝♦♠✐♥❣ ♠♦r❡ ❛♥❞ ♠♦r❡ ♣♦♣✉❧❛r ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧
s✐♠✉❧❛t✐♦♥ ♦❢ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ♣❤❡♥♦♠❡♥❛ ❬✶✱ ✷✱ ✺❪✳ ❈♦♠♣❛r❡❞ t♦ t❤❡ ❋✐♥✐t❡ ❉✐✛❡r❡♥❝❡ ▼❡t❤♦❞ ✐♥
t❤❡ ❚✐♠❡ ❉♦♠❛✐♥ ✭❋❉❚❉✮ ♦❢ ❨❡❡ ❬✻❪✱ ✐t ❛❧❧♦✇s ❤✐❣❤ ♦r❞❡r ✉♥str✉❝t✉r❡❞ ♠❡s❤❡s✳ ■t ❛❧s♦ s✐♠♣❧✐✜❡s
❧♦❝❛❧ ♠❡s❤ r❡✜♥❡♠❡♥ts ❛♥❞ ❧♦❝❛❧ t✐♠❡✲st❡♣♣✐♥❣✳ ❍♦✇❡✈❡r✱ t❤❡ ❤✐❣❤ ✢❡①✐❜✐❧✐t② ✐s ♣❛✐❞ ❜② ❛ ❤✐❣❤❡r
♥✉♠❡r✐❝❛❧ ❝♦st✳ ■t ✐s t❤✉s ✈❡r② ✐♠♣♦rt❛♥t t♦ ♣r♦✈✐❞❡ ♦♣t✐♠✐③❡❞ ♣❛r❛❧❧❡❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❉●
♠❡t❤♦❞✳

■♥ t❤✐s ✇♦r❦ ✇❡ ♣r❡s❡♥t t❤❡ ❈▲❆❈ s♦❧✈❡r✱ ✇❤✐❝❤ ❛✐♠s ❛t s♦❧✈✐♥❣ t❤❡ t✐♠❡✲❞❡♣❡♥❞❡♥t ▼❛①✇❡❧❧
❡q✉❛t✐♦♥s ♦♥ ●P❯ ❝❧✉st❡rs✳ ❈▲❆❈ ✐s ❛♥ ❛❝r♦♥②♠ ❢♦r ✏❈♦♥s❡r✈❛t✐♦♥ ▲❛✇s ❆♣♣r♦①✐♠❛t✐♦♥ ♦♥ ♠❛♥②
❈♦r❡s✑✳ ■t ✐s ✇r✐tt❡♥ ✐♥ ❈✰✰ ❛♥❞ ❞❡s✐❣♥❡❞ ❢♦r s♦❧✈✐♥❣ ❧✐♥❡❛r ♦r ♥♦♥✲❧✐♥❡❛r ✜rst ♦r❞❡r s②st❡♠s ♦❢
❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s ❜② t❤❡ ❉● ♠❡t❤♦❞✳ ■t r❡❧✐❡s ♦♥ ❛♥ ✐♥✐t✐❛❧ s✉❜❞♦♠❛✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ♠❡s❤✳
❲❡ ♠❛♥❛❣❡ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ s✉❜❞♦♠❛✐♥s ✇✐t❤ t❤❡ ▼P■ ❧✐❜r❛r② ✭❝♦❛rs❡ ❣r❛✐♥ ♣❛r✲
❛❧❧❡❧✐s♠✮✳ ■♥ ❡❛❝❤ ❞♦♠❛✐♥✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ♦❢ t❤❡ ❧♦❝❛❧ ✢✉①❡s ❛♥❞ s♦✉r❝❡ t❡r♠s ❛r❡ ❛❝❝❡❧❡r❛t❡❞
t❤r♦✉❣❤ ❝❛❧❧s t♦ ❖♣❡♥❈▲ ✭✜♥❡ ❣r❛✐♥ ♣❛r❛❧❧❡❧✐s♠✮✳ ❖♣❡♥❈▲ ✐s ❛ r❡❝❡♥t s♦❢t✇❛r❡ ❢r❛♠❡✇♦r❦ ❢♦r ♣r♦✲
❣r❛♠♠✐♥❣ ♠✉❧t✐❝♦r❡ ❛❝❝❡❧❡r❛t♦rs✳ ■ts ♠❛✐♥ ❛❞✈❛♥t❛❣❡ ♦♥ ♦t❤❡r t♦♦❧s✱ ❧✐❦❡ ❈❯❉❆✱ ✐s ✐ts ❝♦♠♣❛t✐❜✐❧✐t②
✇✐t❤ ●P❯✬s ♦❢ ❞✐✛❡r❡♥t ❜r❛♥❞s✳ ■t ✐s ❛❧s♦ ❛❜❧❡ t♦ ❛❞❞r❡ss r❡❝❡♥t ♠✉❧t✐❝♦r❡ ♣r♦❝❡ss♦rs✳

❲❡ ✜rst ❞❡s❝r✐❜❡ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧✳ ❚❤❡♥✱ ✇❡ ❣✐✈❡ s♦♠❡ ✐♠♣♦rt❛♥t ❞❡t❛✐❧s ♦❢ ♦✉r ❉● ✐♠✲
♣❧❡♠❡♥t❛t✐♦♥✳ ❋✐♥❛❧❧②✱ ✇❡ ♣r❡s❡♥t s♦♠❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❛♥❞ ♣❡r❢♦r♠❛♥❝❡ ❝♦♠♣❛r✐s♦♥s✳

∗ ❚❤✐s ✇♦r❦ ✐s s✉♣♣♦rt❡❞ ❜② ❉●❆ ❛♥❞ t❤❡ ❆①❡s❙✐♠ ❝♦♠♣❛♥②✳

1 ■♥r✐❛ ❚♦♥✉s ❛♥❞ ■❘▼❆ ❯♥✐✈❡rs✐té ❞❡ ❙tr❛s❜♦✉r❣ ❀ ❡✲♠❛✐❧ ✿ ❤❡❧❧✉②❅✉♥✐str❛✳❢r
2 ❆①❡s❙✐♠ ❀ ❡✲♠❛✐❧ ✿ t❤♦♠❛s✳str✉❜❅❛①❡ss✐♠✳❢r
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✶✳ ▼❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧

❚❤❡ ♣❤✐❧♦s♦♣❤② ❜❡❤✐♥❞ t❤❡ ❈▲❆❈ s♦❧✈❡r ✐s t♦ s❡♣❛r❛t❡ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧ ❢r♦♠ ✐ts ♣❤②s✐❝❛❧
❞❡s❝r✐♣t✐♦♥✳ ■♥ t❤✐s ✇❛②✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ s♦❧✈❡ P❉❊✬s ❢r♦♠ ❞✐✛❡r❡♥t ❛♣♣❧✐❝❛t✐♦♥ ✜❡❧❞s✳ ❲❡ t❤✉s
❝♦♥s✐❞❡r ❛ ✈❡r② ❣❡♥❡r❛❧ s②st❡♠ ♦❢ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s

∂tW + ∂iF
i(W) = S(W). ✭✶✮

■♥ t❤✐s s②st❡♠✱ t❤❡ ✉♥❦♥♦✇♥ ✐s ❛ ✈❡❝t♦r ♦❢ ❝♦♥s❡r✈❛t✐✈❡ ✈❛r✐❛❜❧❡s W(X, t) ∈ R
m t❤❛t ❞❡♣❡♥❞s

♦♥ t❤❡ s♣❛❝❡ ✈❛r✐❛❜❧❡ X = (x, y, z) ∈ R
3 ❛♥❞ ♦♥ t❤❡ t✐♠❡ t✳ ❲❡ ✉s❡ t❤❡ ❝♦♥✈❡♥t✐♦♥ ♦❢ s✉♠ ♦♥

r❡♣❡❛t❡❞ ✐♥❞✐❝❡s ✿ ∂iF
i ♠❡❛♥s

∑3
i=1 ∂iF

i✳ ❚❤❡ s♦✉r❝❡ t❡r♠ ✐s ❞❡♥♦t❡❞ ❜② S✳ ❚❤❡ ✢✉① ❝♦♠♣♦♥❡♥ts
F i✱ i = 1 · · · 3✱ ❛r❡ s♠♦♦t❤ ❛♣♣❧✐❝❛t✐♦♥s ❢r♦♠ R

m t♦ R
m✳ ❋♦r ❛ ✈❡❝t♦r n = (n1, n2, n3) ∈ R

3 ✇❡
s❤❛❧❧ ❛❧s♦ ❞❡✜♥❡ t❤❡ ✢✉① ❢✉♥❝t✐♦♥ ❜②

F (W, n) = F i(W)ni. ✭✷✮

❋r♦♠ t❤❡ ✢✉① ❢✉♥❝t✐♦♥✱ ✇❡ ❝❛♥ ♦❜✈✐♦✉s❧② r❡❝♦✈❡r t❤❡ ✢✉① ❝♦♠♣♦♥❡♥ts✳ ❋♦r ✐♥st❛♥❝❡✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r
t❤❡ ❑r♦♥❡❝❦❡r ✐♥❞❡①

δji =

{

1 ✐❢ i = j,
0 ✐❢ i 6= j.

