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Abstract

This report represents & broad range of regearch directed towards the
application of statistical and related technigues to the selection of an
optimal pollution treatment system. The wor: attempts to develop several
technigues which can be used in analyzing data obtained from waste treat-
went plant operations. Using the concepts of cost and production functions,
we explore the possibility of develcping usefvl models for the operation
of waste treatment plants. The Federal Water Control Act and the 1972
amendments have given to the states the problem of developing and monitor-
ing regional plans for ilmproving water quality. State pollution agencies
are turning to the use of computers and modelling technigues for analyzing
these problems. It iz hoped that the work reported in here will eventually

lead to techniques that helyp in this task.







Chap., 1 Economics of Wastewaber Treatment: The Role of Regression

The recent interest in water quslity hag incressed the concern with Cha
costs of constructing end coperating wamte trestwent plants. Az evidence of
this trend, we note the proliferstion of articles on this subject in the
various Journals concerned with waste w&%gr tr@&tmemﬁ.i The majority of
these articles have been werltten by englineers with e great desl of
technical experience in the srenm of concern.

In the field of Economies there hes been s long historicel development
in cost and production theory mand applicationg. Several industriess have
heén gtudied in detall with concentration on questions such ez input inter~
sction and substitutebility, returna to mcels, and optimal input allocstion.
In an attempt to encompess increasing technological possibilitiss ¢he
funetlonsl forms @mﬁlﬁy@@ in these studles have been expanded continucusly
V&iﬁce the plonsering work of Cobb and Douglas in 1928 {EJBn
m As might he expected, however, the work done by economists has

_rﬁ5§sily'be9ﬁ of & general nature and often did not reflect » sophlsticated
viéw of the underlying technical velationshipes. It is the purpose of thie
“paper o indleste %o individusle possessing the technical skills some
of the reasults of more general discuselions of cost functlon and production
function estimation.

Previous work by englineers in this ares, wvhile displaying technical
experience, has suffered from myopic consideration of alternatives.
Considerstion hes been centered on two dimensionsl log-log plots Le.g. Smith
f11] ] and two veriable lineer regression such az Michel [8]. ghan and
Reed [10] present regressions of conatruction corts on design flow and
design BOD levels. Rasmussen and Pieano f93 attempted to expimin operating

and malintenance cost using somewhat more involved fTunctlonm, but, as they
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note, they falled to consider treatment level or efficlency as explanetory
vaplables. In genersl, The resulis presented thus far have besn extremely
Limited with respect %o the functional Porma employed and the consider-
ation of input intér&mﬁimma and process trestwment levels. Severnl

authors also have mede definite policy proposals end forecests based on
insppropriate extensions of regresaion resulis.

Thie paper presents some initlal work on developing opersting cost
functions for activated sludge waste trestment planta in a Tramework
allied to the developments referred to in Economice. Section I detunils
soma speciiic alternative functionsl Forms which might be employed, nobting
some of the specific implications and restrictions of each. Section IT
presents initial cost estimation results wsing date geners@sly provided
by the Board of Health of the Stete of Tndilams. The laet section is
devoted to & conslderation of the use of auch results for policy decismion-
making-noting what informetion is provided by asuch results, what limitatione
regresgion estimation results posgewms in general, and what alternatlve
methods way be wsed to provide the detalls necemssry for policy planning
deciaions. |

I
“Eh& follawiﬁg are three of many poerible slternative functional forme

which may be used in charscterizing cost and production data:

i) General Mxponential (GE)

- « o
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Where C ig some cost messure, the X, are cost factor measures, e iz the
exponential constant, andtwig B, and A& are the pareameters of the varying
. )
functions .

Bach of these functionsl forme has definite “economic™ implications

which must be considered in using them to represent & particuler production

process. “Bth the general wxponential, (GE) and generslized quadretic

(cQ) form require all cost facﬁora(xi'ﬂ) considered to be at pomritive

levels for cost to be non-zero. The GE form implies increasing (decreeasing)
n

returng to scale if L o, 1a less than {greater than) one. As its
im]
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peme uplies, the CCEE forme impliss conatent cost slmgticity of sub-~
gtitution of the xi@& ~eoross the entlre ouitputb r&ngé in addition to
consbent returng to &ﬁ&l@wﬁ Each of the three functional formes outlined
here allows cost factor intersctions and svbetituteblility. None rule out
the inclusions of cost factorz having & negative relationship to costs,
wiich may prove useiul in perticular epplications. For sxmmple, such a
aogth factor ln weale treatment plante wipght be BOD in the effluent.

For & given influent flow and BOD concentration , the lower The BUD in the
efflvent, the higher the total cost.

Ugdng diffaring time period data, %eets have been developed for
congidering such qu@ﬁﬁi@mﬁ ag shlfte In Sechnology, productivisy, ete.
For remsons relsting to theoreticsl iimitetions on regressgion regults
aﬁ@&ilea in gection YIY of this paper, we present only estimation results
ﬁ@r&m

whiiﬁ ite flexibiliﬁy is somewhet Limited In comparison o the other
%wm$ the GF class iz the easlest of the three o desl with for estimation
purposes. It ls easlly transformed for estlmmtion purposes to log-linear
Form, and direct crdinery least squeres cen be applied. Punctions in the
aéher twe clagses mey be estimated using non-linear lesst sQuares or ong
of several step-wise procedures, but these technigues reguire detalls and
explication beyond the scope of this peper. For this reason, we concentrate
detailed attention on general exponential cost functione, presenting some

Banple regression resgulie and conaidering thelr implications.
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The date provided by the Board of Hedlih of the State of Indians
givea coat snd operating date for sctivated sludge plants throughout Indimna
for vesras varyving from 1965-1969w6 e depsndent variables emploved in
this study were payroll, electriclty and water, and totel expenditures
{payroll plus electricity aud water plus “other exp@m@a@”}o? The operating
date available provided information on wmillion gellons trested, influent
BOD, end effluent BOD. The cost data wes deflated %o 1965 dollare using
the Preduction Workers (Manufacturing Tndustrizs-Tndians) ivdex on payroll
cogt, the Electricity Power Index on the elsctricity and weter costs,
snd the Wholesale Price Index on “other" cwaﬁ@ea The initisl formulation
was to conslider the cost warisbles as fupnctiona of flow {(million gellons
treated), treatwent levels, and per cent of design capacity at which each
plant waz operated. Trestment level vwarisbles can be introduced in many
vays. Per cent removel (BOD) may be used, or influent BOD and effluent
BOD may both be entered, or some compoglte work load messure may be lormulated.
in attemyting to formulnte such & composite work measure, seversl englnearing
facts were kept in mind. The difficulty of treatment for a gilven Flow and
infivent guelity increages a2t an incressing rate as the effluent BOD
content becomes lwoer and lower, Using thisz, the variable emplcoyed hers
+0 weasure trestment work load took the form: BOD, - BDDE

I
(oD, )"

Where BOD, is average mgfg influent BOD snd BOD, is sversge mg/, affivent

BOD gu




Yhus, the cost functlons congldered are in the general Toirm:
¢wm £ { MO, TL, PC ) {13

Whera M3 4s militon gellons trested, TL is treaiment load, and PO is
perceent of design cepacity utilized by the plant. A priori, we expect
million gallens treated to be the wost significent verisble ipn detar-
wining vayroll (P), electricity end weter (E8M), and totsl coste (TC).
Per cent copacity should enter sa & negative dnmbersction influence on cost
- 4.2., we would expect higher cost for L0 MG treated in a plant opersted
gt 50 per cent of design capecity than in & plant operated at 95 per cent
design capscity (sdeuming the same trestmwent levwiﬁ)alg The treatment
Toad should have s positive influence on cost, bul we expsct this Influence
20 be greater on electricity and water than on payrell costs. Trestment
-lmaa effecta on total cosl a pricrl are guestionable since They may be
overvhelmed by the other two factors considered.

Tabhle 1 glves the resulia Of the regression analysis ualng genersl
exponential cost function forms. The sample size wasg 13 covering plants
with sll necessary dete avaiisble. The Egﬁﬁ reported here are somewhat
higher then those of previous studies probably due to the entrance of
additional variables and interactions, and all the signs of the coeffliclienta

follow & priori expectations.
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Batimation Form

wa 4o, bowe o, fn L @, En PC.

. “gm ﬂé G i 2 3

The R velues ranges from .B7S to .95% indlcaBing good Pit for ail
thres cogt egquations. Bach estimated ecquation; in addition, indlcates
increasing returns o scale in the historical data - L.e. decressing
per uvnit trestment cost aas "scale” i increased. The most eigniflcent
varisble influencing cost appesrs to be milllon gallons trested. Additlonal
variations on the reported rsgresaiona indlcete the lwportance of inter-

setions and inclusion of all thres variablsg.

1z

The regresslon results presented in Section I1 gave vesaonably good
fite of ﬁh@ higtorical operating cost dats to the general exponential
form. Tals section is davoted to pesaibilities for and prohibitions on
%hé use of such regresgion results.
. nFifgﬁy regresalon resuits do provide a characterization of historiecal
dnta which wey be useful as an initial screening device for proposed new
waste treatment facilities or ss a mesns for comparing the costs of
exigting facilitiss to some "norm”. For instance, suppose that s new
activated sludge plant is ﬁrapo&e& where estimated construction and
operating cost #all e great deal sbove the amount the regresmion regulta
would predict for the specified flov and trentment loads. Unlese the
dditional expenditures can be directly Justified (e.g., sdditional

treatment necegsgary for particular infhdent, nev and costly legel re-

quirements, stc.), the proposed expsnditure should be prohibited.




Similarly, regression results mey be used as benchwarks for compering current
operating costs of waste treatment planta of the same type. If & plant's
expenses are high sbove the benchmerk, regulatory agencies may seek
Justificetion from those in control of the plant for the additional
costs - @.e., why the costs, are they necessary, sare there any off-
getting benelits?

Secondly, regreasion results way provide some rough hwmsia for com-
parisons of variations over time., Tests of varying hypotheses may be
Pormulated within the regression framework conasidering such dquestions
ag productivity changes and indications of technologicel change. Results
of tests of thiz nature need to carefully considered, however, keeping
in mind the rough basls for thelr formulation.

The use of regregaion is limited to & far greater degree than
indicated in previous papers-especilelly those dealing dizvectly with

uw&&te creantment. For this reason it is salge useful to poind ocut the
weaknegsses of regression analysis. There are two major areas where
regresaion is not appropristes

1) PFlaoning fubure facilities.

2} Finding efficient rules for operating exlsting facilities.

Shah end Reed il@ﬁ, for exsmple, suggest that these regression
regults could be used for future planning. However, there are several
pasic Broblems with this approach. As noted sbove, regression vields
s historicel description of existing plants. The questfen, however, is

whether we wish to construct similar plants or gomething eonsiderably
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different. Tt 18 wost Likely the latver Tor the following rensony:

1) relstive prices of inputs have cherged reguiring a different
wix of inpube for producing » perticular level of clesn
effivent at leagb-coai;

2}

gechnologiesl changes which can substentially reduce cost have
hesn introducsd '

3) existing plante are likely te be am inefficient mix of technologles
epbbdiled in 8 series of sdditions or alterstlons which were
meds in responge o esrlier price and fechnology changes or
2o gquality or gquanitity adjustmenta in the input or oubtput;

by existing plents are not Likely te be cost minimizers, since they
are not opsrated for proflt.

The yregression techniques capnot handle the planning problem. Ho
‘matiter hew good & £4i%, the repgresslons provide no more than a SUmETY of
Eiat@rﬁc&l feta. Thiz iz sufficlent for cost estimates for fuburey plante
@niy 1P we want to conbinue what we sre currently doing - efficient or
inefficient.

An appropriste model for fubmwes planning wonld be bssad on fechnlceal
relstionships (engineering, biologlesl and chemical) that allow all
posaible profuction alternativers to be searched. fThe fitting of cosl
fumatieﬁ? way provide guide Lines as indicated above, but it is not e
substitute for good modela of the underlying phenomenocn combined with
an algovrithm for gearching for efficient solutions.
The gecond ares where regression analysis le n@f appropriate is in
the developmend of rules for operating exisbing plants wore efflclently.
 1f"%he mp@f&%iun and maintensance costs of & partlcular plant are found
%0 be "out of line" using the slze of the regression residual aa the
eriterin, there is no way to tell from ths regression eguation how the
- cost might be reduced, For exemple the information that the cost

varies directly with MGD or kilowatts of elsctricity does nob help &
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treatment plant supervisor reduce the operation costs of his pl&n@wll

In st  3, the fitting of cost and production data may provide

helpful bvenchmerks and good historical sumsries of cost or production
deta. Howaver, for the purpozesd of planning or efficient operation of
existing plants there 18 no replacemsnt for good modeling of the under-
lying syabem.

The denger lies in the extension of the ragregaion technique
beyond ite theoretical liwmitations. One resgon For the common in-
appropriate extension of this technigue is the relatively essy and
inexpensive ﬂmlcml&ﬁi@m@ involved as compared to detalled asvstem
modeling and soslysis. Short-run savings, however, may be overwhelned
by dong-run losses due to inefficlent and oubtdsted plants which mey
be constructed and Justified by referral to historical data summaries,

An alternative #@pproach to the development of cost and production
funetions wer discussed in a paper by the authors [ 7 1. The
technigue wekes use of the underlying mags Balance conditions and rate
eguations vhich sre not considered in the:uaual spproach of economists
a5 discuszed above.

