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Abstract

A 3D mesh of points outlining a polytope of arbitrary topological structure serves as
the control mesh of a spline surface with pieces of degree two and three. The user has a
choice between three-sided or four-sided pieces or a combination of the two to parametrize
the surface. If the surface is constructed entirely from bicubics and the input polytope
has e¢ edges, then the surface consists of 2e pieces. Where the mesh of points is regular
a quadratic spline surface is generated. Irregular input meshes with non quadrilateral
mesh cells and more or fewer than four cells meeting at a point are allowed and generate
splines that generalize the quadratic C! spline construction by averaging. The algorithm
can model bivariate open or closed surfaces of arbitrary topological structure.
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1. Introduction

Splines assembled from B-splines are widely used to represent surfaces. They com-
bine a low degree polynomial or rational representation of maximal smoothness with a
geometrically intuitive variation of the surface in terms of the coefficients: by connecting
the coefficients one obtains a mesh that roughly outlines the surface. Repeated refinement
of this mesh by knot insertion results in a sequence of meshes whose points are averages
of the preceding and whose limit i1s the surface itself. In addition to an elegant algebraic
definition this yields an altemative geometric, procedural characterization of the splines
useful for establishing many shape properties of spline surfaces. But the tensor product
B-spline representation has a major shortcoming. It cannot model certain real world ob-
jects without singularity, because each point in the interior of the B-spline mesh must be
regular, that is surrounded by exactly four quadrilateral mesh cells. This makes it impos-
sible to choose for example the boundary mesh of a cube as input and in fact restricts the
topological structure of the objects that can be modeled by the splines. Even if the object
to be modeled can be described as a deformation of the plane, it may be more natural to
have three or five quadrilaterals join at a point or to use non quadrilateral cells to model
a feature. Using trimmed NURBS (non uniform rational B-splines) does not solve this
problem since the trimming destroys one of the chief advantages of the B-spline repre-
sentation, its built in smoothness. One ends up with the tricky task of smoothly joining
the trimmed pieces. The goal is therefore to devise algorithms that remove the regularity
restrictions from the input mesh and yield a unified approach to surface modeling. The
approach should reduce to the B-spline paradigm wherever the mesh is regular and have
the following additional properties.

o smooth free-form modeling capability. There are no restrictions on the number of
cells meeting at a mesh point or the number of edges to a mesh cell. Mesh cells need
not be planar.

o local smoothness preserving editability. The component functions of the spline surface
form a vector space of smooth functions. In order to add and subtract the functions
and locally edit the geometry, it suffices to add and subtract the mesh points locally.

¢ low degree parametrizetion. The surface is parametrized by low degree polynomial
patches. The representation can be extended to rational patches.

e simple inierpolation. It is possible to interpolate the input mesh points and normals
without solving a system of constraints.

o consiruction by averaging. The cocfficients of the parametrization can be obtained
by applying averaging masks to the input mesh. Thus the algorithm is local and can
be interpreted as a rule for cutting an input polytope such that the limit polytope is
the spline surface.

o convez hull property. The surface lies locally and globally in the convex hull of the
input mesh.

e intuilive shape paramelers. The averaging or cutting process is geometrically intu-
itive. Smaller cuts result in a surface that follows the input mesh more closely and
changes the normal direction more rapidly across the boundary.

e taul inlerpolaiion of a wire frame as a limil case. Cuts of zero depth result in a
singular parametnzation at the mesh points analogous to singularities of a quadratic
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spline with repeated knots. The C? surface degenerates into a C° surface that inter-

polates the edges of the input mesh and remains taut, e.g. planar when the mesh cell

is planar.
In summary, one would like an algorithm that departs as little as possible from the NURB
standard and combines the intuitive cutting paradigm with a low degree parametrization.

The algorithm described in this paper generalizes the quadratic C* spline paradigm
for both tensor-product B-splines and four-direction box splines to generate a surface
parametrized by four-sided or three-sided Bernstein-Bézier patches. Both the Bernstein-
Bézier form and box splines are standard tools of geometric modeling. [Boehm, Farin,
Kahmann ’84] and [de Boor, Hollig, Riemenschneider 92] are good references. All the
above properties are satisfied, except if a vertex has 2rn > 4 neighbors and is surrounded
entirely by four-sided patches. Then the surface is only guaranteed to minimize the residual
of the smoothness constraints. For surfaces built from three-sided patches or a combination
of three-sided and four-sided patches, the surface can always be guaranteed to be tangent
plane continuous.