❚❤❡♥
F j(W) = F (W, δj) ✭✸✮

❚❤❡ s②st❡♠ ✭✶✮ ✐s ✇r✐tt❡♥ ✐♥ ❛ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ Ω✳ ❖♥ t❤❡ ❜♦✉♥❞❛r② ∂Ω ✇❡ ❤❛✈❡ t♦ ♣r♦✈✐❞❡
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❲❡ ✇✐❧❧ ❞❡t❛✐❧ t❤❡♠ ❧❛t❡r ♦♥✳ ❋✐♥❛❧❧②✱ t❤❡ s②st❡♠ ✐s s✉♣♣❧❡♠❡♥t❡❞ ❜② ❛♥ ✐♥✐t✐❛❧
❝♦♥❞✐t✐♦♥

W(X, 0) = W0(X).

❚❤❡ ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s r❡❛❞

∂tE+∇×H = −J, ✭✹✮

∂tH−∇×E = 0, ✭✺✮

✇❤❡r❡ E ✐s t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞✱ H t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛♥❞ J t❤❡ ❡❧❡❝tr✐❝ ❝✉rr❡♥t✳ ❲❡ s❡t

W = (ET ,HT )T , S = (−J
T , (0, 0, 0)T )T ,

❛♥❞

F (W, n) =

[

0 n×
−n× 0

]

W = A(n)W,

✐♥ s✉❝❤ ❛ ✇❛② t❤❛t t❤❡ ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s ❛r❡ ❛ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ ✭✶✮✱ ✇✐t❤ m = 6✳

❆s ✐♥ ✭✸✮ ✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ 6× 6 s②♠♠❡tr✐❝ ♠❛tr✐❝❡s

Ai = A(δi), i = 1 · · · 3.

❚❤❡♥✱ t❤❡ ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s ❝❛♥ ❛❧s♦ ❜❡ ✇r✐tt❡♥ ✉♥❞❡r t❤❡ ❢♦r♠ ♦❢ ❛ s②♠♠❡tr✐❝ ❤②♣❡r❜♦❧✐❝ s②st❡♠✱
❛❧s♦ ❝❛❧❧❡❞ ❛ ❋r✐❡❞r✐❝❤✬s s②st❡♠

∂tW +Ai∂iW = S.

✷✳ ❉✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ✭❉●✮ ❛♣♣r♦①✐♠❛t✐♦♥

✷✳✶✳ ●❡♥❡r❛❧ ❉● ❢♦r♠❛❧✐s♠

❋♦r ❞❡✜♥✐♥❣ t❤❡ ❉● ❛♣♣r♦①✐♠❛t✐♦♥✱ ✇❡ ❤❛✈❡ ✜rst t♦ ❝♦♥str✉❝t ❛ ♠❡s❤ ♦❢ t❤❡ ❞♦♠❛✐♥ Ω✳ ❲❡ ❝♦♥s✐❞❡r
❛ ♠❡s❤ ♠❛❞❡ ♦❢ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ♦♣❡♥ s❡ts Lk ⊂ Ω✱ k = 1 · · ·N, ❝❛❧❧❡❞ t❤❡ ❝❡❧❧s ♦r t❤❡ ❡❧❡♠❡♥ts
❛♥❞ s❛t✐s❢②✐♥❣ t❤❡ t✇♦ ❝♦♥❞✐t✐♦♥s ✿

✭✶✮ ∀k, l k 6= l ⇒ Lk ∩ Ll = ∅✳
✭✷✮ ∪kLk = Ω.



❊❙❆■▼✿ P❘❖❈❊❊❉■◆●❙ ✸

▲❡t L ❛♥❞ R ❜❡ t✇♦ ♥❡✐❣❤❜♦r ❝❡❧❧s✳ ❚❤❡ ❢❛❝❡ ❜❡t✇❡❡♥ L ❛♥❞ R ✐s ❞❡♥♦t❡❞ ❜②

L/R = L ∩R.

❲❡ ❛❧s♦ ❞❡♥♦t❡ ❜② nLR t❤❡ ✉♥✐t ♥♦r♠❛❧ ✈❡❝t♦r ♦♥ L/R ♦r✐❡♥t❡❞ ❢r♦♠ L t♦ R✳ ❚❤❡r❡❢♦r❡✱ nLR =
−nRL.

■♥ ❡❛❝❤ ❝❡❧❧ L✱ ✇❡ ❝♦♥s✐❞❡r ❛ ❜❛s✐s ♦❢ s❝❛❧❛r ❢✉♥❝t✐♦♥ ϕL
i ✱ i = 1 · · · pL ✇✐t❤ s✉♣♣♦rt ✐♥ L✳ ■t ✐s

♣♦ss✐❜❧❡ t♦ t❛❦❡ ❞✐✛❡r❡♥t ❛♣♣r♦①✐♠❛t✐♦♥ ♦r❞❡r pL ♦♥ ❞✐✛❡r❡♥t ❝❡❧❧s✳ ■♥ ❝❡❧❧ L✱ t❤❡ s♦❧✉t✐♦♥ ♦❢ (1) ✐s
❛♣♣r♦①✐♠❛t❡❞ ❜②

W(X, t) = WL(X, t) = W
j
L(t)ϕ

L
j (X) X ∈ L. ✭✻✮

❚❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ s❛t✐s✜❡s t❤❡ ❉● ❛♣♣r♦①✐♠❛t✐♦♥ s❝❤❡♠❡

∀L, ∀i

ˆ

L

∂tWϕL
i −

ˆ

L

F (W,∇ϕL
i ) +

ˆ

∂L

F (WL,WR,nLR)ϕ
L
i =

ˆ

L

SϕL
i . ✭✼✮

❋♦r ♠♦r❡ ❝❧❛r✐t②✱ ❧❡t ✉s ❣✐✈❡ s♦♠❡ r❡♠❛r❦s ♦♥ t❤❡ ❉● s❝❤❡♠❡ ✭✼✮ ✿

✭✶✮ ❚❤❡ ❉● ❢♦r♠✉❧❛t✐♦♥ ✭✼✮ ✐s ❢♦r♠❛❧❧② ♦❜t❛✐♥❡❞ ❜② ♠✉❧t✐♣❧②✐♥❣ ✭✶✮ ❜② ❛ ❜❛s✐s ❢✉♥❝t✐♦♥ ϕL
i

❛♥❞ ✐♥t❡❣r❛t✐♥❣ ❜② ♣❛rt ♦✈❡r t❤❡ ❝❡❧❧ L✳
✭✷✮ ❲✐t❤ s♦♠❡ ❛❜✉s❡✱ ✇❡ ✉s❡ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥ ❢♦r t❤❡ ❡①❛❝t ❛♥❞ t❤❡ ❛♣♣r♦①✐♠❛t❡❞ s♦❧✉t✐♦♥✳

❋r♦♠ ♥♦✇ ♦♥✱ W ❞❡♥♦t❡s t❤❡ ❉● ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥✳
✭✸✮ ❇② R ✇❡ ❞❡♥♦t❡ ❛ ❣❡♥❡r✐❝ ❝❡❧❧ t❤❛t t♦✉❝❤❡s ❝❡❧❧ L ♦♥ ✐ts ❜♦✉♥❞❛r② ∂L✳ ❚❤✐s ♥♦t❛t✐♦♥ ✐s

❥✉st✐✜❡❞ ❜② t❤❡ ❢❛❝t t❤❛t✱ ✉♣ t♦ ❛ r♦t❛t✐♦♥✱ ✇❡ ❝❛♥ ❛❧✇❛②s ❛ss✉♠❡ t❤❛t t❤❡ ♥♦r♠❛❧ ✈❡❝t♦r
nLR ✐s ♦r✐❡♥t❡❞ ❢r♦♠ ❝❡❧❧ L ❛t t❤❡ ▲❡❢t t♦ ❝❡❧❧ R ❛t t❤❡ ❘✐❣❤t✳

✭✹✮ ❇❡❝❛✉s❡ W ✐s ❞✐s❝♦♥t✐♥✉♦✉s ❛t t❤❡ ❝❡❧❧ ❜♦✉♥❞❛r✐❡s✱ ✐t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦ ❞❡✜♥❡ F (W,nLR)
♦♥ ∂L✳ ❚❤❡r❡❢♦r❡✱ ❛s ✐♥ t❤❡ ✜♥✐t❡ ✈♦❧✉♠❡ ♠❡t❤♦❞✱ ✇❡ ❤❛✈❡ t♦ ✐♥tr♦❞✉❝❡ ❛ ♥✉♠❡r✐❝❛❧ ✢✉①
F (WL,WR,nLR)✳ ●❡♥❡r❛❧❧②✱ t❤❡ ♥✉♠❡r✐❝❛❧ ✢✉① s❛t✐s✜❡s t❤❡ t✇♦ ❝♦♥❞✐t✐♦♥s
✭❛✮ ❈♦♥s✐st❡♥❝② ✿ F (W,W,n) = F (W,n).
✭❜✮ ❈♦♥s❡r✈❛t✐♦♥ ✿ F (WL,WR,nLR) = −F (WR,WL,nRL).

✭✺✮ ❋♦r ▼❛①✇❡❧❧✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ st❛♥❞❛r❞ ✉♣✇✐♥❞ ♥✉♠❡r✐❝❛❧ ✢✉①

F (WL,WR,n) = A(n)+WL +A(n)−WR.