Finelly, 1% is of interest to note that although the literature

ate treatment facilities focuses on the

concerning the economics of w
estimation of cost functions, the estimations of these functions

apsumes some underlying productions functions or relations between

lnputs end the level of cubput. WPhe production functions are independent
of the relative or absolute price levels of the inputs. Any implication
with respect to plamming or operations rules for exlating planta

will have to come from a model of these underlying relmtionships. 3o
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Ter the literature on wamite Sroatment plants haw very few examnleg
of attempta to integrate existing technical sub models of partlicular
procesges lnto & productions function approprisate for these questions,

an &xc@p@i@ﬁ belng the work by Fen snd Erickson [ ).
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me@nmﬁa%

sea (81, [al, F10] and [31]
gee [3] ana (6]

in addition o & large series of articles, &t least one complate
wook has been devobed to the subject, see Johston (51

The tern " eost Pactord’ iB vsed here instesd of "inputs”. The
Porper seems move appropriate since factors directly effecting coast
may not be inpubts in the productlan procesa gense.

all digeussion of thease concepts ls not presented here dye T9 the
nabure of this paper. Interested readers may refer o [1 gE33p
and 51 for explicit definitions and lengthier discuaaiona.

We wigh to thank Steve Kim at the Board of Heelth of the 3State of
odians for his help and sdvice in collectimn of the dats.
Tndividual plants for the sample were selected on the advice of
Tr. J.E. Bhzel of the Department of Clvil Foglneering, Purdue
Univerpity , baged on raliabillsy snd completeneas of data

from each pland.

"tther Bxpenses” as used here is a conglomerate of miscellaneous
expenges, but does not include meintansnce and bond costs. Thers
sypesred to be varying dlastinctlons across plants betwean malin-
senance and capital coste, and, on the edvice of those involved,
we chose to consgider the coste as indlcated.

whe geurces for these indices were the 8tatisticsl Abstracy of the
United States, 1965-1969, especlally 1967, tables 337, hog: 1968
tebles 334 and 1970, tables 34k and 519. The bese year for all
indices was chapged to 2965.

Suiark load” is not used hers in any usual technical engingering
%@m&ég bub merely &8 sn epproximate mesgure of difficulty. We
employed this mesgure after seversl diseusgion and interviews
{mplied that influent guelity did not vary gxtremsly between
1dentical type plants within the eame general ares. 1f variations
4n infiluent guallity are extreme this measure ghould be reconsidered
and possibly another should be employed. The regression results
welow sesm to indicate some "explanatory” ussfulness for the
messure employed, but they cen in no way Justify 1t sa the one,
exsch, Droper messure,

Thia arg % 18 prasented in reference to the ugual obeerved
wariations in per cendt cepacity utillized, say 504 -130% of desigp
sapacity. Extremes st elther end are disastroug to functioning of

the system -~ i.e. elther the "bugs" die from lack of nourishmentor the

gystem ia “washed out”. Hence, we present the argument here with
this im mind, sccordingly 1Timiting the implications.
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1i. Though exemples in thiz peper deal with estimstion of cost eguations,
regression estimation of productlion functions fails to provide

any sound basis for cptimal planning declsions or opsyation rules.
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Chap. 2 Enpviromentsl Data Management -~ The Identification of Outliers
Introduction

The inst few years have evidenced large scsale increases in the emphasis
placed on water guality standards. The Federal Water Pollution Control Act
&m& i%s 1972 amendments have served to bring new &and strict controls into
pl&y and to incrsase the burden on state agencies for developing comprehen-~
sive regionsl plans@l As the tssks ipcrease, the sgencles are turning to
high speed deta handling and storage procedures and to sophisticated model-
ing and advanced quantitative technidues for analyzing the problems {e.g.,
the STORET program now being used in state agencies suech as the Indians
Stream Pollution Control Board}. At the same time, however, detajled consi-
deration of the accurscy and reliebility of the deta itself has been ignm%ﬁd,
Though Little has so far been accomplished, the Environmental Protection
A@&n&y itselfl is currently pursuing these toplc zreass a5 evidenced by the

following excerpts from the March 15, 197k E.P.A. Water Quality Stratepy

Paper, A Statement of Policy for Implementing the Requirements of the 1972
Federal Weter Pollution Contool Act Amendments™:

5.PLAL in conjunction with the States will develop a system for conduct-
ing compliance menltoring. Elemenits include-
&, Integration of self-monitoring report anzlysis, and facility inspec-
e tions. Self-monitoring reports will involve validation of dato,
followed initially by manual screening and subgeguently cwmpute
-+ - gereening of violations . . .

k-

A major task will be to introduce procedures for quality control
over data input, with the Regions conducting spot-check sereening
f@f .Eﬂh..kkma (90 5é)
This peper is centered on problems sssociated with checking the accura-
cy of & lerge dats set and designing appropriate editing procedures. As
such,” 1t is simed &t current problems such as these cutlined by E.P.A., but,

further, 1t is hoped that it will spur interest in a too-long neglected
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problem aresa. Necesssry caveats in the employment of highly sggregated data
are discussed in the conbext of usefully employing large scele modeling
technigues with particvlar attention being focused on implicatioms for

senslitivity analysis.
¥ == The Dats --Some Background

In & recent paper, [31, ve made use of municipal trestment plant
operating and cost data obtained from the Siate of Indians in considering
the use of regression results relating to treaiment cost functions., As

@xyiainéd in that paper, the sample data was "pre-screened” for sceuracy

@@ﬁ.ﬁ@lﬁahiliﬁy'with the help of individuals with both the technical skill
end extensive familisrity with individual planpts and coperators. This
procedure , Wwhile suﬁj@cﬁiva gnd fap from perfect, still provided & means
to employ more sccurate and reliable data than earlier studles., Previous
suthors, [5}, [7), [8], used entire data sets gathered from survey or
mall gquestionnaire procedures ignoring consideration of the accuracy and
geiiability of the data, As lopg as ssmple sizes were “adequate™ {e.g.,
see p. TI6-T79 [BY, p. 1883-188k [5]) the quentitative techniques were
appiied and the resulss apalyzed in stendard fashion,

One fundamental difficuliy with data used in analyses of treatment
plants and water quality conditions is thet the data is supplied indepen-
dently by those being "monitored”. Monthly reports are submitted in
ﬁﬁamﬁaxa forms, but each report is supplied by a different "first-levei®
interpreter mf-wh&t is requested and of the sppropriate duts and required
geppling results on pollutants, FEach reporter is different-- some well
@?&inEds geme poorly treéined. Esch records and reports using differing

methods which may be &t wide variance, indeed.
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ok whot can be dope? .iéim we creste traveling wonitoring comitiees?
B we reguire @xp@mﬁivm monl boring edquipnent? The expenges rapidly pro-
gress ghove f@&ﬁih},@ Limits, and, hence, we ceniey ouy atientlon here on
suggestions concerning releatively cheap and rapld data spsiysis to helyp
jdentify “outliers” for which move concentrated, concerted effort can
be epnployed in anslyzing theiyr specific conditiops snd data collection
procedures, We use *oublier” here in the senge of & plant subnitbing
date wihdch, 4o one or more sechtions, diverges sherply from whet is
"expected”. In the next section, we take the sbstract terms “ocutlier”,

e e

tqiverges sharply"”, "expected", ete., and interpret them in sgpecific terms byf

 guggesting the employment of quantitative techniques such as discriminant

¢

snalysis in gquite novel ways.

Xx

. - ‘He begin by suggesting the @ampiiaﬁien of a "training sample” of
@ﬁ&ﬁrﬁﬁaﬁ reliable data ?élating te all aspects of the operation of vary-
ing size and type treatment plants. This initial phase would require

- ppmpling techaique knowledge in conjunction with expertise in the phys-
ieal @pﬁf&tiwné of the plant and familiarity with the cperatérs., The

- dnformation gathering could be an expensive ingredient in the small
program, but without this accurate beginning, advanced analysis would not

- progress beyond where we are now. The sample gathering taék, a5 we
propose, is tﬁﬁﬁ vemoved from the usual channels and placed as a joint
respongibliity of engincers, analysts and economists, and state cmployces
femilier with individual plants and operators. Thus, the initial "samp-

L1ing" procedure is z concentrated effort on plants which are designated

"most yeliabie™ by those directly involved in rescarch and regulation,
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What we suggest, then, may be looked zt as removing a aﬁrtain suby -
gection of the population for detailed sampling and dats collection
concentration. The expense involved is set against benefits deyived from
the employment of accuraté, detailed data aﬁd the avenues it opens as
ﬁiscuﬁﬁed below.

- Oneces the initial sampling task is ?r@perly completed, the researchers
are able to employ the "training sample” as grounds for analyzing the
continuing inflow of data from each treatment plant--including the
vequired monthly reports. We now consider some of these possibilities

making use of general guantitative techniques such as multiple discriminant

analysis, linear and non-linesy programwing.

Setting Benchmarks--The Tdentifieation of Outliers

In & recent paper [k}, we discussed the possibility of using discrim-
inant enelysis 65 & means to identify "outliers® ‘o be studied further.
We now detail thet initial suggestion end present a basic format making
use of the "iraining data”,

... The procedyre in discriminant anelysis provides sn estimation of an

individoal unit's position, using 1ts walues on m characteristics (ov
"test scores™}, on & line that “best" separates classes, One “best"
line may not use up all possible information available from the charscter-
fwtic measures apd, hence, addiﬁionalg’mutually orthogonal discriminant
fmncticms may be calculated.
} Toree basic underiying assumpltions are generally employed:
w-ww -k} the proups under anslysis ere identifiable end discrete

2} each observation (sample) in each group can be described by values

oF measurements on m characteristics




.ﬁﬁ the m characteristic varishles are assumed to posisess 8 multivari-
egte normel distribubion in esch population under gtﬁdy@ﬁ
A& two group, twoe vardeble case should help clerify the technldue and
advence & straightforward gemmetric interpretation. Consider figure I,
Yalues on the x and y axes represent messures ontwo cheracteristics, (e.g.
million gallons treated snd % capacity wbilized), for the groups being
studied, say, for groups LA (low averege cost) and BA (high aversge cost}.

The ellipses vepresent equal density for the groups - L.e. the ioner

agldipse for each group wmight be & 50 centile coonbour within which 50 per

gent of the group's members lie while the outer ellipse might be & 90 centile c{
Peing the two points at vwhich corresponding centile conbours intersect, we .
cen construct & line such 58 CC snd then & second line DD which is perpern-
éicular to CC. If the polnts in two dimensional gpace apre projected onto
'ﬁﬁg the two group overlsp will be swelller than for any other posgible line.
Thus , what the discriminant function does is to transform the measures

on maltiple individual cherscteristics into one score {l.e,, & location
dlong DD}, Thet score {or locabion slong DDY) irndicates probable member-
ghip in one group or amother. In figure I, for instence, the point a where
06 intewééc%é ﬁﬁ;.diviﬁ@s the line into two segments, one representing
probable membership in group LA end the other probable mewbership in group
HA,

The basic framework employs two metrices, say ¢ and W, which serve to
sunmarize the date measures on the m characteristics in terma of products
of deviations from specific means or “average values.” The ¢ mairix sum-
m&ri%eé variation between groups {e.g. average cost groups) while the W
matrix summarizes varistion within grmupéa Thus, if the groups are peparable

uging the m characteristlics, we would expect the between group variations
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to be large relative to within group varistions. Discriminant analysis
uges Lhis hasic approack in attempting to maximlze the rnétio of between
grovp to within group veristions, {n sddition employving the sums of squares
result that vﬁ(‘ﬁs’i Bk vj?wvig where v, 18 & vechtor, ave bobh scelars. (See
fxi fiod for detaiied specifics.) Thus, the basic approach iz to use the
characteristics Lo group the individuals in such o way 25 4o maximise the

rotio of between group variations ( ums of squares ) bo within gr cup varige

tiong {sums of sguares) or, move Logmally:

3 fﬂ' P
v55%
%’jﬁ@i s 4o e 0. 0 where ¥ 1s the lesser of the
K Wi, 3 :
& @i M momber of groups wminus one and

The munmber of choyacteristics
emphoyed ,
m ﬁmﬁ,&%‘r Lo obbaln & wigue solubtlon, the normelizotion constraint that

‘%FEW“@”% = 1 ig sdded and the Legrangian problem tokes fthe form:
‘%}ﬁ 1’5 = V.GV, - ;‘;,(v, W, - 1y

which &fﬁm talmxg the paritial derivaitives of L with respeci Lo v, and ?t s

i
:y:_%,@ld@ the opbimality conditions:

e E{A - ?&iw }V;i = m“}

e ﬁ;{fé’m =1l=0 {2}

E@;m&“&;ﬁwﬁ {1} is usually written as:

- @@dmlﬁ - Ai:g:}vjn Pt @ {l&)
Equation (18}, having & nop-trivial solution, (i.e., Y, #0), i equivalent
4o the following holding:

jwta-n1i=o (1)

