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❙t❛t✐♦♥❛r② ❆♥♦♥②♠♦✉s ❙❡q✉❡♥t✐❛❧ ●❛♠❡s ✇✐t❤

❯♥❞✐s❝♦✉♥t❡❞ ❘❡✇❛r❞s

P✐♦tr ❲✐➛❝❡❦ · ❊✐t❛♥ ❆❧t♠❛♥

❆❜str❛❝t ❙t❛t✐♦♥❛r② ❛♥♦♥②♠♦✉s s❡q✉❡♥t✐❛❧ ❣❛♠❡s ✇✐t❤ ✉♥❞✐s❝♦✉♥t❡❞ r❡✇❛r❞s
❛r❡ ❛ s♣❡❝✐❛❧ ❝❧❛ss ♦❢ ❣❛♠❡s t❤❛t ❝♦♠❜✐♥❡s ❢❡❛t✉r❡s ❢r♦♠ ❜♦t❤ ♣♦♣✉❧❛t✐♦♥ ❣❛♠❡s
✭✐♥✜♥✐t❡❧② ♠❛♥② ♣❧❛②❡rs✮ ✇✐t❤ st♦❝❤❛st✐❝ ❣❛♠❡s✳ ❲❡ ❡①t❡♥❞ t❤❡ t❤❡♦r② ❢♦r t❤❡s❡
❣❛♠❡s t♦ t❤❡ ❝❛s❡s ♦❢ t♦t❛❧ ❡①♣❡❝t❡❞ r❡✇❛r❞ ❛s ✇❡❧❧ ❛s t♦ t❤❡ ❡①♣❡❝t❡❞ ❛✈❡r❛❣❡
r❡✇❛r❞✳ ❲❡ s❤♦✇ t❤❛t ❡q✉✐❧✐❜r✐❛ ✐♥ t❤❡ ❛♥♦♥②♠♦✉s s❡q✉❡♥t✐❛❧ ❣❛♠❡ ❝♦rr❡s♣♦♥❞
t♦ t❤❡ ❧✐♠✐ts ♦❢ ❡q✉✐❧✐❜r✐❛ ♦❢ r❡❧❛t❡❞ ✜♥✐t❡ ♣♦♣✉❧❛t✐♦♥ ❣❛♠❡s ❛s t❤❡ ♥✉♠❜❡r ♦❢
♣❧❛②❡rs ❣r♦✇s t♦ ✐♥✜♥✐t②✳ ❲❡ ♣r♦✈✐❞❡ ❡①❛♠♣❧❡s t♦ ✐❧❧✉str❛t❡ ♦✉r r❡s✉❧ts✳

❑❡②✇♦r❞s ❙t♦❝❤❛st✐❝ ❣❛♠❡ · P♦♣✉❧❛t✐♦♥ ❣❛♠❡ · ❆♥♦♥②♠♦✉s s❡q✉❡♥t✐❛❧
❣❛♠❡ · ❆✈❡r❛❣❡ r❡✇❛r❞ · ❚♦t❛❧ r❡✇❛r❞ · ❙t❛t✐♦♥❛r② ♣♦❧✐❝②

✶ ■♥tr♦❞✉❝t✐♦♥

●❛♠❡s ✇✐t❤ ❛ ❝♦♥t✐♥✉✉♠ ♦❢ ❛t♦♠❧❡ss ✭♦r ✐♥✜♥✐t❡s✐♠❛❧✮ ♣❧❛②❡rs ❤❛✈❡ s✐♥❝❡ ❧♦♥❣
❛❣♦ ❜❡❡♥ ✉s❡❞ t♦ ♠♦❞❡❧ ✐♥t❡r❛❝t✐♦♥s ✐♥✈♦❧✈✐♥❣ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ♣❧❛②❡rs ✐♥
✇❤✐❝❤ t❤❡ ❛❝t✐♦♥ ♦❢ ❛ s✐♥❣❧❡ ♣❧❛②❡r ❤❛s ❛ ♥❡❣❧✐❣✐❜❧❡ ✐♠♣❛❝t ♦♥ t❤❡ ✉t✐❧✐t✐❡s ♦❢
♦t❤❡r ♣❧❛②❡rs✳ ■♥ r♦❛❞ tr❛✣❝ ❡♥❣✐♥❡❡r✐♥❣✱ ❢♦r ❡①❛♠♣❧❡✱ t❤✐s ✇❛s ❛❧r❡❛❞② ❢♦r♠❛❧✲
✐③❡❞ ❜② ❲❛r❞r♦♣ ❬✶❪ ✐♥ ✶✾✺✷ t♦ ♠♦❞❡❧ t❤❡ ❝❤♦✐❝❡ ♦❢ r♦✉t❡s ♦❢ ❝❛rs ✇❤❡r❡ ❡❛❝❤
❞r✐✈❡r✱ ♠♦❞❡❧❡❞ ❛s ❛♥ ❛t♦♠❧❡ss ♣❧❛②❡r✱ ♠✐♥✐♠✐③❡s ✐ts ❡①♣❡❝t❡❞ tr❛✈❡❧ ❞❡❧❛②✳ ■♥
❲❛r❞r♦♣✬s ♠♦❞❡❧✱ t❤❡r❡ ♠❛② ❜❡ s❡✈❡r❛❧ ❝❧❛ss❡s ♦❢ ♣❧❛②❡rs✱ ❡❛❝❤ ❝♦rr❡s♣♦♥❞✐♥❣
t♦ ❛♥♦t❤❡r ♦r✐❣✐♥✲❞❡st✐♥❛t✐♦♥ ♣❛✐r✳ ❚❤❡ ❣♦❛❧ ✐s t♦ ❞❡t❡r♠✐♥❡ ✇❤❛t ❢r❛❝t✐♦♥ ♦❢
❡❛❝❤ ❝❧❛ss ♦❢ ♣❧❛②❡rs ✇♦✉❧❞ ✉s❡ t❤❡ ❞✐✛❡r❡♥t ♣♦ss✐❜❧❡ ♣❛t❤s ❛✈❛✐❧❛❜❧❡ t♦ t❤❛t

❚❤✐s ✇♦r❦ ✐s s✉♣♣♦rt❡❞ ❜② t❤❡ ◆❈◆ ●r❛♥t ♥♦ ❉❊❈✲ ✷✵✶✶✴✵✸✴❇✴❙❚✶✴✵✵✸✷✺✳

P✳ ❲✐➛❝❡❦
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❲②❜r③❡➺❡ ❲②s♣✐❛➠s❦✐❡❣♦ ✷✼✱ ✺✵✲✸✼✵ ❲r♦❝➟❛✇✱ P♦❧❛♥❞
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❋❛①✿ ✰✹✽✲✵✼✶✲✸✷✽✲✵✼✲✺✶
❊✲♠❛✐❧✿ P✐♦tr✳❲✐❡❝❡❦❅♣✇r✳✇r♦❝✳♣❧

❊✳ ❆❧t♠❛♥
■◆❘■❆✱ ✷✵✵✹ ❘♦✉t❡ ❞❡s ▲✉❝✐♦❧❡s✱ P✳❇✳ ✾✸✱ ✵✻✾✵✷ ❙♦♣❤✐❛ ❆♥t✐♣♦❧✐s ❈❡❞❡①✱ ❋r❛♥❝❡



✷

❝❧❛ss✳ ❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐s ❦♥♦✇♥ t♦ ❜❡❤❛✈❡ ❛s t❤❡ ❧✐♠✐t ♦❢ t❤❡ ❡q✉✐❧✐❜r✐❛ ♦❜✲
t❛✐♥❡❞ ✐♥ ❣❛♠❡s ✇✐t❤ ✜♥✐t❡❧② ♠❛♥② ♣❧❛②❡rs✱ ❛s t❤❡✐r ♥✉♠❜❡r t❡♥❞s t♦ ✐♥✜♥✐t②
❬✷❪✳ ■t ✐s ❛❧s♦ t❤❡ ❧✐♠✐t ♦❢ ◆❛s❤ ❡q✉✐❧✐❜r✐❛ ❢♦r s♦♠❡ s❡q✉❡♥❝❡ ♦❢ ❞②♥❛♠✐❝ ❣❛♠❡s
✐♥ ✇❤✐❝❤ r❛♥❞♦♠♥❡ss t❡♥❞s t♦ ❛✈❡r❛❣❡ ❛✇❛② ❛s t❤❡ ♥✉♠❜❡r ♦❢ ♣❧❛②❡rs ✐♥❝r❡❛s❡s
❬✸❪✳

❆♥♦t❤❡r ❝❧❛ss ♦❢ ❣❛♠❡s t❤❛t ✐♥✈♦❧✈❡s ❛ ❝♦♥t✐♥✉✉♠ ♦❢ ❛t♦♠❧❡ss ♣❧❛②❡rs ❛r❡
❡✈♦❧✉t✐♦♥❛r② ❣❛♠❡s✱ ✐♥ ✇❤✐❝❤ ♣❛✐rs ♦❢ ♣❧❛②❡rs t❤❛t ♣❧❛② ❛ ♠❛tr✐① ❣❛♠❡ ❛r❡
s❡❧❡❝t❡❞ ❛t r❛♥❞♦♠✱ s❡❡ ❬✹❪✳ ❖✉r ♦❜❥❡❝t✐✈❡ ✐s ❛❣❛✐♥ t♦ ♣r❡❞✐❝t t❤❡ ❢r❛❝t✐♦♥ ♦❢
t❤❡ ♣♦♣✉❧❛t✐♦♥ ✭♦r ♦❢ ♣♦♣✉❧❛t✐♦♥s ✐♥ t❤❡ ❝❛s❡ ♦❢ s❡✈❡r❛❧ ❝❧❛ss❡s✮ t❤❛t ♣❧❛② ❡❛❝❤
♣♦ss✐❜❧❡ ❛❝t✐♦♥ ❛t ❡q✉✐❧✐❜r✐✉♠✳ ❆❲❛r❞r♦♣ t②♣❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❡q✉✐❧✐❜r✐✉♠ ❝❛♥ ❜❡
✉s❡❞✱ ❛❧t❤♦✉❣❤ t❤❡r❡ ❤❛s ❜❡❡♥ ❛ ♣❛rt✐❝✉❧❛r ✐♥t❡r❡st ✐♥ ❛ ♠♦r❡ r♦❜✉st ♥♦t✐♦♥ ♦❢
❡q✉✐❧✐❜r✐✉♠ str❛t❡❣②✱ ❝❛❧❧❡❞ ❊✈♦❧✉t✐♦♥❛r② ❙t❛❜❧❡ ❙tr❛t❡❣② ✭✇❡ r❡❢❡r t❤❡ r❡❛❞❡r
t♦ ❬✺✱✻❪✮✳

■♥ ❜♦t❤ ❣❛♠❡s ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✱ t❤❡ ♣❧❛②❡r✬s t②♣❡ ✐s ✜①❡❞✱ ❛♥❞ t❤❡ ❛❝t✐♦♥s
♦❢ t❤❡ ♣❧❛②❡rs ❞❡t❡r♠✐♥❡ ❞✐r❡❝t❧② t❤❡✐r ✉t✐❧✐t✐❡s✳

❊①t❡♥s✐♦♥s ♦❢ t❤❡s❡ ♠♦❞❡❧s ❛r❡ ♥❡❡❞❡❞ ✇❤❡♥❡✈❡r t❤❡ ♣❧❛②❡r✬s ❝❧❛ss ♠❛②
❝❤❛♥❣❡ r❛♥❞♦♠❧② ✐♥ t✐♠❡✱ ❛♥❞ ✇❤❡♥ t❤❡ ✉t✐❧✐t② ♦❢ ❛ ♣❧❛②❡r ❞❡♣❡♥❞s ♥♦t ♦♥❧②
♦♥ t❤❡ ❝✉rr❡♥t ❛❝t✐♦♥s ♦❢ ♣❧❛②❡rs ❜✉t ❛❧s♦ ♦♥ ❢✉t✉r❡ ✐♥t❡r❛❝t✐♦♥s✳ ❚❤❡ ❝❧❛ss ♦❢
t❤❡ ♣❧❛②❡r ✐s ❝❛❧❧❡❞ ✐ts ✐♥❞✐✈✐❞✉❛❧ st❛t❡✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢ ❛♥ ❛❝t✐♦♥ ❜② ❛ ♣❧❛②❡r
s❤♦✉❧❞ t❤❡♥ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ♥♦t ♦♥❧② t❤❡ ❣❛♠❡ ♣❧❛②❡❞ ❛t t❤❡ ♣r❡s❡♥t st❛t❡
❜✉t t❤❡ ❢✉t✉r❡ st❛t❡ ❡✈♦❧✉t✐♦♥✳ ❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ♣❛rt✐❝✉❧❛r ✐♥ t❤❡ ❝❛s❡
✇❤❡r❡ t❤❡ ❛❝t✐♦♥ ♦❢ ❛ ♣❧❛②❡r ♥♦t ♦♥❧② ✐♠♣❛❝ts t❤❡ ❝✉rr❡♥t ✉t✐❧✐t② ❜✉t ❛❧s♦ t❤❡
tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s t♦ t❤❡ ♥❡①t st❛t❡✳

■♥ t❤✐s ♣❛♣❡r ✇❡ st✉❞② t❤✐s t②♣❡ ♦❢ ❡①t❡♥s✐♦♥ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ ✜rst
t②♣❡ ♦❢ ❣❛♠❡✱ ✐♥ ✇❤✐❝❤ ❛ ♣❧❛②❡r ✐♥t❡r❛❝ts ✇✐t❤ ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ ♦t❤❡r
♣❧❛②❡rs✳ ✭■♥ t❤❡ r♦❛❞ tr❛✣❝ ❝♦♥t❡①t✱ t❤❡ ✐♥t❡r❛❝t✐♦♥ ✐s ♠♦❞❡❧❡❞ t❤r♦✉❣❤ ❧✐♥❦
❞❡❧❛②s ❡❛❝❤ ♦❢ ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ t❤❡ t♦t❛❧ ❛♠♦✉♥t ♦❢ tr❛✣❝ t❤❛t ✉s❡s t❤❛t ❧✐♥❦✳✮
❲❡ ❜✉✐❧❞ ✉♣♦♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❛♥♦♥②♠♦✉s s❡q✉❡♥t✐❛❧ ❣❛♠❡s✱ ✐♥tr♦❞✉❝❡❞ ❜②
❇✳ ❏♦✈❛♥♦✈✐❝ ❛♥❞ ❘✳❲✳ ❘♦s❡♥t❤❛❧ ✐♥ ✶✾✽✽ ✐♥ ❬✼❪✳ ■♥ t❤❛t ✇♦r❦✱ ❡❛❝❤ ♣❧❛②❡r✬s
✉t✐❧✐t② ✐s ❣✐✈❡♥ ❛s t❤❡ ❡①♣❡❝t❡❞ ❞✐s❝♦✉♥t❡❞ ✉t✐❧✐t② ♦✈❡r ❛♥ ✐♥✜♥✐t❡ ❤♦r✐③♦♥✳ ❚❤❡
t❤❡♦r② ♦❢ ❛♥♦♥②♠♦✉s s❡q✉❡♥t✐❛❧ ❣❛♠❡s ✇✐t❤ ❞✐s❝♦✉♥t❡❞ ✉t✐❧✐t✐❡s ✇❛s ❢✉rt❤❡r
❞❡✈❡❧♦♣♣❡❞ ✐♥ ❬✽✕✶✷❪✳ ❈♦♥❞✐t✐♦♥s ✉♥❞❡r ✇❤✐❝❤ ◆❛s❤ ❡q✉✐❧✐❜r✐❛ ✐♥ ✜♥✐t❡✲♣❧❛②❡r
❞✐s❝♦✉♥t❡❞✲✉t✐❧✐t② ❣❛♠❡s ❝♦♥✈❡r❣❡ t♦ ❡q✉✐❧✐❜r✐❛ ♦❢ r❡s♣❡❝t✐✈❡ ❛♥♦♥②♠♦✉s ♠♦❞✲
❡❧s ✇❡r❡ ❛♥❛❧②③❡❞ ✐♥ ❬✶✸✕✶✻❪✳ ❆❧s♦ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤✐s ❦✐♥❞ ♦❢ ♠♦❞❡❧s ✇❡r❡
♥✉♠❡r♦✉s✿ ❢r♦♠ st♦❝❤❛st✐❝ ❣r♦✇t❤ ❬✶✼❪ ❛♥❞ ✐♥❞✉str② ❞②♥❛♠✐❝s ❬✶✽✕✷✶❪ ♠♦❞❡❧s
t♦ ❞②♥❛♠✐❝ ❛✉❝t✐♦♥s ❬✷✷✕✷✹❪ ❛♥❞ str❛t❡❣✐❝ ♠❛r❦❡t ❣❛♠❡s ❬✷✺✱✷✻❪✳ ❙✉r♣r✐s✐♥❣❧②✱
t❤❡ ❝❛s❡s ♦❢ ❡①♣❡❝t❡❞ ❛✈❡r❛❣❡ ✉t✐❧✐t② ❛♥❞ t♦t❛❧ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ❤❛✈❡ r❡♠❛✐♥❡❞
♦♣❡♥ ❡✈❡r s✐♥❝❡ ✶✾✽✽✱ ❡✈❡♥ t❤♦✉❣❤ t❤✐s ❦✐♥❞ ♦❢ ♠♦❞❡❧s ✇❡r❡ ❛♣♣❧✐❡❞ ✐♥ s♦♠❡
♥❡t✇♦r❦✐♥❣ ❝♦♥t❡①ts ❬✷✼✱✷✽❪✳ ❖✉r ♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥ ✐♥ t❤✐s ♣❛♣❡r ✐s ❣✐✈✐♥❣
❝♦♥❞✐t✐♦♥s ✉♥❞❡r ✇❤✐❝❤ s✉❝❤ ❡①t❡♥s✐♦♥s ❛r❡ ♣♦ss✐❜❧❡✳

❙✐♠✐❧❛r ❡①t❡♥s✐♦♥s ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ ❛♥❞ st✉❞✐❡❞ ❢♦r t❤❡ ❢r❛♠❡✇♦r❦ ♦❢
❡✈♦❧✉t✐♦♥❛r② ❣❛♠❡s ✐♥ ❬✷✾✱✸✵❪✳ ❚❤❡ ❛♥❛❧②s✐s t❤❡r❡ t✉r♥s ♦✉t t♦ ❜❡ s✐♠♣❧❡r s✐♥❝❡
t❤❡ ✉t✐❧✐t② ✐♥ ❡❛❝❤ ❡♥❝♦✉♥t❡r ❜❡t✇❡❡♥ t✇♦ ♣❧❛②❡rs t✉r♥s ♦✉t t♦ ❜❡ ❜✐❧✐♥❡❛r t❤❡r❡✳

❚❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ♣❛♣❡r ✐s ❛s ❢♦❧❧♦✇s✳ ❲❡ ❜❡❣✐♥ ✇✐t❤ ❛ s❡❝t✐♦♥ t❤❛t
♣r❡s❡♥ts t❤❡ ♠♦❞❡❧ ❛♥❞ ✐♥tr♦❞✉❝❡s ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ ❡①♣❡❝t❡❞ ❛✈❡r❛❣❡ ❛♥❞
t❤❡ t♦t❛❧ ❡①♣❡❝t❡❞ r❡✇❛r❞ ❝r✐t❡r✐❛✳ ❚❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥s ❡st❛❜❧✐s❤ t❤❡



✸

❡①✐st❡♥❝❡ ♦❢ st❛t✐♦♥❛r② ❡q✉✐❧✐❜r✐❛ ❢♦r t❤❡ ❛✈❡r❛❣❡ ❛♥❞ t❤❡ t♦t❛❧ r❡✇❛r❞ ✭❙❡❝t✐♦♥
✸ ❛♥❞ ✹✱ r❡s♣❡❝t✐✈❡❧②✮✳ ❙❡❝t✐♦♥ ✺ ✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ s❤♦✇✐♥❣ t❤❛t t❤❡ ❡q✉✐❧✐❜r✐❛
❢♦r ♠♦❞❡❧s ♦❢ t❤❡ t✇♦ ♣r❡✈✐♦✉s ❝❤❛♣t❡rs t❤❛t ❞❡❛❧ ✇✐t❤ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢
♣❧❛②❡rs ❛r❡ ❧✐♠✐ts ♦❢ t❤♦s❡ ♦❜t❛✐♥❡❞ ❢♦r s♦♠❡ ❣❛♠❡s ✇✐t❤ ❛ ❧❛r❣❡ ✜♥✐t❡ ♥✉♠❜❡r
♦❢ ♣❧❛②❡rs✱ ❛s t❤✐s ♥✉♠❜❡r ❣♦❡s t♦ ✐♥✜♥✐t②✳ ❲❡ ❡♥❞ ✇✐t❤ t✇♦ s❡❝t✐♦♥s t❤❛t s❤♦✇
❤♦✇ ♦✉r r❡s✉❧ts ❛♣♣❧② t♦ s♦♠❡ r❡❛❧✲❧✐❢❡ ❡①❛♠♣❧❡s✱ ❢♦❧❧♦✇❡❞ ❜② ❛ ❝♦♥❝❧✉❞✐♥❣
♣❛r❛❣r❛♣❤✳