✭✻✮ ❋✐♥❛❧❧②✱ ✐♥ ✭✼✮ ✇❡ ❤❛✈❡ t♦ ❜❡ ♠♦r❡ ♣r❡❝✐s❡ ✇❤❡♥ ❛ ❝❡❧❧ L t♦✉❝❤❡s t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡
❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥✳ ■♥❞❡❡❞✱ ♦♥ ∂L ∩ Ω t❤❡ ♥❡✐❣❤❜♦r ✈❡❝t♦r WR ✐s ♥♦t ❛✈❛✐❧❛❜❧❡✳ ❲❡
r❡♣❧❛❝❡ t❤❡♥ t❤❡ ♥✉♠❡r✐❝❛❧ ✢✉① F (WL,WR,nLR) ❜② ❛ ❜♦✉♥❞❛r② ✢✉①

Fb(WL,nLR).

❚❤❡ ❢♦r♠ ♦❢ t❤✐s ❜♦✉♥❞❛r② t❡r♠ ❞❡♣❡♥❞s ♦♥ t❤❡ t②♣❡ ♦❢ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✭❙✐❧✈❡r✲▼ü❧❧❡r✱
♠❡t❛❧✱ ❡t❝✳✮✳

❲❡ ❝❛♥ ♥♦✇ ✐♥tr♦❞✉❝❡ ❡①♣❛♥s✐♦♥ ✭✻✮ ✐♥t♦ ✭✼✮✳ ❚❤✐s ❧❡❛❞s t♦ ❛ s②st❡♠ ♦❢ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧

❡q✉❛t✐♦♥s s❛t✐s✜❡❞ ❜② t❤❡ ❜❛s✐s ❝♦❡✣❝✐❡♥ts W
j
L(t). ❲❡ s♦❧✈❡ ✐t ✇✐t❤ ❛ st❛♥❞❛r❞ s❡❝♦♥❞ ♦r❞❡r

❘✉♥❣❡✲❑✉tt❛ ✐♥t❡❣r❛t♦r✳

✷✳✷✳ ●❛✉ss✲▲❡❣❡♥❞r❡ ✐♥t❡r♣♦❧❛t✐♦♥

❚❤❡♦r❡t✐❝❛❧❧②✱ ✐♥ ❛ ❉● ❛♣♣r♦①✐♠❛t✐♦♥✱ t❤❡ ❜❛s✐s ❢✉♥❝t✐♦♥ ϕi
L ❛♥❞ t❤❡ ♠❡s❤ ❡❧❡♠❡♥ts Lk ❝❛♥ ❜❡

❛r❜✐tr❛r②✳ ❍♦✇❡✈❡r ❢♦r ♣❡r❢♦r♠❛♥❝❡ r❡❛s♦♥s ❛ ❝❧❡✈❡r ❝❤♦✐❝❡ ❤❛s t♦ ❜❡ ♣r♦✈✐❞❡❞✳ ❆ ❣♦♦❞ ❝♦♠♣r♦♠✐s❡
❜❡t✇❡❡♥ ❡✣❝✐❡♥❝② ❛♥❞ ❣❡♥❡r❛❧✐t② ✐s t♦ ❝❤♦♦s❡ ❧✐♥❡❛r ❤❡①❛❤❡❞r❛❧ ❝❡❧❧s ❛♥❞ ❜❛s✐s ❢✉♥❝t✐♦♥s ♦❢ ❛r❜✐tr❛r②
♦r❞❡r d ❛ss♦❝✐❛t❡❞ t♦ t❡♥s♦r✐③❡❞ ●❛✉ss✲▲❡❣❡♥❞r❡ ♣♦✐♥ts✳ ❚❤❡ ❛❞✈❛♥t❛❣❡s ♦❢ s✉❝❤ ❛ ❝❤♦✐❝❡ ❛r❡ t❤❡
❢♦❧❧♦✇✐♥❣ ✿

✭✶✮ ❖✉r ❤❡①❛❤❡❞r♦♥s ❛r❡ ❞❡✜♥❡❞ ❜② ✽ ♣♦✐♥ts✳ ❚❤❡✐r ❢❛❝❡s ❛r❡ ♥♦t ♥❡❝❡ss❛r✐❧② ♣❧❛♥❡✳ ❚❤✐s ❛❧❧♦✇s
t♦ ♠❡s❤ ❛♥② ❝♦♠♣❧❡① ❣❡♦♠❡tr② ✇✐t❤ ❛ r❡❛s♦♥❛❜❧❡ ♣r❡❝✐s✐♦♥✳

✭✷✮ ❚❤❡ ❜❛s✐s ❢✉♥❝t✐♦♥s ❛r❡ t❤❡ ▲❛❣r❛♥❣❡ ♣♦❧②♥♦♠✐❛❧s ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ●❛✉ss✲▲❡❣❡♥❞r❡ ♣♦✐♥ts
t❤❛t ✇❡ ❛❧s♦ ✉s❡ ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ✈♦❧✉♠❡ ✐♥t❡❣r❛❧s ✐♥ ✭✼✮✳ ■♥ t❤✐s ✇❛②
t❤❡ ❧♦❝❛❧ ♠❛ss ♠❛tr✐❝❡s ♦❢ t❤❡ ❉● s❝❤❡♠❡ ❛r❡ ❞✐❛❣♦♥❛❧ ❛♥❞ t❤✉s ❡❛s② t♦ ✐♥✈❡rt✳
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✭✸✮ ❚✇♦ tr✐❝❦s ❣r❡❛t❧② ❛❝❝❡❧❡r❛t❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ♦❢ t❤❡ t❡r♠s
´

L
F (W,∇ϕL

i )✳ ❋✐rst✱ t❤❡ ✈❛❧✉❡s

♦❢ t❤❡ ✜❡❧❞s ❛t t❤❡ ✈♦❧✉♠❡ ●❛✉ss ♣♦✐♥ts ❛r❡ s✐♠♣❧② t❤❡ ❜❛s✐s ❝♦❡✣❝✐❡♥ts Wi
L✳ ❙❡❝♦♥❞❧②✱ t❤❡

❣r❛❞✐❡♥t ∇ϕL
i ❝❛♥❝❡❧s ❛t ♠❛♥② ●❛✉ss ♣♦✐♥ts ❞✉❡ t♦ t❤❡ t❡♥s♦r ♥❛t✉r❡ ♦❢ t❤❡ ❜❛s✐s ❢✉♥❝t✐♦♥✳

❋♦r ✐♥st❛♥❝❡✱ ✇❤❡♥ ✉s✐♥❣ ♣♦❧②♥♦♠✐❛❧s ♦❢ ❞❡❣r❡❡ d✱ ♦✉r ❝❤♦✐❝❡ ❧❡❛❞s t♦ 3(d + 1) ♥♦♥③❡r♦
❣r❛❞✐❡♥ts ✐♥st❡❛❞ ♦❢ (d+ 1)3✳

✭✹✮ ❋♦r ❡①tr❛♣♦❧❛t✐♥❣ W ❛t ♦♥❡ ●❛✉ss ♣♦✐♥t ♦❢ ❛ ❢❛❝❡✱ ✐t ✐s s✉✣❝✐❡♥t t♦ ❝♦♥s✐❞❡r ♦♥❧② ♦♥❡ ❧✐♥❡
♦❢ ●❛✉ss ✐♥t❡r♣♦❧❛t✐♦♥ ♣♦✐♥ts ✐♥ t❤❡ ✈♦❧✉♠❡✳ ■♥ t❤✐s st❡♣ ✇❡ t❤✉s ✉s❡ ♦♥❧② (d + 1) ♣♦✐♥ts
✐♥st❡❛❞ ♦❢ t❤❡ ❛❧❧ (d+ 1)3 ✐♥t❡r♣♦❧❛t✐♦♥ ♣♦✐♥ts ✐♥ t❤❡ ✈♦❧✉♠❡✳

❇❡✐♥❣ ❢❛✐r✱ ✇❡ ❛❞♠✐t ❛ ❢❡✇ ❞r❛✇❜❛❝❦s ✿

✭✶✮ ■♥ ♣r❛❝t✐❝❡✱ ✐t ✐s ♠✉❝❤ ❡❛s✐❡r t♦ ♠❡s❤ ❛♥ ❛r❜✐tr❛r② ❞♦♠❛✐♥ ✇✐t❤ t❡tr❛❤❡❞r♦♥s✳ ■t ✐s t❤❡♥
♣♦ss✐❜❧❡ t♦ ❝✉t ❡✈❡r② t❡tr❛❤❡❞r♦♥ ✐♥t♦ ❢♦✉r ❤❡①❛❤❡❞r♦♥✱ ❜✉t s♦♠❡ ♦❢ t❤❡♠ ♠❛② ❜❡ t♦ ♠✉❝❤
str❡t❝❤❡❞✳

✭✷✮ ❲❡ ❝♦✉❧❞ ❤❛✈❡ ✉s❡❞ ●❛✉ss✲▲♦❜❛tt♦ ♣♦✐♥ts ❢♦r ❛✈♦✐❞✐♥❣ t❤❡ ❡①tr❛♣♦❧❛t✐♦♥ ❛t t❤❡ ●❛✉ss
♣♦✐♥ts ♦❢ t❤❡ ❢❛❝❡s✳ ❚❤❡ ❧♦ss ♦❢ ♣r❡❝✐s✐♦♥ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥ ✇♦✉❧❞ ❝❡rt❛✐♥❧② ❜❡
❝♦♠♣❡♥s❛t❡❞ ❜② t❤❡ ❢❛st❡r ✢✉① ✐♥t❡❣r❛t✐♦♥✳

✷✳✷✳✶✳ ●❡♦♠❡tr✐❝ tr❛♥s❢♦r♠❛t✐♦♥

▲❡t ✉s ♥♦✇ ❞❡✜♥❡ ♣r❡❝✐s❡❧② ♦✉r ✐♥t❡r♣♦❧❛t✐♦♥ ♠❡t❤♦❞✳ ❚❤❡ r❡❢❡r❡♥❝❡ ❡❧❡♠❡♥t L̂ ✐s t❤❡ ✉♥✐t ❝✉❜❡

L̂ = [0, 1]3.

