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Holographic currents and Chern-Simons terms
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Holographic currents and their associated Ward identities are derived in the framework of gravity/gauge
duality. Holographic improvements of the energy-momentum tensor and R-symmetry current which are
consistent with the Ward identities are displayed. The effects of specific string loop corrections to the bulk
action are included as four derivative effective Lagrangian terms and their contributions to the trace and
R-symmetry anomalies of the boundary theory are determined. As an example, the construction is applied
to the N" = 2 conformal supergravity which is taken to be dual to a boundary SU(N) X SU(N), N =1

superconformal field theory.
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I. INTRODUCTION

Type IIB string theory on an AdSs X Y5 background,
where Y is a Sasaki-Einstein manifold, for large radii and
with a stack of N-D3-branes at the tip of the conical
singularity is approximated by a N* = 2 conformal super-
gravity which, in turn, is dual to a 2N" = 1 superconformal
field theory on the Minkowski space-time M, boundary of
the AdSs space [1-3]. The values of the central charges of
the superconformal field theory (SCFT), a and c, designate
different boundary field theories dual to the bulk AdS
supergravity [3]. Indeed, the energy-momentum tensor
trace and the R-symmetry current anomalies calculated
holographically in the supergravity theory and obtained
in terms of the central charges in the boundary field theory
have been shown to match in leading order [4], while
imposing subleading order matching provides a measure
of the string loop corrections to the supergravity action
through the value of the coefficient governing the higher
derivative action terms [5—10].

The trace anomaly of the boundary N = 1 SCFT in the
presence of background gravitational and U(1)p gauge
fields and in the absence of sources related to any other
global symmetries has the general form [3]

1
gr =
®oo 1672

Frv (D)

2z

C
|:C'VV2 - GRZGB] + WF

where WMVpU:R;LVpU+ 1/(d_2)[gp,uR1/(r—gpvR,u0'_
ga',uRVp + go'vR/.Lp] - 1/(d_ 2)(d_ 1)(gp,ugvo' - ngg;L(T)R
is the Weyl tensor in d-dimensional space-time with R,
the Riemann tensor and RZy the Einstein-Gauss-Bonnet
invariant R%y = R%,,, — 4R2, + R? in all dimensions.
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F,, is the U(1)g gauge field strength tensor. Expanding
the gravitational contributions to the anomaly yields

1 1
0"y =16 [Z(Za — )R, ,R*" + g(c - 3a)R?
o ¢ 14
+ (c — a)R,,,,R*"* ] e FunF ?2)

For an R current defined so that it lies in the same N = 1
supersymmetry (SUSY) supercurrent multiplet as the
energy-momentum tensor and with the trace and
R-current anomalies also appearing in their own SUSY
anomaly multiplet, then the R-symmetry current anomaly
is given in terms of the same a and ¢ coefficients and has
the form [3]

1
aﬂ(q—gR“) = W(C - a)EﬂVﬂ(TRf{MVngpg_

1
+ W(Sa - 3C)€’U’VPUFMVFPU-. (3)

In order for these currents, along with the SUSY current, to
lie in the same N = 1 supermultiplet, they must have
appropriate normalization and improvements. If the R
charges are defined differently, say by a rescaling by r,
R — rR, then the contribution to the FF term will be scaled
as > while the RR contribution to the anomaly triangle will
be scaled only linearly with r. Furthermore, if the overall
normalization of the R current is also scaled so that R* —
ARM, then the two terms on the right-hand side of the
divergence Eq. (3) get modified by Ar and Ar® factors,
respectively. These factors will be necessary in matching
the holographically defined boundary currents to the con-
ventional SCFT supercurrent components.

The field theory determination of these anomaly coef-
ficients is [3]
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3 1
a= 5(3 TrR3 —TtR), c¢= 5(9 TrR? —5TrR), (4)

where R is the R-symmetry charge of the fields and the
trace is over all chiral fermion fields. Inverting these
expressions yields the linear and cubic nature of their
triangle contributions Tr{R] = —16(c — a) and Ti[R?] =
16(5a — 3¢)/9. The leading N? contribution to the anom-
aly coefficients implies that ¢ = a for the class of models
considered here. Hence, the gravitational field contribution
to the trace anomaly occurs only through the Ricci tensor
and scalar curvature terms and not the Riemann tensor
term, while there is no leading order gravitational contri-
bution to the R-symmetry anomaly. The subleading large N
contributions to both anomalies are reflected not only in the
(¢ — a) # Odifference of the central charges but also in the
subleading corrections to each individually.

On the supergravity side, the leading order contributions
to the anomalies are given by the 2 derivative terms in the
bosonic part of the supersymmetric action

1 V4
FLeading = [dsx detE[ﬂR + A - TAFMNFMN
+ CEMNRSTFMNFRSAT]r )

where detEEMNRST = MNRST and EY, is the gravitational
fiinfbein. The AdSs gravitational constant is 2k = 167G
and the cosmological constantis A = —6/kR? with R5 the
AdS;5 radius of curvature. The U(1)g field strength tensor
Fyy = 0yAy — OnyAy while the rescaled gauge field
wave function normalization factor Z, is determined by
matching the holographic energy-momentum tensor anom-
aly to that of the boundary SCFT as given in Eq. (2). The
N =2 SUSY determines the Chern-Simons coefficient
(see the Appendix)

_ (ZA2K)3/2
24Kk/3

The leading order trace anomaly was found in Ref. [4] in
the absence of the U(1)y field strength. After its inclusion,
the trace anomaly is

1 R 1 RsZ
o, = (< =) R R“V——R2]+<—5 A)F Fr,
G e L Ml o L%
(7

Comparing this to Eq. (2) yields the leading order results
that @ = ¢ and identifies the gravitational constant as
R}/Kk = a/m*. Requiring consistency for the F? contribu-
tion yields that the wave function normalization factor
satisfies Z4Rs = 2a/37>. The direct variation of the action
with respect to R-symmetry transformations, dzA, =
d,Q), yields the divergence of the holographic R current
in leading order as

(6)
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SRFLeading =-C M d4xQ(x)E#Vng,u,VFprr' (8)

AdS/CFT duality implies that the holographic R-current
anomaly coefficient C is

1
1872

APC = ——(5a—3c) = —. )
O

Inserting the definition of C from Eq. (6) in terms of a and

¢ requires the normalization of the charges and current to

obey Ar* = 3 in order for the R current to belong to the

N = 1 supercurrent multiplet.

