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Numerical approximation of doubly reflected BSDEs with jumps

and RCLL obstacles

Roxana DUMITRESCU* Céline LABART'
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Abstract

We study a discrete time approximation scheme for the solution of a doubly reflected Backward
Stochastic Differential Equation (DBBSDE in short) with jumps, driven by a Brownian motion and an
independent compensated Poisson process. Moreover, we suppose that the obstacles are right continuous
and left limited (RCLL) processes with predictable and totally inaccessible jumps and satisfy Moko-
bodzki’s condition. Our main contribution consists in the construction of an implementable numerical
sheme, based on two random binomial trees and the penalization method, which is shown to converge to
the solution of the DBBSDE. Finally, we illustrate the theoretical results with some numerical examples
in the case of general jumps.
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1 Introduction

In this paper, we study in the non-markovian setting a discrete time approximation scheme for the solution
of a doubly reflected Backward Stochastic Differential Equation (DBBSDE in short) when the noise is given
by a Brownian motion and a Poisson random process mutually independent. Moreover, the barriers are
supposed to be right-continuous and left-limited (RCLL in short) processes, whose jumps are arbitrary, they
can be either predictable or inaccessible. The DBBSDE we solve numerically has the following form:

() Ve = &r + [ g(s,Ys, Zy, Ug)ds + (Ar — Ay) — (K — Ky) — [ ZdW, — [ U.dN,,
(ii) Vt S [OvT]a ft S }/t S Ct a.s.,

(iii) [ (Vi — & )dAS =0 as. and [ (G- — Yy )dKE = 0 as.

(iv) V7 predictable stopping time , AAY = AAﬁlnyngf and AKf = AKﬁlyTi:ng .

(1.1)

Here, A€ (resp. K€) denotes the continuous part of A (resp. K) and A? (resp. K?) its discontinuous
part, {W; : 0 <t < T} is a one dimensional standard Brownian motion and {N; := N; — X\t,0 < t < T}
is a compensated Poisson process. Both processes are independent and they are defined on the probability
space (Q, Fr,F = {F;}o<i<r, P). The processes A and K have the role to keep the solution between the
two obstacles ¢ and (. Since we consider the general setting when the jumps of the obstacles can be either
predictable or totally inaccessible, A and K are also discontinuous.

In the case of a Brownian filtration, non-linear backward stochastic differential equations (BSDEs in
short) were introduced by Pardoux and Peng [19]. One barrier reflected BSDEs have been firstly studied
by El Karoui et al in [7]. In their setting, one of the components of the solution is forced to stay above
a given barrier which is a continuous adapted stochastic process. The main motivation is the pricing of
American options especially in constrained markets. The generalization to the case of two reflecting barriers
has been carried out by Cvitanic and Karatzas in [5]. It is also well known that doubly reflected BSDEs are
related to Dynkin games and in finance to the pricing of Israeli options (or Game options, see [15]). The
case of standard BSDEs with jump processes driven by a compensated Poisson random measure was first
considered by Tang and Li in [27]. The extension to the case of reflected BSDEs and one reflecting barrier
with only inaccessible jumps has been established by Hamadéne and Ouknine [11]. Later on, Essaky in [§]
and Hamadéne and Ouknine in [12] have extended these results to a RCLL obstacle with predictable and
inaccessible jumps. Results concerning existence and uniqueness of the solution for doubly reflected BSDEs
with jumps can be found in [4],[6], [10], [13] and [9].

Numerical shemes for DBBSDEs driven by the Brownian motion and based on a random tree method
have been proposed by Xu in [28] (see also [18] and [21]) and, in the Markovian framework, by Chassagneux
in [3]. In the case of a filtration driven also by a Poisson process, some results have been provided only
in the non-reflected case. In [1], the authors propose a scheme for Forward-Backward SDEs based on the
dynamic programming equation and in [16] the authors propose a fully implementable scheme based on a
random binomial tree. This work extends the paper [2], where the authors prove a Donsker type theorem
for BSDEs in the Brownian case.

Our aim is to propose an implementable numerical method to approximate the solution of DBBSDESs
with jumps and RCLL obstacles (1.1). As for standard BSDEs, the computation of conditional expectations
is an important issue. Since we consider reflected BSDESs, we also have to model the constraints. To do this,
we consider the following approximations

e we approximate the Brownian motion and the Poisson process by two independent random walks,
e we introduce a sequence of penalized BSDEs to approximate the reflected BSDE.

These approximations enable us to provide a fully implementable scheme, called explicit penalized dis-
crete scheme in the following. We prove in Theorem 4.1 that the scheme weakly converges to the solution
of (1.1). Moreover, in order to prove the convergence of our sheme, we prove, in the case of jump processes
driven by a general Poisson random measure, that the solutions of the penalized equations converge to the
solution of the doubly reflected BSDE in the case of a driver depending on the solution, which was not the



case in the previous literature (see [9], [10], [13]). This gives another proof for the existence of a solution
of DBBSDEs with jumps and RCLL barriers. Our method is based on a combination of penalization, Snell
envelope theory, stochastic games, comparison theorem for BSDEs with jumps (see [23], [24]) and a gener-
alized monotonic theorem under the Mokobodzki’s condition. It extends [17] to the case when the solution
of the DBBSDE also admits totally inaccessible jumps. Finally, we illustrate our theoretical results with
some numerical simulations in the case of general jumps. We point out that the practical use of our scheme
is restricted to low dimensional cases. Indeed, since we use a random walk to approximate the Brownian
motion and the Poisson process, the complexity of the algorithm grows very fast in the number of time steps
n (more precisely, in n¢, d being the dimension) and, as we will see in the numerical part, the penalization
method requires many time steps to be stable.

The paper is organized as follows: in Section 2 we introduce notation and assumptions. In Section 3,
we precise the discrete framework and give the numerical scheme. In Section 4 we provide the convergence
by splitting the error : the error due to the approximation by penalization and the error due to the time
discretization. Finally, Section 5 presents some numerical examples, where the barriers contain predictable
and totally inaccessible jumps. In Appendix, we extend the generalized monotonic theorem and prove some
technical results for discrete BSDEs to the case of jumps. For the self-containment of the paper, we also
recall some recent results on BSDEs with jumps and reflected BSDEs.

2 Notations and assumptions

Although we propose a numerical scheme for reflected BSDEs driven by a Brownian motion and a Poisson
process, one part of the proof of the convergence of our scheme is done in the general setting of jumps
driven by a Poisson random measure. Then, we first introduce the general framework, in which we prove
the convergence of a sequence of penalized BSDEs to the solution of (1.1).

2.1 General framework
2.1.1 Notation

As said in Introduction, let (Q,F, P) be a probability space, and P be the predictable o-algebra on [0, T] x Q.
W is a one-dimensional Brownian motion and N (dt,de) is a Poisson random measure, independent of W,
with compensator v(de)dt such that v is a o-finite measure on R*, equipped with its Borel field B(R*). Let
N (dt, du) be its compensated process. Let F = {F;,0 <t < T} be the natural filtration associated with W
and N.

For each T > 0, we use the following notations:

e L?(Fr) is the set of random variables £ which are Fr-measurable and square integrable.
e H? is the set of real-valued predictable processes ¢ such that [¢||Z; := E [ fOT qbtzdt} < 00.

e L2 is the set of Borelian functions £ : R* — R such that [, [¢(u)[*v(d ) < 400.

The set L2 is a Hilbert space equipped with the scalar product (§, £), = fR* v(du) for all
6,0 € L2 x L2, and the norm ||€||2 := [5. [¢(u)[*v(du).

e B(R?) (resp B(L?)) is the Borelian o-algebra on R? (resp. on L2).

e H2 is the set of processes [ which are predictable, that is, measurable

v

([0, T] x @ xR*, PR BR")) = (R,BR)); (w,t,u)— l(w,u)
2 T 2
such that ||l||f. :=E Uo ||lt||l,dt} < 0.

o 5% is the set of real-valued RCLL adapted processes ¢ such that [|¢|%. := E(supg<;<p |[¢¢]?) < oo.



e A? is the set of real-valued non decreasing RCLL predictable processes A with Ag = 0 and E(4%) < oo.
e 7o is the set of stopping times 7 such that 7 € [0, 7] a.s

e For S in Ty, Tg is the set of stopping times 7 such that S <7 < T a.s.

2.1.2 Definitions and assumptions.

We start this section by recalling the definition of a driver and a Lipschitz driver. We also introduce
DBBSDESs and our working assumptions.

Definition 2.1 (Driver, Lipschitz driver). A function g is said to be a driver if

¢ g:Ox[0,T] xR2x L2 =R
(w,t,y, 2, 6(-)) = g(w, t,y, 2,k(+)) is P @ B(R?) ® B(L2)— measurable,

. ||g(,0,0,0)\|oo < 0.

A driver g is called a Lipschitz driver if moreover there exists a constant Cy > 0 and a bounded, non-
decreasing continuous function A with A(0) = 0 such that dP®dt-a.s. , for each (s1,v1, 21, k1), (S2,Y2, 22, ka),

lg(w, 81,91, 21, k1) — g(w, 82, Y2, 22, k2)| < A([s2 — s1|) + Cy(|lyr — y2| + |21 — 22| + [[k1 — Kal],).

In the case of BSDEs with jumps, the coefficient g must satisfy an additional assumption, which allows
to apply the comparison theorem for BSDEs with jumps (see Theorem D.1), which extends the result of [25].
More precisely, the driver g satisfies the following assumption:

Assumption 2.2. A Lipschitz driver g is said to satisfy Assumption 2.2 if the following holds : dP ® dt
a.s. for each (y,z, ki, ka) € R? x (L2)?, we have

g(t,y,z,kl) - g(t,y,Z,kg) Z <0?’Z’k17k2akl - k2>l/7
with
0 :Q x [0,T] x R? x (L?)* — L2;
(W, t,y, 2, k1, ko) — 077 7 (w0, )

P @ B(R?) @ B((L2)?)-measurable, bounded, and satisfying dP ® dt @ v(du)-a.s., for each (y,z, ki, k) €
R? x (L3)?,

6y () > 1 and 67" ()] < W (w),

where 1 € L2.

We now recall the "Mokobodzki’s condition” which is essential in the case of doubly reflected BSDEs, since
it ensures the existence of a solution. This condition essentially postulates the existence of a quasimartingale
between the barriers.

Definition 2.3 (Mokobodzki’s condition). Let &, ¢ be in S?. There exist two nonnegative RCLL super-
martingales H and H' in S? such that

vt e [OvT}v £t1t<T < Ht - Ht/ < Ct1t<T a.s.

Assumption 2.4. ¢ and ¢ are two adapted RCLL processes with & = (1 a.s., £ € 82, ( € 82, & < (; for
allt € [0,T], the Mokobodzki’s condition holds and g is a Lipschitz driver satisfying Assumption 2.2.

