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A NEW ORDERING SCHEME
FOR THE

HERMITE BICUBIC COLLOCATION EQUATIONS

Wayne R. Dyksen
Department of Mathematics
Purdue University
Yost Lafayette, Indiena 47908

CSD-TR 364, May 1, 1881

ABSTRACT

We present a new ordering scheme for the linear equations obtained from
't.he Hermite bicubic collocation approximation to the solution of second order,
linear, elliptic partiat differential equations on rectangular domains. The result-
ing matrix has a non-zero diagonal and is a band matrix with band width 4{N;~1)
where N, is the number of vertical grid lines. The matrix is block symmetric in
that it consists of 4%4 blocks which if By #0 then By#0. There are at most 18
non-zerc entries per row occurring in 4 blocks. All of the symmetric pairs of
off-diagonal blocks can bs stored in their natural order within one 4x4 block.

Keywords: elliptic partial differential equations, Hermite bicuble collocatlon,

ordering scheme, non-zere diagonal
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A New Ordering Scheme for the Hermite Bieubie Collocation Equdttons
Wayne R, Dyksen'

1. m&oducﬁon

Jterative techniques have been shown to be very effective for solving large,
sparae systems of equatlons. Such systsms ars obtained from the Hermite bicu-
bic collocation approximation to the solution of second order, linenr, elliptic
partial diferential equations on'recll:angular domains. Thus, one would naturally
like to solve the collocatlon equatiéma by some type of iteratlve technique. In
order to use an iterative techntque, it is necessary that the system of equations
has & non-zero diegonal. The usual erdering for the collocation matrix ylelds a
system which has many zeros on thg diagonal. with this motivation in mind, we
present a new ordering schemse for the collocation matrix so that the resulting
band matrix has a nice structure which includes a non-zero diagonal.

The ordering of the collocation points (equations, rows) is discussed In Sec-
tton 2. The ordering of the Hermite bicubic basis functions (unknowns, columns)
is discussed in Section 3. The reordering of the boundary basis functions is dis-
cussed In Section 4. An implementation within the ELLPACK system is discussed
in Section 6. Appendix A contalns a complete set of tables describing the boun-
dary basis function reordering. Apbendlx B contains computer generated pic-
tures of the structure of the collocation equations both using a standard finite
element ordering and using the scheme described here.

Note: To insure a non-zero diagonal, we assurme that the coeflicient func-
tions in the partial differential equation and the boundary conditions do not van-
ish. Also, the boundary condition on any side of the rectangular domeain may
include only values of the unknown function » and/or its normal derivative.

¥ Thiy work supported in part by NSF grant MC3 78-20784,
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2. The Ordering of the Collocation Points

In the usual way, a rectapgular grid i3 imposed on the domain. The grid
points (equations, rows) are then numbered in a natural way from west to east,
gouth to north. The collocation pointe are associated with the nearest grid peint
and are numbered in groups of four in the order of their corresponding grid
point. For example, with four vertical and four horizontal grid lines, there are

84 collocation pointe whose ordering i3 given in Figure 1,

51 52 bH5 58 58 60 63 84
— & &

48950 B3 (b4 57 | 5B Bl #82

35938 30 (40 43 | 44 47 @ 48

33934 37 (38 41 |42 456 48

19¢20 23 |24 27|28 3t I 3R

17918 Ri |22 25 (268 R2D® 30

3¢ 4 7 8 11|12 15¢18
g 8 & &

1 2 5 6 89 1 13 14

Figure 1: The Ordering of the Collocation Points

for a 4%4 Grid with 84 Unknowns

The important idea In the above ordering is that the grid points are flrat
numboered in a natural way and then the collocation pointe are numbered in the
order of their corresponding grid point. We could number the grid points seuth
to north, west to east as long as we suitably modify the rest of the ordering
scheme described in the following sections. Similarly, the four collocation
points associated with any grid point may bs locally ordered in any manner.
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3. The Ordering of the Hermite Bicubic Basis Functions

To the 1[#%] z{y] grid coordinate there are associated two Hermite cubio
functions: ff[f¥] which takes on function values and df[d}] which takes on
derivative velues. The Hermite bicubic basls functions (unknowns, columns) are
then orderad corresponding to their support in a natural way from west to east,
south to north. For example, with four vertical and four herizontal grid lines

there are 84 bioubic basis functions whose ordering s given in Figure 2.

