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FINITE-TIME STABILIZATION OF A NETWORK OF STRINGS

FATTHA ALABAU-BOUSSOUIRA, VINCENT PERROLLAZ, AND LIONEL ROSIER

ABSTRACT. We investigate the finite-time stabilization of a tree-shaped network of strings.
Transparent boundary conditions are applied at all the external nodes. At any internal node, in
addition to the usual continuity conditions, a modified Kirchhoff law incorporating a damping
term au; with a coefficient o« that may depend on the node is considered. We show that for
a convenient choice of the sequence of coefficients «, any solution of the wave equation on the
network becomes constant after a finite time. The condition on the coefficients proves to be
sharp at least for a star-shaped tree. Similar results are derived when we replace the transparent
boundary condition by the Dirichlet (resp. Neumann) boundary condition at one external node.

1. INTRODUCTION

Solutions of certain ODE & = f(x) may reach the equilibrium state in finite time. This
phenomenon, when combined with the stability, was termed finite-time stability in [4, 11].

A finite-time stabilizer is a feedback control for which the closed-loop system is finite-time
stable around some equilibrium state. In some sense, it satisfies a controllability objective with
a control in feedback form. On the other hand, a finite-time stabilizer may be seen as an
exponential stabilizer yielding an arbitrarily large decay rate for the solutions to the closed-loop
system. Indeed, any solution of the closed-loop system can be estimated as

()] < h(]|zol|) Lo, () < A([|zol])e =T

where h(6) — 0 as § — 0, and A > 0 is arbitrarily large. This explains why some efforts were
made in the last decade to construct finite-time stabilizers for controllable systems, including
the linear ones. See [15] for some recent developments and up-to-date references, and [3] for
some connections with Lyapunov theory.

To the best knowledge of the authors, the analysis of the finite-time stabilization of PDE is
not developed yet. However, since [14], it is well-known that solutions of the wave equation
on certain bounded domains may disappear when using transparent boundary conditions. For
instance, the solution of the 1-D wave equation

Ut — 62um =0, in

cug(L,t) = —w(L,t), in

cug(0,t) = u(0,t), in

(u(0),%(0)) = (u°,ut), in

is finite-time stable in the space {(u,v) € H*(0,L) x L*(0, L); ¢(u(0)+u(L)) + fOL v(xz)dz = 0},
with T' = L/c as extinction time (see e.g. [12, Theorem 0.5] for the details.) The condition

(1.2) is “transparent” in the sense that a wave u(x,t) = f(x — ct) traveling to the right satisfies
1
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(1.2) and leaves the domain at z = L without generating any reflected wave. Note that the
solution issued from any state (u®,u') € H'(0,L) x L%*(0, L) is not necessarily vanishing, but
constant, for t > L/c. Note also that if we replace (1.3) by the boundary condition «(0,¢) = 0
(or uz(0,%) = 0), then a finite-time extinction still occurs (despite the fact that waves bounce
at z = 0) with an extinction time 7" = 2L/c. We refer to [5] for the analysis of the finite-time
extinction property for a nonhomogeneous string with a viscous damping at one extremity, to
[8] for the finite-time stabilization of a string with a moving boundary, to [16] (resp. [17]) for the
finite-time stabilization of a system of conservation laws on an interval (resp. on a tree-shaped
network).

The finite-time stability of (1.1)-(1.4) is easily established when writing (1.1) as a system of
two transport equations

di + cdy = 0,
st —csy = 0.

where d := u; — cu, and s := u; + cu, stand for the Riemann invariants for the wave equation
written as a first order hyperbolic system. The boundary conditions (1.2) and (1.3) yield d(0,t) =
s(L,t) = 0 (and hence d(.,t) = s(.,t) = 0 for t > L/c), while the boundary conditions (1.2)
and u(0,t) = 0 yield s(L,t) = 0 and d(0,t) = —s(0,¢) (and hence s(.,t) = 0 for t > L/c and
d(.,t) =0fort >2L/c).

The stabilization of networks of strings has been considered in e.g. [1, 2, 7, 9, 10, 18, 20]. In
[10], the authors considered a star of vibrating strings, and derived the finite time stability (resp.
the exponential stability) when transparent boundary conditions are applied at all external nodes
(resp. at all external nodes but one, which is changing as times proceeds). For a more general
network, we guess that the finite time stability cannot hold without the introduction of additional
feedback controls at the internal nodes. Indeed, it is proved here that for a bone-shaped tree, if
the feedback controls are applied only at the external nodes, then the finite time stability fails.

The aim of this paper is to investigate the finite-time stabilization of a tree-shaped network
of strings. At each internal node n connecting k edges, we assume that the usual continuity
condition hold

wnt) =wy(n,t), i} (1.5)
while the usual Kirchhoff law is modified by incorporating a damping term inside:

Z’cz‘uivz(n,t) = —a(n)ug(n,t). (1.6)

In (1.6), the sum is over the indices i of the edges having n as one end, a(n) € R is a coefficient
depending on the node n, and we have set u(n, t) := u;(n,t) (for any i) and taken n as the origin
of each edge to define the derivative along the space variable. The case @ = 0 corresponds to
the usual (conservative) Kirchhoff law.

Note that we can assume without loss of generality that the length of each edge is one, by
scaling the variable x and the coefficient ¢; along each edge.