We introduce the following general reflected BSDE with jumps and two RCLL obstacles



Definition 2.5. Let T > 0 be a fized terminal time and g be a Lipschitz driver. Let & and  be two adapted
RCLL processes with & = (r a.s., € € 82, ( € 82, & < (; for allt € [0,T) a.s. A process (Y, Z,U, ) is said
to be a solution of the double barrier reflected BSDE (DBBSDE) associated with driver g and barriers £, if

(i)Y €82, Z e H?, U € H2 and o € S§?, where a = A — K with A, K in A?
(ii) Yo = ér + [ g(s,Ys, Zs, U)ds + (Ar — Ay) — (Kr — Ky) — [} ZodW, — [ [, Us(e)N(ds, de),
(iii) Yt € [0,T], & < Y < G a.s.,
(iv) fOT(th —&-)dA; =0 a.s. and fOT(th —Y,-)dK; =0 a.s.
(2.1)

Remark 2.6. Condition (iv) is equivalent to the following condition : if K = K¢+ K9 and A = A° + A4,
where K¢ (resp. K@) represents the continuous (resp. the discontinous) part of K (the same notation holds
for A), then

T T
/ (Y; — &)dA; =0 a.s., / (& —Y)dK; =0 a.s.
0 0

and
V7 € 7o predictable, AAf = AAflyT_ng_ and AKf = AK_?]_YT_:Q__.

Theorem 2.7. ([6, Theorem 4.1]) Suppose & and ¢ are RCLL adapted processes in S* such that for all
€ [0,T], & < ¢ and Mokobodzki’s condition holds (see Definition 2.3). Then, DBBSDE (2.1) admits a
unique solution (Y, Z,U, ) in 8% x H? x H2 x A?.

Remark 2.8. As said in [6, Remark 4.3/, if for all t €]0,T] &- < (- a.s., [6, Proposition 4.2] gives the
uniqueness of A, K € (A%)2.

Definition 2.9 (convergence in .J;-Skorokhod topology). £" is said to converge in probability (resp. in L?)

to & for the Ji-Skorokhod topology, if there exists a family (Y™ )nen of one-to-one random time changes (or

stochastic changes of time scale) from [0, T] to [0,T] such that sup,e(o r [¢" (t) —t| —— 0 almost surely and
’ n—00

SUPcio,7] \ﬁgn(t) —& — 0 in probability (resp. in L?). Throughout the paper, we denote this convergence
€™ = &llsi—p = 0 (resp. [|§" = &lls,—L2 = 0).

2.2 Framework for our numerical scheme

In order to propose an implementable numerical scheme we consider that the Poisson random measure is
simply generated by the jumps of a Poisson process. We consider a Poisson process {N; : 0 < ¢t < T} with
intensity A and jumps times {73 : k = 0,1,...}. The random measure is then

Nt
N(dt,de) = " 6y, 1(dt, de) — Adtdy (de)
k=1

where 6, denotes the Dirac measure at the point a. In the following, Nt := N; — At. Then, the unknown
function Ug(e) does not depend on the magnitude e anymore, and we write Uy := Us(1).
In this particular case, (2.1) becomes:

()Y e€8% ZeH? U € H? and a € §?, where a = A — K with A, K in A?

(i) Yi = €+ [ g(5,Ys, Zo,Us)ds + (Ar — Ay) — (K7 — Ky) — [ ZdW, — [, UdN,
(111) Vt S [O,T], ft S i/t S Ct a.s.,

(

iv) fOT(th —¢&-)dA; =0 a.s. and fOT(th —Y;-)dK; =0 a.s.

(2.2)



In view of the proof of the convergence of the numerical scheme, we also introduce the penalized version
of (2.2):

T T T
YP =+ / o(s,YP, 20, UP)ds + Ab. — AY — (K% — K7) - / Zraw, - / UraN,,  (23)
t t t

with AV :=p [ (VP — &)~ ds and KP :=p [} (¢, — YP)~ds, and of := A} — K for all t € [0, ).

3 Numerical scheme

The basic idea is to approximate the Brownian motion and the Poisson process by random walks based on
the binomial tree model. As explained in Section 3.1.2, these approximations enable to get a martingale
representation whose coefficients, involving conditional expectations, can be easily computed. Then, we
approximate (W, N) in the penalized version of our DBBSDE (i.e. in (2.3)) by using these random walks.
Taking conditional expectation and using the martingale representation leads to the explicit penalized discrete
scheme (3.9). In view of the proof of the convergence of this explicit scheme, we introduce an implicit
intermediate scheme (3.5).

3.1 Discrete time Approximation

We adopt the framework of [16], presented below.

3.1.1 Random walk approximation of (W, N)

For n € N, we introduce 9,, := % and the regular grid (¢;);=o, .. » with step size §,, (i.e. t; := jd,) to
discretize [0, T]. In order to approximate W, we introduce the following random walk

We =0
(3.1)
{Wt" = Vo, S er

where e, €5, ..., ey are independent identically distributed random variables with the following symmetric
Bernoulli law:

Ple} =1)=P(e} =-1) = -.

To approximate N, we introduce a second random walk

N} =0
{Nt = th:/fn] i

K2

where 07,05, ...,n; are independent and identically distributed random variables with law
P} =kn—1)=1—=Pn} =kpn) = kn

where k,, = e~n. We assume that both sequences ey, ...,epr and ', ny,...,n7 are defined on the original
probability space (2, F, P). The (discrete) filtration in the probability space is F* = {F}' : j = 0,...,n} with
o =1{Q,0} and F}' = ofef,....e},ni,.onf} for j=1,...,n.
The following result states the convergence of (W”, N*) to (W, N) for the J;-Skorokhod topology, and
the convergence of W™ to W in any LP, p > 1, for the topology of uniform convergence on [0,T]. We refer
to [16, Section 3] for more results on the convergence in probability of F™-martingales.

Lemma 3.1. ([16, Lemma3, (III)], and [2, Proof of Corollary 2.2]) The couple (W™, N™) converges in
probability to (W, N) for the Jy-Skorokhod topology, and

sup W' =Wy — 0 asn — o0
0<t<T

in probability and in LP, for any 1 < p < oco.



3.1.2 Martingale representation

Let yj41 denote a JF7 -measurable random variable. As said in [16], we need a set of three strongly
orthogonal martingales to represent the martingale difference m;11 := y;j41 — E(y;4+1]|F}"). We introduce a
third martingale increments sequence {,u? =ein;,j=0,--- ,n}. In this context there exists a unique triplet
(2j,u5,v;) of Fj'-random variables such that

M1 = Yir1 — By |F]) = Vonzjelq +uinig +vinliq,

and

1 n T
zj = \/TE(yjHejJrﬂ]:j ),

E(y; 417711 F7) 1
= ; = E(yj+1mj1l 5, 3.3
J ]E((njl_‘_l)Q‘]_‘;'l) lﬁn(l _ Hn) J J+11v g ( )
_ Elymnial4) 1

v = _ By, 4117 1 | FP
DS B )AF) el =) )

Remark 3.2. (Computing the conditional expectations) Let ® denote a function from R¥*2 to R. We use
the following formula to compute the conditional expectations

n n n n n Kn n n n n
E(®(ef, - Y ER RN/ K a77j+1)‘}_j):7@(61>“‘ ser, Lty anjafin_l)

K

_’_771(1)(6711,._. 76?»_177]?3”' vn;lvﬂn_l)
11—k

+ 2 nq)(eyllv"'76?71’77?5"'”7;'1’571)
1-k

+ 2 "@(6?7 76‘?’_1777{]’7"' an‘?lalin)-

3.2 Fully implementable numerical scheme

In this Section we present two numerical schemes to approximate the solution of the penalized equation
(2.3): the first one, (3.5), is an implicit intermediate scheme, useful for the proof of convergence. We also
introduce the main scheme (3.9), which is explicit. The implicit scheme (3.5) is not easy to solve numerically,
since it involves to inverse a function, as we will see below. However, it plays an important role in the proof
of the convergence of the explicit scheme, that’s why we introduce it.

In both schemes, we approximate the barrier (&): (resp. (Ct):) by (§}')j=0,- n (resp. (¢}')j=0,-- n). We
also introduce their continuous time versions:

n

et =N
& = s S = s
These approximations satisfy
Assumption 3.3.
(i) For some r > 2, supmax E(|£}'[") + sup max E(|¢}'|") +sup E|§|" + sup E|(;|" < oo
neN j<n neN j<n t<T t<T

(i7) & (resp Zn) converges in probability to & (resp. () for the Jy-Skorokhod topology.

Remark 3.4. Assumption 3.3 implies that for all t in [0,T] EZ”(t) (resp. ZZ,,L(t)) converges to & (resp. (i)
in L.

Remark 3.5. Let us give different examples of barriers in S? satisfying Assumption 3.3. In this Remark,
X represents either € or (.



1. X satisfies the following SDE

t t t
Xt:X0+/ bX(Xsf)ds+/ aX(Xsf)dWs—i—/ ex (X, )dN,
0 0 0

where bx, ox and cx are Lipschitz functions. We approzimate it by

/Ot (XZ)dWS"+/Oth( )anr

Since (W™, N™) converges in probability to (W, N) for the Ji-topology, [26, Corollary 1] gives that X
converges to X in probability for the Ji-topology (for more details on the convergence of sequences of
stochastic integrals on the space of RCLL functions endowed with the Jy-Skorokhod topology, we refer
to [14]). Then, X" satisfies Assumption 3.3 (ii). We deduce from Doob and Burkholder-Davis-Gundy
inequalities that X and x" satisfy Assumption 3.3 (i) and that X belongs to S2.

[t/6n]—1
t—X0+ Z bX

2. X is defined by X; := (¢, Wt,Nt), where @ satisfies the following assumptions

(a) ®(t,x,y) is uniformly continuous in (t,y) uniformly in x, i.e. there exist two continuous non
decreasing functions go(-) and g1(-) from Ry to Ry with linear growth and satisfying go(0) =
91(0) = 0 such that

V(e yy), [t y) = (t 2,y)] < gollt = ¢']) + g1(ly — ¥/'])-

We denote ag (resp. ai) the constant of linear growth for go (resp. ¢1) i.e. ¥ (t,y) €
0<go(t) +g1(y) <ao(l+1)+ar(l+y),

D(t,z,y) is “strongly” locally Lispchitz in x uniformly in (t,y), i.e.
and an integer po such that

(R4)?,

there exists a constant K

(b)

v (Lo, ay), 10(ta,y) - Bty < Kol + 2P + o[l — o],
Then, ¥(t,z,y) we have |®(t,z,y)| < aolt| + aily| + Ko(1 + [z[P°)|z[ + [®(0,0,0)| + ag + a1. From
this inequality, we prove that X satisfies Assumption 3.3 (i) by standard computations. Since (N™)

converges in probability to (N ) for the Ji-topology and lim, . sup, W — Wy =0 in LP for any p
(see Lemma 3.1), we get that (X[): := (P(dp[t/0n], W, Ni*)): converges in probability to X for the
J1-topology.