The subleading contributions to the anomalies arise due
to higher order 4 derivative terms in the action coming
from string loop effects along with subleading corrections
to the coefficients of the 2 derivative terms [5—10]. The
R-symmetry anomaly arises directly from the variation of
the five-dimensional mixed U(1)x gauge field and gravita-
tional field Chern-Simons term as

FRRA = —D[dsxdetEEMNRSTRXYMNRYXRSAT, (10)

where D = —ng /3 and vy sets the scale of the SUSY
completion of the 4 derivative contributions to the action.
In the notation of Ref. [10] 1677Gsy = ¢,/192. The U(1)g
transformation, Ay = 941, yields the gravitational con-
tribution to the R-symmetry anomaly as

Orl'rra = —D d4xQ(x)e“”ﬂ"R§5M,,R§§pg. (11)
My

Exploiting AdS/CFT duality, the boundary SCFT result for
the gravitational contribution to the R anomaly is such that
the holographic R current and R charges must include the
rescaling by A and r in order for the R current to fit in the
supercurrent with the holographic energy-momentum ten-
sor, so that

ArD (c — a). (12)

1

2472
As in leading order case, the 2-derivative pure U(1)g gauge
Chern-Simons term is responsible for the gauge field con-
tribution to the R anomaly. With an AdS action term of the
form [11,12],

FFFA = C[dsx detEEMNRSTFMNFRsAT, (13)

where C is fixed by supersymmetry [10] through sublead-
ing order (see the Appendix) to be C = 2R§[1 +
12y(2k)/R%]/27(2k). As previously, its contribution to
the R anomaly is

6RFFFA =—-C d4XQ(X)€MVpUFMVFpU-. (14)
My

AdS/CFT duality implies that the R-anomaly coefficient
Cis
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APC =

1

52 (5a — 3c¢).
Note that (¢ — a)/a = 8D/(3r*C + 12D) = 8D/3r*C to
subleading order.

On the other hand, the SUSY completion of the mixed
Chern-Simons term requires many more 4 derivative terms
to be added to the supergravity action [5—-10] albeit with
relative coefficients determined by the supergravity trans-
formations and overall coefficient fixed by y [10]. In the
SUSY case discussed here, the Weyl tensor squared term
has been shown [10] to be the source of the corresponding

5)
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subleading pure gravitational corrections to the trace anom-
aly. The two independent gravitational tensor couplings to
the U(1)y field strength bilinear along with the three field
strength covariant derivative bilinears provide the sublead-
ing field strength squared corrections as shown in the
Appendix for arbitrary coefficients. (Indeed, the coupling
of the Weyl tensor to the field strength, Fyy FrsWYNES,
does not contribute to the anomaly while the remaining
couplings to the Ricci tensor and scalar curvature do con-
tribute.) For the conformal supergravity values of the co-
efficients [10], this action reads

32

R 2
rSubleading =7 dex detEI:WMNRSWMNRS + ?SEMNRSTRXYMNRYXRSAT + §R§FMNFMNR - gRgFMRFNRRMN

16 8

The remaining SUSY completion terms do not contribute
to either anomaly. The holographic trace anomaly in the
general non-SUSY case is considered in the Appendix.
Specializing the results of the Appendix to the N =2
conformal supergravity case, the holographic trace anom-
aly has the form

or —(—le—lR )R2+<1R2+2R )R REY
g %4k 37 8 « Y )R
RsZ, 160
— 2 Rsy ), Fr

— Rs yR,LLVp(T

RH7PT 4
(555

7)

Using AdS/CFT duality to match the trace anomaly in
the SCFT form, Eq. (2), to the holographic trace anomaly,
Eq. (17), leads to the values for the gravitational constant
and the scale of the subleading corrections y

(c —a)

Ry _ @ lc=a)
> 1672 °

p p YRs = —

(18)

Consistency also requires the value of the coefficient of the
Riemann tensor squared to be given as (¢ — a)/1672, in
agreement with the above results. In addition, it is in
agreement with the conformal supergravity symmetry con-
straints relating the subleading gravitational contribution
to the trace anomaly to just the Weyl tensor squared as
given in Eq. (16). The U(1)y field strength contribution to
the anomaly involves only the coefficient c. This part of the
trace anomaly fixes the wave function renormalization of
the U(1)g gauge field to be
7 R — 2a 10(c—a)
AW T3 9 g2

The N = 2 supergravity constraints require the super-
symmetric values of C and D to be given by

19)

8
gRgvMFNRVNFMR + SUSY Completion]. (16)
2R3 2 1 (5a—3
=20 )[1 * 127;2")] "3 : LIS 2C)’
K 2 T 20)
p—_YRs_1l(=a
3 2 247%°

where the second equality employs the relationship of the
supergravity coefficients to @ and ¢ from the trace anomaly
above. Turning to the R-symmetry AdS/CFT anomaly
matching Egs. (12) and (15), the Chern-Simons coeffi-
cients imply the need to normalize the R charges and

current so that r = m and A = \/m for the holo-
graphic R current to belong to the supercurrent.