Even if the finite-time stabilization of 2 x 2 hyperbolic systems on tree-shaped networks was
already considered in [17] (and applied to the regulation of water flows in networks of canals,
with £ — 1 controls at any node connecting k canals), the novelty (and difficulty) here comes
from the fact that only one control is applied at each internal node. The present work can be
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seen as a first step in the understanding of the finite-time stabilization of systems of conservation
laws with a few controls.

A natural guess is that the finite-time stability cannot hold if one can find in the tree a pair
of adjacent nodes that are free of any control, because of the (partial but standing) bounces of
waves at these nodes. This conjecture will be demonstrated here for a star-shaped tree and a
bone-shaped tree.

Actually, we shall prove that the finite-time stabilization can be achieved for a very particular
choice of the coefficient « at each internal node. One of the main results proved in this paper is
the following

Theorem 1. Consider any tree-shaped network of strings, with transparent boundary conditions
at the external nodes, continuity conditions and the modified Kirchhoff law at the internal nodes.
If at each internal node n connecting k edges we have a(n) = k — 2, then each solution of the
wave equation on the network becomes constant after some finite time.

Similar results will be obtained when replacing at one given external node the transparent
boundary condition by the homogeneous Dirichlet (resp. Neumann) boundary condition. We
shall also see that the condition about « is sharp for a star-shaped tree by explicit computation of
the discrete spectrum. The same approach gives for a bone-shaped tree a necessary and sufficient
condition for the finite time stability, which differs slightly from those stated in Theorem 1.

The paper is outlined as follows. In Section 2, we provide a sharp condition on the coefficients
a(n) for the system to be well-posed. It is obtained by expressing the conditions (1.5)-(1.6) at
the internal nodes in terms of the Riemann invariants. In Section 3, we prove the finite-time
stability results when the coefficients a are chosen as in Theorem 1. We discuss in Section 4 the
necessity of that condition by considering tree-shaped networks and bone-shaped networks.

2. WELL-POSEDNESS

We introduce some notations inspired by [6]. Let T be a tree, whose wvertices (or nodes)
are numbered by the index n € N = {0,..., N}, and whose edges are numbered by the index
i€3J={1,..,N}. We choose a simple vertex (i.e. an external node), called the root of T and
denoted by R, and which corresponds to the index n = 0. The edge containing R has i = 1 as
index, and its other endpoint has for index n = 1. We choose an orientation of the edges in
the tree such that R is the “first” encountered vertex. The depth d of the tree is the number of
generations (d = 1 for a tree reduced to a single edge, d = 2 for a star-shaped tree, etc.) Once
the orientation of the tree is chosen, each point of the i-th edge (of length 1) is identified with
a real number z € [0,1]. The points x = 0 and x = 1 are termed the initial point and the final
point of the i-th edge, respectively. Renumbering the edges if needed, we can assume that the
edge of index 7 has as final point the vertex with the (same) index n =i for all i € J. (See Figure
1.) The set of indices of simple and multiple nodes are denoted by Ng and Ny, respectively.

For n € N)js we denote by J,, the set of indices of those edges having the vertex of index n as
initial point. As we consider a network of strings whose constants ¢; may vary from one edge to
another one, the case #(J,) = 1 (one child) is possible. The number of edges having the vertex
of index n as one as their extremities is

hn 1= #(0n) + 1> 2.
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0@OR

FIGURE 1. A tree with 14 nodes, a depth equal to 5, with simple nodes Ng =
{0,4,8,9,10,11,12, 13} and multiple nodes Ny, = {1,2,3,5,6,7}.

We consider the following system

ui,tt—c?ui,m = 0, t>0,0<x<1,1€7
(ui(,0),ui4(,0) = (ud,u;), i€l (2.2)

17 7

with the following boundary conditions

Cnngz(1,t) = —une(1,1), t >0, neNg\ {0}, (2.3)

Z citiz(0,1) — cpuno(1,1) = —apupe(l,t), t>0, ne Ny, (2.4)
i€Jn

ui(0,t) = wun(1,t), t>0,ne Ny, i€y, (2.5)

where the sequence (o, )nen,, is still to be defined. For the boundary condition at the root R,
we shall consider one of the following conditions

ui(0,t) = 0, t>0 (Dirichlet boundary condition); (2.6)
u1(0,t) = 0, t>0 (Neumann boundary condition); (2.7
cuz(0,t) = u1,4(0,1), t>0 (Transparent boundary condition). (2.8

Let

H = {(ui, vi)ies € [JIH'(0,1) x L*(0,1)]; u;(0) = un(1) Yn € Ny, Vi € I}
i€J

and Ho = {(us, vi)ies € H; u1(0) = 0}.
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Replacing u;¢ by v; and dropping the variable ¢, conditions (2.3) - (2.8) may be rewritten
respectively as

Crung(1) = —v,(1), n € Ng \ {0}, (2.9)
Z cii z(0) — cpun (1) = —apvp(l), n € Ny, (2.10)
i€Jy
u;(0) = wu,(l), n € Ny, i €Iy, (2.11)
u(0) = 0, (2.12)
ur.(0) = 0, (2.13)
cu(0) = v1(0). (2.14)
If t € RY — (us,vi)ien € D(Ar) is continuous, using v; = u;y, (2.11) and (2.12) we obtain
v;(0) = (1), n €Ny, i € Ip, (2.15)
v (0) = 0. (2.16)