3.2.1 Intermediate penalized implicit discrete scheme

After the discretization of the penalized equation (2.3) on time intervals [¢;,

ti+1]o<j<n—1, we get the following

discrete backward equation. For all j in {0,--- ,n — 1}
v =yt 9( P YA U)o A — K = (B Onel g " g 4 o) )
al" = pén(yF £§L) kDT = pon(CF -y, (3.4)
v = .
Following (3.3), the triplet (2}, u2™,v!"") can be computed as follows
Zp,'fl _ 1 IE( »,n TL |fﬂ)
i TG 1 Yjr1i+11Y5 )
P _ E(yP" | F
u] Iin(l . F@n) (yj+177]+1| 7 )a
Uj I{n(]. _ l‘{n) (yg+1:u]+1| J )7



where we refer to Remark 3.2 for the computation of conditional expectations. By taking the conditional
expectation w.r.t. F7' in (3.4), we get the following scheme, called implicit penalized discrete scheme:
ybm:=¢" and for j=n—-1,---,0

y;" = (Or")THE (y]+1|f”))

a;),n = p(sn (yf’ ff)fv k? = (Cn -y ) y
5= mE(yﬁfleﬁﬂff)’ (3:5)
1

p,n

Uy = mE(yffﬁﬁﬂff)»

where ©P"(y) =y — g(jon, y, 25", u™ )00 — pdn(y — €7)7 + pon (¢ — )‘
We also introduce the continuous time version (Y;"", i zrr gl “ LAV KD )o<i<r of the solution to (3.5):
[t/6n]) [t/0n]
Y= yis 20 = 2, UL = s AT = Z ap” K{" = Z k" (3.6)
i=0

We also introduce of™ := AP"™ — KP'", for all ¢ € [0,T].

3.2.2 Main scheme

As said before, the numerical inversion of the operator ©P'" is not easy and is time consuming. If we replace
yy" by E(y} 4| F}) in g, (3.4) becomes

D5 D us’ as’ wr z0
gt =yt + gt B ) 2 )5 +ay" =k = EVOne o W 0 + 0 )
Pon

@ = po( =€) K = pon( — )
AR
(3.7)
Now, by taking the conditional expectation in the above equation, we obtain:
7t n D, ,n —p,n 7.p:n
i‘/;; = [yj—O—l‘]: | +9(,E [yj+1|]: ], Z ? )0n + a? —kj . (3.8)

Solving this equation, we get the following scheme, called explicit penalized scheme: y&™ := £ and for
j=n—-1,---,0

gy =Ky F + gt B 1 F) 20" " )6, +a) " _E?n’

" = s (BT + (1, E [@?fllf"] Zh ) =)

B e (2 (G B g B L ) 59
5" = Ts:E(y?fle?H'f i)

= ﬁE(ﬁi‘mﬁlW)'

Remark 3.6 (Explanations on the derivation of the main scheme). We give below some explanations con-
W 5n . .
cerning the derivation of the values of 6?’" and k? . We consider the following cases:

o If&} <yi™ < (F, then by (3.7) we get @)™ = E?’n =0, which corresponds to

p5n _p, n] 5PN Ko n pon n n

1+ po (BN IFF] + Ong(ty, B0 [ FFL 20" @) — §F) = 1+ ps, @™ =€) =0and
p(s n 770> n n P, ;T — p(s n 77 —
e (G B = buglt B RIFL 7" ™) = 1 (G - BT =0,



o If&F >4, then by (3.7) we have @™

2 =pon (&7 — yj ") and kp’ = 0; we then replace a P and kp’
Pon

in (3.8) and we get @™ = Trpo, (B[ F + gty BN FL 20" a0, — €F) . We also have
e (C” —E@ 1 FF] = ong(ty, IG5 | FF, 25 ,u?’"))_ =0 and hence

—p,n DOy n o n oy —

B = s (G — BT = Sugty, BT P20 )

o The case I <G5 is symmetric to the one studied above: £ > 7",

As for the implicit scheme, we define the continuous time version (Y3, Z, " U, ", A}’ ,Ff’n)ogtg of
the solution to (3.9):

[t/5] [t/8,]

NPn —p, —p,n _ =P 7P —p,n TP — p”
VO =Ty 2 =Fgy U =g, A= )@ Z Fi (3.10)
Jj=0

We also introduce a?" := A4, — K}, for all t € [0,T].

4 Convergence result

The following result states the convergence of " := (?p’n,fp’n,ﬁp’n,ap’") to © := (Y, Z,U,«), the
solution of the DBBSDE (2.2).

Theorem 4.1. Assume that Assumptions 2.4 and 3.3 hold. The sequence (?p’n77p’",ﬁp’n) defined by (3.10)
converges to (Y, Z,U), the solution of the DBBSDE (2.2), in the following sense: Vr € [1,2]

r P T 74 T 7Y
—p,n 2 —pP,n r TP T
. — Ig . — Lg N — Ug = U. .
/|Y5 Y, |2ds /|zé 2. ds /\Ub Urds| ) =0, (a1)
0 0 0

Moreover, Z"° (resp o> ) weakly converges in H? to Z (resp. to U) and for 0 <t < T, *Z)’n (1) converges

+E +E

lim lim (IE
P—00 N—00

weakly to oy in L*(Fr) as n — oo and p — oo.

In order to prove this result, we split the error in three terms, by introducing
eyr™ = (Yp",Z0", UP", of™), the solution of the implicit penalized discrete scheme (3.6) and ©F :=
(Y, ZP,UF, of)), the penalized version of (2.2), defined by (2.3). For the error on Y, we get

T T T T
=) |Yi””—n|2ds]s3<w/ VL - yreds B[ vee - vepas + B np—wds}),
0 0 0 0

and the same splitting holds for |7p’n — Z|" and |Up’n — U|". For the increasing processes, we have:

Elja ) — arl?) < 3 (Bl — ol ] + Ellall, — af?) + Eflof — auf?]) . (4.2)

The proof of Theorem 4.1 ensues from Proposition 4.2, Corollary 4.4 and Proposition 4.5. Proposition
4.2 states the convergence of the error between @p’n, the explicit penalization scheme defined in (3.10), and
Or™ the implicit penalization scheme. It generalizes the results of [21]. We refer to Section 4.1. Corollary
4.4 states the convergence (in n) of ©”™ to ©P. This is based on the convergence of a standard BSDE with
jumps in discrete time setting to the associated BSDE with jumps in continuous time setting, which is proved
in [16]. We refer to Section 4.2. Finally, Proposition 4.5 proves the convergence (in p) of the penalized BSDE
with jumps OF to ©, the solution of the DBBSDE (2.2). In fact, we prove a more general result in Section
4.3, since we show the convergence of penalized BSDEs to (2.1) in the case of jumps driven by a general
Poisson random measure.

The rest of the Section is devoted to the proof of these results.
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4.1 Error between explicit and implicit penalization schemes

We prove the convergence of the error between the explicit penalization scheme and the implicit one. The
scheme of the proof is inspired from [21, Proposition 5].

Proposition 4.2. Assume Assumption 3.3 (i) and g is a Lipschitz driver. We have

lim sup (E[an —-Yypn

n— 00 0<t<T

T T
J+Bl[ 22" - zpnPas) v T2 —Ué””lzds]> -0
0 0

Moreover, lim,, oo (@™ — of"™) = 0 in L*(F,), for t € [0,T].

Recall that

/8] t/8.]
YO =y 20 = Ay UPT = s, AV = Y alT RPN = ) R
1=0 1=0

In a similar way we have defined the continuous time versions of (yP™, zP™ uP™ aP™ kP™), denoted by
(YPm Zpm [jpn Apm P,

Proof. By using the definitions of the implicit and explicit schemes (3.4) and (3.7), we obtain that:

v = U =" =T+ (G B FF LT 20 a0 ) — gty ™y 20w ™)) on

+ (2" = e Vo (T =T+ (0] =T

where g, (t,y1, Y2, 2, 1) = g(t,y1, 2, u) + p(y2 — Z?)* — p(Z:L — y2)~. It implies that:
El(yy" —77™)? =El(y5 — 75007 — Ellgp(t, [yj+1|]'"j"] DT ) — gy (g Yy 2 ul )6
—E[(0" —Z0")?)6, — E[(uf™ —uh n)z](l — Fin)in — B[0P = 00")?)(1 = kn )k

+2E[(gp (8, 97" w5 " 257 w") = gp (6, BIYT AL 057 257 w5 ) (g™ — 557)]0n.

In the above relation, we take the sum over j from ¢ to n — 1. We have:

B[y — 7)) + 6, ZE 2 (1= ngE —a" P

n—1

<26, ) Elgp(ty, yf "y " 20"l — g (8, BT FF L™ 2 0 " ) " =75

j=i

Let us introduce f :y — (y—&; )~ — (C; —y)~. We have 9p(t, Y1, Y2, 2, u) = g(t, 1,2, u) + pf(y2). The last
expectation of the previous inequality can be written

El(g(ts, y7 ", 27" ul™) — gty Byt | F7 L 20w ") (" = 95") + o(f (™) = F@ ) W™ —977)]
Since f is decreasing and ¢ is Lipschitz, we obtain:
n—1

E[(y?" —77")%] + 6n ZE P2 (1= Ky, nnZE DN

n—1
< 20, ZE [(Cg|yj7 [yg+1|]:n]‘ +C. |Zp’ E§7n| + Cglu?n

j=i

"Dy =77 ] -

11



é
Consequently, by applying the inequality 2ab < a? + b? for a = Colyy™ — 75" [V/20; b=/ ?n|zf" -z

1—
and a = Cylyy™ — 7pn|\[Tﬁ); b= Mmfn—ﬂfﬂ we get that:

n—1 n—1
E(yP™ — 702 + 00 > E[(2" = 22™)] + (1 — kn)kin Z E[(u}" — ")’

n—1 252 n—1
2C%0,
2 pm _ gpm) O 9%n pn _ opn
< 264,C; ;E[(yj -9 Jr*ZE ) ]er;]E[(yj -7
(1 - ’in)ﬁn — _p,n\2 =k n PP R P n
Y E W) 4+ 2C 8B " =g vy — Bl 1 F-
j=i j=i
Now, since 7" — B[54 [F'] = gp(t;, B[g5 " | F]], 25", 5™ )0, the last term is dominated by
n—1 n—1

0n ) (2C, + DE[()™ = 57" + CF6n Y Elgy(ty, B IFL 55" 25" a0 ).
i

7 Jj=t
Using the definition of g, yields

gt B S 1F5)77 20wl ™) < gty By |71 250wl ™) + o155 [+ 1651+ 165D,
<1g(t;,0,0,0)| + Cg(I]E[?f;llf"H + 125"

We get

n—1
53Z]Egp B[00 | FP) g™ 20" a™)?) <Cob2 (0, Z|g (t4,0,0,0)[% + 6, Z|*P”|2+5n2|a§v"2
+Co(p<5n) (mng(lﬁgll )+m§XE(ICjI )

+ Cod3(1+p%) max E(7 ")

Adp,

n

where Cy denotes a generic constant depending on Cy. Since

1

)?]

