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Closing Aubry sets 1

A. Figalli* L. Rifford!
July 7, 2011

Abstract

Given a Tonelli Hamiltonian H : T*M — R of class C*, with k > 2, we prove the
following results: (1) Assume there exist a recurrent point of the projected Aubry set
Z, and a critical viscosity subsolution u, such that u is a C! critical solution in an open
neighborhood of the positive orbit of Z. Suppose further that u is “C? at #’. Then there
exists a C* potential V : M — R, small in C? topology, for which the Aubry set of
the new Hamiltonian H + V is either an equilibrium point or a periodic orbit. (2) If M
is two dimensional, (1) holds replacing “C" critical solution + C? at #” by “C*® critical
subsolution”.

These results can be considered as a first step through the attempt of proving the
Mafié’s conjecture in C? topology. In a second paper [27], we will generalize (2) to arbitrary
dimension. Moreover, such an extension will need the introduction of some new techniques,
which will allow us to prove in [27] the Maié’s density Conjecture in C' topology. Our
proofs are based on a combination of techniques coming from finite dimensional control
theory and Hamilton-Jacobi theory, together with some of the ideas which were used to
prove C*-closing lemmas for dynamical systems.
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1 Introduction

Let (M, g) be a smooth compact Riemannian manifold without boundary of dimension n > 2.
Given H : T*M — R a smooth Tonelli Hamiltonian, the Maiié conjecture in C* topology (with
k > 2) asserts that, for generic potentials V € C*(M), the projected Aubry set A(H + V)
associated to the Hamiltonian H + V is either an equilibrium point or a periodic orbit.

This paper is the first of a series of articles where we plan to make progress toward a
proof of the Mané Conjecture in C? topology. The aim of this first paper is to show how to
prove the density part of the Mané Conjecture in C? topology under the following assumptions
(Theorem 2.1): there exist a recurrent point of the projected Aubry set Z, and a critical viscosity
subsolution u, such that u is a C'! critical solution in an open neighborhood of the positive orbit
of Z, and v is “C? at ’. Then, in two dimensions we show how to replace the above assumption
by replacing “C? critical solution + C? at the point” with “C? critical subsolution” (Theorem
2.4). In a second paper we will perform the extension of this last result to arbitrary dimension
[27, Theorem 1.1]. Moreover, the proof of this last result will involve the introduction of some
new ideas and techniques, which will allow us to prove the (density part of the) Manié Conjecture
in C! topology [27, Theorem 1.2].



Before describing our results in detail, we first introduce the Aubry-Mather theory from both
the Lagrangian and the Hamiltonian points of view. Some conventions and standing notation
are gathered in Appendix A.

1.1 Aubry-Mather theory from the Lagrangian viewpoint

Let L : TM — R be a C* Tonelli Lagrangian, that is, a Lagrangian of class C* (with k > 2)
satisfying the two following assumptions:

(L1) Superlinear growth: For every K > 0, there is a finite constant C(K) such that
L(z,v) > K|jv||» + C(K) V(z,v) e TM.

(L2) Strict convexity: For every (z,v) € TM, the second derivative along the fibers %(z, v)
is positive definite.

The critical value of L is defined as

)=~ juf { 4G 0.7]) 17 € C1(0.71.80), 2(0) = (D) }. (1)

where A(7;[0,77]) denotes the action of the C* curve v : [0,T] — M on the time interval [0, 77,
that is,
T
A(0.71) = [ LO@0) dr
0
By the assumptions on L, the critical value ¢[L] is necessarily finite, and satisfies

inf L < —c[L] < inf L(x,0).
(z,vl)neTM (@,v) < = ]_zlglw (2, 0)

To each closed curve vy € Cf)er([o, T, M ), we can associate a probability measure pu, on TM
by
1 /7
| tdui=g [ r0@a0) & viecrmm).
T™ 0

Following Mané [35], we call holonomic probability measure any element in the set

H:= {:“'V|T >0,v € Cll)er([OvT]aM)}’

where the closure is taken with respect to the weak-* topology on the space of measures. Define
the action functional

Ap . P(TM) — RU {+o0}
oo Ap(p) = [, Ldp.
By construction, we have
inf{AL(n) | p € H} = —c[L].

The set H is a (nonempty) closed convex subset of P(TM), which is not compact (with respect
to the weak-* topology). However, thanks to (L1), the set Ho := HN{AL < —c¢(L)+ 1} is a
compact convex subset of H. This implies that Ay attains a minimum on H, that is,

o] = —min {AL(u)}



The measures p € H such that Ay () = —c[L] are called minimizing measures. It can be shown
that they are invariant under the Euler-Lagrange flow ¢F [35], and they minimize the functional
Aj, among all Borel probability measures on T'M which are invariant under ¢F.

The Mather set of L is the nonempty compact subset of T'M defined as

M@I):=|J  Supp(n),

Ar(u)=—c[L]
and the projected Mather set M(L) C M is given by

M(L) := 7(M(L)).
In [37], Mather proved the following result:

Mather’s Graph Theorem I. The set M(L) € TM is invariant under ¢F. Moreover the
map 7y r,) : M(L) — M is injective, and

-1
(i) ML) = M(L)
is Lipschitz.

Following Mather [38], for every T' > 0 we define the function hy : M x M — R as

hr(z,y) = inf{ &(: [0,T1) [ 7 € C((0,T), M), 5(0) = &, 1(T) = y}.
The Peierls barrier associated with L is the function h : M x M — R defined by
ha,y) = limint {hr (2, y) + c[LIT}.

It is immediately seen that the following inequalities hold for all T' > 0, for every z,y,z € M:

Wz, z) < W, y) + hr(y, 2) + ¢[L]T,
h(l‘, Z) < hT(‘T’ y) + C[L]T + h(ya Z)

In particular, we deduce that the following “triangle inequality” holds:
W(z,2) < h(e.y) +h(y,2)  Va,y,z € M.

By compactness of M and (1.1), it is not difficult to prove that there is at least one point z € M
such that h(z,z) = 0. Hence the above triangle inequality shows that h is finite everywhere on
M x M. The projected Aubry set A(L) is then defined as the nonempty compact set given by

A(L) == {x EM| hiz,x) = 0}. (1.2)

We observe that for every x € A(L) there exist a sequence {7} }ren of real numbers tending to
+00, and a sequence {7y }ren of Ct curves 7y : [0, )] — M, such that v,(0) = v,(T}) and

Jim A(; [0, T%]) + ¢[L] Ty, = 0.

Applying the Arzela-Ascoli Theorem, it can be shown that the sequence {4} of curves ('yk, f'yk) :
[0,T;] — TM is relatively compact, so that for each integer [ > 0 the sequence of curves

- A (t) it>0
tel l’”H{ A(Te+1) ift<0



admits, up to a subsequence, a uniform limit. Then, one can show that such limit curve is
uniquely determined [38], and deduce that to each = € A(L) it can be associated in a unique
way a C*~1 curve v, : R — M, with 7,(0) = x, which solves the Euler-Lagrange equation

d (oL oL
— 9 7 (V2 (1), Ya(t = —(V2(t), Y= (2t VteR.
B bt nt0) } = St 200) e
Then, the Aubry set of L is the compact subset of T'M defined by

AL) = {((6),7:(0) | € A(L),t € R},

It can be proved that Aubry set A(L) contains the Mather set M (L). Moreover, in [38] Mather
showed the following result:

Mather’s Graph Theorem II. The set A(L) C TM is invariant under ¢F. Moreover the

map 7 g, : A(L) — M is injective, its image coincides with A(L), and

(m A(L))_1 . A(L) — A(L)

is Lipschitz.

In other terms, Mather’s Graph Theorems state that M(L) C A(L) are contained in the
graph of a Lipschitz section of T M.

1.2 Aubry-Mather theory from the Hamiltonian viewpoint

The Tonelli Hamiltonian H : T*M — R associated to L by Legendre-Fenchel duality is defined
as
H(z,p) == {p(v) = L(w,0)} T*M.
(@,p) == max (p(v) - L(z,v) V(z,p) €T}
Thanks to our assumptions on L, it is well-known that H is of class C* and satisfies both
properties of superlinear growth and strict convexity in 7" M:

(H1) Superlinear growth: For every K > 0, there is a finite constant C*(K) such that
H(z,p) > K|pll. + C*(K)  V(z,p) € T"M.

8%H
Op?

(H2) Strict convezity: For every (x,p) € T*M, the second derivative along the fibers (x,p)

is positive definite.

Under the above assumptions, the Hamiltonian flow ¢ of H is of class C*~!, and is conjugated
with the Euler-Lagrange flow ¢ of L. The critical value or Mané critical value of H is defined
as

c[H] := c[L}], (1.3)

while the Aubry set “seen in T*M?” is defined as
AH) =L (A(L)) ,

where £ : TM — T*M denotes the Legendre transform (see Appendix A). By construction
A(H ) is a nonempty compact subset of 7* M which is invariant under ¢/?. In a series of papers
[16, 17, 18], Fathi established a deep link between the concept of Aubry sets and the concept
of viscosity solutions of the Hamilton-Jacobi associated with H, which we now describe.



A continuous function v : M — R is called a wviscosity subsolution of the Hamilton-Jacobi
equation

H(z,du(z)) =c Vz €M, (1.4)
if, for every C! function ¢ : M — R such that ¢ < u and every z € M, the following holds:
o(z)=u(z) = H(z,do(z)) <ec.
This is equivalent to asking that
b
u() =u(r@) < [ L6050 i+ clb—a) (15)

for every C! curve v : [a,b] — M.
A continuous function u : M — R is called a viscosity solution of (1.4) if, for every C!
function ¢ : M — R such that ¢ < u and every z € M, the following holds':

o(z)=u(z) — H(zdo(2)) = c.

As shown by Fathi, a continuous function u : M — R is a viscosity solution of (1.4) if and only if
it is a viscosity subsolution of (1.4) and, for each z € M, there is a C*~! curve v, : (—o0,0] — M
such that

u(z) —u(v.(-T)) = / L(va(t),¥2(t)) dt +cT VT >0. (1.6)

-T

In [16], Fathi proved the following result:
Fathi’s Weak KAM Theorem. The critical Hamilton-Jacobi equation

H(z,du(z)) = c[H] VeeM (1.7)
admits at least one viscosity solution.

Let us recall that, by the compactness of M, ¢[H] is the only value of ¢ for which the
Hamilton-Jacobi equation (1.4) admits a viscosity solution. Indeed, if a continuous function
u : M — R is a viscosity subsolution of (1.4) for some ¢ € R, then for every C' curve
v :[0,T] — M one has

T
“2lfulloe < u(3(T)) — u((0)) < / L(3(t),4(1)) dt + T,

IWe notice that the definitions of viscosity subsolution and viscosity solution given here are equivalent to
the usual definitions: usually, a continuous function u : M — R is called a viscosity solution of the first-order
partial differential equation

F(z,u(z),du(z)) =0 Vo e M,
if it satisfies the two following properties:

(i) (u is supersolution) For every C' function ¢ : M — R such that ¢ < u and every z € M, it holds
P(z) =u(z) = F(z6(2),do(z)) > c,

(ii) (u is subsolution) For every C'! function ¢ : M — R such that ¢ > u and every z € M, it holds
P(z) =u(z) = F(z6(2),d¢(z)) <c,

Since H is convex in the p variable with bounded sublevel sets, the above definitions are equivalent to the one
given in the paper.



where ||ul|oo denotes the supremum norm of u. Hence, letting T — +o0, (1.1) yields?
¢ > c|L] = c[H]. (1.8)

On the other hand, if v, : (—00,0] — M is a C* curve such that (1.6) is satisfied and @ is a
viscosity solution of (1.7), then for every T' > 0 we have

0
W(e0) = #(3a(=T)) = [ Lu®)30(0) e+ HIT
= u(1(0)) — u(a(=T)) + (elH] — OT.

Hence, letting T' — 400 we get ¢ < ¢[H], which together with (1.8) proves that ¢ = ¢[H], as
desired. Incidentally, the above argument shows that c¢[H] may also be viewed as the infimum
of the values ¢ € R for which there exists a smooth function u : M — R satisfying

H(z,du(z)) <c¢ VzeM

(see also [13]). In the sequel, we call critical viscosity solution (resp. subsolution) any continuous
function u : M — R which is a viscosity solution (resp. subsolution) of (1.7). If the solution
(resp. subsolution) u is indeed C*, then we call it simply a critical solution (resp. subsolution).
We mention that critical viscosity solutions are sometimes referred as weak KAM solutions.

As shown by Fathi and Siconolfi [25], every critical viscosity subsolution is differentiable on
the projected Aubry set, and it can always be extended outside the projected Aubry set to a
(strict) critical subsolution of class C:

Fathi-Siconolfi’s Theorem. Let u : M — R be a critical viscosity subsolution. Then u is
differentiable on the projected Aubry set and satisfies

(v,du(z)) € A(H)  Va e A(H).

Moreover, there is a critical subsolution v : M — R of class C' which coincides with u on A(H)
and satisfies
H(z,dv(z))) <c[H] VzeM\AH).

The above result combined with Mather’s Theorem implies that the differential of any crit-
ical viscosity subsolution u : M — R is Lipschitz on the projected Aubry set, does not depend
on u, and satisfies H (z, du(z)) = c[H] for every z € A(H). In [7] Bernard improved the Fathi-
Siconolfi’s Theorem as follows (we refer the reader to [20, 46] for a survey on the Fathi-Siconolfi’s
and Bernard’s Theorems):

Bernard’s Theorem. If u is a critical viscosity subsolution, then there exists a critical sub-
solution v of class C''! whose restriction to the projected Aubry set is equal to w.

The latter result is optimal: there are Hamiltonians which admit C'>! critical subsolutions
but no C? critical subsolutions (see [20]).

2We leave the reader to check that, by an easy concatenation procedure, ¢[L] could also be defined as

c[L] := _%‘lglfi{%A(% [O,T]) v € Cl([O,T},M), ~v(0) = 'y(T)} .



Another result on the regularity of viscosity (sub)solutions which will be used in the sequel
is the following theorem of Fathi [19] (see also [44]):

Fathi’s C'! Theorem. Let u be a critical viscosity subsolution, and assume that u is a C!
viscosity solution on some open set V. Then u is (locally) C*! inside V.

Several works have been devoted to the regularity of critical viscosity solutions [3, 6, 19, 44],
to the structure of general Aubry sets [23, 39, 40, 48], or to the structure of generic Aubry sets
[8, 9, 35, 36]. The purpose of the present paper is to take a first step toward a proof of the
Maiié Conjecture in C? topology.

1.3 The Mané Conjecture

Following Maiié [35], given a Tonelli Lagrangian L : TM — R of class C* (with k > 2) and a
potential V : M — R of class C* (with k > 2), we define the Lagrangian Ly : TM — R by

Ly (z,v) := L(z,v) — V(z) Y (z,v) € TM.

Denote by C*(M) the set of C* potentials on M equipped with the C* topology. The Maifié
conjecture in C* topology (with k > 2) can be stated as follows:

Maié’s Conjecture. For every Tonelli Lagrangian L : TM — R of class C* (with k > 2),
there is a residual subset (i.e., a countable intersection of open and dense subsets) G of C*(M)
such that, for every V' € G, the Aubry set of the Lagrangian Ly is either an equilibrium point
or a periodic orbit.

Equivalently, if we denote by Hy the Hamiltonian Hy : T*M — R associated with Ly, that

is

Hy(z,p) = H(z,p) + V(z)  V(z,p)eT"M,
the Mané Conjecture asserts that for generic potentials V € C*¥(M) the set A(Hy/) is either an
equilibrium point or a periodic orbit.

The Mané’s Conjecture in smooth topology was solved positively by Massart [36] in the case
of orientable closed surfaces. However, Massart made use of purely two-dimensional arguments
which cannot be generalized to higher dimension.

A natural way to attack the Mané Conjecture in any dimension would be to prove first a
density result, then a stability result. Namely, given an Hamiltonian of class C* satisfying (H1)
and (H2), first one could show that the set of potentials V' € C*(M) such that A(Hy ) is either
a hyperbolic equilibrium point or a hyperbolic periodic orbit is dense, and then prove that the
latter property is open in C* topology. Since the stability part is contained in the results in
[12] (see Section 7), we can consider that the Mané Conjecture reduces to the density part:

Maié’s density Conjecture. For every Tonelli Lagrangian L : TM — R of class C* (with
k > 2) there exists a dense set D in C*(M) such that, for every V € D, the Aubry set of the
Lagrangian Ly is either an equilibrium point or a periodic orbit.

The aim of the present paper and [27] is to show that the approach, which was adopted (by
Pugh [41, 42], Pugh and Robinson [43], and Mai [34]) to prove closing lemmas for dynamical
systems and Hamiltonian vector fields, proves the Mafié density Conjecture in C'* topology, and
could be used to show the validity of the Mafé density Conjecture in C? topology. In the next
section, we present our results.



2 Statement of the results

Our first goal is to show how to close an Aubry set in C? topology under the assumption that
there exists a critical viscosity subsolution which is a C1 (or equivalently C*!, by Fathi’s The-
orem) critical solution in an open neighborhood of a positive orbit of a recurrent point of the
projected Aubry set, and which is C? at that point.

Let z € A(H), fix w : M — R a critical viscosity subsolution, and denote by OT(z) the
positive orbit of x in the projected Aubry set, that is,

O+ (@) i= {m* (¢ (,du(x))) | ¢ > 0},

Note that, thanks to Mather’s and Fathi-Siconolfi’s Theorems, the positive orbit of any
point of the projected Aubry set belongs to A(H) and does not depend on u. Moreover, if a
point = € A(H) does not belong to the projection of a periodic orbit of A(H), it is well-known
that its positive orbit O (z) cannot be closed. A point z € A(H) is called recurrent if there
exists a sequence of times t; — +o0o such that

klirrgo T (d)i (z, du(z))) =z,
where u : M — R is again any critical viscosity subsolution. As before, the above definition
does not depend on wu.

We now formalize the concept of a C1'! function being C? at one point. Let v: V — R be a
function of class C1'! in an open set V C M. Thanks to Rademacher’s Theorem, its differential
dv is differentiable almost everywhere in M. Let Dom(Hess%v) C V be the set of points where
dv is differentiable. Then, for every « € Dom(Hess’v), the function v is two times differentiable
at x, and its Hessian with respect to the metric g is the symmetric bilinear form on 7T, M defined
as

Hess%v(z)[¢, ] = <(ngv) (z),n> VEne T, M,

where V9 denotes the covariant derivative with respect to g (see [47]). We call generalized
Hessian of v at x € V the set of symmetric bilinear form on T, M defined by

Hessv(z) := conv <{ lim Hess%v(zy) |2k — @, 2% € Dom(Hessgv)}> ,

k—o0
where conv denotes the convex envelope, and the limit is taken in the fiber bundle of symmetric
bilinear forms on the fibers of TM. By construction, Hessfv(x) is a nonempty compact convex
set of symmetric bilinear forms on 7, M for any € M. Then, the informal sentence “v is C?
at a point x” that we used before in the introduction, means that Hess%v(z) is a singleton.

(This definition is motivated by the fact that a C!:! function is C? on an open set V if and only
if its generalized Hessian is a singleton at every point of V.)