Introduce the operator Ap, Ay and Ar defined as
Ap((wi,vi)ies) = (i, iz ico,
AN ((uiy vi)ies) = (vi, iz )ica,
Ar((uiy vi)ies) = (vi, iz )ica,
with respective domains

D(Ap) = {(ui,vi)ies € [[IH?(0,1) x H'(0,1)]; (2.9) — (2.11), (2.12) and (2.15) — (2.16) hold}

€]
C Ho,
D(AN) = {(ui, v)iey € H[HQ(O, 1) x HY0,1)]; (2.9) — (2.11), (2.13) and (2.15) hold} C K,
i€J
D(Ar) = {(us,vi)ieg € H[HQ(O, 1) x HY0,1)]; (2.9) — (2.11), (2.14) and (2.15) hold} C H.
i€J

The main result in this section is concerned with the well-posedness of system (2.1)-(2.5) and
(2.6) (or (2.7), or (2.8)).

Theorem 2. Let T be a tree and let (op)nen,, be a given family of real numbers. Then Arp
generates a strongly continuous semigroup of operators on H if, and only if,

(a7% 75 kn, Vn € Nyy. (2.17)
The same conclusion holds for Ay on 3 (resp. for Ap on Hyp).

Proof. We sketch the proof only for Ar. We need a preliminary result about the Riemann
invariants around an internal node. Consider any internal node connecting edges whose indices
range over {1,...,k} (to simplify the notations). Consider any solution of (2.1) satisfying

ul(lvt) :u2(0at) = :uk(07t) (218)
cou2 £(0,t) + - - - + cpug £(0,t) — crui o (1,t) = —aug(1,1) (2.19)
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Introduce the Riemann invariants
di(x, t) = U t(a: t) - ciui7x(a:, t), (2.20)
si(xz,t) = uig(z,t) + ciujqz(x,t) (2.21)
for all ¢ € J. Then the following result holds.
Lemma 1. (1) If « # k, then s1(1,t),d2(0,t),...,di(0,t) can be expressed in a unique way
as functions of di(1,t),s2(0,t),...,s,(0,t). In particular, if o« = k — 2, we obtain

k

s1(1,8) = 5:(0,1). (2.22)

1=2

(2) If o =k, then the existence of a solution to (2.1) and (2.18)-(2.19) implies

k
1(1,8) +Zsz (0, 1) (2.23)

=

This imposes that the initial condition (u?,vo),eg satisfies the compatibility condition

k
(1—a) )+ Zv (2.24)
=2

Proof of Lemma 1. Using Riemann invariants, we see that (2.1) and (2.18)-(2.19) are trans-
formed into

dm + Cidz‘,ac =0, i=1,..,k, (2.25)

Sit—CiSixZO ’izl,...,k, (226)

81<1 t) + d1(1 t) = 82( ) + d2(0 t) = Sk(o,t) + dk(O,t), (2.27)
k

> [si(0,8) = di(0,0)] = (s1(1, 1) — di (1, 1)) = —a(s1(1, 1) + da(1,t)) (2.28)

=2

To simplify the notations, we write s; for s1(1,t), s2 for s2(0,t), etc. Then (2.27)-(2.28) can be
written

s1+dy =d; + s, i1=2,...,k, (2.29)
(I—a)si+do+ - +dy=(14+a)dy +s2+ -+ s (2.30)

We readily infer from (2.29) that

—dy = —di+ s, (2.31)
do—ds = —s9+ s3, (2.32)

dp—1—dr = —Sg_1+ Sk. (2.33)
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Adding the k — 1 equations in (2.29) results in

k k
(k— 1)81 —Zdi = (1 —k)d1+28i
=2 1=2

Subtracting this last equation from (2.30), we obtain

k
2> di = (k+ a)di + (k+ o — 2)s1 = 2dy + (k + o — 2)(d1 + 51)
i=2
Combined to the relation d; + s; = dj, + sg, this yields

k

k
S di=di+ (% = 1) (d+ ).
=2

Using this relation in (2.30) together with the relation s; = di + sx — d1, we obtain
k—1
(k—a)d, =2dy +2) " si+ (a0 — k +2)s;. (2.34)
i=2
Thus, if o # k, we infer from (2.31)-(2.34) that s1(1,t),d2(0,1),...,dk(0,t) can be expressed in
a unique way as functions of d;(1,t), s2(0,1), ..., sg(0,t). In particular, if « = k — 2, then (2.34)
becomes

k—1
dk = d1 + Zsi. (2.35)
=2

Adding (2.31),(2.32),...,(2.33) and (2.35) yields (2.22). Finally, if o = k, then (2.35) reads

k
di(1,t)+ ) " si(0,t) = 0.

i=2
Letting ¢ = 0 yields (2.23). Replacing s; and d; by their expressions in terms of u; and v; and
using (2.10), we obtain (2.24). O
Let us proceed to the proof of Theorem 2. If (2.17) is not satisfied, picking some initial
data (u?,v?);e5 € D(Ar) that does not satisfies (2.24) around an internal node for which (2.17)
fails, we infer from Lemma 1 that system (2.1)-(2.5) and (2.8) does not admit any solution
(uiyvi)ies € C(RT; D(Ar)). This shows Ar is not the generator of a continuous semigroup on

H. Conversely, assume that (2.17) is satisfied. We aim to construct by a fixed-point procedure
a solution to (2.1)-(2.5) and (2.8). Pick any U° = (u{,v?);e5 € H and any T > 0. Set

17 "

9 s9 = v?—f—ciugw 1=1,...,N.