As an example, taking the above mentioned Sasaki-
Einstein manifold to be Y5 = T'!, these anomaly match-
ing results can be applied to the large N strong ’t Hooft
coupling superconformal SU(N) X SU(N) SUSY gauge
theory with a pair of bi-fundamental (N, N) chiral matter
fields A, and A, and a pair of anti—bi-fundamental (N, N)
chiral matter fields B, and B, [12—14]. The central charges
calculated in the boundary field theory determine the two
supergravity parameters related to the gravitational con-
stant xk and y which sets the scale for the four derivative
terms. The A and B chiral superfields have R = 1/2, so the
A and B matter fermions have R = —1/2. The 2(N%2 — 1)
gluinos have R = 1. Hence, the boundary SCFT has

27 3 27

1
a==N?>-Z2, ¢c==N?*——,

64 8 64 4 @D

with (¢ — a) = 1/8. Thus the gravitational constant is seen

to be
3 27 8
Rs _ 2N2<1 ~ —2)
K 647 IN

and the wave function renormalization Z4 is found to be

(22)
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9 32
N (1 ——=) 23
3272 ( 81N2) 23)
while the coefficients of the 4 derivative terms are given by

v and are found to be subleading

1
12872

The anomaly matching results aside, the purpose of this
paper is to construct the energy-momentum tensor and
R-symmetry current [15] in the case that the subleading
mixed Chern-Simons term is added to the leading order
supergravity action. This truncated 4 derivative action will
provide the leading gravitational contributions to each
anomaly (leading N? contributions with ¢ = a in the trace
anomaly case and subleading N° contributions with ¢ # a
in the R-anomaly case). The pure U(1); gauge field con-
tributions are leading order N terms for each anomaly. In
Sec. II, the near-boundary field equations are solved and
the abbreviated action is holographically renormalized
through the addition of boundary counterterms [16—18].
In Sec. III the Brown-York energy-momentum tensor [19]
and R-symmetry current are constructed via the boundary
source variational principle for the action [4,20]. The
covariant divergence of the energy-momentum tensor has
the Brown-York form and yields the diffeomorphism in-
variance of the renormalized action Ward identity [21],
thus providing its interpretation as a boundary energy-
momentum tensor. Improvements to both currents are con-
structed consistent with the Ward identities and trace and
R-symmetry anomalies. They are shown to follow from the
variation of boundary action improvement terms.

ZjRs =

YRs = — (24)

II. HOLOGRAPHIC SUPERGRAVITY ACTION

The bosonic part of the bulk AdS; N = 2 conformal
supergravity action including the single 4 derivative mixed
Chern-Simons term is given by

1 Z
2k 4
+ CEMNRSTFMNFRSAT
_ DEMNRSTRXYMNRYXRSAT]

1
+ — d4xw/ - ’}/K(')’) + 1_‘Counterterms’ (25)

K p=¢€

where
R? dp?
ds> = —S[g#,,(x, p)dxtdx? — L] (26)
p 4p

is the Fefferman-Graham metric for the (asymptotic) AdSs
space of radius Rs. Here v, = (R2/p)g ., (x, p)| ,—c is the
induced metric on the fixed p = € hypersurface homeo-
morphic to the M, boundary. The extrinsic curvature on that
surface is given by the gradient of the normal vector there
yielding K, = (p/Rs5)d7v,,/dpl,—e. The counterterm

PHYSICAL REVIEW D 82, 106004 (2010)

Jp—cd*x/=YB(y) is de-
termined through holographic renormalization and normal-
ization conditions as discussed at the end of this section.
The Riemann tensor is given in terms of the Christoffel
symbol I'f yas

boundary action I'counier-terms =

RRSMN = aNFISeM - 3MF§N + I‘Is‘z\/zF}LeN - FIENFEM’ (27)

with T%y = 3 ¢®[0ygsu + dngsy — dsgun]. The U(1)
R-symmetry gauge field A,, has field strength tensor
FMN = VMAN - VNAM = BMAN - BNAM The world
tensor ~ EMVRST = ABCDEE IMp INp IRE ISE T =
(1/ detE)eMNRST with the fiinfbein

Rs o a(y, 0
EMA — (x/ﬁel‘v (X P) RS) ’ (28)
MA

0 %

where g,uv(xr p) = ep,a(xr p)nabeub(x’ p) with Nab =
(+: RS _)ab'

Varying the bulk action with fixed boundary conditions
for the fields yields the field equations. The Einstein equa-
tion has the form

Ruy — 38unR = gunkA — kT, (29)

with the Ricci tensor defined by Ry = RE,,;yz and the
scalar curvature given by R = g¥VR,,. The bulk energy-
momentum tensor 7,y is obtained as

Tuy = Tay™ ! + VxOjfy, (30)

with the R-symmetry gauge field’s contribution to the
energy-momentum tensor given by the Maxwell symmet-
ric form

Z
TV = ZuFuFy — g~ 5 FesP®), G

while the mixed gauge-gravity Chern-Simons contribution
to the energy-momentum tensor is

@%N = ZDEQRSTUFTu(gQMRXNRS + gQNRXMRS)' (32)

The covariant derivative is defined according to
VTR = 0y TR = ThH TR + TR TP (33)

The Maxwell equation is generalized to include the Chern-
Simons terms so that

Z,Vy FML + 3CEMNRSLE, \ Fpo

= DEMVRSLRX,  RY 4 ps. (34)
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Using the relations Vy, Ey2 = 0 = V,EPCRST this can be
written as

PHYSICAL REVIEW D 82, 106004 (2010)

1
~3 (877 86,8""80p)

1 1 4
= 37)2[6 + R§KA] + @Kg/‘ T,, + gKT44, 37)

o L1
877 8po

ZAGM(detEFML) + 3C detEEMNRSLFMNFRS

= D detEEMNRSLRX R s (35)

V,.(&778hs) — VPg,, = 2KT 4, (38)
where the prime indicates differentiation with respect to p,
so that, for example, gl,, = dg,,/dp. Likewise the

Maxwell equations have the detailed structure (here the
permutation tensor EF?P7(g) = e*"P7 /. /=g )

Applying the Fefferman-Graham metric, the Einstein
equations can be expanded to have the forms (here the
covariant derivative is made utilizing g,,,)

pl2g), — 28,08 &)y + €1ur8”" 8)o)