+ [y )) + p(175 " | + 165 + 165D

6295

1
(1 —kn)kn A (1 — e An)e=Adn ance =

On
we get —————— < —e**"". Hence, for &, small enough such that (3 + 2p + 2C, + 202(1+ 1e*7))b, < 1,

(1 —Kp)kn — 2
Lemma C.1 enables to write:

n — 5 — p,n —p,n 1 = n —p,n
El(y?" - 77"+ SE[Y (" =2 + Z(1- kn )RR B[y (uf™ = ™)’
Jj=t Jj=t
2 20926” = D,n fp,

where C1(p) = Co(|lg(-,0,0,0)||2, +p*(sup,, max; E|£} |* + sup,, max; E[C}*) + (14 p*) KT omn.c1)> KLem.c1

denotes the constant appearing in Lemma C.1. Discrete Gronwall’s Lemma (see [21, Lemma 3]) gives

SUpB{(y? " — F1")?] < Cr(p)5zel #2021,
1<n

Since 6, < T, (1 — Kkn)kn > Adpe” 22T and Equation (4.3) gives

T T
B[ 20"~ zznPas) + B[ (DN - Upnas) < L8,
0 0

12
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where C](p) is another constant depending on Cy, A, T and C;(p). It remains to prove the convergence for
the increasing processes. We have

t t t
AR =TV [ VBT s+ [ 2w+ [ Tntan,
0 0 0

t t t
AP KPS YR _YP / g(s,YP™, 20" UP™)ds + / ZPm AW + / urndny.
0 0 0

Using the Lispchitz property of g and the convergence of (Y2 —YPm Z2" — zon T2"™ — UP™), we get the
result. O

4.2 Convergence of the discrete time setting to the continuous time setting

The following Proposition ensues from [16].

Proposition 4.3. Let g be a Lipschitz driver and assume that Assumption 3.3 (i) holds. For any p € N*,
the sequence (Y, ZP" , UP™) converges to (Y, Z¥,UY) in the following sense:

n—oo

T T
lim <||YM —YP|% _p- +E[/ |ZzP™ — ZP|2ds +/ |upm™ — U§|2ds]> =0. (4.4)
0 0
Proof. For a fixed p, we have the following:
Yypn —yP = (YyPn —yPma) 4 (YPE _ YPood) 4 (YPOd —YP), (4.5)

where (YP°24 ZP:20:4 [JP>:4) g the Picard approximation of (Y?, ZP UP) and (YP"™4, ZP™4 [JP™19) rep-
resents the continuous time version of the discrete Picard approximation of (y?'", 21", u}™), denoted by
(yp™9, 2™ ul™). Note that (yz’n’q'H,zﬁ’"’qﬂ,uz’"’ﬁl) is defined inductively as the solution of the
backward recursion given by [16, Eq. (3.16)], for the penalized driver g, (w,t,y, z,u) := g(w,t,y, z,u) +p(y —

& (W)™ —p(C; (w) —y)~. Since £ and ¢ satisfy Assumption 3.3 (ii), (gn(w, -, -,-,))n converges uniformly
to g(w, ) +ply — & (w))™ — p(¢(w) — y)~ almost surely up to a subsequence (i.e. g, satisfies [16, As-

sumption (A)]).
Now, by using (4.5), [16, Proposition 1], [16, Proposition 3] and [16, Eq. (3.17)], one can easily show that
(4.4) holds. O

The following Corollary ensues from Proposition 4.3.

Corollary 4.4. Let g be a Lipschitz driver, £ and ¢ belong to S%, 4™ is the random mapping introduced
in Proposition 4.8 and assume that Assumption 3.8 holds. For any p € N*, the sequence (Y™, ZP" UP™)
converges to (YP, 2P, UY) in the following sense:

n—roo

T T T
lim IE[/ [YPm — YP|2ds +/ |ZP™ — ZP|2ds +/ |UP™ — UP|?ds] = 0,
0 0 0

Moreover, AP™ (resp. KP") converges to AP (resp. KP) when n tends to infinity in L? for the Jy-Skorokhod
topology.

Proof. Note that:

T T
[ e —vrpas<z [Cyen vy
0 0

T
2 2
77n(s)| dt+2/0 |Yr‘]D"(s) —YP|%ds,
where 1™ (s) represents the inverse of ™ (s).
Proposition 4.3 gives that the first term in the right-hand side converges to 0. Concerning the second

term, s — YP is continuous except at the times at which the Poisson process jumps. Consequently, Y:n(s)
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converges to Y for almost every s and as Y” belongs to S, we get that E| fOT \ann (5) ~ Y?|?ds] — 0 when
n — 00.
Now, remark that we can rewrite A" and A? as follows:

t t
apn—p [ -Eyas ap=p [ (07— ds (4.6)
0 0
Then
sup |APT . — AP = sup |AD" — AP,
tG[O,T]‘ v ) t| te[o,T]| k K (t)|
= sup |Af};” _ Afk\ + sup sup |Af]c - Azn(t)|‘
ICE{O,"',’H,} ke{o,”-,n} te[tk7tk+1]

since £ and Y? belong to 82, we get that the second term in the right hand side tends to 0 in L? when
n — oo.

T
sup AL - AL <p [ VP Y24 - lds,
ke{0,--- ,n} 0
Since lim,, 00 E[fOT [YP—YP|2ds] = 0, limy, o0 B[, —&,()|? = 0 (see Remark 3.4) and lim,, o0 E[fOT & (s)—
§s|?ds] = 0 (¢ is RCLL, its jumps are countable), we get that supyeg ... »y [A7" — A7 | converges to 0 in L?
in n, which ends the proof.
O

4.3 Convergence of the penalized BSDE to the reflected BSDE

As said in the Introduction, this part of the proof deals with the convergence of the penalized BSDE when
the jumps are driven by a general Poisson random measure. We state in Proposition 4.5 that a sequence
of penalized BSDEs converges to the solution to (2.1). To do so, we give in Section 4.3.1 an other proof of
existence of solutions to reflected BSDEs with jumps and RCLL barriers based on the penalization method.
We extend the proof of [17, Section 4] to the case of totally inacessible jumps. We are able to generalize
their proof thanks to Mokobodzki’s condition (which in particular enables to get Lemma 4.7, generalizing
[17, Lemma 4.1]), to the comparison Theorem for BSDEs with jumps (see Theorem D.1 and Theorem D.2)
and to the caracterization of the solution of the DBBSDE as the value function of a stochastic game (proved
in Proposition D.5).
We introduce the penalization scheme, generalizing (2.3) to the case of Poisson random measure :

T

T T T
YP =6 + / o(s,YP, 20, UP)ds + p / (VP —£) ds —p / (Co—YP)~ds — / Zraw,
t t t t

- /T UP(e)N (ds, de) (4.7)
t Jr

with AY = pfg(YSp —¢;)"ds and KV = pfg(g‘s —YP?) " ds.

Proposition 4.5. Under Hypothesis 2.4, YP converges to Y in H2, ZP weakly converges in H? to Z, UP
weakly converges in HZ to U, and of = A} — K? weakly converges to oy in L*(F;). Moreover, for all
r € [1,2[, the following strong convergence holds

T T T E
/ VP — Y,|%ds / |ZP — Z,|"ds +/ (/ |UP — Us%(de)> ds] =0. (4.8)
0 0 0 R*

The proof of Proposition 4.5 is postponed to Section 4.3.2.

lim E

p—00

+E
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4.3.1 Intermediate result
For each p, ¢ in N, since the driver g(s,y, z,u) +q(y —&s) ™ — p(¢s —y)~ is Lipschitz in (y, z, u), the following
classical BSDE with jumps admits a unique solution (Y79, ZP:4 UP:?) (see [27])

T

T T T
VPt =gt [ gl 2 zpurnds kg [ 296y ds—p [ (G- vPayds— [ zeaw,
t t t t

_ /t ! / U9 ()N (ds, de). (4.9)

We set APY = g [3 (Y29 — €,)~ds and K" = p [1(¢o — Y2)ds.

Theorem 4.6. Let us assume that Assumption 2.4 holds. The quadruple (YP49,ZP1 UP9 oP9), where
aPl = AP? — KP4 converges to (Y, Z,U, «), the solution of (2.1), as p — oo then ¢ — oo (or equivalently
as ¢ — oo then p — o0) in the following sense : YP9 converges to Y in H?, ZP9 weakly converges to Z in
H?, UP9 weakly converges to U in H2, o? weakly converges to oy in L*(F;). Moreover, for each r € [1,2],
the following strong convergence holds

T T T 2
lim lim E (/ Iy P —YS|2ds> +E (/ \Zpa Z8|Tds+/ (/ P — Us|2y(de)) ds) ~0.

(4.10)

The proof of Theorem 4.6 is divided in several steps. We prove

1. the quadruple (YP:4, ZP4 UP:9 oP7) converges as ¢ — oo then p — oo

2. the quadruple (Y1, ZP4 UP? oP*?) converges as p — oo then ¢ — oo

3. the two limits are equal (see Lemma 4.11)

4. the limit of the penalized BSDE is the solution of the reflected BSDE (2.1) (see Theorem 4.3.1)

5. Equation (4.10) ensues from (4.27) and (4.29).

Proof of point 1.
Let us first state the following preliminary result.

Lemma 4.7. Suppose that H,H' € 8% are two supermartingales such that Assumption 2.4 holds. Let Y*
be the RCLL adapted process defined by Y{* := (Hy — H})1icr + Ereer. There exists (Z*,U*, A*, K*) €
H? x H2 x A% x A% such that (Y*,Z*,U*, A*, K*) solves (i), (ii), (iii) of (2.1).

Proof. By assumption, H and H' are square integrable supermartingales. The process Y* is thus well defined.
By the Doob-Meyer decomposition of supermartingales, there exist two square integrable martingales M and
M’, two square integrable nondecreasing predictable RCLL processes V and V' with V = Vj; = 0 such that:

dH, = dM, —dV; ; dH, =dM, —dV,. (4.11)

Define o )
Mt = Mt — Mt'

By the above relation and (4.11), we derive dY;* = dM; — dV; + d\/;l. Now, by the martingale representation
theorem, there exist Z* € H? U* € HZ such that:

dM, = Z;dW, + | U;(e)N(de, dt). (4.12)
.
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Consequently, (4.11) and (4.12) imply that:

T T T
§T+/ o(s, Y, 22, U )ds — (/ o(s, Y, 22, U%)ds + (Vi — Vi) — (v;-v;)) —/ 74w,
t t

/ / N(ds, de).

Now let g™ (resp. g~) denote the positive (resp negative) part of the function g. By setting A :=
Vi Jrfotg (s, Y, Z:,UF)ds and K} :=V/ +f0 (s, Y}, Z5,Ur)ds, the result follows. O

Proposition 4.8. Suppose Assumption 2.4 holds. Then, there exists a constant C, independent of p and q
such that we have :
T T
[ zepalve | [ ] i@
0 0o Jr

Proof. This proof generalizes the proof of [17, Proposition 4.1] to the case of jumps. Since p and ¢ play
symmetric roles, the calculations over p and ¢ are uniform throughout this proof. From Lemma 4.7, we know
that there exists (Y*, Z*,U*, A*, K*) in 82 x H? x H2 x A% x A? such that

E [ sup (Yf”q)Z] +E +E +E[(ARD?] + E[(KZ)? < C.