The present method generates a spline space over irregular meshes by local averaging
as do the algorithms in [Peters 92a], [Peters 92b] and [Loop '93]. The first of the three
earlier algorithms contributes the idea of mesh refinement to separate irregular vertices,
the second adds the quadratic spline representation and the third uses the idea of forcing
all boundary curves to be quadratic. The main improvements of the present over the
earlier algorithms are as follows.

¢ Considerably fewer surface pieces are generated. While the earlier schemes generate 16
four-sided or 48 three-sided patches for each regular mesh point, the current algorithm
uses only one fourth that number.

¢ The surface is guaranteed to lie in the convex hull of the control mesh for the full
range of blend ratios.

o Parametrization with three-sided and four-sided patches is treated uniformly and can
be mixed.

The algorithms in [Sabin ’83], [Goodman ’88] and [Héllig, Mogerle 89}, also define spline
spaces. However, these constructions are less localized and need to solve large irregularly
sparse systems of equations to match data. This makes it more difficult to reason about the
shape of the resulting surface. Algorithms for generalized subdivision ([Sabin *76], [Doo
'78], [Catmull and Clark 78], [Loop '87], [Dyn, Levin and Liu '92], etc.) differ in that they
do not provide an explicit parametrization for the irregular mesh regions. This not only
makes it tricky to establish elementary properties like tangent plane continuity of the limit
surface, but is also a major obstacle for integrating these techniques with other computer
aided design representations. The work on reparametrization and geometric smoothness is
the background for the current algorithm (see e.g. [Gregory *90] for a survey). In particular,
the construction based on three-sided patches can be viewed as a special case of [Peters
'90] with a well-chosen mesh of quadratic boundary curves as input. The construction
based entirely on four-sided patches generalizes the construction of [van Wijk 86, Section
3.5] to the case where n > 4 patches meeting at a mesh point. The algorithm of this paper
differs from schemes like [Sarraga ’87),[Hahn ’89] in that no constraint systems have to be
solved to enforce patch to patch smoothness. B-patches ([Seidel '91], [Dahmen, Micchelli,
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Seidel ’9x]) and S-patches [Loop, DeRose '90] use a special representation of the surface
pieces, while the present algorithm uses either standard tensor-product or triangular pieces
in Bernstein-Bézier form.

The algorithm is detailed in Section 2. Section 3 establishes the continuity and vector
space properties of the surfaces generated by the algorithm. Section 4 establishes the shape
properties of the surfaces generated by the algorithm. Section 5 summarizes the findings
and the Appendix illustrates the algorithm.
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2. An algorithm for refining an irregular mesh of points into a C! surface

The algorithm has six simple steps. The output of steps 1-3 is & mesh of quadrilateral
cells such that each original vertex is surrounded by vertices of degree four. Steps 4,5 and
6 generate the surface parametrization and depend on the user’s choice of three-sided or
four-sided or mixed patch representation.

1 Mesh refinement.

2 Edge cutting.

3 Quadratic meshing.

4 Quadratic patching.

5 Degree raising.

6 Twist adjustment.
The input is any mesh of points such that at most two cells abut along any edge. The
mesh cells need not be planar, and there is no constraint on the number of cells meeting
at a vertex. However, if a cell has more than four sides, then the valency of its vertices,
i.e. the number of neighbors, is restricted to be 3 or 4; this can be enforced for example by
triangulating the cell. The mesh may model a bivariate open or closed surface of arbitrary
topological structure. For each vertex of a cell, there are two scalar weights 0 < a; < 1,
t = 1,2, called blend ratios. Geometrically, smaller ratios results in a surface that follows
the input mesh more closely and changes the normal direction more rapidly close to the
mesh edges (cf. A.3 of the Appendix). The default is ¢; := 1/2. Algebraically, blend ratios
play the role of relative knot spacings. In particular a¢; = 0 implies loss of smoothness.
The blend ratios of each cell may be modified independently. The oufpuf is a surface that
follows the outline of the input mesh and consists, depending on the users choice of surface
representation, of either
(a) no more than 8¢ quadratic or cubic, three-sided patches that form a C* surface, where

e is the number of edges of the input mesh; or
(b) no more than 2e biquadratic or bicubic, four-sided patches that form a2 C! surface

except possibly at vertices and faces with 2n > 4 neighbors (see Theorem 3.5); or
(¢) a combination of biguadratic, four-sided and cubic, three-sided patches.