+ Ru(8) = 2800 ~ 808" 8o 2R5Z,0,[detegh”Al] + 3C dete EFP7()F ,, (A)F i (A)
— DdeteE*"?()R*, ,(8)R i (g)
= +4pDdeteE*"*7(g)RY ,,(8)8p &
+ 2pD dete EF"P7(g)(V, gl

= V,.8008"*(Vogh, = V,gho) (39)

1 4
_ngV[3 2(6+R2KA)+—ng O-T(T+§KT44],
(36)

0 1 6
p 5[ZA deteg? A} ] — 1 [ Z4 detegh? g*7F ,,(A)] = R—': CdeteE™*(g)ALF ,,(A)
_ 2de t EVp(r/\( ) J7% o - 1 _ 2 /i + TK o/ / (v ! v / )
Ri5 cle 88 ;g/.LV pg,lLV P8 gK,ugﬂ'v ang pthT .
1 1 1
# (3870t~ D)) (R o) + - 82,88 = 81,08 00 8% + 21,08

— 8:p8" 8o + P88 "8 t 8108”8y — pg’mg‘”gém)]- (40)

The boundary currents have an expectation value in the
presence of the background gravitational and U(1); gauge
fields given in terms of the asymptotic behavior of the bulk
fields at the M, boundary of the AdSs space. Consequently,
the field equations need only be solved close to the bound-
ary at p = 0 in order to determine these one point func-
tions. The U(1)g gauge field A, (x, p) has the asymptotic
form in p close to the boundary given by

Au(x p) = AL () + pAR () + pln(p/R2B,(x). (41)

Likewise for p ~ 0, the gravitational field has the behavior
8 p) = g () + pgiid(x) + p2gii(x)

+ p?In(p/R)h,,, (x). (42)

Substituting these expansions into the Maxwell equations
results in their right-hand sides vanishing as p —> 0 while
the fields B, and the covarlant divergence of A belng
determined i 1n terms of A . The transverse part of A ]

undetermined. It corresponds to the other linearly 1ndepen-
dent solution to the second order Dirichlet problem and it
appears as the subleading asymptotic behavior of A, (x, p).

[

A second boundary condition deeper into the bulk would
be needed for its specification. Using g© to raise and lower
indices, the U(1); gauge field has the asymptotic solution

B (x) = lv(o) FOvp

2RsZ, Vi) APk (x) = —3CE+P7 (gO)F L F)
+ DE”Vpg(g(O))R(O)K,\WR(O))‘KPJ
(43)
In order to find the asymptotic solution to the Einstein
equations, the bulk energy-momentum tensor must be ex-
panded in terms of p where it is found from Egs. (30)—(32)
that
T,.,(x, p) = pTih(x) + -
Tyl p) = T + -, (44)

T p) = pTO() + pIn(p/ROT 14(x) + - -+,

with
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(2) (0) 72(0) Zy
T,w(x)——[z FO FOp 4 24
R? 4%

T = =

1
_ ﬁ DE(O)p(rw/\vE)(())[Fg)))\(R(O)a

5

- 1
T,L4(x) = - PZAFE?)pg(O)pUBa-
5

Note that g@7¢T'%) = 0 and VO#TZ) = 4T, It is useful
to consider the Maxwell contribution to T/(i)L separately

1
T;,ﬁ Maxwell __ R2 ZAF(O) (())po-[A(Z) + Bo-] (46)

and hence the mixed Chern-Simons contribution is just
(2)D (2) (2) Maxwell
T, =Tu—T,

The metrlc coefﬁ01ents ¢® and h can be determined
from the field equation expansion in terms of the boundary
metric g and the boundary R-symmetry gauge field AEE))
while only the trace and divergence of g is determined in
terms of g© and AE?) by the near-boundary expansion. The

remaining components of g being fixed by a needed

(0) F(O) F(O)po’]

zAFii” g0 AP + B, ]+ — R

upo

PHYSICAL REVIEW D 82, 106004 (2010)

(0) — _ (0) 1(0) 7
T, — = FyecFP
+ () = 16R5 P
DE(O)p(T‘n'A F(O) [V(O) (2) v(o) (2) ]

0 aé (2 (0) af 2
— 2ip8 ¢l + gilrgVeég )]

(45)
f
vanishing of the bulk energy-momentum tensor 7', as p ~
0, it is found that kARZ = —6 and
1 1
o =3[ R0 g sr ] @)

along with g@#*¢?) = (1/6)R©. Expanding Eq. (37)
immediately yields g©#”h,, = 0 and

1 2
4 2 2 0
g(O)lLngu,g/ = Z(g(O)PO-gET) g(O)AKg( )) + gKTé(M-)

2 RO2]— KZ4

F(O) F(O) mv,
9 24Rs 24R?

1
= 1_6[R£%R(0)/w _

(48)
second boundary condition deeper into the bulk for these
second order differential equations. From Eq. (36) and the ~ Returning to Eq. (36), h,,, is obtained
|
1 2 (0rp,2 _ (0) (0) 7o (2) L)k ,(2) 1 2 _ 1 (2) r 0) p(0) 1 (0) p(0) 1 (0) p(0)2
h,uv 58118 pg [g P o2 8 8kp — =Ry —~ T,uv__ R,u,pR P, —=R R,uV__g,uVR
2 4 4 8L 3 36
1 2 | 1 1
-5 ggg;[ RO ROMY — : R(O)z] ~5 [ ROROW, — ROprRO) : VOVORO — 5v<p0>v<o>p RO,
1 1 Z T
# TP VORY | = s 2, SO | )
5 -

where the Ricci tensor has been expanded close to the boundary asR,,(g) =

for the scalar curvature R(g) = R©(g@) + pR@(g©) + -
R(z)( (0))
@(o0) = — L[ 20 pour _ 1 por