Recall that, by Fathi’s C'! Theorem (see Subsection 1.2), C! viscosity solutions are C'*'t.
So it make sense to talk about their generalized Hessian. Our first result is the following:

Theorem 2.1. Let H : T*M — R be a Tonelli Hamiltonian of class C* with k > 2, and
fix € > 0. Assume that there are a recurrent point & € A(H), a critical viscosity subsolution
u: M — R, and an open neighborhood V of OF (f) such that the following properties are
satisfied:

(i) u is of class C' in V;
(ii) H(x,du(x)) = c[H] for every x € V;



(i11) Hess9u(Z) is a singleton.

Then there exists a potential V : M — R of class C%, with ||V ||c2 < €, such that c[Hy| = c[H]
and the Aubry set of Hy is either an equilibrium point or a periodic orbit.

In the above theorem, the generalized Hessian of u at  depends upon the Riemannian
metric g. However, it is worth noticing that assumption (iii) does not depend on the metric g.
Such an assumption is motivated by some recent results of Arnaud [3, 4, 5]. Let us also point
out that, since the graph of du is invariant under the Hamiltonian flow in V), assumption (iii)
implies that Hess%u is a singleton for any z € O (f)

We note that since the Mather set is a compact set invariant under the Lagrangian flow,
it necessarily contains recurrent points. (Indeed, given any minimal invariant subset of M(L),
minimality implies that all orbits are dense in such a subset.) Thus, the following result is a
straightforward corollary of Theorem 2.1:

Corollary 2.2. Let H : T*M — R be a Tonelli Hamiltonian of class C* with k > 2, and fix
e > 0. Assume that there is a critical viscosity solution which is of class C? in a neighborhood
of M(L). Then there exists a potential V : M — R of class CF, with ||V||c2 < €, such that
c[Hy] = c[H] and the Aubry set of Hy is either an equilibrium point or a periodic orbit.

This result applies to the case of Maifié Lagrangians: given X a C*-vector field on M with
k > 2, the Mané Lagrangian Lx : TM — R associated to X is defined by

1
Lx(z,v) ::§vaX(x)Hi Y (z,v) € TM,
while the Mané Hamiltonian Hx : TM — R is given by

1 2 *
Since Lx > 0 and u = 0 is solution of the Hamilton-Jacobi equation
HX(x,du(ac)) =0 Va e M,

by the discussion in Subsections 1.1 and 1.2 we deduce that ¢c[Hx] = 0 and u = 0 is a critical
solution for Hx. Then Theorem 2.1 yields the following closing-type result:

Corollary 2.3. Let X be a vector field on M of class C* with k > 2. Then for every e > 0
there is a potential V : M — R of class C*, with ||V||c2 < €, such that the Aubry set of Hx +V
s either an equilibrium point or a periodic orbit.

In the present paper we prove the following variant of Theorem 2.1 in the case of surfaces,
leaving to [27] the (nontrivial) extension to arbitrary dimension:

Theorem 2.4. Assume that dim M =2, let H : T*M — R be a Tonelli Hamiltonian of class
CF with k > 2, and fiv e > 0. Assume that there are a recurrent point T € A(H), a critical
viscosity subsolution u : M — R, and an open neighborhood V of O (50), such that u is at least
of class C*¥*1 on V. Then there exists a potential V : M — R of class C*, with ||[V]|c2 < e,
such that c[Hy| = c[H] and the Aubry set of Hy is either an equilibrium point or a periodic
orbit.

In analogy with Theorem 2.1, one could check that the above result is still true when
replacing C? with “C%14 C3 at the point”. To achieve this, some minor modifications in the
proof would be needed. However, since we did not see any big improvement in stating the result
in this sharper form, we have preferred to state it under this more “conventional” assumptions.

The extension of Theorem 2.4 to arbitrary dimension will be performed in [27, Theorem
1.1], where we will need some refined versions of the results presented here. Moreover, the
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combinations of some of the techniques and ideas introduced here and in the proof of [27,
Theorem 1.1] will allow us to show the validity of the Maiié’s density conjecture in C! topology
(i.e., for every € > 0 there exists a potential V : M — R of class C? such that [|[V]c1 < e,
c[Hy] = c¢[H], and the Aubry set of Hy is either an equilibrium point or a periodic orbit, see
[27, Theorem 1.2]).

The proofs of both Theorems 2.1 and 2.4 involve techniques from finite dimensional control
theory, together with ideas coming from the proof of the classical closing lemma [41, 42, 43, 34].

Let us point out that the assumptions of Theorem 2.1 have no reason to be satisfied for gen-
eral Hamiltonians. This motivated us to introduce Theorem 2.4 (and then to extend Theorem
2.4 to any dimension in [27, Theorem 1.1]). Indeed, even if, in general, critical subsolutions
are at most Ch! (see the discussion after the statement of Bernard’s Theorem), it may be
possible to prove the generic existence of smooth critical viscosity subsolutions (at least in a
neighborhood of a positive orbit). We plan to address this question in a future work.

As we will see, Theorem 2.4 is proved from Theorem 2.1 by “locally transforming” a critical
subsolution into a critical solution for a different Hamiltonian (see Section 6). Although this
may look a “cheap trick”, the proof is still very involved. Moreover, at this moment we do not
see how to adapt the construction used in the proof of Theorem 2.1 to address directly the case
of subsolution (without passing to the case of solutions).

Let us now briefly explain the difficulties behind the proof of Theorem 2.1, and the strat-
egy to bypass them. Since Z is recurrent, the curve t — 7* (gb{{ (f,du(j))) passes near T
infinitely many times. Then, the rough idea would be to choose a time T > 1 such that
T =mn* (¢¥ (5@, du(fc))) is sufficiently close to Z, and then try to “close” the trajectory in one
step. There are many points to address here:

1) It is not possible to close the trajectory in one step by adding a potential small in C?-
norm: indeed, if we add a potential V' small in C? topology, the Hamiltonian vector field
associated to Hy is close in C' topology to the Hamiltonian vector field of H. However, if one
wants to close the orbit in only one step, then VV can be small only in C° topology, due to the
fact that the potential V' has to be supported in a small neighborhood of the orbit in order not
to intersect with the curve ¢ — 7* (gbf{ (f, du(f))) for t € [0, T]3. Hence, to close the trajectory
we will use Mai Lemma D.1: roughly speaking, fixed an error size ¢ > 0 and a small radius r
which “ideally represents” the distance between Z and Zr, the idea is to close the trajectory
in 1/e steps where at each step we “move” Zr in the direction of Z by a size er. (Actually the
strategy is much more involved, as we have to take care that the modification we do at every
“approaching step” does not influence the modifications done before, and moreover does not
“destroy” the property of Z of being recurrent, see Subsection 5.3.)

In order to perform the strategy described above, we need to be able to go from one point
to another by adding a small potential. To this aim, using techniques and results from control
theory, in Section 3 we prove a general result which allows to connect points by Hamiltonian
trajectories.

2) Point 1 above deals with the “closing part of our statement”, i.e., finding a closed orbit for
Hy . However, we still need this new orbit to belong to the Aubry set of the new Hamiltonian.
In order to do this, we have first to control the action of the Lagrangian Ly along this closed
trajectory (see Subsection 5.4) and then to construct a suitable global critical subsolution which
will allow us to deduce that the curve belongs to the projected Aubry set (Subsection 5.5). The
first part will need again a general “control theory” result proved in Section 4.

3This is the analogous of the classical “closing lemma”: fixed k > 0, one asks whether, given a vector field
X with a recurrent point Z, one can find a vector field Y close to X in C* topology which has a periodic orbit.
The “cheap strategy” of closing the trajectory in one step proves that the closing lemma is true when k = 0,
while for k = 1 new deep ideas have been introduced to solve the problem [41, 42, 43, 34]. Let us recall that
the problem for k& > 2 is still open, though many results suggest it may be false when k is sufficiently large (or
that at least there is no possibility to prove such a result by means of “local techniques”, see [28, 31, 32]), unless
some additional assumptions are made [29, 30, 33].
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The combination of Points 1 and 2 will conclude the proof of Theorem 2.1.

The paper is organized as follows: in Sections 3 and 4, using techniques from finite di-
mensional control theory, we prove connecting results for Hamiltonian trajectories by adding
potentials, where we further control the Lagrangian action of the trajectories. It is important to
point out that these results (which are essential for the proof of Theorem 2.1) are very general,
and they may be useful for other applications. The proofs of our two theorems are given in
Sections 5 and 6. In Section 7, we will make some final comments on our results and the Mané
conjecture.

Finally, there are five short appendices that contain either technical results or auxiliary
results, like some tools of control theory, and the exact statement of Mai Lemma which plays
a crucial role in our proofs.

Acknowledgements: The authors are grateful to Didier Auroux, Patrick Bernard, Bernard Bon-
nard, Jean-Michel Coron, Albert Fathi, Gilles Lebeau, Jean-Baptiste Pomet, Rafael Ruggiero,
Emmanuel Trélat, and Constantin Vernicos for enlightening discussions.

3 Connecting Hamiltonian orbits by potentials

3.1 Statement of the result

Let n > 2 be fixed. We denote a point x € R" either as x = (z1,...,2,) or in the form
x = (21,%), where & = (z2,...,7,) € R"7L. Let H : R® x R® — R be a Hamiltonian* of class
CF, with k > 2, satisfying (H1), (H2) and the additional hypothesis

(H3) Uniform boundedness in the fibers: For every R > 0 we have

A*(R) = Sup{H(x,p) lp| < R} < +o0.

Note that, under these assumptions, the Hamiltonian H generates a flow (btg which is of class
C*=1 and complete (see [24, corollary 2.2]). Let 7 € (0,1) be fixed. We suppose that there
exists a solution

(z(-),p(-)) : [0,7] — R" xR

of the Hamiltonian system

{ i - vamg((i)(’f,%) (3.1)
n [0, 7] satisfying the following conditions®:
(A1) 7° = (0,7°) := 7(0) = 0, and 7(0) = ey;
(A2) 77 = (7,77) := Z(7) = (7,0n-1) and Z(7) = ex;
(A3) |Z(t) — e1| < 1/2 for any t € [0,7].

4Note that we identify T*(R™) with R™ x R™. For that reason, throughout Section 3 the adjoint variable p
will always be seen as a vector in R"™.

5The purpose of this section is to prove connecting results which can be applied to connect Hamiltonian
trajectories associated with Hamiltonians H : T*M — R of class at least C2. Let us remark that any local
Hamiltonian trajectory of a Hamiltonian H : T*M — R of class C? can be sent via a local diffeomorphism of
class C* (from an open set of M to an open subset of R") to a Hamiltonian trajectory of the form (Z(-),7(-))
in R™ x R™ satisfying (A1)-(A3) and associated with a Hamiltonian H : R™ x R® — R of class C2. We note
however that, whenever H is merely C2, we cannot assume that (z(-), p(-)) in R® x R™ satisfies z(t) = (t,0p,—_1)
V't € [0,7] up to a smooth change of coordinates.

12



For every (z°,p°) € R™ x R™ satisfying H(z°,p°) = 0, we denote by
(X (5@ ), P(+5%p") ) + [0,+00) — R™ x R”
the solution of the Hamiltonian system

{x’(t) - VpH(x(t),p(t)z) (3.2)

p(t) = —V.H(x(t),p(t)
satisfying
x(0) =2 and p(0) = p°. (3.3)
Since the curve Z(-) is transverse to the hyperplane II7 := {x = (?,:ﬁ) € R"} at time T,

there is a neighborhood V° of (2% p° := p(0)) in R™ x R such that the Poincaré mapping
7 : VY — R with respect to the section II” is well-defined. That is, it is C*~! and satisfies

T(fo,ﬁo) =7 and X; (T(zo,po ;(xo,po)) =7 v (22, p%) € V. (3.4)
)

)
Our aim is to show that, given a point (mo = (0,2° po) such that H(z°,p°) = 0 and sufficiently
close to (z°, %), and chosen a point (2 = (7,27), p’) satisfying H(z/, p’) = 0 and sufficiently
close to the final state

(X (7(2°,p°); (2°,p%)), P(7(2°, p°); (zo,po))),

there exists a time 77 close to 7(2°, p°), together with a potential V : R — R of class C* whose
support and C?-norm® are controlled, such that the solution (z(-),p(:)) : [0, 77] — R™ x R™ of
the Hamiltonian system”

{40 = Vylelal)0) = () ) @5)
B(O) = ~Vey(a().p) = ~VoH(a().p(t) - TV () |

starting at (z(0),p(0)) = (2°,p°) satisfies (z(T7),p(TY)) = (zf,p). Since we also want to
estimate the action of the new “connecting” Hamiltonian trajectory, we introduce some more
notation.

We denote by Ly : R® x R* — R the Lagrangian associated to Hy by Legendre-Fenchel
duality, i.e.,

Ly (x,v) = L(x,v) — V() V(z,v) € R® x R",

where L is the Lagrangian associated to H. For every (2°,p°) € R"® x R", T > 0, and every
C? potential V : R™ — R, we denote by Ay ((z°,p°); T') the action of the curve v : [0,7] — R

defined as the projection (onto the x variable) of the Hamiltonian trajectory ¢ +— gbf" (20, pY),

that is,
I A € (1N ) W G () ) R

B /<JTE(7T ( M )) Z(W ( @ p )))) (3.7)
_V( ( v (2% p ))) dt.

6Recall that the C2-norm of a compactly supported C? function V : R” — R is defined as
IVligz :=1IVlleo + IVV oo + [[Hess V|oo,

where || - ||oo denotes the supremum norm. For C1! function, the definition of the C'>!-norm is the same just
replacing the sup norm of the Hessian with the esssup (since the Hessian is only defined a.e.).
7As in Section 1, we define Hy,: R® x R” — R by

Hy(e,p) = H(z,p)+ V(z)  V(z,p) € R" x B".
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Note that, when V = 0, we have

T
A((«°,p");T) = Ao ((2°,p°); T) :/ E(X(t; («°,0°)), X (t; (xo,po))) dt.
0
We are now ready to state our result:

Proposition 3.1. Let H : R® x R" — R be a Hamiltonian of class C* with k > 2 satisfying
(H1)-(H3), and let (2(-),p(-)) : [0,7] — R™ x R™ be a solution of (3.1) with H(z°,p°) = 0 and
satisfying (A1)-(A3). Then there are §,7,€ € (0,1) with B>"((z°,p°),8) C V°, and K > 0, such
that the following property holds: For everyr € (0, 77),6 € (0, E), and every ¥ = (0,2°), p°, zf =
(7,27),pf € R™ satisfying

p°| <o, (3.8)
‘(iif) = X (r(2%p%); (2%, )|, [pF = P(r(2°,p°); (zo,po))’ < re, (3.9)
H(xo,po) = H(xf,pf) =0, (3.10)

there exist a time T > 0 and a potential V : R™ — R of class C* such that:
(i) Supp(V) C C((:I:O,po);T(:EO,pO);T) R
(ii) |Vlle2 < Ke;

(iii) [TV —7(2°,p%)| < Kre;

(iv) oY («0,p°) = (af,p7);

(v) ‘Av 2%, %) T7) — A((2°, p°); 7(2°,p%)) — A((2°,p°); 7(2°,p°); 27) ‘<Kr2 %
Here C((zo ,T) is the “cylinder” defined as
C((@p)i 7@ p %) = {X (5 ") + (0.9) [t € [0,7a0 ") 3l < v} (31D)
and

A((xo,po);T(:EO,pO);xf) = <P(T($O,p0); (mo,po)),xf — X(T(:I:O,po); (:I:O,po))> . (3.12)

3.2 Proof of Proposition 3.1

Given z° = (0,29),p°, 2 = (7,4/), p/ such that (3.8)-(3.10) are satisfied, we are going to show
the existence of a time 7/ > 0 and a function v : [0, 7] — R™ of class C*~! such that the
solution to the system

i(t) = VpH(z(t),p(t))
{p(t) = VH(;E() p(t)) — v(t), (3.13)

starting at (20, p°), satisfies (z(T7),p(T/)) = («/,p’). In this way, if we can find a function
V : R® — R of class C* such that VV (x(t)) = v(t) for all t € [0,T7], then the solution of
the Hamiltonian system (3.5), starting at (2°,p°), will satisfy (iv). By suitably estimating the
C'-norm of v and by constructing V carefully, we will also ensure that all the other properties
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C ((x0, pO);T(x0,p0);r)

Figure 1: By adding a potential V, small in C? topology and supported inside the “cylin-
der” C((mo,po);7'(x07p0);7")7 we can connect a point z° to any point zf = (7"'7icf) such that
‘:vf - X (T(xo,po); (xo,po))‘ < re.
are satisfied.
Since the Hamiltonian is preserved along the flow, we will work in the hypersurface
{(:c,p) | H(x,p) = o} C R™ x R".
For every p € R™, denote by p the n — 1 last coordinates of p, that is the element p € R*~!

such that p = (pl,]ﬁ). (We use the same convention as for z,y € R™.) By (A3) and the Implicit
Function Theorem, there is a bounded open neighborhood W of the set

{(f(t),ﬁ(t)) |te [0,7’]} CR" x R",
a bounded open neighborhood W of the set
{(;z(t),ﬁ(t)) |t e [O,f]} CR" x R"!,

and a function ¢ : W — R of class C* such that

{ V(z,p) EW: H(z,p) =0 = p1 = ¢(z,p); (3.14)
V(x,q) eW: (:I:, ((p(:l:,q),q)) €W and H(w, ((p(x,q),q)) =0. ’
Define the C* function 1/ : W — R by

¥(z,q) = (¢(2,9),9). (3.15)
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Then, any solution (z(t),q(t)) € R® x R*~! of
@(t) = VpH(x(t),¥(z(t),q(1)))
i = % H(sc( )1 (w(0).a(1))) - ut®) (3:16)
induces a unique solution (z(t), % (z(t),q(t))) € R® x R" of (3.13), as proved in the following

lemma:

Lemma 3.2. Let (z(),q(-)) : [0,7] — — W be a solution of (3.16) on [0,T)] starting at (z°,q°)

and associated with a control u : [0,T] — R"~! of class C*°. Then, the extended trajectory
(m(), (- )) :[0,T] — W defined by
p(t) =1 (z(t).q(t))  Vte[0,T] (3.17)

is the unique solution of the Hamiltonian system (3.13) starting at (mo,po = ((p(xo,qo),qo))
and associated with the control v = (vy,u) : [0,T] — R™ of class C*~1 defined by

0 (t) = (aH((t),w(fc(t),ﬁ(t))))_ (u(t), VoI (2(t), 0(x(0).5(2))) . (3.18)

op1
In particular, {v(t),i(t)) =0 for all t € [0,T].
Proof of Lemma 3.2. 1t is sufficient to show that p;(t) is given by

oH

a—xl(x(t)v"/)(z(t)aﬁ(t)) - vl(t)’

pi(t) = —
with v; as in (3.18). Differentiating (3.17) with respect to t we get

P1(t) = (Vap(a(t), (1), 2(t)) + (Vo ((t), a(t)), 4(t))
for all ¢ € [0,T]. Moreover, differentiating the equality H (z, (¢(z,q),q)) = 0 (given by (3.14))
with respect to both x and ¢ gives
Vool(a.q) = = (8 (2. 0(@.0)) Vol (2.%(x,0)).
Vo, ) = — (82 (@, 0(x.0)) Vol (w,0(x,q)-

We conclude easily. O

Restricting VO if necessary, we can assume that there is ji > 0 such that, for any starting
point

(:I:O = (O,fco),qo) e Wl = {(m,q) | (z,9¢(x,q)) € VO}, (3.19)
any time T € (7 — ji, 7 + fi), and any control u : [0,T] — R™"™! of class C°° with ||ul|c1 < fi,
the solution

(X820.00)0: Qo gy ()) + [0.7] — B xR
of (3.16) starting at (2°, ¢ ) satisfies
(Xt (8): Qo oy (1) €W VL [0,T]. (3.20)
Define the mapping
BT oo ([0, TR — R™ x R"~1 @a1)
u — (Xéo,qo)(T), %Io,qo)(T)). '

16



Given §, r, € > 0 small enough (the smallness to be chosen later) and points (xo = (0,2"), qo), (xf =
(7,27),q7) satisfying

|2°],[¢° = B°] <6, (3.22)

and

{ (7, 27) = X (r(a, (2%, ¢); (2°, 0(a”,¢))| < e, (3.23)

a7 = P(r(a%,9(2%,q")); (2%, 9 (2°, ¢°))) | < Cyre,

for some universal constant C', depending only on ¢, we want to find T € (F— i, 7+ i) and
a control u : [0,77] — R™™! of class C*° such that

g1 (u) = (;z:f, ¢’), with a bound on the C'-norm of w.