49 715X 53 fefy 57 Fari 81 74X

50 fid} 54 f3dy &8 f §dY 62 fiay
51 d¥f§ 55 dif ¥ 50 dify 83 dif
52 didy 56 dEdj 60d3dy = 64did)

3BJirY 37 Y 41 f55¥ 45 fi/¥
34 7fdy 3B 42s5d 48 r3dX
35 dify 30 dif ¥ 43 dify 47 dif¥
36 didy 40 dfd¥ . 44 did¥ 48 didy

17 731 21 Fere 25 f5rl 28 firt

18 f1d¥ _R fZdY R8 f§d¥ 30 fid¥
19 d%7 ¥ 23 dif ¥ 27 dir Y 31 d3f ¥
20 d¥d¥ 24 df 2B d3d¥ 32 d2d¥

ERATA 6rEry erery 13 3ry

2 fydy 8782  1075dY 14 fiay
3affy  7dEfY 11 d3fY 15 dif {
4 dfdy 8 dEdy 12 ddy 18 dZd¥

Figure 2: The Ordering of the Bas!ls Functions
for & 4x4 Grid with 84 Unlmowns

The ordering of the collocatibn points deseribed in Section 2 combined with
the ordering of the basis functions deseribed in this section yield an intermedi-
ate collocation matrix which exhibits & nice structure. It is a band matrix with
band width 4{N,—1) where N, is the number of vertical grid lines. The matrix is
bloek symmetric in that it consists of 4x4 blocks which if H;#0 then By #0.
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There are at most 18 non-zere entries per row occurring in 4 blecks. All of the
gymmetric pairs of off-dfagonal blocks can be stored in their natural order
within one 4x4 block.

For example, in the case of e Polsson equation with Dirichlet boundary con-
ditions and four grid lines in each direction, the structure of the collocation
matrix i pictured below in Figure 3 where x="non-zerc entry” and '='"zere"'.

Figure 3: The Intermediate Collocation Matrix
for a 4x4 Grid with 64 Unknovwns

We see from Figure 3 that the above matrix dees not quite have a non-zero
diagonal. However, unlike the usual collocation matrix structure (see Section
5), the intermediate collocation matrix resulting frorm the ordering discussed
thus far is tri-banded with the center band going down the diagonal. Thie struec-
ture gives rise to the hope that perhaps by reordering some of columns of this
matrix we can indeed obtain a non-zero diagonal. In the next sectlon we discuss
how to do Just that.
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4. The Reordering of the Boundary Basis Functions

The linear system resulting from the ordering discussed in Sections 2 and 3
consists of 4x4 blocks which can be identified with the grid points. Clearly, the
non-zeros on the diagonal of the collocation matrix will occur only in the dlago-
nal blocks corresponding to the boundary grid points. There are sight different
types of boundary points which we label as follows:

West

North West North North East

South West South Scouth East

Again we consider the case of a Poisson equation with Dirichlet boundary condi-
tlons and four grid lines in each direction. From Figure 3 we see that the 4x4
block in the upper left is associated with the south-west grid point and has the

following format:

PO P8 P4 M

X

We see that by permuting the second and third basis functions {columns 2 and

o o

¥
X
0

X

o o o

X

3), we obtain a non-zero diagoenal in this block;

.

o Mo

X
X
X

By considering all nine possible boundary conditions which may occur at the
south-west corner, one can show that it is aways possible to reorder the eolumns
to obtain a non-zero diagonal in this diagonal block. The pessible boundary con-
ditions at the south-west corner with the corresponding permutations are given

below in Table 1.

o o o

o o o




South West Corner
Boundary Condition
Hlock Column Bleck
Wost South Before | Permutation | After
Dirichlet Dirighlet X000 2-+3 Xoon
XoXo a+2 xXoo
XXoo XoXo
20000 X
Neumamm Dirjohlet X000 24 X000
Xaxo 32 XH00
(1) %4 4-+3 oxXx0
XXX 00|
Hixed Dirichlet X0ao 2-+3 X000
X0X0 9+ 2 00
2000 XX
XX
Dirichlet Neumann 0X00 1+3 X000
OX0X 241 xxoo
xXXoo 3+4 X0X0
X0 422 XK
Noumann Neumann oX00 1+4 X000
OXUX 21 xX00
00X 412 0XX0
XXXX 3000K |
Hixed Neumenn 0X00 1=+4 X000
(1) 41) 4 2=1 XXoo
X 4432 XX
00X X0
Dirlchlet Hixed XXo0 2-+3 XoXo
XX 3-2 X
Xxoo XoX0
10X XX
Neumann Mixed XXoo none XXoo
XX 0K
00X o
X000 00K
Hixed Mixed XX00 none XX00
0O X0
X 00X
X 000