Note that g@»*h,,

1
2 0
v(O)ngu)L = gvg_L)R(O),
Z
V(O)php,u = KT,LL4 — K A F(O) g(O)pO'B
1
4
VO gth — _EV(O)phP

1
= g VO lehn(g 7 kg ] —

1 1
[R(O) RO» R(O)paREQLVp + < VEQ)VS,O)R(O) = vfﬂo)v(o)pREfzj

R(8©) + pRL(g©) + - - - and likewise

. The expansion coefficients are given by
1
+ 3 gi%vg))v(o)p R(O):I

(50)

, = 0 as found above. Finally, Eq. (38) yields the divergence of the coefficients g, h, and g

1 2
2 v(O)p T;}l

4 v(o)p[g(z) g(o)rm (2)] _ V(O)p[g<2) (g(O)aBgf) )]+ - V(O)p[g(o) (g(O)aBg(z) )2]

T+ 20T, 51)
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The near-boundary analysis of the field equations allows
the boundary divergences of the action, now regulated at
the surface p = €, to be determined. The regulated action
is given by

1 Z
[reg = [d“x dp detE[—R + A = ZAF,  FMN
p=¢€ 2k 4

— DEMNRSTRXYMNRYXRSAT]

1
+
K Jp=e

d*x =YK (y).

Applying the Fefferman-Graham form of the metric and
employing the near-boundary solutions to the field equa-
tions the divergent terms in the action are isolated as

1 6R3 1 R3
r d dpy— <0{
Reg. 7 [ XL . 1Y 8 ,0 K p 16K

x[(Ri?lR@W—lR(Oﬂ) ZKZAF(O)F(O)W] }
3 R2

] 3R3 Rg
d*xy/— <0>{ 5+1 R2)—>
= a0 -5 ne R
X [(R(OLR(O),U,V _lR(0)2> 2KZA F(O) F(O)/.LV]}
. 3 R?

5
+ 0(€%).

(52)

(33)

The holographically renormalized action is defined by cho-
osing the near-boundary counterterm action I'counierterms O
cancel the divergent terms in the regulated action and to
impose normalization conditions on the remaining finite
terms so that

1—‘SubA = 1—‘Reg. + 1—‘Counterterms’ (54)

where, after inverting the near-boundary expansion of the
fields to write the boundary quantities in terms of the
tensors at the surface p = €, the near-boundary counter-
term action is found to be
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where the induced metric v, = (R3/p)g,.|,— on the
near-boundary surface is used in the counterterm action.
The finite holographic normalization is chosen through the
dimensionless ratio in the logarithmic counterterm as
(€/R2). A different normalization such as (€/7R2), with
7 € R*, will correspond to a finite boundary term in the
action,

3

R
Timprove = InT—> d“x«/—y[(R,w(y)R’”(v)
16K p=€
- %Rzm) ; %FW(A)F””(A)], (56)

that will lead to finite holographic improvements to the
currents that do not alter the form of the scale and chiral R
anomalies and are consistent with the current Ward iden-
tities as discussed in the next section.

III. HOLOGRAPHIC CURRENTS

According to gravity/gauge duality, the expectation val-
ues of the boundary currents, the energy-momentum tensor
6,,(x) and the R-symmetry current R, (x), in the presence
of their respective external sources g(o) (x) and AE?) (x) are
found by varying the boundary sources in the on-shell
renormalized action as

1
STgi, AY] = [d4xv —g(O)I:E 0,.,(x)880# (x)

+ RM(x)ﬁA(O)"(x)iI. (57)

This can be accomplished by varying the sources in the

Tt -terms = i d*x =y — & d*x/=yR(y) regulated near-boundary action and counterterms, then
KRs 4K J p=e taking the € — 0 limit of the subtracted action. The varia-
5 Rg 4 v tion of the surface p = € sources vy and A for the on-shell,
—In(e/ RS)K . d’xy _7’[(R/w(7)R (%) near-boundary regulated Einstein-Maxwell-Chern-Simons
| k7 action (i.e. the second order in derivative part of the action,
——RX(y)) + KZA w( A)FH7(A) ] (55) the mixed gauge-gravity Chern-Simons term has higher
3 order derivatives and will be treated separately) yields
|
1
5F{{g§cs = dsx detE{— VR(VRgMN5gMN - VSégRS) + VM[5AL(_ZAFML + SCEMLRSTaRAsAT)]}
p=¢€
2
= d*x— —[5\/—7 sy d*x VK 1y (¥) = ¥ 0 K(y) 18y
p=¢€ p=€
— d*x, /—yéAu[ZZA R_s yHY %AV + 8CE”VP"()/)AV6PAU]. (58)
p=¢€
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In order for there to be a well-defined variational prob- 4
lem, the extrinsic curvature term must be added to cancel ol = — / d x— 9 (5\/_) (59
the undetermined source variation 9/9p(8y*”) terms. The
variation of the near-boundary extrinsic curvature term,

Iy = 1/k [_d*x/=yK(y), is found to be In addition, the variation of the counterterms,
|

3 R 1 1
Olcy —terms = — 2R [ d4xv_77MV67MV - ﬁ f d4x\/—7§[R;w('Y) - EVMVR(’Y)]ay#V

1
— RsZ, ln% / 4TV I Fug ¥ = 3 7unF?1+ RSZ, 11% / dxTYSALN FPT, (60)
5 J€ 5 Je

are needed to provide a finite € — 0 limit for the Einstein and Maxwell terms contributions to the currents as well as the
action (both Chern-Simons terms are finite as are their contributions to the currents).
Combining these terms, T§}/S = TRES + Tk + Tcounterterms» it is found that the subtracted action is given by

s = [ ey A [ B 1) = K, =y, = (0= LR,
= — x./— -1 = — —— [— [
Sub. R% . Yoy 2 ex nv Y Y 'ylu.v €K 7,1/.1/ ek nv Y D) Y ’}//.LV
€ R2 , 1
- 2RSZA lnR—g ?(F,(LpFVU"YP - Z')/MVFZ)]
d
- d“x,/'_——y(SA#I:ZZARﬂy“”%AV+8CE“”P"(7)A,,8 RSZAln< )v Fr ] 61)
p=€ 5