0<t<T

(4.13)

T
Y, =§T+/ o(s,67)ds + (A5 — AT) — (K;:—K;)—/ Zdw, — / / U* () N (ds, de)
t t *
and & <Yy < (¢ dP ® dt a.s. (0% denotes (Y5, Z*,UY)). Then, for p,q € N, we also have
T T T
Ve =gt [ ol 0ds + (A7 — A7) — (5~ KD a [ (€ - YD) ds—p [ (7 =G
t t t
T
—/ ZrdW, — / UZ (e) N (ds, de).
t R*

Let 6”7 .= (Y™, 277, U") and g4 = (YP4, ZP4 [J77) be the solutions of the following equations

T T T
VP eyt / o(s,8"%)ds + (A3 — A) + g / (€& — TP ds — p / (V27— ) ds (4.14)
t t t

_/t 70w, — / R*qu() (ds, de). (4.15)

T

T T
TPt r+ [ gl B = (K5 = Kp) v [ (6 -V —p [ 070 - o @)
t t

_/t ZPqW, — / /*qu N (ds, de). (4.17)

By the comparison theorem for BSDEs with jumps (see Theorem D.1), we get that for all p,q in N, }N/tp’q <

YR <Yt g <Yr <Y7 " and YU < Y < (. Applying this result to (4.14) gives that (?p’q,fp’q,ﬁpﬂ
is also solution to

T T
Ve =t [ oo s+ (a7 —p [ 070 cotas— [ 7w [ [ TN o
(4.18)
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Doing the same with (4.16) gives that (Y79, ZP4 UP9) is also solution to

T T
TPt =grt [ g(s,B20ds - (K7 - KD [ (6 - VP - / Zraaw, - / O79(e)N (ds, de).
t R

t t

(4.19)
Let us consider the following BSDEs
T
={r +/ g(s,07)ds + (A% — A) —/ Zrdw, — / / U} (e)N(ds, de), (4.20)
t t *
T
Yo =¢r +/ g(s,0;)ds — (K — K) —/ Z;dW, — / / N(ds, de), (4.21)
t t .

where 0F := (Y;*, ZF,UF) and 07 := (Y, Z7,U;). Since K} := fo (YP9—¢)tds and APY = qfo & —
YP: q)+ds are increasing processes, Theorem D.1 applied to (4.18) and (4.20) (resp. to (4.19) and (4 21))
gives Y, < Y;t (resp. Y, < YP?). Combining theses results with the inequality ¥*¢ < Y?? < Y}? leads
to

V(p,q) eN?, Vt€[0,T], ¥, <YPI<yPe<y) <Vt (4.22)
Then we have
E[ sup (Y"*)’] < max{E[ sup (¥;")*],E[ sup (¥;7)’]}. (4.23)
0<t<T 0<t<T 0<t<T
Since A* and K* belong to A?, It6’s formula, BDG inequality and Gronwall’s Lemma give E[supg<, < (¥;")?] <
C and E[supy<;<7(Y;)?] < C. Then we get
E[ sup (Y79)?] < C. (4.24)

0<t<T
Let us now prove that E[(A%%)?] 4+ E[(K2)?] < C. Since for all p,q in N, Y?? < YP? < Y}, then
AP? > AP9 > 0 and K" > KM >0 . Tt boils down to prove E[(A%%)?] + E[(K7%)?] < C. Let us first
prove that E[(A%:7)?] < C. To do so, we apply [8, Equation (17)] to (4.19) (as a sequence in ¢). In the same
way, we apply [8, Equation (17)] to (4.18) (as a sequence in p). We get E[(K%")?] < C.

It remains to prove E [fOT |Zf’q|2dt} +E [fOT I \Utp’q(e)|2y(de)dt} < C. By applying Itd’s formula to

VPP, we get
T T
/ 1209 2ds / / UP(e) 2o (de)ds
t t R*

T
| yragts.vre zpnvzeas
t

E[[Y?] +E +E

T
=E[¢3] + 2E +2E / YPaq(YP9 — &) "ds| — 2E
t

T
t

The third term of the right hand side is zero if Y77 > &,. Then we can bound it by 2E [supg< < [&[(A57 — AP9)].

The last term of the right hand side is bounded in the same way. We bound it by 2E [supy<,<p |[G|(KP:? — KP'9)].
By using that g is Lipschitz, we bound the second term of the right hand side
))ds] .

T T
oE / YPag(s, YPI, 709 UP9)ds | < 2 / Y29~ 0,0,0)]|oo + Cy([YP] 4 |22
t t

+|Upe
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By applying Young’s inequality, we get

T
/ 1209 2ds
t

<llg(-,0,0,0)[5 + (1 +2Cy +4CE

E[[YP!?] +E +E

T
/t 8 |Uf’q(e)|2y(de)ds] (4.25)

T T
| wpepas | 1zzepas
t t

+E[ sup &]+E[ sup (7] + E[(A%9)?] + E[(K}?)?).
0<t<T 0<t<T

1 1
-E -E
+2 +2

T
/ |vaq<e>2v<de>ds]
t R*

By combining the assumptions on &, ¢, (4.24) and the previous result bounding E[(A%:7)?] + E[(K%:7)?], we
get E[[ |2092ds] + [, [ [UP(e)[?v(de)ds] < C. O

In (4.9), for fixed p we set gp(s,y,2,u) = g(s,y,2,u) —p({s —y)~. gp is Lipschitz and
T T
E (/ (gp(s,O,O,O))2d5> <2E </ (g(s,O,O,O))2d5> + 2p*TE( sup (()?) < .
0 0

0<t<T

By Theorem D.1, we know that (Y??) is increasing in ¢ for all p. Thanks to Theorem D.4, we know that
(YP4, ZP1 UP9) ey has a limit (YPo0, ZP° UP>) := #”*° such that (YP?), converges increasingly to
YP>° € §2 and thanks to Theorem D.3, we know that there exists Z7>° € H?, UP:** € H2 and AP € A2
such that (YPo°, ZP:2 P20 AP:°) gatisfies the following equation

T T T
VP <tk [ gls,00)ds 4 (A5 = A7) —p [ (G- vy ds = [ zzaw,
t t t

- /T UP>°(e)N (ds, de) (4.26)
t Jre

ZP> is the weak limit of (Z79), in H?, UP* is the weak limit of (UP?), in H? and A}"* is the weak
limit of (AV'?), in L?(F;). Moreover, for each r € [1,2[, the following strong convergence holds

lim E / [YPe —YP2ds | +E / | ZP9 — ZP>°|" (s +/ (/ |UPe — Uf*°°2u(de)> ds | =0.
S T ‘ 14 : o\ :

(4.27)

From [8, Theorem 5.1], we also get that V¢ € [0,7T], Y™ > & and J"OT(YP’O<> — &-)dAY™ =0 a.s. Set

il
KPP = pfot(gs — YP>°)"ds. Since YP? A YP*® when ¢ — oo, KP4 S KP*° when ¢ — co. By the
monotone convergence theorem and (4.13), we get that E((K%°)?) < C. Then we get the following Lemma.

Lemma 4.9. There exists a constant C' independent of p such that

T
|1z pa
0

From Theorem D.2, we have Y™ > YPT1> then there exists a process Y such that Y7 \, Y. By
using Fatou’s lemma, we get

IE)[ sup (Yf’mﬁ] +E +E + E[(A>)?] + E[(K7>)?] < C.
0<t<T

T
/ 0P (&) Pu(de)dt
0 R*

E( sup (Yt)2> <C,

0<t<T

and the dominated convergence theorem gives us that lim, o, Y?*° =Y in H?. Since (Y?9), is a decreasing
sequence, (AP9), is an increasing sequence, and by passing to the limit ((A}'?), weakly converges to A7),
we get AV < APT1° Then, we deduce from Lemma 4.9 that there exists a process A such that A»> # A
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and E(A4%) < co. Since AY'? — AP4 = f: q(& —YPO)tdr < fst q(& — YPTLa)Hdpr = APTDY _ APHLa e get
that

APS — APoe < APTL gl v < s <t < T

Thanks to Lemma 4.9, we can apply the “generalized monotonic Theorem” A.1l: there exist Z € H?,
U € H2 and K € A? such that

T T T
Y, = ér + / 9(5, Yo, 20, U)ds + Ap — Ay — (Kp — ;) — / Z,dW, — / / Us()N(ds, de), (4.28)
t t t *

K, is the weak limit of K> in L?(F;), Z is the weak limit of ZP>° in H? and U is the weak limit of UP>*>°
in H2. Moreover, AY"*° strongly converges to A; in L?(F;) and A € A%, and we have for each r € [1,2],

T T T 5
lim E / |YPoo — YS|2ds +E / | 2P0 — Zs|"ds +/ (/ |UP-e — US|2u(de)> ds | =0. (4.29)
P00 0 0 0 R*

Proof of point 2.

Similarly, (Y?9), is decreasing for any fixed ¢. The same arguments as before give that (Y79, ZP:4 UP9) ey
has a limit (Y°°9, 2% U>4) = 0> such that (YP?), converges decreasingly to Y°? € &2, and
thanks to Theorem D.3, we know that there exists Z°>? € H?, U4 € H2 and K~ € A? such that
(Yoo, 704 o4 °:9) gatisfies the following equation

T

T T
Yoo <ot [ gls. 02 0ds g [ (- g ds = (K50 - Ko < [ zzenaw,
t t

_ /t " / ()N (ds, d;) (4.30)

Z°>1 is the weak limit of (Z79), in H?, U is the weak limit of (U??),, in H2 and K;*'? is the weak limit of
(K1), in L?(F:). From [8, Theorem 5.1], we also get that V¢ € [0, T], ;7 < (; and fOT(YtO,O’q—th)dKfo’q =
0 a.s. Set A7 = qfOt(YSo"’q — &)~ ds. Since YP4 N\ Y4 when p — oo, AP? S A4 when p — co. By
the monotone convergence theorem and (4.13), we get that E((A7"7)?) < C. We get the following result,
equivalent to Lemma 4.9

Lemma 4.10. There exists a constant C independent of q such that

T T
[ izepal ve | [ ] wEepi@
0 0 *

From Theorem D.2, we have Y9 < Y, °%"! then there exists a process Y’ such that Y°¢ *Y’. By
using Fatou’s lemma, we get that Y’ belongs to S?, and the convergence also holds in H2. By using the
same proof as before, we can apply Theorem A.1: there exist Z’ € H?, U’ € H2 and A’ € A? such that

E[ sup (Y;oo’q)Q] +E +E

0<t<T

+E[(A7)?] + E[(K77)% < C.

T T T
Vomtrt [ o V2L UDds + Ay - A — (- k) - [ ziaw— [ [ e s, do),
t t t *
A} is the weak limit of A;™? in L?(F;), Z' is the weak limit of Z°¢ in H? and U’ is the weak limit of U
in H2. Moreover, K;~'? strongly converges to K] in L*(F;) and K’ € A?. We will now prove that the two

limits are equal.

Proof of point 3.
Lemma 4.11. The two limits Y and Y’ are equal. Moreover Z =2', U =U" and A— K =A' — K'.
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Proof. Since YP?1 /A YP and YP9\, Y1 we get that for all p,q € N, Y7 < YP4 < YP>_ Then, since
YP° N Y and Y7 AY' we get Y/ < Y. On the other hand, since Y7 < YP9 we get that for all
0<s<t<T

p,q p,q 00,9 0,9
APT AP < AP A0,

Since (AP'?), weakly converges to AY™ in L?(F;), (A7™?), weakly converges to A} in L?(F;), and (AP™),
strongly converges to A; in L?(F;), taking limit in ¢ and then limit in p gives

Ay — A < AL — AL (4.31)
Since YP7 < YP° we get that forall 0 < s <t<T
KP? — KP4 < KD — KPoo,
Letting p — oo and ¢ — oo leads to
K, - K. < K; — K. (4.32)
Combining (4.31) and (4.32) gives that for all 0 < s <t < T
Ay — As — (Ky — Ky) < A, — AL — (K, — KY)).