The construction with 4-sided patches is least recommended since neither tangent
plane continuity nor the convex hull property can be guaranteed for all configurations of
the input mesh. All indices are interpreted modulo n. All coefficients V, C, P, etc. are
vectors.
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Step 1: Mesh refinement. For each edge with vertices V; and Vj, create an edge vertex
n = (Vi Vy)/2
and insert it between V; and V;. For each cell ¢ with vertices V3, V5,..., Vis, create a cell

vertex 1
¢ =—>V

and connect it to all edge vertices of the cell. This creates a refined mesh of subcells.

A
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Step 2: Edge cutting. For each subcell ¢; label the vertices V;, V2, V3, V4 1n order starting
with the input mesh point, and create a preliminary cell center C| subject to the blend
ratios 0 < a;1,¢52 < 1 as the average

Cii=(1—aull—aix)V1 +{1 — ap1)aiVa + airai2Vs + (1 — aiz)an Vi,

For each vertex V surrounded by less than five cells, the cell center is C; = C!. For each
vertex V surrounded in clockwise order by more than four cells ¢;, ¢z, . - ., ¢, the cell center
corresponding to ¢; is

= . 2wy 27 .
Ci=V + — Zcos(;j)C}_ﬁ (2.1)
i
where V := 237 C}, and w;! := — cos(32E) — cos(%412T). If V is to be interpolated set

V = V instead.
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Step §: Quedraiic Meshing. For each vertex V surrounded in order by cell centers
C1,Cs,..., Cp, compute the final location

- 1
==) Cu

For each edge V', V; separating two subcells with centers C;_;, Ci, create an edge coefficient

e = A;:= (C,' + 05_1)/2.

AV,

Result: a mesh of quadrilateral cells. Associated with each edge are now three
coeflicients that may be interpreted as the Bernstein-Bézier coefficients of a quadratic
curve segment. This yields a mesh of quadrilaterals with quadratic boundary curves and
such that each coefficient m lies in the same plane as the surrounding A;'s.
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Three-sided Patches.

Step 4T: Quadratic Paiching. FEach quadrilateral subcell is covered by four triangular
patches. The interior coefficients are computed by averaging:

Q110,i + @Q110,i+1 _ Q1o1,0 + Q1012
Qooz = )

Q101,i = Qo11,i+1 = 2 , 2
8-valent
200,i
101,i
A; = Qi \unz
011,i
V = Qozo,i 0051 200,i+1
2n-valent 8-valent

Step 8T: Degree raising. Raise the degree to obtain the coefficients of the triangular cubic
patch (*ed coefficients need not be computed)

P300 Q200 42

Py 3
sz p* Q300420110 Qoo2+2C101

102 3 3
Pl.ll P(;03 — QuotQioi+Qoin Q002
3

Pyag Pﬂ“m Qozo-l;ZQun Qou:-l;zgou

Py Q%m
Pozo Qozo

Silep 6T: Twist Adjustment. At a vertex V = Pygo surrounded by n quadrilateral cells,
set ¢ := cos(2) and compute with C; the center of the ith cell

Pr11,i = [(2 — ¢)Q110,i + (1 + ¢)Q200,i + 2C; + Qo20,4]/6 (2.2)
Proz,i = (P11, + Pi11,i41)/2,
Poos,i = (Proz,0 + Proz,2)/2.

This and the previous step are not necessary if n = 4.

9
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Four-sided Patches.

Step {R: Quadratic Palching. Associated with each subcell are four vertex, four edge
and one center coefficient that may be interpreted as the Bernstein-Bézier coefficients of
a biquadratic patch. For example, Qoo =V, Qo1 = A; and Q1 = C;.

Step 5R: Degree raising. For each subcell, the degree of the associated biquadratic patch
degree is raised to bicubic. That is,