Table 1: Column Permutations at the South-West Corner

By considering all possible boundary conditions at every type of boundary grid
point, one can show that it is always possible to reorder the basis functions to
obtain a non-zero diagonal in the correspending diagonal biock. A complete set
of tables desecribing the reordering of the boundary basis functions is contained

In Appendix A,
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Rocall that the ordering described in Sections 2-3 yields the intermediate
collocation matrix glven in Figure 3. After performing all of the boundary basis
function permutations as described in the tables in Appendix B, the pattern of

non-zero elemsnts is as shown in Figure 4.

Figure 4: The Reordered Collocation Matrix
for a 4%4 Grid with 84 Unknowns

The matrix indeed has a non-zero diagonal.
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5. Implementation

The ordering scheme described In Sections 2-4 has been implemented by
the author as the indexing module, P3C1COLLORDER, within the ELLPACK system
[Rice, 1877]. The ELLPACK module P3-C1 COLLOCATION generates the Hermite
bicubic collocation linear system using a standard finlte element ordering
described in Appendix B, PA3C1COLLORDER reorders the linear system generated
by P3-C1 COLLOCATION so that the reordered system has a non-zero diagonal.

For example, in the case of a Poisson equation with Dirichlet boundary con-
ditions and four grid lines in each direction, the structure of the P3-C1 COLLO-
CATION matrix is pictured in Figure b.

for a 4x4 Grld with 84 Unknowns

The structure of the corresponding P3C1COLLORDER metrix is given in Figure 4.
A complete set of computer generated pictures of the P3-C1 COLLOCATION and
_ the P3C1COLLORDER matrices including all possible combinations of boundary
conditions is given in Appendix B.



-10-

PSC1COLLORDER implements the cases of Appendices A and B. The pro-
gram has 2023 lines of code, 544 of which are executable Fortran statements.

8. Conclusion

In the Introduction we stated that the motivation for developing this order-
ing scheme for the collocation equations was the desire to use an iterative tech-
nique to solve the linear system. However, the collocation matrix resulting from
this ordering is not symmetric, positive definite. In fact, we have seen computa-
tionally that it has complex eigenvalues some with rather large imaginary com-
ponents. Hence, standard iterative technigues do not apply. The problem thus
arises of developing an iterative technique which will solve the collocation equa-
tions in this form. Thus, we present this new ordering scheme as a flrst step

towards tha solution of this preblem.
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APPENDIX A

The tables in this appendix contain the basis function (unknown, column)
permutations to be performed on the diagonal blecks which correspond to the
boundary grid points. There are eight different types of boundary boundary

points which we label as follows:

North Weat North North East

West East
South West South South East

A table for each type of boundary grid peint follows.

Note: The column permutations given in the tables are local in the sense
that they refer to the column number within the diagonal block, Hence, switch-
ing columns 2 and 3 within a given diagonel bleck may actually involve switching
columns 45 and 486 in the intermediate cellocation matrix.

The boundary condition labels given in the tables have the following msan-
ings:

Label Boundary Condition
=1_
Dirichlet u =g
Neumann fu _
an g
Mixed au + ﬂgi=
an g




South West Corner

Boundary Conditicn
Block Column Block
West South Before | Permutation | After
Dirichlet Dirichlet X000 213 X000
X0X0 32 00
XX00 XOX0
XXX 210
Neumann | Dirichlet X000 24 X000
X0X0 32 XX00
00XX 4 -3 (1),8,(1]
X0 )40, 4
Mixed Dirichlet || X000 23 X000
XoXo 3-2 xX00
p.o 9,04 X000
200 2000
Dirichlet | Neumann 0X00 1-3 X000
oXoX 21 Xxao
XX00 34 Xoxo
KX 4 -2 ). 8,8.9.4
Neumann | Neumann 0X00 124 X000
1),(1).4 g1 00
00XX 42 oxXX0
000K X0
Mixed Neumann || 0X00 1-+4 X000
OX0X 221 xXX00
2000 42 200
2000{ 200
Dirichiet Mixed X000 2-+3 X0X0
XX 3+ 2 p49.9.4
xXXoo Xoxo
20EXX 2000
Neumann Mixed XX00 none xXXo0
2000 X0
00XX 00XX
00 2000
Mixed Mixed xAXC0 none XXo0
200X XX
200K ). 4,994
200K .4, 8.0.4