0._,0 .
d; ==v; — Cilly 45 i

Pick a number p € (0,1). We introduce the Hilbert space & = Litdt(O,T)N endowed with the
norm

N T
I[(z1, 29, ooy zN)||2 = Z/o |z (2)|? pldt.
i=1
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X (t) stands for the vector (...,dn(1,%), sp+1(0,1), ..., Sntk,—1(0,%),...) where n ranges over Njy.

Let
€o:={(x1,..,an) €& mp(t) =0Vt >c,', VneNgl.

We define a map P : X = (21,....,an) € & — X = (Z1,...,ZN) € &g as follows. Pick any
n € Ny;. By Lemma 1, there exists a matrix A, € RFnxEn guch that the Riemann invariants

associated with the solution of (2.1)-(2.5) and (2.8) satisfy

sn(1,1t) dn(1,1)
dn+1.(0at) 4, 5n+1‘(0’t)
dosror—1(0,1) Stk 1(0,8)
Then, we set
sn(1,t) xn(t)
dn+1.(07t) —A iUn+.1(t>
i 4,1(0,1) Tk, (1)

Next, solving (2.25)-(2.26), we set

(2,1) = sY(x + cnt) if 0 <z +cpt <1,
ALY T sy (Lt e N w—1)  if x4 ept > 1,

and fork=n+1,...,n+k, —1

(-t if0<z—cqt<l,
At _{ di(0.t—cplz)  if -t <0,

Similarly, we set

B d%(ﬂf—cnt) if 0 <z —cpt <1,
dn (2, 1) —{ ot +c;t(1—xz))  ifx—cpt <0,

and for k=n+1,...,n+k, —1

0 .
sz, 1) = sk(as—l—cﬁ) %f0<x+ckt< 1,
z(t + ¢ ) if © + ¢t > 1.
Finally, we set
Tn(t) sn(0,1)
Tpy1 (t) L dn+1(1a t)
jn—&—kn—l(t) dn—l—kn—l(la t)

(2.36)

(2.37)

(2.38)

(2.39)

Then it can be seen that P is a map from & into itself. Let us check that it is a contraction for
p small enough. Let X1 = (21,...,2}) and X? = (2%, ...,2%,) be given in €. In what follows, ¢
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denotes a constant that may vary from line to line. Then we have

N T
IP(X1) - P(X2)|} < Y / N e e (s [ (2.40)
i=1 "6
< c(maxp™)|IX" - X712 (2.41)
1€

This proves that P is a contraction in g for p > 0 small enough. It follows from the contraction
principle that P has a (unique) fixed-point in €g. It is then easy to check that the Riemann
invariants d;, s;, 1 <i < N, defined along (2.36)-(2.39), solve (2.25)-(2.26) in the distributional
sense and satisfy (2.27)-(2.28) almost everywhere. Using again (2.36)-(2.39), one has that for
any ¢ € J

si(x,0) = s¥(z), di(x,0) =d?(x), forae. z € 0,1].

We can therefore define for all i € J and all T > 0 a function u; € H'((0,1) x (0,T)) by

Uip = Q(Si +di) =105, Uig = 5

the constant of integration being chosen so that
t
ui(x,t) = ud (2) +/ vi(z,s)ds for a.e. (x,t) € (0,1) x (0,7).
0

Then (u;,v;) € C(RT, H(0,1) x L?(0,1)), and (2.11) follows from (2.27). We infer that (u;, v;)ics
is a (weak) solution of (2.1)-(2.5) and (2.8) which is continuous in time with values in H. Set
S(t)UY = (u;(t),vi(t))icg. Then it can be seen that (S(t))t>0 is a strongly continuous semigroup
in 7 whose generator is A7. The proof of Theorem 2 is complete. O

3. FINITE-TIME EXTINCTION

Pick any tree of depth d > 1, and define the sequence (t;);cy as follows
ti = ¢! if i € Ng \ {0},

1
ti = c;1+maxtj if 1 € Nyy.
J€J;

Set T(R) = t1. Then it is easily seen that T'(R) is the maximum of the quantities

-1, —1 ~1
Gy t6, ot
where p > 1,41 = 1, igy1 € I;, for 1 < g < p—1, and the final point of the edge of index i, is
an external node (different from R). Define T'(T) as the largest of the T'(R)’s when the root R
ranges over Ng; that is, we take as root of the tree any external node, change the numbering
of the edges and nodes, and define the corresponding sequences (J;);e5 and (;);e5. Obviously,

T(R) < T(T) < 2T(R).

Example 1. Consider again the tree drawn in Figure 1, and assume for simplicity that ¢; = 1 for
alli € [1,11]. ThenT(R) =5 and T(T) = 7. Indeed, if we take the node of indexn = 12 as (new)
root, we obtain T (Rp=12) = 7. Similarly, we see that T(Rp=13) = 7, T(Rp=s) = T(Rp=9) = 6,
T(Rn:4) = 57 and T(fanlo) = T(IRn:H) =1.
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Theorem 3. Let T be a tree of root R, and let T(R) and T(T) be as above. Assume that the
sequence (o )nen,, Satisfies the condition

op =k, —2 n € Nyy. (3.3)
Pick any initial data Uy = {(u, ul }ieq € H.

