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EARTH MOTION BENEATH A PRESCRIBED

BOUNDARY DISPLACEMENT

ABSTRACT

Earth deflections beneath a prescribed boundary displace-

ment were obtained theoretically and experimentally.

The problem was stated in tfcerms of a two-dimensional model,

and an attempt was made to design a corresponding experiment*

Relative deflections between the surface of the earth and

points of increasing depths within the earth were measured. The P o C

maximum depth was U2' 7" below the earth's surface,

Theoretical and experimental results were compared.
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Introduction

The material presented in this paper if. the result of a theore-

tical and experimental study of earth motion beneath a prescribed b

ary deformation done as a phase of an investigation of the support char-

aeteristics of sub-base treatments beneath rigid pavements <>*- It should

be of interest to anyone engaged in measuring the absolute deflection

of a highway, landing strip, or similar structure by means of a deriua

that requires a reference point in the earth-,

The study was prompted by the results of a series of explora-

tory measurements of earth motion beneath a pavement deflected by vehi-

cular loads „ These measurements indicated that significant vertical

motion of the earth occurred at much greater depths thsn had been ima-

gined j, and while made under relatively uncontrolled conditions, they

suggested that a theoretical analysis of the movement of the earth be-

neath a prescribed boundary displacement and an experiment planned in

terms of such an analysis might be fruitful.

In the exploratory experiment, the earth motion was obtained

by measuring the relative displacement between the surface of the de-

flected pavement and a rod driven into the bottom of a small diameter

cylindrical hole augered to progressively greater depths*, The results

of these measurements are shown in Figure 1- The flat spot occurring

in the graph was of special interest because of the discovery of a

layer of hard earth at a depth of six feet?

* Floating numbers refer to bibliography in back,,



FREE LENGTH OF ROD BENEATH
BOTTOM OF PAVEMENT (FEET)

FIGURE I = RELATIVE DEFLECTION BETWEEN EARTH AND
PAVEMENT, EXPLORATORY MEASUREMENT
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After a few preliminary skirmishes with various kinds of theo-

retical models of the system to be studied, it was decided to formulate

the problem in terms of a linear plane strain model because of the sim-

plicity of the theory in comparison to that of a three-dimensional

modelo However, the difficulties encountered in trying to design a two-

dimensional experiment suggest that any subsequent treatment of the pro-

blem should be three-dimensional <>

Experiment

For a truly two-dimensional model, it would have been necessary

to have a transverse load extending infinitely far in each transverse

direction. Such a load could be visualized as consisting of many equal

concentrated loads closely spaced at equal increments along an infinitely

long line* The resulting deflection would be an infinitely long trans-

verse trough

o

Two methods for approximating a load which would give the de-

sired result were considered,. One was to obtain a vehicle, or vehicles s

sufficiently wide and with wheels closely spaced; the other was to super-

pose the deflections produced by successive passes of a single vehicle

such that the resultant load would be uniformly distributed in the trans-

verse direction,. Of the two methods considered, the second was chosen

because it could be more easily realised and because preliminary studies

had shown the pavement-earth system to be quite linear in its elastic

behavior and thus justified the use of superposition.
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The experimental measurements were made on a section of UoSo

Highway 52o The section chosen was relatively new, had no visible

cracks, and was placed on an earth cut« It was approximately fifty

feet long and was comprised of two lanes of the four-lane highway..

The vehicle used was an e specially prepared one belonging to the State

of Indiana. The distance frcm its front axle to a point midway between

its rear tandem wheels was fourteen feet, and the total load carried by

the rear axles was 19 P330 pounds This truck had been originally built

for another highway testing program and was made available through the

Indiana State Highway Department <,

Preliminary measurements had shown that when a test vehicle

was near the center of the section, the range of a significant influ-

ence did not extend to the endq; and, hence, the slab could be regarded

as extending infinitely far to the front and rear- It was reasoned,

therefore, that the time dependent deflections of the middle of the

section, for slowly moving loads, could, after an appropriate corre-

lation of time and longitudinal distance, be used as the instantane-

ous profile of the top surface in the longitudinal direction*,

Differential transformers were used as deflection transducers ,^-

Six transformers were placed one foot apart in a longitudinal row in a

manner which measured the relative motion between the pavement and posi=

tions in the earth 1«10", 5> 4% V 5% 14' 11", 27% and 42» 7" beneath

the bottom of the pa\'emento
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The positions of the transducers in the pavement and the vehicle

