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SUBSURFACE STRESSES IN ROLLING /SLIDING
MACHINE COMPONENTS

Farshid Sadeghi
Assistant Professor

Ping C. Sui
Graduate Assistant

School of Mechanical Engineering, Purdue University, West Lafayette, IN 47907

ABSTRACT

The internal stress distribution in elastohydrodynamic lubrication of rolling/sliding line contact
was obtained. The technique involves the full EHD solution and the use of Lagrangian quadrature o
obtain the internal stress distributions in the x, y, g-directions and the shear siress distribution as a
function of the normal pressure and the friction force, The principal stresses and the maximum shear
stress were calculated for dimensionless loads ranging from (2.0452 x 107%) to (2.3 x 107%) and
dimensionless velocity of 10~1° to 107 for slip ratios ranging from 0 to 100 percent.

INTRODUCTION

Machine components such as bearings, gears, cam and its followers, etc., are frequently subjected
to high loads. The high load and high speed application of lubricated rolling/sliding contacts in which
the elements elastically deform (elastohydrodynamic) has significant eflect on the internal stress
distributions in the elements. The fatigue life of heavily loaded rolling/sliding machine components are
directly related to the stress distributions in the elements, assuming elastic and homageneous material.
The stress distributions for dry contacts are readily available [1]. However, in elastohydrodynamic
lubrication, 2 film is formed between the elements separating their surfaces. The film thickness modifies
the pressure and the internal stress distributions of the rolling/sliding elements. The interface of
rolling /sliding elements supports the load while allowing the relative motion inherent in the mechanism
to take place.

Hertz [2] was the first to investigate the stress distributions in dry contact. Thomas and Hoersch
[3] in 1930 caleulated stresses for varying depths below the contact surface of two spheres. Foeppl [4] in
1936 presented a solution to the problem of a cylinder and a spherical ball on a flat plate, and verified
the results by photoelastic experiments. Lundberg and Palmgren (5] in 1947 developed the fundamental
theory for rolling contact fatigne. This theory is based on the assumption that Failure is in the form of
shallow pitting and is related to subsurface shearing stresses in the rolling elements. Poritsky [6] in
1949 presented a solution to stresses due to tangential and normal loads on an elastic solid. He used a
coefficient of friction of 0.3 in his analysis. Smith and Liu [7] in 1952 also presented results for stresses
due to tangential and normal loads. They used a coefficient of friction of 1/3 and exiended their
analysis to study lhe significance of Lhese stresses in causing failure by inclastic yielding and fatigue.
Dowson, Higginson, and Whitaker (8] in 1963, studied the stress distribution in lubricated rolling
contacts. However, the load considered was extremely low and iraction force was neglected. Hamilton
and Goodman [9] in 1966 developed a theory for circular sliding contacts. They presented a series of
graphs for predicting friction effects for the cireular comtact. Bryant [10] presented a closed form
solution for the stresses in crowned cylinders based on Lhe Hertzian pressure distribution for the normal
pressure and surface shear stress. Kannel and Tevaarwerk [11] in 1983 evaluated subsurface stresses
under rolling/sliding contacts. However, they use the Hertzian pressure distribution to calculate the
internal stress distributions.

Even though these references addressed the internal stresses problem, a solution which is based on
the full EHD solution with the rolling/sliding forces included has not been developed. In the present
analysis, a numerical solution to the problem of internal stresses in EAD lubrication of rolling/eliding
contacts is obtained, The Reynolde and elasticity equations are simultancously solved using the
Newton-Raphson method developed by Okamura [12] and further modified by H?upert alm.i Hsr{xr?ck
[13] to obtain the pressure distribution. The pressure distribution is used to ?bca}n the sliding friction
force, coefficient of friction, and shear stress on the surface. The pressure distribution and surface shear
stresa are then used to obtain subsurface normal and shear stress distributions. Stress invariants are
employed to obtain the principal normal stresses and the maximum shear stress distributions.

LIST OF SYMBOLS

Hall Hertzian length, R(8W /7r)1/ 2 m .
Influence coefficient used to caleulate elastic deformation at node i due to P;
Young’s modulus, Pa

- =Ra
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E! Equivalent Young's modulus 1/E' = 1/2 (A-v))/B, + (1—})/E,) , Pa
fr Traction coefficient

e} Material parameter, @'

H Dimensionless film thickness, hR /b?