Thanks to Theorem D.1, we get that Y/ > Y. ThenY’ =Y, andweget Z/ = Z, U’ =U,and A’'—K' = A-K.
O]

Proof of point 4.

It remains to prove that the limit (Y, Z, U, A — K) of the penalized BSDE is the solution of the reflected
BSDE with two RCLL barriers ¢ and (. To do so, we use the links between Dynkin games and DBBSDEs
(see Proposition D.5) and Snell envelope theory (see Appendix B).

Theorem 4.12. Let o := A — K. The quartuple (Y, Z,U, «) solving (4.28) is the unique solution to (2.1).

Proof. We know from Theorem 2.7 that (2.1) has a unique solution. We already know that (Y, Z,U, A, K)
belongs to S? x H? x H? x A? x A? and satisfies (i7). It remains to check (i7i) and (iv). We first check
(791). From (4.26), we know that (YP°°, ZP»>° [UP->° AP>°) ig the solution of a reflected BSDE (RBSDE in
the following) with one lower barrier . Let aP»*® := AP — KP-*° Then, (YP*°, ZP>° UP*>° oP**°) can be
considered as the solution of a RBSDE with two barriers £ and ¢ 4+ ({ — Y?°°) ™, since we have

T
<y <crc-vre) [ ap - g —o
0

and

T T
| e —a- - yreane= = —p [0 -0y (G- Y2 ) de=o,
0 0
From Proposition D.5 we know that

ONT
Y/ = essinf esssup E ( / 9(5,07°°)ds + & 1r<o + Coloar + (Co — va°°>—1g<f|ft>
o€Te  reT; t B

ONT
> essinf esssup E (/ 9(5,00°)ds + & 1<, + Ca'10'<7"ft)
t

o€Ty T€T:

ONT
> essinf esssup E (/ 9(8,05)ds + & 1r<o + (oloer |]-'t>
t

c€Ty €T

T
~C,E ( | wre =Yl |2z - 2]+ ope - Usnydsm) .
0
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Since YP*° — Y in H?, ZP>*° — Z in H" for r < 2, and UP*>*° — U in H’, for r < 2, there exists a subsequence
p; such that the last conditional expectation converges to 0 a.s. Taking the limit in p in the last inequality
gives

ONT
Y; > essinf esssup E (/ 9(8,05)ds + &1, <5 + C010<T’]-"t> ) (4.33)
o€T: TET: t -

In the same way, we know that (Y4, Z°%9 U4 K°°7) is the solution of a RBSDE with one upper
barrier ¢. Let a®9 := A°% — [°9. Then (Y4, Z°9 U4, a°?) is the solution of a RBSDE with two
barriers £ — (Y°*7 — ¢)~ and (. By Proposition D.5 we know that

ONT
Y,;>% < esssup essinf E (/ g(s,05)ds + & 1,<, + §010<T’]-"t>
t

T€Ts o€T:

T
+GE (/ Y70 = Yo + 259 = Z| + U - Usudsft> :
0

Since Y4 — Y in H2, Z>% — Z in H" for r < 2, and U°>9 — U in H', for r < 2, there exists a subsequence
g; such that the last conditional expectation converges to 0 a.s. Taking the limit in ¢ in the last inequality
gives

ONT
Y; < esssup essinf E (/ 9(s,05)ds + & 1<o + Cglg<T’]-"t> . (4.34)
t

T€T: €Ty

Comparing (4.33) and (4.34) and since esssup essinf < essinf esssup, we deduce

oNAT
Y; = esssup essinf E (/ g(s,05)ds +&:1,<, + C010<T|}}>
t

TeT: €T

ONT
= essinf esssup E (/ g(s,05)ds + & 1,<, + (010<T’]-"t> .
t

o€Te  reT,

Let M; :=E(&r + [ g(s,0,)ds|F:) — [J g(s,05)ds, & = & — M and & = ¢ — M;. We can rewrite Y in the
following form

Y; = esssupessinf E (§,1,<5 + (1 o<r|Ft) + My

reT; ©0€T:
= essinf esssup E (§T <ot Cg U<T|.7-"t) + M,
€Tt 1¢T;

Then Y; — M, is the value of a stochastic game problem with payoff I (r,0) = §~T 1<, + Coloer. Let us
check that & and ¢ are in S2. Since ¢ and ¢ are in S?, we only have to check that M € S%. Using Doob’s
inequality

2

T 2 T
B( sup (M)?) < 2E [ sup <E<a+ / g<s,es>ds|ft>) +</ |g<s7es>|ds> ,

0<t<T 0<t<T
T
<c(1 +E/ Yol? + | Zs[? + | U5 ds) < oo
0

Since &7 = (p = 0 and ¢ and ( satisfy Mokobodzki’condition, we can apply [17, Theorem 5.1]: there exists
a pair of non-negative RCLL supermatingales (X, X ™) in S? such that

X =Ri(X™ +9), (4.35)
X, =Ri(Xt -0
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where R(¢) denotes the Snell enveloppe of ¢ (see Appendix B). Thanks to [17, Theorem 5.2], we know that
Y; — My = X;" — X, . Moreover, by the Doob-Meyer decomposition theorem, we get

X" =E(ALFR) - A}, X; =E(K}|F) -

where A', K are predictable increasing processes belonging to .A%2. With the representation theorem for the
martingale part we know that there exists Z! € H? and U' € H2 such that

Y, = M, + X" — X;
t

T
—E(+ / o(5,0,)ds + AL — KM F) — / o(s,0,)ds — A} + K},
0

¢
7Y0+/ Zaw, +/ / Ul(e)N(ds,de) — /g(s,ﬂs)dsz%wLKtl.
. 0

Then, we compare the forward form of (4.28) and the previous equality, we get

(A — Ky) — (Al = K}) = /(Z — ZHdw, +// (e))N (ds, de)

and then Z; = Z}, Uy = U} and K; — A, = K} — A}. By using the properties of the Snell envelope in (4.35)
(see Proposition B.3), we get the X+ > X~ —|—£ and X~ > X+ —, which leads to

E=M4+E<Y=M+X"—X"<M+{=¢

and (7it) follows.
It remains to check (iv). By Proposition B.4, we get that

T T T
0= [~ + XAl = [0 - X -6+ Mol = [ - 6o)aal,
0 0 0
and
T 5 T T
0= [ -0 = Gondit = [0 = X7 G - Mk = [ (G - Yol
0 0 0
which ends the proof. O

4.3.2 Proof of Proposition 4.5

In order to prove the convergence of (Y7, ZP, UP oP), we rewrite (4.26), the solution of the reflected BSDE
with one lower obstacle &

T T T
Ve et [ g opds (45— ap) = [ (G- vryas— [ zaw,
t

t
/ / UP>°(e)N(ds, de),

and (4.30), the solution of the reflected BSDE with one upper obstacle ¢

T T T
YO =€+ / 9(s,03°")ds + p / (Vo0 = &) ds — (K7 — K;°7) - / 7P AW,
t t t

T
—/ USP(e)N(ds, de).
t Jr

Since Y}/'*° > & and Y*P < (;, we can substract pftT(Y.”’Oo — &)™ ds to the first BSDE and we can add

S

pftT(Cs — Y P)~ds to the second BSDE. By the comparison theorem we get Y,”? < Y < Y. Since
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YP° N Y and Y°? Y when p — 0o, we get that Y,” — Y; almost surely, for all ¢ € [0,7]. From (4.29)

and the corresponding result for Y°P, we get that lim,_,. E( fOT |YP — Y,|?ds) = 0.
Applying Ito’s formula to E(]Y} — Y;|?) between [0, 7], a pair of stopping times such that t < o <7 < T, we

get
E(|Y§—Ya2+ [z =zpass [ |U5<e>—Us<e>2v<de>ds)=E<|Yf—YT2>

+2JE</ (Y2 = Y)(9(5,07) — 9(5,605))ds) + D (AAP+ D (AK)P+2 > AAAK
g o<s<T oc<s<T o<s<T

o [ v -4, -2 [ 7 - VdEe - k).

By using the Cauchy-Schwarz inequality, the convergence of Y? to Y in H?, and the fact that g(s,#?) and
g(s,05) are bounded in L?(Q x [0,T]), we get that the second term of the r.h.s. tends to zero when p tends
to co. From the dominated convergence theorem the last two terms of the r.h.s. also tend to zero. Since
23 s ASANK <Y oo (AGA)? + 3, oo (ASK)?, we are back to Theorem D.3, which ends the
proof of (4.8). o S

It remains to prove that ZP weakly converges to Z in H?, UP weakly converges to U in H2 and of
weakly converges to « in L?(F;). Since VP < VP < VP we get AV < AP and KPP < KP™.
Then, by using Lemmas 4.9 and 4.10, we obtain E((4%)?) + E((K%)?) < C, where C does not de-
pend on p. By applying It&’s formula to |Y/”|? and by using Young’s inequality as in (4.25) we get
]E(fOT |ZF|2dt + fOT(fR* |UP(e)|?v(de)ds)) < C, where C' does not depend on p. The sequences (Z7),>o,
(U?P)p>0, (AV)p>0 and (K})p>0 are bounded in the respective spaces H?, H2, L?(F;) and L?(F;). Then, we
can extract subsequences which weakly converge in the related spaces. Let us denote Z',U’, A’ and K’ the
respective limits. Since (ZP,UP) strongly converge to (Z,U) for any ¢ < 2 (see (4.8)), we get that Z = Z’
and U =U'.

Let us prove that A’ — K’ = A — K. We have
t
AV — K} =Y -Y}P - / 9(s, Hp)der/ ZPdW +/ / UP(e)N (ds, de),

At—Kt:YO—Kg—/ (s@)ds—l—/ZdW—i—// dsde)

Taking the limit in p in the first equation, we get A} — K} = A; —

5 Numerical simulations
In this section, we illustrate the convergence of our scheme with two examples. The difficulty in the choice

of examples is given by the hypothesis we assume, in particular the Mokobodzi’s condition which is difficult
to check in practice.

Example 1 : inaccessible jumps

We consider the simulation of the solution of a DBBSDE with obstacles having only totally inaccessible
jumps. More precisely, we take the barriers and driver of the following form: &, := (Wt)2 + N+ (T—-1),¢ =

(W) + Ny +3(T — 1), g(t,w,y, z,u) := =5y + 2| + 6u — 1.

Our example satisfies the assumptions assumed in the theoretical part, in particular Hypotheses 2.4 and
3.3 (see Remark 3.5, point 2.). Assumption (2.4), which represents the Mokobodzki’s condition, is fulfilled,
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since H; := (Wt)2 + N, + 2(T —t) satisfies & < Hy < (; and Hy = M, + A, where M; := (Wt)2 + N, +T—t
is a martingale and A; := T — t is a decreasing finite variation process.