loading pattern are shown in Figure 2 C Vehicle positions are identified

by number and give the location of the left rear duals relative to the

line along which the transducers were placedc The letters "Lw and wRn

indicate left and right rear duals respectively, and the arrows indi=

cate the position of the midpoint of the tires Thus, when in position

one, the center of the outer left rear dual of the vehicle was ,76^ from

the line of centers of the transducers The successive positions were

arranged so that after algebraically summing, the resultant load con-

sisted of a regular distribution of the load caused hj the left rear

dual-. Twelve successive passes were made at creep speed at each of the

prescribed positions 9 A reproduction of the recorded deflections for

one pass of the vehicle at position one i3 shown in Figure 3° An esti-

mate of the distribution of the twelve measurements made at each vehi«

cle position may be inferred from Table 1, which gives the d^Lections

occurring when the vehicle passed along position one

The measured motion of the pavement with respect to the earth

for the six depths chosen is shown in Figure 4« Each point on this

curve represents the proper superposition of the means of the deflec=

tions resulting from the passage of the vehicle over the prescribed

separate paths

.
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TABLE 1

DEFLECTION OF PAVEMENT IN MILLINCHES WITH RESPECT TO SIX DEPTHS IN EARTH

FOR TWELVE RUNS AT VEHICLE POSITION ONE

TRANSDUCER NUMBER AND DEPTH

Run 1 2 3 4 5 6

Nxraiber (42»7») (27°0«) (U'll») (995,1) (5'4") (1'10»»)

lo 6.8 6.8 6.6 6.3 5.6 2.1

2. 6.6 6.6 6.1 5.9 5.0 1.9

3. 6.4 6.6 6.2 5o9 5.8 1.9

ho 6.7 6.7 6.2 6.0 5o6 2,1

5. 6«4 6.6 6.2 5.8 5*3 1.9

6. 6.3 6.4 6.1 5*8 5o4 1.8

7. 6,5 6.5 6.1 6.0 5.5 2.0

3. 6 2 6.4 6.1 5°8 5.4 1.9

9o 6.5 6„6 6.1 5.8 5.2 2.0

10o 6.1 6o9 6.1 6.0 5c3 1.9

llo 6=6 6.8 6,2 5o7 5o3 2.0

12. 6.2 6.5 6.1 5<>8 5o4 2.1

AVERAGE 6.44 6. 62 6,17 5° 90 5o40 1.98
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FIGURE 4 RELATIVE DEFLECTION RESULTING FROM SUPERPOSITION PROCEDURE.
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Theory

The theoretical model was chosen as a semi-infinite, homogeneous,

isotropic s elastic medium with its upper surface displaced in the form

of an Infinitely long trench, thereby providing a condition of plan©

strain o The analysis is that found in th© works of Muskhelishvili

To find the horizontal displacement u and the vertical dis-

placement v of a point inside such a system, the following boundary

value problem must be solvedo

Oi * n) H + MAu - (i)

(A |i) H uAv = < 2 >

under the boundary conditions:

(1) u, v tend to as x approaches *» and y approaches -« j

(2) v(x,0) and u(x,0) are specified functions;

where 7< and u are the Lame constants, 9 a ~H + £2 , and a is the

Lapiacian operator.

The complex variable solution presented by Muskhelishvili em-

ploys the complex coordinates shown in Figure 5o For y 0, the com-

plex displacement u * iv reduces to the boundary condition:

2u Cu(x,0) + iv(x,0)3 - 2u Cgl(t) + ig
2

(t)] (3)

where t represents the distance along the boundary; gi(t) is the horizontal

displacement of the boundary surface; and goC^) is the vertical displace-

ment of the boundary surface Q
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FIGURE 5 COMPLEX COORDINATES
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«

