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DERIVATION OF A GENERAL RELATION GOVERNING THE CONJUGACY OF
SCROLL PROFILES

James W, Bush Wayne P, Beagle
Program Manager Project Engineer

Hermetic Compressor Enginecring
United Technologies Carrier Corporation
Syracuse, New York 13221

ABSTRACT

Anumhunfgemnmiccwvuhvebmusedinmemwfmmmewnrﬁngm
of scroll machines. ﬂﬂeinchldcinvnhmofcilclﬁ,segmmoflrcs,mdmodiﬁed
mﬁmw.w:mmmm,mmmmmmum
govaningwh:lypcofanﬁoesmybewuprimfordﬁsnppﬁuﬁm. In this paper, the
" enetal requirement for conjugacy of scrofl surfaces is defined, This is then used to derive a
rehﬁonwbichmaybeusedmgmemcwujugmanﬁccsof:gmﬂfmm. Subsidiary
mlaﬁonsgwuningdisphumnmlumemgivmmdthecmjugacymis:ppﬁedmtﬁmﬁul
scroll forms, including the standing vane TOUTY COMPIEsSor.

o

INTRODUCTION

Wetypiuuymdﬁuonc:mmmeimmﬁmofﬂnmn-:ypemm,mm
his U.S. patent of 1905 [1). Thisispa'hpsﬁ:esﬁ:glenm-ciledrefuuuinmlllitﬂmm.
Hischniceofﬂninvolmohcimlefmhisscmﬂvmefmmhseudlmwmem Al
mmmachﬂyavaihbkmu-typemhmhwwnmmcMusethislypeofmuwup
or profile. i

Somev:ﬁanlsmthisfmnhlveappuredmtheyms. They include modified
Archimedes spirals [2], offset spliced involutes [31, spliced arcs of circles of varying radius [4)
(deviving perhaps from Wankel’s definition of an arcuate displacement device) [5), and spliced
combinations of involute curves and circufar arcs [6]. Nowhcre, though, is any great thought
givenwbﬁclywwhninhmtpmpmymakmmmmmfmmﬂmhimu
mmmmyummdeﬁmcmwofamgmﬂmmmmm
applications,

lnlhissmdy,agewﬂmhdmshipisduivedwhichgovmmjugacyofmumrfm
or profiles, Thismylzussdmduigzlmlpmﬁleswiﬂ:wedalpmpuﬁsmwﬂablem
more conventional geometries.

DEFINITION OF CONJUGACY

What is it that makes a scroll work? Atypicnlsortofexphmﬁonspaksofoﬁwﬁng
mimumhdsphﬂ-almﬁmmmvmmﬂmascﬁmofm—dnwdmkmm
formed. ﬂmepockmmfmmd,suledoﬁ”,chmgeinvolum,aieumled,mddisppm
asdntwoscmuelemmsmmovedmbitdlyrdaﬁvcmachotha. Some machines allow
relative rotation of the scrolls [7] but will not be treated here.

Asapocketbeginswfmm,memvmmwupscominmcmmumexmmemd

of the contacting or working surfaces. Asmevmmovemhﬁvetomamdu-,d:epoimof
wnmm:mﬁmwslyﬁomﬁehﬁﬁalpoimmwﬂﬁetumimlpoimwﬂwo&umwe
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end of the working surfaces. At the point of contact, the insantaneous action is sliding in
mm:,andmygivmpuiﬂishcunﬂctwithamﬁngpoimforonlyaninﬁnhsimal.
theoretically zero, period of time. The first general condition for conjugacy is that for any given
pohnmawuﬁngmﬂmﬁce,ﬂneisoncmdoﬂyoumiqmpoimonmeoﬂmm
which is its conjugate.

Sinuaparﬁculnpoiﬂofvmwnﬂctexistsmuﬁmﬂymdmvesdongtheenﬁm
Img!hofdnewnp(inoﬂmwmdsﬂsewnpsmalmysincmmformygivmphaseor
mkﬂnﬂmgh),mcmbhmismmmoﬁhemﬂvmﬂgmselws,mof
any particular feature of the drive mechanism. We restrict this discussion to scrolls with circular
orbit paths. Themondgcwalcondiﬁonforcmjngxyisthatwbmmynﬁmryconjugmmir
ofmimsminmm,ﬂnmafﬂnmmﬂdememwoﬁmbyammm,
the orbit radius (Ror). Aninvmw:yofmﬁngﬂﬁsisﬂutwhenﬂ:etwoscmllelemlsm
puu‘ﬁonedsodutﬂwyshma.commmm,myubimrypirofcmjugmpoimm
sepumedbyadimcknrditmedmrmuymmempecﬁvem.

Whmmetwomjugatepoimsminwmmcymamintofmmcyofme
two scroll surfaces. The relative motion is parallel to the direction of tngency and is

i tothedirectndradiusoforbihlmoﬁonknr,whosedimﬁmisthemasme
direction of offset between the two scroll ceoters. The third general condition for conjugacy is
mammmm,mmmmwmmmndmmmm
normal to the direction of offset of the two scroll centers.