✷ ❚❤❡ ▼♦❞❡❧

❚❤❡ ❛♥♦♥②♠♦✉s s❡q✉❡♥t✐❛❧ ❣❛♠❡ ✐s ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜❥❡❝ts✿

✕ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ❣❛♠❡ ✐s ♣❧❛②❡❞ ✐♥ ❞✐s❝r❡t❡ t✐♠❡✱ t❤❛t ✐s t ∈ {1, 2, . . .}✳
✕ ❚❤❡ ❣❛♠❡ ✐s ♣❧❛②❡❞ ❜② ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ✭❝♦♥t✐♥✉✉♠✮ ♦❢ ♣❧❛②❡rs✳ ❊❛❝❤

♣❧❛②❡r ❤❛s ❤✐s ♦✇♥ ♣r✐✈❛t❡ st❛t❡ s ∈ S✱ ❝❤❛♥❣✐♥❣ ♦✈❡r t✐♠❡✳ ❲❡ ❛ss✉♠❡
t❤❛t S ✐s ❛ ✜♥✐t❡ s❡t✳

✕ ❚❤❡ ❣❧♦❜❛❧ st❛t❡✱ µt✱ ♦❢ t❤❡ s②st❡♠ ❛t t✐♠❡ t✱ ✐s ❛ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥
♦✈❡r S✳ ■t ❞❡s❝r✐❜❡s t❤❡ ♣r♦♣♦rt✐♦♥ ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥✱ ✇❤✐❝❤ ✐s ❛t t✐♠❡ t ✐♥
❡❛❝❤ ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧ st❛t❡s✳ ❲❡ ❛ss✉♠❡ t❤❛t ❡❛❝❤ ♣❧❛②❡r ❤❛s ❛♥ ❛❜✐❧✐t② t♦
♦❜s❡r✈❡ t❤❡ ❣❧♦❜❛❧ st❛t❡ ♦❢ t❤❡ ❣❛♠❡✱ s♦ ❢r♦♠ ❤✐s ♣♦✐♥t ♦❢ ✈✐❡✇ t❤❡ st❛t❡ ♦❢
t❤❡ ❣❛♠❡ ❛t t✐♠❡ t ✐s✶ (st, µ

t) ∈ S ×∆(S)✳
✕ ❚❤❡ s❡t ♦❢ ❛❝t✐♦♥s ❛✈❛✐❧❛❜❧❡ t♦ ❛ ♣❧❛②❡r ✐♥ st❛t❡ (s, µ) ✐s ❛ ♥♦♥❡♠♣t② s❡t
A(s, µ)✱ ✇✐t❤ A :=

⋃

(s,µ)∈S×∆(S)A(s, µ) ✕ ❛ ✜♥✐t❡ s❡t✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡
♠❛♣♣✐♥❣ A ✐s ❛♥ ✉♣♣❡r s❡♠✐❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✳

✕ ●❧♦❜❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ st❛t❡✲❛❝t✐♦♥ ♣❛✐rs ❛t ❛♥② t✐♠❡ t ✐s ❣✐✈❡♥ ❜② t❤❡
♠❡❛s✉r❡ τ t ∈ ∆(S ×A)✳ ❚❤❡ ❣❧♦❜❛❧ st❛t❡ ♦❢ t❤❡ s②st❡♠ µt ✐s t❤❡ ♠❛r❣✐♥❛❧
♦❢ τ t ♦♥ S✳

✕ ❆♥ ✐♥❞✐✈✐❞✉❛❧✬s ✐♠♠❡❞✐❛t❡ r❡✇❛r❞ ❛t ❛♥② st❛❣❡ t✱ ✇❤❡♥ ❤✐s ♣r✐✈❛t❡ st❛t❡ ✐s
st✱ ❤❡ ♣❧❛②s ❛❝t✐♦♥ at ❛♥❞ t❤❡ ❣❧♦❜❛❧ st❛t❡✲❛❝t✐♦♥ ♠❡❛s✉r❡ ✐s τ t ✐s u(st, at, τ

t)✳
■t ✐s ❛ ✭❥♦✐♥t❧②✮ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✳

✕ ❚❤❡ tr❛♥s✐t✐♦♥s ❛r❡ ❞❡✜♥❡❞ ❢♦r ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ s❡♣❛r❛t❡❧② ✇✐t❤ t❤❡ tr❛♥✲
s✐t✐♦♥ ❢✉♥❝t✐♦♥ Q : S × A × ∆(S × A) → ∆(S) ✇❤✐❝❤ ✐s ❛❧s♦ ❛ ✭❥♦✐♥t❧②✮
❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✳ ❲❡ ✇✐❧❧ ✇r✐t❡ Q(·|st, at, τ

t) ❢♦r t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡
✐♥❞✐✈✐❞✉❛❧ st❛t❡ ❛t t✐♠❡ t + 1✱ ❣✐✈❡♥ ❤✐s st❛t❡ ❛t t✐♠❡ t✱ st✱ ❤✐s ❛❝t✐♦♥ at
❛♥❞ t❤❡ st❛t❡✲❛❝t✐♦♥ ❞✐str✐❜✉t✐♦♥ ♦❢ ❛❧❧ t❤❡ ♣❧❛②❡rs✳

✕ ❚❤❡ ❣❧♦❜❛❧ st❛t❡ ❛t t✐♠❡ t+1 ✇✐❧❧ ❜❡ ❣✐✈❡♥ ❜②✷ Φ(·|τ t) =
∑

s∈S

∑

a∈AQ(·|s, a, τ t)τ tsa✳

❆♥② ❢✉♥❝t✐♦♥ f : S × ∆(S) → ∆(A) s❛t✐s❢②✐♥❣ s✉♣♣f(s, µ) ⊂ A(s, µ) ❢♦r
❡✈❡r② s ∈ S ❛♥❞ µ ∈ ∆(S) ✐s ❝❛❧❧❡❞ ❛ st❛t✐♦♥❛r② ♣♦❧✐❝②✳ ❲❡ ❞❡♥♦t❡ t❤❡ s❡t ♦❢
st❛t✐♦♥❛r② ♣♦❧✐❝✐❡s ✐♥ ♦✉r ❣❛♠❡ ❜② U ✳

✶ ❍❡r❡ ❛♥❞ ✐♥ t❤❡ s❡q✉❡❧ ❢♦r ❛♥② s❡t B✱ ∆(B) ❞❡♥♦t❡s t❤❡ s❡t ♦❢ ❛❧❧ t❤❡ ✜♥✐t❡✲s✉♣♣♦rt
♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦♥ B✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ B ✐s ❛ ✜♥✐t❡ s❡t✱ ✐t ❞❡♥♦t❡s t❤❡ s❡t ♦❢ ❛❧❧ t❤❡
♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦✈❡r B✳ ■♥ s✉❝❤ ❛ ❝❛s❡ ✇❡ ❛❧✇❛②s ❛ss✉♠❡ t❤❛t ∆(B) ✐s ❡♥❞♦✇❡❞ ✇✐t❤
❊✉❝❧✐❞❡❛♥ t♦♣♦❧♦❣②✳
✷ ◆♦t❡ t❤❛t ✐ts tr❛♥s✐t✐♦♥ ✐s ❞❡t❡r♠✐♥✐st✐❝✳



✹

✷✳✶ ❆✈❡r❛❣❡ r❡✇❛r❞

❲❡ ❞❡✜♥❡ t❤❡ ❧♦♥❣✲t✐♠❡ ❛✈❡r❛❣❡ r❡✇❛r❞ ♦❢ ❛ ♣❧❛②❡r ✉s✐♥❣ st❛t✐♦♥❛r② ♣♦❧✐❝② f
✇❤❡♥ ❛❧❧ t❤❡ ♦t❤❡r ♣❧❛②❡rs ✉s❡ ♣♦❧✐❝② g ❛♥❞ t❤❡ ✐♥✐t✐❛❧ st❛t❡ ❞✐str✐❜✉t✐♦♥ ✭❜♦t❤
♦❢ t❤❡ ♣❧❛②❡r ❛♥❞ ❤✐s ♦♣♣♦♥❡♥ts✮ ✐s µ1✱ t♦ ❜❡

J(µ1, f, g) = lim sup
T→∞

1

T
Eµ

1,Q,f,g

T
∑

t=1

u(st, at, τ
t).

❋✉rt❤❡r✱ ✇❡ ❞❡✜♥❡ ❛ st❛t✐♦♥❛r② str❛t❡❣② f ❛♥❞ ❛ ♠❡❛s✉r❡ µ ∈ ∆(S) t♦ ❜❡ ❛♥
❡q✉✐❧✐❜r✐✉♠ ✐♥ t❤❡ ❧♦♥❣✲t✐♠❡ ❛✈❡r❛❣❡ r❡✇❛r❞ ❣❛♠❡ ✐❢ ❢♦r ❡✈❡r② ♦t❤❡r st❛t✐♦♥❛r②
str❛t❡❣② g ∈ U ✱

J(µ, f, f) ≥ J(µ, g, f)

❛♥❞✱ ✐❢ µ1 = µ ❛♥❞ ❛❧❧ t❤❡ ♣❧❛②❡rs ✉s❡ ♣♦❧✐❝② f t❤❡♥ µt = µ ❢♦r ❡✈❡r② t ≥ 1✳

❘❡♠❛r❦ ✶ ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✉s❡❞ ❤❡r❡ ❞✐✛❡rs s✐❣♥✐✜❝❛♥t❧② ❢r♦♠
t❤❛t ✉s❡❞ ✐♥ ❬✼❪✳ ❚❤❡r❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐s ❞❡✜♥❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s♦❧✉t✐♦♥
♦❢ s♦♠❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣✳ ❖✉r ❞❡✜♥✐t✐♦♥ ❞✐r❡❝t❧② r❡❧❛t❡s ✐t t♦ t❤❡ r❡✇❛r❞
❢✉♥❝t✐♦♥❛❧s✳

✷✳✷ ❚♦t❛❧ r❡✇❛r❞

❚♦ ❞❡✜♥❡ t❤❡ t♦t❛❧ r❡✇❛r❞ ✐♥ ♦✉r ❣❛♠❡ ❧❡t ✉s ❞✐st✐♥❣✉✐s❤ ♦♥❡ st❛t❡ ✐♥ S✱ s❛② s0
❛♥❞ ❛ss✉♠❡ t❤❛t A(s0, µ) = {a0} ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ µ ❢♦r s♦♠❡ ✜①❡❞ a0✳ ❚❤❡♥
t❤❡ t♦t❛❧ r❡✇❛r❞ ♦❢ ❛ ♣❧❛②❡r ✉s✐♥❣ st❛t✐♦♥❛r② ♣♦❧✐❝② f ✇❤❡♥ ❛❧❧ t❤❡ ♦t❤❡r ♣❧❛②❡rs
❛♣♣❧② ♣♦❧✐❝② g ❛♥❞ t❤❡ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ st❛t❡s ♦❢ ❤✐s ♦♣♣♦♥❡♥ts ✐s µ1✱
✇❤✐❧❡ ❤✐s ♦✇♥ ✐s ρ1✱ ✐s ❞❡✜♥❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

J(ρ1, µ1, f, g) = Eρ
1,µ1,Q,f,g

T −1
∑

t=1

u(st, at, τ
t),

✇❤❡r❡ T ✐s t❤❡ ♠♦♠❡♥t ♦❢ t❤❡ ✜rst ❛rr✐✈❛❧ ♦❢ t❤❡ ♣r♦❝❡ss st t♦ s0✳ ❲❡ ✐♥t❡r♣r❡t
✐t ❛s t❤❡ r❡✇❛r❞ ❛❝❝✉♠✉❧❛t❡❞ ❜② t❤❡ ♣❧❛②❡r ♦✈❡r ✇❤♦❧❡ ♦❢ ❤✐s ❧✐❢❡t✐♠❡✳ ❙t❛t❡
s0 ✐s ❛♥ ❛rt✐✜❝✐❛❧ st❛t❡ ✭s♦ ✐s ❛❝t✐♦♥ a0✮ ❞❡♥♦t✐♥❣ t❤❛t ❛ ♣❧❛②❡r ✐s ❞❡❛❞✳ µ1

✐s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ st❛t❡s ❛❝r♦ss t❤❡ ♣♦♣✉❧❛t✐♦♥ ✇❤❡♥ ❤❡ ✐s ❜♦r♥✱ ✇❤✐❧❡
ρ1 ✐s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ✐♥✐t✐❛❧ st❛t❡s ♦❢ ♥❡✇✲❜♦r♥ ♣❧❛②❡rs✳ ❚❤❡ ❢❛❝t t❤❛t ❛❢t❡r
s♦♠❡ t✐♠❡ t❤❡ st❛t❡ ♦❢ ❛ ♣❧❛②❡r ❝❛♥ ❜❡❝♦♠❡ ❛❣❛✐♥ ❞✐✛❡r❡♥t ❢r♦♠ s0 s❤♦✉❧❞ ❜❡
✐♥t❡r♣r❡t❡❞ ❛s t❤❛t ❛❢t❡r s♦♠❡ t✐♠❡ t❤❡ ♣❧❛②❡r ✐s r❡♣❧❛❝❡❞ ❜② s♦♠❡ ♥❡✇✲❜♦r♥
♦♥❡✳

❚❤❡ ♥♦t✐♦♥ ♦❢ ❡q✉✐❧✐❜r✐✉♠ ❢♦r t❤❡ t♦t❛❧ r❡✇❛r❞ ❝❛s❡ ✇✐❧❧ ❜❡ s❧✐❣❤t❧② ❞✐✛❡r❡♥t
❢r♦♠ t❤❛t ❢♦r t❤❡ ❛✈❡r❛❣❡ r❡✇❛r❞✳ ❲❡ ❞❡✜♥❡ ❛ st❛t✐♦♥❛r② str❛t❡❣② f ❛♥❞ ❛
♠❡❛s✉r❡ µ ∈ ∆(S) t♦ ❜❡ ✐♥ ❡q✉✐❧✐❜r✐✉♠ ✐♥ t❤❡ t♦t❛❧ r❡✇❛r❞ ❣❛♠❡ ✐❢ ❢♦r ❡✈❡r②
♦t❤❡r st❛t✐♦♥❛r② str❛t❡❣② g ∈ U ✱

J(ρ, µ, f, f) ≥ J(ρ, µ, g, f),

✇❤❡r❡ ρ = Q(·|s0, a0, τ(f, µ)) ❛♥❞ (τ(f, µ))sa = µs(f(s))a ❢♦r ❛❧❧ s ∈ S✱ a ∈ A✱
❛♥❞✱ ✐❢ µ1 = µ ❛♥❞ ❛❧❧ t❤❡ ♣❧❛②❡rs ✉s❡ ♣♦❧✐❝② f t❤❡♥ µt = µ ❢♦r ❡✈❡r② t ≥ 1✳



✺

✸ ❊①✐st❡♥❝❡ ♦❢ t❤❡ ❙t❛t✐♦♥❛r② ❊q✉✐❧✐❜r✐✉♠ ✐♥ ❆✈❡r❛❣❡✲r❡✇❛r❞ ❈❛s❡

■♥ t❤❡ ♣r❡s❡♥t s❡❝t✐♦♥ ✇❡ ♣r❡s❡♥t ❛ r❡s✉❧t ❛❜♦✉t t❤❡ ❡①✐st❡♥❝❡ ♦❢ st❛t✐♦♥❛r②
❡q✉✐❧✐❜r✐✉♠ ✐♥ ❛♥♦♥②♠♦✉s s❡q✉❡♥t✐❛❧ ❣❛♠❡s ✇✐t❤ ❧♦♥❣✲t✐♠❡ ❛✈❡r❛❣❡ r❡✇❛r❞✳
❲❡ ♣r♦✈❡ ✐t ✉♥❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥✿

✭❆✶✮ ❚❤❡ s❡t ♦❢ ✐♥❞✐✈✐❞✉❛❧ st❛t❡s ♦❢ ❛♥② ♣❧❛②❡r S ❝❛♥ ❜❡ ♣❛rt✐t✐♦♥❡❞ ✐♥t♦ t✇♦
s❡ts S0 ❛♥❞ S1 s✉❝❤ t❤❛t ❢♦r ❡✈❡r② st❛t❡✲❛❝t✐♦♥ ❞✐str✐❜✉t✐♦♥ ♦❢ ❛❧❧ t❤❡
♦t❤❡r ♣❧❛②❡rs τ ∈ ∆(S ×A)✿
✭❛✮ ❆❧❧ t❤❡ st❛t❡s ❢r♦♠ S0 ❛r❡ tr❛♥s✐❡♥t ✐♥ t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ ♦❢ ✐♥❞✐✈✐❞✉❛❧

st❛t❡s ♦❢ ❛ ♣❧❛②❡r ✉s✐♥❣ ❛♥② f ∈ U ✳
✭❜✮ ❚❤❡ s❡t S1 ✐s str♦♥❣❧② ❝♦♠♠✉♥✐❝❛t✐♥❣✳

❚❤❡r❡ ❛r❡ ❛ ❝♦✉♣❧❡ ♦❢ ❡q✉✐✈❛❧❡♥t ❞❡✜♥✐t✐♦♥s ♦❢ ✏str♦♥❣❧② ❝♦♠♠✉♥✐❝❛t✐♥❣✑
♣r♦♣❡rt② ✉s❡❞ ❛❜♦✈❡ ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ❲❡ ❢♦❧❧♦✇ t❤❡ ♦♥❡ ❢♦r♠✉❧❛t❡❞
✐♥ ❬✸✶❪✱ s❛②✐♥❣ t❤❛t ❛ s❡t S1 ♦❢ st❛t❡s ✐♥ ❛ ▼❛r❦♦✈ ❉❡❝✐s✐♦♥ Pr♦❝❡ss ✐s str♦♥❣❧②
❝♦♠♠✉♥✐❝❛t✐♥❣ ✐❢ t❤❡r❡ ❡①✐sts ❛ st❛t✐♦♥❛r② ♣♦❧✐❝②✸ f

τ
s✉❝❤ t❤❛t t❤❡ ♣r♦❜❛❜✐❧✐t②

♦❢ ❣♦✐♥❣ ❢r♦♠ ❛♥② st❛t❡ s ∈ S1 t♦ ❛♥② ♦t❤❡r s′ ∈ S1 ❢♦r ❛ ♣❧❛②❡r ✉s✐♥❣ f
τ
✐s

♣♦s✐t✐✈❡✳
❆ss✉♠♣t✐♦♥ ✭❆✶✮ ❛♣♣❡❛rs ♦❢t❡♥ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ ▼❛r❦♦✈ ❞❡❝✐s✐♦♥ ♣r♦✲

❝❡ss❡s ✇✐t❤ ❛✈❡r❛❣❡ ❝♦st ❛♥❞ ✐s r❡❢❡rr❡❞ t♦ ❛s ✏✇❡❛❦❧② ❝♦♠♠✉♥✐❝❛t✐♥❣✑ ♣r♦♣❡rt②✱
s❡❡ ❡✳❣✳ ❬✸✷❪✱ ❝❤❛♣t❡rs ✽ ❛♥❞ ✾✳✹ ■t ❣✉❛r❛♥t❡❡s t❤❛t t❤❡ ♦♣t✐♠❛❧ ❣❛✐♥ ✐♥ ❛ ▼❛r❦♦✈
❞❡❝✐s✐♦♥ ♣r♦❝❡ss s❛t✐s❢②✐♥❣ ✐t ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ ✐ts ✐♥✐t✐❛❧ st❛t❡✳ ❆s ✇❡ ✇✐❧❧ s❡❡✱ ✐t
❛❧s♦ ❣✉❛r❛♥t❡❡s t❤❛t t❤✐s ♦♣t✐♠❛❧ ❣❛✐♥ ✐s ❝♦♥t✐♥✉♦✉s ✐♥ τ ✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❝r✉❝✐❛❧
✐♥ ♣r♦✈✐♥❣ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✐♥ ♦✉r ❣❛♠❡✳ ■t ✐s ❛❧s♦ ✇♦rt❤ ♥♦t✲
✐♥❣ t❤❛t ✇✐t❤♦✉t ❛ss✉♠♣t✐♦♥ ✭❆✶✮ t❤❡ ❛✈❡r❛❣❡✲r❡✇❛r❞ ❛♥♦♥②♠♦✉s s❡q✉❡♥t✐❛❧
❣❛♠❡ ♠❛② ❤❛✈❡ ♥♦ st❛t✐♦♥❛r② ❡q✉✐❧✐❜r✐❛ ❛t ❛❧❧✳ ❚❤✐s ✐s s❤♦✇♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣
❡①❛♠♣❧❡✺

❊①❛♠♣❧❡ ✶ ▲❡t ✉s ❝♦♥s✐❞❡r ❛♥ ❛✈❡r❛❣❡ r❡✇❛r❞ ❛♥♦♥②♠♦✉s s❡q✉❡♥t✐❛❧ ❣❛♠❡

✇✐t❤ S = {1, 2, 3} ❛♥❞ A(s, µ) =

{

{0, 1}, ✐❢ s = 1
{0}, ♦t❤❡r✇✐s❡

✱ t❤✉s t❤❡ ❞❡❝✐s✐♦♥ ✐s ♦♥❧②

♠❛❞❡ ❜② ♣❧❛②❡rs ✐♥ st❛t❡ 1✳ ❋♦r t❤❡ s✐♠♣❧✐❝✐t② ✇❡ ✇✐❧❧ ❞❡♥♦t❡ t❤✐s ♦♥❧② ❞❡❝✐s✐♦♥
❜② a ✐♥ ✇❤❛t ✇✐❧❧ ❢♦❧❧♦✇✳ ❚❤❡ ✐♠♠❡❞✐❛t❡ r❡✇❛r❞s ❢♦r t❤❡ ♣❧❛②❡rs ❞❡♣❡♥❞ ♦♥❧②
♦♥ t❤❡✐r ♣r✐✈❛t❡ st❛t❡ ❛s ❢♦❧❧♦✇s✿ u(s) = 3− s✳ ❋✐♥❛❧❧②✱ t❤❡ tr❛♥s✐t✐♦♥ ♠❛tr✐① ♦❢
t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ ♦❢ ♣r✐✈❛t❡ st❛t❡s ♦❢ ❡❛❝❤ ♣❧❛②❡r ✐s

Q(a, τ) =





1− a+3p∗

4
a
4

3p∗

4
1
2

1
2 0

p∗

2 0 1− p∗

2



 , ✇❤❡r❡ p∗ = max{0, 1− 4τ11}.