Py P Py, P }
Qoo Go Qo - 1:.0 20 >0 [
Fyy 1 Par Pa ;
Qnn Gu Qu| = P P P~ P = :
Qoz @1z Q2 02 12 22 92
FPozg Pz Py Pss
Qoo 2Q10+Qoo 2¢10+Q20 Q20
3 3
2001+ Qo0 1@111+2(Qo1+CQ10)+ Qo0  4Qu1+2{R21+Q10)}+ Q20  2Q21 420 ;
3 9 9 3 i
2Q01;‘Quz 4Q11+2(Qo19+Q1=)+Qn= 411 +2(Q+Q12)+Q22  2Q2+CQa0 !
9 3
Qo2 EJ%Q.Q:. 2_Q_Lz§i'9.u Qa2
Step 6R: Twist Adjustment. For each vertex V surrounded clockwise by patches p;,
t=1..n, let V = Pyo ; and Fo1,i-1 = Pig,i and define

c 9
E; =P+ §(P30,:' - P20,l')a ci= COS(%)-
Then we recompute

Piyiiqg =4 Z?=1(_1)jEi+j if n is odd
B E?:l(n _j)(_l)jEi+j if n is even.

n

(2.3)

This and the previous step are not necessary if n = 4.

10
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Three-sided cubics joining biquadratic patches.

To join a three-sided patch p smoothly to a biquadratic four-sided patch ¢, denote
as Qoo, @10, and Q2o the coefficients of the common quadratic boundary and as @11 the
center coefficient of the biquadratic patch. Patch p is constructed by steps 4T and 5T as
usual but the perturbation step determines the center coefficient as

Step 6M: Tunst Adjustment.

Py =0+ %(m —Qnu).

The join allows filling n-sided holes in a biquadratic tensor-product spline surface us-
ing three-sided cubic patches (cf. A.1 of the Appendix). A hole is first divided into n
quadrilateral cells. Then each cell is covered by four three-sided, cubic patches. Since the
center coefficients of the cubic patches attached to the 2n-valent central vertex are not
edge-adjacent to the biquadratic patches, they are adjusted as in Step 6T.

4-sided

Cn

-

4-sided -—au gM 6T I \<

] -]

e

ST N
\ / 2n-valent

11
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3. Continuity and vector space properties

This section shows that splines generated by the surface form a smooth vector space.
Smoothness, oriented tangent plane continuity is characterized as the agreement of the
derivatives of two maps p and g from IR? to IR® after reparametrization by a map ¢ from
IR? to IR? that connects the domains Qp and 2, of p and ¢:

p=gqop and Dip=Di(goyp) alongFE,

where ¢(E;) = E;, E, and E, are edges of {2, and §, respectively. D; denotes differen-
tiation in the direction perpendicular to E, and p maps interior points of Q4 to exterior
points of 2, thus avoiding cusps. We prove oriented tangent plane continuity first for the
construction with three-sided patches, then for the construction with four-sided patches
and finally for the mixed construction. We prepare the result with two lemmas. The first
records the mesh structure after the refinement step.

(3.1) Lemma. Steps 1-3 generate a mesh of quadrilaterals bounded by quadratic curves
and such that at least one vertex of every edge has exactly 4 neighbors.

(3.2) Lemma. The coeflicients A; constructed in Step 3 at V satisfy
. 27
A1 —2cA; + A1 =2(1—-¢c)V, i=1l.n, c:= cos(?).

Proof For simplicity we center the coordinate system at V=2 3"C;=0. Forn =3

and n = 4, the statement follows directly from the fact that 4; := % For n > 4,
Step 2 enforces
Ci—1 —2c¢Ci + Ciqq
W or . or . o 2
== ; Ci(cos(—~(i = 1)) + cos(— (i + 1)) = 2 cos(—) cos(—1)) = 0

and hence the same holds for the averages 4;. M

By Lemma 3.1 and Step 4T, each three-sided patch has one vertex with eight neighbors
and one vertex with four neighbors. Therefore, the central coefficient P;;; is associated
with at most one vertex that is neither 8-valent nor 4-valent. The arrows in the diagram
below indicate this association. (o labels the degree-raised boundaries generated by Step
8T, e the averaged coefficients of the interior boundaries and m, represents the central
coefficient P;;; constructed in Step 6T.)

(3.3) Theorem. Steps 1-3 and 4T-6T of the algorithm generate a quadratic-cubic C!
surface.