Table A-1: Column Permutations at the South-West Corner




South East Corner
Boundary Condition
Block Column Block
South East Before | Permutation | After
Dirichlet | Dirichlet X0Xo 1-+2 20(C0
X000 24 0Xc0
200 3-»1 200X
AX00 43 OX0X |
Dirichlet [ Neumann || XO0X0 1-2 XCo
X000 -3 oXxeo
200 3-1 XX
00XX X08X
Dirichlet Mixed X0X0 1+2 XX00
X000 A ] 0Xoo
XX 3-+»1 200
200CCE 2000
Neumann | Dirichiet 0X0X 1-+4 XX00
0x00 4-1 0xQ0
20K 200X
{00 oX0X
Neumann | Neumann || 0X0X 1-+3 XX00
0Xa0 3-»4 0X00
XXX 4-+1 XX
[#]6),9.4 X00X
Neumann Mixed 1).41).4 1-+4 XX00
0X00 - 41 0X00
200 200X
200X 100K
Mixed Dirichlet ).8.9.0.4 1-+4 2000(
XX00 4-1 0X0X
200K X0
XX0o0 (1), (1.4
Mixed Neumann | 200 none 200
XX00 xXXoo0
p.9.0.9.4 200
00X QOXX
Mixed Mixed p o804 none 2000
XX00 XX00
X0 XX
X0 20X

Table A-2: Colurnn Permutations at the South-Easst Corner




North West Corner

Boundary Condition
Block Column Bleock
West North Before | Permutation | After
Dirichlet | Dirichlet {00 1-3 X0X0
) 0.9.0.¢ 21 AKX
X000 d-4 00X0
X0X0 42 00
Neumann | Dirichlet (1{1),4,4 1-+4 X0X0
KX 4-1 XXX
00X0 00X0
X0X0 00XX
Mixed Dirichlet 20X 14 20X
) 9.0.0.4 4-1 20X
X0X0 (1]8),9.4
X0X0 ooXX
Dirichlet | Neumann || XXCO 1-3 XOX0
XXX 2-+1 XX
X000 3-2 DOX0
OX0X p(8]0),8
Neurnann | Neumann 00X 1-+2 X0X0
WX g4 200X
00X0 4-1 00X0
0X0X X00x
Mixed Neumann | 2000 none 2000
X AWK
X0X0 X0xX0o
0X0X 0X0X
Dirichlet Mixed XX00 1-3 X0Xo
20 21 P, 9.9.9.4
"Xooo 3-2 0o0Xo
00 p9.0.8.4
Neumann Mixed 00XX 14 X0X0
X 451 20X
00X0 00X0
X0 X0
Mixed Mixed 0K none XXX
20X p 69,0 4
X0x0 X0X0o
X0 XXX

Table A-3: Column Permutations at the North-West Corner




North East Corner
Boundary Condition
Bleck Column Block
North East Before | Permutation { After
Dirichlet | Dirichlet XXX 1-+4 O
xXo0 41 0X0X
X0X0 00XX
X000 000X
Dirichlet | Neumann || XXX 1-+3 200
00xXX g1 oxXoX
X0oX0 3-4 00XX
000 42 000X
Dirichlet Mixed 20X 1-+4 210X
b 0.4:0.¢ 441 200
X0X0 00XX
X0X0 00XX
Neumann | Dirichlet 200K 14 oY
000 3a-1 0X0X
oX0X 4-+3 0XX0
X000 000X
Neumann | Neumann || XXXX 2-3 XXX |
(1]1),9:4 3-»4 OX0X
0X0oX 4+ 2 0XX0
QOX0 000X
Neumann Mixed XXX 324 XX
O 43 200X
13.(1) ¢ 0Xx0
X0X0 XD0X
Mixed Dirichlet ).8.¢,9.4 14 20X
AXeo 4-1 0X0X
XXX XX
X000 000X
Mixed Neumann || X0 g+ 3 2000
ooXX 34 OX0X
00X 42 2000({
. 00X0 000X
Mixed Mixed 20X 1+4 200
20X 41 200K
200G 200X
X0X0 00X