❲❡ ❞❡♥♦t❡ ❜② X̂ = (x̂, ŷ, ẑ) t❤❡ r❡❢❡r❡♥❝❡ ❝♦♦r❞✐♥❛t❡s✳ ❚❤❡ r❡❢❡r❡♥❝❡ ♥♦❞❡s X̂i✱ i = 1 · · · 8 ❛♥❞ t❤❡

❣❡♦♠❡tr✐❝ ❢✉♥❝t✐♦♥s ψ̂i ♦❢ t❤❡ r❡❢❡r❡♥❝❡ ❡❧❡♠❡♥ts ❛r❡ ❣✐✈❡♥ ❜②

i X̂
i ψ̂i

1 (0, 0, 0) (1− x̂)(1− ŷ)(1− ẑ)
2 (1, 0, 0) x̂(1− ŷ)(1− ẑ)
3 (1, 1, 0) x̂ŷ(1− ẑ)
4 (0, 1, 0) (1− x̂)ŷ(1− ẑ)
5 (0, 0, 1) (1− x̂)(1− ŷ)ẑ
6 (1, 0, 1) x̂(1− ŷ)ẑ
7 (1, 1, 1) x̂ŷẑ
8 (0, 1, 1) (1− x̂)ŷẑ

❆♥ ❛r❜✐tr❛r② ❝❡❧❧ ✐s t❤❡♥ ❞❡✜♥❡❞ ❜② ❡✐❣❤t ♥♦❞❡s X
i
L✳ ❚❤❡ ❣❡♦♠❡tr✐❝ tr❛♥s❢♦r♠❛t✐♦♥ t❤❛t ♠❛♣s L̂

♦♥ L ✐s t❤❡♥ ❣✐✈❡♥ ❜②

τL(X̂) = ψ̂i(X̂)Xi
L.

❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ♥♦❞❡s Xi
L ❛r❡ ❝❤♦s❡♥ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t τL ✐s ❛ ❞✐r❡❝t ❛♥❞ ✐♥✈❡rt✐❜❧❡ tr❛♥s❢♦r✲

♠❛t✐♦♥✳ ❇❡❝❛✉s❡ t❤❡ r❡❢❡r❡♥❝❡ ❜❛s✐s ❢✉♥❝t✐♦♥s s❛t✐s❢②

ψ̂i(X̂
j) = δij

✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡ ❣❡♦♠❡tr✐❝ tr❛♥s❢♦r♠❛t✐♦♥ ♠❛♣s t❤❡ r❡❢❡r❡♥❝❡ ♥♦❞❡s ♦♥ t❤❡ ♥♦❞❡s ♦❢ ❡❧❡♠❡♥t L

τL(X̂
i) = X

i
L.

✷✳✷✳✷✳ ●❛✉ss✲▲❡❣❡♥❞r❡ ✐♥t❡r♣♦❧❛t✐♦♥

❋♦r t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥✱ ✇❡ ✜rst ✜① ✐♥ t❤❡ ❝❡❧❧ L ❛ ❞❡❣r❡❡ d✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ (d+ 1) ③❡r♦s (ξi)i=0···d

♦❢ t❤❡ (d + 1)t❤ ▲❡❣❡♥❞r❡ ♣♦❧②♥♦♠✐❛❧ ♦♥ [0, 1], ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥t❡❣r❛t✐♦♥ ✇❡✐❣❤ts ωi✳ ❲❡
❛❧s♦ ❞❡♥♦t❡ ❜② Ik t❤❡ kt❤ ▲❛❣r❛♥❣❡ ✐♥t❡r♣♦❧❛t✐♦♥ ♣♦❧②♥♦♠✐❛❧ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ξi✬s✳ ❘❡❝❛❧❧ t❤❛t Ik
✐s ❛ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ d ❛♥❞ t❤❛t

Ij(ξi) = δij .
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❲❡ ❝♦♥str✉❝t t❤❡ r❡❢❡r❡♥❝❡ ●❛✉ss ♣♦✐♥ts Ŷq✱ ✇❡✐❣❤ts λ̂q ❛♥❞ ✐♥t❡r♣♦❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ϕ̂q(X̂) ❢r♦♠
t❡♥s♦r ♣r♦❞✉❝ts ♦❢ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ q✉❛♥t✐t✐❡s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❧❡t i✱ j ❛♥❞ k ❜❡ t❤r❡❡ ✐♥t❡❣❡rs
✐♥ {0 · · · d} ❛♥❞ ❧❡t q = (d+ 1)2k + (d+ 1)j + i t❤❡♥

Ŷq = (ξi, ξj , ξk), λ̂q = ωiωjωk, ϕ̂q(X̂) = Ii(x̂)Ij(ŷ)Ik(ẑ).

❋✐♥❛❧❧②✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❜❛s✐s ❢✉♥❝t✐♦♥s ♦❢ ❡❧❡♠❡♥t L ❜② tr❛♥s♣♦rt✐♥❣ t❤❡ r❡❢❡r❡♥❝❡ ✐♥t❡r♣♦❧❛t✐♦♥
❢✉♥❝t✐♦♥s ✇✐t❤ t❤❡ ❣❡♦♠❡tr✐❝ tr❛♥s❢♦r♠❛t✐♦♥✳

ϕi
L(X) = ϕ̂i(X̂) ✇✐t❤ X = τL(X̂).

✸✳ ❋✐♥❡ ❣r❛✐♥ ♣❛r❛❧❧❡❧✐s♠ ✿ ❖♣❡♥❈▲ ✐♠♣❧❡♠❡♥t❛t✐♦♥

✸✳✶✳ ❖♣❡♥❈▲ ❧✐❜r❛r②

❖♣❡♥❈▲ ❧✐❜r❛r② ♣r♦✈✐❞❡s ❛ ♠♦❞❡❧ ♦❢ ♣❛r❛❧❧❡❧ ❝♦♠♣✉t✐♥❣ ✇❤✐❝❤ ❝❛♥ ❜❡ ✉s❡❞ ♦♥ ❈P❯ ❛♥❞ ●P❯✳

■♥ t❤✐s ♠♦❞❡❧✱ t❤❡ ♠❡♠♦r② ✐s ❞✐✈✐❞❡❞ ✐♥t♦ ❣❧♦❜❛❧ ♠❡♠♦r② ♦❢ s♦♠❡ ❣✐❣❛❜②t❡s ✇✐t❤ s❧♦✇ ❛❝❝❡ss ❛♥❞
❧♦❝❛❧ ✭❝❛❝❤❡✮ ♠❡♠♦r② ♦❢ ❛ ❢❡✇ t❡♥s ♦❢ ❦✐❧♦❜②t❡s ✇✐t❤ q✉✐❝❦ ❛❝❝❡ss✳ ❈❛❧❝✉❧❛t✐♦♥s ❛r❡ ♣❡r❢♦r♠❡❞ ❜②
✏✇♦r❦✲✐t❡♠s✑ ❤❛✈✐♥❣ ❛❝❝❡ss t♦ ❛❧❧ t❤❡ ❣❧♦❜❛❧ ♠❡♠♦r② ❛♥❞ ✇❤✐❝❤ ♥✉♠❜❡r ❝❛♥ ❜❡ ❛r❜✐tr❛r✐❧② ❧❛r❣❡✳
❚❤❡ ✇♦r❦✲✐t❡♠s ❛r❡ ❣r♦✉♣❡❞ ✐♥t♦ ✏✇♦r❦✲❣r♦✉♣s✑ ✇✐t❤ ❝♦♠♠♦♥ ❧♦❝❛❧ ♠❡♠♦r②✳

❆❧❧ ✇♦r❦✲✐t❡♠s ❡①❡❝✉t❡ t❤❡ s❛♠❡ ♣r♦❣r❛♠✱ ❝❛❧❧❡❞ ✧❦❡r♥❡❧✧✳ ❊❛❝❤ ✇♦r❦✲✐t❡♠ ✐s ✐❞❡♥t✐✜❡❞ ❜② ❛♥ ✐♥❞❡①
❢♦r ♣❛r❛❧❧❡❧✐③❛t✐♦♥✳

❚♦ ♠❛❦❡ t❤❡ ❜❡st ✉s❡ ♦❢ ❖♣❡♥❈▲ ♣❛r❛❧❧❡❧✐③❛t✐♦♥✱ ❝❡rt❛✐♥ r✉❧❡s ♠✉st ❜❡ ❢♦❧❧♦✇❡❞ ✿

✲ ✇♦r❦✲✐t❡♠s ♠✉st ♣❡r❢♦r♠ s✐♠✐❧❛r ♦♣❡r❛t✐♦♥s✱ ❝♦♥❞✐t✐♦♥❛❧ st❛t❡♠❡♥ts ❛r❡ ❝♦st❧② ❀