(1) If Uy € Ho, then the solution (u;);cg of (2.1)-(2.5) and (2.6) satisfies

ui(.,t) =0, Vit > 2T(R), Vi€ T, (3.4)
(ii) The solution (u;)icg of (2.1)-(2.5) and (2.7) satisfies for some number C' € R

ui(.,t) =C, Vt > 2T(R), VieJ. (3.5)
(ili) The solution (u;);cg of (2.1)-(2.5) and (2.8) satisfies for some number C' € R

ui(.,t) = C, vVt >T(T), Viel. (3.6)

Remark 1. It is likely that the extinction time T, (i.e. the least time after which solutions
remain constant) is given by 2T (R) in the cases (i) and (ii), and T(T) in case (iii), so that the
above results are sharp. Actually, for one string, it is well known that T, = 2/c1 for the solutions
of (2.1)-(2.5) and (2.6) (or for the solutions of (2.1)-(2.5) and (2.7)), while T, = 1/c1 for the
solutions of (2.1)-(2.5) and (2.8).

Proof. We use again the Riemann invariants d;, s; defined in (2.20)-(2.21) that satisfy the trans-
port equations (2.25)-(2.26). We need the following

Lemma 2. Let T be a tree, and let the sequence (t;)icy be as in (3.1)-(3.2). Assume that the
sequence (o )nen,, sotisfies (3.3). Then for any Uy € H and any solution (u;)ieg of (2.1)-(2.5),
with corresponding Riemann invariants d;, s;, we have for all i € J

si(z,t) =0 Vze[0,1], Vt >t,. (3.7)

Proof of Lemma 2. We argue by induction on the depth d of the tree. If d = 1, then there is
only one edge (J = {1}) and s solves

S1t —C1S81z = 0, t>0, 0<zx<l,
si(l,t) = 0, t>0, .
51(,0) = s{:=o) + clu?’x. (3.10)
Then it is easily seen that
0 .
| sl +eat) if o+t <1,
s1(x,1) _{ 0 if @ 4 eyt > 1. (3.11)

Thus
si(xz,t) =0 Vo € [0,1], Vt > ¢p?
and (3.7) is established for d = 1.
Assume now Lemma 1 established for any tree of depth at most d — 1, where d > 2. Pick
a tree T of depth d, and a sequence (ay,)nen,, satisfying (P). Denote by R’ the node of index
n =1, and by T;, for i« = 2, ..., k1, the subtree of T of root R’ and of first edge the edge of T of
index ¢. Since T; is of depth at most d — 1, we infer from the induction hypothesis that for ¢ > 1

si(x,t)=0  Vx €[0,1], Vt > t,. (3.12)



FINITE-TIME STABILIZATION OF A NETWORK OF STRINGS 11

It remains to prove (3.7) for i = 1. Since the condition (3.3) is satisfied for n = 1, we infer from

(2.22) that
k1

si(1,t) =Y s:(0,1), vt >0.
=2
It follows then from (3.12) that

s1(1,t) =0 Vtzlgéajmf(ti.

Finally, using (3.8), we infer that

si(z,t) =0 vz € [0,1], Vthl_l—i-IZ%%i(ti:tl.

The proof of Lemma 2 is complete. (Il
Let us go back to the proof of Theorem 3.
(i) Assume first that Uy € Hp, and let (u;);e5 denote the solution of (2.1)-(2.5) and (2.6).
From Lemma 2, we have that for all ¢ € J

si(z,t) =0 Vz € [0,1], Vt > T(R). (3.13)
From (2.6), we infer that d;(0,t) + s1(0,¢) = 0 for all ¢ > 0, and hence
d1(0,t) =0, Vt > T(R).
Using (2.25), we infer that
di(z,t) =0,  Vaxe[0,1], Vt> ¢ ' +T(R).
Combined with (2.31)-(2.33) (with k£ = k1) and (3.13), this yields

d2(0,t) = --- =d, (0,t) =0, Vt20f1+1;1ézjxfcc;1+T(9{).

Using the second definition of T'(R) and proceeding inductively, we arrive to
di(z,t)=0  Vied, Yz e0,1], ¥Vt > 2T(R). (3.14)
Gathering together (3.13) and (3.14), we infer the existence of some constant C' € R such that
ui(z,t) = C, Vied, Vo e0,1], Vt > 2T (R).
Using (2.6), we see that C' = 0. This proves that solutions of (2.1)-(2.5) and (2.6) are null for
t > T(R). Combined with the strong continuity of the semigroup (e‘4P);>q in Ho, this yields
the finite time stability.

(ii) Assume now that uy € H and let (u;);e5 denote the solution of (2.1)-(2.5) and (2.7). From
(2.6), we infer that d;(0,t) — s1(0,¢) = 0 for all ¢ > 0. The same proof as in (i) then yields

si(z,t) = di(x,t) =0, Vied, Yz €l0,1], vVt > 2T (R).
Thus there exists a constant C' € R such that
ui(z,t) = C, Viel, Vo e0,1], Vt > 2T (R).

(iii) Pick a solution (u;);ey of (2.1)-(2.5) and (2.8). Then it follows from Lemma 2 that for
alli el
si(z,t) =0 Vo € [0,1], Vt > T(R). (3.15)
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For any given 7 € J, we pick a sequence i1 < i2 < --- < %, such that i1 = 1, i = i, for some
q € [1,pl, and the final point of the edge of index i, is an external point, that we call R. If we
exchange R and R, we notice that d; is linked to the §;’s (associated with the new root R) by:

di(z,t) = 8;,—ip1(1 —x,1).