H, Dimensionless film thickness where dP /dX = 0

H, Dimensionless constant used in calculation of H

k Film thickness, m

P Dimensionless Pressure p/Py

P pressure, Pa

Py Maximum Hertzian pressure, E{W/27)1/%, Pa

R Equivalent radius of the contact, 1/R = 1/R, + 1/Ry,m
U Dimensionless velocity (speed) parameter, tu/E'R
Uy Dimensionless sliding velocity, u,—u, /u

u Average roiling velocity ((u,+u,)/2),m/s

w Dimensionless load parameter, w/E'R

w Applied load per unit length, N/m

X Dimensionless depth along the rolling direction , x/b
Kend Outlet position

Knin Inlet position

X! Dummy variable

x Coordinate along the rolling direction, m

Y Dimensionless depth into the solid, y/b

¥ Depth into the solid, m

% Exponent for Roelands’ viscosity model

& Pressure viscosity exponent, m?/N

i Dimensionless viscosity of the lubricant

Heo Ambient viscosity of the lubricant, Ns/m?

? Relative density

Pe Relative density where H = H,

7 Dimensionless density

a, Normal stress in the rolling direction, Pa

[ Dimensionless normal stresg in the rolling direction, 7, /Py
Ey Normal stress in the solid, Pa

o, Dimensionless normal stress in the solid, o, /Py

Tnax Dimensionless maximum shear stress

Ty Shear stregs, Pa

Tay Dimensionless shear stress, Toy/Pr

THE GOVERNING EQUATIONS

The Reynolds Equation with the appropriate assumptions (13] could be written in the
dimensionless form as:

- EH!
(|- a2

where the boundary conditions are Py =0 for X, =X and P=dP/dX =0 for X =X,,4 The
constant load condition is:

Xond
T
fo PdX = E— (2)
The film shape in the dimensionless form is given by [13];
XN
H;=H, + = + E DﬁPj (3)
where i=t
Xend
5Dy P =l | 4P X-X) [In(x - X _2] ax
= L | Do X, ax! (4)

2
and H, contains the term — .25 In [M—J
T
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The vistosity/pressure relationship used in this analysis was proposed by Roelands [14]. The
Roelands equation in dimensionless form is;

7= exp{ [1n(u°) + 9.67] [—1 + [1 +51x 10—9PHPi]']} )
The exponent z can be expressed in terms of @ and p, as;
o = 5.1 x 107% (In(k,) + 9.67) ()

where G == oE'.

The density /pressure relationship used by Dowson and Higginson [15] in the dimensionless form is
employed in this analysis.

0.6 x 107° PyP;
1+1.7x 10" PyP,

(7)

h=1+

STRESS EQUATIONS

A triaxial state of stress exists al the conjuction region of rolling /sliding contacts; and the solids
in contact are in a condition of plane strain. The plane strain condition implies that the shear stresses
Tyy = Ty = 0. Rolling/sliding contacts tranemit normal pressure and tangential traction due to friction.
Figure 1 depicts an elastic hall space loaded over Xpin < X <X,pq by a normal pressure P(X") and
tangential traction Q(X'). The stress funclions for the state of loading aver the entire length can be
written as [16];

Xmn o pm e *
Y
Flgurs 1. Pressurs and traction distribuvion over sn elaatlc half space.
p Xad X_x
gp=—2 [ POX—X) tan-ll = ] ax ®)
T Kuin Y
. Xt v
__ b T -1 X | gx 9
b = ﬁYx:me(X)tan [x—x']dx (9)

Using these stress functions, the normal and shear stress distribution at any point inside the body
resulting from the differential load and shear can be obtained.

Xad Xopa
o =L e 2 I Y(X X PNAX + | X-—XP Q(X)dx" (10)
* ot oay? mle., At %, A
o2l  yix —x)
1 ¥ re] — 1 t
=1 —_ 2! L pxiax X') aX (11)
iy A R ) +x{,-n O
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Xend Xond 5
rymm kT 24 VX pyggyr [ =XT grney (12)
z b2 OXBY Tl A A
Where
1/2
A= [(x —XP 4+ Y”] (13)
with the boundary conditions given as (18];
de
2 by
a0) =—FX) - [ (—)?“(_—})5 dx! (14)
(X,0) = — P(X) (15)
uy, W dP
w0 = JH e (Dpe & (16)