CONJUGACY RELATION

Figmlshaws’asegumwtwoomjummmwshuammmm.
Whmmofﬂwmfmisdisphnﬂlmwdﬁ:oﬂnhmaﬁiquhwﬁmtamjugﬂe
point pair will come into coatact. Apoimdim:tlybetweenmetwowims(:ndwhichli:son
ﬂ:e.pitchormidﬁnehuwmdntwomrﬁcu)islmwdbyapnirofpodﬁmvm. The
ﬁst,kg,ispu:lhlmdnsnﬁnehngulsmdisﬁeﬂmﬂumﬂhﬂcoﬁgin. The second, Rs,
isnornnlmdnwﬁnsmdmkgmdiswallelwlhedirmﬁonofoﬁ‘setv. Adding or
mbmcﬁngamhﬂveﬂnrmlhlmksmdofmgnmmnmmcme(innﬂ)m
convex (outer) surface, respectively. Thcmgnmdsofksandl\gm,fornow,somurbinry
function of ¥ mmdﬁonvemfwmemmrfauisgivmhry

Paps(§) e*+Rg(¥) e ¥=/D . (1)
in complex polar form. The tangent to a position vector is _
" 9P 5 )

7y T

Differentiating the polar position vector gives us

= dR_ , dr ve/2) ot .
T=?'-e-"'*JR,e”v#e“' 2} 4 R oI (94R/D) 3
Using the relation
@I een/d) = jale (4)
we get )
i‘:d"[ﬂ—x +j(g'+ﬂ)] o)
day ¢ a¥

Mlmmmﬁﬂgmﬂﬂmﬁmfmmjugmmmmmmmw
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is normal to the direction of offset when the scrolls are in contact. The direction of offset is
parallel to a unit vector in the direction of ¥. The dot product of the unit vector and the tangent
vector will be zero. ‘

ey ©
The dot product will be simply the companent of the tmngent vector paralie! to the unit vector.

%-R;o ()]

’l'hismhﬁonbetwmtheposiﬁonvecmRsdegisthegm:lrdaﬁongovmﬁngoonjugacy.
Aslmgas&isnﬂeisd:eyedhgmaﬁngthcpitchﬁmusedmmengmmemm
mmﬁmmmmmmmm,mqumfmmy
be used for Rs to define conjugate surfaces. Since the two surfaces are generated at the same
time with the same value of ¥, conjugate points share the same "wrap angle.® A single
specification of wrap angle describes a unique point on exch surface.

Aﬂuleanllysiswiﬂshﬂwduuhisrehﬁondemihuagcmﬁzedimolm. If, as the
nnfacsmgmamd,MﬁpofangvmncmMame.mechngeinlmgmwme
Rsmmrwiﬂbefmquuﬂthcﬁminwgnlofﬂmmeﬁomthemﬁngpoimwthem
being generated. This is analogous to the illustration of an involute of a circle, in which the
spiral is generated by unwinding a string from a circular spool. The amount of string unwound
quatsmﬂnksvmmdisequﬂmmedimuumdmeq)odhmfomulywnpped.

DISPLACEMENT VOLUME

Figure 2 shows a full wrap of a pair of conjugate surfaces which are positioned so that
ﬂ:cyshareawmmoncmwr(ﬂie':s—gmﬂed'pmiﬁm). The surfaces defining the area
bounded by the two extreme pairs of conjugate points have been shaded. The value of Rg for
the inner pwir is shown less than for the outer pair, In Figure 3 one of the surfaces is displaced
so that 3 sealed compression pocket is formed, To the inside (to the right) of the line defined
wmehwmjummmmi,ﬁmmdmcmumwmmmmm
0o net change of the bounded arca. Outside that line and inside the line defined by the outer
cmjugnepoimpnk,ﬁeamism&mdbyﬁcdiﬁumbﬁwmdumvﬂmofﬁgﬁm
the wrap displacement, Ror, If the inner Rg were larger, we would add a correction. The area
ofbuuﬂedpuﬁmlcssthismﬁmquakﬁeuhﬂypmjemdmofﬁemhdmm
pocket. Theboundedmisequalwlheﬁneimegnlofﬂlepdupmiﬁmvmofdnpimh
line between: the two point pairs times the distance Ror between the surfaces.

)
A= [ RR(w)w ®

91

mlmaﬁngvduofvfmmemaisdmmmwmemmp-irofmnjugammim.
Thenetamofﬂnemledpocmisgivmby

v
ARL [ ROUMW-R(#-20)-R (¥),] ®
-2z
Multiplying this value by the wrap height will result in the displaced volume of the pocket.

