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Abstract

The functional equation relating the eigenvalues of the block Symmetric Succes-
sive Overrelaxation (SSOR) iteration matrix with those of the block Jacobi iteration
matrix found by Chong and Cai is used in order to obtain precise domains of conver-
gence of the block SSOR iteration method associated with a class of generalized con-
sistently ordered (GCO) (k, p —k) — matrices A (p 22, k=1(1)p - 1). We show
that the domain of dependence depends only on the relaxation parameter @, the spectral
radius of the block Jacobi iteration matrix and the value of £=k/p. Unlike the case
k, p —k)=(, p—1), p 23, which was studied in an carlier paper of the authors,
beyond certain critical values of ¢, the domain of dependence does not grow monoloni-
cally with ¢ and manifests various soris of behavior. However, as in the case
(k, p —k)= (1, p — 1), it is shown that the intersection of the convergence domains
taken over all pairs (p, k) still remains the exact domain of convergence of the point
SSOR iteration method associated with nonsingular H-matrices A.
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1. INTRODUCTION

In this paper we shall be concemed with the region of convergence of the block
Symmetric Successive Overrelaxation (SSOR) method for solving linear systems of
equatons Ax = b, where A is a block nonsingular matrix

Ay 0 .. 0 Arp-ik+t 0 0-
0 Asr ... 0 0 Agp—k+2 .. 0
A= o o0 . 0 0 .. Ag|. a1
A+, 0 . 0 0
0 0 .. Ay, 0 0 .. Ay

where each diagonal block is square and nonsingular. Let D be the block diagonal
matrix given by D := diag (A1, A2z, ..., App). Then the block Jacobi iteration matrix

associated with A is given by J§ =1- D! A and has the form

0 0 .. 0 Cip-k+1 o 0_
0 0 .. 0 0 Caop-k+2.. 0
A= 0 0. 0 0 Cio (1.2)
Cevrp O - 0
0 0.. Cpp-x O 0 .. O

In the language of Varga [14] we say that J4 is a weakly Cyclic matrix of index p and A
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is p-cyclic. In the language of Young [16] A is a generalized consistenily ordered
(GCO) (k, p — k)-matrix.

Let L and U be strictly lower and strictly upper triangular matrices respectively
such that

Jg=L+U . (1.3)

Then the block SSOR iteration method for solving the system Ax = b has the block
SSOR iteration matrix associated with A given by

SA=(-o Uyl [-w)I+wL] J-oL)Y[Q-oy+oU]l,ox0,2.(14)

Since a necessary condition for the SSOR method to converge (see e.g., Varga [14] and
Young [16]) is that @ € (0, 2) we shall restrict ourselves to considering values of ® in

this interval only.

Recently Chong and Cai [3] have extended a previous result due to Varga, Niet-
hammer and Cai [15] about the functional relationship between the eigenvalues of the
block Jacobi and the block SSOR matrices associated with p-cyclic matrices of the
form (1.1). Upon inspection the Chong and Cai result can be slightly strengthened to

read:

Lemma 1.1: Consider the equation
[?..—(cn—1)2]p=k"[?..—(co—l)]P‘z"(Z—(o)zkcoPup (1.5)

and assume that ©® # 0, 2. Then
) 0=Xe o(S2)if and only if ®= 1 and,
ii) O=kie G(S$) if and only if pe O'(Jﬁ), where () denotes the spectrum of a

matrix. O

Let p(-) denote the spectral radius of a matrix and put v :=p (J$). We raise here
the following question:
For which points (v, ®) in the (v, @) — plane do all roots X of (15} lie in the inte-

rior of the unit circle thereby guaraniceing that
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p A<t 7 (1.6)

In passing we comment as follows: i) For the case (p, k)=(2, 1) it can be
deduced from the works of D’Sylva and Miles [4] and Lynn [9] that (1.6) holds for all
points (v, ©) satsfying 0<v<1l and O<w<2 i) For the «case
(p, k)= (p, 1), p 23, (1.6) holds provided that (v, ®) € R(f), where R ) is the region
in the (v, w)-plane given by (1.7) — (1.10) below with £ :=k/p and k =1. The result
(1.7) — (1.10) for this case was obtained by the present authors in [8].