Thus the subtracted boundary energy—momentum tensor and R-symmetry current take the form

R 2 or 3R R}
HISEE/tI)C/fy( ) - ? \/7_')’ WS:S - *S(KW(Y) K(’)/)’y;,u/) - ?}:7#1) e (RﬂV(Y) R(’Y)’)//,LV)
€ R% o 1 2
- ZRSZA lnR—g ?(F#pFWT'}/p _Z'y#VF )
REMCSk (g = ! Olsu, _ oz & LA 8CERI(y)A G A, + RsZ, 1n(i>v Fro. (62)
R Naki 6AM Rs dp P RZ) "

Expanding these expressions as the p = 0 boundary is approached gives the Einstein-Maxwell-pure U(1), gauge field
Chern-Simons contribution to the renormalized boundary currents as

0EMCS _ elssllzgcﬂsv( —0) = 5[2 %3} +hy, (2) g(o)pugg) _ gM) (Zg(o)ptr @ 4 g(2)ptr @) )]
R} 1 1 1
(0) (O)A (0) Orp _ 2 x702p0) 4 070 p0) o * 0702 p02 L > p0) pO)ps,,0)
4K[R ROY, + RY) RO 2V Riiw + e VI'VIRO + = g VOPROZ + S Ryg ROP gl
1 o 1 o _1 o
-~ ERO? - 2R<o>(R;; - gg;;R«»)]
REMCSw — REIMCSE (¢ — 0) = —2RsZ,(AP* + Br) — 4CE**7 (g)APVFS). (63)
|
These are precisely the same expressions obtained by Finally, the contribution to the currents due to the higher
expanding the variation of the action terms STEMCS = derivative mixed gauge-gravity Chern-Simons term can be
lim,_,(61 g, at the boundary directly with determined directly from the variation of its action at the
boundary as it is finite
or
EMCS RRA
HEMCS 2 oI
mr _g(()) 6g(0)’uV = —4Dfdsxap[detEEPQRSLgQMALRXNRSVX5gMN]
EMCS
REMCSu I or (64) +4D [dsxax[detEEPQRSLgQMSgMNVP(ALRXNRS)].

T o oA0
(65)
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The second term when expanded in terms of the Fefferman-Graham metric can be seen to vanish at the p = 0 boundary:

SIRA ™ = —2D [ d*x8gh" =gl EC ™M Q) F malpgen (=280, + 81p8" 81y) T P8er( =280 T 81p8" 810}

+ pEpofA(g)Al)t{gfp,(v(rg;/p - vpglmr) + gfll(vtfg;l,p - vpgiur)}] —0, as

The first expression for the variation of the mixed Chern-
Simons action for finite p = € has an undetermined
d/dp8y*” term in it. However, this contribution vanishes
on the p = 0 boundary contrary to the extrinsic curvature
case discussed earlier

) 1
51"f1rst term — 4D [ d4 _,0) = 5 O)u VEprA (0)
RRA XV —g ) 8 &™)

0 0 0 a 0
XAVIAD (RO e + 8RO, )]
+ 2V 1A (g 8h + giugian)]

8 ¢ v8ua
=240 (VY0 + gV (67)
This leads to the final mixed gravitational and U(1)y gauge
field Chern-Simons contribution to the energy-momentum
tensor of the form

p— 0. (66)

[

ny O)r
/ og\r
— g(O) 8

= _4DE§pg-A(g(0)){v(09)[A()\0)(g(fosz(O)ana'

HCS —

SR, + VA 6
0) (2 0 0 0) (2 (0 (2
+ 8egur)] =240 (g Vil + gV g}
(68)

Thus the complete renormalized boundary energy-
momentum tensor and R-symmetry current are deter-
mined as

0 = O + 655 = RE[Zgifl + hyy — 88”780 — 8 (2807 gy + 8P g50)]
_ R_g [ RO pOA 4 pO  pOAp _ 1v(0)2 RO 4 lv((»v(O) RO + i g(O) V(012 p(0)2
dpc A v Apv ) pr T eV Vy o8k
+ %R;%Rw)ﬂ”gﬁ% —~ %R@)Rﬁ%] — ADEST A (gONVI[AP (g0 RO, + 0RO, )]
+2VPLAY () e00 + ggiin)] — 240 (s Vgl + g LIV glin)}
RM = REMCSk = —2R 7 ,(AQk + Br) — 4CEF"P7 (gAY F). (69)

Exploiting the near-boundary solutions to the field equa-
tions found in Sec. II the anomalous divergence of the
R-symmetry current is found to be

V,RE = CEOrrro PO, + DEORPIRDSRS)
(70)

The energy-momentum tensor has contributions from
gravity and matter flowing into the boundary of the form

V’Laﬁl\fcs — _2R2T(y%1) _ _ZRg(Tﬁ) Maxwell + T,(}i)D),
VeSS = 2RITEP + AV AP, (71)

with the mixed Chern-Simons contribution to the
R-symmetry anomaly given by

AR = DEFP7(gO)ROE  RY) (72)

From these follows the Ward identity relating the diverence
of the energy-momentum tensor with that of the
R-symmetry current as

|
V46, = FOR* + AYV  R-. (73)
The trace [taken with g@#”] for the various contribu-

tions to the energy-momentum tensor is found from the
field equations to be

gEMCS R_g[l( 0 pour _ 1 R(o>z)
k L8\¥ 3
KZ, (0) 1(0) _
+ S FLFOR | = A, (74)
4R?
while
oS+, = 0. (75)

Thus the renomalized boundary energy-momentum tensor
has the anomalous trace

0,4 =A. (76)