✸ ◆♦t❡ t❤❛t ✇❡ ❛ss✉♠❡ t❤✐s st❛t✐♦♥❛r② ♣♦❧✐❝② ♠❛② ❞❡♣❡♥❞ ♦♥ τ ✱ ❛s ✇❡ ❝♦♥s✐❞❡r t❤❡ ♣r♦♣❡r✲
t✐❡s ♦❢ t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ ♦❢ ✐♥❞✐✈✐❞✉❛❧ st❛t❡s ♦❢ ❛ ♣❧❛②❡r ✉♥❞❡r ✜①❡❞ st❛t❡✲❛❝t✐♦♥ ❞✐str✐❜✉t✐♦♥
♦❢ ❛❧❧ t❤❡ ♦t❤❡r ♣❧❛②❡rs✳
✹ ❆❧❧ t❤❡ ♣r♦♣❡rt✐❡s ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ❛ss✉♠♣t✐♦♥s ❛r❡ ❝♦♠♠♦♥❧② ✉s❡❞ ✐♥ t❤❡ ▼❛r❦♦✈

❞❡❝✐s✐♦♥ ♣r♦❝❡ss❡s ❧✐t❡r❛t✉r❡✳ ❚❤♦s❡ r❡❛❞❡rs ✇❤♦ ❛r❡ ♥♦t ❢❛♠✐❧✐❛r ✇✐t❤ t❤❡♠ ♦r ❛r❡ ✐♥t❡r❡st❡❞
✐♥ ♠✉t✉❛❧ r❡❧❛t✐♦♥s❤✐♣s ❜❡t✇❡❡♥ t❤❡s❡ ♣r♦♣❡rt✐❡s ❛r❡ r❡❢❡rr❡❞ t♦ ❬✸✶✱✸✸❪✳
✺ ❚❤❡ ❡①❛♠♣❧❡ ✐s ❛ r❡✇♦r❦✐♥❣ ♦❢ ❊①❛♠♣❧❡ ✸✳ ✐♥ ❬✸✹❪✳



✻

■t ✈✐♦❧❛t❡s ❛ss✉♠♣t✐♦♥ ✭❆✶✮✱ ❛s ❡✳❣✳ ✇❤❡♥ τ11 ≥ 1
4 ❢♦r t❤❡ ♣✉r❡ str❛t❡❣② ❛s✲

s✐❣♥✐♥❣ a = 0 ✐♥ st❛t❡ 1✱ st❛t❡s 1 ❛♥❞ 2 ❛r❡ ❛❜s♦r❜✐♥❣ ✐♥ t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥
♦❢ ✐♥❞✐✈✐❞✉❛❧ st❛t❡s ♦❢ ❛ ♣❧❛②❡r ❛♥❞ st❛t❡ 2 ✐s tr❛♥s✐❡♥t✱ ✇❤✐❧❡ ✇❤❡♥ ✐t ❛ss✐❣♥s
a = 1 st❛t❡s 1 ❛♥❞ 2 ❜❡❝♦♠❡ ❝♦♠♠✉♥✐❝❛t✐♥❣✳ ❲❡ ✇✐❧❧ s❤♦✇ t❤❛t s✉❝❤ ❛ ❣❛♠❡
❤❛s ♥♦ st❛t✐♦♥❛r② ❡q✉✐❧✐❜r✐✉♠✳

❙✉♣♣♦s❡ t❤❛t (f, µ∗) ✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠✳ ❲❡ ✇✐❧❧ ❝♦♥s✐❞❡r t✇♦ ❝❛s❡s✿

✭❛✮ τ11 ≥ 1
4 ❢♦r τ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ µ∗ ❛♥❞ f ✳ ❚❤❡♥ p∗ = 0✱ ❛♥❞ s♦ ✐❢ ❛ ♣❧❛②❡r

✉s❡s ❛❝t✐♦♥ 1 ✇✐t❤ ♣r♦❜❛❜✐❧✐t② β✱ t❤❡ st❛t✐♦♥❛r② st❛t❡ ♦❢ t❤❡ ❝❤❛✐♥ ♦❢ ❤✐s

st❛t❡s ✇❤❡♥ ❤✐s ✐♥✐t✐❛❧ st❛t❡✬s ❞✐str✐❜✉t✐♦♥ ✐s µ∗ ✐s
[

2(µ∗

1+µ
∗

2)
2+β ,

β(µ∗

1+µ
∗

2)
2+β , µ∗

3

]

❛♥❞ ❤✐s ❧♦♥❣✲t✐♠❡ ❛✈❡r❛❣❡ r❡✇❛r❞ ✐s

(4 + β)(µ∗
1 + µ∗

2)

2 + β
=

(

1 +
2

2 + β

)

(µ∗
1 + µ∗

2),

✇❤✐❝❤ ✐s ❛ str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ β ✭r❡❝❛❧❧ t❤❛t µ∗
1 ≥ τ11 ≥ 1

4 ✮✳
❚❤✉s ❤✐s ❜❡st r❡s♣♦♥s❡ t♦ f ✐s t❤❡ ♣♦❧✐❝② ✇❤✐❝❤ ❛ss✐❣♥s ♣r♦❜❛❜✐❧✐t② 1 t♦
❛❝t✐♦♥ a = 0 ✐♥ st❛t❡ 1✳ ❇✉t ✐❢ ❛❧❧ t❤❡ ♣❧❛②❡rs ✉s❡ s✉❝❤ ♣♦❧✐❝②✱ τ11 = 0✱
✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts ♦✉r ❛ss✉♠♣t✐♦♥ t❤❛t ✐t ✐s ♥♦ ❧❡ss t❤❛♥ 1

4 ✳
✭❜✮ τ11 <

1
4 ✳ ❚❤❡♥ ✐t ❝❛♥ ❜❡ ❡❛s✐❧② s❡❡♥ t❤❛t t❤❡ st❛t✐♦♥❛r② st❛t❡ ♦❢ ❛♥② ♣❧❛②❡r✬s

❝❤❛✐♥ ✇❤❡♥ ❤❡ ✉s❡s ❛❝t✐♦♥ 1 ✇✐t❤ ♣r♦❜❛❜✐❧✐t② β ∈ [0, 1] ✐s ✐♥❞❡♣❡♥❞❡♥t

♦❢ t❤❡ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ ❤✐s st❛t❡ µ∗ ❛♥❞ ❡q✉❛❧ t♦
[

2
5+β ,

β
5+β ,

3
5+β

]

✱

✇❤✐❝❤ ❣✐✈❡s ❤✐♠ t❤❡ r❡✇❛r❞ ♦❢ 4+β
5+β = 1 − 1

5+β ✱ ✇❤✐❝❤ ✐s ❝❧❡❛r❧② ❛ str✐❝t❧②
✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ β✳ ❚❤✉s t❤❡ ❜❡st r❡s♣♦♥s❡ t♦ f ✐s t♦ ♣❧❛② ❛❝t✐♦♥
a = 1 ✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1✱ ✇❤✐❝❤✱ ✐❢ ❛♣♣❧✐❡❞ ❜② ❛❧❧ t❤❡ ♣❧❛②❡rs✱ r❡s✉❧ts ✐♥
st❛t✐♦♥❛r② st❛t❡ µ∗ =

[

1
3 ,

1
6 ,

1
2

]

❛♥❞ ❝♦♥s❡q✉❡♥t❧② τ11 = 1
3 ✱ ❝♦♥tr❛❞✐❝t✐♥❣

t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t ✐t ✐s ❧❡ss t❤❛♥ 1
4 ✳

❚❤✉s t❤✐s ❣❛♠❡ ❝❛♥♥♦t ❤❛✈❡ ❛ st❛t✐♦♥❛r② ❡q✉✐❧✐❜r✐✉♠✳

◆♦✇ ✇❡ ❛r❡ r❡❛❞② t♦ ❢♦r♠✉❧❛t❡ t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s s❡❝t✐♦♥✳

❚❤❡♦r❡♠ ✶ ❊✈❡r② ❛♥♦♥②♠♦✉s s❡q✉❡♥t✐❛❧ ❣❛♠❡ ✇✐t❤ ❧♦♥❣✲t✐♠❡ ❛✈❡r❛❣❡ ♣❛②♦✛
s❛t✐s❢②✐♥❣ ✭❆✶✮ ❤❛s ❛ st❛t✐♦♥❛r② ❡q✉✐❧✐❜r✐✉♠✳

❇❡❢♦r❡ ✇❡ ♣r♦✈❡ t❤❡ t❤❡♦r❡♠ ❧❡t ✉s ✐♥tr♦❞✉❝❡ s♦♠❡ ❛❞❞✐t✐♦♥❛❧ ♥♦t❛t✐♦♥✳ ❲❡
✇✐❧❧ ❝♦♥s✐❞❡r ❛ ▼❛r❦♦✈ ❞❡❝✐s✐♦♥ ♣r♦❝❡ss M(τ) ♦❢ ❛♥ ✐♥❞✐✈✐❞✉❛❧ ❢❛❝❡❞ ✇✐t❤ ❛
✜①❡❞ ✭♦✈❡r t✐♠❡✮ ❞✐str✐❜✉t✐♦♥ ♦❢ st❛t❡✲❛❝t✐♦♥ ♣❛✐rs ♦❢ ❛❧❧ t❤❡ ♦t❤❡r ♣❧❛②❡rs✳ ❋♦r
t❤✐s ✜①❡❞ τ ∈ ∆(S×A) ❧❡t Jτ (f, µ) ❞❡♥♦t❡ t❤❡ ❧♦♥❣✲t✐♠❡ ❛✈❡r❛❣❡ ♣❛②♦✛ ✐♥ t❤✐s
♣r♦❝❡ss ✇❤❡♥ t❤❡ ♣❧❛②❡r ✉s❡s st❛t✐♦♥❛r② ♣♦❧✐❝② f ❛♥❞ t❤❡ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥
♦❢ st❛t❡s ✐s µ✱ t❤❛t ✐s

Jτ (f, µ) = lim sup
T→∞

1

T
Eµ,Q,f

T
∑

t=1

u(st, at, τ).

❇② ✇❡❧❧ ❦♥♦✇♥ r❡s✉❧ts ❢r♦♠ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ✭s❡❡ ❡✳❣✳ ❬✸✷❪✮✱ ✐♥ ❛ ✇❡❛❦❧②
❝♦♠♠✉♥✐❝❛t✐♥❣ ▼❛r❦♦✈ ❞❡❝✐s✐♦♥ ♣r♦❝❡ss ✭t❤✐s ✐s s✉❝❤ ❛ ♣r♦❝❡ss ❜② ✭❆✶✮✮ t❤❡



✼

♦♣t✐♠❛❧ ❣❛✐♥ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ µ✳ ❲❡ ❞❡♥♦t❡ t❤✐s ✉♥✐❢♦r♠ ♦♣t✐♠❛❧ ❣❛✐♥ ❜②
G(τ)✱ t❤❛t ✐s

G(τ) = sup
f :S→A

Jτ (f, µ) ❢♦r ❛♥② ✜①❡❞ µ ∈ ∆(S).

▲❡♠♠❛ ✷ st❛t❡s ❛ ❝r✉❝✐❛❧ ❢❡❛t✉r❡ ♦❢ G✳ ■t ✐s ♣r❡❝❡❞❡❞ ❜② ❛♥♦t❤❡r t❡❝❤♥✐❝❛❧ ♦♥❡✳

▲❡♠♠❛ ✶ ❙✉♣♣♦s❡ t❤❛t µ(n) ❛r❡ ✐♥✈❛r✐❛♥t ♠❡❛s✉r❡s ♦❢ ▼❛r❦♦✈ ❝❤❛✐♥s ✇✐t❤ ✜✲
♥✐t❡ st❛t❡ s❡t S ❛♥❞ ✇✐t❤ tr❛♥s✐t✐♦♥ ♠❛tr✐❝❡s P (n) r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡♥ ✐❢ µ(n) →
µ ❛♥❞ P (n) → P ✱ t❤❡♥ µ ✐s ❛♥ ✐♥✈❛r✐❛♥t ♠❡❛s✉r❡ ❢♦r t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ ✇✐t❤
tr❛♥s✐t✐♦♥ ♠❛tr✐① P ✳

Pr♦♦❢✿ ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ✐♥✈❛r✐❛♥t ♠❡❛s✉r❡ ❡✈❡r② µ(n) s❛t✐s✜❡s ❢♦r ❡✈❡r②
s ∈ S

(µ(n))s =
∑

i∈S

(µ(n))i(P (n))si.

■❢ ✇❡ ♣❛ss t♦ t❤❡ ❧✐♠✐t✱ ✇❡ ♦❜t❛✐♥

µs =
∑

i∈S

µiPsi.,

✇❤✐❝❤ ♠❡❛♥s t❤❛t µ ✐s ❛♥ ✐♥✈❛r✐❛♥t ♠❡❛s✉r❡ ❢♦r t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ ✇✐t❤ tr❛♥✲
s✐t✐♦♥ ♠❛tr✐① P ✳ �

▲❡♠♠❛ ✷ ❯♥❞❡r ✭❆✶✮ G ✐s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ♦❢ τ ✳

Pr♦♦❢✿ ▲❡t τn ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦♥ S×A ❝♦♥✈❡r❣✐♥❣ t♦ τ ✳
❙✐♥❝❡ ❛❧❧ ♦❢ t❤❡ ▼❉Ps ✇❡ ❝♦♥s✐❞❡r ❤❡r❡ ❤❛✈❡ ✜♥✐t❡ st❛t❡ s♣❛❝❡✱ ❡❛❝❤ ♦❢ t❤❡♠
❤❛s ❛ st❛t✐♦♥❛r② ♦♣t✐♠❛❧ ♣♦❧✐❝②✻✱ s❛② ♣♦❧✐❝② fn ✐s ♦♣t✐♠❛❧ ✐♥ M(τn)✳ ◆❡①t✱ ❧❡t
µn ❜❡ ❛♥ ✐♥✈❛r✐❛♥t ♠❡❛s✉r❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ str❛t❡❣② fn ✐♥ M(τn) ✭❜② ✭❆✶✮
s✉❝❤ ❛ ♠❡❛s✉r❡ ❡①✐sts✱ ♠❛②❜❡ ♠♦r❡ t❤❛♥ ♦♥❡✮✳ ❙✉❝❤ ❛♥ ✐♥✈❛r✐❛♥t ♠❡❛s✉r❡ ♠✉st
s❛t✐s❢②

G(τn) =
∑

s∈S

∑

a∈A

(fn(s))aµ
n
su(s, a, τ

n), ✭✶✮

♦t❤❡r✇✐s❡ fn ✇♦✉❧❞ ♥♦t ❜❡ ♦♣t✐♠❛❧✳
◆♦t❡ ♥❡①t t❤❛t U ❛♥❞ ∆(S) ❛r❡ ❝♦♠♣❛❝t s❡ts✳ ❚❤✉s t❤❡r❡ ❡①✐sts ❛ s✉❜✲

s❡q✉❡♥❝❡ ♦❢ fn ❝♦♥✈❡r❣✐♥❣ t♦ s♦♠❡ f0 ∈ U ❛♥❞ t❤❡♥ ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ µn

❝♦♥✈❡r❣✐♥❣ t♦ s♦♠❡ µ0✳ ❲✐t❤♦✉t ❛ ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t t❤❡s❡
❛r❡ s❡q✉❡♥❝❡s fn ❛♥❞ µn t❤❛t ❛r❡ ❝♦♥✈❡r❣❡♥t✳ ❇② t❤❡ ❝♦♥t✐♥✉✐t② ❛ss✉♠♣t✐♦♥
❛❜♦✉t Q ❛♥❞ ▲❡♠♠❛ ✶✱ µ0 ✐s ❛♥ ✐♥✈❛r✐❛♥t ♠❡❛s✉r❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ f0 ✐♥
M(τ)✳ ■❢ ✇❡ ♥❡①t ♣❛ss t♦ t❤❡ ❧✐♠✐t ✐♥ ✭✶✮ ✇❡ ❣❡t

lim
n→∞

G(τn) =
∑

s∈S

∑

a∈A

(f0(s))aµ
0
su(s, a, τ) = Jτ (f0, µ0).

❇✉t t❤✐s ✐♠♣❧✐❡s t❤❛t G(τ) ≥ limn→∞G(τn)✳

✻ ❖❢ ❝♦✉rs❡ ❛ st❛t✐♦♥❛r② ♣♦❧✐❝② ✐s ♦♥❧② ❛ ❢✉♥❝t✐♦♥ ♦❢ ✐♥❞✐✈✐❞✉❛❧ st❛t❡ s ❤❡r❡✳



✽

❚♦ s❤♦✇ t❤❡ ✐♥✈❡rs❡ ✐♥❡q✉❛❧✐t②✱ s✉♣♣♦s❡ t❤❛t f ∈ U ✐s ❛♥ ♦♣t✐♠❛❧ ♣♦❧✐❝②
✐♥ M(τ)✳ ❇② ✭❆✶✮ t❤❡ st❛t❡s ✐♥ t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ ♦❢ ✐♥❞✐✈✐❞✉❛❧ st❛t❡s ❢♦r ❛
✉s❡r ❛♣♣❧②✐♥❣ f ✐♥ M(τ) ❝❛♥ ❜❡ ❞✐✈✐❞❡❞ ✐♥t♦ ❛ ❝❧❛ss ♦❢ tr❛♥s✐❡♥t st❛t❡s ❛♥❞ ❛
♥✉♠❜❡r ♦❢ ❝♦♠♠✉♥✐❝❛t✐♥❣ ❝❧❛ss❡s✳ ▲❡t S∗ ❜❡ ❛ ❝♦♠♠✉♥✐❝❛t✐♥❣ ❝❧❛ss s✉❝❤ t❤❛t
t❤❡ ❡r❣♦❞✐❝ ♣❛②♦✛ ✐♥ t❤✐s ❝❧❛ss ✐s ❡q✉❛❧ t♦ G(τ)✳ ❉❡✜♥❡ ♥♦✇ t❤❡ ♣♦❧✐❝✐❡s gn ✐♥
t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

gn(s) =

{

f(s) ✇❤❡♥ s ∈ S∗

fτ
n

(s) ✇❤❡♥ s ∈ S \ S∗

✭❍❡r❡ fτ
n

✐s ❛ ❝♦♠♠✉♥✐❝❛t✐♥❣ ♣♦❧✐❝② ❞❡r✐✈❡❞ ❢r♦♠ ❛ss✉♠♣t✐♦♥ ✭❆✶✮✮✳ ❖♥❡ ❝❛♥
❡❛s✐❧② ♥♦t✐❝❡ t❤❛t ✉♥❞❡r t❤❡s❡ ♣♦❧✐❝✐❡s ❛♣♣❧✐❡❞ ✐♥ M(τn)✱ ❛❧❧ t❤❡ st❛t❡s ❢r♦♠
S \ S∗ ✇♦✉❧❞ ❜❡ tr❛♥s✐❡♥t✳ ◆♦✇ ❧❡t µn ❜❡ ❛♥ ✐♥✈❛r✐❛♥t ♠❡❛s✉r❡ ❝♦rr❡s♣♦♥❞✐♥❣
t♦ gn ✐♥ M(τn)✳ ❆❣❛✐♥ ✉s✐♥❣ ▲❡♠♠❛ ✶ ✇❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡ ❧✐♠✐t ✭♣♦ss✐❜❧②
♦✈❡r ❛ s✉❜s❡q✉❡♥❝❡✮ ♦❢ t❤❡ s❡q✉❡♥❝❡ µn✱ s❛② µ0 ✐s ❛♥ ✐♥✈❛r✐❛♥t ♠❡❛s✉r❡ ♦❢ t❤❡
❧✐♠✐t ♦❢ gn✱ ✇❤✐❝❤ ✐s ❡q✉❛❧ t♦ f ♦♥ S∗✳ ❆t t❤❡ s❛♠❡ t✐♠❡ µ0

s = 0 ❢♦r s ∈ S \S∗✱
s♦ ✇❡ ❝❛♥ ✇r✐t❡ ✭❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ✐♥✈❛r✐❛♥t ♠❡❛s✉r❡✮ ❢♦r ❡✈❡r② s ∈ S∗✿

µ0
s =

∑

i∈S

∑

a∈A

Q(s|i, a, τ)(g0(i))aµ
0
i =

∑

i∈S∗

∑

a∈A

Q(s|i, a, τ)(g0(i))aµ
0
i

=
∑

i∈S∗

∑

a∈A

Q(s|i, a, τ)(f(i))aµ
0
i =

∑

i∈S

∑

a∈A

Q(s|i, a, τ)(f(i))aµ
0
i ,

✇❤✐❝❤ ♠❡❛♥s t❤❛t µ0 ✐s ❛❧s♦ ❛♥ ✐♥✈❛r✐❛♥t ♠❡❛s✉r❡ ❢♦r f ❛♥❞ ✐t ✐s ❡♥t✐r❡❧②
❝♦♥❝❡♥tr❛t❡❞ ♦♥ S∗✳ ❇✉t s✐♥❝❡ S∗ ✐s ❛ ❝♦♠♠✉♥✐❝❛t✐♥❣ ❝❧❛ss ✉♥❞❡r f ✱ t❤✐s ✐♠♣❧✐❡s

Jτ (g0, µ0) = Jτ (f, µ0) = G(τ).