The first main result of this paper can be summarized in the following statement:

Theorem 1.1: Let A be a nonsingular GCO (k, p — k)-matrix, p 23, k#p/2,
whose diagonal blocks are square and nonsingular. Let J A and S 4 be the block Jacobi
and the block SSOR iteration matrices associated with A and given in (12) — (1.3) and
(14), respeciively. Suppose that p (UYy=v. Then p (S4) < 1, provided that
(v, ®) € R(), where R (§) is the region in the (v, ®)-plane defined by:

-

D<w<l, 0<vel , (1.7a)

)

(21_+C§;3; = Vi) (1.75)
12 t

lof c0<2, 0<v< ((D"’(l _1)23) (1(?2‘0”322213; = Vo (@),  (L7c)

RO=<1<w<w,, 0<v<

where
E=kip, (1.8)
" * 2(¢£* + 2)”2 ® * 14+(9- 163)“2
= = ’ = = 1.9
e TR R 20-20
and
— o= ey — O
¢ =@ :=w—1+ o (1.10)

We prove Theorem (1.1) in Section 2. The main idea in the proof is to apply
Rouché’s theorem, as in [8], for the location of the zeros of analytic functions to
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various factors of the equation in (1.5). In Section 3 we study in more details the pro-
perties of the boundary of the region R(f) given in (1.7). The analysis there yields the

second main result of this paper:

Theorem 12: Under the conditions and notations of Theorem 1.1 and for any

numbersty, & € (0, 1/2) we have,
R) cRE)
if and only if
G 0 < <f <3/8
or
G) 0 <t St <3/8<f<1/2,
wheret' is the unique real root in (0, 3/8) of the equation

Vor )=vp12 ()= Hm vy, (2)= V372
£ (1/2)

or
(i) 0 <8 <t <3/8<h <t (&) <1/2,
where E;(El) is the unique real root in (318, 1/2) of the equation
Vo, @) @ =vay (2)

or

Gv) 0 <t <i] )<b <3/8<fh<1/2,

(1.11)

(1.12)

(1.13)

(1.14)

(1.15)

(1.16)

(1.17)
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where Ef (&) is the unique real root in €*, 3/8) of the equation
Vag; @y @ =Vay, @ . (1.18)

For all other pairs of distinct numbers Uy, & € (0, 1/2) neither of R(4), R@) is a
proper subset of the other nor do they coincide. Moreover

Dcw<2, 08vs1/2
R= ~ R@:= ) .0 119
Le (0, 1/2) O<w= 12,I‘r’2<v<1
1+2v- DY

We remark the following:
(i) The analysis in Sections 2 and 3 will show that the region of convergence R(f) of
the SSOR method depends only on v, ® and on the ratio £ = &/p.
(i) For e (0, 3/8] and £ € (3/8, 1/2) the region R() is the (v, w)-plane which is
specified by (1.7) — (1.10) is illustrated in the shaded region in Figures 1 and 2,

respectively. . Fegs

7,2

w—r

(ili) The region of intersection which (1.19) specifies is illustrated in Figure 3 and is
precisely the supremum of the convergence domain of the point SSOR method
associated with the nonsingular H-matrices A of all orders which satisfy the
P (IJ"’l |y=v. Here Jp A denotes the point Jacobi matrix assoc1ated with A and

F:lj. 3

|B | denotes the matrix whose elements are the moduli of the corrcspondlng ele-
ments of B. The latter region was essentially obtained by Neumaier and Varga
[11] and an open question concerning convergence along its curved boundary was
settled by Hadjidimos and Neumann {7].

(iv) We shall indeed show that as £ — 0 the point of intersection of the curves
v (@) :=vy, (@) and vy (W) :=Vy; (®), which turns out to be a point of
tangency between them, tends to the point (1/2, 2).

(v) For{=1/2 the region R (1/2) is the whole rectangle shown in Figures 1, 2, and 3
excluding its upper, lower and right boundaries. As was commented by Varga,
Niethammier and Cai [15], in the special case (p.k)} = (2, 1), this result can be
concluded from earlier results of D’Sylva and Miles [4] and Lynn [9]. For
(p, k) = (2k, k), k > 1, the result is new. Clearly R @O cR{1/2),Vie (0, 1/2),
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(vii)

(viii)
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so that we can strengthen (1.19) as follows:

N R®O= N~ RO=R . (1.20)
te (0, 1/2] te (0,1/2)

The case (p, k) = (p, 1), p = 3, was studied in Hadjidimos and Neumann [8]. It
is a special case of the result in this paper since theref=1/p <1/3 < 3/8 < 1/2.