✲ ❛❝❝❡ss t❤❡ ❣❧♦❜❛❧ ♠❡♠♦r② ♠✉st ❜❡ ❞♦♥❡ ✐♥ ❛ ❧✐♥❡❛r ✇❛② ❀

✲ s❡✈❡r❛❧ ✇♦r❦✲✐t❡♠s ❝❛♥♥♦t ✇r✐t❡ ❛t t❤❡ s❛♠❡ ♠❡♠♦r② ❛t t❤❡ s❛♠❡ t✐♠❡ ❀

✲ ✐♥t❡r♠❡❞✐❛t❡ r❡s✉❧ts ❝❛♥ ❜❡ t❡♠♣♦r❛r✐❧② st♦r❡❞ ✐♥ ❧♦❝❛❧ ♠❡♠♦r② ❢♦r ❢❛st❡r ❛❝❝❡ss✳

❇❛s❡❞ ♦♥ t❤❡s❡ r✉❧❡s✱ ✇❡ ❞❡✜♥❡❞ ❦❡r♥❡❧s ❛♥❞ ❞❛t❛ str✉❝t✉r❡s ❛❞❛♣t❡❞ t♦ ●P❯ ♣❛r❛❧❧❡❧ ❝♦♠♣✉t❛t✐♦♥s✳

✸✳✷✳ P❛r❛❧❧❡❧✐③❛t✐♦♥

❚❤❡ ❛❧❣♦r✐t❤♠ ✐s ❞✐✈✐❞❡❞ ✐♥t♦ st❛❣❡s✱ ❡❛❝❤ ❝❛rr✐❡❞ ♦✉t ❜② ❛ s♣❡❝✐✜❝ ❦❡r♥❡❧✳ ❚❤❡s❡ st❡♣s ❛r❡ ✭✶✮ t❤❡
❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ✈♦❧✉♠❡ ✐♥t❡❣r❛❧

´

L
F (W,∇ϕL

i ) ❢♦r ❡❛❝❤ ❜❛s✐s ❢✉♥❝t✐♦♥ ϕL
i ✱ ✭✷✮ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢

t❤❡ s✉r❢❛❝❡ ✐♥t❡❣r❛❧
´

∂L
F (WL,WR,nLR)ϕ

L
i ❢♦r ❡❛❝❤ ❜❛s✐s ❢✉♥❝t✐♦♥ ϕL

i ❛♥❞ ✭✸✮ t❤❡ ❘✉♥❣❡✲❑✉tt❛
st❡♣✳

■♥ ❡❛❝❤ ♦❢ t❤❡s❡ ❦❡r♥❡❧s✱ ❛ ✇♦r❦✲❣r♦✉♣ ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ♠❡s❤ ❡❧❡♠❡♥t ❛♥❞ t❤❡ ✇♦r❦✲✐t❡♠s ❛r❡
❞✐str✐❜✉t❡❞ ♦♥ t❤❡ s✉r❢❛❝❡ ♦r ✈♦❧✉♠❡ ❡❧❡♠❡♥t ✐♥t❡❣r❛t✐♦♥ ♣♦✐♥ts✳

▲❡t ✉s ❞❡s❝r✐❜❡ ♠♦r❡ ♣r❡❝✐s❡❧② t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ s✉r❢❛❝❡ ✐♥t❡❣r❛❧ ♠❛❞❡ ❜② ❦❡r♥❡❧ ✭✶✮✳ ❲❡ ❤❛✈❡

ˆ

∂L

F (WL,WR,nLR)ϕ
L
i =

ˆ

∂L̂

F (WL ◦ τL,WR ◦ τL, Dτ
∗

Ln̂LR)ϕ̂i

=
5

∑

k=0

λ̂pk(i) ·

F (WL ◦ τL(X̂pk(i)),WR ◦ τL(X̂pk(i)), Dτ
∗

Ln̂LR(X̂pk(i))) ✭✽✮

❚❤❡ ♣♦✐♥t X̂pk(i) ✐s t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ✈♦❧✉♠❡ ●❛✉ss✲▲❡❣❡♥❞r❡ ♣♦✐♥t X̂i ♦♥ t❤❡ ❢❛❝❡ k✳ Dτ∗L ✐s t❤❡
❛❞❥✉❣❛t❡ ♦❢ t❤❡ ❥❛❝♦❜✐❛♥ ♠❛tr✐① ♦❢ τL✳ ❚❤❡ ✈❡❝t♦r n̂LR ✐s t❤❡ ♥♦r♠❛❧ ✈❡❝t♦r ♦♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❢❛❝❡ ♦❢ t❤❡ r❡❢❡r❡♥❝❡ ❡❧❡♠❡♥t✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ❛r❡ s✐♠♣❧✐✜❡❞ ❜❡❝❛✉s❡ t❤❡ ❜❛s✐s ❢✉♥❝t✐♦♥ ϕ̂i ❝❛♥❝❡❧s
❛t ❛❧❧ s✉r❢❛❝❡ ♣♦✐♥ts ❡①❝❡♣t ❛t t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ ●❛✉ss ♣♦✐♥t i ♦♥ t❤❡ ❢❛❝❡✳

■♥ ❦❡r♥❡❧ ✭✶✮✱ t❤❡ ♥✉♠❜❡r ♦❢ ✇♦r❦✲✐t❡♠s ✐s ❡q✉❛❧ t♦ max((d+1)3, 6(d+1)2)✱ ✐✳❡✳ t❤❡ ♠❛①✐♠❛❧ ♥✉♠❜❡r
♦❢ s✉r❢❛❝❡ ♦r ✈♦❧✉♠❡ ✐♥t❡r♣♦❧❛t✐♦♥ ♣♦✐♥ts✳ ❚❤❡ ❦❡r♥❡❧ ✐s ✐ts❡❧❢ s♣❧✐t ✐♥t♦ t✇♦ st❡♣s ✭❛✮ ❛♥❞ ✭❜✮✳ ■♥
♦♥❡ ♦❢ t❤❡ t✇♦ st❡♣s✱ ❛ ♣❛rt ♦❢ t❤❡ ✇♦r❦✲✐t❡♠ ✇✐❧❧ ❜❡ ✐❞❧✐♥❣✳



✻ ❊❙❆■▼✿ P❘❖❈❊❊❉■◆●❙

■♥ st❡♣ ✭❛✮✱ t❤❡ ✇♦r❦✲✐t❡♠s ❛r❡ ❞✐str✐❜✉t❡❞ t♦ t❤❡ s✉r❢❛❝❡ ✐♥t❡❣r❛t✐♦♥ ♣♦✐♥ts ❛♥❞ ❝❛❧❝✉❧❛t❡ t❤❡
✈❛❧✉❡s ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ✢✉① ❛t t❤❡s❡ ♣♦✐♥ts ✐✳❡✳ F (WL,WR, Dτ

∗

Ln̂LR)✳ ❚❤❡ ✜❡❧❞s WL ❛♥❞ WR ❛r❡
❡✈❛❧✉❛t❡❞ ❛t t❤❡ ❢❛❝❡ ●❛✉ss ♣♦✐♥t ✉s✐♥❣ t❤❡ tr✐❝❦ ❞❡s❝r✐❜❡❞ ✐♥ ✷✳✷ ✭♦♥❧② ❝♦♠♣✉t❡ t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥
♣♦✐♥ts ❛❧✐❣♥❡❞ ✇✐t❤ t❤❡ s✉r❢❛❝❡ ♣♦✐♥t✮✳ ❚❤❡ ✢✉① ✐s t❤❡♥ st♦r❡❞ ✐♥t♦ ❧♦❝❛❧ ♠❡♠♦r② ✐♥ ♦r❞❡r t♦ ❜❡
❡✣❝✐❡♥t❧② ❛✈❛✐❧❛❜❧❡ t♦ ❛❧❧ t❤❡ ✇♦r❦✲✐t❡♠s ✐♥ st❡♣ ✭❜✮✳

■♥ t❤❡ s❡❝♦♥❞ st❡♣ ✭❜✮✱ t❤❡ ✇♦r❦✲✐t❡♠s ❛r❡ ❞✐str✐❜✉t❡❞ t♦ t❤❡ ✈♦❧✉♠❡ ✐♥t❡r♣♦❧❛t✐♦♥ ♣♦✐♥ts✳ ❲♦r❦✲
✐t❡♠ i ❝❛❧❝✉❧❛t❡s t❤❡ s✉r❢❛❝❡ ✐♥t❡❣r❛❧ ✭✽✮✳ ❖♥❧② t❤❡ ✈❛❧✉❡s ❛t ♦♥❡ ♣♦✐♥t ♦❢ ❡❛❝❤ ❢❛❝❡ ♦❢ t❤❡ ❡❧❡♠❡♥t
❝♦♠❡s ✐♥✱ ❜❡❝❛✉s❡ ♦♥ t❤❡ ♦t❤❡r ♣♦✐♥ts t❤❡ ❜❛s✐s ❢✉♥❝t✐♦♥s ✈❛♥✐s❤✳ ❚❤❡s❡ ✈❛❧✉❡s ❛r❡ s✐♠♣❧② ❝♦❧❧❡❝t❡❞
❢r♦♠ ❧♦❝❛❧ ♠❡♠♦r② t❤❛♥❦s t♦ t❤❡ ♣r❡✈✐♦✉s st❡♣ ✭❛✮✳ ■♥ st❡♣ ✭❜✮✱ ❜❡❝❛✉s❡ ❣❡♥❡r❛❧❧② t❤❡ ❞❡❣r❡❡ d < 6✱
s♦♠❡ ✇♦r❦✲✐t❡♠s ❛r❡ ✐❞❧✐♥❣✳ ❚❤❡ s♠❛❧❧ ❧♦ss ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ ♣♦✇❡r ✐s ❝♦♠♣❡♥s❛t❡❞ ❜② t❤❡ ❢❛❝t t❤❛t
✇❡ ❤❛✈❡ ❦❡♣t t❤❡ ✢✉①❡s ✐♥t♦ t❤❡ ❝❛❝❤❡ ♠❡♠♦r②✳ ❲❡ ♣♦✐♥t ♦✉t t❤❛t t❤✐s str❛t❡❣② ✐s ❞✐✛❡r❡♥t ❢r♦♠
t❤❡ ♦♥❡ ❞❡s❝r✐❜❡❞ ✐♥ ❬✹❪ ❛♥❞ ❝❛♥ ❜❡ ❣❡♥❡r❛❧✐③❡❞ t♦ ♥♦♥✲❧✐♥❡❛r ❤②♣❡r❜♦❧✐❝ s②st❡♠s✳