We infer that
di(z,t) =0 Vo € 10,1], Vt > T(7). (3.16)

Therefore, there exists a constant C' € R such that
ui(z,t) = C, Vied, Vo e0,1], Vt > T(7).
The proof of Theorem 3 is complete. O

4. SHARPNESS OF THE CONDITION (3.3)

The condition (3.3), which is sufficient to yield the finite-time stability, is expected to be also
necessary. A way to prove it is to search for an eigenvalue of the underlying operator. Indeed,
if we can find an eigenvalue, then the corresponding exponential solution will not steer 0 in
finite time. This program can be achieved when the geometry is sufficiently simple, namely
when d = 2,3. Actually, we will consider any value of the sequence of coefficients (o, )nen,,,
and exhibit an eigenvalue of the underlying operator when (2.17) holds and (3.3) fails. We shall
consider

(1) a star-shaped tree, with the homogeneous Dirichlet boundary condition at one external
node and the transparent boundary conditions at the other external nodes;

(2) a tree with two internal nodes, for which a transparent boundary condition is applied at
each external node.

4.1. The star-shaped tree. Assume that T is a star-shaped tree with N edges (d = 2, ky = N),
and consider the boundary conditions (2.3)-(2.5) and (2.6). (See figure 2.)

[J Dirichlet bounday condition

@ Transparent boundary condition 2

FIGURE 2. A star-shaped tree.

We assume that ay # N, so that the system (2.1)-(2.5) and (2.6) is well-posed in Hy according
to Theorem 2. According to Theorem 3, there is a finite-time stabilization when o = N — 2.
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We shall show that this condition is sharp, i.e. that a finite-time stabilization cannot hold if
a1 g {N - 25 N}
Let a1 € R be given. The operator Ap reads
AD((uiavi)ieJ) = (Uiaczzugl)ieﬂ

with

D(Ap) = {(ui, vi)ies € Ho; (vi,ciul)ies € Ho, cub(l) = —vi(1) for 2<i < N
> cf(0) = eruf (1) = —anvi(1), and (u;(0),v:(0)) = (u1(1),v1(1)) for 2 <i< N},

2<i<N

where /' = d/dx, " = d?/dx?, etc. Setting U := (u;,v;);ey, we see that (2.1)-(2.5) and (2.6) may
be written as

U, = ApU (4.1)

U0) = Up=(uf,uj)ies (4.2)

If ApUg = AUy with Uy # 0, then the solution U of (4.1)-(4.2) reads U(t) = eMUy (exponential

solution), and hence ||U(t)|]sc = e®eN![|Up||s¢ > 0 for all ¢+ > 0. Thus if the operator Ap has at
least one eigenvalue, then the finite-time stabilization cannot hold.

Proposition 4.1. Let T denote a star-shaped tree with N edges, and assume that oy # N.
Then the operator Ap has at least one eigenvalue if, and only if,

a1 75 N —2. (43)
Furthermore, if (4.3) holds, then the discrete spectrum of Ap is 04(Ap) = {\g; k € Z} where

o C1 N —2— a7 .
A = 5} log_= N o +icikm (4.4)

and log_g denotes the usual determination of the logarithm in C\ iR™. In particular, if (4.3)
holds, then the finite-time stabilization of (2.1)-(2.5) and (2.6) in Hy fails.

Remark 2. 1.Note that

[ log] if z € (0,400),
log_=(2) = { log|z|+im i 2 € (—o0,0).

2. If we replace the Dirichlet boundary condition ui(0,t) = 0 by the transparent boundary
condition u1¢(0,t) = ciui,(0,t) and take any value oy # N, then since di(0,t) = s2(1,t) =
- =sn(1,t) =0 for all t > 0, we infer from (2.31)-(2.33) and (2.34) that s1(1,t) = d2(0,t) =
-+ =dn(0,t) =0 for all t > maxi<;<nyc; *, so that for some constant C € R

7 2

ui(x,t) = C, Vi € [1,N], Vz € [0,1], V¢t > 2 max ci_l.
1<i<N
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Proof. Let A € C and U = (u;,v;)ieg € D(Ap). Then the equation ApU = AU is equivalent to
the following system

(vi, cFuf) = Aui, v3), I1<i<N, (4.5)

u1(0) = 0, (4.6)

ciui(1) = —v;(1), 2<i <N, (4.7)
D ciuf(0) = cruf (1) = —aqvs (1), (4.8)

2<i<N

Ul(O) = ul(l), 2 S /) § N. (4.9)

Note that the conditions v1(0) = 0 and v;(0) = v1(1) for 2 < i < N are satisfied whenever
(4.5)-(4.6) and (4.9) hold. (4.5) is easily solved as

ui(x) = a; e/ 4 bie_’\x/ci, vi(x) = du;(x), 1 <i < N, (4.10)

where a;,b; € C are constants to be determined. Substituting the above expression of u;(x) in
(4.6)-(4.9) yields the system

a1+ b =0, (4.11)

Aa; =0, 2<i<N, (4.12)

A Z (a; — b;) — )\(ale’\/cl — ble_)‘/cl) = —al)\(ale’\/cl + ble_’\/cl), (4.13)
2<i<N

a; + b; = ajeM + ble_k/cl, 2<i<N. (4.14)

If A =0, we infer from (4.10)-(4.11) and (4.14) that U = 0, which is excluded. Assume from
now on that A # 0. Then the system (4.11)-(4.14) is found to be equivalent to the system

by = —ay, (4.15)
a; =0, 2<i<N, (4.16)
—(N = Day(eMNr —eMer)y — g (eNo 4 e Moty = —aqay (M — e N, (4.17)
by = ar(eMNr —e MYy 2<i<N. (4.18)

The existence of a nontrivial solution (a; # 0) holds if, and only if, the coefficient above a; in
(4.17) vanishes, i.e.