In this paper we restrict ourselves to considering rational values of the parameter
£ = k/p, although our analysis covers all real values ¢, from the interval (0, 1/2).
Actually our analysis covers values of ¢ from the entire interval (0, 1) as we can

readily ascertain that
c(SA)y=06(s4") , (1.21)

where AT is the transpose of A. Thus, if A is a GCO (k, p — k)-matrix with
t=kipe (1/2,1), then AT is a GCO (p—k k)-mamix with
V=k'[p'=(p—-k)/p=1-£€(0, 1/2).

Finally we comment that in the case (p,k) = (2, 1), with A hermitian positive
definite matrix, the use of the SSOR splitting as a means for the preconditioning
of the system Ax = b is well known (see e.g., the survey paper by Axelsson [1]).
For non hermitian matrices the case (p, k) = (3, 1) has arisen in an iterative
method for finding the least squares solution to a system with an m X n matrix
coefficient of full column rank (see Chen [2] and also Niethammer, de Pillis and
Varga [12], Markham, Neumann and Plemmons [10] and Freund [5]).

2. PROOF OF THEOREM 1.1

Recall the statement of Rouché’s theorem (e.g., Tall [13]): Suppose g and f are

analytic functions in a domain containing the track and interior of a closed Jordan con-

tour vy described anticlockwise. If

LF) — g < 1gA)]

on the track v, then f(A) and g(X) have the same number of zeros inside 7.



-7-
Consider the equation (1.5). We wish to determine the locations of its roots A as

functions of v= max Il =p(/#). Our ideais this: Put
peo )

FOO = [x— (- 1)2]” )k [x— @~ 1)]P-2‘-' -0 @)
and
g(?\.)=[k—(m—1)2]p . 2.2)

Since g(A) has for any we (0, 2) all its root in the interior of the unit circle and in
view of Rouché’s theorem we ask: Given an w € (0, 2), for which we € does it hold

that

A= (@— D217~ ZF 2 —@)* o ILIP = 1fQ)—gA)] < lg)|
(2.3)
=A-(@—-1)°17,VAedQ ,

where S denotes the unit disc?
AsA— (w— 1)= 0 for A € 9 Q, to answer our question it suffices to determine for

a given w e (0, 2) those p e ( for which

. 1A — (@— 1)2]
min
redQ 1A-(@-1IT-%

>2-w)Z o lul (2.4)

with £ = k/p.
Let A€ 9 Q and represent A as A= x + iy, x, y € IR. Then the ratio appearing in
(2.4) admits the following expression

1h— (-1 [1+(@—D* - 2(@- 1)2x]"2 . ’s
A — (w— HIt-% B [1+ (@— )% - 2(0 - Dx]V2-t chi, @y . (2.5)
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Clearly the inequality in (2.4) holds if and only if

min  AC, @) > 2 -0)% olpl . (2.6)
xel-1,1]

Thus for a fixed ® e (0, 2) we shall investigate the behavior of A (x, m) as a function
of x in the interval [-1, 1]. It will be convenient to use the notation *‘ ~ ** to denote

equality of sign between two expressions.
Before beginning our investigation in earnest, we make the following simple
observation.

Observation 2.1: For @=1 a necessary and sufficient condition for (2.3) to hold
is thar \ul < 1. Moreover, when \u! =1, a necessary and sufficient condition for
A 3 Q tobearoot of (2.1) is thar N = pP.

Proof- Because h(x, 1) =1 for all x e[-1, 1], we easily see that (2.6) holds
when, and only when, |l < 1. Next observe that when 0 =1, f (}) = AP O — Py,
from which the remainder of the statement follows trivially. O

In view of Observation 2.1 from now on we shall concern ourselves with
1#me (0,2). Forsuch o define the functions
hy=hy(x, 0):=1+@-D*-2(@-11x (2.7)
and

by = ho(x, ) :i=1+ (- 1% -2(0-1x (2.8)

and note that by (2.5), h(x) = A{’ 2/n3/27 and that both functions admit only positive

values. But then we have the following

oh(x, @)/ I ~— (@— DAY RTY2 + (0 - 11 - )3V R{2 (29)

~ (- D& —y(®) ,

where



-9

Y@= (@ 1+ Ly _U=2D 1y +

o_1 X W] . 2.10)

Now the function A (x, ®) is well defined and differentiable in an interval which strictly
contains [~1, 1] and therefore in considering its critical points in the (closed) interval
[~1, 1] it suffices to consider those points in [—1, 1] at which the left expression on the
right hand side of (2.9) vanishes. Recall that for the moment we are assuming that
o & (0, 2\{1} to be fixed. However, our analysis of the behavior of & (x, w) requires
that we consider two possibilities.