❋✐♥❛❧❧② ✐♥ ❦❡r♥❡❧ ✭✸✮✱ t❤❡ ✈❡❝t♦r r❡♣r❡s❡♥t✐♥❣ t❤❡ t✐♠❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ✜❡❧❞ ✐s ✉♣❞❛t❡❞✳

✸✳✸✳ ❉✐✈✐s✐♦♥ ✐♥t♦ ❤♦♠♦❣❡♥❡♦✉s ③♦♥❡s

■♥ t❤❡ ❞✐✛❡r❡♥t ❖♣❡♥❈▲ ❦❡r♥❡❧s ♣❛rt✐❝✐♣❛t✐♥❣ t♦ t❤❡ ❡❧❡♠❡♥t ❝♦♠♣✉t❛t✐♦♥s✱ t❤❡ ♥✉♠❜❡r ♦❢ ✇♦r❦✲
✐t❡♠s ❞❡♣❡♥❞s ♦♥ t❤❡ ❞❡❣r❡❡ ♦❢ ✐♥t❡r♣♦❧❛t✐♦♥ ♦❢ t❤❡ ❡❧❡♠❡♥t✳

❆ str❛t❡❣② ❢♦r ❣r♦✉♣✐♥❣ ❡❧❡♠❡♥ts ♦❢ t❤❡ s❛♠❡ ♦r❞❡r ✐♥t♦ ❤♦♠♦❣❡♥❡♦✉s ③♦♥❡s ✇❛s ✐♠♣❧❡♠❡♥t❡❞✳ ■♥
t❤✐s ✇❛② t❤❡ ✇♦r❦✲✐t❡♠s ♦❢ ❛ s❛♠❡ ③♦♥❡ ♣❡r❢♦r♠ ❡①❛❝t❧② t❤❡ s❛♠❡ ♦♣❡r❛t✐♦♥s✱ ✇❤✐❝❤ ✐♠♣r♦✈❡ t❤❡
●P❯ ❡✣❝✐❡♥❝②✳

✹✳ ❈♦❛rs❡ ❣r❛✐♥ ♣❛r❛❧❧❡❧✐s♠ ✿ ▼P■ ✐♠♣❧❡♠❡♥t❛t✐♦♥

▼P■ ❛❧❧♦✇s ✉s t♦ ♣❛r❛❧❧❡❧✐③❡ ❝♦♠♣✉t❛t✐♦♥s ♦♥ ❛ ❞✐str✐❜✉t❡❞ ♠❡♠♦r② ❛r❝❤✐t❡❝t✉r❡ ❜② ❧❛✉♥❝❤✐♥❣ ♠✉❧✲
t✐♣❧❡ ♣r♦❝❡ss ✇❤✐❝❤ ❝♦♠♠✉♥✐❝❛t❡ ❜❡t✇❡❡♥ ❡❛❝❤ ♦t❤❡rs✳ ❲❡ ♣❡r❢♦r♠ ❛ s✉❜❞✐✈✐s✐♦♥ ♦❢ t❤❡ ♠❡s❤ ✐♥t♦
s✉❜✲❞♦♠❛✐♥s✳ ❉✉r✐♥❣ t❤❡ s✐♠✉❧❛t✐♦♥✱ t❤❡ ❜♦✉♥❞❛r② ❝❡❧❧s ❞❛t❛ ❛r❡ ❡①❝❤❛♥❣❡❞ ❜❡t✇❡❡♥ s✉❜✲❞♦♠❛✐♥s
t❤❛♥❦s t♦ st❛♥❞❛r❞ ▼P■ s❡♥❞ ❛♥❞ r❡❝❡✐✈❡ ♦♣❡r❛t✐♦♥s✳ ❇❡❢♦r❡ t❤❡ ▼P■ ❡①❝❤❛♥❣❡s✱ t❤❡ ❜♦✉♥❞❛r②
❞❛t❛ ❤❛✈❡ ❛❧s♦ t♦ ❜❡ ❝♦♣✐❡❞ ❜❡t✇❡❡♥ t❤❡ ●P❯ ❛♥❞ t❤❡ ❈P❯✱ ✇❤✐❝❤ ✐♥❝r❡❛s❡s t❤❡ s✐♠✉❧❛t✐♦♥ ❝♦st
❝♦♠♣❛r❡❞ t♦ ♦t❤❡r ▼P■ ♣❛r❛❧❧❡❧ ❛❧❣♦r✐t❤♠s✳

✺✳ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✇✐t❤ t❤r❡❡ t❡st ❝❛s❡s✳ ■♥ t❤❡ ✜rst t❡st ❝❛s❡✱ ✇❡
❝♦♠♣✉t❡ t❤❡ ♦r❞❡r ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡✳ ❚❤❡ s❡❝♦♥❞ t❡st ❝❛s❡ ❝♦♠♣❛r❡s t❤❡ ❙✐❧✈❡r✲▼ü❧❧❡r
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❛♥❞ t❤❡ ❝P▼▲ ❛❜s♦r❜✐♥❣ ❧❛②❡rs✳ ❚❤❡ ❧❛st t❡st ❝❛s❡ ❤✐❣❤❧✐❣❤ts t❤❡ s❝❛❧❛❜✐❧✐t② ♦❢
t❤❡ ♠❡t❤♦❞ ✇✐t❤ ▼P■ ♦♥ ❛ ♠❡s❤ ♦❢ ❧❛r❣❡ s✐③❡✳

✺✳✶✳ ❈♦♥✈❡r❣❡♥❝❡

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❝♦♠♣✉t❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦r❞❡r ♦❢ t❤❡ s❝❤❡♠❡ ✇✐t❤ ❞✐✛❡r❡♥t ✐♥t❡r♣♦❧❛t✐♦♥ ♦r❞❡r
d✳ ❚❤❡♦r❡t✐❝❛❧❧② t❤❡ ♦r❞❡r ✭✐♥ t❤❡ L2 ♥♦r♠✮ ♦❢ t❤❡ s❝❤❡♠❡ s❤♦✉❧❞ ❜❡ d+ 1✳

▲❡t We : R
3 × R : R6 ❜❡ ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s ❣✐✈❡♥ ❜②

We(X, t) = ❝♦s (2π(V ·X− t))

(

E0

H0

)

✇❤❡r❡ E0✱ H0 ❛♥❞ V ❛r❡ ✉♥✐t ✈❡❝t♦rs s✉❝❤ t❤❛t (E0,H0,V) ✐s ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ♦❢ R3✳

❲❡ ❝♦♥s✐❞❡r t❤❡ ❞♦♠❛✐♥ Ω = [0, 1]3 ♠❛❞❡ ♦❢ N ×N ×N ❝✉❜✐❝ ❝❡❧❧s✳ ❚❤❡ s♣❛t✐❛❧ st❡♣ h ❡q✉❛❧s N−1✳

❚❤❡ ✜❡❧❞s ❛r❡ ✐♥✐t✐❛❧✐③❡❞ ✇✐t❤ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ❛♥❞ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ✐s ❛♣♣❧✐❡❞ ♦♥ t❤❡ ❜♦✉♥❞❛r✐❡s
♦❢ t❤❡ ❞♦♠❛✐♥✳

❲❡ ❝♦♠♣✉t❡ t❤❡ L2 ♥♦r♠ ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❝♦♠♣✉t❡❞ ✜❡❧❞ ❛♥❞ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ❛❢t❡r
❛ ✜①❡❞ t✐♠❡ ♦❢ 1.0s ❢♦r N ∈ {3, 4, 5, 6, 8, 10} ❛♥❞ d ∈ {1, 2, 3, 4}✳

❚❤❡ ✜❣✉r❡ ✶ r❡♣r❡s❡♥ts t❤❡ ❧♦❣❛r✐t❤♠ ♦❢ t❤❡ ❡rr♦r ✐♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❧♦❣❛r✐t❤♠ ♦❢ t❤❡ s♣❛t✐❛❧ st❡♣✳

❲❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥✉♠❡r✐❝❛❧ ❝♦♥✈❡r❣❡♥❝❡ ♦r❞❡rs ✿
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❋✐❣✉r❡ ✶✳ ❈♦♥✈❡r❣❡♥❝❡ ♦r❞❡rs ✭d = 1 ✿ r❡❞✱ d = 2 ✿ ❣r❡❡♥✱ d = 3 ✿ ❜❧✉❡✱ d = 4 ✿ ♣✉r♣❧❡✮