“ﬁ%;mg the solution of the magimization problem reduces to solving for
:@iééﬁ@a&u@ﬁ %} and corresponding &i.g&amectmg {vi}g We could zolve the
ghove problem format K times (L = 1,...,K), K being the lower bound of the

ST

CLIlL
pumber of groups less one and the number of characteristics employd for the
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K elgenvsiues and elgenvectors, but often the additional incremental values
of the h@ rapidly becane smedl. A rough measure of how far to go, or
“the percentage of total discriminsting power of the cheracteristics con-
taiped in the ith discriminant function” is represented by:
T - - 5
pRe
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gy

%he‘&ctu&& clagsification procedure wsually employs either asxﬁ gy meximon
probabillity method fo fix the me-dimensional locabions and provide olazss
ow group sssignments for each individual. Though baﬁh of these clagsiflicte
tiom procedures employ gssumptions about the distribubtions of the verisbles
ﬁmvglweﬁg (see belovw), our inltiel work in this paper avolds significence

tests and thus; basic difficulties ssscciated with these sssumpiicns,
“Buploying the tralping dete and disoriminant analysis, yields s
discriminant function for use in clessifying the remuining piants. For
instence, in [i], the dbjective was classification of waste itrestment plants
into “average cost level" groups using varisbles incluwding willion gellons
“ treated (M3T}, per cent design capscity utilized (4 Cap), per cent BOD
removal (4800}, per cent suspended solids removal (4 SS), work load BCD
{WLBD ), wnd work load suspended solids (WLSS)@§ In the initial results
reported , the "nit-ratio® was relatively high (784-93%) far the "relisble"
semple; though training sewple size was limited and resulte were reported
only &8 “initiel indicators". Also, in {k], the group classifications
ccnsidgrea were by average cost since & waln thrust of the paper was the
consideration of the economies of scale and benefits to regionalization
guestions, It probably 18 of interest, however, to consider groupinga
according to most of the trestment variables--cost, treatment level,

efficiency¥ veos
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- The discriminsnt Danction ﬁhﬁaimﬁd uglng the "tralning ﬁ%@%w provides
@Jﬁiﬁaximﬁnﬁmﬁ function which can be vesd to idenbily and sesment Youtliers®,
Suppose we are consldering sversge cost groupings of waste tresiment niants
sod are wsing three groups--low, medium, snd high sverage cost per miliion
galloms tweated. A discrlminant function valve may then be celoulabed for
gach plant dn the populabtion and the plant “nssigned® $o 2 group.  These

gggigrsente can bhen be compared Lo the sclual cost greowp Por each plant
apd & hite-wlss benie seb up, Mlg-clessified plants would then be candde
dpdes for furbher shecks by combrol boseds. OF special inderest would be
plants mig-clagseified by two groups--e.g. sctusl high @v@rag@%cmﬁﬁ wlents
classified as low aversge cost apd vwice-verss, Plants of ﬁﬁég@ Tyepes might
he labeled "oubliers® as indicabed earlier, mnd control agencies might
sesk Lo ﬁ%?wmv@% why the plants deviate from genersl classilicotion schemes
vepstpucted using the sample date. Study of these cubliers should prove
helpful g%mwe:%ewx"&l ways, dncluding: .

i) cowrecting misunderstandings apd miginterpretations of date forms

and thus providing improved and more sccurate data for future

2

resoareh.

18} corvect 'g source reasons for the plants which have low averagecqﬁté
L@h&raﬁt@fiﬁﬁiﬁﬁ but which operate at high average cost. |

143} providing helpful operating hints from actual low sverage cost
plants which have characteristics similar to high average cost
plants in %ha Yeraining sample’ and are élassified accordingly.

iv} a means for checking the comsisteacy of data submitted and
possibly discovering sources of intentional inaccuracies.

W% @@ sider each of these in order.




D5

[

Each oprator or data collector for each individual plant interpre’s
the data requests somewhat differently. When an interpretation of this
nature is at wide variance from that anticipated and designed for, use of

the data submitted will continually lead to possibie bias.

The monthly r&pmrﬁ‘farmg themselves may lead to many misunderstand-
ings which might easily be cleared up. These would include such things
'@ﬁ,iﬁm@rrgmt measures (e.g. weight instead of parts per miliiun}ﬁ‘varyiﬁg
definitions of cost calculations, or varying means for saupling water
ﬁéiiutant content, These may further be compounded by Iack of informa-

tion or training on the part of the individuals inveolved. Identifying

where these outliers cccur give those responsible an opportunity to

¢larify the fafmsg other misunderstandings, or aid the data collector in
‘hi$ sample gathering tasks.

o ?lmﬁﬁﬁ which have low average cost characferistics, but which actu-
ally operate at a high average cost rate would also be singled out,

ﬁmnﬁrml authorities would then be able to study these plants further in

an attempt to correct, if possible, operating procedures which might lead to
th@ ﬁigh cost, Further,'it is possible that special conditions such as
gé@graphicai or differing pollutant influent, are the ceuse of additional
costs. If sc, this additional information would be an aid to control
b@ards‘in cost estimates and regulatory functions.

Low average cost plants with high average cost characteristics would
also be marked for further study. They might provide operating proce-
'éurés which would help decreasc costs at other plants. In addition, they
ééy péss&gﬁlsystem modifications which might be introduced at other

plants to lowexr costs.
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Hot actually separate from the above illustrations is the checking
of outliers for possible intenticmal incorrect data reporting. &etailed;
analysis of the outliers will serve as a means for checking data irregu-
larities as outlined above and, in addition, as a means for detecting

data intentionally misreporied or “faked". In several conversations with
' ' < {
control board emplovees and others familiar with the plants and operators,

the problem of data wveports filed without the completion of required
sampling kept coming up. One plant's monthly report invarighiy listed

" per cent BOD removal at "94%"-~influent quality varied, Eio@ varied,
weather conditions varied, chemicals used varied, other expenses varied,
but ﬁ&r cent BOD removal élways remained at 94%,

The ﬁﬁuﬂyimg of outliers should help to bring problems of this type
to light, but it will not necessarily identify all data misrepresenta-
tions. Faked or false data which is consistent with the training sample
dgbservations will be correctly classified and hence the plant not identi-
fied as an outlier., As conditions change, selecting faking dataz consis-
tent with the classification techniques used should become more diffi-
.@aﬁli@r@

The %@chnique§ sketched above can, however, be expandéd in an attempt
%§’ﬁeé& wiﬁh problems of this types. Up to this point and in the follow-
ing example, we have concentrated on everage cost, bul there is no require-
ment that this is as far a5 we go., The same technigues can be spplied
elassifying planks int@ groups by any of the pertinent variables the EPA
might specify--treatment load (many possible types), per cent BM or S5
removal , levels of other polliutants in effluent discharge, sludge produc-

tion, ete. Onece the training sample date is properly gethered and useful
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discriminant Tunetions computed, applicetion to further plents and identi-
fiecation of oubliers with respect to sny of several variables can be hand-
led essily spd repidly, providing further weens Lo accomplish e of the
fovr beskes mentioned esylier.

— %m»heky outline and clarify the procedure sel oul above, we present
the results of an exsmple uvsing 2 training ﬁamplé of dete from wasie
treatment plants selected %S indicated above with much expert help sni
%ﬂviﬁﬁﬁa mhpe full daba set was generated using the basic dats sed from
{#] and supplementing it with some hypothetical plant operationz as sug-
gested by seversl of our colleagues involved directly in the analysis

#0d regulation of treatment plents in the State of Indians. The resulis
reported aye not presented here ss bases for possible policy recommendas~
tions. They are weant for descriptive and pedagogicel purposes only -

to ald in the presentation of the overall approsch suggested sbove.,

Two computer programs were employed - one foar deflating the cost data
to base yvear 1967 snd csleulating the pecesgery varisbles from the basic
‘pow dats, end the other for computing the discriminant funciion using the
training smmple and for performing the classifications on both the training
‘semple &l the entire dote get. The first program was comprised of
Btraightlorward writhmetic operations and was written specifically for the
present spplication., The discriminant program employed to perform the
second st&gé ahove was the Cooley and Lohnes Multiple Discriminant Analysis
program, The variables used in developing the discriminant function were:
1y work leoad, suspended solids (average) (WISS) 2) work load, B
(average) (WIBGD) 3) million gallons treated (annual) (MGT) &) per-
cent cepacity witilized (ennual) (4€) 5) percent suopended solids

removed (average) (4SS) and 6} percent B removal (average) (4BM).
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The last four are self explanatory while the first two are of a type
intreduced in [3 . WLSS was measured by S”I i SSE and WLEOD by
o R

(85,)’

El

%@@E - %EE§_wh@wei

(8on,)”

85, - influent suspended solids (ppm)
'_ﬁﬁﬁ = effluent suspended solids (?pm}
’ BODy - influent BOD (ppm)

80Dy - effluent BOD (ppm)

These measures are employed to take inte account that the difficulty of
treatuent for a given flow and influent quality increases at an increas-
ing rate as effluent suspended solids and BUD rezch lower and lower
levels, The "work locad™ concept is not used here in a technical engl -
neering sense, but as an approximate measure of difficulty5 (see [.3.1). ]
| fverage cost per million gallon treated was calculated using a total
Cost fﬁgﬁf& which included the sum of payroil, electricity and witer, and
other expenses, but not including maintenance and loan charges.

Tha pﬁ&gramﬁ were yun first using two average cost groups { Iess
"than $50 per MG treated and more than 350 pe; M3 treated} and then

using three cost groups { $0-330, $30-52, and $52 and up per MG treated).
Table 1 gives the results for the two coste-class case while Table II

presents those for the three cost-class case, A1l runs were made on the

GDC 6500 system at Purdue University.
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TABLE I
2} Trajning Sample
Hymber of Cases Classified Inte Group
hetual Group "

L 1% . B
HICH 2 5

gorrect classificationss B3, 9%

b} Entire "Samplet

Lo HIGH
LG &2 9
Aoy 26 18

correct claasification: 69,64




CEABIE 1Y
2} Yraining SAmpls -
Humber of Cases Classified Into Group

Aetusl Group

o MEDTUM HIGH
Lok ik Y 0
CMEDIOM 3 1 0
2ICH 1 | o 2 -

gorrect classifications s TT 85

b Entire "Sample®

Low MEDIUM HIGH
o9 s 6 2
MEDIUK 18 12 10

BIGH i 20 12

correct classiflications : 47.8 g
Uslbg Tebles I-b or II-b, “outllers” are cosily identified for

Purther study. The off-diagonal, elements in these tables represent plents
which were mis-classified into aversge cost groups, For instance, in Table
Fib, the nine actuelly low aversge cost plants exhibiting high average cost
charecteristics {in terws of the veriables employed here) might be studied
for technidues which enable such relative efficiency or for possible mis-
vnderstendings or mistakes in data reporting. ILikewlse, for the twenty-
8ix plants exhibiting low cost characteristics but actuslly belonging to
the high average cost group. Further investigation might yleld helpful
expert advice aiding cost efficiency end, on the other hand, might serve
1o ¢lesr up dats irrefularities., The same type of use cap be mode of the

Information presented in Teble II-b. Here, however, we might wish to
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septer expensive individual attention on the upper righthand and lowey
jefthand Yoorner elements™ - i.e,, mis-clasgification by two groups or
plants that "diverge sharply” from what is indicated by their charecteris-
bies, The procedures wowld be analogous to the two class case - identify
apd dpvestigate the outliers to increase the accurdcy and hence uwsefulness
ef-the date gothered.

In pursuing the sbove example we might consider clagsifications uaing
groupings other than those based on average cost per MG treated. Several
ﬂuéh have been sugpested by Dr. James Etzel o the Depertment of Civil
Eogineering st Purdve University - each of which might enable shsrper and
gherper delinestions of outliers. Further, we mighi pursue the problem using
sm dnereased nusber of classes or variations on clasg boundariles, Here,
hewever, our purpose iz exposition and, for brevity, we present the above
example in its short form. We present what appears to us a8 the basics:
the foundations for what we term Moutlier identification”. Each particular

problem will need separate detailed analysis and various appropriate

gedificationsg.  The above can serve as & base for these, 2 base that allowa

gepid and relatively cheap identificabion of "data inconsistencies".

Sumw

In the sbove we have centered attention on an approach for identify-
ing dets inconsistencies and identifying outliers., 'he actual problem in
¢he collecting of aceurate and useful data, however, is much more funda-
mentsl for it lies in the current structure of the collectlion and data map-
agement system itself. For instance, the first level date interpreter or

data collector st the individual trestment plemt has 1ittle or no direct
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positive incentive to eheck the accuracy of the data he submita or poesses
em 4o bhe next level., He is reguired to submit & monthly repcort te the
state and from all iﬁdiﬂ&%i&ﬁﬁﬁ it is Just assumed that he does so sccurate-
¥

| Ab the pext level the state sgencles enter o act in & data gathering
capieity for individual plant data, Here again the emphasis and positive
sneentive i on the gatheping and storage of conplebe daba sete rather
than on velidity checks of the sccuracy of the data.