The displacement (u iv) of a point z is expressed in terms of

two functions, holomorphic throughout the lower half plane (designated

as S~) including the point at infinity.. Thus, the problem becomes that

of finding these two holomorphic functions under the given boundary

conditions,

2
The displacement is defined as:

2|i(u + iv) = k0(z) - s0'"CzT - -df(z) (4)

where k » ^
9 0(z) and l[/"(z) are the two holcmoighic functions

j

0*(z) is the derivative of (z)» and 0'(z) and ur(z) are the complex

conjugates of 0'(B)and ij/(z)>

The functions 0(z) and lf/"{z) may be expressed in terms of the

boundary conditions as :

X»

g o» il*

-1
-
^ db - z0'(z) <6)

Using (5) and the Cauchy integral relation for 0'(z) s

and from (4), (5), (6), and (7) 9

i f* e2~ ig
i i r H " *%

~® (t-z)

(8)
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After separating into real and imaginary parts,

^ Y& _ £(t^)
2
-y
2
] g1 -2y(t«=ac)g9

1 I 1 V P ' ' ||75 ! ii i n rif
u * "" w"7 /. x2A 2

dt ~
tar / r/*_~\2 A 2, 2 (9)

1 ye2 y
2
°(t«x) ] g^ytt-x^

*
(t-*)

2+y2 CCt-*)
2
* y

2
3
2

Cio)

Relations (9) and (10) give u and v for a point (Xj,y) in terms of the

boundary deformations g-i(t) and g?(t)o It can be seen that no great

trouble will be involved in using measured values of g. and g and numeri=

cally performing the integrations indicated in (9) and (10)

Application of Thsory

ainc© only the vertical component of deflection was measured s it

was necessary to assume the boundary function g-j(t) in relations (9) and

(10o This function was chosen to be identically zero..

In order to throw some light on the significance of this choice g

one may examine the vertical component of displacement due to g,(t)o

From (10), it is found to be

-2 am (t-sc) g,(t)

% k*X« [(t~x)Vj2 (11)

For x » 0, this relation will be positive for odd functions of g, (t) which

are non-negative in the integral t>0 and negative for odd functions of

g,(t) which are non-negative in the interval t<0„ It can be seen that

functions of the first kind will be associated with an outward horizontal

movement of the surface while functions of the second kind will be asso-

ciated with an inward horizontal movement of the surface. Of the two
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functions, the first would seem to be the more realistic for the case

under consideration; and, a® consequenee s the deflection obtained from

(10) would be less in magnitude than if g (t) were identically zero'o

This observation is of importance in interpreting the results obtainedc

After setting g^(t) =
S relations (9) and (10) become

'!«"*• [(t-xr+y2)
2 (12)

«i - 1 ^»y g2(t ) ^
pco ^-(t-x) 2

] g2
(t)
~2— dt

1 r- y s2(t) r

The measured function g2(t)
is the top curve in Figure 6, The

integration of (12) and (13) was performed numerically using Simpson's

rule,. The integrand was evaluated at intervals of approximately 2,25

feet and the values were appropriately summed. Computations wer© made

for positions defined by values of x = 0* ,£ ~ » • » -
s> Z ~ *&<* values

4 4
of y » 0, - *-, «?&,...,,=• -S& (where 2a ewials the length of the

4 4 4

surface indentations in this case 36°)» The regtlts are shown in Figure 6,

It should be noted chat Poisson c s ratio is contained in the

deflection relations The effect of selected values of Poisson°s ratio

is shown in Figure 7° Th© value used in the computation of deflections

shown in Figure ?„ The value used in the computation of deflections

shown in Figure 6 was Q 25,

Discussion of Results

A comparison of the measured and theoretical results may be .

made byreferring to Figures 4 and 8 Here the theoretical results are

presented for the earth deflections immediately below the point of maximum
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deflection of the boundary and are normalized to this deflection at the

boundary. The experimental results have not been put in terms of abso-

lute deflections 3ince it was not possible to obtain a measure of the

absolute motion of the earth. In order to convert the relative measure-

ments of earth motion to absolute motion, it would be necessary to ob-

tain the absolute motion of one point in the earth.

One might suppose that the flatness of the relative motion curve

(experimental curve) at large depths would indicate that the absolute

motion is zero here,. However, such a conclusion could be in error since

the theoretical curve suggests that even though the slope of the curve

may be quite small, a significant absolute deflection may be present.