Proof Step 6T enforces
. 0 27
Dipyeate = Dalps o W)y where pimia st [, 0, 1 anderm eon2D)

12
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8-valent 300 - 120 > 9n-valent !

for adjacent patches p; and p;—;. Let @200, @110 and Qo2¢ be the Bernstein-Bézier co- !
efficients of the common quadratic boundary curve; Qzgp corresponds to t; = 0 where 4 :
quadrilaterals meet and Q20 corresponds to iz = 1 where n quadrilaterals meet. Then
the constraints on the coefficients of the cubic patches are

i
2 i
P01,j—1 — Ps0o0,j—1 + P01, — Poo,j = '3-(Q11o — Q200) |
|
1 |
Pi11,5-1 — Paio,j—1 + Pri1,j — Poioj = 3 (Qoz20 — Q10 + (1 — &)(Q110 — Q200))

2
Poa1,5-1 = Prao,j—1 + Poz1,; — Pi2o,; = 5(1 —¢)(Qoz0 — @110)

The first and the third equation hold by Lemma 3.2, the second is checked by substitution.
|

(3.4) Corollary. Steps 4T-6T cover cells with no irregular mesh points with a quadratic
box spline.

Proof When all cell vertices are regular mesh points, then ¢ = 0 in Step 6T and
the construction leaves the patch unchanged as a quadratic after Step 4T. By Theorem j
3.3, the surface is C' and the connecting map the identity. Therefore the patches join
parametrically C? and must be identical with the quadratic box spline (¢f. [de Boor,
Hollig, Riemenschneider 92]}. ®

For : = 1..n, let ¢; be the subcells that surround V and C;; and C;; the center
coefficients of the two subcells that share an edge with ¢;, but do not have V as a vertex.
Define

n 2
E(V) = ;—: E Z(—I)H"-C.',J'.

i=1 j=1

13 !
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Cv(i1

© 4 _valent

I ey
Cviiz cell ey

Q
[»

4-valent ° °V, n-valent

(3.5) Theorem. Steps 1-3 and 4R-—6R of the algorithm generate a biquadratic-bicubic
C? surface except at a vertex V with 2n > 4 neighbors and E(V) # 0. In the latter case
the residual of the C! constraints is minimized by the construction.

Proof Unless m = 2n > 4 and E(V') # 0, the construction enforces
. 2 0 27
Dip;i—1)e = Di(p; 0 ¥)|e, where ¥ :=id + £;(1 — ¢3) 9% and ¢ := cos(—n-).

Let @29, @11 and Qo2 be the Bernstein-Bézier coefficients of the common quadratic bound-
ary curve of p;j_; and p;; ()20 corresponds to t2 = 0 where 4 quadrilaterals meet and Qg2
corresponds to t; = 1 where n quadrilaterals meet. The equation is verified by writing out
the conditions in Bernstein-Bézier form:

Py i — Pay,i = Pi3 i1 — FPosz,i—1

Pyy i — Pyy,i = P12,i—1 — Pp2,i—1
4c
?(on,.‘ — Q10,i) + Pio,i — Pr1,i = Pi1,i-1 — Po1,i—1

dc
?(Qlo,i — Qoo,i) + Poo,i — Po1,i = Pro,i-1 — Pog,i-1

The first, second and fourth constraint are satisfied by the choice of m in Step 2. With
Py i — Pyg,i = %(qu,,- — Cho,i), and Py i = Pyy,i—1, the third constraint is

Piyi+ Pryia
2

¢
= E;:= Py,i + E(Pao,i — Py i).

Choosing Piy,; according to (2.3) enforces the constraint if n is odd:

Phia+Pni=-— Z(—l)j(Ei+j—1 + Eit;) = 2E;.

=1

14
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If n is even, then

Pyia+Pyi= _?2 > (= (1Y (Bigj-1 + Bigs) = %2 (Z(—l)ij —nE;)

=1 j=1
= 2E; — 2E/n.

That is, the total residual 2F is equally distributed over the patch boundaries emanating
from the vertex. M

(3.6) Corollary. Steps 4R-6R cover cells with no irregular mesh points with a biquadratic
(B-)spline.
Proof If both vertices of an edge e have valency 4, then the transversal derivatives

of the patches p; and p;.; that share the edge are collinear and of equal size. Hence the
patches are joined parametrically C1. m

(3.7) Theorem. Steps 1-3 and 4T,5T and 6M of the algorithm generate a biquadratic-
cubic CT surface.