A% the Tedersl level, the EPA data gathering woves one more step up
the agpgregete ladder end one step further away frem the possibility of
yerifying the data observations of the first level reporters. Researchers
swvolved then ofben use highlly sgpregated date bub witheut ény-meamﬁ of

yaiidabing 1t.
A% each slep, the emphasis is on collection; organizatien, and labaling

réﬂh@r than verificabion. Current final uss of the data does little

to press for changes since the end intention has been use as bases for
policy decisions. There is & limdted amound of time snd the pressing
n@ﬁ@<f@% an "spewer® . The dats is faken as given and policy implications

sre discerned, Caveats are added in standard form about possible data

S

ﬁ@fiﬁienc£e$$ but it seemé to stop there. .

If the policy maker is challenged, he may shrug it off and refer
to the resserchars’ efforts. The researchers in twrn may preseni thelr
techniques and back uﬁ their recommendations by the “this is what the
deta given us indicates” route, The EPA shrugs "all we do 1s collect the
data from the states?, while the states point to the plants and the |
plants point o the monthly reports that they have diligently filed

and note the completion of their assigned task,
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| Through all of this, analysis of the walldity end eccurscy of the
date is lecking. There is no strong incentives for accurate reporting nor
for checking the data received from the previous level. What we sre sug-
gesting is a *%&ilmm«mﬂdewg reiatively cheap and repld processing proceduve
for identifying outlliers so that expensive in-depth study wey be concen-
trated on analyzing the ressons why problems exist and what can be done %o
Cegrreet them. The product of the in-depth study will not be limited to date
apalysis, but will include at the same time an analysis of the plant opera-
tions by ewxperts working to bring the outlier plent up to its highest
obtainable efficiency level or to study the high efficiency plents for
h@ipﬁﬁl procedures and idess to pass on bo other plent operators. Through
this concentrated use of expert ability the procedure provides the means %o
both upgrade the date collection snd accuracy and to study end spreed
eflioeient operation techaoidues. TFmphesis is on why problems exist and
“where from here". Is there a need for additional system training, for
better information flow procedures, for more divect contact? Are datae cut-
diers cecurring due to operabtlonal variations or dats irrepularities and
mig-reporting?

Further, the technigue also provides & mesns for hendling one of the

difficulties posed by the 1972 Amendments to the Federal Water Pollution

Control Act - the determination of what constitutes vest practicable

freatment. The term best practicable treatment is at best sketchy end
poses the pessibility of an sgency having to make a specific interpretation
for esch individual industriel and municipal treatment facility. To

avold the overwhelming complexity of this, several administretors have
suggesied stratifying the treatment facilities by type and size snd then

using scme subset of efficient plants as a basis for determining approxi-
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mabe measures of currzent best practiceble treatment for each group. pub
thig follows mlmost directly the process set cut above, & process which
wouwld help ldentify cutllers to be studied and directed %o bring treatment
within the bounds of the "best practicable” set.

Fhe ppprodch we have set out in this paper is bub one possible one
feor handling ;ﬁ@ze of +the problems incurred in large scale data use, It
prgvides @ reletively cheap end essily sdaptable meons for identifying
putiters snd formulating benchmerks. IE 18 no panscea, bub it may well be
g fruldful beginning.
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Footnotes

* S&e Fob lustancd; the broad spectrum of reduivements ocutlined in the

FEABEAY Water Pollubion Control Act Amendments of LO72.

Binee We 46 hot deel with significance tests bere, this assumption is
hek Bs broublesome as it might sppear.

pN

fuang variables are detailed below,

Ppe

PP, Jhmes Ebzel, Department of Civil Engineering, Purdue University,
BAfl Btaff members of the Stresm FPollution Control Bosrd of the State of

rﬁﬁﬁiﬁﬁ& ware extvemely helpful, especisdly in these regards.

d Ih &kipanding the basic approach of this psper, we are currently expand-
iﬁg work losd messures taking inbto account sludge volume indices, mixed
ifuia solids, ebes, and interrelations. As Dr, Eizel has pointed ouk, the
Wik osd measures we employ Are somewhat naive, but are quite converndent
&k Thie initisl stage.

)

Bed [5]. Melbods of reporting maintenance and loan costs very widely
BreP plants, though work is now under way by the Indlens Stresm Pollution
Bintial Board to correct this,

7 Though the three sversge cost cless training sample has relatively few
Brtiies in the mediwn and high sversge cost groups, our pedegogicsl end
Burnository purpose alleviates the ususl problems associated with "signifi-
Bande" bests., We are outlining & technigue, rather than presenting an

Bhiddied result for policy use.,
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Chap. 3 A Consideration of the Large-Scile, Reglonal
Plant Hypothesie Using Classificstion Technigues

wober cuality hes been the topic of much recent legad snd journal-
istic endeavor, muth of which ineludes reference to possible penefits
sceurring from regiomulization of treatment facilities. Economies of
sesle and move efficient operation in larger plants are usually clted a2
ressos Tor consolidabion end centraliszation in one larger plent. in
this papsr we center cur sbtention on one technique -- discriminant asnalysis
we wWhich hes so fer been overlooked in these initial considerations and
which might serve &8 & guite useful snd easily employed "first look" at

ithe relevent guestions,

I

Since their incepbion, much conbroversy hag surrounded the Federal
Woter Pollution Conbrol Act Amendwents of 1972, especially sections 303
{especially subsection e} and 208 which deal with basin and regionad plon-
ning of desired water guality and trenitment procedures. Though individual
suthors , studies, end administrators heve varied on interpreting the
intent smd range of the 18w, few contest that accomplishing the intent of
the 1w in eny dirvection will require large scale data presentation and
summary anelysis for policy purposes, One method to deal with such
problens which has largely been lgnored in this sres is & clasgification

Lechnioue commonly referrved to as discriminant gnadyveis. Tis use holds the

potentisl of repidly compiled and readily interpretable large scale data
spelysis especislly in dealing with sope of the questions prought up by

recent laws such as the 1972 Amendments referred ito earlier.

Diascriminant anelysis has often been emphoyed in both predictive
snd inferentisl fremeworks. in this paper we focus our attention on the
predictive uses of discriminant analysis, on the development of classifi-

cation procedures for use in considering hypotheses dealing with economies




35

of sosle snd relative lerde scele efficiency. What we are interested in

apalyeing sre hypobheses such o8 one often pub forth in support of reglon-
slizetion, 1.e. that lapge scele (regional) plants possess certaln cherace
teristics which provide lower awverayge cost benefits. IL this hypolhesis
helds, then we should he sble Lo clasasily tregtment plents into average
cost groups using measures on these characteristics to formulste clessifi-
gabion procedures, Cooley aond Lobhnes [ 2] present the approach wore formelly
TR

iaseitication methods make it possible for the vesearcher who has

data from two or more populaticns in & common mersurement space to

demonstrate the validity of the messurements for predicting wember-

ship in the popuistions.

tn general , theve sare three wnderlying assumptions of discriminant
analysls

l} e groups under anelysis are identifiable and discrete

2. each chservabion (sample) in each group can be described by

yalues or measurements on wm charscterisiics

%, the m characteristic veriables ere assuned to possess & multlvori-

gte popwsl dlstribubion in esch population under study,l

The problen studied below employs classes of treatment planis
separabed hy sverage cost of treatment. The basic hypothesis under review
ig whether lower average cost plants exhibit the characteristics of larger
sesle in terms of million gallons (MG trested) sod in addition, have
nigher btreatment loads (levels) and operate at higher per cent capacity
utilized. One srpument often posited is thatl econcmies of scale exist and
hence , averagze cost is Lower the higher the MG trested glven the sbme
approximabe treatment levels (load) and percent capacity utilized.

The procedurs in discriminsnt analveis provides an estimation of an

individual unit's position, using its values on the m choracteristics
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(@f‘%ﬁ@ﬂt scores”), on & Line thet "best” separates classes. One “best®
dine may not use up all possible information svailable from the choracter-
istic measvures apd, hence, additlonal , mubtvally orthogonsal giseriminant
fonctliong méy be calcmla@e&gg

A dwo proup, two verighle case ghould help clopify the technioue anpd
advence & straight forvard geometric interpretation. Consider figure I,
Vulues on the 3 and vy axes represent measures on twm cherscheristics (eg.
Mi trested snd ¢ capecity), for the groups being studied, say groups LA {low
average cost) end HA (high average cost). The ellipses represent egual
densliy fﬁ%ﬁhﬁ groups - L., the inner ellipse for cach group might be a
50 centile conbour within which 50 per cent of the group fs members Lie
while the ouber ellipse mlght be & G0 centile contour. Using the two
points at which cmrxﬂayﬁnﬁing centile conbours intersect, we can construct
2 Iipe such as CC and then & second iine DB which is perpendicular to (T,
If the points in {wo dimensional space are projected onto b, the two
group overlap will be smaller than for any other possible line.

Tous whet the discriminapt function does is to transform Lthe measures
on multiple individual characteristics into one gcore (i.e., & location
elong DD}, That score {or Jocstion slong DD) indicstes probsble member-
ship in ome group or enother. In figure I, for instance, %he.pé?ntTE
where CC intersects DD, divides the line into tWwo segments, one represent-
ing probsble membership in group LA and the other probable membership in

group HA,

The basgle framevork employs twoe matrices, say G and W, which serve
o sunparize the dete measures on the m characteristics in terms of
products of deviations from specific means or “average values.” ‘The ¢

watrix sumerizes veriation betwecn groups (e.g. average cost groups)
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while the W wmetelx swmerizes vardstion within groups. Thua, if
the groups are separeble using the m characteristics, we would expect
the between group varistions to be large relative to within group
veriations. Discriminant analysis uses thils basic approsch in atbempting
to mpximize the ratio  of bebween group to within group varistions in

addition employing the sums of s¢uares result thet "vi@ vi and Vi Wafi s

Where vy is a vector, are both scalavs. (See rayr 5“} for detsiled spe-

cifics. ) Thus, bhe basic approsch is to use the characteristics to group
- bhe dndividuals In sueh s wey as to maximize the ratio of bebween group

variations (sums of sguares) to within group variations {eums of squares)

or, more formsily o

¥ gwj
MAY i = J,eee,k where k is the legser of the

o wwmm"uam\m

iowvy N’w J number of groups minus one
and the number of cheracter-

istice ewployed.

Tn order to obtain a unigue sclution, the normelization constraint that

i

¥ 5 Wi s 3 48 sdded amd the Lagrangian problem takes the form:

k@ﬂ Ly wviﬁv wx(v W - 1)

whinh &ft@r taking the parbial derivatives of L with respect to v, and xi

i
yielde the opbimalily conditions:

G ~ Wy, =0 (1)
VW, - 1=0 (2)

Bouation (1} 1s wsuslly written 8s:
el ‘
o ' e &,
% - 4D, =0 (1a)
Equatbon {1a) having a non~trivial  sclution, {i.e., vi?é 0), is equiva-
lent to the following holding:
™ E

We - ATl =0 (iv)
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Thos , the solution of the maximizetion problem reduces to soalving for

el genvaliues {Ai} end corresponding elgenvectors fvi}@ We could solve
the above problem format ¥ times (1 = 1,...,X), K being the lower bound
of the mmber of groups less 1 and the number of characteristics

Por the X eigenvalues and eigenvectors, but often the sdditional incre-
mental values of the hy rapidly become smell. A rough messure of how
Far bo go , or “the percentage of tobtal dlscrisinating power of the

ehavacteristics contained in the ith discriminmnt funcilon" 18 represented

The actual clessificabion procedure usvally employs either a %Eimr maxd -
mum probability method to fix the one-dimepsional Jocabions and wpwovide
class or group sssigmments for each individuel. Though bothr @f these
clagsification procedures employ essumphbions shoub the distributions of
the variables invoived, (see sbove), our initial work in thie paper avoids
significance tests and thus basic difficuliies agsocieted with these
sasunptions,

In the exemple in Section II below, there sre six plant characteristics
aonsidered: i) work load suspended sclids, 2) work leed B, 3) per cent
removel suspended solids, b} per cent removel BOD, 5) million gallons
treated and 6) per cent capacity utilized. The plants are separated into
groups or classes according to their annudl average cost per million
gallons treated. Two discriminant functions are estimated, one using
three aversge cost groups or classes and the other using two average cost

groups. In the first, K is equal to two {(i.e,, the lesser of the number




ol Fe

of growps lesd one or 3.3 ¢ £, apd the number of chiaracteristlices) Tor
thnge coases where I o wWore of +he six characteristice were uaed. When
only My trested was used in the three grouvp case and for all two group
gung , ¥ was equal to unity.

The ahove is & short sketeh to ald readers unfomilior with digerimi~
nent onslysis. T i® not in any way meant &as & detailed discuseion such

ss mey be Pound din (2], [B], or [5].