❋✐❣✉r❡ ✷✳ ❝P▼▲ t❡st ❝❛s❡

• d = 1 ✿ ✶✳✼
• d = 2 ✿ ✸✳✶
• d = 3 ✿ ✸✳✽
• d = 4 ✿ ✹✳✾

✺✳✷✳ ❈P▼▲ t❡st

❚❤✐s t❡st ❝❛s❡ ❛❧❧♦✇s ✉s t♦ ❝♦♠♣❛r❡ t❤❡ r❡✢❡①✐♦♥s ✐♥❞✉❝❡❞ ❜② t❤❡ ❙✐❧✈❡r✲▼ü❧❧❡r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥
❛♥❞ t❤❡ ❝P▼▲ ❛❜s♦r❜✐♥❣ ❧❛②❡rs✱ s❡❡ ❬✼✱ ✽❪✳

❲❡ ❝♦♥s✐❞❡r t❤❡ ❞♦♠❛✐♥ Ω = [0, 1]3✳ ❲❡ ❛♣♣❧② ♦♥ t❤❡ ❢❛❝❡s y = 0✱ y = 1✱ z = 0 ❛♥❞ z = 1 ❛ ♠❡t❛❧❧✐❝
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❞❡✜♥❡❞ ❜②

E× n = 0

✇❤❡r❡ n ✐s ❛ ♥♦r♠❛❧ ✈❡❝t♦r t♦ t❤❡ ❢❛❝❡✳

❚❤❡ ✜♥❛❧ t✐♠❡ ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ✐s 20♥s ❛♥❞ ✇❡ ✉s❡ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ♦r❞❡r d = 2✳

❖♥ t❤❡ ❢❛❝❡ ①❂✵✱ ✇❡ ❛♣♣❧② ❛ ♠❡t❛❧❧✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❡①❝❡♣t❡❞ ♦♥ ❛ sq✉❛r❡ (x, z) ∈ [0.3, 0.7]2

✇❤❡r❡ ✇❡ ✐♥❥❡❝t ❛♥ ✐♥❝✐❞❡♥t ✜❡❧❞✳ ❚❤❡ ❧❛st ❝♦♥❞✐t✐♦♥ ✐s ♥♦t ♣❤②s✐❝❛❧ ❜✉t ♦♥❧② ✐♥t❡♥❞❡❞ ❛t ❣❡♥❡r❛t✐♥❣
❛♥ ✐♥❝✐❞❡♥t ✜❡❧❞ ✐♥ t❤❡ ❞♦♠❛✐♥ Ω s✉❝❤ t❤❛t t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐s ♥♦t t❛♥❣❡♥t t♦ t❤❡ ❢❛❝❡ ①❂✶✳

❖♥ t❤❡ ❢❛❝❡ ①❂✶✱ ✇❡ ❛♣♣❧② t❤❡ t✇♦ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s t❤❛t ✇❡ ✇❛♥t t♦ ❝♦♠♣❛r❡✳ ❙❡❡ ✜❣✉r❡ ✷✳

❋✐rst✱ ✇❡ ❣❡♥❡r❛t❡ ❛ r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥✳ ❲❡ ❡♥❧❛r❣❡ t❤❡ ❞♦♠❛✐♥ ♦❢ ❝♦♠♣✉t❛t✐♦♥ ✐♥ t❤❡ ❞✐r❡❝t✐♦♥
①❂✶✳ ❚❤❡ ❞♦♠❛✐♥ ❜❡❝♦♠❡s Ωref = Ω∪ [1, 5]× [0, 1]× [0, 1]✳ ❲❡ ❛♣♣❧② ❛ ♠❡t❛❧❧✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥
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❋✐❣✉r❡ ✸✳ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❝♦♠♣♦♥❡♥t Ex ❛t (0.71, 0.83, 0.5)

♦♥ t❤❡ ❢❛❝❡ ①❂✶✳ ◆♦✇✱ ✐♥ Ω✱ t❤❡ r❡✢❡①✐♦♥ ♦❢ t❤❡ ✜❡❧❞ ♦♥ t❤❡ ❢❛❝❡s ①❂✶ ✇✐❧❧ ♥♦t ❛♣♣❡❛r ❞✉r✐♥❣ t❤❡
s✐♠✉❧❛t✐♦♥✳ ❲❡ ❞❡♥♦t❡ ❜② Wref t❤❡ s♦❧✉t✐♦♥ ♦❜t❛✐♥❡❞ ✐♥ t❤✐s ❝❛s❡✳

❚❤❡♥✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ ✜❡❧❞ ✐♥ Ω ✇✐t❤ ❛ ❙✐❧✈❡r✲▼ü❧❧❡r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ❢❛❝❡s ①❂✶✳ ❲❡
❞❡♥♦t❡ ❜② Ws t❤❡ s♦❧✉t✐♦♥ ✐♥ t❤✐s ❝❛s❡✳

❋✐♥❛❧❧②✱ ✇❡ ❛❞❞ t♦ t❤❡ ❞♦♠❛✐♥ Ω ✜✈❡ ❝P▼▲ ❧❛②❡rs ♦♥ t❤❡ s✐❞❡ x = 1✳ ❲❡ ❞❡♥♦t❡ ❜② Wcpml t❤❡
s♦❧✉t✐♦♥ ✐♥ t❤✐s ❝❛s❡✳

❚❤❡ ❝P▼▲ ♣r♦✜❧❡ ❞❡s❝r✐❜✐♥❣ t❤❡ ✐♥❝r❡❛s❡ ♦❢ t❤❡ ❝♦♥❞✉❝t✐✈✐t② ✐s ❞❡✜♥❡❞ ❜②

p(x) = 20x3
(

6x2 − 15x+ 10
)

✇❤❡r❡ x ∈ [0, nlayer] ❞❡s❝r✐❜❡ t❤❡ ❞❡♣t❤ ✐♥ t❤❡ ❝P▼▲✳ ❚❤✐s ♣r♦✜❧❡ ❤❛❞ ❜❡❡♥ ❝❤♦♦s❡♥ ✐♥ ❛❝❝♦r❞❛♥❝❡
✇✐t❤ ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts ❝♦♠♣❛r✐♥❣ ❞✐✛❡r❡♥ts ♣r♦✜❧❡s✳ ❲❡ ❝❤♦♦s❡ t❤❡ ♣r♦✜❧❡ ✇❤✐❝❤ ✐♥❞✉❝❡s t❤❡
❧♦✇❡st r❡✢❡①✐♦♥✳

❲✐t❤ t❤✐s ♣r♦✜❧❡✱ t❤❡ ❝♦♥❞✉❝t✐✈✐t② ❛♥❞ ✐ts ❞❡r✐✈❛t✐✈❡ ✈❛♥✐s❤❡s ❛t t❤❡ ✐♥t❡r❢❛❝❡ ❜❡t✇❡❡♥ t❤❡ r❡❛❧
❞♦♠❛✐♥ ❛♥❞ t❤❡ ❝P▼▲ ❛♥❞ ❡q✉❛❧s 20 ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ❝P▼▲✳

❚❤❡ ✜❣✉r❡ ✸ r❡♣r❡s❡♥ts t❤❡ ❝♦♠♣♦♥❡♥t Ex ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛t t❤❡ ♣♦✐♥t (x, y, z) = (0.71, 0.83, 0.5)✳

❚❤❡ ❙✐❧✈❡r✲▼ü❧❧❡r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ r❡✢❡❝ts ♠♦r❡ t❤❛♥ ✶✵✪ ♦❢ t❤❡ ✐♥❝✐❞❡♥t ✜❡❧❞ ❛♥❞ t❤❡ t❤❡
❝P▼▲ ❧❛②❡rs r❡✢❡❝ts ❛❜♦✉t ✵✳✵✸✪ ♦❢ t❤❡ ✐♥❝✐❞❡♥t ✜❡❧❞✳

❚❤✐s t❡st ❝❛s❡ ✇❛s ♣❡r❢♦r♠ ♦♥ ❛ ●P❯ ●❡❋♦r❝❡ ●❚❳ ✷✾✺✳ 1200 t✐♠❡ ✐t❡r❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ❝♦♠♣✉t❡❞
✐♥ 14.8s✳ ❚❤✐s r❡♣r❡s❡♥t ❛❜♦✉t 25 ●❋❧♦♣s✳

✺✳✸✳ ▼P■ s❝❛❧❛❜✐❧✐t②

❚❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s t❡st ❝❛s❡ ✐s t♦ ❡✈❛❧✉❛t❡ t❤❡ ▼P■ s❝❛❧❛❜✐❧✐t② ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥✳

❲❡ ❝♦♥s✐❞❡r ❛ ♠❡s❤ ♠❛❞❡ ♦❢ 528, 840 ❡❧❡♠❡♥ts ✇✐t❤ ❛♥ ♦r❞❡r 2 ❛♣♣r♦①✐♠❛t✐♦♥✳ ❚❤✐s r❡♣r❡s❡♥ts
14, 278, 680 ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠✳ ❚❤❡ ♠❡s❤ r❡♣r❡s❡♥t ❛ ❣❡♥❡r✐❝ ❛✐r♣❧❛♥❡✱ s❡❡ ✜❣✉r❡ ✹✱ ✐❧❧✉♠✐♥❛t❡❞ ❜②
❛ ♣❧❛♥❡ ✇❛✈❡ ✇✐t❤ ●❛✉ss✐❛♥ ♣r♦✜❧❡ ♣♦❧❛r✐③❡❞ ✐♥ Ey✳