Case I: O<wm<1. In this case Jh(x, ®)/dx ~— (x —y (w)). Moreover
(-D+1/(w-1)<-2 and (@—-12+1/(0-12>2 and so, by (2.10),
wo) < —1/2-(1-20/2=-1/¢+1<=-2+1=-1 (as £<1/2). Whence
— (x —y(®)) < 0 as x e[—1, 1], showing that da(x, @)/ dx < O for all such x. This

proves that

n[m% ; h, ) =h{l, 0)=2C-0)2 o . (2.11)

Combining (2.11) with (2.10) leads to the following conclusions:
Lemma 2.1: For any we (0, 1):
(i) A necessary and sufficient condition for (2.3) to hold is 1pl < 1.

(i) When |nl =1 =vo(w), a necessary and sufficient condition for e 0 Q 1o
be a root of f(A) is that A= 1 and P = 1.

Proof: The proof of (i) has been done in the arguments leading to the statement,
so we only need to prove (ii). The sufficiency of the condition is immediate on the
examination of (2.1). Conversely, suppose that A=x iy € d£) is a root of F).
Taking into account that Iu!=1 we obtain from (2.1) and (2.5) that
h(x, ®) = (2 — @)% @. But then, as (2.6) holds for all 1pl < 1, we must have that
x =1 so that A= 1. The remaining part of the proof now follows by setting f (1) =0 in
(2.1). B

Case 2: 1< m<?2. Observe now that by (2.9), oh(x, @)/ dx ~ (x ¥ (®)).

Moreover on letting

(2.12)

o (:=w—1+ p—
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we see that

¢ (w) > 2 (2.13)

and

1

Py =% (@) -2 . (2.14)

(- 1% +
Substituting (2.12) and (2.14) in (2.10) we have that
W@ =57 - (1= 29 (@ + 6(@) + 21~ 20)] . 2.15)

We proceed to investigate the sign of x — y(w) as x varies between — 1 and 1. For this
purpose we shall first consider the function y(w).

Lemma22: Forwe (1, 2),

@ ww<l . (2.16)
(i) ylw)=-1 (2.17)

when
¢ = 1+2(31-_123§)“2 <o(@) < oo @18)

and

(o) z-1 (2.19)

when
2 < ol@) <o . (2.20)
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Proof: (i) The inequality (2.16) is equivalent, in view of (2.15), to
(1 -2 ¢* (@) - $p(@) —2(1 -4 20 , @.21)

which always holds when ¢(w) > 2. Moreover, we see that equality holds in (2.21) for
£=3/8.
(ii) The inequality (2.17) holds if and only if

(1—20) ¢*(@) —d(@) —2<0

and this inequality can be shown to hold, by arguments involving roots of quadratic
polynomials, whenever ¢(w) satisfies the conditions of (2.18). The validity of (2.19)
subject to the conditions in (2.20) follows along similar arguments. O

Let us note from (2.12) that for e (1, 2), the inverse function to ¢ :=¢(w) is

given by

2(¢+ 2)1:"2
O+ 2"+ -2 222

w(d) =

In what follows for the value of ¢* in (2.18) we shall let
o' =@’ . (2.23)

Notice that ¢(w) given in (2.12) is a strictly decreasing function of @ in (1, 2) and so
o(0) is strictly decreasing in the interval (2, ). Thus when

l<o<n’ (2.24)

we have from (2.17) that for x € (-1, 1], x —y{w) >0, so that in this interval
oh(x, )/ 9x > 0 by (2.9). Hence h(x, w) is strictly increasing in the entire interval

[- 1, 1] and

Y
min kG, @) =h(-1, ®)= 1—+§*’1_T1)— : (2.25)
xe[-1,1] w
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Combining (2.25) with (2.6) shows that for any o € (1, ®'], (2.3) holds if and only if