The date we emploved in the following example was obtalned from the
Trilane Stream Pollution Control Board to whom we exe deeply indebied.
The dats details influent snd effluent quality messures and opereting
gtatistics (physicel and monetary) for municipal treaiment plants through-
ot the state. ‘The ussble semple wes reduced to 22 {and to 19 1T certain
yapisbles sre used -~ Bee below) by date gups and reporting fallures.
Further, the ssmple was divided into two parts baged on "relisbility”
Judgments after conversations with Dr. J. E. Etzel of the Depsriment of
Ciwil Engiveering, Purdus Univers ty. The BIOMED STEFWISE DISCRIMINANT
ANALYSTIS emd the Cooley amd Lohnes (1] multinie discriminant ansiysis
progreans were employed. The runs were made on & C.D.C. 6500 at Purdue

Undwersity.

Iz
The date employed was for activated sludge plents varying in design
size fram .2 to 60 million géllons per dey. Cost and operating data were
obtained for 1965 where available, FPlante cost date from years other than
1965 was deflated to constant 1965 dollars.,
A% indicated ebcve ithe varisbles coemsidered for use in developing the

gisoriminent function were: 1) work loed, suspended solids {average)
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(Wiss) 23 work load, BOD (aversge) (WLRCH) 3) million gallons treated
(momual) (MIT) &) percent capaolty ubilized {(snnuel) (40) 5% percent
suspended solids removed (average) (4SS} and 6) percent BUD removal

(average) (B}, The lest four sre relf explonatory while the flrst two

85, - 56
) Py " E
are of & type lntroduced in {51, WiSS was messured by ”“%@g“jﬁm g,
BOD., - B, >
WLBOD by~wmmmmwwm??i whera:
(39,)
ﬁSI ~ infivent suspended selids (ppm)

88, - effluent suspended solids (ppm)

B influent BD (prm)

E%Ef: effivent RO (ppm)

These messures ave employed to take inbto account that the difficulty of
trastment for & given flow &nd influent guadity incresses st sp increag-
ing rate ax effiuvent suspended solids and BOD resch jower and lower levels,
The W@&EK lo8d” concept is not used here in a fechnical engineering sense,
but as an epproximete measure of difficulty§ {see {31).

Average cost per milllion gallon trested was calculated wsing & botal
cost flgure which included the sum of payrdll, electricity and water, and

H
obher expenses , bubt not including maintenance and loan ch&rges,* The

programs were run on both the "reliable™ and total samples with the plants
first grouped into low, medium and hiph average cost categorics and then
into only two groups, low and high. When threc groups were uscd, they
were divided by average cost according to tge following:

iow - less than $30 per MG treated




i 5.

medium - $30 to 850 per MG treated

high ~ greater than $50 per MG treated
When two groups were used, they were divided using:

low - less than $40 per MG treated

high - $40 or greater per MG treated

The BIOMED STEPWISE DISCRIMINANT ANALYSIS performs a stepwise multi-
ple discriminant analysis at each step of which the statistically most
significant {using F value} variable is entered. If a variable's F value
falls below a pre-set variable, that variable is deleted. The Cooley and
Lohnes prograw provides both chi-sguare and maximum probability for

classification.

We first considered classification techniques making use of the
data which had been indicated as very reliable, initially dividing the
data into three cost groups as detailed above. Using the stepwise
approach, the first variable to enter was MC treated and the c¢lassifica-

tion matrix was as follows:

TABLE 1

Number of Cases Classified into Groups

Actual Low Med ium High
Low 2 3 0
Medium 1 1 - 3
High I ¢ 3

When all six variables were employed in the multiple discriminant

“analysis program, the classification results took the form:
prog ‘
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Number of Cases Classified into Group

El

fetual Low Medium High
Low 4 i o
Medium G 4 1
High 0 1 3

Variables: MGT, WLSS, WLBOD, % CAP, % SS, % BOD

Mow, in this case the hit ratio (11/14) is .786 and no plant is elassi-
fied "two groups away." There are three misciassifications, one in cach
group, and, upon rechecking the data, it was found that ocach was close
to a class boundafy {about $3 away in the two lower cases and $6 away for
the high cost group).

Next we sttempted to increase the sample size by employing the other

available, but indicated as unreliable, data,

Here diagonal elements are "“hits® {correct classifications) and off
diagonals are "misses." Although the hit retio is less than 505% (G/14),
it is interesting that enily one plant was misclassified two groups away,
i.e. only one actual high cost group plant vas classified as low cost and
ao low cost group was classified as high cost. Alse interesting here is
the high percentage of medium cost group menbers that were misclassifiod
(4/5) .

As more and more variables enter tho analysis, we would expect

better results -- hit/miss ratios, less "two-group away® misclassificaticns,
éte. In Table iI, for the interested reader, we reproduce some of the

élassification matrices, noting the variables used in cach analysis,




e
Table I1

Number of Cases {lassified inwo Groups

Actual © Low Medium High
Low < 1 2
Mediun 1 3 1
High 0 Z 2

Variables: MGT, WLBOD

Low Med ium High
Low 3 1 1
Medium -0 2 2
High 1 1 ' 2

Variables: MCT, WLSS, WLBOD, % CAP

Low Medium High
Low 3 2 0
Medium 1 3 ]
High 0 1 3

@2

Variables: M(D, WLSS, % CAP, % SS

When all six variables were employed in the multiple discriminant
analysis program, the classification results took the form:

Rumber of Cases Classified into Group

Actual Low Medium High
Low 4 1 0
Medium o 4 1
High 0 1 3

Variables: MGT, WLSS, WLBOD, % CAP, % SS,

ae

BOD

Now, in this case the hit ratio (11/14) is .786 and no plant is classi-
fied "two groups away.' Therc are three misclassifications, one in cach
group, and, upon rechecking the data, it was found that cach was closce
to a class ‘boundaﬁy {about $3 away in the two lower cases and §6 away for

tha hinh enct aronn)
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Next we sttempted to increase the sample size by employing the other

available, bul indicated as unreliable, date,

Tabie TIT summarizes the resulis phtained:
Table 111

Number of Cases Classified iato Group

Aotual Low Medium High
Lo - 4 £
Med ium FA 3 . 4
Hign 1 g 7

[

Yariables: MOT

Low Med ium High
Low 2 5 !
Medium i A 5
High 1 2 >

Variables: MGT, % CAP, % BOD

Low Medium High
Low 4 i 1
Medium 1 & 2
High | i 2 3

Yatiables: MGT, WLSS, WLBOD, % CAP Note: Sample for this case was 19

since no data was available on $§ for three of the additional plants,

Low Medium High
Low 5 1 o
Med ium 0 6 2
High 0 3 2

Variables: ALL SIX - MGT, WLSS, WLBOD, % CAP, % $S, % Bonp  Note: ilere

ol

again, the sawple size is 19.
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In considering the results presented in Table III, it is intercsting
that the addition of two variables {frow 4 to &) does not ald in the
classificatior precedure. The best hit ratio was .684 (13/18].

Next, we switched our attention to considerations of two group
analysis -- lew and high -- dividing plants as noted earlier. The best
classification result for the 'reliable” sample is given in Table IV.

Table IV

Numbey of Cases Classified into Group

Low | High
Actual
Low 7 H
High i 6

Yariables: MCT, % 58, % BOL
The introduction of additional variables did not increase the high hit
ratic {%%J of .929 which we were able to obtain using the three variables
- MGT, % 85, % BOD - as reported in Table éV, Where the data set was
expanded (to either 19 or 22) by employing the "unreliable' data, the
tesults were as reported in Table V. |

Table V

Number of Cases Classified Into Group

Low High
Actual ‘
Low 8 2
High i 11
Variables: MGT, % BOD Sample: 22
Low . _ High
Low 7 3
High 1 8

Variables: MGT, % CAP, WLSS, WLBGD Sample: 19
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Low High
Low 8 2
High 1 8
Variables: MGV, % 8S, % BOD Sample: 19

Adding adcitional variables did not hels in upping the classifica-
tion hit ratio, the highest being obtained using MGT and % BOD for the
sampie of 22 (bit ratio = 18/22 or .864) and using MGT, % S5, and % BOD
‘for the sample of 19 (hit ratio = 16/19 or .342). As would be expected,
the hit ratios for all samples increased as the number of groups was
decreased to tuo. In addition, the hit ratio remained the highest when
only "reliable" data was employed - .929 against .864 and .842 for the

others,

LIt
The classification techniques, including that illustrated in the
previous section can provide a cheap and easily handled method for initial
considerations of questions concerning the advantage of large scale or
regional plants. The results presented there ran according to the
“lowering average cost' arguments, i.e., the higher rate plants yield
lower average costs. The average values of the variables by groups are

given in Tables VIa and Vib.



Table Via - Three Groups

Average Cost Category

Low Medium High
MGT 7267.88 3250.44 o 2119.32
WLSS 1.47 1.85 1.08
WLBOD 1.09 .65 | .99
% CAP .91 76 : .88
% S8 .93 . .94 .93
% BOD .80 .83 .86

Samplée: '"Reliable™ - 14

Low Medium High
MGT 6361.58 3161.75 1748.98
WLSS 1. 37 | 1.20 .91
WLEOD 1.13 .49 77
% CAP .87 .69 .84
% 8S .93 .86 .80
% BOD .91 7 .84

Sample: including 'unreliable® -~ 19




Low
MGT ‘ 6861 .58
% CAP &7
% BOD .91

Sample: All 22

Table VIb - Two Groups

Low
MGT 6336.40
WLSS 1;52
WLBOD .97
% CAP . .82
% 85 .93
% BOD : .90
Sample. - "Reliible' -
MGT 5660.64
WLES 1.32
WLBOD .52
% CAP .78
% 88 .62
% BOD o L8Y

Sample - Including “unreliabie' -

MGT 5669.64
% CAP .78
% BOD 89

Sample - All 22

~52..

Medium
3i61,7F
08

« 77

Average Cost Category

High
1725.60
1.46
.82
.88
.82

81

2056.89

61
.79
.86
.76

19
1634,37
82

<74

High
1230.,67
.87

77
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Thus, as these tables indicate, lower average cost plants also tend
te average higher MGT, higher % capacity utilized, and higher levels on
the work measure units (WLSS, WLBOD, % S8, % BOD}. In almost all cases,
for those groups the values are highest for the low cost group, though
there is some ambiguity on treatment measurcs between the medium and high
cast groups (Yable Via)?\ ﬁhﬁn two groups ~- high and low -~ are consid-
ered, the values are highest for the low coat group except for % cap

{Table VIb}. Thus efficiency, at least in terms of the measures used

here, appears'higher for the larger, lower average cost plants--adding
strength to large scale, regional treatment plant proposals.

The above is meant only as an initial look into a critical planning
problem, Resvlts using the technique emploved seem to agree with thoo-
~retical statements concerning cost and treatment advantages enjoyced by
Centralizaﬁion into larger plants, But what we have presented is done
only as an initial step, as an indication of the potential usefulness of
classification technigques. Before their ro'e can be realized, however,
the data on existing facilities must be increased in volume and concen-
tration and upgraded in quality and accuracy. The results we have
presented suffer from the sparseness of the sample, but as yet it is the
mest we are able to garnish., The use of ouiside cxpe%tise in the ficld
helped us separate reliable and unreliable cata supplies. Interestingly,
the classification results depenerated somevhat cach time "unreliablce®
dota was added to the "reliable" data set.

What we now suggest is further useful employment of classification
techniques such as discriminant analysis as a means of screening large
amounts of dati for consistency,

Suppose, using expertise (e.g., Dr. Etzel's and others) and famii-
iarity with a certain set of operating plants we were able to formulate s

larpe samnle of reliable data and constriet an accurate clacsificarion
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technique (in cest terms, as above, or possibly in terms of a treatment
variable}. Once constructed, this procedure could serve as g mezns for
selecting “outliers." for instance, using the discriminant function
whose parameters are estimated using the reliable data, it would be
possible to easily feed in data correspondirg to additienal plants and
check for corract or incovrect classification., Plants incorrectly clas-
sified, especially those misclassified into groups far divergent from
their correct ome might then be checked more carefully for one of several
possible difficulties such as: 1} data collzctor doéﬁ not understand
collection forus, 2) data generating techniques (BOD sampling, etc.) are
not conducted properly, 3) data reporting is inconsistent due to mige
labeling (i.e, calling maintenance costs "capital improvement! oy "labor,
etc.}, 4) possible intentional misrepresentitions. Certain misclassi-
fied plant's dzta would probably possess non: of these problems, but
regulatory agencies might find it quite useful to study these "diver-
gers' in an attempt to find out whether they are outliers duc to person-
nel capabilities, equipment capabilities, invluent or geographic condi-

tions, etc.

v

Concliuding Rema cks

The questims of potential cost and trestment advantages from
reglonalization and plant consolidation form a major consideration for
planning decision makers. Using some initial results, we have attempted
to show how classification techniques can provide a relatively casy and
inexpensive means for beginning to answer these questions.  In addition,
with sharper dava collection and analysis, these techniques can provide a

basis for indicating outliers which nced to be studicd,
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FOOTNOTES

‘e avold vee of significance tests heve, thus reducing the necessity of

this lest assumpblon.

ohe number of Tunctions which can be 20 calowisted ls Limited by the
ilesser of two numbers: 1) the number of groups less cne, and 2) the

number of characteristic mzasures uded,

Tn expasdling the basic spproach of thls paper, we are currently expand-
ing work logd messures teking into account sludge volume indices,

mixed Liguid solids, ébe., and interrelations. As Dr. Etzel hes pointed
oub, the work load measures we employ are somewhat naive, bubt are quite
copverient &t thig Initisl stage.