We will apply the controllability results which are given in Appendix B.

Consider the following nonlinear control system in R™ x R?~1:

n—1
§=Fo(§) + Y wF(9), (3.24)
i1
where the C*~1 vector fields Fyy, F; : R” x R*™1 — R™ x R"~! are defined by
V,H (z,(x, 0,
R = giaete O ) me = (). (3.25)

foreveryi=1,...,n—1,¢& = (z,q) € R” x R"7L. (Recall that e¥, ..., e’,z denotes the canonical
basis of R¥, see Appendix A.) Set p™ := P(7;(z°,p°)) = p(7), and define the map

d: RxRIxRr1 — R” x R*—1

(t.2,q) — (X(t; ((7,2),9((7,2),9),Q(¢; ((ii),w((iif)m)),
(3.26)
where ) = P denotes the last n — 1 components of P. The function ® is of class C?, and its
differential at (0,27,p7) is invertible. Denote by ¥ = (¥, ¥) € R x (R"~! x R"~1) the local
C! inverse of ® in an open neighborhood W7 of (z7,p7) (¥ is a map which transforms the
Hamiltonian trajectories (X, Q) into straight lines), and define the C* mapping

G: W CcR'xR* — Rr-lxRr!

(z,q) — Y(z,q).
Set g” :=p”. By construction G is a submersion at (z7,7" ), and the fact that Z(7) = e} gives
that the kernel of dG at (50?, (f) is the one dimensional vector space Re%"_l. In order to apply

Theorem B.5, let us compute the Lie brackets [Fp, F;] at &= (z7,q") foreveryi=1,...,n—1.
The first n components of [Fp, F;] at {7 are given by
0’H , .

=T =7 a cT
S () 5 ()

Moreover, since () = (¢(2:), ) H (2,42, ) = 0o any 2, and &(7) = ¥, (57, 57) =
ey, one has g_;é(ff) = e}, ;. Therefore, the first n components of the bracket [Fy, F;] at £7 cor-

respond to the (i + 1)-th column of the Hessian of H in the p variable at (ff,ﬁf). Since the
Hessian of H in the p variable is positive definite,

Span{Fz‘(ff) l[i=1,...,n— 1} ={0,} x R™ ! and Ker (dG(éf)) _ Re%n—l’
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we easily deduce that assumption (B.14) is satisfied with N = 2n — 1.

Set €0 := (z°,4°), recall that {7 = (z7,77), and for every £&° = (29,¢°) € WO (with WO
defined in (3.19)) and T' € (7 — i, 7+ i), consider the End-Point mapping ES 7 associated with
€% in time T (see (3.21)). From Theorem B.5, there are § € (0, i) with B*"~1(£%,§) c W9,
constants Ky, A, v > 0, and k := 2n—2 smooth controls u', ..., u* : [0, +00) — R"~! satisfying

Supp(u’) C [6,7 — 8]  Vi=1,...,k, (3.27)
such that the following holds: set # = 0. Then, for every €2 € R™ x R"~! and T > 0 satisfying
€0 = &°,|IT — 7| < 6, (3.28)

there exists a C'! function

U = (U, U s B (GBS (@), v) — B0, A),

with Lipschitz constant bounded by Ky, such that US"T (G(EﬁU’T(ﬂ))) =0 and

k
(Go EEU’T) (Z UfO’T(z)ui) =z Vze B (G(EfO’T(a)),Z/).
i=1

Moreover, there exist 7, € € (0,1) such that, for any r € (0,7), e € (0,¢€), and any vectors
= (" i), ¢°), ¢ = (xf = (?,if),qf) (3.29)

satisfying (3.22) and (3.23), it holds

}(@f,qf) —G((E" T (@ ‘ <,

Take r € (0,7) with 3r < § (with § as above, given by Theorem B.5), € € (0,¢€), and fix &%, ¢
as in (3.29) and satisfying (3.22) and (3.23). From the above discussion, there exists a smooth
control u : [0, 7] — R"~! given by

k
=M UE TG g (3.30)
=1

such that .
(Go E¢ ’T)(u) = (27, ¢").

By the definition of G, this gives

BT (u) = ((7,27), ¢7), (3.31)
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where T is defined as

/=T — 0, (B 7 (u)). (3.32)

Since the function US"7 is Ky-Lipschitz and U7 (G(EﬁO’T(ﬁ))) = 0, we have

IN

Juler < KuNo|(@,a") = (X(T: 00, 6"). QT (o, (", )|

< KUNU1/1+C$ TE€, (333)

where

Ny = InaX{HuiHC1 | z':l,...,k}. (3.34)

Note that, up to choosing v smaller, we can assume that Ky Ny, /1 + Ciz/ < [i, so that any
trajectory (Xg‘o(-),ng(-)) associated with ¢ = (2°,¢°) € B?"~1(£°,6) and u given by (3.30)
is contained in W (thanks to (3.20)). Note also that

v, (BT (w) = ¥, ((%,X(T; (2°,4(2%,¢")), Q(T; (wo,w(wo,qo))) = 0.

Hence, if we denote by K the Lipschitz constant of the function \?t in W™ and by Kg a uniform
(as €% and T vary) local Lipschitz constant for the functions E¢ 7 | thanks to (3.33) we get

T =T = | (BT ) - v (B (@) |
< Kt‘Efo’T(u) - Ego’T(a)‘ (3.35)
S KtKEH’uHcl SKtKEKUNUQ/l—f—C%TG.

Denote respectively by (2(-) = (21(),2())p() = (pr().p()) : [0,7F] — W and v =
(v1,u) : [0,T7] — R™ the trajectory and the control given by Lemma 3.2. Then by (A3), (3.18)
and (3.33), we have (note that z(-), p(-) and ¥(-) are of class C*)

v 1 S RKUNU 1+02 Tre, 336)
Iolle V1+63 (

where K is a positive constant which depends on the C?-norm of the restriction of H to W.
Moreover, our construction gives also

(v(t),2(t)) =0  Vtel0,T7] (3.37)

(see Lemma 3.2). Now, starting from the control v, we construct the potential V' given in the
statement of Proposition 3.1. We state a general lemma which will be useful again in the proof
of Proposition 4.1, and whose proof is postponed to Appendix E.1. Let us point out that, for
the purpose of this paper, in assertion (ii) of the lemma below it would suffice to write ||1 s
in place of ||Vi]|eo. However, this slightly stronger version will be useful in the proof of [27,
Lemma 4.1] (see [27, Lemma A.1]).

Lemma 3.3. Let 7,6, € (0,2) with 3r < § < T, and let v = (171,---,1771) :[0,7] = R™ be a
function of class C*=1 with k > 2 satisfying

o(t) = 0, Vit el0,0]U[F—0,T] (3.38)
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and

/ "t dt = 0. (3.39)
0

Set Vi(t) := fot 01(8)ds fort € [0,7]. Then, there exist a universal constant K depending only
on the dimension, and a function W : R™ — R of class C*, such that the following properties
hold:

(i) Supp(W) C [6/2,7 — §/2] x B"*(0,,—1,2r/3) CR x R"7!;
(ii) [Wlce < K (&1Wlloe + Htlloo + 3] )
(iii) YW (t,0,—1) = 0(t) for every t € [0,7].
Define the function I' : [0,7] x R"~! — R™ by

tTf
77-

[(t,2) == ( > +(0,2)  VY(t,2) €[0,7] x R*L, (3.40)

where x(-) is the trajectory associated to the control v constructed above. Since H is of class
C* and v of class C*~!, the curve t — z(t) is of class C*, thus I is of class C*, too. Moreover,
since 71(0) = 0 and x1(T/) = 7, we can easily check that I' is a C* diffeomorphism from
[0,7] x R*~! into [0, 7] x R"~! which sends the cylinder [0,7] x B"~! into the “cylinder”

¢ = {a®) + (0.9) |t € [0,77].3] < 2r/3}
and which satisfies
Tz, [T |2 < K (3.41)

for some positive constant K’ depending on the C%-norm of the restriction of H to W and on
the CY%-norm of v (since #(t) can be written in terms of z(t), p(t), @(t) and p(t)). Define the
function ¢ = (171, .. ,ﬁn) :[0,7] — R™ by

(t) := (dT(t,0n-1))" (u (@)) vt e [0,7]. (3.42)

=
The function ¢ is C*~1; in addition, thanks to (3.37) and (3.40), for every t € [0, 7] we have

!
’[)1(15):0 and ﬁl(t):m <£> V’L:2,,TL
T

Hence ¥ satisfies both (3.38) and (3.39), so that applying Lemma 3.3 yields a function W :
R™ — R of class C* satisfying assertions (i)-(iii) of Lemma 3.3, with

C\ .
Wil < 7||v||cl (3.43)

(as @1 = 0). Define the potential V : R® — R of class C* by

_f W(T(2) ifzel
Viz) = { 0 otherwise.

Thanks to Lemma 3.3(i) we have Supp(V) C C’. Furthermore, since the mapping

WO x C([0,7 + ], R™) x [0,7+ 7] — R”
(505 u, t) — Xg'o (t)
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is locally Lipschitz, there exists K > 0 such that
[2(t) — X (5 0(€)| = [X(0) ~ XE(0)] < Kullern Ve [0,1]. (3.44)

(By abuse of notation, we write ¢(£°) := (2°,4(¢%)) for £ = (2°,p°).) Thanks to (3.33), this
implies that, for e sufficiently small, C’ is contained in the “cylinder” defined in (3.11):

Supp(V) c €' C C (¢(€°);7(z°, p°); 1) . (3.45)
Now, the gradient of V at a point z is given by
VV(z) = (d0~} () VW (T~ (2)),
so that by Lemma 3.3(iii) and (3.42) we get
VV(z(t) =v(t) Ytelo,T7). (3.46)
Moreover,
[Hess Voo < ||VW||_||d2T7Y|  + || Hess W||__||ldT 1|2 (3.47)

, (3.36), (3.41), (3.42), (3.43), (3.45), (3.46), (3.47), we conclude easily
1

)
that there are 0, 7, € € (0,1) small enough and K > 0 such that assertions (i)-(iv) of Proposition

3.1 hold.

Thanks to (3.31), (3.35
(

It remains to show that, up to choosing K larger, assertion (v) holds. Let us compute the
differences of the actions between the two trajectories

() [0,77] = R™ and X°():=X(;(2%p°) :[0,7] — R™

Set PO(t) := P(t; (z°,p%)) for every ¢ € [0,7]. Observe that, by (3.37) and (3.46), V = 0 along
the new trajectory z(-). Moreover, due to (3.36) and a simple Gronwall argument, we have

lz(t) — X°(t)| + |&(t) — X°(t)| < Kre  Vte[0,T7],

for some constant K depending only on H. Hence, thanks to this estimate there exists a
constant K such that

|Av (2%, p°); T7) — A((2%p°); T) — A((2°, p%); (20, p°); 27) |

/T Ly ((t),(t)) dt — /T L(X°(t), X°(t)) dt — (P°(T),(T7) - XO(T)>|
0 0

— /O E(x(t),:i:(t))dt—/o E(Xo(t),XO(t))dt—<PO(T),x(Tf)—X0(T)>’

_ /OT (Z(w(e), (1) — L(X°(), X°(1)) ) at

+/ L(x(t),2(t)) dt — (P°(T),z(TT) - XO(T)>‘
T

IN

(Vo L(X(T), X°(T)). 2(T) - X°(T))
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where we use Taylor’s formula at second order for L, together with an integration by part and
the fact that the Euler-Lagrange equations

4
dt
are satisfied for any ¢ € [0, 7]. Using now that

PYT) =V,L(X%T),X%T)) and L(x(t),2(t)) = (p(t),2(t))  Vte[0,T7]
(since H(2°,p%) =0, and (VV (x(t)),4(t)) = 0 by (3.37) and (3.46)), we obtain
|Av (22, 0°); T7) = A((@°,p°); T) — A((2°, p%); 7(2°, p%); ) |

{VoL(X°(), X°(1)) } = V. L(X°(), X°(1))

Tf

< <P0(T),x(T)—X0(T)>+/T {(p(t),&(t)) dt — (P°(T),z(T7) — X°(T))| + Kr*e?
< <P0(T),z(T)—z(Tf)>+/T (P°(T),a(t)) dt| + /T (p(t) — P°(T),(t)) dt| + Kr?€
= 0 T —(T? 0 Tfjc " —p° T {r2e?
= [(PUT),x(T)—a(T )>+<P (T),/T (t)dt> + [f (p(t) — PU(T),i(t)) dt| + K
— /TT {(p(t) — P°(T),a(t)) dt| + Kr?e?

Tf _
< / Ip(t) — P°(T)||&(t)| dt + Kr?e®.

a

Now, note that by our assumptions on (xf,pf = (27, ¢%)) we have ‘p(Tf) - PO(T)’ =
|pf — P°(T)| < re. Moreover, (3.35) holds. Hence, since the function ¢ — p(t) is Lipschitz and
t — |&(¢)| is bounded (both with bounds depending only on H), we can find K > 0 such that
(v) holds.

Remark 3.4. Let us point out that the above bound on the action can be slightly refined: indeed
(3.33) shows that

lulles < Koo @', ") = (X(T: 2,5, QT3 (")) .
S0 it is easily seen that the above proof actually gives
|Av ((2°,0°); T7) = A((«°,0°); T) = A((2%,°); 7(2°,p°); 27|
N 2
(@) = (X(T5 2,0"), QT: ("))

for some uniform constant K’, which of course implies (v). Moreover, the above estimates hold
also with different final times: for any 7 € [0,7], t € [0,7(2!,p')] and ¢y, € [0,T/] such that
x(tv),X(t; (:I:O,po)) ell™ .= {x =(r,&) € R"}, it holds:

<K'

lty —t| < K'|(&(tv), altv)) — (X (& (2°,p°), Q(t; (z°,p")) |, (3.48)
|Av (2%, p");tv) — A((2°, %)) — A((2°,p%); s (tv)) |
< K'|(#(tv). altv) = (X (8 (,0"). QU (wo,p‘)))f (3.49)

Although these two refined bounds will never be used in this paper, they will be crucial for
future applications (see [27, Propositions 2.1 and 2.2]).
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4 Controlling the action by potentials

4.1 Statement of the result
Fix n > 2,7 € (0,1), and consider a Hamiltonian H : R® x R” — R of class C*, with k > 2,
satisfying (H1)-(H3). Let

(z(-),p()) : [0,7] — R™ xR
be a trajectory satisfying (A1)-(A3). We keep the same notation as the ones in Subsection 3.1.
Recall that the Poincaré mapping 7 = 7(z,p), with respect to the section II7, is defined on
an open neighborhood V° of (:EO,]SO). Our aim is to show that, given (mo = (0, :%O),po) with
H (2%, p®) = 0 sufficiently close to (:EO, ]50), and o € R sufficiently small, there exist a time 7'/
close to 7(z%,p%) and a potential V : R* — R of class C* whose support and C?-norm are
controlled, such that the solution

(xV(),PY () : [0,T] — R™ x R"
of the Hamiltonian system

{i(t) = VpHy (a(t), p(t) = VpH (x(t), p(
p(t) = —VoHy(z(t),p(t) =

starting at (X" (0), PV (0)) = (2°,p") satisfies

(XV(7), PY(T)) = 67 o o) (2, 1°)

(4.1)

and
Ay ((%,p°);T7) = A((@°,p%); 7(2°,0°)) + o,
where Ay is defined in (3.6) and A = Ay. We now state our result.
We recall that C((mo,po);T(xO,pO);r) denotes the “cylinder” defined in (3.11), and we

define the two matrices

0°H 7T 5T) — 0’H mT BT
op2 (95 D ) = (8pi3pj (ac D ))ij_2 """ : € M,,—1(R),
PH . 0*H .

¥ = 7 € Mn(R),
op? ( ) <6piapj( ))i,j—l,...,n

where 7 = Z(7) and p7 = p(7).
Proposition 4.1. Let H : R* x R* — R be a Hamiltonian of class C* with k > 2 satisfying
(H1)-(H3), and let (Z(-),p(-)) : [0,7] — R™ x R" be a solution of (3.1) with H(z°,p°) =0 and
satisfying (A1)-(A8). Set pj := ﬁ(?)l, and assume that the following property is satisfied:

2 17 — = = 2 77 — —
(A4) det (%ﬁﬁf (fT,ﬁT)) + p] det (%T’j(ff,pf)) #0.

Then there are 0,7 € (0,1) with B> ((z°,p°),6) C V°, and K > 0, such that the following
property holds: For everyr € (0, F),e € (0, 1), and every 29 = (0,2°),p° € R™, o0 € R satisfying

2, 1" - p°| <4, (4.2)
lo| < 2r%, (4.3)
H(2°p") =0, (4.4)

there exist a time T > 0 and a potential V : R™ — R of class C* such that:
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(i) Supp(V) C C((zo,po);T(zO,pO);T) ;

(ii) |V < B2 < 2Ke;

T

(iii) | T —7(2°,p%)| < K|o| < 2Kr%¢;
(iv) oy (20.0°) = ¢F 0 o) (2°,°);

(v) Ay ((2°p°); T7) = A((2°,p°); (2, p%)) + 0.

4.2 Proof of Proposition 4.1

Given (2% = (0,2°),p") and o such that (4.2)-(4.4) are satisfied, we are going to look for a
function v : [0, Tf ] — R™ of class C*~! such that the solution to the system

{x’(t) = V,H(x(t) p(t>)t

p(t) = _va(‘T(t)’p( ) — ’U(t),
starting at (20, p) satisfies
_ Tf
(=(T7),p(T7)) = ¢ o o) (2°,0°)  and / {p(t),i(t)) dt = A((2°,p°); 7(2°,p°)) + 0.
0
In that way, if we find a function V : R — R of class C* such that VV (z(t)) = v(¢) for all
t € [0,77], then the solution (X", PV) of the Hamiltonian system (4.1) starting at (z°,p°)

satisfies (XV(T71), PY(T7)) = qﬁf(xo po)(xo,po). Moreover, since H" is preserved along the
trajectory ¢t — (XV(t), PV (t)), we have Hy (XY (t), PY(t)) = 0 and we get

Av (@) TT) = /T Ly (XY (1), XV (1)) dt
0

/T (PV(t), XV (t)) — Hy (XY (t), PV (t)) dt
0

— /T (PY(t), XV (t))dt
0
= A p°);7(2%,p%) + 0.