Furthermore, to obtain the slope of the relative deflection curve accur-

ately at greater depths, it would be necessary to measure small differ-

ences occurring in large relative deflections; this is precluded by the

limit of precision of the instrument.-5

A great deal of effort was expended in an attempt to obtain an

absolute reference but with no success,, Several attempts were made to

construct a long bridge across the pavement for this purpose, but the

instability of the stsuctures (motion on the order of a few ten thousandths

of an inch could not be tolerated) made the scheme unworkable » However,

had the structures been stable, the validity of the measurements would

still have been uncertain since it was subsequently observed that the

bridge supports could have experienced significant motion. The esta-

blishment of a suitable reference remains a major problem in work of this

sort.

Another significant difference between the experimental and

theoretical results is that the experimental curve approaches an asymptote

much more rapidly than does the theoretical,, This difference is thought to
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be due to one or more of the following conditions:

(1) the use of a two-dimensional theory and the subsequent in-

ability to provide an experiment that was truly two-dimen-

sional o

(2) the assumption in the application of the theory that the

horizontal deflection was ssro

(3) non~homogeniety of the earth

(4) lack of knowledge of the magnitude of Poisson s ratio

„

The two-dimensional theory does not bring in stresses, in

particular shear stresses, that exist in the three-dimensional problem;

as a result, it could be anticipated that the normalized deflections for

the three-dimensional case would reach an asymptote more rapidly than

does the two dimensional result,,

The difficulty in providing a two-dimensional experiment stemmed

from the fact3 that absolute measurements could not be made and that

relative deflections were not significant when the vehicle was at posi-

tion 6 or beyond; thus, deflections that could conceivably have summed

to substantial amounts may not have bean included in the superposition

procedure c For example , referring to Figure 6 and comparing the absolute

deflection at the surface with that predicted by t he theory for a depth

of 18 feet, one observes that at a distance of approximately 11 feet

from the origin of coordinates (position of dotted line), the elastic

deflections are the samej and, as a consequence, the relative motion be-

tween these points is zero. Furthermore, for points further away from

the origin of coordinates, the theory suggests that the surface would

appear to rise if measured relative to the IS foot depth* Examination

of the record for transducer number one shown in Figure 3 shows a small

upward relative movement of the pavement beginning when the vehicle was
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approximately 56 feet in front of the transducers. This movement could

be explained on the basis of the proceeding observation drawn from the

theory; however, the relationship is not conclusive since the measured

results were used as boundary conditions to obtain the theoretical de-

flections, and it is thus conceivable that the pavement actually moved

upward relative to an absolute reference,.

In the section on the application of the theory, it was pointed

out that the assumption of a realistic non~zero horizontal displacement

of the boundary would lead to smaller vertical deflections of the earth

beneafch the boundary and, as a result^ the normalized deflection curve

would reach an asymptote more rapidly.. Since the horizontal boundary

condition used in the application of the theory was that of zero motion,

the predicted result would be modified by the use of a measured boundary

deflection* Thus, a significant refinement might result if the horizon-

tal displacement of the boundary was measured and introduced into the

integrals from which the earth deflection is computed

o
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Conclusions

Significant motions of the earth exist at greater depths than

has been previously imagined and any experiments planned for measuring

the relative deflections of highways, landing strips, or similar struc-

tures could give grossly incorrect results if the existence of this

motion is not recognised

o

In order to provide a more valid basis for compaing theory and

experiment, effort should be directed toward solving the three-dimen-

sional theoretical problem; thus, bringing an accompanying simplifica-

tion in the experiment,.

The experimental results obtained have the general character

of the theoretical results However, the plotted experimental data

approach an asymptote much more rapidly than do the theoretical

„

The theory predicts that even though the slope of the normal-

ized displacement curve may be quite small, a significant absolute de-

flection may be present e The experimental verification of this deflec-

tion remains to be obtained

o

The theory predicts that the magnitude of Poiseon's ratio has

a strong influence on the deflections, smaller lvalues of Poisson's ratio

causing the deflection curve to become asymptotic more rapidly*

A significant refinement in the application of the theory might

result if the horizontal deflection of the boundary was obtained and in-

troduced into the integrals from which the vertical deflection was com-

puted.

An important experimental problem to be solved is that of

making an absolute measure of earth displacement <,
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