See [3], Methods of reporting maintenance and losn costs vary widely
over plants, though woikrk 1s now under wey by the Indisne Stream Follu-

tion Control Scard to correct this,

The distinction between Medium and High Cost plenbts 18 not &8s pronounced
f 1% is between the Low Cost plants and the other two. For the former
two the relative efficlency measuwres very conslderably with no apparent
set pattern as between Low Cost planits ond the others. This may be due
in some peart to the selection of cutoff values for the Low, Medium, and
High Cost plewts, though these levels were suggested by the daisa collect-
ed sad by individuels invelved directly with regulation.




in
<

56
REFERENCES
Cocley, W. W., and Lohnes, P. R., Multivariate Procedures for the

Behavioral Sicences, John Wiley and Sons, New York, (1962).

Cooley, W. W., and Lohnes, P. R,, Multivariate Data Analysic, John
Wiley and Sons, New York, (18713,

Marsden, J. R., Pingry, D., and Whinston, A., Regression Analysis
Applied to the Wastewater Treatment Field, JWPCF, Ochober, 19735,
vol. 45

Morrisen, B. F., Muléivariate Statisticcl Methods, McGraw-Hill, New
York, {1957}.

Van de Geer, J. P., Inlroduction to Muliivariate Analysis for the
Soactal Sciences, W. H., Freeman and Company, San Francisco, (1971).



w57m

Chap, & Production Function Thecry snd the Optimal Design

of Wagste Treatment Wacilities

Section I

This paper is divided into two sections, the first contrast-

ing the theoretical production function framework of the current

study with the historical considerations of production functions so

aften presented. The second section presents an application in the

development of theoretical micro-production and cost functions for

water treatment plants,

on cost

R. W. Shephard chooses the following to begin his treatisc

and produc jion functions [1]:

In economic theory production function is a
hematical, statement

e

lating quantitatively The

purely

and the inputs of the

¥ _the factors of production, the chick
purpose of which is to display the possipilities of sub-
stitution between the factors of production to achieve a
given output, The distinct kinds of goods and scrvices
which are usable in a production technology are referred
to as the factors of production of that technolopy, and,
for any set of inputs of these factors, the production
function is interpretod to define the maximal output
realizable therefrom. (N.B. Underlining is added here for
emphasis,)

Shephard continues [1, p.4]:

The production function is regarded here as 2 mathe-
matical coastruction for some well defined production
technology. The fechnology consists of a 1";1!@;1._:1;&}:"_(_)A_f"__.g:'o‘nrw
ceivablce and feasib INCCTIDE arvangenents, not re-

cted necessacily ; L E ttions Tound in

o poSSTBIY St historTel i Jn the

applica ‘jﬁljﬁggfgghpgjggy- Once dQFinod, the technol-
GEy Impli a certain set of factors of production and po
limitation will be put upon the inputs of these factors
both as to type and amount available. Thus the production
function will be taken to describe the unconstrainwl tech-
nical possibilities of a technolopy without Fimitation to
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He note that much of the previous work dealing with the
development of production functions fails to comply with the Shephardian
notion of this concept. Several of these papers (see [2], [3], [4])
begiﬁ with a hypothetical “production functional® form which is then
fit gm some set of empirical data. These velationships are neither
analytically derived nor tested, but merely used in a procedure of
fitting historical empirical data and hence are of a descriptive
rather than analytic nature. The assumptions of efficiency and cost-
minimization are generally imposed in what really are treatises on
the technological level currently employed, rather than production
functions in the sense Shephard points to.

What is presented here is not meant as a critical review of
prior literature nor as a deification of a chosen (i.e., Shephard's)
&xplicatioﬂ of production functions. Rather we wish to present an
alternative approach which, under certain circumstances, will prove
more appropriate than simple fit or descriptive procedurcs, and which
also is developed in such a way as to fairly closely satisfy the
Shephardian critevion for a production function. We wish to study
efficient production precesses emphasizing their importance and use-
fulness for planning purposes. The ewployed notion of a production
function is mnot related to what people currently do, but rather a
function relating inputs to outputs summarizing efficient production
methods. The technique set out below has no necessary correspondence
to actual historical occurence nor are any of scveral ‘usual’® propor-

ties {i.e., decreasing or increuasing returns to scale, decreasing



marginal returns, etc.) initially assumed, though, in fact, one or
several may occur within a particular production process.

Consider some L-stage process K, which for convenience we
term a production process, acting on snm x 1 input vector, I, in

£
such a way as to obtain an n x 1 output vector, ng We thus consider
the i-stage process K as a mapping from m space to n space, the parti-
cular mapping being given by the exact specification of the process
under consideration. The stages of the process are not necessarily
time-order linked {i.e., ordering of the stages may be arbitrary in
certain processes and set by necessity in others). If an exact
specification ef the production process is achievable, then the mapping
from I to O is fully determined. It should be nmoted that the specifi-
cation sought here is not an empirical or estimated relationship, but
vather a hypothetical engineering specificatlon. It is not limited to
currently employed processes and is restricted only by engingering
infeasibility. Complete specification of the process allows selection
of alternatives based on maximization criteria rather than a selection
limited to some set of historically employed alternatives.

Given a complete specification of the precess, a production
frontier composed of maximal output levels obtainable from diffeving
combinations of inputs is deriveable. A conceptual difficulty arises
here from the introduction of the term "maximal output® in the casce

3 .
where n is greater than unity. in any purticular study, a concreto

interpretation of this term, dependent vpon the process, Is necessary.
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The production frontier forms the basis for the development of
a production function for the process. No information is availabie
from the production function that is not available directly from the
full specification of the process system. The production function is
introduced for the purposes of compacting the system through the elim-
ination of non-optimal alternatives and allowing a simplified teol for
planning purposes. The production function is here itreated as a con-
venient intermediate step in the determination of a general 'least-
total cost’ 0utpu§ﬁreiati9nahip«

Theoretlically, the inclusion of all relevant variables should
allow the possibility of cowplete specification of the production
process,  In curve Fitring, the contimuing introduction of more and more
explanatory variables into the estimating equation enable the it to be
improved, possibly approaching an almost perfect fit. But how far does
one go? Transparently, all variables cannct be explicitly dealt with
in a complex process. Some delineation must occur. But what criteria
does one employ in the seclection of variables to be explicitly treated
as inputs? Should variables be lumped together into ‘'capital' and
"labor® classes shunning the individual input identity and hence cloud-
ing the specification of the system? Or should a specific selection
process be followed in order to single out variables for explicit con-
sideration?

Since we are employing theproduction function as an intermedi-

ate step in the attainment of useful total cost relationships, the
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unexplained variance in the latter function appears a ‘relevant’
criterion. The approach we follow for limiting variables thus centers
on reduction of the unexplained variance of the final cost estimates,
and selection of variables explicitly considered as inputs in the
engineering model (used in developing a production frontier) is bhascd
on the amcunt they add to total cost.d
in crder to deal with the specification problem we now intro-

duce the notion of tolerance limits. The development of tolcorance

limits rests on the consideration of the relative importance of indi-
Y

“

vidual inputs to the total cost of the process as discussed above.
Tolerance limits can be established so as to require possible fluctu-
ations in total cost due to variations in inputs to remain below some
chosen level, say some percent of total cost. The ilwuputs which ciceed
the determined tolerance level are termed "tolerance chosen wijor!
{(TCMA) and the remaining inputs are termed ‘tolervance chosen minor®
{TCMI}. . The sclection of tolerance limits docs not necessarily daply
the unique selcction of variablies to be labeled TUMI, Dbut it docs spe-
cify ranges of quantitative fluctuation which may be used in determin-
ing the separation of inputs in TCMI and TCMA catcgorics. We point out
here, that, though certain inputs affect total cost only to some minor
extent, their influence on variations in the output considered may be
quite significant. Similarly, variables affecting total cost greatly,
may actually have little er no influcnce on output over wide ranpes of

input levels employed. A programming problem can be constructed in
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which the TCMI inputs are variables and the TCMA inputs arve para-
maters. The determination of tﬁe solution to this problem over
various combination of TCMA variables yields the points on the pro-
duction frontier necessary to cglculate the least-total-cost-output
relationship.

in the development of the production function outlined above,
relative cost of input factors plays a specific, defined role. The
result is somewhat differvent from, yet not necessarily countradictory
to, the usval interpretation of a production function presented by
guonomists.  Input costs enter indirectly into the development of the
production function by serving as a basis for grouping the inputs.
The production function, when used for planning purpeses, is employed
in a cost-minimization study. The omployment of tolerance limits
b&sicaliy separates out inputs with little effect on total eoﬁt
{though they may or may not have a similar small influoncc,of total
output) and freats them as variahles.in the maximization solution.
The procedure follows the Shephard approach with one explicit minor
alteration - this being the scparation of inputs. The sclection of
toelervance level determines the maximal possibic error in the total-
COSt minimiz&“{;i,.oﬁ solution. We now prescent o sowewhat more formal
consideration of the methodolopical concepts involved and presonted
above, and then procecd to Scetion IT and a detailed example concerned
with waste water trontmont plants,

The production fanction relating input factors to outpat is

usually presentad as o function "givies the woeximal cotpot oltainab e
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from a given set of inputs'. Following this, using [i to denote TCMA
variables, ai to denote TCMI varisbles, and using '0' to denote anitput,

we have:

0 mf(zl, Lo cos Loay, o2 = £(1, a)
The problem may then be formulated as:
Max ka, a)
I,a
ey < ¢
a’d A
e
where C{I) represents the cost of the inputs I, 1 I, Cua

N A
possible cost constraint, and A and § are possible constraints on the
W(’f‘&)ﬁ
input s & and I respectively.
We may also view the problem in a "two-stage' {rumework of

the following form:

Max {Max fkl, a)}
I adh

C(I) =€
a—gf
I eq
The "inner" maximization problem yiclds a function of the form f{1)
and the problem may be rewritten as:

Max f£(1)
I
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Informally, the dual of this problem may be specified as:

Min €(I)
I

f(1yzo
where 0 is some set bound on output.
& difficulty with this approach is that the dichotomy bolween

the variables I e n ey En and a cewy @, 15 not clear. There

Xi’ 2" I K

appear in practice teo be few variables which relute to the production
process and yet do not affect cost in some, though pessibly minute,
way. The.divisiovjof variables into sets I and a may be easily accom-
plished in certain processes where production expense is centercd in
certain iﬁpﬁtg while other inputs are minute cost items in comparison.
In cother processes the division of inputs nay be an extromely difli-

cult process where, if € is the total cost function, the 4y would he

chosen according to:

. a5

oo oo
i

Thuos the effect on valuces of total cost, €, {or varictions of
the elements of ‘a', is small (some chese fepsilon’ repion), amd the

possible evvor involved in using the approach loid out above is hope

fully held within an acceptable bound.

Section 11
Let KP be particuTar f-stape prodoction process providing a

mapping from T oto 0, as cutbined aboveo AL any of The v cbnee 0!
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process Kgx there are ii(i I, ..., p) alternatives for moving te the
next stage. We allow that various sets of stages might be alterna-
tives for other such sets, and that some of these different combina-
tions of stages may provide identical transformations from 1 to 6.