(=N 4+ a1)eM + (N =2 —ap)e N = 0. (4.19)
For ay # N, (4.19) is equivalent to

et = N — a1
(4.1) has a solution A € C if and only if a; # N — 2, and in that case the solutions of (4.1) read
N-2-—
Ae=Dlog » ="M ek, ke (4.20)

2 2 N—Ckl
O
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Remark 3. For k € Z and M\ as in (4.20), we introduce the sequence of eigenfunctions Uy =
((wi ks vik))1<i<N kez where

upp(z) = e e/ gy (2) = Ny g (),

uik(x) = (6)"“/01 — e_Ak/Cl)e_Akx/Ci, vig(x) = Mg (),  for2 <i < N.
Then the family (arUk)kez may fail to be a Riesz basis in Hy for any choice of the sequence of
numbers (ag)gez. Consider e.g. N =2 and co = ¢1/2. Then, for N —2 < a3 < N,

Ak/c1 —Ax/c1 *10g|N72ia1 |[z—irz —i2kmx
ug k() = (e —e )e N-oq e .

Let U = (u;,v;)i=1,2 € Ho be given. If (arUy)kez i a Riesz basis in Ho, then U can be expended
in terms of the U ’s in Hy as

(ui,v;) = dezak(ui,kavi,k)a i=1,2
kEZ
for some sequence (dy)rez € L*(Z). Writing

log | T 22 gt —i2kna
e o1 ug(z) = g cre

kEZ

we have, by harmonicity, that
cp = dkak(e)"“/cl — 67)\’“/61), k € 7Z,

and hence

_ Ck Akx/er  —Agz/ca
() = Z eAe/c1 — o= Ax/c1 (e € )
keZ
in L?(0,1). Therefore, uy is uniquely determined by the cy’s, and hence by us, which is a property
much stronger than the conditions u1(0) = 0 and uq(1) = u2(0) present in the definition of Ho.
This shows that the family (apUy)kez is not total in Hp.

It is natural to conjecture a decay of all the trajectories like

C—llog)iN727Q1 )t
U @)lse, < Clan)e? 20 N=er TIU(0)||3g,, ¢ 20, (4.21)
for N —2 < a; < N. (Note that lim,,\ n—2 log|NA_,E;f‘1] = —00.) Without a Riesz basis of

eigenvectors in the full space Hy, the validity of (4.21) seems hard to check.

4.2. The tree with two internal nodes. We assume now that T is a tree with N + 1 nodes,
two of which being multiple (d = 3, Nyy = {1,2}, k1 > 2, ks > 2, k1 + ko = N + 1), and we
consider the boundary conditions (2.3)-(2.5) and (2.8). (See Figure 3.) We will let o; and as
range over R, assuming only that (2.17) holds. In particular, when ay = ag = 0, there is no
damping at the internal nodes n = 1,2. We shall show that the finite-time stabilization cannot
hold in that case, because of the (partial but continuous) bounces of waves at the internal nodes.
Note that for this geometry, condition (3.3) reads

o] = kl — 2, Q9 = kQ — 2. (4.22)



16 FATIHA ALABAU-BOUSSOUIRA, VINCENT PERROLLAZ, AND LIONEL ROSIER

@ Transparent boundary condition

FIGURE 3. A bone-shaped tree.

Here, we shall show that there is an eigenvalue (so that the finite-time stability fails) if, and
only if, both a # k1 —2 and ag # ky — 2. Notice that this condition is stronger than (a, ag) #
(k1 — 2, ko — 2). We shall prove that, when

(a1, 02) € {k1 — 2} x (R\ {ko}) U (R\ {k1}) x {k2 — 2}, (4.23)

then the finite-time stability (to constant functions) occurs. We conclude that, when d = 3
and transparent boundary conditions are imposed at all the external nodes, a necessary and
sufficient condition for the finite-stability (to constant functions) is (4.23). The interpretation
is that the nodes satisfying (3.3) and for which all the adjacent nodes but one are external, are
“transparent” and can be “removed” from the tree.
Let (a1, a0) € R? be given. The operator A reads then
AT((Ui, Ui)iea) = (v, C?U{é/)ief]
with domain
D(AT) = {(Uivvi)ieﬂ € I (ui)vi)iéj € H[H2(07 1) X Hl(ov 1)]7
€]
c1u}(0) = v1(0), cui(1) = —v;(1) fori € {3,..., N}
Z cius(0) — cruf (1) = —aqvq (1), Z cius(0) — couhy (1) = —awa(1),
2<i<ki k1+1<i<N
(4i(0),v:(0)) = (u1(1),v1(1)) for 2 <@ <k,
(ui(0),vi(0)) = (uz(1),v2(1)) for k1 +1<i < N}
Setting U = (uj, v;);e3, we see that (2.1)-(2.5) and (2.8) may be written as
U = AqU, (4.24)
U(O) = U= ( Ug, 1)163 (425)