Table 1 gives the values of Yy with respect to parameters n and p of our explicit sheme. We notice
that the algorithm converges quite fast in p and n. However, when n is too small (n = 20 and n = 50),
the result for p = 20000 is quite far from the “reference” result (n = 600 and p = 20000). Concerning the
computational time, we notice that it is low, even for big values of p and n.

Table 1: The solution 7" at time t = 0

Yo" | n=20 [ n=50 | n=100 [ n=200 | n=400 [ n=500 [ n=600
p=20 11736 [ 1.2051 | 1.2181 [ 1.2245 [ 1.2277 [ 1.2283 [ 1.2288
p=>50 1.2077 [ 1.2482 | 1.2648 | 1.2728 | 1.2767 | 1.2775 | 1.2780
p=100 1.2214 [ 1.2634 | 1.2808 | 1.2894 | 1.2936 | 1.2945 [ 1.2950
p=>500 1.2350 | 1.2753 | 1.2939 | 1.3033 | 1.3079 | 1.3088 | 1.3094
p=1000 1.2365 | 1.2767 | 1.2957 | 1.3051 | 1.3098 | 1.3107 | 1.3113
p=5000 1.2376 | 1.2778 | 1.2971 | 1.3066 | 1.3113 | 1.3122 | 1.3129
p=20000 1.2377 [1.2780 | 1.2974 | 1.3069 | 1.3116 | 1.3125 [ 1.3132

[ CPU time for p=20000 | 0.00071 | 0.0084 [ 0.0644 [ 0.6622 | 6.3560 | 12.5970 | 20.0062 |

Figure 1 represents one path of (3", &, ¢")t=0. We notice that for all ¢, 71" stays between the two

obstacles.

Trajectories of the solution and the barriers

Figure 1: Trajectories of the solution 7”™ and the barriers En and ¢ for A =5, N = 200, p = 20000.

Example 2 : predictable and totally inaccessible jumps

We consider now the simulation of the DBBSDE with obstacles having general jumps (totally inaccessible
and predictable). More precisely, we take the barriers and driver of the following form: & := (Wt)Q + Ny +
(T - t)(l - 1W12(1)’ G = (Wt)2 + Ne + (T - t)(2 + 1W12a)a g(tvwvyv Z,U) = _5|y + Z‘ +6u — 1.

We first give the numerical results for two different values of a, in order to show the influence of the predictable
jumps given by 1y, >, on the solution Y and also the convergence in n and p of the numerical explicit scheme
(see Tables 2 and 3).

Then, Figures 2, 3 and 4 allow to distinguish the predictable jumps of totally inaccesible ones and their
influence on the barriers (for e.g. the first jump of the barriers is totally inaccessible, the second and third
ones are predictable). Moreover, we remark, as in the previous example, that the solution Y stays between
the two obstacles ¢ and (.
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Table 2: The solution Y at time t = 0 for a=-1

Yo n=100 | n=200 | n=400 | n=500 | n=600
p=20 1.0745 | 1.0698 | 1.0782 | 1.0748 | 1.0759
p=50 1.1138 | 1.1103 | 1.1191 | 1.1159 | 1.1170

p=100 1.1266 | 1.1238 | 1.1328 | 1.1297 | 1.1308
p=500 1.1373 | 1.1353 | 1.1448 | 1.1419 | 1.1431
p=1000 | 1.1387 | 1.1369 | 1.1465 | 1.1437 | 1.1449
p=5000 | 1.1399 | 1.1382 | 1.1481 | 1.1453 | 1.1466
p=20000 | 1.1401 | 1.1385 | 1.1484 | 1.1456 | 1.1469

Table 3: The solution Y at time ¢t = 0 for a=1

Yo" n=100 | n=200 | n=400 | n=500 | n=600
p=20 1.2125 | 1.2177 | 1.2203 | 1.2208 | 1.2212
p=50 1.2582 | 1.2647 | 1.2680 | 1.2686 | 1.2690

p=100 1.2738 | 1.2808 | 1.2843 | 1.2850 | 1.2855
p=500 1.2866 | 1.2944 | 1.2982 | 1.2990 | 1.2995
p=1000 | 1.2884 | 1.2962 | 1.3001 | 1.3008 | 1.3013
p=5000 | 1.2898 | 1.2976 | 1.3016 | 1.3023 | 1.3029
p=20000 | 1.2900 | 1.2979 | 1.3018 | 1.3026 | 1.3032

Trajectory of the Brownian motion
1.8 —

1.6
1.4
1.2

0.8
0.6 -
0.4 —

0.2 +

~0.2

-0.4

Figure 2: Trajectories of the Brownian motion for a = —0.2, N = 200.

Trajectory of the Compensated Poisson process

Figure 3: Trajectories of the Compensated Poisson process for A = 5, N = 200.
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Trajectories of the solution and the barriers

Figure 4: Trajectories of the solution Y and the barriers £ and ¢ for a=-0.2, A = 5, N = 200.

A Generalized monotonic limit theorem

The following Theorem generalizes [20, Theorem 3.1] and Theorem D.3 to the case of doubly reflected BSDEs
with jumps.

Theorem A.1 (Monotonic limit theorem). Assume that g satisfies Assumption 2.2, and & belongs to L*(Fr).
We consider the following sequence (in n) of BSDEs :

Yir=¢+ /T g(s, Y, Z2 UMNds + (AT — A}) — (K} — K') — / ZdWs — / / Ul(e ds ,de)
t t .

such that Y™ € 82, A" and K™ are in A2, and sup,, E fo |Z"|?ds) + sup,, E fo Je- U2 (e)|Pv(de)ds) <
We also assume that for each n € N

1. (A™), is continuous and increasing and such that A} =0 and sup,, E((A%)?) < oo

2. Kg—Kg > K — K forall0<s<t<T and for alli < j

3. forallt €[0,T], (KM, /K¢ and E(K%) < o0

4. (Y{")n increasingly converges to Yy with E(supy<,<r |Ye|?) < oc.

Then K € A% and there exist Z € H2, A € A? and U € H2 such that

T
Yt:§+/ g(s,Ys,ZS,US)derATfAtf(KT—Kt)—/ ZdWs — / / N(ds, de).
t t .

Z is the weak limit of (Z™),, in H?, K, is the strong limit of (K')n in L?(F;), A; is the weak limit of
(A, in L2(F;) and U is the weak limit of (U™), in HZ. Moreover, for all r € [1,2[, the following strong
convergence holds

T T T 5
lim E(/ |Y,S"—Y.S|2ds—|—/ \ZQ—ZSVds—i—/ (/ |Us”(e)—Us(e)|2u(de)> ds> 0.
oo 0 0 0 R*

Proof of Theorem A.1. This proof follows the proofs of Theorem D.3 and [20, Theorem 3.1]. From the
hypotheses, the sequences (Z"),,, (U™),, and (g(-,Y™, Z",U")),, are bounded in H?, H2 and L?([0,T] x ),
then we can extract subsequences which weakly converge in the related spaces. Let Z, U and gy denote the
respective weak limits. Thus, for each stopping time 7 < T, the following weak convergence holds in L?(F;)

/g(s,YS”,Z;L,U;L)ds — go(s)ds, / ZrdW, — ZydW,
0 0 0

n—oo n—r oo 0
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and

/T U™ (e)N(ds, de) nﬁoo/ Us(e)N(ds,de), K" — K,
0o Jr- R~

n— oo

since (K}"), / K; in L*(F,).
A=Yy —-Y" —/ 9(s, Y, Z2 UMds + K +/ Z7dW +/ / U™ (e)N(ds, de)
0 0 *
we also have the following weak convergence in L?(F;)

A — A, ::YO—YT—/ gg(s)d5+KT+/ ZSdWs—i-/ / Us(e)N(ds,de).
0 0 0o Jr~

Then E(A2) < oo. Since the process (A7); is increasing, predictable and such that A7 = 0, the limit process
A remains an increasing predictable process with Ag = 0. We deduce from [20, Lemma 3.2] that K is a
RCLL process, and from [20, Lemma 3.1] that A and Y are RCLL processes. Then Y has the form

=§+/tT90(3)dS+AT—At—(KT—Kt)—/TZdW / R*U() V(ds, de).

t

It remains to prove that for all r € [1,2]

T T 5
lim E (/ |Z0 — Z,|"ds +/ (/ U (e) — Us(e)%(de)> ds> =0
n—oo 0 0 R*

and for all ¢ € [0, 7]
t t
/ go(S)dS = / g(SaYsaZSaUs)dS
0 0

Let N; = fo Jz- Us(e)N(ds, de) and Nj* = fo Jo- U (e)N(ds,de). We have A (Y™ —Y) = Ay(N™ — N +
K" — K+ A). We appply It6’s formula to (Y — Yt) on each subinterval ]o, 7], where o and 7 are two
predictable stopping times such that 0 < o <7 < T. Let 67 denotes (Y*, Z7,UT)

(vr — /|Z” ZJds+ Y ALY
o<s<T

7 e [ V) (gl 02) - go(s))ds +2 / (v = vdaz -2 [ (7 -, )aa,

T

2 O V(KT < K <2 [0 Yo )28 - ZdW -2 [ (V- Y U2 (e) - U(e) N (ds. do).
Since [T (Y —Y,)dA? <0, =2 [T(Y" —Y,-)d(K! — K,) <0 and

YA =Y = Y ANT-NP+ D A(K" K+ > (AA)P+2 > AAA (K" - K).
c<s<T oc<s<T o<s<T o<s<T o<s<T
By taking expectation and using Y* —VY,- = (V' = Y,) — A, (Y" - Y), we get

E(Y" - Y,)* + E/ |Z" — Z,|*ds + IEJ/ UZ(e) — Us(e)Pr(de)ds + B Y AJ(K™ — K)?
o o JR* o<s<T
B - VP42 [ (07 Vgl 00) — go(s))ds 28 [ (7 - Va4 +E Y (AA)?

o<s<T

It comes down to [8, Equation (10)], we refer to this paper for the end of the proof. O
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B Snell envelope theory

Definition B.1. Any F;-adapted RCLL process 1 = (n)o<i<r 15 of class D[0,T] if the family {n(7)}rem
s uniformly integrable.

Definition B.2. Let n = (1)< be a Fi-adapted RCLL process of class D]0,T]. Its Snell envelope R.(n)
is defined as

Ri(n) = esssup E(n, | F).
veTy

Proposition B.3. R.(n) is the lowest RCLL F;-supermartingale of class D]0,T) which dominates n, i.e.
P-a.s., for allt € [0,T], R(n); > .

Proposition B.4. (Doob-Meyer decomposition of Snell envelopes) Let n := (n:)i<r be of class D([0,T]).
There exists a unique decomposition of the Snell envelope

Ri(n) = M; — Kf — K,

where My is a ROLL F;-martingale, K€ is a continuous integrable increasing process with K§ =0, and K¢
is a pure jump integrable increasing predictable RCLL process with K{)i = 0. Moreover, we have

/0 (Re- (n) — mo-)dE, = 0,

where K .= K¢+ K?.

Proof. The first part of the proposition corresponds to the Doob-Meyer decomposition of supermartingales
of class D[0, T]. To prove the second part of the proof, we write

T o _ T ) o . T ) o .
/0 (Re (n) — np-)dE, /0 (Re-(n) — - )AKE + /O (Re- (n) — mi- K.

