
HAL Id: hal-00929971
https://hal.inria.fr/hal-00929971

Submitted on 14 Jan 2014

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Discontinuous Galerkin methods for solving Helmholtz
isotropic wave equations for seismic applications

Marie Bonnasse-Gahot, Stephane Lanteri, Julien Diaz, Henri Calandra

To cite this version:
Marie Bonnasse-Gahot, Stephane Lanteri, Julien Diaz, Henri Calandra. Discontinuous Galerkin meth-
ods for solving Helmholtz isotropic wave equations for seismic applications. HOSCAR - 3rd Brazil-
French workshop on High performance cOmputing and SCientific dAta management dRiven by highly
demanding applications (INRIA-CNPq), Sep 2013, Bordeaux, France. 2013. �hal-00929971�

https://hal.inria.fr/hal-00929971
https://hal.archives-ouvertes.fr


❉✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ♠❡t❤♦❞s ❢♦r s♦❧✈✐♥❣

❍❡❧♠❤♦❧t③ ✐s♦tr♦♣✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥s ❢♦r

s❡✐s♠✐❝ ❛♣♣❧✐❝❛t✐♦♥s

❆❞✈✐s♦rs✿ ❙té♣❤❛♥❡ ▲❛♥t❡r✐✱ ■◆❘■❆✱ ◆❛❝❤♦s
❏✉❧✐❡♥ ❉✐❛③✱ ■◆❘■❆✱ ▼❛❣✐q✉❡ ✸❉

❍❡♥r✐ ❈❛❧❛♥❞r❛✱ ❚❖❚❆▲

▼❛r✐❡ ❇♦♥♥❛ss❡✲●❛❤♦t

■◆❘■❆✱ ▼❛❣✐q✉❡ ✸❉

❙❡♣t❡♠❜❡r ✷✱ ✷✵✶✸



▼♦t✐✈❛t✐♦♥
✷❉ ❍❡❧♠❤♦❧t③ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ❡q✉❛t✐♦♥s

❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s
◆✉♠❡r✐❝❛❧ r❡s✉❧ts

❈♦♥❝❧✉s✐♦♥✲P❡rs♣❡❝t✐✈❡s

▼♦t✐✈❛t✐♦♥

❊①❛♠♣❧❡s ♦❢ t❤❡ s❡✐s♠✐❝ ❛♣♣❧✐❝❛t✐♦♥s

✶✴✹✷ ▼✳ ❇♦♥♥❛ss❡✲●❛❤♦t ❉● ♠❡t❤♦❞s ❢♦r ❍❡❧♠❤♦❧t③ ✇❛✈❡ ❡q✉❛t✐♦♥s



▼♦t✐✈❛t✐♦♥
✷❉ ❍❡❧♠❤♦❧t③ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ❡q✉❛t✐♦♥s

❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s
◆✉♠❡r✐❝❛❧ r❡s✉❧ts

❈♦♥❝❧✉s✐♦♥✲P❡rs♣❡❝t✐✈❡s

▼♦t✐✈❛t✐♦♥

❊①❛♠♣❧❡s ♦❢ t❤❡ s❡✐s♠✐❝ ❛♣♣❧✐❝❛t✐♦♥s

✶✴✹✷ ▼✳ ❇♦♥♥❛ss❡✲●❛❤♦t ❉● ♠❡t❤♦❞s ❢♦r ❍❡❧♠❤♦❧t③ ✇❛✈❡ ❡q✉❛t✐♦♥s



▼♦t✐✈❛t✐♦♥
✷❉ ❍❡❧♠❤♦❧t③ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ❡q✉❛t✐♦♥s

❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s
◆✉♠❡r✐❝❛❧ r❡s✉❧ts

❈♦♥❝❧✉s✐♦♥✲P❡rs♣❡❝t✐✈❡s

▼♦t✐✈❛t✐♦♥

■♠❛❣✐♥❣ ♠❡t❤♦❞ ✿ t❤❡ ❢✉❧❧ ✇❛✈❡ ✐♥✈❡rs✐♦♥

◗✉❛♥t✐t❛t✐✈❡ ❤✐❣❤ r❡s♦❧✉t✐♦♥ ✐♠❛❣❡s ♦❢ t❤❡ s✉❜s✉r❢❛❝❡ ♣❤②s✐❝❛❧
♣❛r❛♠❡t❡rs

❋♦r✇❛r❞ ♣r♦❜❧❡♠ ♦❢ t❤❡ ✐♥✈❡rs✐♦♥ ♣r♦❝❡ss

❊❧❛st✐❝ ✇❛✈❡s ♣r♦♣❛❣❛t✐♦♥ ✐♥ ❤❛r♠♦♥✐❝ ❞♦♠❛✐♥ ✿ ❍❡❧♠❤♦❧t③
❡q✉❛t✐♦♥

✷✴✹✷ ▼✳ ❇♦♥♥❛ss❡✲●❛❤♦t ❉● ♠❡t❤♦❞s ❢♦r ❍❡❧♠❤♦❧t③ ✇❛✈❡ ❡q✉❛t✐♦♥s



▼♦t✐✈❛t✐♦♥
✷❉ ❍❡❧♠❤♦❧t③ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ❡q✉❛t✐♦♥s

❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s
◆✉♠❡r✐❝❛❧ r❡s✉❧ts

❈♦♥❝❧✉s✐♦♥✲P❡rs♣❡❝t✐✈❡s

▼♦t✐✈❛t✐♦♥

■♠❛❣✐♥❣ ♠❡t❤♦❞ ✿ t❤❡ ❢✉❧❧ ✇❛✈❡ ✐♥✈❡rs✐♦♥

◗✉❛♥t✐t❛t✐✈❡ ❤✐❣❤ r❡s♦❧✉t✐♦♥ ✐♠❛❣❡s ♦❢ t❤❡ s✉❜s✉r❢❛❝❡ ♣❤②s✐❝❛❧
♣❛r❛♠❡t❡rs

❋♦r✇❛r❞ ♣r♦❜❧❡♠ ♦❢ t❤❡ ✐♥✈❡rs✐♦♥ ♣r♦❝❡ss

❊❧❛st✐❝ ✇❛✈❡s ♣r♦♣❛❣❛t✐♦♥ ✐♥ ❤❛r♠♦♥✐❝ ❞♦♠❛✐♥ ✿ ❍❡❧♠❤♦❧t③
❡q✉❛t✐♦♥

✷✴✹✷ ▼✳ ❇♦♥♥❛ss❡✲●❛❤♦t ❉● ♠❡t❤♦❞s ❢♦r ❍❡❧♠❤♦❧t③ ✇❛✈❡ ❡q✉❛t✐♦♥s



▼♦t✐✈❛t✐♦♥
✷❉ ❍❡❧♠❤♦❧t③ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ❡q✉❛t✐♦♥s

❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s
◆✉♠❡r✐❝❛❧ r❡s✉❧ts

❈♦♥❝❧✉s✐♦♥✲P❡rs♣❡❝t✐✈❡s

▼♦t✐✈❛t✐♦♥

❙❡✐s♠✐❝ ✐♠❛❣✐♥❣ ✐♥ ❤❡t❡r♦❣❡♥❡♦✉s ❝♦♠♣❧❡① ♠❡❞✐❛

❈♦♠♣❧❡① t♦♣♦❣r❛♣❤②

❍✐❣❤ ❤❡t❡r♦❣❡♥❡✐t✐❡s

❉● ♠❡t❤♦❞

❯s❡ ♦❢ tr✐❛♥❣✉❧❛r ✉♥str✉❝t✉r❡❞ ♠❡s❤❡s

❋❧❡①✐❜❧❡ ❝❤♦✐❝❡ ♦❢ ✐♥t❡r♣♦❧❛t✐♦♥ ♦r❞❡rs ✭♣ − ❛❞❛♣t❛t✐✈✐t②✮

✸✴✹✷ ▼✳ ❇♦♥♥❛ss❡✲●❛❤♦t ❉● ♠❡t❤♦❞s ❢♦r ❍❡❧♠❤♦❧t③ ✇❛✈❡ ❡q✉❛t✐♦♥s



▼♦t✐✈❛t✐♦♥
✷❉ ❍❡❧♠❤♦❧t③ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ❡q✉❛t✐♦♥s

❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s
◆✉♠❡r✐❝❛❧ r❡s✉❧ts

❈♦♥❝❧✉s✐♦♥✲P❡rs♣❡❝t✐✈❡s

▼♦t✐✈❛t✐♦♥

❙❡✐s♠✐❝ ✐♠❛❣✐♥❣ ✐♥ ❤❡t❡r♦❣❡♥❡♦✉s ❝♦♠♣❧❡① ♠❡❞✐❛

❈♦♠♣❧❡① t♦♣♦❣r❛♣❤②

❍✐❣❤ ❤❡t❡r♦❣❡♥❡✐t✐❡s

❉● ♠❡t❤♦❞

❯s❡ ♦❢ tr✐❛♥❣✉❧❛r ✉♥str✉❝t✉r❡❞ ♠❡s❤❡s

❋❧❡①✐❜❧❡ ❝❤♦✐❝❡ ♦❢ ✐♥t❡r♣♦❧❛t✐♦♥ ♦r❞❡rs ✭♣ − ❛❞❛♣t❛t✐✈✐t②✮

✸✴✹✷ ▼✳ ❇♦♥♥❛ss❡✲●❛❤♦t ❉● ♠❡t❤♦❞s ❢♦r ❍❡❧♠❤♦❧t③ ✇❛✈❡ ❡q✉❛t✐♦♥s



▼♦t✐✈❛t✐♦♥
✷❉ ❍❡❧♠❤♦❧t③ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ❡q✉❛t✐♦♥s

❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s
◆✉♠❡r✐❝❛❧ r❡s✉❧ts

❈♦♥❝❧✉s✐♦♥✲P❡rs♣❡❝t✐✈❡s

▼♦t✐✈❛t✐♦♥

❉r❛✇❜❛❝❦ ♦❢ ❉● ♠❡t❤♦❞

■♠♣♦rt❛♥t ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st

▼❛✐♥ ♦❜❥❡❝t✐✈❡ ♦❢ t❤❡ t❤❡s✐s

❉❡✈❡❧♦♣♠❡♥t ♦❢ ❛♥ ❤②❜r✐❞✐③❛❜❧❡ ❉● ✭❍❉●✮ ♠❡t❤♦❞

❉❡✈❡❧♦♣♠❡♥t ♦❢ ❛ r❡❢❡r❡♥❝❡ ♠❡t❤♦❞✱ ❛ ❝❧❛ss✐❝❛❧ ❉●
♠❡t❤♦❞

✹✴✹✷ ▼✳ ❇♦♥♥❛ss❡✲●❛❤♦t ❉● ♠❡t❤♦❞s ❢♦r ❍❡❧♠❤♦❧t③ ✇❛✈❡ ❡q✉❛t✐♦♥s



▼♦t✐✈❛t✐♦♥
✷❉ ❍❡❧♠❤♦❧t③ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ❡q✉❛t✐♦♥s

❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s
◆✉♠❡r✐❝❛❧ r❡s✉❧ts

❈♦♥❝❧✉s✐♦♥✲P❡rs♣❡❝t✐✈❡s

▼♦t✐✈❛t✐♦♥

❉r❛✇❜❛❝❦ ♦❢ ❉● ♠❡t❤♦❞

■♠♣♦rt❛♥t ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st

▼❛✐♥ ♦❜❥❡❝t✐✈❡ ♦❢ t❤❡ t❤❡s✐s

❉❡✈❡❧♦♣♠❡♥t ♦❢ ❛♥ ❤②❜r✐❞✐③❛❜❧❡ ❉● ✭❍❉●✮ ♠❡t❤♦❞

❉❡✈❡❧♦♣♠❡♥t ♦❢ ❛ r❡❢❡r❡♥❝❡ ♠❡t❤♦❞✱ ❛ ❝❧❛ss✐❝❛❧ ❉●
♠❡t❤♦❞

✹✴✹✷ ▼✳ ❇♦♥♥❛ss❡✲●❛❤♦t ❉● ♠❡t❤♦❞s ❢♦r ❍❡❧♠❤♦❧t③ ✇❛✈❡ ❡q✉❛t✐♦♥s



▼♦t✐✈❛t✐♦♥
✷❉ ❍❡❧♠❤♦❧t③ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ❡q✉❛t✐♦♥s

❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s
◆✉♠❡r✐❝❛❧ r❡s✉❧ts

❈♦♥❝❧✉s✐♦♥✲P❡rs♣❡❝t✐✈❡s

❚❛❜❧❡ ♦❢ ❝♦♥t❡♥ts

✶ ✷❉ ❍❡❧♠❤♦❧t③ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ❡q✉❛t✐♦♥s

✷ ❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s
❈❡♥t❡r❡❞ ✢✉① ❉● s❝❤❡♠❡
❯♣✇✐♥❞ ✢✉① ❉● s❝❤❡♠❡

✸ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts
P❧❛♥❡ ✇❛✈❡ ✐♥ ❛♥ ❤♦♠♦❣❡♥❡♦✉s ♠❡❞✐✉♠
❈✐r❝✉❧❛r ❞✐✛r❛❝t✐♦♥

❘❡s✉❧ts ❢♦r ✈❛r✐♦✉s ❢r❡q✉❡♥❝✐❡s

❘❡s✉❧ts ✇✐t❤ t❤❡ ♣ − ❛❞❛♣t❛t✐✈✐t②

✹ ❈♦♥❝❧✉s✐♦♥✲P❡rs♣❡❝t✐✈❡s

✺✴✹✷ ▼✳ ❇♦♥♥❛ss❡✲●❛❤♦t ❉● ♠❡t❤♦❞s ❢♦r ❍❡❧♠❤♦❧t③ ✇❛✈❡ ❡q✉❛t✐♦♥s



▼♦t✐✈❛t✐♦♥
✷❉ ❍❡❧♠❤♦❧t③ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ❡q✉❛t✐♦♥s

❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s
◆✉♠❡r✐❝❛❧ r❡s✉❧ts

❈♦♥❝❧✉s✐♦♥✲P❡rs♣❡❝t✐✈❡s

❈♦♥t❡♥ts

✶ ✷❉ ❍❡❧♠❤♦❧t③ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ❡q✉❛t✐♦♥s

✷ ❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s

✸ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts

✹ ❈♦♥❝❧✉s✐♦♥✲P❡rs♣❡❝t✐✈❡s

✻✴✹✷ ▼✳ ❇♦♥♥❛ss❡✲●❛❤♦t ❉● ♠❡t❤♦❞s ❢♦r ❍❡❧♠❤♦❧t③ ✇❛✈❡ ❡q✉❛t✐♦♥s



▼♦t✐✈❛t✐♦♥
✷❉ ❍❡❧♠❤♦❧t③ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ❡q✉❛t✐♦♥s

❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s
◆✉♠❡r✐❝❛❧ r❡s✉❧ts

❈♦♥❝❧✉s✐♦♥✲P❡rs♣❡❝t✐✈❡s

✷❉ ❍❡❧♠❤♦❧t③ ❡❧❛st✐❝ ❡q✉❛t✐♦♥s

❋✐rst ♦r❞❡r ❢♦r♠✉❧❛t✐♦♥ ♦❢ ❍❡❧♠♦❧t③ ✇❛✈❡ ❡q✉❛t✐♦♥s

① = (① , ②) ∈ Ω ⊂ R
✷✱

{

✐ωρ(①)✈(①) = ∇·σ(①) + ❢s(①)
✐ωσ(①) = ❈ (①) ε(✈(①))

❋r❡❡ s✉r❢❛❝❡ ❝♦♥❞✐t✐♦♥ ✿ σ♥ = ✵ ♦♥ Γ❧

❆❜s♦r❜✐♥❣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✿ σ♥ = ✈♣(✈ · ♥)♥+ ✈s(✈ · t)t ♦♥ Γ❛

✈ ✿ ✈❡❧♦❝✐t② ✈❡❝t♦r

σ ✿ str❡ss t❡♥s♦r

ε ✿ str❛✐♥ t❡♥s♦r

✼✴✹✷ ▼✳ ❇♦♥♥❛ss❡✲●❛❤♦t ❉● ♠❡t❤♦❞s ❢♦r ❍❡❧♠❤♦❧t③ ✇❛✈❡ ❡q✉❛t✐♦♥s



▼♦t✐✈❛t✐♦♥
✷❉ ❍❡❧♠❤♦❧t③ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ❡q✉❛t✐♦♥s

❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s
◆✉♠❡r✐❝❛❧ r❡s✉❧ts

❈♦♥❝❧✉s✐♦♥✲P❡rs♣❡❝t✐✈❡s

✷❉ ❍❡❧♠❤♦❧t③ ❡❧❛st✐❝ ❡q✉❛t✐♦♥s

❋✐rst ♦r❞❡r ❢♦r♠✉❧❛t✐♦♥ ♦❢ ❍❡❧♠♦❧t③ ✇❛✈❡ ❡q✉❛t✐♦♥s

① = (① , ②) ∈ Ω ⊂ R
✷✱

{

✐ωρ(①)✈(①) = ∇·σ(①) + ❢s(①)
✐ωσ(①) = ❈ (①) ε(✈(①))

❋r❡❡ s✉r❢❛❝❡ ❝♦♥❞✐t✐♦♥ ✿ σ♥ = ✵ ♦♥ Γ❧

❆❜s♦r❜✐♥❣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✿ σ♥ = ✈♣(✈ · ♥)♥+ ✈s(✈ · t)t ♦♥ Γ❛

ρ ✿ ♠❛ss ❞❡♥s✐t②

❈ ✿ t❡♥s♦r ♦❢ ❡❧❛st✐❝✐t②
❝♦❡✣❝✐❡♥ts

❢s ✿ s♦✉r❝❡ t❡r♠✱ ❢s ∈ ▲✷(Ω)

✈♣ ✿ P✲✇❛✈❡ ✈❡❧♦❝✐t②

✈s ✿ ❙✲✇❛✈❡ ✈❡❧♦❝✐t②

✼✴✹✷ ▼✳ ❇♦♥♥❛ss❡✲●❛❤♦t ❉● ♠❡t❤♦❞s ❢♦r ❍❡❧♠❤♦❧t③ ✇❛✈❡ ❡q✉❛t✐♦♥s



▼♦t✐✈❛t✐♦♥
✷❉ ❍❡❧♠❤♦❧t③ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ❡q✉❛t✐♦♥s

❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s
◆✉♠❡r✐❝❛❧ r❡s✉❧ts

❈♦♥❝❧✉s✐♦♥✲P❡rs♣❡❝t✐✈❡s

✷❉ ❍❡❧♠❤♦❧t③ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ❡q✉❛t✐♦♥s

❋✐rst ♦r❞❡r ❢♦r♠✉❧❛t✐♦♥ ♦❢ ❍❡❧♠♦❧t③ ✐s♦tr♦♣✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥s






























































✐ω✈① =
✶

ρ

(

∂σ①①

∂①
+

∂σ①③

∂③

)

✐ω✈③ =
✶

ρ

(

∂σ①③

∂①
+

∂σ③③

∂③

)

✐ωσ①① = (λ+ ✷µ)
∂✈①

∂①
+ λ

∂✈③

∂③

✐ωσ③③ = λ
∂✈①

∂①
+ (λ+ ✷µ)

∂✈③

∂③

✐ωσ①③ = µ

(

∂✈①

∂③
+

∂✈③

∂①

)

λ ❛♥❞ µ ▲❛♠é✬s ❝♦♥st❛♥ts ❛♥❞ ✈♣ =

√

λ+ ✷µ

ρ
❛♥❞ ✈s =

√

µ

ρ

✽✴✹✷ ▼✳ ❇♦♥♥❛ss❡✲●❛❤♦t ❉● ♠❡t❤♦❞s ❢♦r ❍❡❧♠❤♦❧t③ ✇❛✈❡ ❡q✉❛t✐♦♥s



▼♦t✐✈❛t✐♦♥
✷❉ ❍❡❧♠❤♦❧t③ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ❡q✉❛t✐♦♥s

❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s
◆✉♠❡r✐❝❛❧ r❡s✉❧ts

❈♦♥❝❧✉s✐♦♥✲P❡rs♣❡❝t✐✈❡s

✷❉ ❍❡❧♠❤♦❧t③ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ❡q✉❛t✐♦♥s

❱❡❝t♦r✐❛❧ ❢♦r♠

✐ω◗+ ❆①

∂◗

∂①
+ ❆③

∂◗

∂③
= ✵

✇❤❡r❡ ◗ = (✈① , ✈③ , σ①① , σ③③ , σ①③)
❚ ❛♥❞ ✿

❆① = −



















✵ ✵
✶

ρ
✵ ✵

✵ ✵ ✵ ✵
✶

ρ
λ+ ✷µ ✵ ✵ ✵ ✵

λ ✵ ✵ ✵ ✵

✵ µ ✵ ✵ ✵



















, ❆③ = −



















✵ ✵ ✵ ✵
✶

ρ

✵ ✵ ✵
✶

ρ
✵

✵ λ ✵ ✵ ✵

✵ λ+ ✷µ ✵ ✵ ✵

µ ✵ ✵ ✵ ✵



















✾✴✹✷ ▼✳ ❇♦♥♥❛ss❡✲●❛❤♦t ❉● ♠❡t❤♦❞s ❢♦r ❍❡❧♠❤♦❧t③ ✇❛✈❡ ❡q✉❛t✐♦♥s



▼♦t✐✈❛t✐♦♥
✷❉ ❍❡❧♠❤♦❧t③ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ❡q✉❛t✐♦♥s

❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s
◆✉♠❡r✐❝❛❧ r❡s✉❧ts

❈♦♥❝❧✉s✐♦♥✲P❡rs♣❡❝t✐✈❡s

❈❡♥t❡r❡❞ ✢✉① ❉● s❝❤❡♠❡
❯♣✇✐♥❞ ✢✉① ❉● s❝❤❡♠❡

❈♦♥t❡♥ts

✶ ✷❉ ❍❡❧♠❤♦❧t③ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ❡q✉❛t✐♦♥s

✷ ❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s
❈❡♥t❡r❡❞ ✢✉① ❉● s❝❤❡♠❡
❯♣✇✐♥❞ ✢✉① ❉● s❝❤❡♠❡

✸ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts

✹ ❈♦♥❝❧✉s✐♦♥✲P❡rs♣❡❝t✐✈❡s

✶✵✴✹✷ ▼✳ ❇♦♥♥❛ss❡✲●❛❤♦t ❉● ♠❡t❤♦❞s ❢♦r ❍❡❧♠❤♦❧t③ ✇❛✈❡ ❡q✉❛t✐♦♥s



▼♦t✐✈❛t✐♦♥
✷❉ ❍❡❧♠❤♦❧t③ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ❡q✉❛t✐♦♥s

❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s
◆✉♠❡r✐❝❛❧ r❡s✉❧ts

❈♦♥❝❧✉s✐♦♥✲P❡rs♣❡❝t✐✈❡s

❈❡♥t❡r❡❞ ✢✉① ❉● s❝❤❡♠❡
❯♣✇✐♥❞ ✢✉① ❉● s❝❤❡♠❡

❉● ♠❡t❤♦❞s ✐♥ t✐♠❡ ❞♦♠❛✐♥ ❢♦r s❡✐s♠✐❝ ❛♣♣❧✐❝❛t✐♦♥s

❉● ♠❡t❤♦❞s ✐♥ t✐♠❡ ❞♦♠❛✐♥ ❢♦r s❡✐s♠✐❝ ❛♣♣❧✐❝❛t✐♦♥s

▼✳ ❉✉♠❜s❡r ❛♥❞ ▼✳ ❑äs❡r✱ ❆♥ ❛r❜✐tr❛r② ❤✐❣❤✲♦r❞❡r

❞✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ♠❡t❤♦❞ ❢♦r ❡❧❛st✐❝ ✇❛✈❡s ♦♥

✉♥str✉❝t✉r❡❞ ♠❡s❤❡s ✲ ■■ ❀ ❚❤❡ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ✐s♦tr♦♣✐❝

❝❛s❡✱ ✷✵✵✻ ✭✉♣✇✐♥❞ s❝❤❡♠❡✮

❙✳ ❉❡❧❝♦✉rt❡✱ ▲✳❋❡③♦✉✐ ❛♥❞ ◆✳ ●❧✐♥s❦②✲❖❧✐✈✐❡r✱ ❆ ❤✐❣❤ ♦r❞❡r

❞✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ♠❡t❤♦❞ ❢♦r t❤❡ s❡✐s♠✐❝ ✇❛✈❡

♣r♦♣❛❣❛t✐♦♥✱ ✷✵✵✾ ✭❝❡♥t❡r❡❞ s❝❤❡♠❡✮

✶✶✴✹✷ ▼✳ ❇♦♥♥❛ss❡✲●❛❤♦t ❉● ♠❡t❤♦❞s ❢♦r ❍❡❧♠❤♦❧t③ ✇❛✈❡ ❡q✉❛t✐♦♥s



▼♦t✐✈❛t✐♦♥
✷❉ ❍❡❧♠❤♦❧t③ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ❡q✉❛t✐♦♥s

❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s
◆✉♠❡r✐❝❛❧ r❡s✉❧ts

❈♦♥❝❧✉s✐♦♥✲P❡rs♣❡❝t✐✈❡s

❈❡♥t❡r❡❞ ✢✉① ❉● s❝❤❡♠❡
❯♣✇✐♥❞ ✢✉① ❉● s❝❤❡♠❡

◆♦t❛t✐♦♥s ❛♥❞ ❞❡✜♥✐t✐♦♥s

◆♦t❛t✐♦♥s

Γ❧ ❢r❡❡ s✉r❢❛❝❡ ❜♦✉♥❞❛r②

Γ❛ t❤❡ ❛❜s♦r❜✐♥❣ ❜♦✉♥❞❛r②

T❤ ♠❡s❤ ♦❢ Ω ❝♦♠♣♦s❡❞ ♦❢ tr✐❛♥❣❧❡s ❑

F❤ s❡t ♦❢ ❛❧❧ ❢❛❝❡s ❋ ♦❢ T❤

♥ t❤❡ ♥♦r♠❛❧ ♦✉t✇❛r❞ ✈❡❝t♦r ♦❢ ❛♥ ❡❧❡♠❡♥t ❑

✶✷✴✹✷ ▼✳ ❇♦♥♥❛ss❡✲●❛❤♦t ❉● ♠❡t❤♦❞s ❢♦r ❍❡❧♠❤♦❧t③ ✇❛✈❡ ❡q✉❛t✐♦♥s



▼♦t✐✈❛t✐♦♥
✷❉ ❍❡❧♠❤♦❧t③ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ❡q✉❛t✐♦♥s

❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s
◆✉♠❡r✐❝❛❧ r❡s✉❧ts

❈♦♥❝❧✉s✐♦♥✲P❡rs♣❡❝t✐✈❡s

❈❡♥t❡r❡❞ ✢✉① ❉● s❝❤❡♠❡
❯♣✇✐♥❞ ✢✉① ❉● s❝❤❡♠❡

◆♦t❛t✐♦♥s ❛♥❞ ❞❡✜♥✐t✐♦♥s

❉❡✜♥✐t✐♦♥s

❏✉♠♣ [[·]] ♦❢ ❛ ✈❡❝t♦r ✉ ❢♦r ❋ ✿

[[✉]] = ✉+ ·♥++✉− ·♥− = ✉+ ·♥+−✉− ·♥+

❏✉♠♣ ♦❢ ❛ t❡♥s♦r σ ❢♦r ❋ ✿

[[σ]] = σ+♥+ + σ−♥− = σ+♥+ − σ−♥+

K+

K−

n
+

n
−

✶✸✴✹✷ ▼✳ ❇♦♥♥❛ss❡✲●❛❤♦t ❉● ♠❡t❤♦❞s ❢♦r ❍❡❧♠❤♦❧t③ ✇❛✈❡ ❡q✉❛t✐♦♥s



▼♦t✐✈❛t✐♦♥
✷❉ ❍❡❧♠❤♦❧t③ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ❡q✉❛t✐♦♥s

❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s
◆✉♠❡r✐❝❛❧ r❡s✉❧ts

❈♦♥❝❧✉s✐♦♥✲P❡rs♣❡❝t✐✈❡s

❈❡♥t❡r❡❞ ✢✉① ❉● s❝❤❡♠❡
❯♣✇✐♥❞ ✢✉① ❉● s❝❤❡♠❡

◆♦t❛t✐♦♥s ❛♥❞ ❞❡✜♥✐t✐♦♥s

❉❡✜♥✐t✐♦♥s

❆✈❡r❛❣❡ {·} ♦❢ ❛ ✈❛r✐❛❜❧❡ ✉✱ ❢♦r ❋ ✿

{✉} =
✉+ + ✉−

✷

K+

K−

n
+

n
−

✶✸✴✹✷ ▼✳ ❇♦♥♥❛ss❡✲●❛❤♦t ❉● ♠❡t❤♦❞s ❢♦r ❍❡❧♠❤♦❧t③ ✇❛✈❡ ❡q✉❛t✐♦♥s



▼♦t✐✈❛t✐♦♥
✷❉ ❍❡❧♠❤♦❧t③ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ❡q✉❛t✐♦♥s

❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s
◆✉♠❡r✐❝❛❧ r❡s✉❧ts

❈♦♥❝❧✉s✐♦♥✲P❡rs♣❡❝t✐✈❡s

❈❡♥t❡r❡❞ ✢✉① ❉● s❝❤❡♠❡
❯♣✇✐♥❞ ✢✉① ❉● s❝❤❡♠❡

❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥

▲♦❝❛❧ ❉● ❢♦r♠✉❧❛t✐♦♥

✐ω◗+ ❆①

∂◗

∂①
+ ❆③

∂◗

∂③
= ✵

✶✹✴✹✷ ▼✳ ❇♦♥♥❛ss❡✲●❛❤♦t ❉● ♠❡t❤♦❞s ❢♦r ❍❡❧♠❤♦❧t③ ✇❛✈❡ ❡q✉❛t✐♦♥s



▼♦t✐✈❛t✐♦♥
✷❉ ❍❡❧♠❤♦❧t③ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ❡q✉❛t✐♦♥s

❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s
◆✉♠❡r✐❝❛❧ r❡s✉❧ts

❈♦♥❝❧✉s✐♦♥✲P❡rs♣❡❝t✐✈❡s

❈❡♥t❡r❡❞ ✢✉① ❉● s❝❤❡♠❡
❯♣✇✐♥❞ ✢✉① ❉● s❝❤❡♠❡

❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥

▲♦❝❛❧ ❉● ❢♦r♠✉❧❛t✐♦♥

✐ω◗ϕ+ ❆①

∂◗

∂①
ϕ+ ❆③

∂◗

∂③
ϕ = ✵

✶✹✴✹✷ ▼✳ ❇♦♥♥❛ss❡✲●❛❤♦t ❉● ♠❡t❤♦❞s ❢♦r ❍❡❧♠❤♦❧t③ ✇❛✈❡ ❡q✉❛t✐♦♥s



▼♦t✐✈❛t✐♦♥
✷❉ ❍❡❧♠❤♦❧t③ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ❡q✉❛t✐♦♥s

❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s
◆✉♠❡r✐❝❛❧ r❡s✉❧ts

❈♦♥❝❧✉s✐♦♥✲P❡rs♣❡❝t✐✈❡s

❈❡♥t❡r❡❞ ✢✉① ❉● s❝❤❡♠❡
❯♣✇✐♥❞ ✢✉① ❉● s❝❤❡♠❡

❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥

▲♦❝❛❧ ❉● ❢♦r♠✉❧❛t✐♦♥
∫

❑

✐ω◗❑ϕ−

∫

❑

❆①
❑ ∂◗❑

∂①
ϕ−

∫

❑

❆③
❑ ∂◗❑

∂③
ϕ = ✵

✶✹✴✹✷ ▼✳ ❇♦♥♥❛ss❡✲●❛❤♦t ❉● ♠❡t❤♦❞s ❢♦r ❍❡❧♠❤♦❧t③ ✇❛✈❡ ❡q✉❛t✐♦♥s



▼♦t✐✈❛t✐♦♥
✷❉ ❍❡❧♠❤♦❧t③ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ❡q✉❛t✐♦♥s

❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s
◆✉♠❡r✐❝❛❧ r❡s✉❧ts

❈♦♥❝❧✉s✐♦♥✲P❡rs♣❡❝t✐✈❡s

❈❡♥t❡r❡❞ ✢✉① ❉● s❝❤❡♠❡
❯♣✇✐♥❞ ✢✉① ❉● s❝❤❡♠❡

❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥

▲♦❝❛❧ ❉● ❢♦r♠✉❧❛t✐♦♥

∫

❑

✐ω◗❑ϕ−

∫

❑

❆①
❑◗❑ ∂ϕ

∂①
−

∫

❑

❆③
❑ ∂ϕ

∂③
+

∑

❋∈F(❑)

∫

❋

❉♥◗ϕ = ✵

❉♥ = ♥①❆①+♥③❆③ = −



















✵ ✵
♥①

ρ
✵

♥③

ρ

✵ ✵ ✵
♥③

ρ

♥①

ρ
♥①(λ+ ✷µ) ♥③λ ✵ ✵ ✵

♥①λ ♥③(λ+ ✷µ) ✵ ✵ ✵
♥③µ ♥①µ ✵ ✵ ✵



















✶✹✴✹✷ ▼✳ ❇♦♥♥❛ss❡✲●❛❤♦t ❉● ♠❡t❤♦❞s ❢♦r ❍❡❧♠❤♦❧t③ ✇❛✈❡ ❡q✉❛t✐♦♥s



▼♦t✐✈❛t✐♦♥
✷❉ ❍❡❧♠❤♦❧t③ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ❡q✉❛t✐♦♥s

❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s
◆✉♠❡r✐❝❛❧ r❡s✉❧ts

❈♦♥❝❧✉s✐♦♥✲P❡rs♣❡❝t✐✈❡s

❈❡♥t❡r❡❞ ✢✉① ❉● s❝❤❡♠❡
❯♣✇✐♥❞ ✢✉① ❉● s❝❤❡♠❡

❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥

●❧♦❜❛❧ ❉● ❢♦r♠✉❧❛t✐♦♥

∑

❑∈T❤

∫

❑

✐ω◗ϕ−
∑

❑∈T❤

∫

❑

❆①◗
∂ϕ

∂①
−

∑

❑∈T❤

∫

❑

❆③◗
∂ϕ

∂③

+
∑

❋∈F❤

∫

❋

[[❉♥◗ϕ]] = ✵

✶✺✴✹✷ ▼✳ ❇♦♥♥❛ss❡✲●❛❤♦t ❉● ♠❡t❤♦❞s ❢♦r ❍❡❧♠❤♦❧t③ ✇❛✈❡ ❡q✉❛t✐♦♥s



▼♦t✐✈❛t✐♦♥
✷❉ ❍❡❧♠❤♦❧t③ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ❡q✉❛t✐♦♥s

❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s
◆✉♠❡r✐❝❛❧ r❡s✉❧ts

❈♦♥❝❧✉s✐♦♥✲P❡rs♣❡❝t✐✈❡s

❈❡♥t❡r❡❞ ✢✉① ❉● s❝❤❡♠❡
❯♣✇✐♥❞ ✢✉① ❉● s❝❤❡♠❡

❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥

●❧♦❜❛❧ ❉● ❢♦r♠✉❧❛t✐♦♥

∑

❑∈T❤

∫

❑

✐ω◗ϕ−
∑

❑∈T❤

∫

❑

❆①◗
∂ϕ

∂①
−

∑

❑∈T❤

∫

❑

❆③◗
∂ϕ

∂③

+
∑

❋∈F❤

∫

❋

[[❉♥◗ϕ]] = ✵

[[❉♥◗ϕ]] ≃ (❉♥◗) [[ϕ]]

✶✺✴✹✷ ▼✳ ❇♦♥♥❛ss❡✲●❛❤♦t ❉● ♠❡t❤♦❞s ❢♦r ❍❡❧♠❤♦❧t③ ✇❛✈❡ ❡q✉❛t✐♦♥s



▼♦t✐✈❛t✐♦♥
✷❉ ❍❡❧♠❤♦❧t③ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ❡q✉❛t✐♦♥s

❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s
◆✉♠❡r✐❝❛❧ r❡s✉❧ts

❈♦♥❝❧✉s✐♦♥✲P❡rs♣❡❝t✐✈❡s

❈❡♥t❡r❡❞ ✢✉① ❉● s❝❤❡♠❡
❯♣✇✐♥❞ ✢✉① ❉● s❝❤❡♠❡

❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥

●❧♦❜❛❧ ❉● ❢♦r♠✉❧❛t✐♦♥

∑

❑∈T❤

∫

❑

✐ω◗ϕ−
∑

❑∈T❤

∫

❑

❆①◗
∂ϕ

∂①
−

∑

❑∈T❤

∫

❑

❆③◗
∂ϕ

∂③

+
∑

❋∈F❤

∫

❋

(❉♥◗) [[ϕ]] = ✵

✶✺✴✹✷ ▼✳ ❇♦♥♥❛ss❡✲●❛❤♦t ❉● ♠❡t❤♦❞s ❢♦r ❍❡❧♠❤♦❧t③ ✇❛✈❡ ❡q✉❛t✐♦♥s



▼♦t✐✈❛t✐♦♥
✷❉ ❍❡❧♠❤♦❧t③ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ❡q✉❛t✐♦♥s

❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s
◆✉♠❡r✐❝❛❧ r❡s✉❧ts

❈♦♥❝❧✉s✐♦♥✲P❡rs♣❡❝t✐✈❡s

❈❡♥t❡r❡❞ ✢✉① ❉● s❝❤❡♠❡
❯♣✇✐♥❞ ✢✉① ❉● s❝❤❡♠❡

❈❡♥t❡r❡❞ ✢✉① ❉● s❝❤❡♠❡

❈❡♥t❡r❡❞ ✢✉① ♦♥ ❛ ❢❛❝❡ ❋

(❉♥◗) |❋ = {❉♥◗} =
✶

✷

(

❉♥

❑◗❑ +❉♥

❑ ′

◗❑ ′

)

❈❡♥t❡r❡❞ ✢✉① ❉● s❝❤❡♠❡

∫

❑

✐ω◗❑ϕ−

∫

❑

❆①
❑◗❑ ∂ϕ

∂①
−

∫

❑

❆③
❑◗❑ ∂ϕ

∂③

+
∑

❋

∫

❋

✶

✷

(

❉♥

❑◗❑ +❉♥

❑ ′

◗❑ ′

)

ϕ = ✵

✶✻✴✹✷ ▼✳ ❇♦♥♥❛ss❡✲●❛❤♦t ❉● ♠❡t❤♦❞s ❢♦r ❍❡❧♠❤♦❧t③ ✇❛✈❡ ❡q✉❛t✐♦♥s



▼♦t✐✈❛t✐♦♥
✷❉ ❍❡❧♠❤♦❧t③ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ❡q✉❛t✐♦♥s

❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s
◆✉♠❡r✐❝❛❧ r❡s✉❧ts

❈♦♥❝❧✉s✐♦♥✲P❡rs♣❡❝t✐✈❡s

❈❡♥t❡r❡❞ ✢✉① ❉● s❝❤❡♠❡
❯♣✇✐♥❞ ✢✉① ❉● s❝❤❡♠❡

❯♣✇✐♥❞ ✢✉① ❉● s❝❤❡♠❡

❉❡✜♥✐t✐♦♥
{

❉♥

+ = ❘♥Γ
+ (❘♥)

−✶

❉♥

− = ❘♥Γ
− (❘♥)

−✶

✇❤❡r❡

Γ− = −



















✈♣ ✵ ✵ ✵ ✵

✵ ✈s ✵ ✵ ✵

✵ ✵ ✵ ✵ ✵

✵ ✵ ✵ ✵ ✵

✵ ✵ ✵ ✵ ✵



















, Γ+ =



















✵ ✵ ✵ ✵ ✵

✵ ✵ ✵ ✵ ✵

✵ ✵ ✵ ✵ ✵

✵ ✵ ✵ ✈s ✵

✵ ✵ ✵ ✵ ✈♣



















✶✼✴✹✷ ▼✳ ❇♦♥♥❛ss❡✲●❛❤♦t ❉● ♠❡t❤♦❞s ❢♦r ❍❡❧♠❤♦❧t③ ✇❛✈❡ ❡q✉❛t✐♦♥s



▼♦t✐✈❛t✐♦♥
✷❉ ❍❡❧♠❤♦❧t③ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ❡q✉❛t✐♦♥s

❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s
◆✉♠❡r✐❝❛❧ r❡s✉❧ts

❈♦♥❝❧✉s✐♦♥✲P❡rs♣❡❝t✐✈❡s

❈❡♥t❡r❡❞ ✢✉① ❉● s❝❤❡♠❡
❯♣✇✐♥❞ ✢✉① ❉● s❝❤❡♠❡

❯♣✇✐♥❞ ✢✉① ❉● s❝❤❡♠❡

❉❡✜♥✐t✐♦♥
{

❉♥

+ = ❘♥Γ
+ (❘♥)

−✶

❉♥

− = ❘♥Γ
− (❘♥)

−✶

❛♥❞

❘♥ =

























♥①✈♣ −♥③✈s ✵ ♥③✈s −♥①✈♣

♥③✈♣ ♥①✈s ✵ −♥①✈s −♥③✈♣

λ+ ✷♥✷①µ −✷♥③♥①µ ♥✷③ −✷♥③♥①µ λ+ ✷♥✷①µ

λ+ ✷♥✷③µ ✷♥③♥①µ ♥✷① ✷♥③♥①µ λ+ ✷♥✷③µ

✷♥③♥①µ µ(♥✷① − ♥✷③ ) −♥①♥③ µ(♥✷① − ♥✷③ ) ✷♥③♥①µ

























✶✼✴✹✷ ▼✳ ❇♦♥♥❛ss❡✲●❛❤♦t ❉● ♠❡t❤♦❞s ❢♦r ❍❡❧♠❤♦❧t③ ✇❛✈❡ ❡q✉❛t✐♦♥s



▼♦t✐✈❛t✐♦♥
✷❉ ❍❡❧♠❤♦❧t③ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ❡q✉❛t✐♦♥s

❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s
◆✉♠❡r✐❝❛❧ r❡s✉❧ts

❈♦♥❝❧✉s✐♦♥✲P❡rs♣❡❝t✐✈❡s

❈❡♥t❡r❡❞ ✢✉① ❉● s❝❤❡♠❡
❯♣✇✐♥❞ ✢✉① ❉● s❝❤❡♠❡

❯♣✇✐♥❞ ✢✉① ❉● s❝❤❡♠❡

❯♣✇✐♥❞ ✢✉① ♦♥ ❛ ❢❛❝❡ ❋

(❉♥◗) |❋ =
(

❉♥

❑
)+
◗❑ +

(

❉♥

❑ ′

)−

◗❑ ′

❯♣✇✐♥❞ ✢✉① ❉● s❝❤❡♠❡

∫

❑

✐ω◗❑ϕ−

∫

❑

❆①
❑◗❑ ∂ϕ

∂①
−

∫

❑

❆③
❑◗❑ ∂ϕ

∂③

+
∑

❋

∫

❋

[

(

❉♥

❑
)+
◗❑ +

(

❉♥

❑ ′

)−

◗❑ ′

]

ϕ = ✵

✶✽✴✹✷ ▼✳ ❇♦♥♥❛ss❡✲●❛❤♦t ❉● ♠❡t❤♦❞s ❢♦r ❍❡❧♠❤♦❧t③ ✇❛✈❡ ❡q✉❛t✐♦♥s



▼♦t✐✈❛t✐♦♥
✷❉ ❍❡❧♠❤♦❧t③ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ❡q✉❛t✐♦♥s

❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s
◆✉♠❡r✐❝❛❧ r❡s✉❧ts

❈♦♥❝❧✉s✐♦♥✲P❡rs♣❡❝t✐✈❡s

P❧❛♥❡ ✇❛✈❡ ✐♥ ❛♥ ❤♦♠♦❣❡♥❡♦✉s ♠❡❞✐✉♠
❈✐r❝✉❧❛r ❞✐✛r❛❝t✐♦♥

❈♦♥t❡♥ts

✶ ✷❉ ❍❡❧♠❤♦❧t③ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ❡q✉❛t✐♦♥s

✷ ❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s

✸ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts
P❧❛♥❡ ✇❛✈❡ ✐♥ ❛♥ ❤♦♠♦❣❡♥❡♦✉s ♠❡❞✐✉♠
❈✐r❝✉❧❛r ❞✐✛r❛❝t✐♦♥

❘❡s✉❧ts ❢♦r ✈❛r✐♦✉s ❢r❡q✉❡♥❝✐❡s

❘❡s✉❧ts ✇✐t❤ t❤❡ ♣ − ❛❞❛♣t❛t✐✈✐t②

✹ ❈♦♥❝❧✉s✐♦♥✲P❡rs♣❡❝t✐✈❡s

✶✾✴✹✷ ▼✳ ❇♦♥♥❛ss❡✲●❛❤♦t ❉● ♠❡t❤♦❞s ❢♦r ❍❡❧♠❤♦❧t③ ✇❛✈❡ ❡q✉❛t✐♦♥s



▼♦t✐✈❛t✐♦♥
✷❉ ❍❡❧♠❤♦❧t③ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ❡q✉❛t✐♦♥s

❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s
◆✉♠❡r✐❝❛❧ r❡s✉❧ts

❈♦♥❝❧✉s✐♦♥✲P❡rs♣❡❝t✐✈❡s

P❧❛♥❡ ✇❛✈❡ ✐♥ ❛♥ ❤♦♠♦❣❡♥❡♦✉s ♠❡❞✐✉♠
❈✐r❝✉❧❛r ❞✐✛r❛❝t✐♦♥

P❧❛♥❡ ✇❛✈❡

4000

4000

❈♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ Ω
s❡tt✐♥❣

P❤②s✐❝❛❧ ♣❛r❛♠❡t❡rs ✿

ρ = ✷.✶✵✸❦❣ .♠−✸

λ = ✶, ✻.✶✵✶✵P❛

µ = ✽.✶✵✾P❛

✈♣ = ✹.✶✵✸♠.s−✶

✈s = ✷.✶✵✸♠.s−✶

❇♦✉♥❞❛r② ✿

❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ ∂Ω
s✉❝❤ ❛s ✿

✉ = ∇❡ ✐(❦ ❝♦s θ①+❦ s✐♥ θ②)

✇❤❡r❡ ❦ =
ω

✈♣
♦r ❦ =

ω

✈s

✷✵✴✹✷ ▼✳ ❇♦♥♥❛ss❡✲●❛❤♦t ❉● ♠❡t❤♦❞s ❢♦r ❍❡❧♠❤♦❧t③ ✇❛✈❡ ❡q✉❛t✐♦♥s



▼♦t✐✈❛t✐♦♥
✷❉ ❍❡❧♠❤♦❧t③ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ❡q✉❛t✐♦♥s

❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s
◆✉♠❡r✐❝❛❧ r❡s✉❧ts

❈♦♥❝❧✉s✐♦♥✲P❡rs♣❡❝t✐✈❡s

P❧❛♥❡ ✇❛✈❡ ✐♥ ❛♥ ❤♦♠♦❣❡♥❡♦✉s ♠❡❞✐✉♠
❈✐r❝✉❧❛r ❞✐✛r❛❝t✐♦♥

P❧❛♥❡ ✇❛✈❡ ❢♦r ❛ ❢r❡q✉❡♥❝② ❢ = ✷ ❍③✱ ❝♦♠♣♦♥❡♥t ❱①

❊①❛❝t s♦❧✉t✐♦♥ P✷ ❝❡♥t❡r❡❞ ✢✉① ❉● ❢♦r♠✉✲
❧❛t✐♦♥

✷✶✴✹✷ ▼✳ ❇♦♥♥❛ss❡✲●❛❤♦t ❉● ♠❡t❤♦❞s ❢♦r ❍❡❧♠❤♦❧t③ ✇❛✈❡ ❡q✉❛t✐♦♥s



▼♦t✐✈❛t✐♦♥
✷❉ ❍❡❧♠❤♦❧t③ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ❡q✉❛t✐♦♥s

❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s
◆✉♠❡r✐❝❛❧ r❡s✉❧ts

❈♦♥❝❧✉s✐♦♥✲P❡rs♣❡❝t✐✈❡s

P❧❛♥❡ ✇❛✈❡ ✐♥ ❛♥ ❤♦♠♦❣❡♥❡♦✉s ♠❡❞✐✉♠
❈✐r❝✉❧❛r ❞✐✛r❛❝t✐♦♥

P❧❛♥❡ ✇❛✈❡ ❢♦r ❛ ❢r❡q✉❡♥❝② ❢ = ✷ ❍③✱ ❝♦♠♣♦♥❡♥t ❱①

❊①❛❝t s♦❧✉t✐♦♥ P✷ ✉♣✇✐♥❞ ✢✉① ❉● ❢♦r♠✉✲
❧❛t✐♦♥

✷✷✴✹✷ ▼✳ ❇♦♥♥❛ss❡✲●❛❤♦t ❉● ♠❡t❤♦❞s ❢♦r ❍❡❧♠❤♦❧t③ ✇❛✈❡ ❡q✉❛t✐♦♥s



▼♦t✐✈❛t✐♦♥
✷❉ ❍❡❧♠❤♦❧t③ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ❡q✉❛t✐♦♥s

❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s
◆✉♠❡r✐❝❛❧ r❡s✉❧ts

❈♦♥❝❧✉s✐♦♥✲P❡rs♣❡❝t✐✈❡s

P❧❛♥❡ ✇❛✈❡ ✐♥ ❛♥ ❤♦♠♦❣❡♥❡♦✉s ♠❡❞✐✉♠
❈✐r❝✉❧❛r ❞✐✛r❛❝t✐♦♥

P❧❛♥❡ ✇❛✈❡

▲✷ ❡rr♦r ❢♦r t❤❡ ❝❡♥t❡r❡❞ ✢✉①

✷✸✴✹✷ ▼✳ ❇♦♥♥❛ss❡✲●❛❤♦t ❉● ♠❡t❤♦❞s ❢♦r ❍❡❧♠❤♦❧t③ ✇❛✈❡ ❡q✉❛t✐♦♥s



▼♦t✐✈❛t✐♦♥
✷❉ ❍❡❧♠❤♦❧t③ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ❡q✉❛t✐♦♥s

❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s
◆✉♠❡r✐❝❛❧ r❡s✉❧ts

❈♦♥❝❧✉s✐♦♥✲P❡rs♣❡❝t✐✈❡s

P❧❛♥❡ ✇❛✈❡ ✐♥ ❛♥ ❤♦♠♦❣❡♥❡♦✉s ♠❡❞✐✉♠
❈✐r❝✉❧❛r ❞✐✛r❛❝t✐♦♥

P❧❛♥❡ ✇❛✈❡

▲✷✲❡rr♦r ❢♦r t❤❡ ✉♣✇✐♥❞ ✢✉①
✷✹✴✹✷ ▼✳ ❇♦♥♥❛ss❡✲●❛❤♦t ❉● ♠❡t❤♦❞s ❢♦r ❍❡❧♠❤♦❧t③ ✇❛✈❡ ❡q✉❛t✐♦♥s



▼♦t✐✈❛t✐♦♥
✷❉ ❍❡❧♠❤♦❧t③ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ❡q✉❛t✐♦♥s

❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s
◆✉♠❡r✐❝❛❧ r❡s✉❧ts

❈♦♥❝❧✉s✐♦♥✲P❡rs♣❡❝t✐✈❡s

P❧❛♥❡ ✇❛✈❡ ✐♥ ❛♥ ❤♦♠♦❣❡♥❡♦✉s ♠❡❞✐✉♠
❈✐r❝✉❧❛r ❞✐✛r❛❝t✐♦♥

❈✐r❝✉❧❛r ❞✐✛r❛❝t✐♦♥

ΓlΓa

Ω

a

b

❈♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡ ❝♦♠♣✉t❛✲
t✐♦♥❛❧ ❞♦♠❛✐♥ Ω

P❤②s✐❝❛❧ ♣❛r❛♠❡t❡rs ✿

ρ = ✷.✶✵✸❦❣ .♠−✸

λ = ✶, ✻.✶✵✶✵P❛

µ = ✽.✶✵✾P❛

✈♣ = ✹.✶✵✸♠.s−✶

✈s = ✷.✶✵✸♠.s−✶

❇♦✉♥❞❛r② ✿

Γ❧ ✐s ❛ ❢r❡❡ s✉r❢❛❝❡ ✿

σ♥ = ✵

Γ❛ ❛❜s♦r❜✐♥❣ ❜♦✉♥❞❛r② ✿

σ♥ = ✈♣(✈ ·♥)♥+ ✈s(✈ · t)t

❛ = ✷✵✵✵♠

❜ = ✽✵✵✵♠

T❤ ❝♦♠♣♦s❡❞ ♦❢ ✾✻✺✸
❡❧❡♠❡♥ts

✷✺✴✹✷ ▼✳ ❇♦♥♥❛ss❡✲●❛❤♦t ❉● ♠❡t❤♦❞s ❢♦r ❍❡❧♠❤♦❧t③ ✇❛✈❡ ❡q✉❛t✐♦♥s



▼♦t✐✈❛t✐♦♥
✷❉ ❍❡❧♠❤♦❧t③ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ❡q✉❛t✐♦♥s

❉● ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s
◆✉♠❡r✐❝❛❧ r❡s✉❧ts

❈♦♥❝❧✉s✐♦♥✲P❡rs♣❡❝t✐✈❡s

P❧❛♥❡ ✇❛✈❡ ✐♥ ❛♥ ❤♦♠♦❣❡♥❡♦✉s ♠❡❞✐✉♠
❈✐r❝✉❧❛r ❞✐✛r❛❝t✐♦♥

❘❡s✉❧ts ❢♦r ✈❛r✐♦✉s ❢r❡q✉❡♥❝✐❡s ✿ ❢ = ✷ ❍③

❊①❛❝t s♦❧✉t✐♦♥ P✶ ❝❡♥t❡r❡❞ s❝❤❡♠❡
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