2
Il < 1t@- 17 oa_ Vi (@) = v (@) . (2.26)

2 -w)*
Next, when
o <o<2 (2.27)
we see from (2.16), (2.19) and (2.9) that forx e[ 1, 1]
ghix, @)/ dx <0 when xSy (2.28)

with equality if and only if x =w(w) ( < 1), while

oh(x, @}/ ox >0 when x> y® . (2.29)
This means that
min  Alx, @) =AW (wW), @) , (2.30)
xe[-1,1]

where, to remind ourselves, y(w) is given in (2.10). Combing (2.30) with (2.6) yields
that for any @ & [®", 2), (2.3) holds if and only if

[1+@- D% -2w-1)%x]"?

= = 2.31
o2 — )% [1 + (@ - 1)? - 2(@ - 1)x]¥** Vo (@) =2 va(@) (2.312)

el <
or by making use of (2.15), (2.12) and (2.14), we obtain the alternative expressions

_ 13172 ¢
= 031) (1 —(;()?_z;xlg o vie @ =vy (@ . (2310)

nl <
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We summarize the foregoing results in the following expanded statement:

Lemma 2.3: Let we (1, 2) and consider o of (223) obtained from (2.18) using
(2.22). Then:

i) Forwe (1, @', (2.3) holds if and only if 10| < vi(w). Moreover for any

 in this interval,

Vi@ <l . 2.32)

(iiy Forwe [@", 2), (2.3) holds if and only if 1[L] < vo(w). Moreover for any

o in this interval,

va(@) <1 . (2.33)

(i) For we(l, '] and |l =vy(@), Ae 3 Q is a root of fA) if and only if
A=—1and P = (= D*[1+ (@— 1P 7 2 - 0)* o? %,

(iv)y Forwe (0)*, 2) and Il =vq(w), if A is a root of f(X) then A is not real.

Proof: (i) The initial part of the statement is our result (2.26). To show (2.32)
recall that for any we (1, 03*], the function A (x, ) is strictly increasing in [— 1, 1].
Thus from (2.5) we find that

max h(, )=k, @)=2-0)Z o
xe [-1,1]

Hence, from (2.25)

1+ (- 1)?

2
2-w)* w> =

Dividing both sides of this inequality by (2 - @)% o, (2.32) obtains.
(ii) The initial part of the statement is simply (2.31). To show (2.33) recall that in

[@*, 2), the function A(x, @) first swictly decreases until x =y(w) and then strictly
increases. Therefore on utilizing (2.5) and (2.30) we see that
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r(l, ©) =2 -0 o > hyo), )

Dividing both sides of this inequality by (2 — ©)* ®, (2.33) obtains.

(iii) Assume that w € (1,@']. The *“if" part of the claim is trivial so we prove the
““only if*’ part. Suppose then that A& d Q is a root of f(A). Then as A=x + iy and
Inl = v, (@), we see from (2.1) and (2.5) that h(x, ©)=[1+ (@— 1)*]/ 0% But
then as (2.6) holds for all Ipnl < v, (@), we must have that A=—1 (see (2.25)). The
remainder of the proof now follows by setting f(— 1) =0 in (2.1).

(iv) Assume that we (@, 2) and that e dQ is a root of (2.1). Then as
A=x+iy and pl = vy (@), we see from (2.1) and (2.5) that h(x, ®) = A(y(®), ©).
But then because (2.6) holds for all Il < vo(w), we must have (see (2.30)) that x lies
strictly between — 1 and 1 showing that A= x + iy € 3 Q can not be real. H

The validity of Theorem 1.1 is now a consequence of Observation 2.1 and Lem-
mas 2.1, 2.3 and 2.4. As we mentioned in the introduction, we devote the next section

to an investigation of some of the boundaries of the region R(f).

3. THE GEOMETRY OF THE CURVES v;(®) AND v;(w)

Consider Figures 1 and 2. They illustrate that the curves vi(w) and v, (W) are
tangential at @ = @", a fact we shall prove momentarily. We comment that from (2.26)
one readily sees that v;(w) is well defined in the entire interval (0, 2) and not only in
the interval (1, cu*] in which it was defined and used in Section 2. As for vy(®) it too
is well defined in (1, <) and not only in the interval [@*, 2). This is readily seen from

(2.31b).
Lemma 3.1: Al the point ® = w’ given in (1.9) the curves v1{(@) and vo(®) are
rangential.