Proof Due to Theorems 3.3 and 3.5, we need only consider the transition between g,
a biquadratic patch and p a cubic patch. Then

1
Dipj. = Di(g 0 9)., where ¢ :=id+¢; [ 12] .

2

Let Q20, Q11 and Qo2 be the Bernstein-Bézier coefficients of the common quadratic bound-
ary curve; (Jzp corresponds to £ = 0 and QY2 corresponds to ¢tz = 1. Then the constraints
on the Bernstein-Bézier coeflicients are

Q10 — Qoo = Qo1 — Qoo + 3(Pa10 — Paoo),

Q20 ; Qoo = Qu — Qo + 3(Pi11 — Paro),

Q20 ~ Q10 = Q21 — Q20 + 3(Poz1 — Pizo)-

The first and the third constraint are satisfied by the quadratic construction. Since Pyp =
9%91—", the second constraint is

Qoo — Q20
2

Q20 + Qo2

P = %(on +2Qu0 + Q1o — Qu + )=Qu + %(‘2— — Qn)-

(3.8) Theorem. C! surfaces generated from input meshes with the same connectivity,
choice of three-sided and four-sided patches, and blend ratio for each subcell form a vector
space.

Proof Two surfaces generated from input meshes with the same connectivity have a
natural 1-1 and onto correspondence of patches. Consider two smoothly abutting patches

15
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pi and ¢;, ¢ = 1,2 of the ith surface. The connecting map depends only on the connectivity
of the mesh via ¢. Identifying the open neighborhood of the edges E,, and E, 2 as E,,
there is a single connecting map ¢ such that

pi=(giop) and Dipi=Di(giop) along Eyp.
Consequently, if po := f1p1 -+ f2p2 and go := f1q1 + P24z, then
po={qop) and Dipy=D(fip1+ Pop2)=P1q109+ Pagzop=Di(g0¢)
along F, as claimed. W
Spreading the z —y coordinates in the plane and choosing all z coordinates of the mesh
equal to zero except for one, results in familiar B-spline like humps. Adding these humps

yields the constant function 1 since the C; and hence all coefficients have z component 1
and the surface is continuous.

16
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4. Shape properties of the resulting surface

This section establishes the convex hull property of the spline space induced by the
algorithm. Additionally it is shown that surfaces are flat in the neighborhood of the image
of a mesh point if and only if the mesh 1s locally flat. The edges of the input mesh are
interpolated and thus the outlines of the input polytope recaptured when the blend ratios
are zero. Finally, if the blend ratios of an input mesh cell agree, then the centroid is
interpolated.

The following Lemma contains the essence of the proof of the convex hull property.

(4.1) Lemma. Step 2 forces the cell centers C; into the same plane such that A; :=

% lie in the convex hull of the original points.

Proof Choosing the local coordinate system such that V := %EJ C% = 0, one wants
to find appropriate C; 3 0 in the null space of the constraint matrix corresponding to the
smoothness constraint C;_1 —2 cos(zT")C,-+C.-+1 = 0. This null space is spanned by (two of)
the cyclical permutations of the vectors (cos 27”2);=1__n. Using these vectors symmetrically
and applying a single weight w,, a natural solution to the coplanarity problem is

2wy 27 .
Ci:= n ;COS(RJ) i+j

The coplanarity itself follows from Lemma 3.2. Define

14+ wn cos(zT"(j —1)) 4+ wa cos(zT"(j —i+1))
" )

ai,j 7=

Since n > 3, a;; > 0 and E}‘:l aij =1, = l..n and one checks by substitution that

A; = Z a.-,,-C}.
i

If it were not for the contraction by wy, € (3,1], the map from the C} to the C; would
be a projector. Unfortunately, the contraction is necessary as the following, admittedly
extreme example proves. If C! := [-1,0,0] for j = 1.n — 1 and C} := [» — 1,0,0|,
then C; = 2¥n cos(2%4)[n — 1,0,0] and the constraint that A; lie in the convex hull is
B=Lwn(—cos(2E(i — 1)) — cos(3E1)) < 1.

Since all coefficients are computed as convex averages of the C;, the following propo-
sition holds.

(4.2) Proposition. If the construction uses three-sided patches at irregular vertices, i.e.
Steps 4T, 5T, 6T or 6M, then the surface is in the convex hull of the input mesh.

(4.3) Example: The following example shows, that Step 6R does not always yield
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planar surfaces for planar cells and therefore does not stay within the convex hull of the
input mesh. Consider the corner (0,0,0) of a cube with neighbor vertices Vi = (1,0,0),
V2 =(0,1,0), and V3 = (0,0,1). Then

1 -1
Puy=E,—E3+E =—-|1
9 -1

is outside the cube. This problem can be fixed by using biquintic patches.

(4.4) Proposition. The curvature at V is zero if and only if the neighboring vertices of
the refined mesh, V;,1 = 1..n lie in the same plane as V.