Table A-4: Column Permutations at the North-East Corner




North Boundary

Boundary || Block Column | Block
Condition || Before | Switching | After

Dirichiet .9.9.9.4 1-4 p.9.9.0.4
200X 4-1 XXX

Neumann | XXX 2-+3 200K
200X 3-2 3000

OX0X (#]0). 0,4
0X0OX 00XX
Mixed X0 none 200
2000( p.5.0.9 4
p4.8.9.¢ 200
200K p.8.9,9.4

Table A-5: Column Permutations on the North Boundary

South Boundary
Boundary || Block Column | Block
Condition || Before | Switching | After
Dirichlet X0X0 g3 XX00o
X0X0 32 XXoo
,9.9.9.4 200X
200X 20
Neumann || 0X0X 124 XX00
0X0X 4-1 XXo0
XXX 00X
Al 0KX 2000
Mixed 20X nene O
20X b 8994
X0 XX
200X O

Table A-8; Column Permutations on the South Boundary



West Boundary
Boundary || Block Column | Bleck
Condition || Before | Switching | After
Dirichlet XXao 2-3 X0X0
X 3-2 X
XX00 X0X0
2000 20000
Neumann || 00XX 144 X0Xo
P.9.9.9.4 441 200X
00xX X0Xo
XXX p.9.9.9:4
Mixed 1O none XX
0.4 0.4 XXX
XXX X
XXX XX

Table A-7: Column Permutations on the West Boundary

East Boundary
Boundary || Block Colummn | Bleck
Condition || Before | Switching | After
Dirichlet | XXXX 1-+4 p.9.9.9.4
XX00 41 oxox
X X
XX00 OX0X
Neumann | XXX 223 200X
(163,94 3~-2 oxXex
).9.9.0.4 0K
00X 0X0X
Mixed 200X none XX
200X 200
XK 200K
XXX 00X

Teble A-8: Column Permutations on the East Boundary




APPENDIX B -

This appendix contains computer generated pictures of the structure of the
metrices produced by the ELLPACK routines P3-Cl1 COLLOCATION and
P3Ci1COLLORDER. _

P3-C1 COLLOCATION numbers the grid rectangles from south to porth, west
to east. The collocation points are then numbered in a way corresponding to the
ordering of the gri& rectangles. For example, with four vertical and four hor-
izontal grid lines there are 64 cellocation points which P3-C1 COLLOCATION

numbers es follows:

1B 19 20 35 23B8- 59 60 5B
» 2 L »

17924 23|40 39| 64 63 ®D?
16921 22|37 3B |61 62056

11115 14 | 34 33 | 56 54 @ 51
10012 13|31 32|52 53850

59 0 B [30 2949 4B6@45

40 6 7 | R7 2B | 46 47® 44
9 —8@ o

1 2 3 25 26 41 48 43

P3-C1 COLLOCATION orders the Hermite bicubic basis functions in a natural
way from south to north, west to east similar to the ordering in Figure 2.

P3C1COLLORDER is an ELLPACK indexing module which reorders the linear
gystem generated by P3-C1 COLLOCATION using the ordering scheme discussed

in Sections 2-4. '

The matrices pictured on the following pages were generated using the
Laplace operator with four grid lines in each direction and with varied boundary
conditions, The type of condition (see Appendix A) on each boundary is given at

the top of each page in its respective location.



B-2

Dirichlet
Dirichlet + Dirichlet
Dirichlst

P3C1COLLORDER matrix



B-3

Dirlehlet
Neumann + Neumann
Dirichlet

P3CiCOLLORDER matrix



B-4

Dirichlet
Mixed + Mixed
Dirichiet

P3-C1 COLLOCATION matrix

P3C1COLLORDER matrix




B-6

Neumann
Dirichlet + Dirichlet
Neumann

P3C1COLLORDER matrix



P3C1COLLORDER matrix




P3C1COLLORDER matrix



B-8B

. Mlixed
Dirichlet + Dirichlet
Mixed

P3C1COLLORDER matrix




Mixed
Neumann + Neumann
Mixed

P3-C1 COLLOCATION matrix

P3C1COLLORDER matrix



Mixed
Mixed + Mixed
Mixed

PaCiCOLLORDER matrix
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