Progf: Since vl(a)*) = vz(m*) we see that
% v (@) - V8 (@) oo =pVE @) VIO - Va@)] . (D)

But then, because vl(o)*) # 0, to prove our claim it suffices to show that (3.1) vanishes.

Now
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A@) = 535 VP (@) = V& (@)]

- (2 _ m)dl:t 0)4p—4k {(2 - m)?-k mZp—?k P [1 + (@ — 1)2]P—1 2(m— 1)

—[1 + (@ — 1P [~ 2k2 - ) o2+ 2p - 2k) 2 - @)* mZP—”-l}

1
0% 2 — o) [1+(@-1)% —2(e - 1) y()P*

-{af’ 2 -y {1+ (@— 1)? - 2(0- 1) y@) /2* % - (3.2)

T+ (@ = D = 2(0 — 12 w(@)P /27 (4o - 1)° - 4w - 1) y(o) - 2 - 1)* y(®)]

—[1 + (@ - 1)* = 2(0 — 1)% y(w)]? /2 {p(ﬂp_l 2 - @)% [1 + (@ - 1)? — 2(w - 1) ()P ' 2*
+(E-H -0 [1+©@- 17 -2Ae-Dy@p 7

2w - 1) - 2y(w) - 2(e-1) w’(m)]}}

Now according to the analysis leading to (2.25), for each w e (I, ®'], h(x, ) has an
absolute minimum which it attains uniquely at x == 1. On the other hand according to
the analysis leading to (2.30), in [@", 2), A(x, ®) has an absolute minimum which it
attains uniquely at x =y(®). Thus we must have y(@")=—1. But then a simple
inspection of the two fractional multipliers which appear in A(w) shows that, at &= o,
their denominators become equal, their common value being (2 — w*y* (@Y 2 0.

Moreover, since

[1+ @ - 1)? - 20" - 1) y(@")] = (@")
and

[1+ (@ - D* - 20" - 1 wo) =1+ " -1°7 ,
one can obtain by inspection that

[1+ (@ —1)2P2

*
@2 - 0" (@ P22 Al

Al =
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where
A@) =22 - 0") (0 - 1) (") [1+ @ - 1)?]

S+ @ -1 [ - 24" +2p —-2%) 2 -0") ©)
_p@ 2 -0 (@ - 20" -1 +2- (" - Dy(e)] (3.3)

+[1+ (@ - 1)2]2{ po* 2-0") - 2k + (@ ~2k) 2 -0 - (@ - 1) qﬂ(m‘)]}

=2-0")( - 1){ p@* P (@ - 1)—(p —2k)[1 + (0" - 1)2]2} V(@) .

Consider next the rightmost expression in (3.3). Since o' # 1, it follows from (2.10)
that dw(co*)/ dw is bounded. We shall finally show that the expression in the braces of
the extreme right hand side of (3.3) vanishes. Now

p@' Y (@ - 1) - -26)[1 + (@ - 1)
——(p -2 [1 + (@ = 1} +2(0" - ]+ p@ -1 [(& - D2 +2(0" -1+ 1]

=(m*—1)2{ —(p—2k)[-(m*—1_1)7+(co*-—l)2+2]+p [(o" -1+ (m,l - +2]]»
=p@" - 1)2{ — (=2 -2 +2] + (¢’ +2>}

= p(o* —1){ —(1—22)(¢*)2+¢‘+22} =0

(see (2.12), (2.14) and (2.18)). H
We now focus our attention on the behavior of the curve v)(w). First we claim

that v, (@) has a unique turning point in (1,2). Note that

V@) - @ — )% 0¥ 2 20— 1)~ [1 + @— 1)?]
-2 -0yt 2+ 2 -0 (2 -2 ol (3.4)

—(l-2 -4l -Ho+41-D] .
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Now the zeros &, and @ of the quadratic which appears on the extreme right
hand side of (3.4) are given by

2(1 _ 8)112

B 2(1 _ 8)112
(1 _g)l!?. +£l!2 ’ m?'