‘ Schematically, the zth stage of process Kl may be charucter-

izad as:

q

where I_ is the set of inputs directed into stape 2z, qjﬁ(j:lﬁﬂ.,ﬁ) is

zj

.

z Z

the transfer flow from stage j to stage 2, q 1s the transfer flow [rom

2]
e A . . _ . s 6
stage z to stape } oand OZ is the flow from stape z to final output.
Constraints are placed on the flow loads in the above schema by the
technology and engineering infeasibility of certain flow movements,
By & & : b
Constraints may also be of the joint form scross transformations as in
a staircase linear or non-lincar programming structure to hring in the
interrelatedness of the stuages in the finol production transforwation.
The process of waste-water treatment is of the nuture of process
Ky This section presents a detailed example of the genervation of  a
production frontier for waste-water treatment facilitics using the

technique deseribed in Scction 1,
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The inputs inte the waste-water treatment process are the
waste water to be treated and the different elements (i.e., aeration,
settling tanks, chemicals, etc.) used in treating the influent water,
The influent waste stream may be characterized as to chemical and
bialoéical content in addition to temperature and volumetric flow.
Concentration is centered on the BOD level since it serves as a basis
for determining water quality icvals,ﬁ Cutput from the production
process is in the form of treated effluent and siudge waste for dis-
posal. The effluent stream may be characterized in the same manner
as the influent stream. The general process for secomlary waste treat-
ment plants makes use of two major basic units: aerators [where flocu-
lation and micre-biclegical actions ocour) and settling tanks {where
treated water and sludge are separated}. Aerators vary both in type
and dimenSioﬁ while settling tanks gencrally differ with vespect to
dimensions. The main types of acrators are activated sludge (AS)

and trickiing filter [TF},8’9

Waste water enters the preduction process
and is channeled to some series of aerators and scttling tunks for
treatment (i.e., reduction of biolopical oxygen demand). Treated water
passes from the system as cffiﬁent whilce waste sludge ds fod to a sludpe
digester for ultimate disposal. Thus present analysis is centered on

optimal sclection of the variables in a system characterized generally

as follows:

o T > Bt
Inf.}u(-n?, w"} I"ELC i ] l 1 y :.__“>

: = Shudpc
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Inflow inte aerator ifi=l,...,m} may originate from another aerator,
k(kmlsuuaxm}(qxi), from'a settling tank j(j:M+1,...ﬁn)(qji)§ from
initial inflow into the system channeled to the aerator directly (fi)’
or from siudge recycling from Sfttling tank. OQutflow from aerator
i goes either to another aerator (qu) or to a settling tank (qij),
where indexing is as above and the g's are flow variates. Inflow into
settling tank i comes from one of three sources: anp aerator tank
{qij)y another settling tank, or from the initial influent inte the
system £,. Outflow from settling tank j may go to another settling
tank {Rnﬁm+ls...,n}{qjg}, an aerator (qji)’ te the sludpe digester
{&j}, to an aerator in the form of recycled sludge digester (dj)’ to
an serator in the form of recycled sludge (Sii}’ or out of the system
ji
as effluent (ej). Using vector and matyix notation, the .gencral sys-

tem may be outlined as follows:

q.. Q.. £f. s.. q. ;:, T,
VA S AN N L
AeTator | Settling Tank
i =1,...m) ] Al s omel, .. ,n)
¢ Y I S S
Gk 4 j G 91 %5 9 %y
K =1, . = mtl, ... ,n
fl
Fa
"
Fo= Lo = - - "sponal of Initial ioliow
fIlH' 1 Vecrart
Fo
Cn
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if ey is a unit vector of p components then the system {low

constraints are of the form:

T T T
L. Ql Em - Q3 Enwm * S anﬂm " FA B Ql m T QZ En«m

T T - . .
2 Q4€nwm+Q2€m+ps*Q3°m+Q4€n~m"°€m*D"E‘“O

Equatioa 1 refers to the flow balance constraints for the acrator and
2 refers to the same for settling tanks. Equation 1 and 2 ave simply
constraints of the form ‘volumetric inflew = volumetric outfliow.’
Additional constraints are necessary for each unit concerning
the micro-organism and nutrient (BOD) conscrvation, Let Ty bo the
organism growth rate and Ty be the nutrient consumption rate iln AS
type aerators and Yoy and by the same in the TF type. The organism

steady-state balance eguation around the acrators take the form:

T o T © T o = .0
- ) - =
3. Ql 95 * Q3 qs tS5os 4 FA IA AAQEEm AAQZFme ¥ VARA 0
where e
— - o
0 9
In :
q = e pend .
o i
- L - Vector of Concentrations of micro-
0 organism in flow feaving unit
Dy 1
O
f o . . 0
1
- 0 fg :
F‘;\ = . . . = Diveonad Matris of Tl loeet oy

0

0 . . . Of
il
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%JA = ) - - Diagonal Matric of volumes of
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o
v 9 .
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0 e e .
U
- -
o
T 1
o ) . . . .
s = . - vector of concentrations of recycle sludpe From
. settling tanks
O
5
n
}lli
o ’ .
IA = . = Anomxl vector of a constant p where pois the
. indtial picrooranisn concentration of the infiuent.
P
R
11
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The second steady-state balance equation, referring to nutrient con-

centration, is given by:

TB « ,B veB - o

T B T B B B
. + - -
S QA rQgag tSst e Fyody - 8 Qe - 8 Qy e 0 VAR
where all symbols arec defined corresponding te ahove with terms re-
ferring to nutrient (BOD) concentration substituted in as indicated by

R ... R

3 & G i = 1 ?:.‘: '
the superscript B, R 0 and R [0o00 ... 0 R22 29

12 B 22]'

These material balance equations basically state that the out{iow con-
centration from a unit in the process must be equal to the inflow con-
centration plus what happens within the unit.

In addition to the above, we have the following constraints:

T -

5. F e, Ip - Total influent flow must be equal
to total distributed initially to
agrators and settiing tanks.

6. I, = De + Ee - Total influcnt low nust cygual

F n-m -m . _ . L .
effiuent flow plus sludpe digester
flow.

The notion of the YBteady-state’ balonce equntion as out]ined
above is similar to gereral equilibrium system analysis, where the state
heing sought is the optimal convergent state of the system.

The general model of the production process for scoondary wasto
treatment plants 3s the basis of an in depth study curvently being con-
ducted by the authors. We now present a detailed small scale cxmmple
illustrating the specification of a system and the generation of points

on a production surface.




J?’QW

The flow network of the examples is illustrated helow.

3] B

The specification of the gencval model is cowplete with the
explicit exposition of the micro-organism prowth rate amd nutrient
consumption rate for cach type of acration unit.

The rates uscd in the present study arve those prescntoed iu
Evickson and Fan [5] and Richo [6] and found or sugpested in much pro
vious work in the arca. A complete study must take into consideration
the very formualation of these equations.  Little in the way of lorge
scale testing sccoms to have beon done provi (‘JL;S])J‘. The rates for the
{AS)} units are piven by:

7 n o (GREY (B (085

B 0y TR (ORG
il (GRETT ¥ B0 Chint g )
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_ (GRR} (BOD) (ORG)

8- Ryy = YBR(GRIH + BOD)
where,
BOD = Nutrient concentration of influent (mg/£)

ORG = Micro-organism concentration of influent (mg/2)

GRR = Maximm growth rate when the nutrient cencentration
is notalimiting factor (hr )

GREH = Concentration of nutrients at which the specific growth
rate observed is one-half the maximum value (hr 1)
DILL = Micro-organism attrition rate (hr 1)

The consumpticn rate of nutrients in the (TF) uwoits Is given by:

ey B rp T £ aa ©
5. = 1o (PTE) 7/ (FITE/ATE)

22 7
whare,
DT¥F = Depth of filter ({t)
FITF = Total flow coming inte filter (fi°/Scc)
ATF = Surface areo of filter (ftS/Scc)
a, b, ¢ = Estimated poramcters

The micro-organism level is assumed to be unchanped in the TV} wnit.
The percent of the organisms and nutrients scttled out in the setiling
tank is assumed to be an exponential function of the holding tinc.

A nonlincar programming model coan now be formulated which will
enable the minimun BOD level possibic under the ghove resirictions (o
be found for any possibic coumbinations of inputs., The ponlincar prob-
lem can be solved using the algorithm describoed e [7]. The solutions
to a large mmber of these problems con be used as oboorvations to

estimate the production surface.  Agobn we note that the prodoction
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surface yields no morve information than the specification of
the production process itself .

The variables of the nonlinear programming formulation are
the TCMI inputs. In the waste water treatment process these vari-
ableg are assumed to be the volumetric flow rates between the AS,

T¥ and ST units. The TCMA variables are assumad to be the variables
associated with the size of the AS, TF and ST units. Other para-
meters such as the micro-organism growth rate are also given.

The small example model above was sclved under the following
conditions:

FI = Influent Flow = 1.0 cfs

il

B = Influent Flow BOD = 100.0 mg/1

It

RI = Infiuent Flow ORG = 100.0 mg/1

TCMA Inputs

DAS = Depth of AS Unit = 10 {t

AAS = Area of AS Unit = 440.0 £t?
BTy = Depth of TF Unit = 10.0 £t
ATF = Area of TF Unit = 440.0 ft?

DST = Depth of ST Unit = 10.0 ft

Cow Avea of ST Unit = 440.0 Fe?

s
€53
i

Engincering and Biological Constants
SMST = Rate Parameter Tor ST Unit = 0.001
GRR = 0.1
GRRIT = 100.0

Yk = 0.6




a = 00371
b= (.67
o o= .5

The solution to this maximization problem was to use the TF
and S% units and recycle half of the effluent from the ST unit back
through the TF unit. This resulted in 95% of the BOC being removed.

The procedure of this paper yields points on the production
frontier which may be used in the developemnt of a production func-
tion as suggested in section I. A further step is.necessary for the
utilization of the results for planning purposes. In this step the
cost functions of the individual processing units would he the abjéc«
tive funtion of a nonlinear programming problem to be minimized sub-
ject to the constraints as sct out above and an additional incquality
constraint. .The additional constraini would require that the output
be of some present level. In terms of our exanple the BOC level
would be required to be less than some given level. The usc of this
approach for planning purposes differs widely from the employment of
fit,.prechosen production functions.

The work involved in fully specifyinpg a production process is
voluminous, but the implicaticns for planning purposes moy well prove
the initial input very productive. This approach allows the consider-
ation of all available and forthcoming technology and is a break away

from the sterile curve fitting anproach.
g oal
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The ‘'criterion’ referred to here is the initial verbal explication
Shephard presents, not the properties of the mathematical criterion
he proceseds to.

The presentation here is simplified to a great extent in defercnce
to possiblie length of the paper. Expansion and detail will be
reported as ‘part of a project currently being conducted by the
authors.

This problem is not extensively treated in this paper net because
of its lack of importance, but rather becausce of the chesen divec-
tion of the paper. The consideration of proper specification of
output for an n-cutput production process will be considercd in
detail later in the current project. In this initial presentation
emphasis is centered on BOD removal, beoth because of its importance
in waste water trestment and because it provides a basis for com-
parison to previous work in the areca.

ks noted further on below, the problem way be Tormulated as o pro-
gramning problem employing diffeving sets of juputs as fixed and
maximizing output for these fixed sects using the 'non-sclected! jn-
puts as variables over which maxinization occurs.

Though porfect specification is uot attained, the approach Taid

out should serve to bound the possible orrov due to the lack of a
‘perfect specification’ rather than simply leaving the cerror to be
assumed away and the specification clowded. Maximal vaviation levels
of the aj’s clearly may be sugpested by the process under anolysis
and the influence on total cost easily obtaincd. Tn some cuscs,
however, this specification may by no means represent a tviviol task,
This npeeds to be kept in mind when making the explicit sclection of
the a;'s.

It is also possiblie that recycling may ecccur as in the woste treat-
ment process sct out below.

See [6] and [8].

Activated sludge agrvators arve generally of two types - plupg flow ol
continuous mixing. The fatter is used In the exomple presented,

The processes considered are Dimited in the present analysis for
podanticnt eosor Several other techniqiees are o dif Tevent stapeo of
technologicel develtopment and/or actnal vee, A fully peneral approach
would necd to connider theae vecoent soc! npeoniny Yoot o Thie

r . .

forms oopavt of o doveer tudy ) wi il The poeogiial bene e et paad an

anocantly exientod e thodolony
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Chep,. 5 Boglinering Poundstlons of Production Punctions

£

The development of production theory within the field of
Economics has centered arcund two classic papers - one by Cobb and
Douglas [2] first appearing in 1928 and the other by Arrow, Chenery,
Minhas, and Solow [1] appearing in 196%. These original papers
combined theoretical reguiremenis and empirical svidence to develop
functional forms. Economists have continued o present genaralizations
of these two functions with tittle development or consideration of
the underiying princinles, e.g., 03], {71, [101.

This paper detalis an alternative approach which ties the
derivation of the production function form to reaction formulas
common in chemical engineering and bia?@gy.j The basis of the
functional forms s shifted from “desirable® economic properties to
physical aspects of the process under consideration. Instead of
imposing strictures, i.e., homogeneity of degree one, perfectly competi-
tive factor markets, atc., on the representation of the process,

emphasis is ﬁ?aa&d o employing  an aggregated representation obtained

*Besearch supported by G.W.R.R. The authors are indebted to
their colleague, Professor Robert Squires, of the Chemical Engineering
Department at Purdue University. Any errors remain the responsibility
of the authors.
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from the reaction preperties of the process. The validiy, of the

P&pr@ﬁ&mtéti@n hinges on the accuracy of the reaction equations used

rather than on the validity of assumptions concerning economic con-

ditions such as cost winimization, constant returns to scale, and

perfect campeiition.

He use the following format in this initié? consideration:

I)

A review of the assumptions and procedures used in the
development of the Ccobb-Douglas, CES, and related
production functional forms emphasizing the link of the
developments of these functions to properties other
than technical process description.

A presentation of an alternative production function
derivation technique beginning with the introduction

of several well-known engineering relationships and
employing this background fo derive production
fupctional forms linked directly to physical aspects

of the production process. Several of the forms derived
corvespond to Economic functional forms often used, but
are free of the "desirable economic properties®

assumptions,

A consideration of the problems of obtaining micro-
produyction functions.

The Cabb-Douglas presentation introduces the production

function, F', of labor and capital alone and the authors select the

particular. form using the following reasoning:

1} The theory referred to {(due to J.B. Clark, Wicksteed et
al.} states that Production, Labor, and Capital are
s¢ related that 11 we muitiply both Labor and Capital
by a factor m then Production will be increased m

times, that Ts Production is a first degree homo-
geneous function of Labor and Capital. Now, P' is
taken to be such & function.
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o Elons with these properties {1} and (2} let us
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in addition, the following two provisos ave added so that certain
matheratical properties of the authors' chosen function are gasily

derived:

Let us choose tha following assumpitions and let their
Justification rest on what we de dgca from them.