❈✉rr❡♥t❧②✱ ✇❡ ❤❛✈❡ ♥♦t ②❡t ❞❡✈❡❧♦♣❡❞ ❛ t♦♦❧s ✇❤✐❝❤ ❛❧❧♦✇ ✉s t♦ ❞✐r❡❝t❧② ❣❡♥❡r❛t❡ ❛ ♠❡s❤ ♠❛❞❡
♦❢ ❤❡①❛❤❡❞r♦♥s ❢r♦♠ ❛ tr✐❛♥❣✉❧❛r s✉r❢❛❝❡ ♠❡s❤✳ ❙♦✱ ✇❡ ✜rst ❣❡♥❡r❛t❡ ❛ str✉❝t✉r❡❞ ♠❡s❤ ❢r♦♠ ❛
tr✐❛♥❣✉❧❛r s✉r❢❛❝❡ ♠❡s❤✳ ❚❤❡♥✱ ✇❡ ❛♣♣r♦①✐♠❛t❡ t❤✐s ♠❡s❤ ❜② ❛ ❤❡①❛❤❡❞r♦♥s ♠❡s❤✳ ❲❡ ♦❜t❛✐♥ ❛
♠❡s❤ ✇❤✐❝❤ ✐s ♥♦t ♣❡r❢❡❝t❧② s✉✐t❡❞ t♦ ❈▲❆❈ s♦❢t✇❛r❡✳ ❇✉t✱ ❤❡r❡✱ ✇❡ ♦♥❧② ✇❛♥t t♦ ❡✈❛❧✉❛t❡ t❤❡ ▼P■
s❝❛❧❛❜✐❧✐t②✳

❲❡ ❝♦♠♣✉t❡ t❤✐s ❝❛s❡ ✇✐t❤ ♦♥❡ ❛♥❞ ❢♦✉r ◆❱■❉■❆ ❚❡s❧❛ ▼✷✵✾✵ ●P❯ ❛♥❞ ❝♦♠♣❛r❡ t❤❡ ❛✈❡r❛❣❡ t✐♠❡
♦❢ s✐♠✉❧❛t✐♦♥ ♣❡r ✐t❡r❛t✐♦♥✳
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❋✐❣✉r❡ ✹✳ ●❡♥❡r✐❝ ❛r✐♣❧❛♥❡✳
▲❡❢t ✿ tr✐❛♥❣✉❧❛r ♠❡s❤✳ ❘✐❣t❤ ✿ ❤❡①❛❡❞r❛❧ ♠❡s❤ ♦❜t❛✐♥ ❢r♦♠ srt✉❝t✉r❡❞ ♠❡s❤✳

❋✐❣✉r❡ ✺✳ ◆♦r♠ ♦❢ t❤❡ ❝✉rr❡♥t ♦♥ t❤❡ ❢✉s❡❧❛❣❡ ❛t t✐♠❡ 51♥s✳

❲✐t❤ ♦♥❡ ●P❯ ✇❡ ♦❜t❛✐♥ ❛ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡ ♣❡r ✐t❡r❛t✐♦♥ ♦❢ 1.25s ✇❤✐❝❤ r❡♣r❡s❡♥ts ❛♣♣r♦①✐♠❛t❡❧②
79 ●✢♦♣s✳ ❲✐t❤ ✹ ●P❯s ✇❡ ♦❜t❛✐♥ 0.378s ✇❤✐❝❤ r❡♣r❡s❡♥ts 261 ●✢♦♣s✳ ❲❡ ♦❜t❛✐♥ ❛ s♣❡❡❞✉♣ ♦❢
3.3✳

❲❡ ❝♦♥s✐❞❡r ♥♦✇ t❤❡ s❛♠❡ ❝❛s❡ ✇✐t❤ ❛ ❣❡♦♠❡tr② ❞❡s❝r✐❜❡❞ ✇✐t❤ 3, 337, 875 ❤❡①❛❡❞r♦♥s✳ ❲❡ ✉s❡ ✽
●P❯s t♦ ♣❡r❢♦r♠ t❤❡ ❝♦♠♣✉t❛t✐♦♥✳ ❚❤❡ s✐♠✉❧❛t✐♦♥ ❞♦❡s ♥♦t ✜t ✐♥t♦ ❛ s✐♥❣❧❡ ●P❯ ♠❡♠♦r②✳

❚❤❡ ✜❣✉r❡ ✺ r❡♣r❡s❡♥ts t❤❡ ♥♦r♠ ♦❢ t❤❡ s✉r❢❛❝❡ ❝✉rr❡♥t|n×H| ♦♥ t❤❡ ❜♦❞② ♦❢ t❤❡ ❛✐r♣❧❛♥❡ ❛t t✐♠❡
51 ♥s✳

❲❡ ♦❜t❛✐♥ ❛ t✐♠❡ ♣❡r ✐t❡r❛t✐♦♥ ♦❢ 1.73s ✇❤✐❝❤ r❡♣r❡s❡♥ts 362 ●✢♦♣s✳

■♥ t❤✐s t❡st ❝❛s❡ ✇❡ s♣❡♥❞ ❛❜♦✉t 30✪ ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡ ✐♥ t❤❡ ♠❡♠♦r② tr❛♥s❢❡rs ❜❡t✇❡❡♥
t❤❡ ❈P❯ ❛♥❞ t❤❡ ●P❯ ❛♥❞ ❛❜♦✉t 20✪ ✐♥ t❤❡ ▼P■ ❝♦♠♠✉♥✐❝❛t✐♦♥s✳

❈♦♥❝❧✉s✐♦♥

❲❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ ❈▲❆❈✱ ❛♥ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ s✐♠✉❧❛t✐♦♥ t♦♦❧✳ ❚❤✐s t♦♦❧ ✐s ✐♥t❡♥❞❡❞ ❢♦r ✐♥❞✉str✐❛❧
♣r❛❝t✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥s✳ ■t ✐s ❛❝❝❡❧❡r❛t❡❞ ❜② t✇♦ ♣❛r❛❧❧❡❧✐s♠ t❡❝❤♥♦❧♦❣✐❡s ✿ ▼P■ ❛♥❞ ❖♣❡♥❈▲✱ ✇❤✐❝❤
❛❧❧♦✇s t♦ r✉♥ ❈▲❆❈ ♦♥ ●P❯ ❝❧✉st❡rs✳

❈✉rr❡♥t ✇♦r❦s ❛r❡ ❞❡✈♦t❡❞ t♦ s❡✈❡r❛❧ ✐♠♣r♦✈❡♠❡♥ts ♦❢ ❈▲❆❈✳ ❲❡ ✐♥t❡♥❞ t♦ ✿

• ❤✐❞❡ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❧❛t❡♥❝② ❜② ♣❡r❢♦r♠✐♥❣ ❝♦♠♣✉t❛t✐♦♥s ✐♥s✐❞❡ t❤❡ s✉❜✲❞♦♠❛✐♥s ✇❤✐❧❡
❜♦✉♥❞❛r② ❞❛t❛ ❛r❡ ❡①❝❤❛♥❣❡❞ ❀

• ❝r❡❛t❡ ♥❡✇ ③♦♥❡ str✉❝t✉r❡s ✇✐t❤ ✇❡❧❧✲❛❧✐❣♥❡❞ ❞❛t❛ ✐♥ ♦r❞❡r t♦ ❛❝❤✐❡✈❡ ❤✐❣❤❡r ♠❡♠♦r② ❜❛♥❞✲
✇✐❞t❤✱ ✇❤❡r❡ ✐t ✐s ♣♦ss✐❜❧❡ ❀

• ❝r❡❛t❡ ♥❡✇ str✉❝t✉r❡s ❢♦r ③♦♥❡ ✐♥t❡r❢❛❝❡s✱ ✐♥ ♦r❞❡r t♦ ✐♠♣❧❡♠❡♥t ♠♦r❡ ❣❡♥❡r❛❧ tr❛♥s❢❡rs
❜❡t✇❡❡♥ ③♦♥❡s✳

❘é❢ér❡♥❝❡s

❬✶❪ ❋✳ ❇♦✉r❞❡❧✱ P✳ ▼❛③❡t✱ ❛♥❞ P✳ ❍❡❧❧✉②✳ ❘❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ♥♦♥✲st❛t✐♦♥❛r② ♦r ❤❛r♠♦♥✐❝ ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s ❜② ❛
❞✐s❝♦♥t✐♥✉♦✉s ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞✳ ❛♣♣❧✐❝❛t✐♦♥ t♦ ❛♥ ❡✳♠✳✐✳ ✭❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✐♠♣✉❧s❡✮ ❝❛s❡✳ ■♥ ✶✵t❤ ✐♥t❡r♥❛t✐♦♥❛❧
❝♦♥❢❡r❡♥❝❡ ♦♥ ❝♦♠♣✉t✐♥❣ ♠❡t❤♦❞s ✐♥ ❛♣♣❧✐❡❞ s❝✐❡♥❝❡s ❛♥❞ ❡♥❣✐♥❡❡r✐♥❣✱ P❛r✐s✱ ❢❡❜r✉❛r② ✶✶✲✶✹✱ ♣❛❣❡s ✶✕✶✽✳ ◆♦✈❛
❙❝✐❡♥❝❡ P✉❜❧✐s❤❡rs✱ ■♥❝✳✱ ◆❡✇ ❨♦r❦✱ ✶✾✾✷✳ ❤tt♣✿✴✴✇✇✇✲✐r♠❛✳✉✲str❛s❜❣✳❢r✴⑦❤❡❧❧✉②✴❆❉▼■◆✴❈❱✴✐♥r✐❛✾✷✳♣❞❢
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