These results agree with the general diffeomorphism and
R-symmetry transformations of the action. From the defi-
nition of the boundary currents, Eq. (57), it is found that the
action is invariant under diffeomorphism transformations
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5g(0);w = VHrgy + Vrém,
S5A0n = —Vf‘g,,A(O)V _ f,,V”A(O)/‘, (77)

so that
ST = [d“x\/—g(o &=V o, + FOR* + APV R
(78)

as follows from Eq. (73). The anomalous R-symmetry
variation of the action follows directly from the
R-current divergence equation. For the R-symmetry
transformations

5g(0)’“’ =0, SAOL = gr ¢, (79)

Equation (57) implies

o' = — fd4x —g«))wV(O)“R#

- - f dxyf—gO W[ CEORr07 FO, FO)

+ DE(O)MVP(IR(O)ffR(gosz] (80)

The energy-momentum trace anomaly Eq. (76) implies the
Weyl scale transformation,

5ORY = 25 gOur, A0 =, (81)

anomaly for the renormalized action

oI = jd”'x —g00(x)0" ,(x)
= [d“x —g0a(x) A(x)

f d*xy =gV o(x) = [ (R“” ROw» — %R(O)Z)

KZ
i ;‘F(O) F<0W] (82)

It is possible to improve the definition of the currents by
adding a finite boundary counterterm to the action given by
Eq. (56) which at the p = 0 boundary becomes

fd4 g(() [ (R(O) R(O),LLV _ lR(O)Z)
3

KZA =LA po) F(O)/“’:I (83)
"R

1—‘Improve =

PHYSICAL REVIEW D 82, 106004 (2010)

Its variation at the boundary is given by

BFImprove =1

R} Z
- ln7'2—5 ]d“x\/—g(o) BA(,,O) —KRZA VE?)F(O)“”.
K
5

(84)

n7'R—g fd4x —g(o)lﬁg(o)””4h
2K 2 wy

These variations lead to the energy-momentum tensor, 7 s
and R-symmetry current, r#, improvement terms

3

R
=_1Int4h,,,

Ty P

3
5 InT KZA V(O)F(O)VM RS 1
K 5 2K

rh = —

KZA
> nT4R—§B'““. (85)

This is an improvement that is consistent with the diffeo-
morphism, R-symmetry and scale Ward identities since
these improvement terms obey

V(,f,))r“ =0, = Fﬁ?,),r”

(86)

g(o)'WT;w =0, vOu T

In addition, the completely traceless and divergenceless
improvement for the energy-momentum tensor can be
obtained from the addition of the finite boundary action
term

o

Fa =25 . Ed“xx/_[RW(v)R’”(v) —Rz(y)]

a [ 1
= _ 44 _ (0)[R(02}R(0),U,V _ _R(0)2 iI, 87

with « an arbitrary constant. The new improvement term
for the energy-momentum tensor becomes

(a) _

Tup =
5 (O)MV
1/_g(O) 8

It also is consistent with the current Ward identities as
rﬁf‘) = 0 and

1
al:hw, + —KT,ELZ,),:I. (88)

4

VOrAS =0, gOrrsle) — (89)

Hence the final expressions for the improved energy-
momentum tensor and R-symmetry current is obtained
from Eqgs. (69), (85), and (88),
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Fhnproves = R¥ + r# = —2RsZ,(A* + (1 + InT)B*) —

1 d
Amood _ g ot

PHYSICAL REVIEW D 82, 106004 (2010)

4CEm?7 (g O)AY Fy,

R
— 75[2 (4) + (1 +21InF + a)h,ull _ g%) g(O)pa'gg) _ g’u)(zg(o)pog(“) + g(Z)p(r () )]

Rs [ ROROA, + RO Rone — Lygorg0) 4 Lgogogo 1 L 0 gorgon 4 1 g0 gope o)
 x 2 6 12 2
1 0 0)r ,(0), (0 o 0) p(0)ar 0)r 4 (0), (0) (2 0 (2

- QR“”REJ] — ADEP A (gONVI[AY (), RO, + g0IROY,, )]+ 2V AD (200 200 + g)glin)]

0,0 g0 ,2)
— 24, (g§MV

0)w(0) (2 a 1
08 + 86V, gie)} + L Ko

5

IV. CONCLUSIONS

The holographic R current and R charges require addi-
tional normalizations in order for the R current to belong to
the same N =1 SUSY multiplet as the holographic
energy-momentum tensor. In addition, a finite wave func-
tion renormalization of the U(1) gauge field [c.f. Eq. (19)]
was needed in order that the holographic contribution of
the field strength to the trace anomaly Eq. (2) is consistent
with the boundary SCFT trace anomaly. The general struc-
ture of the trace anomaly including the subleading correc-
tions was reviewed in the Appendix for the generic
non-SUSY case. The U(1) field strength subleading con-
tribution was obtained for generic 4 derivative terms in the
action which was used in the introduction to fix the gauge
field normalization in the supersymmetric case.

The subleading mixed gravitational field-U(1), gauge
field Chern-Simons term was added to the action as it gave
rise to subleading gravitational contributions to the R
anomaly. The modifications to the near-boundary solutions
to the field equations were then obtained along with the
boundary counterterms and normalization required by
holographic renormalization. Once the on-shell action
was obtained, the Brown-York energy-momentum tensor
and R-symmetry current were constructed. The near-
boundary solutions were used to secure the Ward identity
obeyed by the currents as

V#0,, = F\LR* + AYV ,RE, o1

along with the trace and R anomalies
R3T1 1 KZ
or = _5[_<R(0) R(O)/.LI/ _ _R(O)Z) AF(O) F(O)”'V]
Bk L8\ 3 4R?

v RM = CE(O),U.Vpa'F(O) F(O) + DE(O),U.Vpa'R(O)ffR(O)

ecpr 92

The Ward identities for diffeomorphism invariance of the
action then followed as given in Egs. (77) and (78).
Likewise, the R-symmetry transformation of the action
was obtained in Egs. (79) and (80) while the Weyl scaling
of the action followed in Egs. (81) and (82). Since the
Ward identities provide the interpretation of the holo-
graphic currents as the energy-momentum tensor and
R-symmetry current, improvements to the currents were
constructed which left the Ward identities unchanged.