Thus assertions (iv) and (v) will be satisfied. It will remain to control the support and the
C2%-norm of V. In particular, since v has to be the gradient of a function V supported in

C((xo,po);T(zO,pO),r), it must satisfy

Tf
/0 (0(t), () dt = 0.

For that reason, we study the control system

a(t) = VpH(x(t),p(t))
p(t) = -V, (‘T@)ap(t)) - U(t) (4 5)
a(t) = gv(t)v VpH (x(t), p(t))) '
a(t) = (p(t),VpH(x(t),p(t)))

For every (z°,p%) € V°, set
(2%, p%) = —A((@°, p"); (2, p°)). (4.6)



For each (2°,p%) € V? and every smooth function v : [0, +00) — R™, there is a unique trajectory
(XEJI“7PU)(')’P&07PU)(')’ Oz p0) () Ezjﬂv“,p“)(')) :[0,7(2%p%)] — R"xR" xR xR

starting at (z°,p”,0,0(x",p which satisfies (4. or every ¢t € |0,+00). For every T > 0,
ing 0 p%0 0 p° hich isfies (4.5) fa 0 F T>0
define the mapping E*7°)-T : > ([0, T];R") — R” x R" x R x R by

0,0
E(I sP )1T(U) = (ijzo,po)(T)’P(’L}IU,pO)(T)’@E}IO,pO)(T)’ Ezjzoypo)(T)) . (47)

Given (2°,p°) and o € R, our aim is to find 7¥ > 0, together with a function v : [0, Tf] — R™
of class C*°, such that

JolCab i (v) = (¢f<m07p0)(ﬂc0,p0),0,0) , with a control on ||v||c1.
We observe that the control system (4.5) is over-determined: indeed, along any trajectory
(Xg;o,p(,), Pl 0y Olo o) ngoypo)) of (4.5) there holds

I_{ (ngxoﬁpo)(t), P(’Umg,po)(t)) + @Ejmoypo)(t) = H(xo,po) = 0 Vt S [O, +OO)

This means that we have at most 2n 4+ 1 degrees of freedom in the choice of the final state
(X&O’po)(Tf),P& mpo)(Tf),@EJmo,po)(Tf),meo,po)(Tf)). By (A3) and the Implicit Function
Theorem, there are a bounded open neighborhood W of the set

{@@).5(0),0) | te 0.7} c R,
a bounded open neighborhood W of the set
{(@®,51),0) | t€ 0,7} c R*,

and a function ¢ : W — R of class C* such that

{V(x,p,h)e)/y:H(:C,p)ﬁ—ﬁzozpl:(p(x,ﬁ,ﬂ_); (4.8)
v (x,q,ﬁ) eEW: (x, ((p(x,q,z),q),ﬂ) eW and H(:I:, ((p(:l:,q,ﬁ),q)) +9=0. '
Define the C* function 1/ : W — R by
’L/J(.T, %19) = ((p(xvqaﬁ)’ Q)-
Then, any solution of
@(t) = VypH(x(t), ¥(x(t),q(t),9(t))
q(t) = —VaH(x(t), ¥(x(t),q(t),9(t)) — o(t) (4.9)
ﬂ(t) = <U(t ) V:DH(x(t)a "/J('T(t)l Q(t)a ﬂ(t))> .
o(t) = (¥(x(t).q(t). (), VpH (x(t), ¥(z(t), q(t), 9(?)) )
generates a unique solution of (4.5), where 9(t) = (v2(t), ..., vn(t)):

Lemma 4.2. Let (z(-),q(-),9(-),0(:)) : [0,T] — W x R be a solution of (4.9) starting at
(xo,]ﬁo, 0, O’O) and associated with a smooth control v : [0,T] — R™. Then, the extended trajec-
tory (z(-),p(-),9(:),0(:)) : [0,T] = W x R defined by

pi(t) = @(x(t), q(t),9(t))  Vtel[0,T], (4.10)
pt) =q(t)  Vtelo,T],

is the solution of (4.5) starting at (:I:O,po, 0, 00) and associated with the control v.
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Proof of Lemma 4.2. Tt is sufficient to show that, for every t € [0,T1], p1(t) is given by

B1(0) = — G (20, (w(0), 50 9(0) = 01 (0)

Differentiating (4.10) with respect to t we get

L) = (Vap(a(t),q(t), (1)), & (1)) + (Vap(x(t), a(t), 9(1)), 4(8)) + (Vor(a(t), a(t), 9(t)), (¢))

for all ¢ € [0,T]. Moreover, differentiating the equality H(x, (p(z,q,9), q)) + 9 =0 (given by
(4.8)) with respect to x, ¢ and ¢ yields

Q
g

Veple,.9) = — (2L (e 6(w,0,9) ) Vall (2,0(2,0.9)),
Vep(z,q,9) = — ( o (x,1/)(z,q,19)))_ VﬁH(z,z/J(:c,q,ﬂ)), (4.11)
Vop(z,q,9) = — ( (m,¢(m,q,19)))7 )

We conclude easily. O

Q|
S |

Sl
5

—

P

As in the proof of Proposition 3.1, we apply the controllability results given in Appendix B.

Consider the following nonlinear control system in R” x R"~! x R x R:

= Fo(©) + i“F"(E)’ (112)
where the C*=1 vector fields Fy, F; are defined by
VB (2, (2,0,0) 0,
Fo(€) = SVttt ) CRO= | gy [0
(¥(2,9,9), VpH (z,9(x,q,9))) 0

for every i = 1,...,n, §{ = (v,q,9,0) € R" x R~ ! x R x R (with the convention 6871 =0).
Recall that ¢ff denotes the Hamiltonian flow associated with H on R™ x R™. Set

#(z,p) == (z,p) V(z,p) € R" x R",
and define the C! map ® : R x R" 1 x R" ! x RxR - R?” x R ! x R x R

O(t.,,0,0) = (7 (of ((7,2), ¥((7,2),4,9)) ) 9,0 + A (7. 2),0((7,2),0.9)):1) ) .

(Observe that the first 2n — 1 components of the map ® above coincides, up to the presence of
a dependence on ¥, with the map ® defined in the previous section, see (3.26).) The function
® is of class C! and its differential at (0,27,57,0,0) is invertible. Denote by ¥ = (W;, ¥) the
local C*! inverse of ® in an open neighborhood W7 of (z7,p7,0,0) (as in the previous section,
the map W straightens the Hamiltonian trajectories), and define the C! mapping

G: WICRPxR" I xRxR — RIxR'"™IxRxR
(z,q,9,0) — V(z,q,9,0).

By construction G is a submersion at 7 := (z7,¢" := p7,0,0), and the fact that z(7) = e
gives that the kernel of dG at &7 is the vector line ]Ref"“. As in the proof of Proposition 3.1,
we check that the following result holds (the proof of Lemma 4.3 is postponed to Appendix
E.2):

26



Lemma 4.3. Assumption (B.14) is satisfied.

Now, restricting V° if necessary, we can assume that there is i > 0 such that, for any
starting point

(2° = (0,°),") € W= {(2,0)| (2, ¥(x.4,0)) €V},
any time T € (T — i, T + fi), and any control v : [0,T] — R"™ of class C*° with ||v||c1 < [i, we

have
(z(t),q(t)) €W Vte0,T]

for every solution (z(t),q(t),9(t),0(t)) of (4.9) starting at £° = (2°,¢°,0,5(2%,p°)), where
p? =1 (2%, ¢°, O) and U( 0. pY) was defined in (4.6).
Recall that ¢7 = ( .q",0, 0), and for every

(a°=(0,2"),¢°) € W, Te(7—p7+p)

denote by EST = p@®p").T the End-Point mapping associated with €0 = (:co, qo, 0, 5’(1‘0,}70))
in time T (see (4.7)). From Theorem B.5, there are § € (0, /1) such that B**~*(%,6) c V°,
constants K7, A,v > 0, and k := 2n smooth controls v!,...,v* : [0, 400) — R"~! such that

Supp(v’) C [6,7 — 4] Vi=1,...,k, (4.14)
and the following property is satisfied: For every €9 € R” x R*~! and T > 0 satisfying

€0 =&, 1T -7 <0 (4.15)

there is a C' function of class

Uf%T::(UfﬂT,“.,UgﬁT);Bk(G(EéﬁT@n)ij — B¥(0,A),

whose Lipschitz constant is bounded by K7, such that US"T (G(EgovT(ﬁ))) = 0 (we are setting
v =0) and

(Go EfO’T) (zk: UfO’T(z)Ui) =z VzeB* (G(EiU’T(T))), u).
i=1
Hence, there exists 7 € (0,d/3) such that, for any r € (0,7) and any vectors
€ = (= (0,8),4°.0,5(", 1), &= (7650, ((0.2°),5°)),0,0) (4.16)
satisfying |o| < 272, it holds
’(7?((]551(10470)(900,])0)),0,0) — G((E5 T (a ‘ =lo| <v,
where 7 (z,p) := (£,p), T := 7(2°,p°), and
GEST (@) = G (X0 y0)(T) Py i (T): O 40y (T), Ty oy (T))
- G (T X0 g)(T),P(Omo,po)(T),O,ﬁ(:cO,pO))

(7(67 00 (a”.5)).0.0).
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Let r € (0,7),e € (0,1), and £°,¢ as in (4.16) with |o| < 2r2e. By the discussion above,
there exists a smooth control v : [0,7] — R™ given by

k
ZUﬁ T(2,q)0’ (4.17)
such that . ~
(Go E¢ ’T) (v) = (ﬁ(¢f<mo7po)(z0,p0)),0,0) .
By the definition of @, this gives
EEO’Tf (’U) = (ﬁ'(qﬁ.{f(zomo) (mo,po)),O,U) s (418)

where T/ is defined by
75 =T - 0, (BT (v)).

Since the function U7 is Ky-Lipschitz and Uf"vT(G(EE"vT(ﬁ))) = 0, arguing as in (3.33)

we have

[o[| 1 < KuNulol, (4.19)

where
Ny = InaX{HviHC1 | z':l,...,k}. (4.20)

Furthermore, since ¥, (Efoj(ﬂ)) = 0, if K; denotes a Lipschitz constant for ¥, in WT, and Kg

is a uniform (as €% and 7 vary) local Lipschitz constant for the functions EfOVT, as in (3.35)
we get

T/ —T| < K;KpKyNylo|. (4.21)
Denote respectively by
(x(~),p(~),19(~),o(~)) 20,77 — W xR and wv:[0,T] — R
the trajectory and the control given by Lemma 4.2. Then, there exists positive constant K,

depending only on the C2-norm of H in a neighborhood of (Z(-),p(+)) : [0,7] — R™ x R™, such
that

(ut), #(5))] + ‘% {(w@).20)}] < Klvler < KKuNolo| Ve[0T, (422)

and

Tf
/0 (v(t), &(t)) dt = 0. (4.23)

Let us now show how to construct the potential V' given in the statement of Proposition 4.1
from v. We proceed as in the proof of Proposition 3.1.
Define the function T : [0,7] x R*~1 — R" of class C* by

f
T(t,5) = (ﬂ) F(0,2)  Y(t2)e[0,7] x R

T
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and the C*~! control © : [0,7] — R", with coordinates (171, ... ,ﬁn), by

T

(t) := (dT(t,0n-1))" (u (@)) vt e [0,7]. (4.24)

By construction o1 (+) is given by

w0-Z(2)A(Z)) wens

so that (4.14) and (4.23) allow to apply Lemma 3.3. Set V := W o I'"! with W given by
Lemma 3.3. Arguing as in the proof of Proposition 3.1, thanks to (4.18), (4.19), (4.21), (4.22),
(4.24), we conclude easily that there are 5,7, € (0,1) small, and K > 0, such that assertions
(i)-(v) of Proposition 4.1 hold.

4.3 Remarks

Let us observe that (A4), together with the assumption Z(7) = ey, is intrinsic. (Although we
will never use this fact, we think it is interesting to point this out.) Indeed, let H : R® x R® — R
be a Hamiltonian of class C* with k > 2 and let (Z(-), p(-)) : [0,7] — R™ x R™ be a solution of
(3.1) which satisfies

. PH, . N\ . (0, .
Z(T)=e; and det (8—]32(30 D )) + pj det (a—p2(m D )) #0. (4.25)

Consider a smooth diffeomorphism ¢ : R" — R", and let H : R" x R" — R denote the
Hamiltonian obtained from H by &:

H(X,P):=H(® (X), (dp-1xy®)"(P))  V(X,P)eR" xR". (4.26)

Any Hamiltonian trajectory of H is sent via ® onto a trajectory of H, and it can be easily
checked that if

(X(),p()) = ((I)(.i'()), (d(b(f:(.))@_l)*ﬁ(')) 0 [0,7] = R® x R® (4.27)

satisfies )_((7") = ey, then

det (‘9 = (Xm,P(f))) + Pi(7) det (ng (X(fm(ﬂ)) #0. (4.28)

Indeed, the condition X(T’) = z(7) = ey yields that the matrix R := dz=® € M, (R) has the
form

R = 1 w/ with w e R"™' and R’ € M,_1(R).
0p—1 R
Therefore, P;(7) = p] and
62I~{ Y (= D(= aQH T =T *
aPQ (X(T)aP(T)) = 8—p2(x D )




This shows that

gj}%’ (X(7),5(7))) = det(R)? det (54 (a7
et (ZE(X(7), P(7)) ) = det(R)? det (34 (+7,57) )
det(R’) = det(R)

Py(7) = pi,
which together with (4.25) implies (4.28).

5 Proof of Theorem 2.1

5.1 Introduction

Let H : T*M — R be a Tonelli Hamiltonian of class C* with k > 2, and let ¢ € (0, 1) be fixed.
Without loss of generality, up to adding a constant to H which does not change the dynamics,
we can assume that ¢[H] = 0. Let L denote the Lagrangian associated to H. Our goal is to find
a potential V : M — R of class C* with |V|c2 < ¢, together with a C*! function v : M — R
and a curve v : [0,7] — M with v(0) = v(T), such that the following properties are satisfied:

(P1) Hy(z,dv(z)) <0 VzeM.

(P2) [y Lv((),4(t))dt = 0.

Indeed, if we are able to do this, then (P1) implies that c¢[Hy] < 0 (see Subsection 1.2),
while (P2) together with (1.1) yields ¢[Ly] = ¢[Hy] > 0. Therefore, by (1.2) the closed curve
T := ~([0,T]) is contained in the projected Aubry set of Hy. Now, if W : M — R is any
smooth function such that W = 0 on I', W > 0 outside I', and ||W|c2 < € — ||[V||c2, then
the function v is a critical subsolution of Hy_yw = H + V — W which is strict outside I', and
we have fOT Ly_w(v(t),%(t))dt = 0. By the description of the projected Aubry set given in
Subsection 1.2, this implies that A(Hy _y ) coincides with the periodic curve ¢t — ~(¢), which
concludes the proof.

From now on, we assume that the Aubry set A(H ) does not contain an equilibrium point or
a periodic orbit (otherwise, by the discussion above, the proof is trivial), and we fix Z € A(H)
as in the statement of the theorem. By assumption, we know that there is a critical subsolution
u: M — R and an open neighborhood V of O (Z) such that u satisfies assertions (i)-(iii) in
the statement of Theorem 2.1. We set p := du(Z), and define the curve ¥ : R — M by

y(t) =" (¢>f’ (56,15)) VteR.

The idea is to find a time £ > 0 such that, up to a change of coordinates, all assumptions
(A1)-(A4) hold at i := ¥(t) (here, (A1)-(A3) are the assumptions introduced in Subsection 3.1,
while (A4) was introduced in Proposition 4.1), so that we can apply Propositions 3.1 and 4.1 to
connect Hamiltonian trajectories by controlling the action. As we will see in Subsection 5.3, in
order to close the trajectory 4(t) using a potential small in C? topology we will need to apply
Mai Lemma D.1. Finally, in Subsection 5.5 we will show that this closed trajectory belongs to
a projected Aubry set by adding another small potential and constructing a critical viscosity
subsolution.

5.2 Preliminary steps

First of all, we claim that there is a time # > 0 such that

(o e0)}, = @) 50) 20 -
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Indeed, argue by contradiction and assume that

%{u( f(f’ﬁ))}:<du(7(t))ﬁ(t)><0 V>0,

so that
u((T) = (@) = u((T) = u(5(0)) = [ (u(i0) )t < e <0 VT 21

for some positive constant cg. As T is recurrent we have limy_. o fgk <du (ﬁ(t)),ﬁ(t» dt =0, a
contradiction.

Set § := 7(¢), and fix 7 € (0,1) small. Then, there exist an open neighborhood Uy C V of §
in M (where V is as in the statement of the theorem) with Z ¢ Uy, and a smooth diffeomorphism

97; . Z/lfg — B"(O, 2),
such that
05(y) = (7,0n-1) and  (dy(y),7(F)) = ef.
Denote by II° the hyperplane passing through the origin which is orthogonal to the vector e;
in R?, let II” := 7e; 4 II°, II37 := 37e; + II°, and set
I :=1° N B"(0,r), I :=1I" N B"(Fei,r), IL7:=1°" N B"(37e1,r) Vr > 0.

The Hamiltonian H : T*M — R is sent, via the smooth diffeomorphism 6, onto a Hamiltonian
H of class C* on B"(0,2) x R™. Moreover, since Uy C V, the critical subsolution u : M — R is
sent via 65 onto the C1! function @ : B"(0,2) — R,

u(z) = u(;'(2)) Vz e B"(0,2)
which solves the Hamilton-Jacobi equation®
H(z,Vu(z)) =0  Vze B"0,2). (5.2)

Actually, the Hamiltonian H can be seen as the restriction of a Hamiltonian H defined on R™ x
R™ satisfying (H1)-(H3). Moreover, assuming 7 > 0 sufficiently small (so that (df3(5(t)),¥(t))
is sufficiently close to e} for ¢t € [t — 7,1]), we can modify 65 in such a way that the integral
trajectory of H

(z(t),p(t)) == (95 (vt —t+7)), (dgg(:y(t,pr,;))@;l)*du(’_y(t —t+ %))) (5.3)

satisfies (A1)-(A3) over the interval [0,7/2] (i.e., replacing 7 by 7/2, with obvious notation),
and satisfies (A1)-(A4) on [7/2,7] (i.e., replacing 0 by 7/2)°. Moreover, by choosing 7 even
smaller, we can assume that the Hamiltonian trajectory (Z(-),p(-)) is defined from [0,37] to
B"(0,2) x R", satisfies Z(37) = (37"7 On_l), and moreover the following hold!?:

Lemma 5.1. The following properties are satisfied:

8As in Sections 3 and 4, we identify 7*(R™) with R™ x R™.

90bserve that, thanks to the uniform convexity of H in the p variable, (5.1) implies that condition (A4) holds
with a strict inequality at (7,0,—1), and then by continuity it also holds in some uniform neighborhood.