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞

Jτ (g0, µ0) =
∑

s∈S

∑

a∈A

(g0(s))aµ
0
su(s, a, τ)

= lim
n→∞

∑

s∈S

∑

a∈A

(gn(s))aµ
n
su(s, a, τ

n) = lim
n→∞

Jτ
n

(gn, µn) ≤ lim
n→∞

G(τn),

❡♥❞✐♥❣ t❤❡ ♣r♦♦❢✳ �
Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✿ ❲❡ ❝♦♥s✐❞❡r t✇♦ ♠✉❧t✐❢✉♥❝t✐♦♥s ♦❢ τ ∈ ∆(S ×A)✿

B(τ) :=

{

ρ ∈ ∆(S ×A) :
∑

s∈S

∑

a∈A

ρsau(s, a, τ) = G(τ)

}

✭✷✮

C(τ) =

{

ρ ∈ ∆(S ×A) :
∑

a∈A

ρsa =
∑

x∈S

∑

b∈B

Q(s|x, b, τ)ρxb

}

✭✸✮

❛♥❞ ❧❡t Ψ(τ) := B(τ)∩C(τ)✳ ❲❡ ✇✐❧❧ s❤♦✇ t❤❛t Ψ ❤❛s ❛ ✜①❡❞ ♣♦✐♥t✱ ❛♥❞ t❤❡♥
t❤❛t t❤✐s ✜①❡❞ ♣♦✐♥t ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✐♥ t❤❡ ❣❛♠❡✳



✾

❋✐rst ♥♦t❡ t❤❛t C(τ) ✐s t❤❡ s❡t ♦❢ ❛❧❧ t❤❡ ♣♦ss✐❜❧❡ st❛t✐♦♥❛r② st❛t❡✲❛❝t✐♦♥
♠❡❛s✉r❡s ✐♥ M(τ)✳ ❇② ❚❤❡♦r❡♠ ✶ ✐♥ ❬✸✺❪ ✐t ✐s ❛❧s♦ t❤❡ s❡t ♦❢ ♦❝❝✉♣❛t✐♦♥ ♠❡❛✲
s✉r❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛❧❧ t❤❡ ♣♦ss✐❜❧❡ st❛t✐♦♥❛r② ♣♦❧✐❝✐❡s ❛♥❞ ❛❧❧ t❤❡ ♣♦ss✐❜❧❡
✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥s ♦❢ st❛t❡s ✐♥ M(τ)✳ ❙✐♥❝❡ G(τ) ✐s t❤❡ ♦♣t✐♠❛❧ r❡✇❛r❞ ✐♥
t❤✐s ▼❉P✱ t❤❡r❡ ❡①✐sts ❛ st❛t✐♦♥❛r② ♣♦❧✐❝②✱ ❛♥❞ t❤✉s ❛♥ ♦❝❝✉♣❛t✐♦♥ ♠❡❛s✉r❡
❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✐t✱ ❢♦r ✇❤✐❝❤ t❤❡ r❡✇❛r❞ ✐s ❡q✉❛❧ t♦ G(τ)✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t
❢♦r ❛♥② τ ✱ Ψ(τ) ✐s ♥♦♥❡♠♣t②✳ ❋✉rt❤❡r ♥♦t❡ t❤❛t ❢♦r ❛♥② τ ❜♦t❤ B(τ) ❛♥❞ C(τ)
❛r❡ tr✐✈✐❛❧❧② ❝♦♥✈❡①✱ ❛♥❞ t❤✉s s♦ ✐s t❤❡✐r ✐♥t❡rs❡❝t✐♦♥✳ ❋✐♥❛❧❧②✱ ❛s ❛♥ ✐♠♠❡❞✐✲
❛t❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✶✱ C ❤❛s ❛ ❝❧♦s❡❞ ❣r❛♣❤✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ t❤❡
❝❧♦s❡❞♥❡ss ♦❢ t❤❡ ❣r❛♣❤ ♦❢ B ✐s ❛ tr✐✈✐❛❧ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ u ✭❜②
❛ss✉♠♣t✐♦♥✮ ❛♥❞ G ✭❜② ▲❡♠♠❛ ✷✮✳ ❚❤❡ ❣r❛♣❤ ♦❢ Ψ ✐s t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t❤❡
t✇♦ ❛♥❞ t❤✉s ✐s ❛❧s♦ ❝❧♦s❡❞✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ✜①❡❞ ♣♦✐♥t ♦❢ Ψ ❢♦❧❧♦✇s ♥♦✇
❢r♦♠ ●❧✐❝❦❜❡r❣✬s ✜①❡❞ ♣♦✐♥t t❤❡♦r❡♠ ❬✸✻❪✳

◆♦✇ s✉♣♣♦s❡ τ∗ ✐s t❤✐s ✜①❡❞ ♣♦✐♥t✳ ❙✐♥❝❡ ✐t ✐s ❛ ✜①❡❞ ♣♦✐♥t ♦❢ C✱ ✐t s❛t✐s✜❡s✿
∑

a∈A

τ∗sa =
∑

x∈S

∑

b∈B

Q(s|x, b, τ∗)τ∗xb = Φ(s|τ∗).

❚❤✐s ✐♠♣❧✐❡s t❤❛t ✐❢ t❤❡ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ st❛t❡s ✐s τ∗S ❛♥❞ ♣❧❛②❡rs ❛♣♣❧②
st❛t✐♦♥❛r② ♣♦❧✐❝② f ❞❡✜♥❡❞ ❢♦r ❛♥② τ ∈ ∆(S ×A) ❜②✼✿

(f(s), τ)a =

{

τ∗

sa∑
b∈A τ

∗
sa

✐❢
∑

b∈A τ
∗
sa > 0

δ[a0] ♦t❤❡r✇✐s❡
✭✹✮

❢♦r ❛♥② ✜①❡❞ a0 ∈ A✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ st❛t❡✲❛❝t✐♦♥ ♣❛✐rs ✐♥ t❤❡ ♣♦♣✉❧❛t✐♦♥
✐s ❛❧✇❛②s τ∗✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s✐♥❝❡ τ∗ ∈ B(τ∗)✱ f ✐s t❤❡ ❜❡st r❡s♣♦♥s❡ ♦❢ ❛
♣❧❛②❡r ✇❤❡♥ t❤❡ st❛t❡✲❛❝t✐♦♥ ❞✐str✐❜✉t✐♦♥ ✐s ❛❧✇❛②s τ∗✱ ❛♥❞ t❤✉s t♦❣❡t❤❡r ✇✐t❤
τ∗S ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✐♥ t❤❡ ❣❛♠❡✳ �

✹ ❊①✐st❡♥❝❡ ♦❢ t❤❡ ❙t❛t✐♦♥❛r② ❊q✉✐❧✐❜r✐✉♠ ✐♥ ❚♦t❛❧✲r❡✇❛r❞ ❈❛s❡

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ s❤♦✇ t❤❛t ❛❧s♦ ❢♦r t❤❡ t♦t❛❧ r❡✇❛r❞ ❝❛s❡ ✉♥❞❡r s♦♠❡ ❢❛✐r❧②
♠✐❧❞ ❛ss✉♠♣t✐♦♥s t❤❡ ❣❛♠❡ ❤❛s ❛♥ ❡q✉✐❧✐❜r✐✉♠✳ ❲❤❛t ✇❡ ✇✐❧❧ ❛ss✉♠❡ ✐s t❤❡
❢♦❧❧♦✇✐♥❣✿

✭❚✶✮ ❚❤❡r❡ ❡①✐sts ❛ p0 > 0 s✉❝❤ t❤❛t ❢♦r ❛♥② ✜①❡❞ st❛t❡✲❛❝t✐♦♥ ♠❡❛s✉r❡ τ ❛♥❞
✉♥❞❡r ❛♥② st❛t✐♦♥❛r② ♣♦❧✐❝② f t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❣❡tt✐♥❣ ❢r♦♠ ❛♥② st❛t❡
s ∈ S \ {s0} t♦ s0 ✐♥ |S| − 1 st❡♣s ✐s ♥♦t s♠❛❧❧❡r t❤❛♥ p0✳

❲❡ ✇r✐t❡ t❤❛t t❤✐s ❛ss✉♠♣t✐♦♥ ✐s ❢❛✐r❧② ♠✐❧❞✱ ❛s ✐t ✐s ♥♦t ♦♥❧② ♥❡❝❡ss❛r② ❢♦r
♦✉r t❤❡♦r❡♠ t♦ ❤♦❧❞✱ ❜✉t ❛❧s♦ ❢♦r t❤❡ t♦t❛❧ ❝♦st ♠♦❞❡❧ t♦ ♠❛❦❡ s❡♥s❡✱ ❛s ✐t ✐s
tr✐✈✐❛❧❧② s❤♦✇♥ ✐♥ ❛♥ ❡①❛♠♣❧❡ ❜❡❧♦✇✿

❊①❛♠♣❧❡ ✷ ❈♦♥s✐❞❡r ❛♥ ❛♥♦♥②♠♦✉s s❡q✉❡♥t✐❛❧ ❣❛♠❡ ✇✐t❤ t♦t❛❧ ❝♦st ✇✐t❤ S =

{1, 2, 3} ✭❛♥❞ st❛t❡ s0 ❞❡♥♦t❡❞ ❤❡r❡ ❛s s = 0✮ ❛♥❞A(s, µ) =

{

{1, 2}, ✐❢ s = 1
{1}, ♦t❤❡r✇✐s❡

✳

✼ ❍❡r❡ ❛♥❞ ✐♥ t❤❡ s❡q✉❡❧ δ[x] ❞❡♥♦t❡s ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ❝♦♥❝❡♥tr❛t❡❞ ✐♥ x✳



✶✵

❚❤❡ ✐♠♠❡❞✐❛t❡ r❡✇❛r❞s ❢♦r t❤❡ ♣❧❛②❡rs ❞❡♣❡♥❞ ♦♥❧② ♦♥ t❤❡✐r ♣r✐✈❛t❡ st❛t❡ ❛s

❢♦❧❧♦✇s✿ u(s) =

{

1, ✐❢ s = 1
−1, ♦t❤❡r✇✐s❡

✳ ❋✐♥❛❧❧②✱ t❤❡ tr❛♥s✐t✐♦♥s ♦❢ t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥

♦❢ ♣r✐✈❛t❡ st❛t❡s ♦❢ ❡❛❝❤ ♣❧❛②❡r ❛r❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿ ✐❢ ❤✐s ❛❝t✐♦♥ ✐♥ st❛t❡ 1
✐s 1✱ ❤❡ ♠♦✈❡s ✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1 t♦ st❛t❡ 2❀ ✐❢ ❤✐s ❛❝t✐♦♥ ✐s 2✱ ❤❡ ♠♦✈❡s ✇✐t❤
♣r♦❜❛❜✐❧✐t② 1 t♦ st❛t❡ 3✳ ■♥ st❛t❡ 2 ❤❡ ♠♦✈❡s t♦ 1 ✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1✱ ✇❤✐❧❡
✐♥ st❛t❡ 3 ❤❡ ❞✐❡s ✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1

2 ❛♥❞ st❛②s ✐♥ 3 ✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1
2 ✳ ❚❤✐s

❣❛♠❡ ✐s ❝♦♠♣❧❡t❡❧② ❞❡❝♦✉♣❧❡❞ ✭✐♥ t❤❡ s❡♥s❡ t❤❛t ♥❡✐t❤❡r t❤❡ r❡✇❛r❞s ♥♦r t❤❡
tr❛♥s✐t✐♦♥s ♦❢ ❛♥② ♣❧❛②❡r ❞❡♣❡♥❞ ♦♥ t❤♦s❡ ♦❢ t❤❡ ♦t❤❡rs✮✱ s♦ ✐t ✐s ❡❛s② t♦ ❛♥❛❧②③❡✳

■t ✐s ✐♠♠❡❞✐❛t❡ t♦ s❡❡ t❤❛t ✉♥❞❡r ♣✉r❡ st❛t✐♦♥❛r② ♣♦❧✐❝② ❝❤♦♦s✐♥❣ ❛❝t✐♦♥
1 ✐♥ st❛t❡ 1 ❛ ♣❧❛②❡r ♥❡✈❡r ❞✐❡s✳ ▼♦r❡♦✈❡r✱ ❤❡ r❡❝❡✐✈❡s ♣❛②♦✛s ♦❢ 1 ❛♥❞ −1 ✐♥
s✉❜s❡q✉❡♥t ♣❡r✐♦❞s✱ s♦ ❤✐s r❡✇❛r❞ ✭t❤❡ s✉♠ ♦❢ t❤❡s❡ r❡✇❛r❞s ♦✈❡r ❤✐s ❧✐❢❡t✐♠❡✮
✐s ♥♦t ✇❡❧❧ ❞❡✜♥❡❞✳ ■❢ ✇❡ tr② t♦ ❝♦rr❡❝t ✐t ❜② ❞❡✜♥✐♥❣ t❤❡ t♦t❛❧ r❡✇❛r❞ ❛s t❤❡
lim sup ♦r lim inf ♦❢ ❤✐s ❛❝❝✉♠✉❧❛t❡❞ r❡✇❛r❞s ❛❢t❡r n ♣❡r✐♦❞s ♦❢ ❤✐s ❧✐❢❡✱ ✇❡
♦❜t❛✐♥ ❛ str❛♥❣❡ s✐t✉❛t✐♦♥ t❤❛t t❤❡ ♣♦❧✐❝② ❝❤♦♦s✐♥❣ ❛❝t✐♦♥ 1 ✐s ♦♣t✐♠❛❧ ❢♦r ❡❛❝❤
♦❢ t❤❡ ♣❧❛②❡rs ✐♥ t❤❡ lim sup ✈❡rs✐♦♥ ♦❢ t❤❡ r❡✇❛r❞✱ ❛♥❞ ❤✐s ✇♦rst ♣♦ss✐❜❧❡ ♣♦❧✐❝②
❢♦r t❤❡ lim inf ✈❡rs✐♦♥✳

❘❡♠❛r❦ ✷ ❚❤❡ t♦t❛❧ r❡✇❛r❞ ♠♦❞❡❧✱ s♣❡❝✐✜❝❛❧❧② ✇❤❡♥ ✭❚✶✮ ✐s ❛ss✉♠❡❞✱ ❜❡❛rs
❛ ❧♦t ♦❢ r❡s❡♠❜❧❛♥❝❡ t♦ ❛♥ ❡①♣♦♥❡♥t✐❛❧❧② ❞✐s❝♦✉♥t❡❞ ♠♦❞❡❧ ✇❤❡r❡ t❤❡ ❞✐s❝♦✉♥t
❢❛❝t♦r ✐s ❛❧❧♦✇❡❞ t♦ ✢✉❝t✉❛t❡ ♦✈❡r t✐♠❡✱ ✇❤✐❝❤ s✉❣❣❡sts t❤❛t t❤❡ r❡s✉❧ts ✐♥ t❤❡
t✇♦ ♠♦❞❡❧s s❤♦✉❧❞ ♥♦t ❞✐✛❡r ♠✉❝❤✳ ◆♦t❡ ❤♦✇❡✈❡r t❤❛t t❤❡r❡ ✐s ♦♥❡ ❡ss❡♥t✐❛❧
❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ♠♦❞❡❧s✳ ❚❤❡ ❵❞✐s❝♦✉♥t ❢❛❝t♦r✬ ✐♥ t❤❡ t♦t❛❧ r❡✇❛r❞
♠♦❞❡❧ ✭✇❤✐❝❤ ✐s t❤❡ r❛t✐♦ ♦❢ t❤♦s❡ ✇❤♦ st❛② ❛❧✐✈❡ ❛❢t❡r ❛ ❣✐✈❡♥ ♣❡r✐♦❞ t♦ t❤♦s❡
✇❤♦ ✇❡r❡ ❛❧✐✈❡ ❛t ✐ts ❜❡❣✐♥♥✐♥❣✮ ❛♣♣❡❛rs ♥♦t ♦♥❧② ✐♥ t❤❡ ❝✉♠✉❧❛t✐✈❡ r❡✇❛r❞
♦❢ t❤❡ ♣❧❛②❡rs ❜✉t ❛❧s♦ ✐♥ t❤❡ st❛t✐♦♥❛r② st❛t❡ ♦❢ t❤❡ ❣❛♠❡✱ ❛♥❞ t❤✉s ❛❧s♦ ✐♥
t❤❡ ♣❡r✲♣❡r✐♦❞ r❡✇❛r❞s ♦❢ t❤❡ ♣❧❛②❡rs✳ ❚❤✉s t❤✐s ✐s ❛♥ ❡ss❡♥t✐❛❧❧② ❞✐✛❡r❡♥t ✭❛♥❞
s❧✐❣❤t❧② ♠♦r❡ ❝♦♠♣❧❡①✮ ♣r♦❜❧❡♠✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❢❛❝t t❤❛t ❡❛❝❤ ♦❢ t❤❡
♣❧❛②❡rs ❧✐✈❡s ❢♦r ❛ ✜♥✐t❡ ♣❡r✐♦❞ ❛♥❞ t❤❡♥ ✐s r❡♣❧❛❝❡❞ ❜② ❛♥♦t❤❡r ♣❧❛②❡r✱ ✇✐t❤
❛ ✜①❡❞ ❢r❛❝t✐♦♥ ♦❢ ♣❧❛②❡rs ❞❡❛❞ ❛♥❞ ✜①❡❞ ❢r❛❝t✐♦♥s ♦❢ ♣❧❛②❡rs ✐♥ ❡❛❝❤ ♦❢ t❤❡
st❛t❡s ✇❤❡♥ t❤❡ ❣❛♠❡ ✐s ✐♥ ❛ st❛t✐♦♥❛r② st❛t❡✱ ♠❛❦❡s t❤✐s ♠♦❞❡❧ s✐♠✐❧✐❛r t♦
t❤❡ ❛✈❡r❛❣❡ r❡✇❛r❞ ♦♥❡✳ ■♥ ❢❛❝t✱ ✉s✐♥❣ t❤❡ r❡♥❡✇❛❧ t❤❡♦r❡♠✱ ✇❡ ❝❛♥ r❡❧❛t❡ t❤❡
r❡✇❛r❞s ♦❢ t❤❡ ♣❧❛②❡rs ✐♥ t❤❡ t♦t❛❧ r❡✇❛r❞ ♠♦❞❡❧ ✇✐t❤ t❤♦s❡ ✐♥ t❤❡ r❡s♣❡❝t✐✈❡
❛✈❡r❛❣❡ r❡✇❛r❞ ♠♦❞❡❧✳ ❚❤✐s r❡❧❛t✐♦♥ ✐♥ ✉s❡❞ ❛ ❝♦✉♣❧❡ ♦❢ t✐♠❡s ✐♥ ♦✉r ♣r♦♦❢s✳

◆♦✇ ✇❡ ❝❛♥ ❢♦r♠✉❧❛t❡ ♦✉r ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s s❡❝t✐♦♥✳

❚❤❡♦r❡♠ ✷ ❊✈❡r② ❛♥♦♥②♠♦✉s s❡q✉❡♥t✐❛❧ ❣❛♠❡ ✇✐t❤ t♦t❛❧ r❡✇❛r❞ s❛t✐s❢②✐♥❣
✭❚✶✮ ❤❛s ❛ st❛t✐♦♥❛r② ❡q✉✐❧✐❜r✐✉♠✳

❆s ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❛✈❡r❛❣❡ r❡✇❛r❞✱ ✇❡ st❛rt ❜② ❞❡✜♥✐♥❣ s♦♠❡ ❛❞❞✐t✐♦♥❛❧
♥♦t❛t✐♦♥✳ ▲❡t M(τ) ❜❡ ❛ ♠♦❞✐✜❡❞ ▼❛r❦♦✈ ❞❡❝✐s✐♦♥ ♣r♦❝❡ss ♦❢ ❛♥ ✐♥❞✐✈✐❞✉❛❧
❢❛❝❡❞ ✇✐t❤ ❛ ✜①❡❞ ✭♦✈❡r t✐♠❡✮ ❞✐str✐❜✉t✐♦♥ ♦❢ st❛t❡✲❛❝t✐♦♥ ♣❛✐rs ♦❢ ❛❧❧ t❤❡ ♦t❤❡r
♣❧❛②❡rs✳ ❚❤✐s ♠♦❞✐✜❝❛t✐♦♥ ✐s s❧✐❣❤t ❜✉t ✐♠♣♦rt❛♥t✱ ♥❛♠❡❧② ✇❡ ❛ss✉♠❡ t❤❛t ✐♥
M(τ) t❤❡ st❛t❡ s0 ✐s ❛❜s♦r❜✐♥❣ ❛♥❞ t❤❡ r❡✇❛r❞ ✐♥ t❤✐s st❛t❡ ✐s ❛❧✇❛②s ✵✳ ❚❤✐s
✐s ❛ ❝❧❛ss✐❝ ▼❉P ✇✐t❤ t♦t❛❧ r❡✇❛r❞✱ ❛s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ❋♦r t❤✐s
✜①❡❞ τ ∈ ∆(S × A) ❧❡t J

τ
(f, ρ) ❞❡♥♦t❡ t❤❡ t♦t❛❧ ♣❛②♦✛ ✐♥ t❤✐s ♣r♦❝❡ss ✇❤❡♥



✶✶

t❤❡ ♣❧❛②❡r ✉s❡s st❛t✐♦♥❛r② ♣♦❧✐❝② f ❛♥❞ t❤❡ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ st❛t❡s ✐s ρ✱
❛♥❞ ❧❡t G(τ) ❞❡♥♦t❡ t❤❡ ♦♣t✐♠❛❧ r❡✇❛r❞ ✐♥ M(τ)✱ t❤❛t ✐s

G(τ) = sup
f :S→A

J
τ
(f,Q(·|s0, a0, τ)).