[z FiFO», +Z4

g(o) F(O) F(O)pcr:l (90)

[
As explicitly demonstrated, the improvements were ex-
pressed as additional finite boundary terms in the action.
Lastly, the fermionic gravitino sector of the conformal
supergravity action can be included [22], although left here
for future work. The boundary JN" = 1 SCFT includes the
supersymmetry current in the supercurrent multiplet and
the superconformal anomaly, given by the vy trace of the
supersymmetry current, as part of the anomaly multiplet.
The central charges a and ¢ also describe the superconfor-
mal anomaly. The holographic supersymmetry currents
can be constructed and their divergence and trace deter-
mined. The Ward identities will then include these fermi-
onic currents as well, while anomaly matching will provide
additional consistency checks for the AdS/gauge duality.
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APPENDIX: SUBLEADING
HOLOGRAPHIC ANOMALIES

The holographic calculation of the U(1) and trace
anomalies for a generic U(1) gauge field coupled to a
gravitational theory with a cosmological constant in five
dimensions, including four derivative terms, is considered.
The bosonic part of the gauged supergravity action relevant
for the holographic trace anomaly calculation is obtained
by imposing the appropriate SUSY relationships among
the generic parameters as presented below. The leading,
two derivative part of the action contributing to the trace
anomaly takes the form

I*(l)

1 V4
Leading fdsx detE<ﬁR + A - TAFMNFMN) (Al)
The relation between the gravitational constant, the cos-
mological constant, and the radius of AdS space follows
from the Einstein equation as
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kARZ = —6. (A2)
Three types of four derivative terms are relevant for the
holographic calculation of the trace anomaly. The first type
includes the curvature-squared terms [5—10]

1‘*(1)

Subleading jdsx detE[aR2 + IBRMNRMN

+ yRMWKLR vk ] (A3)
Including these terms, the modified Einstein equation still
allows anti-de Sitter space as a solution, but results in an
altered relationship between the gravitational constant, the
cosmological constant, and the radius of AdS space, now
involving also the parameters «, 8, and 7, as

R3
6+ - AR5 + 40aRs + 8BRs + 4yRs = 0.
K

> (A4)

Note that for the special values of the parameters & = 1/6,
B = —4/3, and y = 1, the three curvature-squared terms
combine to yield the square of the Weyl tensor, and the
relationship between the gravitational constant, the cosmo-
logical constant, and the radius of AdS space is seen to
reduce to the one that is obtained in the absence of the
curvature-squared terms. A second type of four derivative
terms couples the square of the gauge field strength tensor
to the curvature tensors,

re

Subleading /dsx detE[SRFMNFMN

+ ERMNFy Fy 850 + (WYMNELEy G Frp ],
(A5)

and a third type includes terms that involve the square of
the gauge field strength tensor and two additional deriva-
tives,

1'*(3)

D) cating [ &x detE[ wFyyy VNV o FYR

+ VVMFNRVMFNR + O'VMFNRVNFRM].
(A6)

The holographic trace anomaly is determined by the log-
arithmically divergent part of the on-shell action as

1
Lon-shen =+ + 5 ln(iz> [dx4 —detg®A + -,
2 "\R2
(A7)

with the regulating near-boundary surface located at p = €
and with minimal subtraction at p = R%. For generic
values of the parameters, the holographic trace anomaly
thus obtained reads (see [5-10] for the gravitational
contribution)

PHYSICAL REVIEW D 82, 106004 (2010)

1 R} 1 ,
®lu,u,= §2—+5aR5+,8R5—§yR5 W

1R 1
+ <_§2— 5aR5 BRS ’yRS)RGB
1 1)
( $Zy =20~ PEILAN 31)F§SLF<0W,
4 Rs Rs Rs Rs

(A8)

where the square of the Weyl tensor and the Einstein-
Gauss-Bonnet invariant are defined as
R(O),LLVK)\

(0) vkd — p(0)
W2 =W, WOk = R

— 2RV, ROmr %R@ﬂ,

Rap? = RY) GRO#N — AR RO 4 RO2. (A9
The anomaly in the divergence of the U(1) current J* is
holographically obtained from the variation of the action
under the U(1) gauge transformation §A; = 97 (x). The
relevant leading, two derivative pure Chern-Simons term in

the action is

1‘*(2)

Leading ~— C[dsx detEEMNRSTFMNFRSAT’ (AIO)

while the subleading, four derivative mixed Chern-Simons
term takes the form

F(S[tl)bleadmg =-D j dx det EEMNRSTRY L\ U RY v oAt
(A11)
The U(1) anomaly is obtained from
- fd4xQ(x).?lR, (A12)

resulting in

— Cervpo pO) gO) vpor (0)
JTEV JH = CetPIF L Foy + Det P RO R
(A13)

All of the above terms appear in the bosonic sector of the
five-dimensional /N° = 2 conformal supergravity action
[23] further extended with four derivative terms [9,10],

(1) 2 ) “) .
Ir=r Leading 1—‘Leadmg 1—‘Subleadmg 1—‘Subleadmg » with

now the gauge field A, corresponding to the gravi-photon
and the U(1) current J # equal to the R current. In terms of
the gravitational constant 2k, the cosmological constant A,
the wave function renormalization factor Z,, and the pa-
rameter 7y that sets the scale for the subleading terms,
supersymmetry forces the remaining parameters to take
the values
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(1]
(2]

(4]

(5]
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C= sz/zx/z_x(l —~ ?)/A(ZK)Z),

124/3
1 1/2
D=———vyZ,/"\/2k,
23 A
1
o 6%
4
B - gy»
1
8 = —vZs(2x),
6
&= _—YZA(zK),
M= _4yZA(2K)’
v = —2yZ,(2x),
o= —2yZ,(2kK).

(Al4)
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