Proof Let P(n) be the component of P normal to the tangent plane at V. If V;(n) # 0
for some 2, then the curvature of the ith boundary curve is nonzero. Conversely, if all V;
lie in the tangent plane, then all boundary curves are coplanar. In the case of four-sided
patches this implies £;(n) = 0 and hence P, i(n) = 0. In the case of three-sided patches
this implies Py;,i(n) = 32Vi(n) =0. ®

Zero cut ratios generate a singular parametrization at the input mesh point. Just
as for B-splines with coalesced knots, the degree of smoothness drops by one. This has
the desirable consequence that the C! surface degenerates into a C° surface that tightly
interpolates the input mesh.

(4.5) Proposition. An edge between two cells with zero transversal cut ratios is inter-
polated. Planar cells with zero cut ratios are covered by a planar surface if represented
with three-sided patches.

Proof Zero cut ratios coalesce all cell centers C; surrounding a mesh point V' into V.
The boundary curves are convex averages of the Cj, hence coincide with the edges. Up
to Step 5 (T,R. or M), all coefficients are convex combinations of points on the edges and
planarity follows. For a three-sided or mixed construction

Qo20,i = Qu1o,s = Qon,i = Quuo,i+1 =V Q200,i = Q110,i—1 = V;

Qz200,i + Qoo VitV (5—c)V+(1+c)V;
Quo1,i = 5 = Pii= 6

proving planarity. W
To model with the vector space it is good to know that the resulting surfaces can
interpolate certain averages of the input data.

(4.6) Proposition. Let a;;, ¢ = 1..n, j = 1,2 be the blend ratios and C; the centers of
the n subcells surrounding a cell centroid V. If a;; = a; and C; = C!, then the surface
generated by the algorithm interpolates the cell centroid.

18




J Paters Free-form spline meshes Muar 15 83

Proof Let V; be the vertices of the cell. Step 3 determines the vertex of the refined
mesh corresponding to the cell as

V= % Z C;
% DI - aan)( —a)Vi+ (1 - “il)%z +(1—aim1a)

a; Git1, 1
+ (1 - aiz)?:l +(1- ai+1,2)"j§1—1 + - 2 a;1a1,2)V;

Qi—1,2
2

In the particular case, the bracketed expression sums to one. Since V is a vertex coefficient
of the patches meeting at V it is interpolated. W

Thus a uniform choice of blend ratios suffices to interpolate the centroids of a cube
(cf. A.2 of the Appendix).
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5. Conclusion

The algorithm defines a surface representation that generalizes quadratic C?! splines.
It smoothes a general, regular or irregular mesh of points into a C! surface with a quadratic-
cubic parametrization. The user may choose either four-sided or a three-sided or a mixed
patch representation. In the case of a purely four-sided representation some continuity
and shape properties are traded for low degree and simplicity of construction. Where the
mesh is regular, the surface is quadratic. Input meshes with the same connectivity and
the same blend ratio for corresponding cells give rise to a vector space of smooth surfaces.
That is, it suffices to add and subtract the control meshes in order to add and subtract the
corresponding surfaces and the result is again a smooth surface. This and the fact that
the convex hull property holds is useful for approximating and locally editing the spline
surface. The role of the knot spacing is played by geometrically intuitive blend ratios. Zero
blend ratios result in a C? surface that tightly interpolates the input mesh. It is possible to
interpolate the input mesh without solving a global sparse system of equations. Here the
analogy is interpolation by a quadratic spline at every second knot rather than the cubic
Catmull-Rom spline construction. The construction can easily be extended to a rational
representation by using a fourth coordinate to generate the coefficients of the denominator
polynomial.
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A. Examples
Three examples illustrate the flexibility of the algorithm with respect to the topological
structure. the blend ratio and interpolation.
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Al.

A2,

A3.

s = (.25

The first two figures show a geological formation and a detail of the formation. The
surface 1s constructed with a mix of three-sided and four-sided patches.

The second two figures show a multi-handle object. The top surface uses only four-
sided patches and does not interpolate the input mesh. The bottom surface is con-
structed using a mix of three-sided and four-sided patches. It interpolates the mesh
peoints. One can also interpolate with a surface consisting only of four-sided patches.
The last object, constructed from three-sided patches only, illustrates selective blend-
ing. The overall blend ratio is 0.1. However at the indicated mesh points the ratio is
changed to 0.25 and 0.0 respectively. Ratios can also be selectively changed to blend
edges with different radius.
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