❲❡ ❝❛♥ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛✉①✐❧✐❛r② r❡s✉❧t✿

▲❡♠♠❛ ✸ ❯♥❞❡r ✭❚✶✮ J
τ
(f, ρ) ✐s ❛ ✭❥♦✐♥t❧②✮ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ♦❢ ρ✱ f ❛♥❞

τ ✳

Pr♦♦❢✿ ❇② ❛ ✇❡❧❧ ❦♥♦✇♥ r❡s✉❧t ❢r♦♠ t❤❡ t❤❡♦r② ♦❢ ▼❛r❦♦✈ ❞❡❝✐s✐♦♥ ♣r♦❝❡ss❡s ✭s❡❡
❡✳❣✳ ❬✸✷❪✱ ▲❡♠♠❛ ✼✳✶✳✽ ✕ ❛ss✉♠♣t✐♦♥ ♦❢ t❤✐s ❧❡♠♠❛ ✐s s❛t✐s✜❡❞ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡
♦❢ ❛ss✉♠♣t✐♦♥ ✭❚✶✮ ❛♥❞ t❤❡ ❢❛❝t t❤❛t ❢✉♥❝t✐♦♥ u ✐s ❝♦♥t✐♥✉♦✉s ♦♥ ❛ ❝♦♠♣❛❝t s❡t
❛♥❞ t❤✉s ❜♦✉♥❞❡❞✮✱ J

τ
(f, ρ) ✐s t❤❡ ❧✐♠✐t ♦❢ t❤❡ r❡✇❛r❞s ✐♥ r❡s♣❡❝t✐✈❡ ❞✐s❝♦✉♥t❡❞

▼❉Ps J
τ

β(f, ρ) ❛s t❤❡ ❞✐s❝♦✉♥t ❢❛❝t♦r β ❛♣♣r♦❛❝❤❡s ✶✳ ❙✐♥❝❡ ❜② ❛ ✇❡❧❧ ❦♥♦✇♥
r❡s✉❧t ✭s❡❡ ❡✳❣✳ ▲❡♠♠❛ ✽✳✺ ✐♥ ❬✸✼❪✮ ❞✐s❝♦✉♥t❡❞ r❡✇❛r❞s ❛r❡ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s
♦❢ st❛t✐♦♥❛r② ♣♦❧✐❝✐❡s ❛♥❞ t❤❡② ❛r❡ ❧✐♥❡❛r ✐♥ t❤❡ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ st❛t❡s✱
t♦ s❤♦✇ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ J

τ
(f, ρ) ✐t ✐s ❡♥♦✉❣❤ t♦ ♣r♦✈❡ t❤❛t t❤❡ ❝♦♥✈❡r❣❡♥❝❡

♦❢ J
τ

β(f, ρ) ✐s ✉♥✐❢♦r♠✳
▲❡t ✉s t❛❦❡ ❛♥ ε > 0 ❛♥❞ s❡t M = maxs,a,τ |u(s, a, τ)| ✭s✉❝❤ ❛ ♥✉♠❜❡r

❡①✐sts ❛s u ✐s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ♦♥ ❛ ❝♦♠♣❛❝t s❡t✮✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t②
t❤❛t ❛❢t❡r m(|S| − 1) st❡♣s t❤❡ st❛t❡ ♦❢ ❛♥ ✐♥❞✐✈✐❞✉❛❧ ❞✐❞ ♥♦t r❡❛❝❤ s0 ✐s ❢♦r
❛♥② st❛t✐♦♥❛r② ♣♦❧✐❝② f ❜② ❛ss✉♠♣t✐♦♥ ✭❚✶✮ ♥♦t ❣r❡❛t❡r t❤❛♥ (1− p0)

m✳ ❚❤✐s
♠❡❛♥s t❤❛t ❢♦r ❛♥② m✱

∣

∣

∣

∣

∣

∣

J
τ
(f, ρ)−

m(|S|−1)
∑

t=1

Eρ,Q,fu(st, at, τ)

∣

∣

∣

∣

∣

∣

≤M(|S| − 1)(1− p0)
m, ✭✺✮

✇❤✐❝❤ ❢♦r m ❜✐❣ ❡♥♦✉❣❤✱ s❛② ❜✐❣❣❡r t❤❛♥ mε✱ ✐s ♥♦t ❣r❡❛t❡r t❤❛♥
ε
3 ✳ ◆♦t❡ t❤❛t

❛♥❛❧♦❣♦✉s❧② ❢♦r m ≥ mε ❛♥❞ ❛♥② β ∈ (0, 1)
∣

∣

∣

∣

∣

∣

J
τ

β(f, ρ)−

m(|S|−1)
∑

t=1

Eρ,Q,fβt−1u(st, at, τ)

∣

∣

∣

∣

∣

∣

<
ε

3
, ✭✻✮

◆❡①t ♥♦t❡ t❤❛t
∣

∣

∣

∣

∣

∣

m(|S|−1)
∑

t=1

Eρ,Q,fu(st, at, τ)−

m(|S|−1)
∑

t=1

Eρ,Q,fβt−1u(st, at, τ)

∣

∣

∣

∣

∣

∣

≤M(1−βm(|S|−1)) ≤
ε

3

✭✼✮
❢♦r β ❜✐❣ ❡♥♦✉❣❤✱ s❛② β > βε✳ ❈♦♠❜✐♥✐♥❣ ✭✺✮✱ ✭✻✮ ❛♥❞ ✭✼✮ ❛♥❞ ✉s✐♥❣ t❤❡ tr✐❛♥❣❧❡
✐♥❡q✉❛❧✐t② ✇❡ ♦❜t❛✐♥✿

∣

∣

∣
J
τ
(f, ρ)− J

τ

β(f, ρ)
∣

∣

∣
≤

∣

∣

∣

∣

∣

∣

J
τ
(f, ρ)−

m(|S|−1)
∑

t=1

Eρ,Q,fu(st, at, τ)

∣

∣

∣

∣

∣

∣
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+

∣

∣

∣

∣

∣

∣

m(|S|−1)
∑

t=1

Eρ,Q,fu(st, at, τ)−

m(|S|−1)
∑

t=1

Eρ,Q,fβt−1u(st, at, τ)

∣

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∣

m(|S|−1)
∑

t=1

Eρ,Q,fβt−1u(st, at, τ)− J
τ

β(f, ρ)

∣

∣

∣

∣

∣

∣

≤
ε

3
+
ε

3
+
ε

3
= ε

❢♦r β > βε✱ ✇❤✐❝❤ ❡♥❞s t❤❡ ♣r♦♦❢✳ �
Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✿ ❲❡ s❤❛❧❧ ❝♦♥s✐❞❡r t✇♦ ♠✉❧t✐❢✉♥❝t✐♦♥s ♦❢ τ ∈ ∆(S×A)✿

B(τ) : =







ρ ∈ ∆(S ×A) : ∃fρ ∈ U

∀s ∈ S,

(

∑

a∈A

ρsa > 0 ⇒ fρ(s) =
ρsa

∑

a∈A ρsa

)

❛♥❞ J
τ
(fρ, Q(·|s0, a0, τ)) = G(τ)







C(τ) =

{

ρ ∈ ∆(S ×A) :
∑

a∈A

ρsa =
∑

x∈S

∑

b∈B

Q(s|x, b, τ)ρxb

}

❛♥❞ ❧❡t Ψ(τ) := B(τ) ∩ C(τ)✳ ❲❡ ✇✐❧❧ s❤♦✇ t❤❛t Ψ ❤❛s ❛ ✜①❡❞ ♣♦✐♥t ❛♥❞ t❤❛t
✐t ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✐♥ t❤❡ ❣❛♠❡✳

❋✐rst ♥♦t❡ t❤❛t Ψ(τ) ✐s ♥♦♥❡♠♣t② ❢♦r ❛♥② τ ∈ ∆(S × A)✱ ❛s ❛♥② ✐♥✈❛r✐✲
❛♥t ♠❡❛s✉r❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛♥ ♦♣t✐♠❛❧ st❛t✐♦♥❛r② ♣♦❧✐❝② ✐♥ M(τ) ❜❡❧♦♥❣s
t♦ Ψ(τ) ✭s✉❝❤ ❛♥ ♦♣t✐♠❛❧ st❛t✐♦♥❛r② ♣♦❧✐❝② ❡①✐sts ❛❝❝♦r❞✐♥❣ t♦ ❚❤❡♦r❡♠ ✼✳✶✳✾
✐♥ ❬✸✷❪✮✳ ◆❡①t ✇❡ s❤♦✇ t❤❛t Ψ(τ) ✐s ❝♦♥✈❡① ❢♦r ❡✈❡r② τ ∈ ∆(S × A)✳ ❇② t❤❡
r❡♥❡✇❛❧ t❤❡♦r❡♠ ✭❚❤❡♦r❡♠ ✸✳✸✳✹ ✐♥ ❬✸✽❪✮ t❤❡ t♦t❛❧ r❡✇❛r❞ ♦❝❝✉♣❛t✐♦♥ ♠❡❛s✉r❡
❝♦rr❡s♣♦♥❞✐♥❣ t♦ s♦♠❡ st❛t✐♦♥❛r② ♣♦❧✐❝② f ✐s ❡q✉❛❧ t♦ t❤❡ ❛✈❡r❛❣❡ r❡✇❛r❞ ♦❝✲
❝✉♣❛t✐♦♥ ♠❡❛s✉r❡ ✉♥❞❡r t❤❡ s❛♠❡ ♣♦❧✐❝② ♠✉❧t✐♣❧✐❡❞ ❜② t❤❡ ❡①♣❡❝t❡❞ ❧✐❢❡t✐♠❡✳
❚❤✐s ✐♠♣❧✐❡s t❤❛t ❢♦r ❛♥② ρ ∈ Ψ(τ) ✭t❤❡ ♥♦t❛t✐♦♥ ✉s❡❞ ❤❡r❡ ✐s t❤❡ s❛♠❡ ❛s ✐♥
t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ B(τ)✮✿

G(τ) = J
τ
(fρ, Q(·|s0, a0, τ)) = EQ,fT

∑

s∈S

∑

a∈A

ρsau(s, a, τ). ✭✽✮

◆❡①t ♥♦t❡ t❤❛t t❤❡ t✐♠❡ s♣❡♥t ✐♥ st❛t❡ s0✱ ♣❧❛②✐♥❣ ❛❝t✐♦♥ a0 ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢
t❤❡ ♣♦❧✐❝② ✉s❡❞ ❜② t❤❡ ♣❧❛②❡r✳ ❲❡ s❤❛❧❧ ❞❡♥♦t❡ t❤✐s t✐♠❡ ❜② T0✳ ❆❣❛✐♥ ❜② t❤❡
r❡♥❡✇❛❧ t❤❡♦r❡♠ ✇❡ ❝❛♥ ✇r✐t❡

EQT0 = EQ,fT
ρs0a0

∑

s∈S

∑

a∈A ρsa
= EQ,fT ρs0a0 .

❙✉❜st✐t✉t✐♥❣ t❤✐s ✐♥t♦ ✭✽✮ ✇❡ ♦❜t❛✐♥

G(τ) =
EQT0
ρs0a0

∑

s∈S

∑

a∈A

ρsau(s, a, τ)
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♦r ❡q✉✐✈❛❧❡♥t❧②

EQT0
∑

s∈S

∑

a∈A

ρsau(s, a, τ)−G(τ)ρs0a0 = 0.

❚❤❡ s❡t ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ρ s❛t✐s❢②✐♥❣ t❤❡ ❛❜♦✈❡ ❡q✉❛❧✐t② ✐s ❝❧❡❛r❧② ❛
♣♦❧②t♦♣❡✱ ❛♥❞ ❤❡♥❝❡ ❛ ❝♦♥✈❡① s❡t✳ ❲❤❛t ✇❡ ❛r❡ ❧❡❢t t♦ s❤♦✇ ✐s t❤❛t t❤❡ ❣r❛♣❤
♦❢ Ψ ✐s ❝❧♦s❡❞✳ ❙✉♣♣♦s❡ t❤❛t τn, τ, ρn, ρ ∈ ∆(S × A)✱ τn → τ ✱ ρn → ρ ❛♥❞
ρn ∈ Ψ(τn) ❢♦r ❡✈❡r② n✳ ❇② ▲❡♠♠❛ ✶ ρ ∈ C(τ)✳ ❈❧❡❛r❧②✱ ❛s ρn → ρ✱ ❛❧s♦
fρn → fρ✳ ❙✐♥❝❡ ρn ∈ B(τn)✱

G(τn) = J
τn
(fρn , Q(·|so, a0, τn)) ≥ J

τn
(g,Q(·|so, a0, τn))

❢♦r ❛♥② st❛t✐♦♥❛r② str❛t❡❣② g✳ ❇② ▲❡♠♠❛ ✸ ❛♥❞ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ Q ❛❧s♦

J
τ
(fρ, Q(·|so, a0, τ)) ≥ J

τ
(g,Q(·|so, a0, τ)),

✐♠♣❧②✐♥❣ t❤❛t ρ ∈ B(τ) ❛♥❞ ❤❡♥❝❡ ❛❧s♦ ✐♥ Ψ(τ)✳ ❚❤✐s ♠❡❛♥s t❤❛t ❛❧❧ t❤❡
❛ss✉♠♣t✐♦♥s ♦❢ t❤❡ ●❧✐❝❦s❜❡r❣ t❤❡♦r❡♠ ❬✸✻❪ ❛r❡ s❛t✐s✜❡❞ ❛♥❞ Ψ ❤❛s ❛ ✜①❡❞
♣♦✐♥t✳

◆♦✇ s✉♣♣♦s❡ τ∗ ✐s t❤✐s ✜①❡❞ ♣♦✐♥t✳ ❇❡❝❛✉s❡ τ∗ ∈ C(τ∗)✱ ✐t s❛t✐s✜❡s

∑

a∈A

τ∗sa =
∑

x∈S

∑

b∈B

Q(s|x, b, τ∗)τ∗xb = Φ(s|τ∗).

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♥♦t✐❝❡ t❤❛t

J(τ∗S , g, f
τ∗

) = J
τ∗

(g, ρ)

❢♦r ❛♥② st❛t✐♦♥❛r② ♣♦❧✐❝② g ❛♥❞ ❛♥② ✐♥✐t✐❛❧ st❛t❡ ❞✐str✐❜✉t✐♦♥ ρ✱ ❛♥❞ s♦ τ∗ ∈
B(τ∗) ✐♠♣❧✐❡s t❤❛t fτ

∗

✐s t❤❡ ❜❡st r❡s♣♦♥s❡ ♦❢ ❛ ♣❧❛②❡r ✇❤❡♥ t❤❡ st❛t❡✲❛❝t✐♦♥
❞✐str✐❜✉t✐♦♥ ♦❢ ❤✐s ♦♣♦♥❡♥ts ✐s ❛❧✇❛②s τ∗✱ ❛♥❞ ❤❡♥❝❡ (f∗, τ∗S) ✇✐t❤ f

∗(s, τ) ≡
fτ

∗

(s) ❢♦r ❛♥② τ ∈ ∆(S ×A) ✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✐♥ t❤❡ ❣❛♠❡✳ �

✺ ❚❤❡ ❘❡❧❛t✐♦♥ ✇✐t❤ ●❛♠❡s ✇✐t❤ ❋✐♥✐t❡❧② ▼❛♥② P❧❛②❡rs

▼❛✐♥ ♣♦✐♥t ♦❢ ❝r✐t✐❝✐s♠ ♦❢ ❛♥♦♥②♠♦✉s ❣❛♠❡s ✐♥ ❣❡♥❡r❛❧ ✐s t❤❛t t❤❡ ❧✐♠✐t✐♥❣
s✐t✉❛t✐♦♥ ✇✐t❤ ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ ♣❧❛②❡rs ❞♦❡s ♥♦t ❡①✐st ✐♥ r❡❛❧✐t②✱ ❛♥❞
t❤✉s ✐t ✐s ♥♦t s✉r❡ t❤❛t t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❢♦r ❛ ❝♦♥t✐♥✉✉♠ ♦❢ ♣❧❛②❡rs ❛r❡
r❡❧❡✈❛♥t ❢♦r t❤❡ r❡❛❧✲❧✐❢❡ ♦♥❡s✱ ✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ♣❧❛②❡rs ✐s ✜♥✐t❡✱ ❜✉t ❧❛r❣❡✳
■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r❡s❡♥t s♦♠❡ r❡s✉❧ts ❝♦♥♥❡❝t✐♥❣ t❤❡ ❛♥♦♥②♠♦✉s ❣❛♠❡ ♠♦❞❡❧s
❢r♦♠ ♣r❡✈✐♦✉s s❡❝t✐♦♥s ✇✐t❤ s✐♠✐❧❛r ♠♦❞❡❧s ✇✐t❤ ✜♥✐t❡❧② ♠❛♥② ♣❧❛②❡rs✳ ■♥ t❤❡s❡
r❡s✉❧ts ✇❡ ✇✐❧❧✱ ✐♥ ❛❞❞✐t✐♦♥✱ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❛ss✉♠♣t✐♦♥s✳

✭❆❚✶✮ Q(·|a, s, τ) = Q(·|a, s) ❢♦r ❛❧❧ τ ∈ ∆(S × A) ❛♥❞ A(·, µ) = A(·) ❢♦r ❛❧❧
µ ∈ ∆(S)✳