- (1 _E)uz _ 12

(3.3)

1:

and hence they satisfy: 1< &; <2 < @,. The following table thus shows where

v, (w) increases and decreases:

(3.6)

vy (o) m\ ~N 7w

It is easily concluded that @, is the unique turning point of v; () in the interval (1, 2).
We can now further deduce that:

Lemma 3.2: The turning point (vi(8%;), ©) of the curve vy(w) lies beneath the
point (v (@), o) of tangency of v1(®) and vy (). That is & < &.

Proof. Recall the expression for o' given in (1.9). We require to show that

2(1 _ 8)“2 < 2(¢1‘ + 2)”2
(1- 5)1;2 +£“2 (¢* + 2)1.*2 + (¢* _ 2)1.-’?.

or, equivalently, that

But that this holds follows readily from the substitution
0" =[1+©9—-16)Y%172(1 —2¢). O

Until now we have essentially considered behavior of v; (@) (and v,(®)) as a func-
tion of @ only. Since, according to (2.26), v1(®) = vy ¢(@) depends also on é, et us now

investigate the dependency of vy (@) on L.
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Lemma 3.3: For 0 < & <t < 1/2 the following hold:

Vi (@) > vy, (@), oe(©1) , (3.72)
Vi (D =vy, (1) , (3.7b)
Vllgl ((!) < Vll!’z(ﬂ)), e (1,2) . (370)

Moreover, for all o e (1,2),

Y
lim vl,t(m)=—1i(“’2—1)- . (3.8)
t— 0+ w

Proof: From (2.26) we see that

vl-‘l (fD) _ 7 —® 2(-4,)
VII!’Z((D) w

from which (3.7a) — (3.7¢c) follow. (3.8) follows by letting £ — 0t in (2.26). O

Let us denote the turning point &; for vy ,(©) ( = v, (®)) in (3.5) by &, and let us
denote by cof the point of tangency of vy (@) and v, (@) ( = v, (@) given in (1.9). By
(3.5),

. i 2(1 — pli2
im @;,,= lim =
(oo S0 (1-pli24e?

and so, as vy, is a continuous function of both ® and ¢ (0, 1/2), we have, by (3.8),

that

lim Vit (ﬁ‘il.;) =1/2
L0

showing that, as ¢ — 0%, the turning points satisfy
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zl_i)nsf (V1,4(@1,), By,) =(1/2,2) . (3.9)

Consider now the behavior of the tangency points 03; as £ — 0F. First we claim
that for 0 < &y < b < 1/2,

o, > ay . (3.10)

For this purpose we use (1.9) to show that de; /d¢; < 0 and dd; / d2 > 0. But then
dm; / dt < 0 from which (3.10) follows. Secondly, it can be ascertained from (1.9)

that lim ®; = 2 so that, on appealing once again to (3.8), we conclude that
L— 0"

Jlim (v (@), @) =(1/2,2) . (3.11)

Having considered in detail the behavior of the function vy 4(®), we now analyze
the function v, (@) ( = vo(@)) first as a function of o for an £ fixed in (0,1/2) and then
as a function of ¢ for an @ fixed in (1,2].

Lemma 3.4: Lett e(0,1/2). Then
(i) Foranyte(0,3/8],
Vo) < va(my), 1 <@ <y <2 . (3.12)
(i) For anyl e[3/8,1/2) the following hold:
Vo)) < Vo(y), 1 <y <y €8y (3.13a)
and

Vo) > va(y), @) <@ <@ S2 , (3.13b)

where



=20 -

2

&'y = 3,14
L s (-3+8p)2 (3.14)
Proof: (i) Because vo(®) is defined for all @ > 1, it follows by (2.31b) that
V(@) ~ ol5@= 72 @+ 1f + @@= DY o + 1 9]
— (- DY2 o+ 1Y
~wp+ 1)+ 20— 1) ¢ —2(w- 1) (¢+ 1)
=@+ 1) 2 -n)+ 20— 1) ¢’ (3.15)
1
=(@—1+—— +1)(2—m)+28m(m—1)[1—m]

~(1-2@* -0+l

For ¢ & (0,3/8] the discriminant D = 8¢ — 3 of the quadratic in (3.15) is negative or zero,
hence our conclusion.
(i) For £ €[3/8,1/2), the real distinct zeros @’ and G5 of the quadratic in (3.15)

are given by

) 2 o 2
1 +(—3+8)72° 2T 1-(3+8)12

@’y

and satisfy: 1 < @& <2 < @'. Consequently the following table shows where vo(®)

increases and decreases

W 1 @’ 2 o (3.16)

Vo () 1_23/ \ \ /i»

max

A careful study of the table in (3.16) yields our claims. O

We remark that &7 is the unique turning point of v, () in the interval (1,2].
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It can be further deduced that:

Lemma 3.5: The turning point (vo(&'1), ®'1) of the curve vo(w) lies above the
point (Va(0"), ) of tangency of vi(®) and Vo(®). That is, for any fixed
£e(3/8,1/2), o' < &;.