10Properties (i)-(iv) in Lemma 5.1 are immediate to check. (v) follows observing that, if 7 is small enough,
then the Poincaré map P; from l_I(l)/2 to Pt (H(I)/Q) C (H0+tel) is bi-Lipschitz for any t € [0, 37|, with bi-Lipschitz
constant bounded by 2.
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(i) the Poincaré time mapping T : H(lJ/2 — R satisfying Tz (z(0)) = 7 and
(b']H;,_(ZO) (ZO, V’CL(ZO)) S HT VZO S H?/Q,
is well-defined, Lipschitz, and valued in (7/2,37/2);
(ii) the Poincaré mapping P defined by

P H?/Q — 7

2 PR = (‘bg(zo) (29, Vﬂ(zo)))
is 2-Lipschitz;
(ii) The Poincaré time mapping T3+ H?/Q — R satisfying Ts- (f(37")) = 3T and
$F (2, Va(2)) €Ty Yz el ),
1s well-defined, Lipschitz, and valued in (57"/2, 7?/2);
(iv) V2% =(0,2°) € I}, V7 € (0,1/8), the inclusion

c((ZO,va(ZO));ﬁ(ZO);r) C [0,7] x B"(0n_1,1/2)

holds (here the “cylinder” C((zo, Vﬁ(zo));’Z}(zo);r) is defined analogously to (3.11));

(v) V2°=(0,2% € H?/4,Vz =(0,2) e M, Vt € (0,T37(2)),Vr € (0,1/8):
T* (d)? (Z,Vﬁ(z))) € C((zo,Vﬁ(zO));Tgf(zO);r) = z € B"(2%4r/3).

Denote by K5 the C'!'-norm of 4 on B™(0,2), and recall that @ is solution of (5.2). Thanks
to the above discussion and combining Propositions 3.1 and 4.1, we can easily show that the
following holds:

Proposition 5.2. With the same notation as above, there are 8,7, € € (0,1/4) and K > 0 such
that the following property holds: For any r € (0,7),é € (0,), 2° € IIY, 2/ € TIT, and 0 € R
satisfying
|20 < 6 (5.4)
and
|2F = P(%)] < re, lo| < r?é, (5.5)
there exist a time T > 0 and a potential V : R® — R of class C* such that:
(i) Supp(V) € €( (%, Va(=)): T (="): v )
(ii) |Vlles < (KVT+K2) &
(iii) T/ = r(a®,p%)| < (K\/T+ KZ) ré;

(iv) offy (. Va(z)) = (7, Va(z));
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C((.vae") ; 7 (0); r)

Figure 2: By using first Proposition 3.1 on [0,7/2] we can add a first potential to connect the trajec-
tories, and then, by Proposition 4.1 on [7/2, 7], we can add a second potential to fit the action without
changing the starting and final point of the trajectory.

(v) Ay ((z°,Vu(2)); TT) = A((2°, Vu(z?)); 7(2°, Vu(2?))) + (Vu(P(z?)), 2/ — P(2%)) + 0.
Proof. Let us observe that, given zf satisfying (5.5), the vectors pf := Viu(zf) and p° :=

V(P (20)) satisfy )
lp’ —p°| < Kare,

’(zf,pf) — (’P(zo),po)‘ <\/1+ KZre. (5.6)

Now, if @;/2 : HT/Q — HT/2 denotes the Poincaré map going “backward” from II7 to I17/2, we

so that

can observe that if 7 is sufficiently small (the smallness being independent of r and €) then

[072(=7,p7) = 9T (P(0),5°)| < 20/1+ REre.

Hence, since the trajectory given by (5.3) satisfy (A1)-(A3) over the interval [0,7/2], we can
apply Proposition 3.1 on [0,7/2] to connect (zq, Va(zp)) to @Z/Q (z/,p%) in a time T ~7/2
with a “default” of action bounded by K72¢2. Then, assuming € sufficiently small, since the
trajectory given by (5.3) satisfy (A1)-(A4) over the interval [7/2,7] we apply Proposition 4.1
on [T/2,7] to “compensate” the default of action so that (v) above holds. Moreover it is easily
seen that also all the other properties are satisfied. We leave the details to the reader. O

The above lemma will be the key tool to “close” a piece of trajectory of the Aubry set and
to control the action so that (P2) is satisfied. But once this construction will be performed
(see Subsections 5.3 and 5.4 below), we will still need to modify the potential and our critical
solution in order to obtain (P1). This will be done in Subsection 5.5 below. However, in order to
be able to perform the construction of this new subsolution, we need a few preliminary results
on solutions to Hamilton-Jacobi equations which we discuss below.
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First of all, let us observe that in the construction of 917,7",11_1 made above we assumed
that the Hamiltonian trajectory (Z(-),p(+)) is defined from [0, 37] to B"(0,2) x R™ and satisfies
Z(37) = (37", On_l). By taking 7 > 0 sufficiently small, we can further assume that the following

holds (see [19]):
Lemma 5.3. Set Hjo 37 := {z = (21,2) € R" | 21 € [0,37]}. For every potential W : R™ — R

of class C* with HWHC2 < 1 and Supp(W) C B™(0,1), there exists a unique solution w :
B"™(0,1) N Hjo,37) — R of the Dirichlet problem

{ H(z,Vw(z))+W(z) =0 in B"(0,1) N Ho37) (5.7)

w=u onlS.

Moreover this solution can be constructed by the method of characteristics, and is of class C1!

on B"(O, 1) n H[O,?ﬁ-] .

To be more precise, given z° € 113, let (z(-),q(+)) : [0,%.,) — B™(0,1) N Hjg 37 x R™ be the
(maximal) solution of the Hamiltonian system

2(s) = Vqﬁvy(z(s),q(s)):Vqﬁwgz(s),q(s))
{ is) = —V.Hyw ((5).4(5)) = —V.H(x(s). a(s)) — VW (=(5)) (58)

starting at (2%, Vi(z")). (Here t., > 0 is the first time such that z(s) touches the boundary of

B™(0,1)NHjo,37).) Then we assume that the solution w : B™(0,1)NHg 37 — R to the Dirichlet
problem (5.7) is of class C*! and is given by the method of characteristics, i.e., it satisfies

w(z(t)) —a(z") :/0 (q(s),%(s)) ds :/0 L(z(s), 2(s)) — W (z(s)) ds, Vw(z(t) = q(t).

(We refer the reader to [11, 19] for more details on the method of characteristics.) Let us recall
that the linearized Hamiltonian system along the trajectory (z(), q()) is given by

{ 02(t) = 555 (2(0), (1)) 62(1) + G (=(1), a(1)) () 59)
dq(t) = —%Z’;{ (2(t),q(t))62(t) — gqéi (2(t),q(t))dq(t) — Hess W (2(t)). '

Moreover, @ is twice differentiable at a point 2° = 2(0) € II3 if and only if it is twice differentiable
at z(t) for some ¢t > 0. From this fact and the Lipschitz regularity of the flow, it is not difficult
to deduce that @ is twice differentiable a.e. (with respect to the (n — 1)-dimensional Lebesgue
measure) on I19.

For every z° = 2(0) such that @ is two times differentiable at 2% and any ¢ > 0, let R(t) :=
(R1(t), R2(t)) : R™ — R™ x R™ denote the linear mapping such that R(t)(0z(0)) is the unique
solution of (5.9) starting at (§z(0), Hess @(2(0)) §2(0)). Then it can be easily checked that w
is two times differentiable along z(¢) and that its Hessian at z(¢) is given by

Hess w(z(t)) = Re(t)R1(t)™" Vit €[0,t.0)). (5.10)
Since H is at least C? and R;(0) = I,,, we can assume without loss of generality that the matrix

R (t) is invertible and satisfies (@ is two times differentiable almost everywhere with an upper
bound on its Hessians):

1
|Ri(t) — || < 1 Vte [0,t.(0))- (5.11)

As we observed above, this preliminary discussion will be useful in Subsection 5.5.
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In the next subsections we are going to show that there is a continuous nondecreasing
function @ : [0,400) — [0,400), with @(0) = 0, such that the following property holds:
For every ¢ > 0 there exists a potential V : R® — R of class C*, with |[V|c2 < @(e) and
Supp(V) € B™(0,2), such that the C* potential V : M — R defined by

0 if x & Uy
Viz) = { V(0y(x)) ifxely (5.12)

satisfies ¢[Hy] = 0, and A(Hy ) is a periodic orbit.

5.3 Closing the Aubry set
Define the function ¥ : [0,4+00) x M — M by

U(t,2) =" (¢f (2, du(2))) Vze M.

By assumption, ¥ is well-defined, Lipschitz on V (here, V is as in the statement of the theorem),
and C! at the point (¢,7) for any ¢ > 0L,
Let Uz C V be a small neighborhood of Z such that Uz N\U; = O (here Uy is the neighborhood
of § = 4(t), t > 0, defined in the previous subsection). We can suppose that there exists a
smooth diffeomorphism
0z : Uz — B™(0,1)

such that

Let 6 > 0 be as in Proposition 5.2, and set

Sei= 07 (18,),  Syi=07" (119),)

and let 7 be the countable discrete set defined by
T = {t |izl}:{t>0|f‘y(t):\11(t,:i)esg}. (5.13)

(Observe that § = W(t,Z) is recurrent, since so is .) For every integer i > 1, there are §; €
(0,6/2) and a Lipschitz Poincaré time mapping 73, : II — (0,4-00) such that 73, (0, 1) = #;
and

U(T;, (w), 05 (w)) € Sy Vw eII§ . (5.14)

We observe that, since u is C? at any point of OF(Z) (as observed after the statement of
Theorem 2.1), the maps 7, are C' at the point 0,,_;. Then the Poincaré mappings

P, : H21 — H(;Q/Q

are well-defined, Lipschitz, and C! at the point 0,,_;. Moreover, for every i > 1 the map ®; is

HThe definition of being “C' at one point” is analogous to the definition of “C? at one point” given right
before Theorem 2.1. More precisely, let Dom(DW) C V be the set of points where ¥ is differentiable (which is
of full measure). Then its generalized differential at a point (¢, z) € [0,+00) X V is defined as

DY (t,x) := conv ({kli»ngo DY (ty,xk) | (tg, k) — (¢, ), (tr,zr) € Dom(D\I/)}) ,

and we say that “¥ is C! at a point (t,z)” if DYU(¢, ) is a singleton. We note that the assumption of u being
C? at Z (and so at any point of O (Z), as observe after the statement of Theorem 2.1) implies that ¥ is C! at
(t,z) for any t > 0.
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hypersurface Sy. Observe also that § does not belong to Sy, since by definition 05(y) = (7, 0n—1), while
05(Sg) =113 5.

a bi-Lipschitz homeomorphism from Hgi C R™"~! onto an open neighborhood (in R"~1) of
W; = 9@(@1), Yi 1= \11(7}1 (On_l),i‘) = \I/(fl,f) (515)

Set P; := D®;(0,,_1) the generalized differential of ®; at w = 0,,_1, and define'?
By i={w e R | |B(w) <A}

The following lemma is a simple consequence of the C! regularity of ®; at 0,,_1:

Lemma 5.4. For every integer i > 1 there exists ; € (0,0;) such that, for any w,w’ €
B"10,_1,7;), we have

Vu>0: wew+pk;, = &;(w) e B"71(<I)i(w),2u),
Vv>0: o ¢w+20E = ®;(w') ¢ B" ' (Pi(w),v).

Proof of Lemma 5.4. Since ®; is C' at 0,_1, it is simple to check that then any element of
D®;(w) has to converge to P; as w — 0,—1. In particular, we can find r; € (0, ;) such that

IL— P < ﬁ Vw € B (0n 1,74), L € DBi(w).

Fix w,w’ in B"1(0,,_1,7;) and pu > 0 such that w’ € w + puE;. By the Mean Value Inequality
applied to the function [0,1] 3 s — ®;(w + s(w’ — w)) we infer that

o= ol <y e, W~

IN

1Pl |w" —w] +

|PZ.*1 o Pi(w' — w)|

1P
< 2u.

Taking r; smaller if necessary, we leave the reader to show that the second property is satisfied
as well. O

I2Note that, since Z € A(H), the curve ¥ minimizes the action with fixed endpoints on any time interval. In
particular there are no conjugate points along OT (%), and P; is always invertible.
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Now, given € € (0,1) fixed, set

N 2K+\/1+ K2
R {37 WJ i
€

(5.16)

and let p > 3 and > 0 be the numbers provided by Mai Lemma D.1 appied to the family
of ellipsoids {E;} defined above. Hence, thanks to Lemma 5.4 and the fact that the points
Wi, ..., Wy € Hg/Q are all distinct (since the curve ¥ is not periodic), we deduce that if 0 < 7 <

min{ry,...,r,}/p is sufficiently small, then the following properties hold (recall that V denotes
the open neighborhood of O (z) where u satisfies assertions (i) and (ii) in the statement of the
theorem):

(p1) For any w € 1. and t € [0, T, (w)], ¥ (¢,0; ' (w)) € V.
(p2) For any w,w' € TIY, any i € {1,...,n},

Vu>0: o €w+pl; = &;(w') € B" 1 (®i(w),2u),

Vv>0: o ¢w+2wE = ®;(w') ¢ B" ' (®;(w),v).
(p3) The sets C; defined by

C; = U C((=°, Va(=)); Tas (="); 7 ) (5.17)
29€®;(B"=1(0y—1,pT))
are disjoint for i =1,...,7— 1.

(p4) For every i € {1,...,n}, ®; (B"~1(0,p7)) C B"~1(0,6).

Let 7 > 0 small enough to be chosen later. Since Z is recurrent and dfz(Z) (ﬁ(f)) = e, there
exist a time 17 > 0 such that

05 (¥ (T5,z)) € T2
Let us consider the set of nonnegative times
T = {t € (0,7, |5(t) e S}

that is,
T’:{Ozt’1<t’2<...<tf,:T;}

for some integer J > 1 (actually, for 7 small, J > 7). Set
W .= {wo = 0z(Z), w1 =0z (’7(1?/1)), oo wy =0z (ﬁ(ti,))} cm ~Rrr 1 (5.18)

Then, by Mai Lemma D.1 applied to the ordered set W, there exist n points w0y, ..., w, € 119
and radii 71, ...,7,; > 0, such that the following properties are satisfied:

(p5) There exist j,l € {0,...,J} with j > [ such that @ = w; and @, = w;.
(p6) Vie{1,...,n—1}, E;(wi,7;) C Y.
(

p8) Vie {l,...,n—1}, i1 € Ez(lf)z,fz/N)
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Figure 4: An illustration of Mai Lemma: there exist two points wj, w;, which can be connected using
a sequence of n — 1 small ellipsoids E; (wi, fi/N), so that none of the points wy (k # 7,1) belongs to
E; (wi, 191) fori=1,...,7—1 (in the figure above, we just drew two of the ellipsoids E; (wi, f'z))

Fix ¢ € {1,...,n7 — 1}, and observe that by (p6) ’u?i’, }'UA]iJ,_l’ < pr. Thus, thanks to (p4) and
recalling the definition of P in Lemma 5.1(ii), we can set
Z? = (I)i(’lf}i), zZi = 'P(ZZO), ZZO = <I>Z-(u§i+1), Zi = 'P(E?)

(see Figure 5 below). Moreover, we also set z) :=

(p2), (p4) and (p8) above, we have |2?| < ¢ and

- - 4r; i

Therefore, thanks to Proposition 5.23, for every o; € R (to be chosen later) such that

loi| < PN (5.20)
7 64) \K\/1+ K2 '

there exist a time Tif > 0, together with a potential V; : R” — R of class C*, such that

n(Wy). By Lemma 5.1(ii) and properties

(p9) Supp(V;) C C((Z?aVﬂ(Z?));T%(Z?);fz-/S)-
(p10) [[Villc2 < e

(p11) [T/ — T (20)| < 7ie/8.

(p12) (bifVi (22, Va(2?)) = (2, Va(z)).

(p13) Ay, ((29, Vﬂ(z?));Tif) = A((22, V() Tz (29)) + (Va(zi), % — zi) + 0.

K2

€

K+\/1+K2

3Without loss of generality, we can assume that < €, with € given by Proposition 5.2.
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Figure 5: The point z) (resp. 27) is obtained by considering the i-th intersection of the curve t —

O(t, ;) (vesp. t — ®(t,+1)) with the hypersurface S;. Then, we use Proposition 5.2 to connect z

to Z;, see also Figure 2 in Subsection 5.2.

Let us now define the C* potential V : R® — R as follows: notice that, for everyi = 1,...,n7—1,
the open set C((z?, Vﬂ(z?));’]}(z?);ﬂ/é%) is contained in the set C; defined in (5.17). Hence,
thanks to (p3), all the supports Supp(V;) are disjoints. Define V : R® — R by

= Vi(z) if z € Supp(V;) for some i € {1,...,n— 1},
’ 0 otherwise,

and define V : M — R as in (5.12). Let UV (¢,y;) denote the projection onto M of the
Hamiltonian trajectory of Hy starting at

(s du(yy)) = (07 (), du (07 (1)) ) = (3(8)), du(3(2)))

- VY (t,y;) =7 (60 (95, dulyy)))-

By construction, there is a sequence of positive times
0< 1?1 < 1?1+T1f < 1?2 < 1?2+T2f <... < 1?77,1 <£7771 +T7f_1 < 1?77 (521)
such that the corresponding states
(05(9V (¢ 37)). Va(65(¥" (1,3))))
in B™(0,2) x R™ are respectively given by

(21, Va(2))), (21, Vu(z)), (29, Vu(z3)), (22, Va(z)),



Recalling the definition of the times ¢;, see (5.13), note that

2y = Dy(y) = By (wr) = &y (0(3(t1)) = b5 (3(t1 + 1))

Claim 1: ¢ + ¢, < t;.
Indeed, if not, since ¢ < t; (see (p5)) there would exist h € (0,1,) such that t; +, =t} + h,
so that

Let us observe that w; = J(t}) € Y c Hgi for all ¢ = 1,...,n. Hence, since h € (0,t,), by
the definition of the Poincaré time mappings 7;, (see (5.14)) there exists ¢ € {1,...,n} such
that h = Tz, (w;). But since 2) = ®,(w;), this implies that z) belongs to the intersection

i

®;(I;7) N @, (I s7), which contradicts (p3).

Claim 2: The curve
te [t; + ty, t;] — (1)
never intersects the support of the potential V.
Indeed, if not, by (p9) there would exist t € [tf + ty, tﬁ and ¢ € {1,...,n— 1} such that

03(7(1)) € Supp(Vi) © C (20, Va(=0)); T (20)57:/8) € €( (22, Va(=)); Tar (0); 74/4)

By Lemma 5.1(v), this implies that there is ¢’ € [t] + ;] such that 0;(5(t')) belongs to
B"1(29,7;/2) = B"71(®;(w;),7:/2), which together with (p2) gives

w =0, (0;(7(t))) € Ei (s, ) NW. (5.23)

On the other hand, by the definition of W (see (5.18)) there exists j € {1,...,J} such
that w = 63 (ﬁ(t;—)) This means that ¢ = t% + t;. Now, since t; < t,, we deduce that
tj+t, <t = t% +%;, so that j # . On the other hand, since #; > 0 we have t% <t < t;, SO
that j # j. Hence w = 6z (ﬁ(t;—)) for some j ¢ {4, 1}, which together with (5.23) contradicts (p7).