✭❆❚✷✮ ❋♦r ❛♥② f ∈ U ❛♥❞ τ ∈ ∆(S×A) t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ ♦❢ ✐♥❞✐✈✐❞✉❛❧ st❛t❡s
♦❢ ❛♥ ✐♥❞✐✈✐❞✉❛❧ ✉s✐♥❣ f ✇❤❡♥ t❤❡ st❛t❡✲❛❝t✐♦♥ ❞✐str✐❜✉t✐♦♥ ♦❢ ❛❧❧ t❤❡
♦t❤❡r ♣❧❛②❡rs ✐s τ ✐s ❛♣❡r✐♦❞✐❝✳
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❚❤❡ ❛ss✉♠♣t✐♦♥s s✐♠✐❧✐❛r t♦ ✭❆❚✶✮ ❛♣♣❡❛r ❛❧s♦ ✐♥ ❛ r❡❝❡♥t ♣❛♣❡r ❬✸✾❪ ♦♥
st♦❝❤❛st✐❝ ❣❛♠❡s ✇✐t❤ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ♣❧❛②❡rs ❛♥❞ ❛✈❡r❛❣❡ r❡✇❛r❞✳ ❚❤❡②
❛r❡ ❛❧s♦ ✉s❡❞ ✐♥ s♦♠❡ ♣❛♣❡rs ♦♥ ▼❛r❦♦✈ ❡✈♦❧✉t✐♦♥❛r② ❣❛♠❡s ❬✷✾✱✸✵❪ ❛♥❞ ✐♥
❛ r❡❝❡♥t ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❛♥♦♥②♠♦✉s s❡q✉❡♥t✐❛❧ ❣❛♠❡s t♦ ♠♦❞❡❧ ♣♦✇❡r ❝♦♥tr♦❧
♣r♦❜❧❡♠ ✐♥ ❛ ✇✐r❡❧❡ss ♥❡t✇♦r❦ ❬✷✼❪✳ ■t ❛❧❧♦✇s t♦ ❞❡❝♦✉♣❧❡ t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥s
♦❢ ✐♥❞✐✈✐❞✉❛❧ st❛t❡s ❢♦r ❡❛❝❤ ♦❢ t❤❡ ♣❧❛②❡rs ✭s♦ t❤❛t t❤❡ ❞❡♣❡♥❞❡♥❝❡ ❜❡t✇❡❡♥
❞✐✛❡r❡♥t ♣❧❛②❡rs ✐s ♦♥❧② t❤r♦✉❣❤ r❡✇❛r❞s✮ ✕ t❤✐s ❞❡❝♦✉♣❧✐♥❣ ✐s ❝r✉❝✐❛❧ ✐♥ ♦✉r
♣r♦♦❢s ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❣❛♠❡s ✇✐t❤ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ♣❧❛②❡rs t♦ r❡s♣❡❝t✐✈❡
❛♥♦♥②♠♦✉s ♠♦❞❡❧s✳ ■♠♣♦rt❛♥t❧② t❤♦✉❣❤✱ ✐♥ ♠♦st ❡♥❣✐♥❡❡r✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s ✐♥✲
❞✐✈✐❞✉❛❧ st❛t❡ ♦❢ ❛ ♣❧❛②❡r ✐s ❡✐t❤❡r ❤✐s ❡♥❡r❣② ✭♦r s♦♠❡ ♦t❤❡r ♣r✐✈❛t❡ r❡s♦✉r❝❡✮
❧❡✈❡❧ ♦r ❤✐s ❣❡♦❣r❛♣❤✐❝❛❧ ♣♦s✐t✐♦♥✳ ■♥ ❜♦t❤ ❝❛s❡s ❛ss✉♠♣t✐♦♥ ✭❆❚✶✮ ✐s ♥❛t✉r❛❧❧②
s❛t✐s✜❡❞✳

❲❡ ✇✐❧❧ ♥❡❡❞ t♦ ❞❡✜♥❡ s♦♠❡ ❛❞❞✐t✐♦♥❛❧ ♥♦t❛t✐♦♥✳

✕ ❲❡ s❛② t❤❛t ❛♥ n✲♣❡rs♦♥ st♦❝❤❛st✐❝ ❣❛♠❡ ✐s t❤❡ n✲♣❡rs♦♥ ❝♦✉♥t❡r♣❛rt ♦❢
❛♥ ❛♥♦♥②♠♦✉s ❣❛♠❡ ✐❢ ✐t ✐s ❞❡✜♥❡❞ ✇✐t❤ t❤❡ s❛♠❡ ♦❜❥❡❝ts S✱ A✱ u ❛♥❞ Q✱
✇✐t❤ t❤❡ ❞✐✛❡r❡♥❝❡ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ♣❧❛②❡rs ✐s n ❛♥❞ ✐♥ ❝♦♥s❡q✉❡♥❝❡ t❤❡
❣❧♦❜❛❧ st❛t❡s ❛♥❞ st❛t❡✲❛❝t✐♦♥ ❞✐str✐❜✉t✐♦♥s ❛r❡ ❞❡✜♥❡❞ ♦♥ s✉❜s❡ts ♦❢ ∆(S)
❛♥❞ ∆(S ×A)✱

∆n(S) := {µ ∈ ∆(S) : µs =
ks
n
, ks ∈ N, ❢♦r ❛❧❧ s ∈ S},

∆n(S ×A) := {τ ∈ ∆(S ×A) :
∑

a∈A

τsa =
ks
n
, ks ∈ N, ❢♦r ❛❧❧ s ∈ S}.

✕ ❲❡ ✇✐❧❧ ❝♦♥s✐❞❡r ❛ ✇✐❞❡r s❡t ♦❢ ♣♦ss✐❜❧❡ ♣♦❧✐❝✐❡s ✐♥ t❤❡ ❣❛♠❡✳ ◆❛♠❡❧②✱ ✇❡
✇✐❧❧ ❝♦♥s✐❞❡r ❛ s✐t✉❛t✐♦♥ ✇❤❡♥ ❡❛❝❤ ♣❧❛②❡r ✉s❡s ❛ st❛t✐♦♥❛r② ♣♦❧✐❝② ♦✈❡r
t❤❡ ✇❤♦❧❡ ❣❛♠❡✱ ❜✉t t❤✐s ♣♦❧✐❝② ✐s ❝❤♦s❡♥ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ♣❧❛②
❛❝❝♦r❞✐♥❣ t♦ s♦♠❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥✳ ❚❤✐s ♠❡❛♥s t❤❛t ❛♥② ♣r♦❜❛❜✐❧✐t②
❞✐str✐❜✉t✐♦♥ ❢r♦♠ ∆(U) ✇✐❧❧ ❜❡ ❛ ♣♦❧✐❝② ✐♥ t❤❡ ❣❛♠❡✳

✕ ❲❡ ✇✐❧❧ ❝♦♥s✐❞❡r ❛ ❞✐✛❡r❡♥t ✭✐✳❡✳ st❛♥❞❛r❞✮ ❞❡✜♥✐t✐♦♥ ♦❢ ♣♦❧✐❝✐❡s ❛♥❞ ❡q✉✐✲
❧✐❜r✐✉♠ ✐♥ t❤❡ ❛✈❡r❛❣❡✲r❡✇❛r❞ ❣❛♠❡✳ ❲❡ ✇✐❧❧ s❛② t❤❛t ♣♦❧✐❝✐❡s (f1, . . . , fn)
❢♦r♠ ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ✐♥ t❤❡ ❛✈❡r❛❣❡✲r❡✇❛r❞ n✲♣❡rs♦♥ ❣❛♠❡ ✐❢ ❢♦r ❛♥②
♣❧❛②❡r i ❛♥❞ ❛♥② ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❣❧♦❜❛❧ st❛t❡ µ1✱

J i(µ1, f1, . . . , f i, . . . , fn) ≥ J i(µ1, f1, . . . , gi, . . . , fn)

❢♦r ❛♥② ♦t❤❡r ♣♦❧✐❝② gi✳ ■❢ t❤✐s ✐♥❡q✉❛❧✐t② ❤♦❧❞s ✉♣ t♦ s♦♠❡ ε✱ ✇❡ s❛② t❤❛t
(f1, . . . , fn) ❛r❡ ✐♥ ε✲❡q✉✐❧✐❜r✐✉♠✳ ❋♦r ❜♦t❤ ♠♦❞❡❧s ✭✇✐t❤ ❛✈❡r❛❣❡ ❛♥❞ t♦t❛❧
r❡✇❛r❞✮ ✇❡ ✇✐❧❧ ❛❧s♦ ❝♦♥s✐❞❡r t❤❡ ♥♦t✐♦♥ ♦❢ ❡q✉✐❧✐❜r✐✉♠ ❞❡✜♥❡❞ ❛s ❢♦r t❤❡
❛♥♦♥②♠♦✉s ❣❛♠❡ ✕ ✇❡ ✇✐❧❧ ❝❛❧❧ ✐t t❤❡♥ ❛ ✇❡❛❦ ❡q✉✐❧✐❜r✐✉♠ ✭❛♥❞ ❛♥❛❧♦❣♦✉s❧②
❞❡✜♥❡ ✇❡❛❦ ε✲❡q✉✐❧✐❜r✐✉♠✮✳

◆♦✇ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ r❡s✉❧ts✿

❚❤❡♦r❡♠ ✸ ❙✉♣♣♦s❡ (f, µ) ✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✐♥ ❡✐t❤❡r ❛♥ ❛✈❡r❛❣❡ r❡✇❛r❞
❛♥♦♥②♠♦✉s ❣❛♠❡ s❛t✐s❢②✐♥❣ ✭❆✶✮ ❛♥❞ ✭❆❚✶✮ ♦r ❛ t♦t❛❧ r❡✇❛r❞ ❛♥♦♥②♠♦✉s
❣❛♠❡ s❛t✐s❢②✐♥❣ ✭❚✶✮ ❛♥❞ ✭❆❚✶✮✳ ❚❤❡♥ ❢♦r ❡✈❡r② ε > 0 t❤❡r❡ ❡①✐sts ❛♥ nε s✉❝❤
t❤❛t ❢♦r ❡✈❡r② n ≥ nε (f, µ) ✐s ❛ ✇❡❛❦ ❡q✉✐❧✐❜r✐✉♠ ✐♥ t❤❡ n✲♣❡rs♦♥ ❝♦✉♥t❡r♣❛rt
♦❢ t❤✐s ❛♥♦♥②♠♦✉s ❣❛♠❡✳



✶✺

❆ str♦♥❣❡r r❡s✉❧t ✐s tr✉❡ ❢♦r t❤❡ ❛✈❡r❛❣❡ r❡✇❛r❞ ❣❛♠❡✿

❚❤❡♦r❡♠ ✹ ❋♦r ❡✈❡r② ε > 0 t❤❡r❡ ❡①✐sts ❛♥ nε s✉❝❤ t❤❛t ❢♦r ❡✈❡r② n ≥ nε
t❤❡ n✲♣❡rs♦♥ ❝♦✉♥t❡r♣❛rt ♦❢ t❤❡ ❛✈❡r❛❣❡✲r❡✇❛r❞ ❛♥♦♥②♠♦✉s ❣❛♠❡ s❛t✐s❢②✐♥❣
✭❆✶✮✱ ✭❆❚✶✮ ❛♥❞ ✭❆❚✷✮ ❤❛s ❛ s②♠♠❡tr✐❝ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ (πn, . . . , πn)✱ ✇❤❡r❡
πn ∈ ∆(U)✳ ▼♦r❡♦✈❡r ✐❢ (f, µ) ✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✐♥ t❤❡ ❛♥♦♥②♠♦✉s ❣❛♠❡✱ t❤❡♥
πn ✐s ♦❢ t❤❡ ❢♦r♠✿

πn(s) =
∑

l

µ∗
l δ[f

n
l (s)],

✇❤❡r❡ fnl (s) =

{

f(s) ✐❢ s 6∈ Sl
f(s) ✐❢ s ∈ Sl

, f ✐s t❤❡ ❝♦♠♠✉♥✐❝❛t✐♥❣ ♣♦❧✐❝② ✐♥❞✉❝❡❞ ❜②

t❤❡ ❛ss✉♠♣t✐♦♥ ✭❆✶✮✽✱ Sl ❛r❡ ❡r❣♦❞✐❝ ❝❧❛ss❡s ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧ st❛t❡ ♣r♦❝❡ss ♦❢
❛ ♣❧❛②❡r ✇❤❡♥ ❤❡ ❛♣♣❧✐❡s ♣♦❧✐❝② f ❛♥❞ µ∗ ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ♦♥ t❤❡s❡
❡r❣♦❞✐❝ ❝❧❛ss❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ♠❡❛s✉r❡ µ ♦✈❡r S✾✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✿ ▲❡t J l(µ, g, f) ❞❡♥♦t❡ t❤❡ r❡✇❛r❞ ✐♥ t❤❡ n✲♣❡rs♦♥
❝♦✉♥t❡r♣❛rt ♦❢ t❤❡ ❣✐✈❡♥ ❛✈❡r❛❣❡✲r❡✇❛r❞ ❛♥♦♥②♠♦✉s ❣❛♠❡ ❢♦r ❛ ♣❧❛②❡r ✉s✐♥❣
st❛t✐♦♥❛r② str❛t❡❣② g ❛❣❛✐♥st f ♦❢ ❛❧❧ t❤❡ ♦t❤❡rs ✇❤❡♥ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢
✐♥❞✐✈✐❞✉❛❧ st❛t❡s ✐s µ✳

Jn(µ, g, f) = lim
T→∞

1

T
Eg,f,µ,Q

T
∑

t=1

u(st, g(xt), τ
t)

= Ef,µ,Q
∑

x,a

σxa(g)m
n
f (τ)u(x, a, τ),

✇❤❡r❡ σ(g) ✐s t❤❡ ♦❝❝✉♣❛t✐♦♥ ♠❡❛s✉r❡ ♦❢ t❤❡ ♣r♦❝❡ss ♦❢ ✐♥❞✐✈✐❞✉❛❧ st❛t❡s ♦❢ t❤❡
♣❧❛②❡r ✉s✐♥❣ ♣♦❧✐❝② g ❛♥❞ mn

f ✐s ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ♦✈❡r t❤❡ s❡t ∆(S × A)
❞❡♥♦t✐♥❣ t❤❡ ❢r❡q✉❡♥❝② ♦❢ t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ ❞✐✛❡r❡♥t st❛t❡✲❛❝t✐♦♥ ♠❡❛s✉r❡s ♦❢
❛❧❧ t❤❡ ♣❧❛②❡rs ♦✈❡r t❤❡ ❝♦✉rs❡ ♦❢ t❤❡ ❣❛♠❡✳ ◆♦t❡ ❢✉rt❤❡r t❤❛t σ(g) ✐s ✉♥❞❡r
✭❆❚✶✮ ✐♥❞❡♣❡♥❞❡♥t ♦❢ n ❛♥❞ t❤❡ s❛♠❡ ❛s ✐♥ t❤❡ ❧✐♠✐t✐♥❣ ✭❛♥♦♥②♠♦✉s ❣❛♠❡✮
❝❛s❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ mn

f ❝♦♥✈❡r❣❡s ✇❡❛❦❧② ❛s n ❣♦❡s t♦ ✐♥✜♥✐t② t♦ t❤❡
✐♥✈❛r✐❛♥t ♠❡❛s✉r❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♣♦❧✐❝② f ❛♥❞ t❤❡ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ µ✳
❚❤✉s

Jn(µ, g, f) →n→∞ J(µ, g, f)

❢♦r ❛♥② st❛t✐♦♥❛r② str❛t❡❣② g✳ ❚❤❡ t❤❡s✐s ♦❢ t❤❡ t❤❡♦r❡♠ ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧②✳
❚♦ ♣r♦✈❡ t❤❡ t♦t❛❧ r❡✇❛r❞ ❝❛s❡ ✇❡ ✜rst ♥❡❡❞ t♦ ✇r✐t❡ t❤❡ r❡✇❛r❞ ✐♥ t❤❡

n✲♣❡rs♦♥ ❝♦✉♥t❡r♣❛rt ♦❢ t❤❡ ❣✐✈❡♥ t♦t❛❧ r❡✇❛r❞ ❛♥♦♥②♠♦✉s ❣❛♠❡ ❢♦r ❛ ♣❧❛②❡r
✉s✐♥❣ st❛t✐♦♥❛r② str❛t❡❣② g ❛❣❛✐♥st f ♦❢ ❛❧❧ t❤❡ ♦t❤❡rs ✇❤❡♥ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥
♦❢ st❛t❡s ✐s µ✳

J
n
(µ, g, f) = Eg,f,µ,Q

T
∑

t=1

u(st, g(xt), τ
t).

✽ ❍❡r❡ ✐t ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ τ ❜② ✭❆❚✶✮✳
✾ ◆♦t❡ t❤❛t ❛ ♠❡❛s✉r❡ ♦✈❡r t❤❡ s❡t ♦❢ st❛t❡s ♦❢ ❛♥ ❛♣❡r✐♦❞✐❝ ▼❛r❦♦✈ ♣r♦❝❡ss ❝❛♥ ❜❡

✐♥✈❛r✐❛♥t ♦♥❧② ✐❢ ✐t ✐s ❛ ❝♦♥✈❡① ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ✉♥✐q✉❡ ✐♥✈❛r✐❛♥t ♠❡❛s✉r❡s ♦♥ ❡❛❝❤ ♦❢ t❤❡
❡r❣♦❞✐❝ ❝❧❛ss❡s✳ ❚❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤✐s ❝♦♥✈❡① ❝♦♠❜✐♥❛t✐♦♥ ❛r❡ ❡①❛❝t❧② t❤❡ µ∗

l
✳



✶✻

✇✐t❤ s1 ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ Q(·|s0, a0) ✭r❡❝❛❧❧ t❤❛t ❜② ✭❆❚✶✮ t❤✐s ❞✐str✐✲
❜✉t✐♦♥ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❣❧♦❜❛❧ st❛t❡✲❛❝t✐♦♥ ❞✐str✐❜✉t✐♦♥ τ✮✳ ❚❤✐s ❜② t❤❡
r❡♥❡✇❛❧ t❤❡♦r❡♠ ❡q✉❛❧s

Eg,µ,QT (g)
∑

x,a

σxa(g)m
n
f (τ)u(x, a, τ),

✇❤❡r❡ σ(g) ✐s t❤❡ ♦❝❝✉♣❛t✐♦♥ ♠❡❛s✉r❡ ♦❢ t❤❡ ♣r♦❝❡ss ♦❢ ✐♥❞✐✈✐❞✉❛❧ st❛t❡s ♦❢ t❤❡
♣❧❛②❡r ✉s✐♥❣ ♣♦❧✐❝② g ❛♥❞ mn

f ✐s ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ♦✈❡r t❤❡ s❡t ∆(S × A)
❞❡♥♦t✐♥❣ t❤❡ ❢r❡q✉❡♥❝② ♦❢ t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ ❞✐✛❡r❡♥t st❛t❡✲❛❝t✐♦♥ ♠❡❛s✉r❡s ♦❢
❛❧❧ t❤❡ ♣❧❛②❡rs ♦✈❡r t❤❡ ❝♦✉rs❡ ♦❢ t❤❡ ❣❛♠❡✳ ❇✉t ❜♦t❤ σ(g) ❛♥❞ Eg,µ,QT (g) ❛r❡
✉♥❞❡r ✭❆❚✶✮ ✐♥❞❡♣❡♥❞❡♥t ♦❢ n ❛♥❞ t❤❡ s❛♠❡ ❛s ✐♥ t❤❡ ❧✐♠✐t✐♥❣ ✭❛♥♦♥②♠♦✉s
❣❛♠❡✮ ❝❛s❡✱ ✇❤✐❧❡mn

f ❝♦♥✈❡r❣❡s ✇❡❛❦❧② t♦ t❤❡ ✐♥✈❛r✐❛♥t ♠❡❛s✉r❡ ❝♦rr❡s♣♦♥❞✐♥❣
t♦ t❤❡ ♣♦❧✐❝② f ❛♥❞ t❤❡ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ µ ❛s n → ∞✳ ❚❤❡ t❤❡s✐s ♦❢ t❤❡
t❤❡♦r❡♠ ✐s ♥♦✇ ♦❜t❛✐♥❡❞ ❛s ✐♥ t❤❡ ❛✈❡r❛❣❡ r❡✇❛r❞ ❝❛s❡✳ �

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✿ ❋✐① ε > 0 ❛♥❞ t❛❦❡ nε s✉❝❤ t❤❛t ❢♦r ❡✈❡r② n ≥ nε
(f, . . . , f) ✐s ❛ ✇❡❛❦ ε✲❡q✉✐❧✐❜r✐✉♠ ✐♥ t❤❡ n✲♣❡rs♦♥ ❝♦✉♥t❡r♣❛rt ♦❢ t❤❡ ❛✈❡r❛❣❡✲
r❡✇❛r❞ ❣❛♠❡✳ ◆❡①t ♥♦t❡ t❤❛t ❢♦r ❡✈❡r② n ∈ N t❤❡ ♣r♦❝❡ss ♦❢ ✐♥❞✐✈✐❞✉❛❧ st❛t❡s
♦❢ ❡❛❝❤ ♦❢ t❤❡ ♣❧❛②❡rs ✉s✐♥❣ ♣♦❧✐❝② πn ❤❛s ❛ ✉♥✐q✉❡ ✐♥✈❛r✐❛♥t ♠❡❛s✉r❡ µ✳ ❙✐♥❝❡
❜② ✭❆❚✷✮ t❤❡ ♣r♦❝❡ss ♦❢ ✐♥❞✐✈✐❞✉❛❧ st❛t❡s ✐s ❛♣❡r✐♦❞✐❝✱ ✐t ✇✐❧❧ ❝♦♥✈❡r❣❡ t♦ t❤✐s
✐♥✈❛r✐❛♥t ♠❡❛s✉r❡ ❛♥❞✱ ❝♦♥s❡q✉❡♥t❧②✱ t❤❡ r❡✇❛r❞ ❢♦r ❛ ♣❧❛②❡r ✉s✐♥❣ ♣♦❧✐❝② f
❛❣❛✐♥st f ♦❢ ❛❧❧ t❤❡ ♦t❤❡rs ✇✐❧❧ ❜❡ ❡q✉❛❧ t♦ J(µ, f, f) ❢♦r ❛♥② ✐♥✐t✐❛❧ st❛t❡ ❞✐str✐✲
❜✉t✐♦♥✳ ❍♦✇❡✈❡r✱ s✐♥❝❡ ✐♥ ❛ ✇❡❛❦❧② ❝♦♠♠✉♥✐❝❛t✐♥❣ ▼❛r❦♦✈ ❞❡❝✐s✐♦♥ ♣r♦❝❡ss t❤❡
♦♣t✐♠❛❧ ❣❛✐♥ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤✐s ❞✐str✐❜✉t✐♦♥ ❛♥❞ s✐♥❝❡ (f, . . . , f) ✐s ❛ ✇❡❛❦
ε✲❡q✉✐❧✐❜r✐✉♠ ✐♥ t❤❡ n✲♣❡rs♦♥ ❣❛♠❡ ❢♦r n ≥ nε✱ ✐t ✐s ❛❧s♦ ❛ ◆❛s❤ ε✲❡q✉✐❧✐❜r✐✉♠
✐♥ t❤❡ n✲♣❡rs♦♥ ❣❛♠❡✳ �

✻ ❆♣♣❧✐❝❛t✐♦♥✿ ▼❡❞✐✉♠ ❆❝❝❡ss ●❛♠❡

■♥ t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ♣❛♣❡r ✇❡ ♣r❡s❡♥t t✇♦ s✐♠♣❧❡ ❡①❛♠♣❧❡s ♦❢ ❛♣♣❧✐❝❛t✐♦♥
♦❢ ♦✉r ❢r❛♠❡✇♦r❦ t♦ ♠♦❞❡❧ s♦♠❡ r❡❛❧✲❧✐❢❡ ♣❤❡♥♦♠❡♥❛✳

✻✳✶ ❚❤❡ ▼♦❞❡❧

❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ▼❆❈ ✭▼❡❞✐✉♠ ❆❈❝❡ss✮ ❣❛♠❡ ❜❡t✇❡❡♥ ♠♦❜✐❧❡ ♣❤♦♥❡s✳
❚✐♠❡ ✐s s❧♦tt❡❞✳ ❆t ❛♥② ❣✐✈❡♥ t✐♠❡ t✱ ❛ ♠♦❜✐❧❡ ✜♥❞s ✐ts❡❧❢ ❝♦♠♣❡t✐♥❣ ✇✐t❤ Nt
♦t❤❡r ♠♦❜✐❧❡s ❢♦r t❤❡ ❛❝❝❡ss t♦ ❛ ❝❤❛♥♥❡❧✳ Nt ✐s ❛ss✉♠❡❞ t♦ ❤❛✈❡ P♦✐ss♦♥ ❞✐str✐✲
❜✉t✐♦♥ ✇✐t❤ ♣❛r❛♠❡t❡r λ✳ ❲❡ s❤❛❧❧ ❢♦r♠✉❧❛t❡ t❤✐s ❛s ❛ s❡q✉❡♥t✐❛❧ ❛♥♦♥②♠♦✉s
❣❛♠❡ ❛s ❢♦❧❧♦✇s✳

✕ ■♥❞✐✈✐❞✉❛❧ st❛t❡ ❆ ♠♦❜✐❧❡ ❤❛s t❤r❡❡ ♣♦ss✐❜❧❡ st❛t❡s✿ F ✭❢✉❧❧✮ AE ✭❆❧♠♦st
❊♠♣t②✮ ❛♥❞ E ✭❊♠♣t②✮✳

✕ ❆❝t✐♦♥s ❚❤❡r❡ ❛r❡ t✇♦ ❛❝t✐♦♥s✿ tr❛♥s♠✐t ❛t ❤✐❣❤ ♣♦✇❡r H ♦r ❧♦✇ ♣♦✇❡r L✳
❆t st❛t❡ AE ❛ ♠♦❜✐❧❡ ❝❛♥♥♦t tr❛♥s♠✐t ❛t ❤✐❣❤ ♣♦✇❡r✱ ✇❤✐❧❡ ❛t E ✐t ❝❛♥♥♦t
tr❛♥s♠✐t ❛t ❛❧❧✳
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✕ ❚r❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s ❋r♦♠ st❛t❡ AE t❤❡ ♠♦❜✐❧❡ ♠♦✈❡s t♦ st❛t❡ E
✇✐t❤ ♣r♦❜❛❜✐❧✐t② pE ❛♥❞ ♦t❤❡r✇✐s❡ r❡♠❛✐♥s ✐♥ AE✳ ❆t st❛t❡ E t❤❡ ♠♦❜✐❧❡
❤❛s t♦ r❡❝❤❛r❣❡✳ ■t ♠♦✈❡s t♦ st❛t❡ F ❛❢t❡r ♦♥❡ t✐♠❡ ✉♥✐t✳ ❆ ♠♦❜✐❧❡ ✐♥ st❛t❡ F
tr❛♥s♠✐tt✐♥❣ ✇✐t❤ ♣♦✇❡r r ♠♦✈❡s t♦ st❛t❡ AE ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ♣r♦♣♦rt✐♦♥❛❧
t♦ r ❛♥❞ ❣✐✈❡♥ ❜② αr ❢♦r s♦♠❡ ❝♦♥st❛♥t α > 0✳

✕ P❛②♦✛ ❈♦♥s✐❞❡r ❛ ❣✐✈❡♥ ❝❡❧❧✉❧❛r ♣❤♦♥❡ t❤❛t tr❛♥s♠✐ts ❛ ♣❛❝❦❡t✳ ❆ss✉♠❡
t❤❛t x ♦t❤❡r ♣❛❝❦❡ts ❛r❡ tr❛♥s♠✐tt❡❞ ✇✐t❤ ❤✐❣❤ ♣♦✇❡r ❛♥❞ y ✇✐t❤ ❧♦✇ ♣♦✇❡r
t♦ t❤❡ s❛♠❡ ❜❛s❡ st❛t✐♦♥✳ ❆ ♣❛❝❦❡t tr❛♥s♠✐tt❡❞ ✇✐t❤ ❧♦✇ ♣♦✇❡r ✐s r❡❝❡✐✈❡❞
s✉❝❝❡ss❢✉❧❧② ✇✐t❤ s♦♠❡ ♣r♦❜❛❜✐❧✐t② q ✐❢ ✐t ✐s t❤❡ ♦♥❧② ♣❛❝❦❡t tr❛♥s♠✐tt❡❞✱ ✐✳❡✳
y = 0✱ x = 0✳ ❖t❤❡r✇✐s❡ ✐t ✐s ❧♦st✳ ❆ ♣❛❝❦❡t tr❛♥s♠✐tt❡❞ ✇✐t❤ ❤✐❣❤ ♣♦✇❡r
✐s r❡❝❡✐✈❡❞ s✉❝❝❡ss❢✉❧❧② ✇✐t❤ s♦♠❡ ♣r♦❜❛❜✐❧✐t② Q > q ✐❢ ✐t ✐s t❤❡ ♦♥❧② ♣❛❝❦❡t
tr❛♥s♠✐tt❡❞ ❛t ❤✐❣❤ ♣♦✇❡r✱ ✐✳❡✳ x = 0✳ ❚❤❡ ✐♠♠❡❞✐❛t❡ ♣❛②♦✛ ✐s 1 ✐❢ t❤❡
♣❛❝❦❡t ✐s s✉❝❝❡ss❢✉❧❧② tr❛♥s♠✐tt❡❞✳ ■t ✐s ♦t❤❡r✇✐s❡ ③❡r♦✳ ■♥ ❛❞❞✐t✐♦♥ t❤❡r❡
✐s ❛ ❝♦♥st❛♥t ❝♦st c > 0 ❢♦r r❡❝❤❛r❣✐♥❣ t❤❡ ❜❛tt❡r②✳ ❆❣❣r❡❣❛t❡ ✉t✐❧✐t② ❢♦r ❛
♣❧❛②❡r ✐s t❤❡♥ ❝♦♠♣✉t❡❞ ❛s ❧♦♥❣✲t✐♠❡ ❛✈❡r❛❣❡ ♦❢ t❤❡ ♣❡r✲♣❡r✐♦❞ ♣❛②♦✛s✳

❙✉♣♣♦s❡ p ✐s t❤❡ ❢r❛❝t✐♦♥ ♦❢ ♣♦♣✉❧❛t✐♦♥ t❤❛t tr❛♥s♠✐ts ❛t ❤✐❣❤ ♣♦✇❡r ✐♥
st❛t❡ F ✱ ❛♥❞ t❤❛t µF ✱ µAE ❛♥❞ µE ❛r❡ ❢r❛❝t✐♦♥s ♦❢ ♣❧❛②❡rs ✐♥ r❡s♣❡❝t✐✈❡ st❛t❡s✳
❚❤❡♥ ♣r♦❜❛❜✐❧✐t② ♦❢ s✉❝❝❡ss ❢♦r ❛ ♣❧❛②❡r tr❛♥s♠✐tt✐♥❣ ❛t ❤✐❣❤ ♣♦✇❡r ✐s

QP (x = 0) = Q(e−λ +

∞
∑

k=1

λk

k!
e−λ(1− pµF )

k = Qe−λeλ(1−pµF ) = Qe−λpµF ,

✇❤✐❧❡ ♣r♦❜❛❜✐❧✐t② ♦❢ s✉❝❝❡ss ✇❤❡♥ ❛ ♣❧❛②❡r tr❛♥s♠✐ts ❛t ❧♦✇ ♣♦✇❡r ✐s

qP (x+ y = 0) = q(e−λ +

∞
∑

k=1

λk

k!
e−λµkE) = qe−λeλµE = qeλ(µE−1).

❚❤❡s❡ ✈❛❧✉❡s ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ ❛❝t✉❛❧ ♥✉♠❜❡rs ♦❢ ♣❧❛②❡rs ❛♣♣❧②✐♥❣ r❡s♣❡❝t✐✈❡
str❛t❡❣✐❡s ✕ ♦♥❧② ♦♥ ❢r❛❝t✐♦♥s ♦❢ ♣❧❛②❡rs ✐♥ ❡❛❝❤ ♦❢ t❤❡ st❛t❡s ✉s✐♥❣ ❞✐✛❡r❡♥t ❛❝✲
t✐♦♥s✳ ❚❤✉s ✐♥st❡❛❞ ♦❢ ❝♦♥s✐❞❡r✐♥❣ ❛♥ n✲♣❧❛②❡r ❣❛♠❡ ❢♦r ❛♥② ✜①❡❞ n ✐t ✐s r❡❛s♦♥✲
❛❜❧❡ t♦ ❛♣♣❧② t❤❡ ❛♥♦♥②♠♦✉s ❣❛♠❡ ❢♦r♠✉❧❛t✐♦♥ ✇✐t❤ τ = [τF,H , τF,L, τAE,L, τE ]
❞❡♥♦t✐♥❣ t❤❡ ✈❡❝t♦r ♦❢ ❢r❛❝t✐♦♥s ♦❢ ♣❧❛②❡rs ✐♥ r❡s♣❡❝t✐✈❡ st❛t❡s ❛♥❞ ✉s✐♥❣ r❡✲
s♣❡❝t✐✈❡ ❛❝t✐♦♥s✱ ✇✐t❤ ✐♠♠❡❞✐❛t❡ r❡✇❛r❞s

u(s, a, τ) =







Qe−λτF,H , ✇❤❡♥ a = H
qeλ(τE−1), ✇❤❡♥ a = L
−c, ✇❤❡♥ s = E

❛♥❞ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s ❞❡✜♥❡❞ ❜② ♠❛tr✐①

Q(a, τ) =





1− αa αa 0
0 1− pE pE
1 0 0



 .



✶✽

✻✳✷ ❚❤❡ ❙♦❧✉t✐♦♥

❚❤❡ st❛t✐♦♥❛r② st❛t❡ ♦❢ t❤❡ ❝❤❛✐♥ ♦❢ t❤❡ ♣r✐✈❛t❡ st❛t❡s ♦❢ ❛ ♣❧❛②❡r ✉s✐♥❣ ♣♦❧✐❝②
f ♣r❡s❝r✐❜✐♥❣ ❤✐♠ t♦ ✉s❡ ❤✐❣❤ ♣♦✇❡r ✇✐t❤ ♣r♦❜❛❜✐❧✐t② p ✇❤❡♥ ✐♥ st❛t❡ F ✐s

1

α(pH + (1− p)L)(pE + 1) + pE
[pE , α(pH + (1− p)L), pEα(pH + (1− p)L)] .

❚❤✉s ❝♦♠♣✉t❛t✐♦♥s ②✐❡❧❞ t❤❛t ❤✐s r❡s♣❡❝t❡❞ ❧♦♥❣✲r✉♥ ❛✈❡r❛❣❡ r❡✇❛r❞ ✐s ♦❢ t❤❡
❢♦r♠

Ap+B

Cp+D
✇✐t❤

A = pEQe
−λτF,H + ((H − L)α− pE)qe

λ(τE−1) − cαpE(H − L),

B = (Lα+ pE)qe
λ(τE−1) − cαpEL,

C = α(H − L)(pE + 1),

D = αL(pe + 1) + pE .

■t ❝❛♥ ❜❡ ❡✐t❤❡r ❛ str✐❝t❧② ✐♥❝r❡❛s✐♥❣✱ ❛ ❝♦♥st❛♥t ♦r ❛ str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥
♦❢ p✱ ❞❡♣❡♥❞✐♥❣ ♦♥ ✇❤❡t❤❡r AD > BC✱ AD = BC ♦r AD < BC✱ ❛♥❞ t❤✉s t❤❡
❜❡st r❡s♣♦♥s❡ ♦❢ ❛ ♣❧❛②❡r ❛❣❛✐♥st t❤❡ ❛❣❣r❡❣❛t❡❞ st❛t❡✲❛❝t✐♦♥ ✈❡❝t♦r τ ✐s p = 1
✇❤❡♥ AD > BC✱ ❛♥② p ∈ [0, 1] ✇❤❡♥ AD = BC ♦r p = 0 ✇❤❡♥ AD < BC✳
❚❤✐s ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❝❧✉s✐♦♥✿ s✐♥❝❡ ❜② ❚❤❡♦r❡♠ ✶ t❤✐s ❛♥♦♥②♠♦✉s
❣❛♠❡ ❤❛s ❛♥ ❡q✉✐❧✐❜r✐✉♠✱ ♦♥❡ ♦❢ t❤❡ t❤r❡❡ ❢♦❧❧♦✇✐♥❣ ❝❛s❡s ♠✉st ❤♦❧❞✿

✭❛✮ ■❢
[

pEQe
−

λpE
αH(pE+1)+pE + ((H − L)α− pE)qe

−
λ(αH+pE)

αH(pE+1)+pE − aαpE(H − L)

]

[αL(pE + 1) + pE ] >

[

(Lα+ pE)qe
−

λ(αH+pE)

αH(pE+1)+pE − cαLpE

]

[α(H − L)(pE + 1)]

t❤❡♥ ❛❧❧ t❤❡ ♣❧❛②❡rs ✉s❡ ❤✐❣❤ ♣♦✇❡r ✐♥ st❛t❡ F ❛t ❡q✉✐❧✐❜r✐✉♠✳
✭❜✮ ■❢

[

pEQe
−

λpE
αL(pE+1)+pE + ((H − L)α− pE)qe

−
λ(αL+pE)

αL(pE+1)+pE − aαpE(H − L)

]

[αL(pE + 1) + pE ] <

[

(Lα+ pE)qe
−

λ(αL+pE)

αL(pE+1)+pE − cαLpE

]

[α(H − L)(pE + 1)]

t❤❡♥ ❛❧❧ t❤❡ ♣❧❛②❡rs ✉s❡ ❧♦✇ ♣♦✇❡r ✐♥ st❛t❡ F ❛t ❡q✉✐❧✐❜r✐✉♠✳
✭❝✮ ■❢ ♥♦♥❡ ♦❢ t❤❡ ❛❜♦✈❡ ✐♥❡q✉❛❧✐t✐❡s ❤♦❧❞s t❤❛♥ ✇❡ ♥❡❡❞ t♦ ✜♥❞ p∗ s❛t✐s❢②✐♥❣

[

pEQe
−λτF,H + ((H − L)α− pE)qe

λ(τE−1) − cαpE(H − L)
]

[αL(pe + 1) + pE ]

=
[

(Lα+ pE)qe
λ(τE−1) − cαpEL

]

[α(H − L)(pE + 1)]

✇✐t❤ τF,H = p∗pE
α(p∗H+(1−p∗)L)(pE+1)+pE

❛♥❞ τE = α(p∗H+(1−p∗)L)pE
α(p∗H+(1−p∗)L)(pE+1)+pE

✳

❚❤❡♥ ❛❧❧ t❤❡ ♣❧❛②❡rs ✉s❡ ♣♦❧✐❝② ♣r❡s❝r✐❜✐♥❣ t♦ ✉s❡ ❤✐❣❤ ♣♦✇❡r ✇✐t❤ ♣r♦❜❛✲
❜✐❧✐t② p∗ ✐♥ st❛t❡ F ❛t ❡q✉✐❧✐❜r✐✉♠✳



✶✾

❘❡♠❛r❦ ✸ ■t ✐s ✇♦rt❤ ♥♦t✐♥❣ ❤❡r❡ t❤❛t s♦♠❡ ❣❡♥❡r❛❧✐③❛t✐♦♥s ♦❢ t❤❡ ♠♦❞❡❧ ♣r❡✲
s❡♥t❡❞ ❛❜♦✈❡ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞✳ ❲❡ ❝❛♥ ❛ss✉♠❡ t❤❛t t❤❡r❡ ❛r❡ ♠♦r❡ ❡♥❡r❣②
❧❡✈❡❧s ❛♥❞ ♠♦r❡ ♣♦✇❡rs ❛t ✇❤✐❝❤ ♣❧❛②❡rs ❝♦✉❧❞ tr❛♥s♠✐t ✐♥ ♦✉r ❣❛♠❡ ✭s✐♠✐❧✲
✐❛r❧② ❛s ✐♥ ❬✷✼❪✮✳ ❲❡ ❝❛♥ ❛❧s♦ ❛ss✉♠❡ t❤❛t t❤❡ ♣❧❛②❡rs ❞♦ ♥♦t ❛❧✇❛②s tr❛♥s♠✐t✱
♦♥❧② ✇✐t❤ s♦♠❡ ♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t② ✭t❤❡♥ t❤❡ ✐♥❞✐✈✐❞✉❛❧ st❛t❡ ❜❡❝♦♠❡s t✇♦✲
❞✐♠❡♥s✐♦♥❛❧✱ ❝♦♥s✐st✐♥❣ ♦❢ ♣❧❛②❡r✬s ❡♥❡r❣② st❛t❡ ❛♥❞ ❛♥ ✐♥❞✐❝❛t♦r ♦❢ ✇❤❡t❤❡r
❤❡ ❤❛s s♦♠❡t❤✐♥❣ t♦ tr❛♥s♠✐t ♦r ♥♦t✮✳ ❇♦t❤ t❤❡s❡ ❣❡♥❡r❛❧✐③❛t✐♦♥s ❛r❡ tr❛❝t❛❜❧❡
✇✐t❤✐♥ ♦✉r ❢r❛♠❡✇♦r❦✱ t❤♦✉❣❤ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ❜❡❝♦♠❡ ♠♦r❡ ✐♥✈♦❧✈❡❞✳

✼ ❚❤❡ ❈❛s❡ ♦❢ ▲✐♥❡❛r ❯t✐❧✐t②✿ ▼❛✐♥t❡♥❛♥❝❡✲❘❡♣❛✐r ❊①❛♠♣❧❡

✼✳✶ ●❡♥❡r❛❧ ▲✐♥❡❛r ❋r❛♠❡✇♦r❦

■♥ t❤❡ ♥❡①t ❡①❛♠♣❧❡ ✇❡ ❝♦♥s✐❞❡r ❛ ❣❛♠❡ s❛t✐s❢②✐♥❣ s♦♠❡ ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣✲
t✐♦♥s✳ ▲❡t K = (S×A)✳ ▲❡t u(τ) ❜❡ ❛ ❝♦❧✉♠♥ ✈❡❝t♦r ✇❤♦s❡ ❡♥tr✐❡s ❛r❡ u(k, τ)✳
❲❡ ❝♦♥s✐❞❡r ♥♦✇ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ t❤❛t u(k, τ) ✐s ❧✐♥❡❛r ✐♥ τ ✳