Proof. Using the expression for @ given in (1.9) we require to show that

200" + 2?2 < 2
@+ + @ -2 T 1+(3+8pl7?

This inequality is equivalent to

¢*+2< 1
o' -2 —3+8

which follows from the substitution " = [1 + (9 — 160)12]/2(1 —2¢). ©

Before we investigate the dependency of v,(®) =V, (@) on £ we examine the
behavior of the limiting curve lim vy, (@) for all e (1,2]. From the expression
£ (1/2y

(2.31b) and recalling that lim (1 —2£)"% = 1, we obtain that
t—o(1/2)y

2 _ 172
lim  vay= =D " veeqaa (3.17)
£— (1/2)y ()

Hence
V’2,1i2 (OJ) ~w-—2<0

This implies that v4 1,2 (@) strictly decreases in (1,2] which concurs with the results of
Lemma 3.4 for the case £ € (3/8,1/2). It is also commented that as ¢ — (1/2)" all three
points (vy,1/2 (@), ®1), (V1 172(@"), @) and (vy,172 (@"1), @"1) coincide with the point

(v,w) = (1,1). However, note that
lim lim vy @)=0#1= lim lim Vo (@)!
1o /2 o= 1* @ 1* £ 2y
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In the sequel two lemmas are given and proved which show very clearly the
dependency of vo (W) oné.
Lemma 3.6: For 0 <{y <t < 3/8 the following hold.

Vo (w) < Va2, (), 1 <w<2 . (3.18)

Proof: From the expression (2.31b) for v, () we have that each of its factors is
positive. Then vq ,(®) is positive for any pair ¢,m). Now set

=z, @) 1= invy (W)

(3.19)
3 (0 — 1)”2 1
—Zn——m— +Lin(d+ 1) — > tn(l —28) +£en(1 —28) —EEn(2)
Thus on differentiating with respect to £ we have that
- __&2) - ) B g2
oz /dl=tn(¢p+ 1) 2 -2 +En(1-20) +¢ =2 En(2E) — ¢ 7
(3.20)

= tn[(1 - 20) (b + 1)/ 20]

As can be readily checked ¢(w) strictly decreases in the interval (1,2] and since

o(2) = 2, it follows that

(1-28) 3(1-26)
—~——— (p+ 1)z ———= . 21
7 ¢+ 1) % (3.21)
3(1 - 2) . . .
But for all £ €(0,3/8], — > 1. This result, in view of (3.20) and (3.19), implies

that for a fixed ® € (1,2], Vo, (@) strictly increases with £ in the interval (0,3/8]. O

Lemma 3.7: As a function of £, vy (2) strictly increases in the interval [0,3/8] and

strictly decreases in the interval [3/8,1/2].



_923 -

Proof: From the proof of the previous lemma and by virtue of (3.19), (3.20) and

(3.21) the behavior of the function v,,(2) in the intervals (0,3/8] and [3/8, 1/2) follows
3(1 - 2%)

immediately on considering the position of the magnitude BT with respect to 1.

The endpoints 0 and (1/2)” of the two intervals can be included by continuity argu-
ments, by taking limits as £ tends to 0% and (1/2), tespectively, and recalling that

lim £=1and tm @ -2)v%=1 0O
(-0 £— (1/2)

A careful examination of the results of this section, particularly in Lemmas 3.1 —

3.7, proves our claims in Theorem 1.2. Finally (1.19) readily follows from (3.8), (3.9),

(3.11), and the fact that for all 1 < @ < 2 the limiting point lim (v, (@), @) is the
{0

—_1y2 _ 132
point [—1—1@2—1)— , m] , where v=l+(—m2£— is the inverse function of
W ®
2
W= for 172 < v« L.

1+ (2v — D2
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