Thanks to Claims 1 and 2 above, we obtain that the Hamiltonian trajectory
[0, +00) >t — (2(t), p(t)) := ¢ (yj, du(y;))

goes from (y;, du(y;)) = (ﬁ(t&),du(ﬁ(f}))) to (J(t] + ty), du(3(t] + t,))) on [0,4,], and then it

goes back to (y;, du(y;)) on [t,, &, +th—t— ty]. Hence it is closed. The aim of the next section
is to show that we can add a small potential to Hy so that this closed trajectory actually
belongs to the projected Aubry set.

5.4 Control of the action

In the previous section, given # > 0 small enough, we constructed a C*¥ potential V : M — R
and a C* curve 7 : [0,t;] — M, ty =1, + th —t; — t,, made of two curves

y1:[0,8] — M and o : [fn,fnth; — b=ty — M
given by
") == ((bf" (v du(y]))) fort € [0,%,], Yot) =7t +t;+t,—t,) fort e [t,, ts],
and satisfying

1n0) =y ) =70, =0;"(z) =3 +1,),  2(ty) = y;
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Our aim is to show that, if 7 > 0 is small enough, then the real numbers o; in (pl3) can be
chosen in such a way that (5.20) holds and

Av (%10, 1]) :/OnLv(fyl(t),ﬁl(t)) dt+[va(72(t),ﬁ2(t)) dt = 0. (5.24)

ty

Since 77 is contained in the projected Aubry set A(H) and does not intersect the support of V
(see Claim 2 above), we have

Av (v2; By, tr]) = A(v2; [Bys tr]) = w(r2(ty)) —u(r2(ty)) = uly;) —u(0;'(2)).  (5.25)

(Here we are using that u is a critical viscosity subsolution.) Let us now evaluate the quantity

Ao [ D e 30 0) = (65 (1) = ) = v (350,11, (5.26)

Recalling (5.21) and (5.22) we have (recall that & = uo 6;")

A —

/%vaw»ﬁ@»ﬁ(wgwﬁnu@nﬂ
0

Jrz /{iEiJrTif Ly (71(t),"}/1(t)) dt — (5(51) . ﬂ(z?))‘|
+nzl /m Y1(t),41(t)) dt — ( (20,,) — ﬂ(éi))

By construction, the curve [0,%;] 3 ¢ + 71(t) € M does not intersect the support of V. This
shows that the first term appearing in the right hand side of the above formula equals

A /051 L(yi(t),51(¢)) dt — (u(%(fl)) — u(%(O))).

Since t € [0, t1] — (71(t), du(y1(t)) belongs to the Aubry set A(H) and u is a critical subsolu-
tion, we deduce that Ay = 0. On the other hand, for each ¢ € {1,...,n— 1}, the piece of curve
71'[12 4T i) does not intersect the support of V. This shows that the last terms of the above

formula equal

Aﬂz/%lL@ﬂm 1) dt — (a(:%0) - a(z)),

Li+T)
and since u is a critical solution along v; C A(H) we deduce that A; = 0 as well. Finally,
thanks to (p13), for every i = 1,...,7 — 1 we have

5 = /;ﬁTifL (1(0),31(8)) dt — (a(z) — (D))
- Av« V)T - (a(z) —a(:D)

= A((2? N T (20) + (Va(z), 2 — i) + 07 — (Q(Zz) - a(zzo))
= [a %ﬁ@%%f@@waﬁﬂ}+RVM%) - =) = (a(E) - (=) + o
= 0+ {<Vu(zi) z) — (ﬁ(%z) - u(zz))} + oy,



where for the last equality we used (pl) and the fact that @ is a critical solution on B™(0,2).
By (5.19) we deduce that 6; = o; + 04, with

2
- 72 €
|| < KulZi — zi]* < Kq (64> <7K 1+K2> : (5.27)

(Recall that Ky denotes the C1'!-norm of @ on B"™(0,2).) Define the o;’s by
0= —y Vi=1,...,n—1 (5.28)

(This is an admissible choice for e sufficiently small, see (5.20).) Then

=0 Vi=1,....n—1, (5.29)
and we conclude that .
n—
A:AO+Z(5i+Ai) =0
i=1

as desired.

5.5 Construction of a critical subsolution

The constructions performed in Subsections 5.3 and 5.4 show that, given € € (0, 1), for every
7 > 0 sufficiently small, there exist a potential V : R® — R of class C* with

HVHC2 <e, Supp(V)C U?;fC((z?,Vﬁ(zO)),Tr( s TZ/8) Flyeens Ppe1 < T,

and a periodic curve v : [0, tf} — M, such that property (P2) is satisfied (see Subsection 5.1),
where V' : M — R is the C* potential given by (5.12). Moreover, by (p6) and the Lipschitz
regularity of the functions ®1,...,®,_1, we have (recall that w; = ®;(0,,—1), see (5.15))

|20 —w| < K7 Vi=1,...,n-1, (5.30)

for some constant K > 0 independent of 7.

Now, it remains to construct a function v : M — R for which (P1) is satisfied. In fact,
we have still to slightly modify the potential V. Given € € (0,1), we are going to show
how to build V : B"(0,2) — R of class C* with HVHCQ controlled by e and Supp(f/) C

U?;fC(( 0. Vu(2?)); Ta (29); fi/4), and a function @ : B"(0,2) — R of class C11, so that the

following properties are satisfied:

(P1') Hy/(z,dv'(z)) <0 Vaz e M.

(P2) [y7 Lyi(y(t), (1)) dt = 0.

Here v/, V' : M — R are the functions defined by

/ (SC) if x ¢ Z/{Q
"or={ il

( )) ifzxe Ug,
and

. o 0 if ¢I/{g
Vi(x) = { V(z)+V(05(x) if v €Uy

This will conclude the proof of Theorem 2.1.
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In order to construct the function @, we will use the results described in Subsection 5.2: let
e € (0,1) and i € {1,...,n — 1} be fixed. We denote by Z2() : [0,T37(z0)] — B"(0,2) the
projection of the solution of the Hamiltonian system
{ i(t) = V4H ( q )

associated with H and starting at (z?, Va(z?)) Let us recall that, by the proof of Claim 2 in
Subsection 5.3, the cylinder

¢ i= C((=f, V(D) Tor () 73/4) = {Z0(0) + (0, 2) |t € [0. T (2D)]. 2] < 7a/4},

(5.31)

never intersects the curve [t] + t,, t;] >t — (t).
Denote by @; : C; — R the unique solution to the Dirichlet problem

{ Hy, (2, Viuy(2)) =0 inCl,

w=1u onC/NIP, (5:32)

with V; the potential constructed in Subsection 5.3 (see Lemma 5.3). The function u; is of
class C1'! on C!. In addition, since @ is a C1! critical solution of (5.2) and V; vanishes outside

C(( 2 va(2))); Ts=(2Y), r1/8) by property (p9) in Subsection 5.3, using Lemma 5.1(v) it is

easily seen that @; coincides with @ in the annulus
A = c;\c((z?,v (20)); Ts7(2); n/6)

By the discussion after Lemma 5.3, any solution (z(-),q(-)) : [0,400) — R™ x R™ of the
Hamiltonian system

{ ) = Volly (:(0),a(t) = Vol (2(0).0(t) (5.33)
q(t) = —V:Hy,(2(t),0(t)) = =V-H(2(t),q(t)) - VVi(z(t)),
starting at (2%, Vi(z%)) with 20 € I19, satisfies
i (2(1)) — (=) —/Ot<q(s),,é(s)>d Z/OtE(Z(S)aZ(S)) — Vi(2(s)) ds (5.34)
and
Vi (2(t) = q(t) (5.35)

for all £ > 0 such that z(t) € B"(0,1)NHo,37. Now, denote by Zo(+) - [0, Tﬂ — C! the solution
(of class C*) of the Hamiltonian system (5.33) starting at (20, Va(z)), where T € (57/2,77/2)
is the “exit time” for Z?2(-) with respect to C., i.e. ZO(Te) € 9C, N7 (see Lemma 5.1(iii)).
Note that, thanks to (5.34), (5.35), properties (p9) and (p12) in Subsection 5.3, and (5.29), the
following hold:

(r1) @;(z) = u(z) for every z € A;.
(m2) Z29(t) = Z9 (’Z} (29) + (¢t — Tzf)) for every ¢ € [T}, T¥].

(m3) u;(Z22(t)) = u(Z2(t)) and Vi, (Z2(t)) = Vu(Z2(t)) for every t € [Tif,Tﬂ.

Furthermore, given € > 0, we can choose 7 sufficiently small so that the following holds:
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Lemma 5.5. There exists a continuous nondecreasing function wyg : [0, +00) — [0, +00), satis-
fying wo(0) = 0 and independent of i € {1,...,n— 1} and € > 0, such that

2 — ﬂHcl,l(c;) < wo(e): (5.36)

Proof of Lemma 5.5. For any 20 € 9 N B"~1(29,#;/4), denote by (2(-,2°),q(-,2%) (resp.
(zi(+,2°),@(-,2%)) the solution of (5.31) (resp. (5.33)) starting at (2, Va(z%)). Since both
@ and u; are given by characteristics inside B™(0, 1) NH[g 37 and |V1_/l(z)| < ¢ for every z € CJ,
Gronwall’s Lemma yields a uniform constant K7 > 0 such that

|(2(t,2%), Va(2(t, 2°))) — (z:(t, 2°), Vi (zi(t, 2%))) |
= ‘(Z(t,zo),(j(t,zo)) - (Zi(t,zo),(ji(t,zo))‘ < Kie, (5.37)

for every 20 € 19 N B"~1(29,#;/4) and t > 0 such that z(¢,2") and z(¢, 2°) both belong to
B™(0,1) N 'Hjo,37]- Recalling that Ky denotes the C*'-norm of @, we deduce that

|Vi(zi(t, 2%) — Vi (2:(t,2°)| < |Va(z(t, 2°) — Va(z(t, 2°)|
+|Va(z(t, 2°) — Va(z(t,2°)]

Since every point z € C/ can be written as z;(t, 2°) for some 20 € IIY N B~ 1(2Y,#;/4) and t > 0,
the above bound on V(@ — @;) together with (71) implies

4 — tillcrery < Kae

for some uniform constant K5 > 0. It remains to estimate the difference between Hess @ and
Hess @; at any point C; where they both exist. To this aim, we recall that the Hessians of @
and @; can be recovered from the linearized Hamiltonian systems associated with A and H\Z-
(see (5.10)).

Fix 20 € II} N B"1(2Y,7;/4) such that 4 is twice differentiable at 29 (this is a set of full
measure on 11}, as observed after (5.9)). Given h € R" with |h| = 1, and let

(62(+,2%h),8q(-,2%h)) (resp. (0%(-,2° h),6q:(-,2% h)))

denote a solution of the linearized system (5.9) along the trajectory (z(-,z"),q(-,2°)) (resp.
(z:(+,2%),4(-,2°)) with W = 0 (resp. with W =V;), and starting at (h, Hess @(z°) h). Since
HVZH o2 < € and H is of class at least C2, the linearized systems associated with W = 0 and
W =V, are close to each other: by Gronwall’s Lemma there exists a nondecreasing continuous
function wy : [0,4+00) — [0, +00), with w;(0) = 0 and independent of ¢ € {1,...,7 — 1} and
e > 0, such that'4

‘ (52(15, 2%, h), 6q(t, 2°, h)) - (521-(15, 20, h), 6Gi(t, 2°, h))| < wi(e),

as long as both z(t,2") and z;(t, 2°) belong to B"(0,1) N Ho 37

Denoting by (Ri(-,2%),Ra(-,2%) and ((Ri)1(-,2"), (R;)2(-,2%) the matrices associated
with the two linearized systems under consideration (see the discussion after Lemma 5.3) and
recalling (5.11), we deduce that there is a nondecreasing continuous function ws : [0, +00) —
[0, 4+00), with w3(0) = 0 and independent of ¢ € {1,...,n7 — 1} and € > 0, such that

||[Hess u(z(t, 2°)) — Hess u; (%;(t, 2%)) ||
= ||R2(t, ZO)Rl(t, 20)71 - (Rz)Q(t, ZO)(Ri)l(t, Zo)ilH < u)2(€),

2 77 2 17 2 17
14The function w; depends on € and on a uniform modulus of continuity for %ZIZJ , gzé{v , and %v’;{ on B™(0,2) x
{va(Bm"(0,2))}.
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as long as both z(t, 2°) and z;(t, 2°) belong to B™(0,1) N Hjg 37. We now recall that u is C?
along O (z), which implies that Hess u exists and is continuous along ¢t — z(t, w;) (see (5.15)).
Hence, if K2 denotes a uniform Lipschitz constant for the flow (¢,29) — z(t, 2°), by (5.30) we
deduce that for any z € C; there exists a time ¢, such that

|z — 2(t., w;)| < 2K,K7 (5.38)

(recall that #; < 7). In particular, since for any z° € I§NB"~1(2Y, #;/4) both curves t — z(t, 2°)
and t — Z;(t, 2°) remain inside C] (at least as long as they belong to B"(0,1) N 'H[g37]), by the
triangle inequality we deduce that

||Hess @(z(t, %)) — Hess u(z(t, ")) |
< 2w (2K KT) + ||Hess Q(Z(tgi(t_rz()),wi) Hess u( (t(¢,20) wl)H , (5.39)

where wf is a nondecreasing modulus of continuity for Hess @ along t — z(t,w;) (at least as
long as the curve remain inside B"(0,1) NHjg 37))'°, and ¢, is as in (5.38).

We now observe that, thanks to (5.37), there exists a uniform constant K3 > 0 such that
|tz,(t,20) —tz(¢,20)| < K3e. Moreover, the last term in the right hand side of (5.39) can be written
in terms of the linearized system only. Hence, there exists a nondecreasing continuous function

4 ¢ [0,400) — [0, +00), with ws(0) = 0 and independent of i € {1,...,n7 — 1} and € > 0, such
that
||Hess a(z(tii(t,z()),wi) Hess u( (tz, ZO),wZ)H < wy(K3e).

Thus, by combining the above estimates together and choosing 7 sufficiently small (the smallness
may depend on €), we get

||[Hess @(zi(t,2%)) — Hess u;(%(t,2°))|| < ||Hess u(Zi(t, 2°)) — Hess u(2(t, 2%))||
+ ||Hess @(z(t, 2°)) — Hess @;(zi(t, 2%)) ||
< Wi(4K2KT) + wi(Kse) + wale)
< 2fwa(Ks€) + wale)].

Since a.e. z € C! can be written as z(t, 2°) for some ¢t > 0 and 20 € 1Y N B~ 1(2Y, /4
belonging to a set of full measure (which is independent of t), we conclude easily.

Thanks to (71)-(73) and the lemma above, we will see that, by adding a suitable potential
supported inside the cylinder C; N {(t,2) |t € [7,37]}, we can “glue” together @; and @ so that
they coincide outside C; and the new function is a critical subsolution. Moreover the potential
that we add will vanish together with its gradient along Z?, so that the curve t — Z?(t) will
still be an extremal curve for the new Hamiltonian.

More precisely, we claim that there exist a continuous nondecreasing function w : [0, 400) —
[0, +00), satisfying w(0) = 0 and independent of both i € {1,...,7— 1} and € > 0, a function
@; : C/ — R of class C11, and a potential Vi C! — R of class C*, such that the following
properties are satisfied:

(m4) Hy, (2, Vii(z)) + Vi(z) < 0 for every z € Cl.
(75) Supp( ) cein{(tz2)|te[r,37]}.
76) ||‘7i||02(c;) < w(e).

(n7) @;(Z22(t)) = w(22(t)) = u(Z2P(t)) and Va;(Z20(t)) = Vi (Z22(t)) = Va(Z2(t)) for all
te [T/, 17].

150bserve that wé may depend on ¢, since the C? regularity of u along the orbit O1(Z) is a priori not uniform.
However this is not a problem since, once € has been fixed, we can choose 7 as small as desired.
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Z0(t)) = VVi(Z0(t)) = 0 for all t € [T/, T¢].

) ) = u(z) for every z € A;.

) = i(z) for every z = (21,2) € C| with z1 € [0,37/2].
) = u(z) for every z = (2, 2) € C} with z; € [57/2,37].

To construct such a potential, let us consider © : B™(0,2) — [0,1] a smooth function such

that
O(z) =0(z1) =1 if 2z € [0,37/2],
O(z) =0O(21) =0 if 21 € [57/2,37],
and define @; : C — R by

Ui(2) == O(2)ui(2) + (1 —O(2))u(z) VzeCl.

Figure 6: The function @; is obtained by interpolating (using a cut-off function) between @
(the viscosity solution for H) and @; (the viscosity solution for Hy,) inside the “cylinder” C; :=
C ((z?,Vﬂ(z?)) ; T3z (z?),ﬁ/él) Then, by adding a new potential V;, small in C? topology and sup-
ported inside C; N {z = (21, 2) | 21 € [T, 37|}, we can ensure that H‘7i+‘~/i (2, Vi;(2)) < 0 on the whole
ball B*(0,2). Since the cylinders C; are disjoint, we can repeat this construction for i = 1,...,7—1 to
find @ : B"(0,2) — R and V : B"(0,2) — R so that (P1’) and (P2’) hold.

By construction, @; is of class C1'! on the cylinder C/. Moreover, for every z € C/ we have
Vi (z) = (a;(2) — u(2))VO(2) + ©(2)Vii(2) + (1 — ©(2))Va(z)  Vzel.

By (71), (73) and the definition of ©, assertions (77) and (79)-(711) are satisfied. Moreover,
since

Supp(V;) C C/n {z = (21,2) |21 € [0,7] }a

both 1, %; are solutions of the Hamilton-Jacobi equation associated with H on the cylinder

C!:=Cin {z = (21,2) |21 € [f,?)ﬂ}a
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H(z,Viu;(z)) <0 onCiN {z = (21,2) |21 € [7,37/2] U [5?/2,3?]}.

Moreover, by the convexity of H in the p variable,
H (2,0(2)Viu,(2) + (1 - ©(2))Va(z)) <0 Vze(!,
which gives
(2, Vii(2)) < K' |wi(2) —a(z)]  on N {z = (21,2) | 21 € [37/2,57/2] }
oH

for some uniform constant K’ > 0 depending only on 7> and V®. Recalling (73) and (5.36),
we deduce the existence of a uniform constant K > 0 such that

|:(2) — a(2)] < K" wo(e) dist (2,T;)°  on /N {z = (21,%) | 21 € [37/2,57/2] }

where I'; := {Z?(t) |t e [Tif,Tf]} and dist(-,T;) denotes the distance function to the curve
T';. Again by (5.36) and (71), there is a uniform constant K" > 0 such that

‘az(z) — a(z)’ < K" wo(e) dist (=, alatcg’)Q,
where 01,1C!" denotes the “lateral boundary” of C/, i.e.,
= {z(t) + (0,2) |t € [7,37], |2l = 7a/4}.
All in all, we have proved

_ ) 0 onC/n{z € [7,37/2] U [57/2,37]},
H(z Vii(z)) < wo(e) min{K"dist(z,Fi)Q,K’”dist(z,alatcg'f} on C/N{z € [37/2,57/2}.