❊q✉✐✈❛❧❡♥t❧②✱ t❤❡r❡ ❛r❡ s♦♠❡ ✈❡❝t♦r u1 ♦✈❡rK ❛♥❞ ❛ ♠❛tr✐① u
2 ♦❢ ❞✐♠❡♥s✐♦♥

|K| × |K| s✉❝❤ t❤❛t
u(τ) = u

1 + u
2τ

❙✐♠✐❧❛r❧②✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s ❛r❡ ❧✐♥❡❛r ✐♥ τ ✳ ❚❤❡♥
t❤❡ ❣❛♠❡ ❜❡❝♦♠❡s ❡q✉✐✈❛❧❡♥t t♦ s♦❧✈✐♥❣ ❛ s②♠♠❡tr✐❝ ❜✐❧✐♥❡❛r ❣❛♠❡✱ t❤❛t ♦❢
✜♥❞✐♥❣ ❛ ✜①❡❞ ♣♦✐♥t ♦❢ ✭✷✮✲✭✸✮✳ ▲✐♥❡❛r ❝♦♠♣❧❡♠❡♥t❛r✐t② ❢♦r♠✉❧❛t✐♦♥ ❝❛♥ ❜❡
✉s❡❞ ❛♥❞ s♦❧✈❡❞ ✉s✐♥❣ ▲❡♠❦❡✬s ❛❧❣♦r✐t❤♠✳ ❋r♦♠ t❤❡ s♦❧✉t✐♦♥ τ ✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠
(f, τS) ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ✇✐t❤ ❛ ❤❡❧♣ ♦❢ ❡q✉❛t✐♦♥ ✭✹✮✳

✼✳✷ ▼❛✐♥t❡♥❛♥❝❡✲❘❡♣❛✐r ●❛♠❡✿ ❚❤❡ ▼♦❞❡❧

❚❤❡ ♠❛✐♥t❡♥❡♥❝❡✲r❡♣❛✐r ❡①❛♠♣❧❡ ♣r❡s❡♥t❡❞ ❜❡❧♦✇ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ t♦② ♠♦❞❡❧✳
■ts ♠❛✐♥ ♣✉r♣♦s❡ t❤♦✉❣❤ ✐s t♦ s❤♦✇ ❤♦✇ t❤❡ ❛❜♦✈❡♠❡♥t✐♦♥❡❞ ♠❡t❤♦❞ ❝❛♥ ❜❡
✉s❡❞ ✐♥ ❛ ❝♦♥❝r❡t❡ ❣❛♠❡ s❛t✐s❢②✐♥❣ t❤❡ ❧✐♥❡❛r✐t② ❝♦♥❞✐t✐♦♥s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✳

❊❛❝❤ ❝❛r ❛♠♦♥❣ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❝❛rs ✐s s✉♣♣♦s❡❞ t♦ ❞r✐✈❡ ♦♥❡ ✉♥✐t ♦❢
❞✐st❛♥❝❡ ♣❡r ❞❛②✳ ❆ ❝❛r ✐s ✐♥ ♦♥❡ ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧ st❛t❡s ❣♦♦❞ ✭g✮ ❛♥❞ ❜❛❞
✭b✮✳ ❲❤❡♥ ❛ ❝❛r ✐s ✐♥ ❛ ❜❛❞ st❛t❡ t❤❡♥ ✐t ❤❛s t♦ ❣♦ t❤r♦✉❣❤ s♦♠❡ ♠❛✐♥t❡♥❛♥❝❡
❛♥❞ r❡♣❛✐r ❛❝t✐♦♥s ❛♥❞ ❝❛♥♥♦t ❞r✐✈❡ ❢♦r s♦♠❡ ✭❣❡♦♠❡tr✐❝❛❧❧② ❞✐str✐❜✉t❡❞✮ t✐♠❡✳

❆ s✐♥❣❧❡ ❞r✐✈❡r ✐s ❛ss✉♠❡❞ t♦ ❜❡ ✐♥✜♥✐t❡s✐♠❛❧② ✏s♠❛❧❧✑ ✐♥ t❤❡ s❡♥s❡ t❤❛t ✐ts
❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ❝♦♥❣❡st✐♦♥ ❡①♣❡r✐❡♥❝❡❞ ❜② ♦t❤❡r ❝❛rs ✐s ♥❡❣❧✐❣✐❜❧❡✳

❲❡ ❛ss✉♠❡ t❤❛t t❤❡r❡ ❛r❡ t✇♦ t②♣❡s ♦❢ ❜❡❤❛✈✐♦r ♦❢ ❞r✐✈❡rs✳ ❚❤♦s❡ t❤❛t ❞r✐✈❡
❣❡♥t❧②✱ ❛♥❞ t❤♦s❡ t❤❛t t❛❦❡ r✐s❦s ❛♥❞ ❞r✐✈❡ ❢❛st✳ ❚❤✐s ❝❤♦✐❝❡ ✐s ♠♦❞❡❧❡❞ ♠❛t❤✲
❡♠❛t✐❝❛❧❧② t❤r♦✉❣❤ t✇♦ ❛❝t✐♦♥s✿ ❛❣❣r❡ss✐✈❡ ✭α✮ ❛♥❞ ❣❡♥t❧❡ ✭γ✮✳ ❆♥ ❛❣❣r❡ss✐✈❡
❞r✐✈❡r ✐s ❛ss✉♠❡❞ t♦ ❞r✐✈❡ β t✐♠❡s ❢❛st❡r t❤❛♥ ❛ ❣❡♥t❧❡ ❞r✐✈❡r✳

❯t✐❧✐t✐❡s ❆ ❝❛r t❤❛t ❣♦❡s β t✐♠❡ ❢❛st❡r t❤❛♥ ❛♥♦t❤❡r ❝❛r✱ tr❛✈❡rs❡s t❤❡ ✉♥✐t
♦❢ ❞✐st❛♥❝❡ ❛t ❛ t✐♠❡ t❤❛t ✐s β t✐♠❡s s❤♦rt❡r✳ ❚❤✉s t❤❡ ❛✈❡r❛❣❡ ❞❛✐❧② ❞❡❧❛② ✐t
❡①♣❡r✐❡♥❝❡s ✐s β t✐♠❡s s❤♦rt❡r✳ ❲❡ ❛ss✉♠❡ t❤❛t ❛t ❛ ❞❛② ❞✉r✐♥❣ ✇❤✐❝❤ ❛ ❝❛r
❞r✐✈❡s ❢❛st✱ ✐t s♣❡♥❞s ✶✴β ♦❢ t❤❡ t✐♠❡ t❤❛t t❤❡ ♦t❤❡rs ❞♦✳ ■t ✐s t❤❡♥ r❡❛s♦♥❛❜❧❡
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t♦ ❛ss✉♠❡ t❤❛t t❤❡ ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ t♦t❛❧ ❝♦♥❣❡st✐♦♥ ✐s β t✐♠❡s ❧♦✇❡r t❤❛♥
t❤❛t ♦❢ t❤❡ ♦t❤❡r ❞r✐✈❡rs✳ ▼♦r❡ ❢♦r♠❛❧❧②✱ ❧❡t η ❜❡ ❛ ❞❡❧❛② ❢✉♥❝t✐♦♥✳ ❚❤❡♥ t❤❡
❞❛✐❧② ❝♦♥❣❡st✐♦♥ ❝♦st D ♦❢ ❛ ❞r✐✈❡r ✐s ❣✐✈❡♥ ❛s

u(g, α, τ) = u(g, γ, τ)/β

u(g, γ, τ) = −η (τ(g, γ) + τ(g, α)/β))

❋♦r t❤❡ st❛t❡ b ✇❡ s❡t s✐♠♣❧②

u(b, a, τ) = −1

✇❤✐❝❤ r❡♣r❡s❡♥ts ❛ ♣❡♥❛❧t② ❢♦r ❜❡✐♥❣ ✐♥ ❛ ♥♦♥✲♦♣❡r❛t✐♦♥❛❧ st❛t❡✳ ■t ❞♦❡s ♥♦t
❞❡♣❡♥❞ ♦♥ a ♥♦r τ ✳

❚r❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s✿ ❲❡ ❛ss✉♠❡ t❤❛t tr❛♥s✐t✐♦♥s ❢r♦♠ g t♦ b ♦❝✲
❝✉r ❞✉❡ t♦ ❝♦❧❧✐s✐♦♥s ❜❡t✇❡❡♥ ❝❛rs✳ ❋✉rt❤❡r ❛ss✉♠❡ t❤❛t t❤❡ ❝♦❧❧✐s✐♦♥ ✐♥t❡♥s✐t②
❜❡t✇❡❡♥ ❛ ❝❛r t❤❛t ❞r✐✈❡s ❛t st❛t❡ g ❛♥❞ ✉s❡s ❛❝t✐♦♥ a ❛r❡ ❧✐♥❡❛r ✐♥ τ ✳ ▼♦r❡
♣r❡❝✐s❡❧②✱

Q(b|g, a, τ) = cγaτ(g, γ) + cαa τ(g, α).

❲❡ ♥❛t✉r❛❧❧② ❛ss✉♠❡ t❤❛t caα > caγ ❢♦r a = α, γ ❛♥❞ t❤❛t cαa > cγa ❢♦r a = γ, α✳
■❢ ❛ ❞r✐✈❡r ✐s ♠♦r❡ ❛❣❣r❡ss✐✈❡ t❤❛♥ ❛♥♦t❤❡r ♦♥❡✱ ♦r ✐❢ t❤❡ r❡st ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥
✐s ♠♦r❡ ❛❣❣r❡ss✐✈❡ t❤❡♥ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛ tr❛♥s✐t✐♦♥ ❢r♦♠ g t♦ b ✐♥❝r❡❛s❡s✳
❲❡ r❡✇r✐t❡ t❤❡ ❛❜♦✈❡ ❛s

Q(b|g, a, τ) = ca · τ(g, .)

■❢ ❛ r❛♥❞♦♠✐③❡❞ st❛t✐♦♥❛r② ♣♦❧✐❝② ✐s ✉s❡❞ ✇❤✐❝❤ ❝❤♦♦s❡s (α, γ) ✇✐t❤ r❡s♣❡❝t✐✈❡
♣r♦❜❛❜✐❧✐t✐❡s (pα, pγ) =: p t❤❡♥ t❤❡ ♦♥❡ st❡♣ tr❛♥s✐t✐♦♥ ❢r♦♠ Q t♦ b ♦❝❝✉rs
✇✐t❤ ♣r♦❜❛❜✐❧✐t②

Q(b|g,p, τ) =
∑

a=γ,α

paca · τ(g, .) =: p · c · τ(g, .).

❖♥❝❡ ✐♥ st❛t❡ b✱ t❤❡ t✐♠❡ t♦ ❣❡t ✜①❡❞ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ❛♥② ♠♦r❡ ♦♥ t❤❡
❡♥✈✐r♦♥♠❡♥t✱ ❛♥❞ t❤❡ ❞r✐✈❡rs ❞♦ ♥♦t t❛❦❡ ❛♥② ❛❝t✐♦♥ ❛t t❤❛t st❛t❡✳ ❚❤✉s ψ :=
Q(g|b, a, τ) ✐s s♦♠❡ ❝♦♥st❛♥t t❤❛t ✐s t❤❡ s❛♠❡ ❢♦r ❛❧❧ a ❛♥❞ τ ✳

✼✳✸ ❚❤❡ ❙♦❧✉t✐♦♥

❲❡ s❤❛❧❧ ❛ss✉♠❡ t❤r♦✉❣❤♦✉t t❤❛t t❤❡ ❝♦♥❣❡st✐♦♥ ❢✉♥❝t✐♦♥ η ✐s ❧✐♥❡❛r✳ ■t t❤❡♥
❢♦❧❧♦✇s t❤❛t t❤✐s ♣r♦❜❧❡♠ ❢❛❧❧s ✐♥t♦ t❤❡ ❝❛t❡❣♦r② ♦❢ ❙❡❝t✐♦♥ ✼✳✶✳

▲❡t τ ❜❡ ❣✐✈❡♥✳ ▲❡t ❛ ❞r✐✈❡r ✉s❡ ❛ st❛t✐♦♥❛r② ♣♦❧✐❝② p✳ ❚❤❡♥ t❤❡ ❡①♣❡❝t❡❞
t✐♠❡ ✐t r❡♠❛✐♥s ✐♥ st❛t❡ g ✐s

σ(p, τ) =
1

Q(b|g,p, τ)
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■ts t♦t❛❧ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ❞✉r✐♥❣ t❤❛t t✐♠❡ ✐s

Wg(p, τ) = σ(p, τ)
∑

a

pau(g, a, τ) = σ(p, τ)
∑

a

pau(g, a, τ)

= −σ(p, τ)

(

pγ +
pα
β

)

η (τ(g, γ) + τ(g, α)/β))

❚❤❡ ❡①♣❡❝t❡❞ r❡♣❛✐r t✐♠❡ ♦❢ ❛ ❝❛r ✭t❤❡ ♣❡r✐♦❞ t❤❛t ❝♦♥s✐sts ♦❢ ❝♦♥s❡❝✉t✐✈❡
t✐♠❡ ✐t ✐s ✐♥ st❛t❡ b✮ ✐s ❣✐✈❡♥ ❜② ψ−1✳ ❚❤✉s t❤❡ t♦t❛❧ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ❞✉r✐♥❣
t❤❛t t✐♠❡ ✐s

Wb(p, τ) = −ψ−1.

❚❤✉s t❤❡ ❛✈❡r❛❣❡ ✉t✐❧✐t② ✐s ❣✐✈❡♥ ❜②

J(µ,p, π(τ)) =
Wg(p, τ)ψ − 1

ψ
Q(b|g,p,τ) + 1

✇❤❡r❡ µ ✐s ❛♥ ❛r❜✐tr❛r② ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ ❛♥❞ ✇❤❡r❡ π(τ) ✐s t❤❡ st❛t✐♦♥❛r②
♣♦❧✐❝② t❤❛t ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ τ ❛s ✐♥ ✭✹✮✳

▲❡t p∗ ❜❡ ❛ st❛t✐♦♥❛r② ❡q✉✐❧✐❜r✐✉♠ ♣♦❧✐❝② ❛♥❞ ❛ss✉♠❡ t❤❛t ✐t ✐s ♥♦t ♦♥ t❤❡
❜♦✉♥❞❛r②✱ ✐✳❡✳ 0 < p∗α < 1✳ ❲❡ s❤❛❧❧ ❝♦♥s✐❞❡r t❤❡ ❡q✉✐✈❛❧❡♥t ❜✐❧✐♥❡❛r ❣❛♠❡✳ ▲❡t
ρ∗ ❜❡ t❤❡ ♦❝❝✉♣❛t✐♦♥ ♠❡❛s✉r❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ p

∗✳ ■t ✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✐♥ t❤❡
❜✐❧✐♥❡❛r ❣❛♠❡✳

❙✐♥❝❡ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✐s ❧✐♥❡❛r ✐♥ ρ✱ ρ∗ s❤♦✉❧❞ ❜❡ s✉❝❤ t❤❛t ❡❛❝❤
✐♥❞✐✈✐❞✉❛❧ ♣❧❛②❡r ✐s ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ ❛♥② st❛t✐♦♥❛r② ♣♦❧✐❝②✳ ■♥ ♣❛rt✐❝✉❧❛r✱
✇❡ s❤♦✉❧❞ ❤❛✈❡ J(µ, 1α, π(τ)) = J(µ, 1γ , π(τ)) ✇❤❡r❡ 1a ✐s t❤❡ st❛t✐♦♥❛r② ♣✉r❡
♣♦❧✐❝② t❤❛t ❝❤♦♦s❡s ❛❧✇❛②s a✳

❲❡ t❤✉s ♦❜t❛✐♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♦❝❝✉♣❛t✐♦♥ ♠❡❛s✉r❡ ρ∗ ❛s ❛ τ t❤❛t s❛t✐s✜❡s✿

Wg(1α, τ)ψ − 1
ψ

Q(b|g,α,τ) + 1
=
Wg(1γ , τ)ψ − 1

ψ
Q(b|g,γ,τ) + 1

.

❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦❧✐❝② p
∗ ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ ρ∗ ❛s ✐♥ ✭✹✮ ❛♥❞ t❤❡ ❡q✉✐❧✐❜r✐✉♠

st❛t✐♦♥❛r② ♠❡❛s✉r❡ ✐s ρ∗S ✳

✽ ❉✐s❝✉ss✐♦♥ ❛♥❞ ❈♦♥❝❧✉s✐♦♥s

❚❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ ❣❛♠❡ t❤❛t ✐s ❞❡✜♥❡❞ ✐♥ t❤✐s ♣❛♣❡r ✐s s✐♠✐❧❛r ✐♥ ♥❛t✉r❡
t♦ t❤❡ ❝❧❛ss✐❝❛❧ tr❛✣❝ ❛ss✐❣♥♠❡♥t ♣r♦❜❧❡♠ ✐♥ t❤❛t ✐t ❤❛s ❛♥ ✐♥✜♥✐t② ♦❢ ♣❧❛②❡rs✳
■♥ ❜♦t❤ ❢r❛♠❡✇♦r❦s✱ ♣❧❛②❡rs ❝❛♥ ❜❡ ✐♥ ❞✐✛❡r❡♥t st❛t❡s✳ ■♥ t❤❡ ❝❧❛ss✐❝❛❧ tr❛❢✲
✜❝ ❛ss✐❣♥♠❡♥t ♣r♦❜❧❡♠✱ ❛ ❝❧❛ss ❝❛♥ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ s♦✉r❝❡✲❞❡st✐♥❛t✐♦♥
♣❛✐r✱ ♦r ❜② ❛ ✈❡❤✐❝❧❡ t②♣❡ ✭❝❛r✱ ♣❡❞❡str✐❛♥ ♦r ❜✐❝②❝❧❡✮✳ ■♥ ❝♦♥tr❛st t♦ t❤❡ tr❛✣❝
❛ss✐❣♥♠❡♥t ♣r♦❜❧❡♠✱ t❤❡ ❝❧❛ss ♦❢ ❛ ♣❧❛②❡r ✐♥ ♦✉r s❡tt✐♥❣ ❝❛♥ ❝❤❛♥❣❡ ✐♥ t✐♠❡✳
❚r❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s t❤❛t ❣♦✈❡r♥ t❤✐s ❝❤❛♥❣❡ ♠❛② ❞❡♣❡♥❞ ♥♦t ♦♥❧② ♦♥ t❤❡
✐♥❞✐✈✐❞✉❛❧✬s st❛t❡✱ ❜✉t ❛❧s♦ ♦♥ t❤❡ ❢r❛❝t✐♦♥ ♦❢ ♣❧❛②❡rs t❤❛t ❛r❡ ✐♥ ❡❛❝❤ ✐♥❞✐✲
✈✐❞✉❛❧ st❛t❡ ❛♥❞ t❤❛t ✉s❡ ❞✐✛❡r❡♥t ❛❝t✐♦♥s✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡s❡ tr❛♥s✐t✐♦♥s ❛r❡
❝♦♥tr♦❧❧❡❞ ❜② t❤❡ ♣❧❛②❡r✳
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❆ str❛t❡❣② ♦❢ ❛ ♣❧❛②❡r ♦❢ ❛ ❣✐✈❡♥ ❝❧❛ss ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ tr❛✣❝ ❛ss✐❣♥♠❡♥t
♣r♦❜❧❡♠ ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ ❛s t❤❡ ♣r♦❜❛❜✐❧✐t② ✐t ✇♦✉❧❞ ❝❤♦♦s❡ ❛ ❣✐✈❡♥ ❛❝t✐♦♥
✭♣❛t❤✮ ❛♠♦♥❣ t❤♦s❡ ❛✈❛✐❧❛❜❧❡ t♦ ✐ts ❝❧❛ss ✭♦r ✐ts ✏st❛t❡✑✮✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛
str❛t❡❣② ✐♥ ♦✉r ❝❛s❡ ✐s s✐♠✐❧❛r✱ ❡①❝❡♣t t❤❛t ♥♦✇ t❤❡ ♣r♦❜❛❜✐❧✐t② ❢♦r ❝❤♦♦s✐♥❣
❞✐✛❡r❡♥t ❛❝t✐♦♥s s❤♦✉❧❞ ❜❡ s♣❡❝✐✜❡❞ ♥♦t ❥✉st ✐♥ ♦♥❡ st❛t❡✳

✾ ❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

❲❡ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ t✇♦ ❛♥♦♥②♠♦✉s r❡❢❡r❡❡s ❢♦r s✉❣❣❡st✐♥❣ s♦♠❡ ✐♠♣♦rt❛♥t
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