Proposition 4.2. Let T denote a tree with N edges and two internal nodes (Nyr = {1,2}), and
assume that

(05} 75 kl and (65) 75 k’g. (4.26)
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Then the operator A1 has at least one eigenvalue if, and only if,
a1 75 kl — 2 and (65) 75 kg — 2. (4.27)
Furthermore, if (4.27) holds, then the discrete spectrum of Ar is oq(Ar) = {\x; k € Z} where
C2

Ao = 2 log (2+ a1 —k1)(2+ ag — k2)

_ + icokm. 4.28
2 2 (a1 —ki)(a2 — ko) ? (428)

In particular, the finite-time stability to constant functions does not hold for (2.1)-(2.5) and
(2.8). Finally, if (4.23) is satisfied, then the finite-time stability to constant functions holds.

Proof. First, Ap generates a strongly continuous semigroup of operators in H by (4.26) and
Theorem 2. Let A € C and U = (u;,vi)ies € D(Ar). Then the equation A7U = AU is
equivalent to the following system

(v, c2ul) = A ug, v;) (4.29)
c1u](0) = v1(0) (4.30)
ciub(1) = —v;(1), 3<i<N (4.31)
Z cius(0) — cruf (1) = —agvq (1) (4.32)
2<i<k
Z cius(0) — couhy (1) = —agua(1) (4.33)
ki +1<i<N
uz(O) = u2(1), kh+1<i<N. (4.35)

Note that the conditions v;(0) = v1(1) for 2 < i < ky and v;(0) = va(1) for k1 +1 < i < N are
satisfied whenever (4.29) and (4.34)-(4.35) hold. (4.29) is easily solved as

u;(x) = a; e/ 4 bie_’\x/ci, v = A, 1 €7, (4.36)

where a;,b; € C are constants to be determined. Substituting the above expression of u;(x) in
(4.30)-(4.35) yields the system

Ab; =0, (4.37)

X =0, 3<i<N, (4.38)

A D (ai—by) — AareMe —brem) = —agA(areM + bre V), (4.39)
2<i<k;

A Z (a; — b;) — MageM — bye™2) = —agX(age™ ® + bye N 2), (4.40)
ki+1<i<N

a; +b;, = (Ile)\/cl + ble_A/Cl, 2 <1 < kyq, (4.41)

a;i 4 by = ageM? 4 bye ™2 k) +1<i<N. (4.42)

If A =0, we infer from (4.41)-(4.42) and (4.36) that u;(xz) = a1 +b; for all i € J, i.e. U = const,
which is excluded. Assume from now on that A # 0. Then (4.37)-(4.42) is equivalent to the
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system
by =0, (4.43)
a;=0, 3<i<N, (4.44)
by = ajeM as, (4.45)
by = a1eM,  3<i<k, (4.46)
bi = aze™? 4 boe M2k +1<i<N, (4.47)
2a9 + (a1 — kl)e’\/clal =0, (4.48)
(=N +k — 1+ 042)6)‘/02 +(N—-k —1- 042)67)\/62]0,2
+(-N+k+1+ ag)e_’\/cze”clal =0. (4.49)

The existence of a nontrivial solution ((a1,as) # (0,0)) holds if, and only if, the determinant of
the system (4.48)-(4.49) in e“a; and ay vanishes, i.e.

2+ a1 — k) (=N + ki + 1+ a2)e ™2 — (a1 — k1) (=N + k1 — 1 + ag)eM = 0.
Since —N + k1 = 1 — ko, this can be expressed as
(24 a1 — k1)(2 4 ag — k2)e ™2 — (ag — k1) (g — kg)eM 2 = 0.
Using (4.26), the last equation is equivalent to

22 2 —k1)(2 —k
s _ 2+ a1 1)(2+az 2)' (4.50)
(a1 —k1)(o2 — ko)
(4.50) has a solution A € C if and only if (2 4+ a; — k1)(2 + a2 — k2) # 0, and in that case the
solutions of (4.50) read

2 —k1)(2 —k
A — glog_z (2+ a1 —k1)(2+ ag — ka)
2 2 (Oél — k‘l)(ag — ]452)
Assume finally that (4.23) holds, e.g. a; = k1 —2 and as € R\ {k2}. Since transparent boundary
conditions are applied at all the external nodes, we have
si(1,t) = 0, 1=3,...,N, t>0,
di(0,t) = 0, t>0.

+icokm, k€ Z.

This implies

si(xz,t) = 0, i=3,..,N, z€[0,1], t > ¢, (4.51)
di(z,t) = 0, xe0,1], t>ch (4.52)
It follows from (2.22) and (4.51) that
= > .71_
s2(0,t) = s1(1,1t), t> SR ¢

Combined with the continuity condition u;(1,t) = u2(0,t), this yields

do(0,t) = di(1,t) =0  t> =
2(0,1) 1(1,%) _ie{{?g[}é,kll G
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The same argument as in Remark 2 shows that so(1,¢) = di,+1(0,¢) = --- = dn(0,t) = 0 for ¢

large enough. This in turn implies s1(1,¢) = d3(0,t) = --- = dj, (0,¢) = 0 for ¢ large enough.

We conclude that for some constants C' and T, u;(z,t) = C for all i € J, all = € [0, 1] and all

t>T. O
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