Thanks to this estimate and recalling that Z? is of class C*, we easily deduce the existence of
a nondecreasing function w : [0, +00) — [0, +00) with w(0) = 0, and a potential V; : C; — R of
class C*, satisfying (74)-(76) and (78).

Repeating this construction for ¢ = 1,...,n7 — 1, since the sets C, are disjoint we obtain a
function % : R® — R of class C', together with a potential V : R" — R of class C* with
[Vle2 < @(e) and Supp(V) € U''C! (so that Supp(V) never interstects v, see Claim 2 in
Subsection 5.3), such that both properties (P1’) and (P2’) are satisfied. This concludes the
proof of Theorem 2.1.

6 Proof of Theorem 2.4

We use the same notation as in the proof of Theorem 2.1.

6.1 Preliminary step

Recall that dim M = 2, H : T*M — R is a Tonelli Lagrangian of class C* with k > 2,
L :TM — R is its associated Lagrangian, and € > 0 is fixed. As is the proof of Theorem 2.1,
we can assume that ¢[H] = 0 and that A(H) does not contain an equilibrium point or a periodic
orbit. Fix T as in the statement of the theorem. By assumption, there is a critical subsolution
u: M — R and an open neighborhood V of OF () such that u is at least C**! on V. Define
Vo:V—Rby

Vo(z) :== —H (z, du(z)) Vel
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By the assumptions on u, the potential Vj is of class C*, nonnegative, and u is a critical solution
of

H(z,du(z)) + Vo(z) =0  Vae. (6.1)

Hence, by the proof of Theorem 2.1 (applied to the Hamiltonian H + Vj inside V), given 7, ¢ > 0
small enough, there exist an open set U := Uy C V (here Uy is as in Subsection 5.2), a potential
V. : M — R of class C*, a function v : M — R of class O, and a closed curve 7 : [0,t;] — M
such that the following properties are satisfied:

H(w, dv(x)) + Vo(z) + Ve(z) < 0 for every U.

5) [17 L(v(0),4(1)) — Vo (4()) — Ve(3(1)) dt = 0.

Moreover, recalling the construction of the curve =, it is easily seen that there is some constant
K > 0 such that the closed curve « is made of two curves

1 :[0,8)] — M and o : [t t;] — M
(see Subsection 5.4) which satisfy!®
(76) For every t € [t,,tf], v(t) = y2(t) € A(H);
(77) dist(v1(¢),T1) < K7 for all ¢ € [0,1,].

Here I't := 5 ([0,,]), where , denotes the positive time such that ¥(f,) = g, see (5.15).
Furthermore, we notice that the number 7 > 0, appearing in assertion (77) above, can be
chosen as small as we wish.

6.2 Modification of the potential and conclusion

In the previous subsection we found a potential W := Vj 4+ V. of class C* associated with a
closed curve v : [0,t;] — M which corresponds to the Aubry set for the Hamiltonian H + W
inside V. Now, the strategy is to construct a new potential V; : M — R of class C* such that
the following properties are satisfied:

(78) |V < €/2.

) [Ville
(79) Vi(z) < Vo(x) for every z € V.
(710) V;

(711) Vi(v(t)) = Vo((t)) for every t € [0,ty].

1(z) =0 for every x € M \ V.

16 The existence of the constant K > 0 is a consequence of the following facts:
- the function (t,z) — U(t,z) = n* (¢ (z,du(z))) is well-defined and of class C! in a neighborhood of
[0, +00) x {Z};
- the curve ~; is contained in the image by ¥ of a bounded interval (since, once € > 0 is fixed, the number
7 is fixed and given by Mai Lemma) times a small ball (see (p6) in Subsection 5.3).

However, let us remark that, for our purposes, instead of (vii) it would suffice to know that dist ('yl (), f‘l) —0
as r — 0, which is clearly true.
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Assuming that we are able to perform such a construction, we will define the potential V :
M —R by
V=V+V.

Observe that V is C*, and by (71) and (78) it satisfies |V||¢2 < e. Moreover, by (72)-(74) and
(79) we have

H(z,dv(z)) + V(z) < H(z,dv(z)) + Vo(z) + Ve(z) <0 Vz eV,
while the nonnegativity of Vj together with (72), (#3) and (710) yields
H(z,dv(z)) + V(z) = H(z,dv(z)) = —Vy(z) <0 Vee M\V.

Finally, by (75) and (711),

/0 "L, 5() — V(3(1) dt = / "L, 50) = Vo () — Vi (+(8)) dt = 0,

This shows that «y : [0,t5] — M is contained in the Aubry set for the new Hamiltonian Hy, and
we conclude the proof of Theorem 2.4 by adding a smooth potential W, small in C2-topology,
which vanishes on v and is strictly positive outside (see Subsection 5.1). Hence we are left with
the construction of Vi, that we perform in the next subsection.

6.3 Construction of the potential

Let us recall that the function Vg : V — R is of class C* with & > 2, is nonnegative, and
vanishes on A(H). Hence we immediately deduce that

Vo=dVo=0  on A(H).

Since Z = §(0) is a recurrent point of A(H) and M is two-dimensional, it is easy to show the
existence of a continuous nondecreasing function w : [0, +00) — [0, +00), with w(0) = 0, such
that

||d2V0(:c)Hz < w (dist(z,T4)) Ve eV (6.2)

(see also Remark 6.2 below), where T'y C A(H) has been defined after (77). Then, the existence
of a potential V; : M — R of class C¥, satisfying properties (78)-(711) above, follows from (77)
and from the following general lemma (whose proof is postponed to Appendix E.3) applied to
N=M,C=T,0=V,g="Vyand A=mlj3,-

Lemma 6.1. Let N be a smooth compact Riemannian manifold without boundary of dimension
n>2, 0 C N be open, and C' C O compact. Let g : O — R be a nonnegative function of class
C* with k > 2 satisfying

g=dg=0 onC, HdQQ(x)Hz <w(dist(z,C)) VzeO (6.3)

for some continuous nondecreasing function w : [0,+00) — [0,400) with w(0) = 0. Then, for
every € > 0 there is r > 0 such that the following holds: Let A be a closed set satisfying

dist(z,C) <r Vo e A (6.4)
Then there exists a function h: N — R of class C* such that:
(a) 0 < h(x) < g(x) for every x € O.

(b) Supp (h) C O.
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(c) HhHC2 <€
(d) h(z) = g(x) for every x € A.

Remark 6.2. Let us point out that the whole argument given above, together with Lemma
6.1, holds true in arbitrary dimension, with the exception of (6.2). Indeed, the fact that Z
is recurrent implies that, for every ¢ € [0,%,], there are points of A(H) which are arbitrarily
close to ¥(t) and “transversal” to 7. In two dimension this implies that d>V, = 0 on I'y, from
which (6.2) follows by continuity. On the hand, in higher dimension we can only deduce that
d*Vj is small in the “directions tangent to A(H)”. This fact creates much more difficulties,
since in order to establish the analogue of Lemma 6.1 we will need to know that the connecting
trajectories can be chosen to belong to “the tangent space to A(H)”. This delicate construction
is performed in [27].

7 Final comments

In [12], Contreras and Iturriaga proved the following: let H : T*M — R be a Hamiltonian of
class C*, k > 3, whose Aubry set is an equilibrium point (resp. a periodic orbit). Then, there
is a smooth potential V : M — R, with ||V||c+ as small as desired, such that the Aubry set of
Hy is a hyperbolic equilibrium (resp. a hyperbolic periodic orbit). In view of our results we
obtain:

Theorem 7.1. Let H : T*M — R be a Tonelli Hamiltonian of class C* with k > 3, and
fix € > 0. Assume that there are a recurrent point & € A(H), a critical viscosity subsolution
u: M — R, and an open neighborhood V of OF (:E) such that one of the following properties is
satisfied:

(i) u is of class at least C* on V, Hess?u(Z) is a singleton, and H(z,du(x)) = c[H] for all
z€eV.

(ii) dim M = 2 and u is of class C**1 on V.

Then, there exists a potential V : M — R of class C*, with |V | c2 < €, such that c[Hy] = c[H]
and the Aubry set of Hy is either a hyperbolic equilibrium or a hyperbolic periodic orbit.

In [6] Bernard proved that if the Aubry set of a Tonelli Hamiltonian H : T*M — R of class
C*, with k > 2, is a finite union of hyperbolic periodic orbits or equilibria, then at least one
critical viscosity solution is of class C* in a neighborhood of A(H). Furthermore, Contreras
and Tturriaga showed in [12] that if V' is a potential of class C such that A(Hy ) is a hyperbolic
equilibrium or a hyperbolic periodic orbit, then there exists € > 0 such that the same property
holds for every W : M — R with ||W||c2 < e. Thus, thanks to Theorem 2.1, we can more or
less consider that the Mafié Conjecture in C? topology for Hamiltonians of class at least C3 is
equivalent to the:

Mané regularity Conjecture for viscosity solutions. For every Tonelli Hamiltonian
H : T*M — R of class C*¥, with k > 3, there is a set D C C3(M) which is dense in C?(M)
(with respect to the C? topology) such that the following holds: For every V € D, there are a
recurrent point z € A(H), a critical viscosity subsolution v : M — R, and an open neighbor-
hood V of O (z) such that u is of class C? on V and satisfies H (z, du(z)) = ¢[H] for all z € V.

By the extension to arbitrary dimension of Theorem 7.1(ii) performed in [27], the Mané
Conjecture in C? topology is also equivalent to an analogous version of the “Mafé regularity
Conjecture” above, replacing smooth critical solution by smooth critical subsolution (see [27,
Section 1]).
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Let us note that, by a recent result of Fathi [22], the existence of a critical viscosity subso-
lution of class C* in a neighborhood of the projected Aubry set is equivalent to the existence of
a global critical subsolution of class C* on M. We stress that the main assumption in Theorem
2.4 is only concerned with the regularity of a critical viscosity subsolution in a neighborhood of
a positive orbit (which is not a closed set), which is a much weaker hypothesis than the existence
of a critical viscosity subsolution which is of class C* in a neighborhood of the projected Aubry
set. For instance, on a 2-torus, such an assumption is not in contradiction with Denjoy-type
obstructions for the existence of regular critical subsolutions [20, Theorem 8.1].

A

Conventions and standing notation

M is a smooth compact manifold without boundary of dimension n > 2.

We denote by T'M the tangent bundle and by 7 : TM — M the canonical projection. A
point in T'M is denoted by (x,v), with € M and v € T, M = 7~ !(z). In the same way,
a point of the cotangent bundle 7*M is denoted by (x,p), with z € M and p € T/ M a
linear form on the vector space T, M. The canonical projection on T*M is denoted by
7 : T*M — M. For every p € T M, (p,v) denotes the evaluation of p at v € T, M.

We suppose that g is a fixed smooth Riemannian metric on M. For v € T, M, the norm
llv|ls is gz (v,v)*/2. We also denote by || - || the dual norm on T*M.

For every integer k > 1, we denote by - or (-,-) the Euclidean scalar product, and by | - |
the Euclidean norm on R¥. We denote by B* the open unit ball and by B* the closed
unit ball in R¥. For every z € R and r > 0, we set B*(z,7) := {2/ e R* | |2/ — 2| <r}
and S*(z,r) := {2’ € R* | |/ — 2| = r}. Sometimes, for sake of simplicity, we denote the
ball B¥(x,r) (resp. the sphere S*(x,r)) by B(x,r) (resp. S(x,r)), or simply B, (resp.
S,.) when z = 0. Given a linear mapping P : R¥ — R* we denote by ||P| its norm with
respect to | - |, that is | P|| := max{|P(x)| | z € B*}.

For every k,l > 1, My ;(R) denotes the vector space of real matrices with k rows and !
columns. If k = [, we simply set My(R) = My, ;(R). Furthermore, 0g,; denotes the zero
matrix in My ;(R), Oy the zero vector in R¥, and e¥,...,eF the canonical basis in R*. If
there is no possible confusion, we denote the latter by ey, ..., eg. For every M € Mj, ;(R),
M* denotes the transpose matrix in M; 5 (R).

For every k > 0, we denote by C*(M) the space of functions of class C* from M to
R. Given a function F' € C¥(M), we denote by d'F its derivative of order i for every
i=1,...,k, and we denote by || F||c+ its C*-norm (computed with respect to the metric

9)-
Most of the time we work in local charts. If F': @ — R! is of class C' on the open set
Q C RF dF(y) or %—5@) denotes its Jacobian matrix (which belongs to M; ,(R)) at y € Q.

If F is real valued (i.e., [ = 1), we denote by VF(y) = dF(y) € R* its gradient and by
Hess F(y) = d*F(y) its Hessian at y. If a C' function F' depends on several variables
(Y1, -3 Ym), 2—5 (yl, . ,ym) denotes the partial derivative of F' with respect to the y;

variable evaluated at the point (yl, ey ym).

Given a Hamiltonian H : T*M — R of class C* (with k > 2) satisfying (H1) and (H2)
(see Subsection 1.2), we denote by ¢/ the Hamiltonian flow on T* M. We recall that the
Lagrangian L : TM — R associated with H is defined by

L(z,v) := e (p,v) — H(z,p)}.
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Therefore the Fenchel inequality is always satisfied (p,v) < L(z,v) + H(x,p). Moreover,
we have equality in the Fenchel inequality if and only if

(z,p) = L(z,v),
where £ : TM — T*M denotes the Legendre transform defined as

L(z,v) = (x,‘;—f(x,v)) Y (z,v) € TM.

Under our assumption £ is a diffeomorphism of class at least C*~1. We denote by ¢ the
Euler-Lagrange flow of L on T'M, it is of class C*~! and conjugated with the Hamiltonian
flow ¢f.

e Given a topological space X, we denote by C.(X) the vector space of compactly sup-
ported continuous function on X. The set P(X) denotes the space of measures on X. It
corresponds to the dual space C.(X)* . The weak-* topology over P(X) is the topology
of simple convergence, that is

he— e /deuw/xfdu, Vi e CO(X).

We recall that the support of a measure p is defined as the (closed) set of points € X
such that the u-measure of every neighborhood of z is positive.

B Controllability of nonlinear control systems

B.1 Preliminaries

Given N, m > 1, let us a consider a nonlinear control system in RY of the form
§=Fo(&) + > wFi(§)  forae. t, (B.1)
i=1

where the state £(t) belongs to RY, ¢t + &(t) is an absolutely continuous curve, the control
u(t) = (ur(t), ..., um(t)) belongs to R™, and the functions Fy, F1,..., Fpy, : Q@ CRY — RN are
C'-vector fields defined on an open set . Given £ € Q and @ € L* ([0, +00); Rm), the Cauchy
problem

Et) = Fole(t) + X, (O F(EQt) for aue. 1,
{ &0) =&, (B.2)

possesses a unique maximal solution {g ;(-) C €2 defined on a maximal interval of the form
[0, T¢ ), with Tg ; € [0, +00]. Given €€ Qand T > 0, we denote by Uz 1 the set of controls
u € L'([0,400); R™) such that T' < Tg,. The set Uz ¢ is an open (possibly empty) subset of
Lt ([O, +00); Rm).

Fix G : © — R* a function of class C', and @ a smooth control in Uz 7. Our aim is to give
sufficient conditions on Fy, F1, ..., Fy,, and G, for partial controllability of the control system
(B.1) with respect to G. Roughly speaking, this amounts to showing that, for any neighborhood
V CUg 7 of @in L ([0, T];R™), the set

{Gleeu(®) uev}

is a neighborhood of G (fg_ﬁ(f)). Most of the results presented below cannot be found in
classical references of control theory. However, we encourage the reader to have a look at the
book [14] (see also the forthcoming book [45]) for more details about the material discussed in
the next subsections.
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B.2 Singular controls

Assume that the set is Ug 1 is nonempty. The End-Point mapping associated with € in time T
is defined as o
EST Uz 7 — Q
u o &, (T).
Since Fy, Fi, ..., F,, are of class C', the map E&T is C! on its domain, and its differential at
U € Ug 7 is given by the linear operator

dEST (@) . L'([0,T;R™) — RN
v — g(T)7

where ((+) is the unique solution to the Cauchy problem

C(t) = A@)C(t) + B(t)u(t) for a.e. t € [0,T),
{ £(0) = 0, (B.3)

and the matrices A(t) € My (R) and B(t) € My ,(R) are defined by
A(t) 1= Ao (6(0) + Y ws()dF (€(0), (B.4)
B(t) :== (F1(£(t),--.. Fm(£®))) (B.5)

with £(t) := §e.a(t). In other terms, the differential of EST at @ corresponds to the End-Point
mapping associated with the system obtained by linearizing (B.1) along (f, ﬁ) with initial
condition 0 at time ¢ = 0. We can also represent dE*7 (u) as

(dEST (a),v) == S(T) /T SH)'B(t)(t)dt  Yove LY[0,T);R™), (B.6)

where S(-) is the solution to the Cauchy problem

S(t) = A(t)S(t),
{ SEO)):LE. ( (B.7)

A control 4 € Ug 1 is said to be singular with respect to EST if dEST (1) is not surjective.

Otherwise, @ is said to be nonsingular or regular (with respect to Eg’T). The concept of
singular control plays a crucial role for regularity issues (see for example [10]). Let us define
the pre-Hamiltonian Hy : RY x RY x R™ — R by

m

Ho(E,p,U) = <paF0(€)> + Zu1<paﬂ(§)>

i=1
Adopting Hamiltonian formalism, we have the following well-known characterization of singular

controls:

Proposition B.1. A control i € Ug 7 is singular with respect to EST if and only if there exists
an absolutely continuous arc p : [0,T] — RN \ {0} such that

{ ) = VpHo(&(t),p(t), a(t)) (B.8)
= t

Ve Ho (£(t), p(t), (1))

-
e
~+
~—
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for a.e. t €[0,T], and
VuHo(E(t),p(t),a(t)) =0  Vtel[0,T]. (B.9)

In fact, if u € Ug 7 1s singular with respect to EST | then for every p € (Im(clEfvT))l \ {0} C
R™ \ {0}, there is an absolutely continuous arc p : [0,T] — RN \ {0}, with p(T) = p, which
satisfies (B.8) and (B.9).
Proof. If dEEVT(ﬂ) is not surjective, then there exists p € RY \ {0} such that, for any v €
L} ([0,T); R™), B

(dEST (u),v) - p = 0.
By (B.6), this can be written as

/Tp*S(T)S(t)—lB(t)v(t) dt=0  VoeL([0,T;R™).
0

Taking v(t) := (p*S(T)S(t)"*B(t))" (v(t) is continuous on [0, T1, so it belongs to L* ([0, T];R™)),
we deduce that

/OT ‘(ﬁ*S(T)S(t)_lB(t))* *dt—o,
which implies
p*S(T)St)"'B(t)=0 Vte[0,T]. (B.10)
Set, for each ¢ € [0, 7],
p(t) = (S ") S(T)"p. (B.11)

By construction the arc p : [0,7] — RY is absolutely continuous, and by (B.10) it satisfies
(B.9). Moreover, since p # 0 and S(t) is invertible for all t € [0, T], p(t) never vanishes. Finally,
noticing that < (S(s)~1)" = —A@t)* (S(t)_l)* for a.e. t € [0,7] (see (B.7)), recalling the
definition of A(t) we conclude that p satisfies (B.8).

