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Abstract

In this paper we explore the capacity of Qualita-
tive Inversion Methods to detect macroscopic cracks
or a lattice of small cracks in concrete-like materi-
als. These materials are difficult to probe since the
heterogeneities size inside the medium and the wave-
length of classically used sensors are of the same order
of magnitude. We shall demonstrate how this diffi-
culty can be avoided in the case of macroscopic cracks
by using so-called differential measurements and ap-
plication of the Linear Sampling Method. For a lat-
tice of small cracks we rather propose to construct a
macroscopic indicator based on the eigenvalues of a
suitable transmission problem.

Introduction

We are interested in using elastic waves to perform
complete non destructive testing of concrete-like ma-
terials. The main difficulty in controlling concrete is
its heterogeneous nature. Concrete is made of cement
paste, water and aggregates. After a drying period,
this mixture results in a heterogeneous material. As
far as waves propagation is concerned, the main char-
acteristics is the difference of celerity between aggre-
gates and cement paste, especially as the wavelength
and the size of the aggregates are similar, thus, in
what follows, we will model concrete as a biphasic
material.This concrete-like material has the following
properties: the celerity of pressure wave is 5700ms−1

in aggregates and 4300ms−1 in cement paste. Defect

Figure 1: Simulated concrete and numerical
set-up for direct and inverse problem

appears in concrete materials mainly in two forms.
First a lattice of small cracks which are located at
the interface between aggregates and cement paste.
When this lattice is too dense, a macroscopic crack

which has a length larger than the aggregates ap-
pears and grows until it reaches the surface. Those
two types of defects are of interest and we will ex-
pose our preliminary results on how to detect them.
Although waves in concrete are elastic, we start with
the simpler case of acoustic waves and postpone the
treatment of the elastic one. We therefore assume
that the pressure field, u is solution to the well-known
Helmholtz equations:

∆u+ k2nu = 0, u = ui + us in R2\Γ
lim
r→∞

√
r(∂u

s

∂r − iku
s) = 0

∂u
∂ν = 0 on Γ

where Γ is the crack(s) inside the medium, ν is a unit
normal vector on Γ, n is the relative index with re-
spect to the celerity in the air and ui is the incident
field created by a point source located at the interface
air-concrete. For our numerical simulations, in order
to simulate the heterogeneities in concrete we used
synthetic geometries generated by [4] (See Figure 1,
left) and eliminated the aggregates, which have an

area smaller than λ2

102
, where λ = 2π

k . This results in
the medium represented by Figure 1, right. Accord-
ing to the remarks above, the index of the aggregates
equals 2, 8.10−3 and of the cement equals 4, 8.10−3.

1 The inverse crack problem

We here investigate the inverse problem of finding
cracks in concrete using the framework of the lin-
ear sampling method [5]. First we concentrate on
the macrocracks and then on the small cracks lat-
tice. We use multistatic measurements with sensor
(sources and receivers) located on the interface Σ be-
tween air and concrete, namely these measurements
are us(x, x0) x, x0 ∈ Σ. In the sequel we introduce
the subscript b which indicates the solution of the
direct problem without defect and the subscript h
which indicates the direct problem without defects
and aggregates. The function Φ(z, ·) denotes the fun-
damental outgoing solution with Dirac source at po-
sition z.



Figure 2: Identification of cracks using Φb(left)
and Φh(right)

1.1 Macroscopic Cracks

We introduce the near field operator for
differential-measurements (i.e. measurements of
us and usb),

[Nbg](·) =

∫
Σ

[us(·, x0)− usb(·, x0)]g(x0)ds(x0)

Following the framework of the Linear Sampling
Method for cracks developed in [2], one can find the
support of the scattering crack, by looking for every
z at the value of ‖gz‖, where gz is the (regularized)
solution to [Nbgz](·) = ∂Φb

∂ν(z)(z, ·) (We refer to [2] for
the details on how one copes with the unknown nor-
mal ν(z)). Using this algorithm in our configuration
yields to a quite good reconstruction as demonstrated
by Figure 2 (left). However, although in practice usb
can be known in a differential measurement frame-
work, Φb will always be unknown. Considering gz
the solution of [Nbgz](·) = ∂Φh

∂ν(z)(z, ·) shows (Figure 2,

right) that the quality of the reconstruction consider-
ably deteriorates, although one can still distinguish
the existence of a defect different from aggregates
shape. This can be enough for qualitative inspection.
We shall explore in the near future how one can im-
prove the reconstruction by optimizing the choice of
the background as in [3]. We shall also numerically
analyze the feasibility of control with non-differential
measurements. Finally, on the theoretical level, sen-
sors at the interface are a realistic set up which is
not yet justified for the LSM and we shall seek for a
formal justification.

1.2 The case of lattice of microscopic cracks

When the cracks are small and numerous the LSM
algorithm would not be able to locate them even in
a differential setting. We shall rather use a macro-
scopic indicator based on the interior transmission
eigenvalues which are computable from the measure-
ments using following near field operator:

[Nhg](·) =

∫
Σ

[us(·, x0)− ush(·, x0)]g(x0)ds(x0)

With this operator, since it also contains the con-
tribution of the aggregates in the scattering effect,
LSM will produce a support that covers almost all
the heterogeneous material. It is well known [5] that
the LSM fails for some frequencies which are, in our
case, the eigenvalues of the following transmission
problem: 

∆v + k2v = 0 in D
∆u+ nk2u = 0 in D\Γ
u = v, ∂u∂ν = ∂v

∂ν on ∂D
∂u
∂ν = 0 on Γ

where D will be the scatterer (including the aggre-
gates convex support and the cracks). Motivated by
[1], we shall investigate the evolution of those fre-
quencies with respect to the presence of cracks. In or-
der to ensure that first transmission eigenvalues stay
in the frequency range of the sources, we may intro-
duce an artificial contrast in the equation solved by
v, (characterized by an index na 6= n) localized in a
region of size comparable to the incident wavelength.
We finally recall that our interior transmission prob-
lem is still open in terms of existence and evolution
of the eigenvalues with respect to Γ.
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