Using equations (10) through (16) the subsurface normal stresses and shearing stress at any point in an
EHD lubrication of rolling /sliding contact can be obtained. These stresses were used to obtain the
strese invariants and principal stresses. The principal stresses are employed to obtain the maximum
shear stress in the rolling /sliding elements. The maximum shear stress is given by:

Tmax = _;_(Umn - Umin)' (17)

RESULTS AND DISCUSSION

Figures 2 through 5 illustrate the pressure and film thickness for dimensionless loads of
W = 2.0452x10° to 2.3x10~* and dimensionless velocity ranging from U = 10710 i 1072 at material
parameter G = 5007. The fast approach Newton-Raphson technique [13] was employed to solve the
simultancous system of Reynolds and elasticity equations. Figure 2 depicts that the pressure spike
occurs at X = .44 from the center of the contact for W o 2.0452 x 1075 and U = 10719, However, as
the speed is decreased (Figure 2), the magnitude of the pressure spike decreases and the point of
maXimum pressure, where dP/dX. — 0 occurs near the center of the contact. This condition also oceurs
as the load is increased for a constant velocity. A comparison of pressure profiles in Figures 2 and 3 for
a constant velocity of U = 101! reveals thig fact, The points of maximum pressure and pressure spike
are important since they significantly effect the surface shear stress. Figures 6 through 15 illustrate the
contour plots of maximum shear stress distributions for the dimensionless velocity varying from
U =107 t0 107" and lcads from W — 2.0452x107° to 2.3x10™* for pure rolling and slip conditions,

Figure 6 illustrates the maximum shear stress distribution for the load W — 2.0452x107% and speed
U =107 ynder pure rolling condition. Figure 6 depicts that the maximum shear stress reaches its
maximum of 0.491 at the surface of the element and a point of stress concentration appears at the
pressure spike. Figure 7a illugtrates the maximum shear stress distributions at the same load and slip
as in Figure 6 at the lower velocity of U =101, In this case the maximum shear stress reaches its
maximum of 0.290 at 0.680 below the surface, However, as the slip is increased, the maximum shear
stress moves towards the surface. Ap examination of Figure 7b indicates that at this load and speed
the maximum shear stress of 0.343 oceurs on the surface for 20 percent slip. Figure 8 elucidates the
maximum shear stress contour for the load W — 2.0452x10~° and epeed U = 10712 under pure rolling
and 100 percent slip conditions. Figure 8b indicates that for this load and velocity at 100 percent slip
the maximum shear stress has moved towards the surface. However, it fails Lo reach the surface. The
maximum shear stress reaches its maximum of 0.295 at 0.780 below the surface for pure rolling (Figure
8a) and at 0.660 below the surface for 100 percent slip condition (Figure 8b). Figure 9 depicts the
maximum shear stress distribution at the pressure spike and the point of maximum pressure where
dP/dX = 0. These points are of interest since they significantly eflect the location of maximum shear
stress. Figure 9a illustrates that at the point of maximum pressure (dP/dX = 0), maximum shear
stress occurs on the surface for 60% slip. Figure 9b depicta that Tmox 18 significantly higher at the
pressure spike than at the point of maximum pressure (dP/dX = 0). The magnitude of the shear siress
is gradually reduced moving towards the interior of the solid,

Figure 10 through 12 illustrate the contours of maximum shear stress at the load W = 7.0x10~%
for velocities ranging from U =10"10 to 19-12 and variable slip ratios. Figure 10a illustrates the
maximum shear stress distribution at the high speed of U = 107 ynder pure rolling condition. For this
load and velocity (Figure 10a), the maximum shear stress i3 0.281 and occurs at 0,730 below the surface
of the element, Comparing Figures 2 and 3 indicates that as the load was increased for a constant
speed the magnitude of the pressure spike decreased, Hence, the maximum shear stress occurred below
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the surface (Figure 10). However, at this load and speed a small amount of slip significantly effects the
depth at which the maximum shear stress occurs (Figure 10b). Figure 10b illustrates that at 0.6
percent slip the maximum shear stress of 0.323 occurs at the surface. An examinalion of Figure 10b
indicates that a region of maximum shear stress appears to be at a depth of 0.40 below the surface near
the pressure spike region. However, closer examination of Figure 10b reveals that the maximum shear
stress occurs on the surface near the point of maximum pressure. Similar observations can be made for
the same load but at lower velocities, Figures 11 and 12 indicate that, at the lower speeds the slip has
to be significantly increased for the maximum shear stress to move towards the surface.