Conversely, let us assume that there exists some absolutely continuous arc p : [0,7] —
RN \ {0} which satisfies (B.8) and (B.9). By the discussion above this means

p(t) = —A(t)*p(t)  for a.e. t €[0,T],
and B
p(t)*B() =0 vVt e [0,T].

Setting p := p(T) # 0, for any t € [0, T] we have

p(t) = (S@®)~)" S(T)*p,
so that -

p*S(T)S(t)"*B(t) = 0.
This implies o -

(dEST(m),v)-p=0  Vve L'([0,T];R™)

and concludes the proof. O

Let us remark that, given a control 4 € Uz 1 and the associated trajectory £= Sea [0, 7] —
RY, we have B
VeHo (E(t),p(t),a(t)) = At)*p(t),
VpHo(E(t), p(t),a(t)) = Fo(Et) + B(t)a(t),
VuHo(E(t),p(t),a(t)) = B(t)*p(t),
for any ¢ € [0,T] and any continuous curve t — p(t) € RV. Consequently, a control @ € U 1 is
singular if and only if there exists an absolutely continuous arc p : [0, 7] — R™ \ {0} such that
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e (B.8) is satisfied a.e. on [0,7],

e p(t) is orthogonal to each vector Fy (£(t)), ..., Fn(£(t)) on [0,T].

B.3 Application to partial controllability I

The characterization of singular controls given by Proposition B.1 allows to give sufficient
conditions for partial controllability of nonlinear systems. First, given G : Q — R* a function
of class O, we provide a result which gives a sufficient condition for the map G o ET to be
a submersion at . Then, in the next section we explain how it implies partial controllability.
Although all the following results hold for controls which are only L!, in order to avoid technical
issues which would come from the fact that some identities hold only almost everywhere, we
will assume that the controls are continuous. This is enough for the applications we have in
mind.

We recall that, given X,Y two smooth vector fields on RY, their Lie bracket [X,Y] at a
point ¢ € RY is defined as

[X,Y](¢) = dY (§)(X(§)) — dX (§)(Y(€))-
Moreover, we recall that S(t) is given by (B.7).

Theorem B.2. Let i € Uz NC([0,T];R™), assume that G is a submersion at {(T') = E&T (a),
and that there exists t € [0, T) such that

Span [Fo. 7 [i } E0) i=L....m)
+Span{ (ED) [i=1,...,m) b+ SOST) Ker (dG(E(T))) =R (B.12)

Then the differential of the mapping G o EST . Uz 7 — RF at @ is onto.

Proof of Theorem B.2. Since by assumption G is a submersion at £(T) = ES T( ), it suffices to
show that, if (B.12) is satisfied, then

Im(dEST (@) + Ker (dG (€(T))) = RY. (B.13)
We argue by contradiction. If (B.13) does not hold, there exists a vector p € RY \ {0} such
that L
L {Tm(dBET (@) + Ker (dG(E(T))) }.-

Then, by Proposition B.1 there exists an absolutely continuous arc p : [0, T] — RN\ {0} with
p(T) = p which satisfies (B.8) and (B.9). In particular, by (B.9) we know that

(p(t),Fi(€t))=0 Vtelo,T],i=1,....m
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Fix i € {1,...,m}. Differentiating the above equality and using (B.8) yields

d

0 = L0, BED)) = (50 AED) ) + (plo).dEED)E)

we obtain

p(t) L S()'S(T) 'Ker (dG(E(T))) vt e [0,T].
This contradicts (B.12) and concludes the proof.
Notice that, assuming @ = 0 and that (B.12) is satisfied at final time, yields:
Corollary B.3. Ifu=0¢€ Uz 5, G is a submersion at &T) = EST (@), and

span{ F(€(T)), [Fo, B (€(T)) | i =1,...,m} + Ker (dG(&(T))) = RY,
then the differential of the mapping G o EST . Us 7 — RF at @ = 0 is onto.

B.4 Application to partial controllability 11

Let us now explain how a simple application of the Inverse Function Theorem yields partial

controllability.

Theorem B.4. Let i € Uz zNC([0,T);R™), assume that G is a submersion at £(T') = E&T (a),
and that there exists t € [0,T) such that (B.12) is satisfied. Then there are A,v > 0, k controls

u', ..., ub in L'([0,T];R™), and a C* mapping

U=(U,...,Up): B* (G(g(T)),y) — B*(0,A)

such that

(GoEé’T) (u—i—ZUl(z)uz) =z Vze Bk(G(E(T)),u).
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Proof of Theorem B.4. From Theorem B.2, we know that the mapping G := G o EST . Uz 7 —
RF is a C! submersion at @. Thus, there are k controls u',...,u* in L? ([O, T]; Rm) such that

Span {(dG(a),u’) | i=1,...,k} =R" (B.15)

Let A > 0 be such that, for every A € B¥(0, A), the control Zle Aiu’ belongs to Ug . Define
F:B*(0,A) — R* by

k
F()) = g(a+2mi) VA= (Ao, ) € BR(0, A).

The function F is well-defined, of class C* on B¥(0, A), and satisfies F(0;) = G(u) = G(£(T)).
Its differential at A = O is given by

k
(dF (0x),A) = > Ai(dG(a),u’)  VAERF,

=0

hence it is invertible by (B.15). Set z := F(0n) = G(a) = G({(T)) € R*. We apply the
the Inverse Function Theorem (see Theorem C.1 below) to deduce that there are v > 0 and a
function of class C*

U= (Up,....Uy) : B¥(z,v) — B*(0,7)

such that
g(ﬂJrZUi(z)ui) =z Vz e B¥(z,v).

This concludes the proof. o

B.5 Application to partial controllability II1I

The conclusion of Theorem B.4 holds as well for any initial state { and time 7" sufficiently close
to £, T. For sake of simplicity we only treat the case @ = 0 (which, however, is enough for our
purposes).

Theorem B.5. If =0 € Uz 7, G is a submersion at {(T) = EST () and (B.14) is satisfied,
then there are 6 € (0,T/2), Ky, A,v > 0, and k controls u',... ,u* : [0,+00) — R™ of class
C®°, such that

Supp(u’) C [§,T —6] Vi=1,...,k, (B.16)
and the following property holds: For any & € RN and T > 0 satisfying
le—¢, |7 -T| <5, (B.17)
there ezists a C' mapping

UvsT = ST, UsT) : B (G(EﬁvT(a)), u) — B¥(0,A)

whose Lipschitz constant is bounded by Ky, such that UST (G(EfT(ﬂ))) = 0f and
k

(GoEST) (Z Uf’T(z)ui) =z Vze B* (G(Ef’T(a)),u).

i=1
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Proof of Theorem B.5. Since the set of controls u in L'([0,7];R™) which are smooth and

strictly supported in [0,7] is dense in L'([0,7];R™), thanks to Corollary B.3 and the ar-

gument used in the proof of Theorem B.4, there are § > 0 and k smooth controls u!, ..., u* in

L'([0, T];R™) satisfying (B.16) such that
Span{< (G o BET) (@), uf) | i = 1k} = R*.

Extend the controls u', ..., u* on [0, 4+00) by setting u’(t) = 0 for any ¢ € [T, 00). By continuity
of the mapping (£, 7T) — d(G o Ef’T), up to choosing & > 0 smaller, we can assume that

Span{<d(GoEf=T)(a),ui> li=1,. k} — RF,

for every pair &, T satisfying (B.17). Let A > 0 be a constant to be fixed later, and for any &, T
satisfying (B.17) define the C! function F&T : B¥(0,A) — R¥ by

k
FET(\) = (G o EST) (Z )\iui) YA =(\,.. . \) € BR(0,A).

=1

Since dF$7T(0,,) is invertible and the function (&,7,\) — dFST(\) is continuous in a neigh-
borhood of («E_,T, 0n) € RY x R x R”, we can still restrict § and take A > 0 small enough so
that assumptions (i) and (ii) of Theorem C.1 below are satisfied for any F' = F&7T with &, T
satisfying (B.17). Then Theorem C.1 concludes the proof. O

C Quantitative Inverse Function Theorem

For sake of completeness, we state below the quantitative version of the Inverse Function The-
orem that we used in Appendix B. We refer the reader to [1, 45] for a proof.

Theorem C.1. Let A > 0 and F : B"(0,A) — R" be a function of class C* which satisfies the
following properties:

(1) dF(X) is nonsingular for any A € B"(0,A);
~1
(ii) |[DF(N) — DF()|| < (2HdF(o)—1H) for any \, X' € B™(0,A).
Then there is a C' function

F~l. Br (F(O),5AHdF(0)*1H*1) . B"(0,A)

such that F o F~1 = Id on B" (F(O), SAHdF(O)_lu_l) and F~Yo F = Id on B"(0,A). More-
over, F=1 is (QHdF(O)_lH)-Lipschitz.

D The Mai Lemma

The Mai Lemma, which was introduced in [34] to give a new and simpler proof of the closing
lemma in C* topology, is one of the main tools in the proof of our results. Let us state it.

Let {E;}ien be a countable family of ellipsoids in R¥, that is, a countable family of compact
sets in R¥ associated with a countable family of invertible linear mappings P; : R¥ — R* such
that

Ei = {veR" | IR < IPII}.
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For every y € RF, r > 0 and i € N, we call E;-ellipsoid centered at y with radius = the set
defined by

Eiy,r) = {y+rlve B} ={y [P -nl <P}

We note that such an ellipsoid contains the open ball B(y,r). The Mai Lemma can be stated
as follows:

Lemma D.1 (Mai Lemma). Let N > 2 be an integer. There exist a real number p > 3 and
an integer n > 0, which depend on the family {F;} and on N only, such that the following
holds: For every r > 0 and every finite set Y = {y1,...,y;} C R* such that Y N B, contains
at least two points, there exist 1 points yi,..., Y, in RF and n positive real numbers 1, ... T
satisfying:

(i) there exist j,l € {1,...,J}, with j > 1, such that j1 = y; and 9, = yi;
(ii) Vi€ {1,...,n =1}, Ei(9i, ) C Bpr;
(iti) Vi€ {1,....,n—1}, E;(4;,7) N (Y \{yj,u}) = 0;
(iv) Vi€ {1,...,n—1}, §ir1 € Ei(§:,7:/N).

We refer the reader to [34] or the monograph [2] for a proof of the above result.

E Proofs of Lemmas 3.3, 4.3 and 6.1

E.1 Proof of Lemma 3.3

Let ¢ : [0,400) — [0, 1] be a function of class C* satisfying the following properties:
(a) ¢(s) =1 for s €[0,1/3];
(b) ¢(s) =0 for s > 2/3,;
(c) [¢'(s)],1¢"(s)| <20 for any s € [0,+00).

Extend the function ¥ on R by 9(t) := 0 for t < 0 and ¢t > 7, and define the function W :
[0,7] x R*~1 — R by

W(t,2) = ('J) V ds+2/ B (t+s)d

Since ¥ is C*~! and ¢ is smooth, it is easy to check that W is of class C*. (Actually, this
is obvious in view of the formulas (E.1) and (E.2) below.) Using (b), (3.38), (3.39), and the
fact that r < §/3, we check easily that assertion (i) holds. Moreover, thanks to (b) again and
recalling the definition of f/l, we have

Y (t,2) €[0,7] x R"L,

[Wlloo < 14l

n—1
Wil ]

i=1
We now observe that the first partial derivatives of W at (t, ,%) are given by
S (t2) = ‘75(“)[ ()+Z f5i5i+1t+5)d5}7

G (t2) = 59 (%) Jo o(s)ds + XI5 [y it + S)ds} (E.1)
( Vi1 (t+ 20),
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which combined with (a) yields (iii). Observe that %—Vtv (t,2) can also be written as

ow ., . (IEN]- = L
St =o(2) [a+ > (pealt+2) ~5a(0) (8.2)
and moreover
/ Dig1(t 4 5)ds| < [Z] [|Vitilloo <7 [[Digille for [2] <7
0

These estimates, together with (E.1), (b), and (c), imply
. -
IVWlloo < K| ~[[91]loc + (|90

where K is a universal constant depending on the dimension n only. Let us now compute the
second derivatives of W. For every (t, 2) we have

6;22/ (t”%) = ¢ (‘ir‘) [ (t) + Zl 1 (Uerl(th ZZ> - Uerl(t))} s
GIOED sy CRIEEARLAN0)]

*wW 2 _ [£]
9z,0t (t’ Z) - T|zl\¢l ( r
+o (£ zrﬁ%uw},
2 A 2 %; 2 2 ~
#os (62) = SEd” (B) (o ds+ 25 ovz—+1<t+s>ds
1)

+(z‘jﬁ—r| |3) ( )Uo s)ds+ >0 Oéiﬁiﬂ(t—i-s)ds}
"'ﬁgﬁl (‘ir‘) [2:0j41(t + 25) + 25041 (E + 20)] + 0550 (lri‘) Vg1 (t + 2),

where 8;; = 1if i = j, 6;; = 0if i # j. Since by (a) ¢/ (H) = 0 if |2 < 7/3, and by (b)
é (‘ir‘) =¢ (%) = ¢ (%) = 0 if |2| > 2r/3, the validity of (ii) follows easily.

E.2 Proof of Lemma 4.3

Let us compute the Lie brackets [Fp, Fi] at &7 = (_f,cf = p7,0,0) for every i = 1,...,n.

Recalling that 25( T,;T) = 1 and that —‘3( Tq 0) ( ,177) = —1, we observe that the
first n components of [Fp, F1] at £ are given by

0?H , . o

o op> (z )ah

((z7,77,0) = ileH(f,pT),

while its last component at £7 is given by

9 o o o
*%(<1/)(ZZ'T,(?T,h),va(.fT,’l/)(i'T,qT,h))>)|h20
0 OH , - 0 , _
:7%(50(:2'7—5@7-7]?’)6—])1(1' ,’l/)(.f‘r,q‘r,h)))lh:o*%(<(?T,VPH(I ﬂ/f(x ,(?T,h)>)‘h:0
I OH _ 0*H , . O
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Moreover, since —(a’cf P ) =0 for ¢ = 2,...,n, as in the proof of Proposition 3.1 the first n
;] at &

components of [Fp, F; for i =2,...,n are given by
621_{ = =T 61/] =T =T a 'r =T
apQ (‘r )p )aqi71 ((‘T ’q )0) = a ( ))

where for the last equality we used that 62;61 (z7,q7) = € (see (4.11)). Therefore the first
n components of the bracket [Fy, F;] at £, for ¢ = 2,...,n, correspond to the i-th column of
the Hessian of H in the p variable at (if,ﬁ?). Finally, using again that aH( TP ) = 0 for
i=2,...,n, the last component of [Fy, F;] at £7 is given by

<ﬁ*,a%vpﬁ(f,ﬁf)> Vi=2,...,n.

All'in all, the (2n+1) x (2n) matrix (Fl(‘f),  Fu(E), [Fo, B)(E), . [Fo, Ful (g‘f)) equals

9%H 9%H 9*H
opy 9p10p2 B dp19pn
0 0 *H | 9*H
e Op20p1 ap3 I Op20pn
0 0 8%H 8%H 9% H
T Opn_10p1 Opn_10p2 ot Opn—_10pn
0 0 9%H 9%H 9*H
T OpnOp1 Oprn Op2 I op?
0o -1 0 0 * * * * * )
o o . 0 * * * * *
: * * *
0 0 0 -1 * * *
1 0 0 0 * * * *
=7 0 [ —7 8
0 1+(p ,aplv H> (pT,a—mVpH) (T,ap VH)

where all the partial derivatives of H are evaluated at (z7,p"). Since Ker (dG(7)) = Rei™t,
we deduce that the assumption (B.14) is satisfied if and only if the matrix

1+ (p7, VH> <p,ap2V H) ... ... (0, 55-V,H)
6 9%H 9% H
D20 2 YT
N = 892H o1 82H
Opn_10p1 Opn_10p2 o Opn—_10pn
8%H 8%H 8%H
Opndp1 OpnOp2 o p2

is invertible. But we observe that

1 0 el 0
8%H 8%H 8*H _
2
dp20 op2 Tt Opa0pn - 0°H
det(N) = det oy g oy + p] det ( s
Opn—10p1  Opn_10p2 ° ’ Opn—10pn b
3*H 3*H d
OpnOp1 OpnOp2 op2,

PHN . (0*H
= det 8—132 +p1 det 8—p2 5

which shows that (B.14) is satisfied if and only if assumption (A4) holds.
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E.3 Proof of Lemma 6.1

Since the construction is local, up to using a partition of unity we can assume for simplicity
that N = R"™.

Fix r > 0 such that {z|dist(z,C) > 21r} is compactly supported inside O. We claim
that there exist a universal constant K, depending only on the dimension n, and a function
1 : R™ — [0, 1] of class C*° such that

1. ¢ =1 on {z|dist(z,C) < r};
2. ¢ =0 on {z|dist(z,C) > 21r};
3. |VYlloo < B2, |Hess ¢]|oc < E2.

Assume that the claim is proved, and set h := 1g. Obviously h satisfies (a), (b), and (d).
Moreover, thanks to (6.3) a Taylor expansion gives

0 < g(x) < 50r%w(10r), [|Vg(z)| < 10rw(10r) on {z|dist(z,C) > 10r}.

Hence
0 < h < 50r%w(10r),

C
VAo < 70 5072w (107) 4 107 w(10r) < (50 Cop 4 10) 7 w(107),

C C
[Hess h|oo < —3 50r?w(10r) + 2 =2 10r w(10r) + w(107) < (70 Co + 1) w(10r),
T T

and (c) follows by choosing r sufficiently small.

We are left with proving the claim. For every x € O, let us consider the family of balls
{B(z,7)}sco. By Vitaly’s Covering Theorem [15, Subsection 1.5.1] there exists a disjoint
subfamily {B(x;,r)};jen such that

O c |J B(x;,5r). (E.3)
jEN

We claim that {B(z;, 107)};jen has the finite overlapping property, i.e., there exists a con-
stant N(n), depending only on the dimension, such that any point y € R™ belongs to at most
N(n) balls. Indeed, assume that y € B(x;,10r). Then B(z;,r) € B(y, 11r). But since the balls
{B(zj,r)}jen are disjoint we have

> |B(z;,7)| < [B(y, 11r),
{j:yeB(x;,101)}

i.e.

#{j:y € B(z;,10r)} < 11"

Hence the finite overlapping property holds with N(n) := 11™.
Let now p : R — [0,1] be a function of class C*° with p(u) =1 for u < 1 and p(u) = 0 for

u > 2. For every j € N, set
- |$ — ‘Tj|
uj(z) =p ( 5 .

Observe that:
(i) u; =1 inside B(z;,57);
(ii) u; = 0 outside B(z;,10r).
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Define

Op = E Uy, g = E Uj-

{d(z;,C)<11r} JjEN

By (ii) we have ¢ = o, inside {x|dist(z,C) < r} and Supp (o,) C {z|dist(z,C) < 21r}.
Moreover (i) and (E.3) ensure that ¢ > 1 inside O. Finally the finite overlapping property
implies that 0 < o, < o < N(n), ||[Vo,| + Vol < N(n)Z, |Hess o, || + ||Hess o|| < N(n)L,
where K is a constant depending only on pu.

Thanks to these properties, the claim is proved by setting ¢ := o, /0.
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