Whmapochetissalaioﬁamcmm‘iphﬂ'yofmemllsa, itis defined by yend,
the ending value of wrap angie. Wlnmitjnmopmsinmmedischugemnenmem,itis
defitied by a wrap angle of 27. Thebuilt~involumeuﬁoofthescrollsamybefmndby
wﬂuaﬁngunamcquﬁmnmmoemmvdusmddividingmefamhymem.
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OTHER RELATIONSHIPS

Eamss. Force refations, such as axial, radial, and tangential forces and gas torque may
be determined using more coaventional or traditional methods. Note that with variable Rg, the
radial gas force will vary with crank angle, unlike for scrolls of imvolutes of circles.

Length of Wrap, The length of the working surface of the scroll wrap is useful for
manufacturing estimates. It may be determined by use of a modified line integral similar to that
used for the area calculation. Add or subtract 1/2 Ror to or from Rs for inner or outer surfaces,
respectively.

| ™} ’ r ) )
L [ (Rw==1e (10)
o

Radius of Curvature, It is usefil 1 know the inside radius of the inner wall to ensure
ﬂmunﬁngorformingmlswﬂlﬁnwi&hwiﬂnnmdacuﬂingﬂwmllwﬁu. This is given
by the magnitude of the tangent vector. Noting that only the complex, or imagioary, term is
NONZET0,

r-r P p. 2R ' an

COMPARISON TO HISTORICAL FORMS

For the involute of  circle, the gemerating radius is held constant. Generally, the

R,=C,+C,v;k,=% =¢, . (12)

'I'hecircuhrinvohnescmﬂissimplyaspecillmewhereﬂsisaﬁmnﬁmmderpolymmiﬂ.
Consider the case where N

x,=c,,;xt=%=o ' (13)

Rshshemm:mm:ndmemmsmﬁmmmlgcimuhrcylindm. This is
dudisphcemﬂummhmismusedinthccmvenﬁnnﬂsnndingvmemrywhichmy_be
considered a special case of the scroll. Themuryismalogummame-sidedmllwrapwhu_:h
nwdsthesljdm;vmm'othersulingdevicemmemmehighmlowlukwlﬁchshuulde;nst
where the other set of pockets is missing. Spiral-shaped scrolls which are made of spliced
secﬁmsofdmhrmswimdmmmlydisphudmalsoﬁuundﬂ'misuwgory. While
hisclurﬁcmnjugacyrdaﬁmhldsfmﬂwmwhmwﬁﬂmmhﬁvemtpeﬁmpmve
cunﬂs,llinlenulysiswﬂlshw‘memhﬁmmbememmwhmmmmmof

generation is chosen.
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HYBRID WRAPS

Toq)ﬁucmawgm,mmguuﬂreqtﬁmofﬁwmdmﬂiﬁmsmbem.
Fﬁuboﬁumasmmﬂﬁsfyﬂwgmmﬂmgwemingmjugmy stated previoysly:

R (D)

Seemd,boﬁmveaquaﬁonsmustgenmmmcsnmeksvﬂueameirimaucﬁm. Third, both
equﬁonsmmalmmthesamekgvalm. These last two conditions assure first and
second order continuity. .

An example of the use of generalized relations and lybrid wrap design is given in the
following section. ]

DESIGN EXAMPLE

Figme4slmamvaniomlscmﬂmpmﬁleofminvohmofpcﬁqle. It has 2 total
nnmbctnfS'/zmem(mqmmmewaﬁngm@y)aqdﬂfolumenﬁ?of

mmﬂshawnFiglneSisgmmtcdusingamgmuﬂeqmﬁmﬂmemfm
todiemquhunmgovuﬁngemjuycy. fl‘bispmﬁleisgﬂutlndusing:pitchlineequaﬁou
thtbegimuainvolm:ofac&de,devhmm:megmuﬂemm,mdmmmm
involute ofacirclemcomplmethewnp. Thismllhsthem:volumetaﬁoofiﬁ:l,
mmmemphysiulm,bmmlyhuzvswnpsmdlmlﬁngx&vemplmgmﬁ
1.738 meters, IlmostlSSpﬁmumducu'on.

ltmheensemcomingﬁgMGmd?denumb&oﬁmumlpocmismm
from 8-10 w0 24, Theawﬁmmddischgepmkmofmhybﬁdmninﬁgm7mform
bythepwﬁmofdnwnpsttntreminuinvolmof:cimle.

luhgem,mmeﬁck“wupmwmmmmmﬁplﬂhgeﬂow.
Am&upafm:mhapeﬁxmybemhmdwhhasllmﬂ-midmmﬁmeofmegasinm
compressor, 2'% revolutions rather than 5% . 'l‘hisallowslmﬁme,pa-unitmsofgusplssing
dnwghﬂwcomprm,fmtipluhgemwmmdfudmimmmhmmnsfumnkephce.
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CONCLUSION o

A fairly simple geometric relation exists which allows generation of conjugate scroll
profiles of almost any form. This can be used.to design scroll machines with properties of
characteristics not easily available with more conventional circular involute forms. The general
relation describes a general sort of involute of a higher order surface than, for example, g circle.
Some advantages, described here, include reduction of manufacturing requirements and tailoring
of the compression process. The prior use of circular arcs in extending compression ratios
suggests other possible areas of refinement as well,
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