Figures 13 through 15 are the contours for 2.3x107* load at speeds ranging from U = 1071 to
1012 ynder pure rolling and slip conditions. For this high load under pure rolling condition (Figure
13a), the shear stress reaches its maximum of 0,294 at 0.780 below the surface. For 3 x 107* percent
glip the maximum shear stress is 0.314 and oceurs on the surface, For the same load at lower speed of
U =107 (Figure 14), the maximum shear is 0.299 and occurs at 0.780 below the surface under pure
rolling condition (Figure 14a) and 0.313 on the surface for 4 x 10™* percent slip. Figure 15 illustrates
the shear stress contour for the 1072 speed case. The figure illustrates that the maximum shear stress
occurs at 0.780 below the surface under pure rolling and moves to the surface for 6x 107 percent slip.
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Tables 1 and 2 contain the maximum shear stress and its location for different loads and velocities
unde:r pure rolling and slip conditions. Table 1 indicates that under pure rolling conditions the
maximum shear stress for high loads oceurs at 0.78 below the surface and near the center of the
contact. However, at low loads and high speeds the maximum shear stress occurs closer to the surface
and moves towards the exit zone. Table 2 contains the mayimum shear stress under slip conditions
obtained from the present method (Lagrange Quadrature Method, LQM) and the result of Smith [7].
The coefficient of friction for each loading, speed, and slip condition obtained from the LQM is
presented in Table 2. The coefficient of friction for each condition was used to obtain the maximum
shear stresa for Smith’s [7] analysis. A comparison of the maximum shear stresses in Table 2 indicates
that, 7y,, obtained from the LQM is significantly higher (19%) at low loads and high speeds. However,
the srror is reduced as the load is increased. The LQM indicates that, 7,,,, occurs on the surface for all
loads, speeds, and slip conditions examined except for the lowest load and speed. However, Smith’s
Method [7] indicates that, 7, always occurs below the surface for the examined conditions. The
method developed represents a more accurate description of rolling/sliding contacts, since it
simultaneously solves the Reynolds and elasticity equations to obtain the pressure profile and the stress
distributions in the elementa.

Table 1. Maximum shear stress and its location under pure rolling conditions.

X Y Trax
Wyxio5 Uxi10® LQM LQM LQM

2.0452 100 0520 0000 0.491
10 0380 0680 0291

1 0.295 0780 0.295

7.0 100 0.240 0.780 0.281
10 0.080 0.780 0.296

1 0.000 0780 0.299

130 100 0120 0780 0.290
10 0.020 0.780 0.298

1 0.000 0780 0.300

230 100 0.075 G780 0.294
10 0000 0.780 0.299

1 0.000 0780 0.300

Table 2. Maximum shear stress and its location under slip conditions.

X Y X Y Trrax Trrax

wxio* Uxi10®  Blip r QM LeM 1] [ LeM [1
2.0452 100 0 32x10- 052 00 000 078 0461 0300
10 20 41x107% 074 00 014 078 0343 0301
1 100 i1x 10— 050 066 038 072 0310 0308
7.0 100 gx10~* 12x10® 018 00 040 072 0323 0308
10 szlo— 15x10® 018 00 040 072 0362 0309
1 1 14x102 016 00 040 072 0357 0300
13.0 100 14x10-® 95x107® 018 00 034 074 0318 0304
10 16x10-° S8Tx10™® 014 00 028 074 0310 0.304
1 4x10~* 10x107® 014 00 034 072 0333 0305
23.0 100 azlo~ s2x107® 014 00 038 0Y6 0314 0303
10 4xi0~ sixzlo® o014 00 028 076 0313 0303
1 gzi0~ 79x10° o014 00 022 076 031z 0303

CONCLUSIONS

A solution to the problem of internal stress in elastohydrodynamic lubrication of rolling /sliding
contacts is presented using the Newton-Raphson and Lagrangian quadrature method. For the highly
idealized lubricant considered, the following conclusions were drawn:

1. Under pure rolling condition the maximum shear stress in general occurs at 0.780b below the
surface.

L

Slip has significant eflect on the depth at which the maximum shear stress occurs.
For low loads, the higher the speed, the closer to the surface the maximum shear stress occurs.

For high loads small amounts of glip draws the maximum shear stress to the surface.

L ol o

The point of stress concentration occurs near the exit zone under low load conditions, however, as
the load is increased this point moves toward the center of contact.
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