The first term of the right hand side is null, since {AK? > 0} C {R(n)_ = n_} (see [12, Property A.2, (ii)]).
Let us prove that the second term of the r.h.s. is also null. We know that (R:(n) + K@) = (M; — K¢); is
a supermartingale satisfying R:(n) + K& > n; + K, then R;(n) + K& > R(n; + K2). On the other hand,
for every supermartingale N; such that N; > 1, + K¢, we have N; — K@ > 1, and then N; — K& > R(n):
(since (N; — K{); is a supermartingale), then N, > R(n); + K. By choosing N; := R(n + K%);, we
get R¢(n) + K& = R(n: + K@). Since K€ is continuous, (R:(n) + K{); is regular (see [22, Exercise 27]).
Then, from [12, Property A3], we get that 7, := inf{s > ¢ : K¢ — K7 > 0} is optimal after ¢t. This yields
T (R(n)s + K& — (15 + K9))dKE = 0 for all t < T. Then, we get [ (R4 (1) — n— )dK§ = 0. O

t

C Technical result for standard BSDEs with jumps

Lemma C.1. We assume that 6, is small enough such that (34 2p +2C, +2C2(1 + +e?T))6,, < 1. Then
we have:

n—1
sng \yg’ ]+ 0n Z E[ |Ep’ (1 = Kn)kn ZE“ﬂ?nF] < Klem.ca
j<n 5=0

2 22T
where K ¢y = (l9(-,0,0,0)|2+@?+CyT) (sup,, max; E[|€][2]-+sup,, max; E[|¢][2]))el2P+2Co+2¢, 2+5e70),
Proof. From the explicit scheme, we derive that:

El[7;"°] - Ellg5y11%] = — aElIZ"*] - (1 - Hn)ﬂnEHﬂ?’" ?] = (1= fn) B E[[05" ]
— 6 Egn(t; E[g | F7 1, 20" @) ™)) + 20, B " gp (8, BT 7L 207 @) ).
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Taking the sum for j =4,...,n — 1 yields

n—1

prn| ] <E[|€"*] _57LZEHEJ"TL|2] — = hRn ’fnZE |ﬂpn +257LZE7P " aE[?gfﬂ]'—f],E?’", f’

i=i

n—1 ne1
E[J€" ] = 60 Y E[Z5" P = (1= ka)rn Y Eff@"?]
j=i =

9, ZE 7

Hence, we get that:

(lg(t5,0,0,0)[ + Co B[y [ F71 + Gyl 25" | + Coluf™ | + 75"

+ 161+ 1¢D)]

n—1
’I'L -] ’I'L Rn — n
iz +—ZE| i ZE\ P2 <6, ) Ellg(t,0,0,0)[%]
j=i
+ (p* + Cyby) (max E[|€] 7] + max E[|C1[?]) + 6, (3 +2p+2C, +2C7 + > Z E[7""|
J J
n 1 .
Since ol — ) < XeQ’\T, the assumption on J,, enables to apply Gronwall’s Lemma, and the result follows.

O

D Some recent results on BSDEs and reflected BSDEs with jumps

For the self-containment of the paper, we recall in this Section some recent results used several times in the
paper.
D.1 Comparison Theorem for BSDEs and reflected BSDEs with jumps

Theorem D.1 (Comparison Theorem for BSDEs with jumps ([23], Theorem 4.2)). Let & and & be in
L3(Fr). Let fi be a Lipschitz driver and fa be a driver. For i = 1,2 let (X}, 7, 1}) be a solution in
S? x H? x H2 of the BSDE

—dX! = fi(t, X}, 7l 1Ddt — widWy — | U(u)N(dt,du); Xi = &. (D.1)
R*

Assume that there exists a bounded predictable process (v;) such that dt ® dP ® v(du)-a.s
() = =1 and |yi(u)| < ¢P(u),

where 1 € L2 and such that

A X2 720 — AL X2 72, 12) > (1L —12),, t € [0,T),dt ® dP a.s. (D.2)
Assume that
&> & as. and fi(t, X2, 72, 12) > fot, X2, 72,12) t € [0,T),dt ® dP a.s. (D.3)
Then we have
X! > X7 a.s. for allt €[0,T). (D.4)

Moreover, if inequality (D.3) is satisfied for (X}, i, 1}) instead of (X2, 72,12) and if fo (instead of f1) is
Lipschitz and satisfies (D.2), then (D.4) still holds.
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Theorem D.2 (Comparison Theorem for reflected BSDEs with jumps ([24], Theorem 5.1)). Let £1,£2 be
two RCLL obstacle processes in S?. Let fi and fy be Lipschitz drivers satisfying Assumption 2.2. Suppose
that

§<¢,0<t<Tas,
fa(t,y, 2, k) < fi(t,y, 2, k), for all (y,2 k) € R* x L2, dP ®dt a.s.

Let (Y, Z1, k', A%) be a solution in S? x H? x H2 x §? of the reflected BSDE

=AY} = fi(t, Y, Zy, ki ())dt + dA} — ZidW, — / ki ()N (dt, du); Yi = &, (D.5)
Yi>¢€ 0<t<Ta.s. (D.6)
(D.7)

and A' is a non decreasing RCLL predictable process with Ay =0 and such that
/ (Y] — €)dAX = 0 a.s. and AAP = —AYtllyti_ _gi a.s.
0 t
Then Y2 <Y for allt in [0,T)] a.s.

D.2 Convergence results on reflected BSDEs with jumps

Theorem D.3 (Monotonic limit theorem for reflected BSDEs with jumps ([8], Theorem 3.1)). Assume

that f satisfies [8, Assumption A.2], & € L? and K™ is a continuous and increasing process such that
sup,,en E(K%)? < 00 and K =0 for any n € N. Let (Y™, Z", V™) be the solution of the following BSDE

T
Yt”:§+/ f(s,yg”,zg,lg")dHKg—Kp—/ ZrdW, — / /v" N(ds,du), t <T,
t

t

where supneN]EfOT |Z"2ds < oo and supneNEfOT Jo VI (u) Pr(du)ds < co. If Y™ converges increasingly to
Y with E(supg<,;<7 Y;?) < 00, then there exists Z € H?, K € A* and V € HZ such that the triple (Z,K,V')
satisfies the following equation

T
Yt:£+/ f(s,ié,ZsJ/s)ds+KT—Kt—/ ZdW, — // N(ds,du), t <T.
0 t

Here Z is the weak limit of (Z™),, in H2, K, is the weak limit of (K*), in L*(F;) and V is the weak limit
of (V™),, in HZ. Moreover, for every p € [1,2[, the following strong convergence holds

T T %
/ Y)' — Y, [?ds / IZ?—Zslpds+/ (/ [V () — Vi (u)*v (du)) ds} =0.
0 0

Now we introduce the following penalized equation

lim E

n— oo

+E

T
y;”:g+/ f(s,Ys”,ngg)dHK%—Kp—/ Zrdw, — / /v" N(ds,du), t <T,
t

t
where K}' = nfOt(YS" — S¢)~ds. We have

Theorem D.4 ([8], Theorem 4.2). The sequence (Y™, Z™, V™), has a limit (Y, Z, V) such that Y™ converges
toY in 8% and Z is the weak limit in H?, K, is the weak limit of (K[*),, in L*(F;) and V is the weak limit
in H2.
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D.3 Dynkin games and DBBSDEs

In this section, we briefly recall the definition of a Dynkin game, as well as its connection with doubly reflected
BSDEsS, established for the first time in [5] in the case of a Brownian filtration and regular obstacles. This
link has also been investigated in the case of jumps and irregular obstacles (see e.g. [17]).

The setting of a Dynkin game is very simple. Two players observe two processes £ and (. Player 1 chooses
a stopping time o € T, and Player 2 chooses a stopping time 7 € 7. Player 2 pays Player 1 the amount
I(1,0) := &r<s + (s<- at the stopping time 7 A 0. Player 1 wishes to maximize E[I(7,0)] while Player 2
wishes to miminize it. It is then natural to define the lower and upper values of the game:

V := inf E[I : = inf B[] .
1% Inf sup [(r,0)]; V. sup inf [I(7,0)]

The game is said to admit a value if V = V.
Let us now give the characterization of the solution of the DBBSDE as the value function of a Dynkin
game.

Proposition D.5. Let (Y, Z,U,a) € §? x H? x H2 x A? be a solution of the DBBSDE (2.1). For any S € Ty
and any stopping times 7,0 € Tg, consider the payoff:

Is(T, 0) = /ST Ug(sa Y, Zs, Us())ds + fTSa + <0'<T' (DS)

The upper and lower value functions at time S associated to the Dynkin game are defined respectively by

V(S) := essinf esssup E[I5(7, 0)|Fs]. (D.9)
c€Ts 175

V(S) := esssup essinf E[Ig(7, 0)| Fs] (D.10)
T€Ts c€Ts

This game has a value V', given by the state-process Y solution of DBBSDE, i.e.
Yo =V (S) =V(9). (D.11)
Note that in the definition (D.8), (g(s,Ys, Zs,Us(:))s<rno represents the instantaneous reward, while
&r<o + (o< the terminal one.

Proof. For each S € 7y and for each ¢ > 0, let

te=inf{t > S, Vi <& +e} og:=inf{t>S5, YV, > —e}. (D.12)

Remark that 0§ and 7§ € Tg. Fix € > 0. We have that almost surely, if ¢t € [S,7§[, then Y; > & + € and
hence Y; > &. It follows that the function ¢ — A is constant a.s. on [S,7§] and ¢ — A{ is constant a.s.
on [S,7§[. Also, Y(;e)- > &(r¢)- +¢ as. Since € > 0, it follows that Y{;e)- > {(;z)- a.s., which implies
that AAﬁg = 0 a.s. (see Remark 2.6). Hence, the process A is constant on [S,7§]. Furthermore, by the

right-continuity of (§;) and (%), we clearly have Y;= < &;= +¢ a.s. Similarly, one can show that the process
K is constant on [S,05] and that Yoe > (e —¢ aus.

Let us now consider two cases. First, on the set {05 < 7}, by using the definition of the stopping times and
the fact that K is constant on [S, 0§], we have:

o5
Is(r,0%) < / 9(8,Ys, Zs, Us(-))ds + Yoo+ — (Kog, — Kg) + (Aog, — As) (D.13)
S

oS o5 ~
<Ys+ / ZsdW + / / Us(e)N(ds,de) + ¢.
s s .
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On the set {7 < 0%}, we obtain:

IS(Ta O-,ES) < / g(S7YS7 ZS7US('))dS + YT - (KT - KS) + (AT - AS)
S

<Ys +/ ZsdW, +/ Us(e)N(ds, de).
s s Jre
The two above inequalities imply:
E[Is(’r, O’fg)|.7:3} <Yg+e.

Similarly, one can show that:
E[IS(TE,U)U:S] >Ys —e.

Consequently, we get that for each € > 0

esssup E[Is(1,0%)|Fs] —e < Yg < essinf E[Is(7§,0)|Fs] +¢ as.,
7'67; UETS

that is V(S) —¢ < Ys < V(S)+¢e a.s. Since V(S) < V(S) a.s., the result follows.
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