A} The Physical Volume of Preduction is propor-
tional to the Volume of Producticn due to manufact-
uring alone.
B Aay departure of P from P' may be represented
by a QV@?QP i value of the coafficient of

fél A
AN that always
p o= pp /4174
where the wvalue of b is independent of L and C.

il

& general

se two assumptions arve made in accordance with
E;ﬁy to tgnore the quantitative effects
of anv for ﬁr which we have no guentitative data.
The coefficient b s thus e a catch-all for the
effects of such forces. t5h gpgy

Y

Throughout the paper the authors refer to the historical nature of

their approach and the Timitations on their analysis.
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In the ACMS paper, the CES production funciioh 1s developed
by emplaying the following:
1} an observed "good f1t" regression result;
2) an assumption that the preduction function is
nomogeraous of degree one;
3} an assumpticn that the labor and product markets
are competitive.
The regression result observed was the "good” least squares fit obtained
for the following equation:
%@Q V/L = Tog a + b Tog W
whare
¥ = value added in thousands of i, S. dollars

L= Tabor input in man-years

¥ = money wage-rate {total Taber cost divided by L in
dollers per man year) - :

Using the assumption of homogenetty [1.e. ¥/ = F (K/L,1)], the authors

rewrite the production function, ¥ = F{,L) as follows:

fix)

&
B

wherse )

y = ¥/L

K/L {¥K is capital input} .

-
>
[

The assumption that the product markets are competifive is in the
form: .

N W= f{x) - x 7' {x)

_whey&nw is the wage rate with output as numeraire. Finally, solutton

éf.a &ifferentiai equation yields the CES functional form:
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nave bDaen i L
verties as changing returns to scaie

and diminishing margine’

productivit

bean

sions and generalizations of the

¢ presented [37, {71, [10].

e allow for such economic pro-

aver the function [21, positive

ipz for certain values of the

parameters [107, and variable factor shares raj.

Our basie disagreemant with
ments of production function fovms i

caibinations of desirabls economic p

paramater vals srther,

been on the micro-lavels, the develo

has generally been on a highly aggre

this approach and viewin
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velationship representing the "maximal

L

given set of inputs,” we now proffer

method based on the general reaction

The orimitives are thus shifted from
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engineering relationships used. The

synctional forms rests on the acoura

&

ysed rather than on the prect

I ET8SS

What we present i

fFunction as & technicat relation and

oraducTion

thase formulations and develop-
s that ﬁh@y are based on varying

sroperites and assumed market
though many applications have
pent of the functional forms
gated level. Breaking from
function as a technical
al output achievable from a

an alternative derivation
ogrincipies of many processes.
the economic properties to the
validity of the final production
cy of the engineering relationships

¥ the economic properties assumed.

to the notion of a production

, 2s such, reverts back to several
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very basic notlons presented in such earlier works as Smith fg7

and Sheperd [8]. While differing from the present study in approach
anhd g@newa? concentration, Smith's monograph does introduce the
direct engineering approach and several examples in Chapters I and
¥i. In formulating the m?@du&ti@ﬁ function, ﬁ%@'prm@edﬁwa oresented

below does not vequire use of any price data nov {aformation on

market structures. Because of this 1t provides & method for direct

technical analysis rather than indivect analysis the validity of

which rests on the reliability of assumptions not tied to the technical
process 1tseif, The functional form is derived from technical relations
which may be tested for relfability vather than from assumptions

such as perfectly competitive markets which provide 1ittle hope

tor testabliity.

i

A large class of production processes can be characterized by a
system of unit reactors. The most general models which describe these
systems are based on the fundamentals of mass and energy balance around
each unit reactor. For all processes (exclusive of muclear reactions};
the steady-state mass balance relationship can be described as::

[input of material my to reactor] - Loutput of material my

from reactor] = [amount of material iy reacted].

The study of these balances is calied stolchiometry in chemical
engineering and 13 the basis for describing chemical reaction systems

If the material of concern is conserved, that is the amount
of material reacted is zero, then the mass balance around a reactor is

A




Hithoaslly

‘A%

hand 17 the materi

the material %ﬁ the res

with sesligible volumetric

ol

gapticit form of the ¥ b lance

whEre

6 = yolumetric flow entering and teaving reactor, ft /time

uction or decay occurs.

gy much be known.

wy

s d
T

¥ o= yolume of reactor, 71

seved, then the reaction rate of

chemical engineers use the more

egquation:

snbration of material iy s miles mijft

v = Figal concentration of material My moles mEI?EB

rate of material mj betwean O and x,

where

ﬂ?gﬂﬂswﬁﬁ are the reactants or products of reaction

§

P o= @?@ﬁgur;

T = Tempgratove

purposes the impliclt
g 4 o " v EE e ,&C{*»n.y,,»g “
following expiicit form
- X Fesow au‘iﬁ& N
i\:::%{j ) ?»}g £ g«f%" & f"}‘ E‘w"\E gx«ﬁz}: &% ME»;?

?uﬂrﬁﬁuﬁ ye often takes the

tized Cobb-Douglas. K{P,T)

On the other

For a continuous reactor,
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in {3) i commoniy referved to as the "rate constant® though, in

fact, 1t s a function of temperature and pressure.

The description of any particular unit reactor usually con-
sists of 2 system of differential equations which can be solved for
the concentrations of the various materials. There s a Tong history
of these types of wodels in chemical engineering. Consider a chemical

reaction of the form:

ki {T,P}
kz {T.P)
iy Ty = Mg

wherse k@ (7.7} and kg (T.P) are the rate constants associated with the

two reactions. One standard Vinear model of this system is as follows:

Fpo= kg by mky Gy

Fg =k G

Py = k? C? kg C3 .
rg kg ﬁg

where the éymbm%& are as defined earlier.

With the above brief background in mind and employing the
fundamental of mass balance with the kinetics used in practice by
chemical engineers, we can derive production functional forms which

are comperable to those commonly used by economists but which reguire
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vary stringent technical vestrictions to fall in such commonly used
classes of functions as Lobb-Douglas or CES.
For 1Tlustrative purposes consider a reactor which is pro-

ducing material My 2t @ rate which 15 a function of the concentration

af My and the concentration of a second materfa?g M.
Assuming the rate equation to be:

(4} ' Gy @
d = " ? 2
T

Using the differential form and integrating the resulting differential

eguation over the reactor Tength, the following equation results:

(5) e ey g0
| Gy = {é“ fll-oy) Cpp * Ciy } !

If t, = ¥/0, temperature and pressure fixed, then equation (5) 1s a
variabie elasticity of substitution production function where GZG'
and Cms the initial cencentration of my and M,s are the inputs and

ﬁgg the final concentration of iy 5 is the output of the production

process. The elasticity of substitutianB is:
o Ty €2
o o= C-"l 1K G V2
) @2‘

{1m@2}61 L ayey Ky Ty Co
The condition for the form to be CES is
{7) ?waz = o
wéimh implies

1
v ?"’*@E
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The production functional form in {B) is derived from a
differential equation which i dependent strictly on the underlying
engineering restrictions and has nothing to do with the market
behavior or conditions on economies of scale. This 1s in direct
contrast to the derivations of the Cobb-Douglas and CES forms
which make direct use of such vestrictions for their derivation.

it is of interest 1o note that the functional form derived
in {2) describes one of the most simplistic production processes-
& single reactor and two inputs. However, the production func-
tional form obtained has the property of variable elasticity of
substitution which 1s comparablie to the more complex of the
economic production fungtional forms generally employed.

if the temperature or pressure were considered as inputs,
or a sequence of reactions such as
m,, o MRMQWAQQKL Ml
vere assumed, then the appropriate functional form becomes more

compiex. For example, if three materials were assumed to react

sequentially in a continuous reactor where
{8} @e Oy .
\ T il N ,
S kici C€+§ i=1,2
and the concentration of my is the output of interest, then
assuming an inftfal concentration of My of CBO’ the

appropriate functional form is
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(9)

S o g
%ﬁzi% mw%ﬁiﬁzimﬁﬁé%é+

where A! and Az are constants and the other symbols are as

(eay)yay/ (1-0,) (1-07)| M/ (T
C +{; :
20 } 10 f
§ .
used gavlier,
Another complication in developing the appropriate

functional form can arise when the process occurs fn a series

of reactors with inputs entering intermediate reactors. Far

example, consider two continuous Flow reactors of the type con-

sidered above with two reacting materials. This system s out-

Hned in figure 1,

Figure 1: Two Reacinr Svsten with Intermediate Inputs

Byp 0F Cp e

gy of L5y

The production function for material my in the first unit 1s:
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T2 1s0.., m {m = number of materfalis)

Voowus 01 {0 = number of raactors )

[
2

 where, A] = ké vﬁ (ima}}g Qij is the volumetric flow of material
i into reactor j, Qij is the concentration of material 1 entering
reactor J, and v§ is the volume of reactor ias

Note that if the volumetric f?ows~are assumed to be

fixed that (10) can be rewritten as:

an 1 9% (o)
TR L A ]”E‘”‘“u-a;
where
[4:1
) 2
By = Ay Oy
Ti
(10,,)
T-q
]
=/
)
j it

The production form n {11} is also a variable elasticity form.
The production function for the combined system ig

(12) 1-a,




g by subseie

Ry
{13} ~
2 Yo %
b1 =1 AalE0040540 © 1A (C500,)
1 ;} - qg,,.“f! &2.§,1
. e g
R L5 Uy
wﬁi i3 . 1 4
Again, 1¢ the volumetric flows are fixed (13} can be rewritten §
{14}
§§
T-

1
2 Vo % M‘i? Toar 1-oy
Gy = {‘;f “aitzl w Eﬁ'ﬁﬁm + 920y Todg + 90y,

where the ®$ are appropriately defined.
Another system which can be modeied using the prescribed
procaedure is river water quality. A fairly simplistic, but often

emplioyed, bi-dimensional output model has the form

A
= k¥ﬁwk2ﬂ
where
‘B o= Bfmahemica] oxygen demand
k O = Dissolved ozygen deficit
and

kg = @emxygeﬂatipn rate coefficient
kz = Reaeration coefficient
The solution of this model s-

kot
(16}  3=p0 7
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Koy
A unit reactor s assumed to be a section of the river of some
given Tength over which the volumetric flow is fixed. If temper-
ature and pressure are also assumed to be fixed then the production

process can be represented by

HRERNER

‘where 63 ,52 and 53 are appropriately defined.

(17)

A more realistic and complex model of water quality which

includes temperature as a variable has recently been solved by

Pingry and Whinston in [6]. This model has the form
o= kgT
o = mkEB
Fp = kﬁﬁwkzﬁ
Ky = REZG B}TAvEG
ky = kzz ZTA 20
'TA =T+ T
where

T o= TA - T = Deviation of actual temperature (T ) from
equilibrium tempera ture (T ).

k%g'm rate constant at 20°C
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« Biochemical owygen demand
D = Dissolved oxygen deficit

8y 8, = parameters of the rate function.
I .

The type of analysis considered above can be directly applied
to chemical and biochemical processing plants such as oil refineries
and wastewater treatment plants. But the discussion above is by no
means Timited simply to processes of this type. A large number of
processes fall directly into easy representation by a series of reactors,
while a further set of processes are representable to varying degrees by
functicnal forms derived as outlined above. For QXampie, an assembly
plant could be characterized by a series of assembiy units ("reactors®)
and the process could be described in terms of a rate eqguation, If a
rate model is appropriate for a basic unit of the production process
it might be interpreted as:

(18}  dy _ .
d_{q s f{xlg ngnooyxn)

where the xﬁ‘g represent inputs such as electricity and varying forms
of labor,

The analysis above also provides a framework for examining the
short run vé. the Tong run. Long run variables are relatively easy
to isolate in this framework where the analysis is directly technically
Iinked. For example, in chemical processing, unit reactor volumes would

appear as long run variables since 1t is difficult to alter these

variables in any short period of time once a plant 1s constructed. In
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this case, Tong run analysis would treat the reactor sizes as var%ab?esng
181

The previous section of this paper has presented a case for
the development of production function forms based on the underiying
engineering principles. The question arises, however, regarding the
feasibility of the suggested procedure for a particular production
process. Many production processes consist of an assortment of reactors
each of which contains a reaction which can be described by a large
system of simultaneous non~Tinear differential equations. The process
could thgn be further compiicated by a number of recycle loops. A
wastewater treatment plant is fypical for such a system. Figure 2 is
an i1lustration of a model for a wastewater plant used by Marsden, Pingry
and Whinston [5]. |

Figure 2: Wastewater Treatment Plant

L E
5

Activated Sludge Trickling Filter
' Unit 991 i Unit

31 %3

g's = Wastewater flows §'s = SlTudge flows.




o

- ghrm

PR

el of many chemical plants, may prove to
cuppose this is the case ip attempting
to solve a system for an expliclt production functional form. What
functional form would one use for estimation? The avaitable functions
are the traditional forme used by economists and forms constructed hy
assuming & simplification of the complex system and using the procedure
described in section (1. In both of these cases the parameters of the
system have no physicai interpretation. In fact there is no thearetical
reason to believe that any one of these forms would be more appropriate
than any sther. The problem is now strictly an empirical question

with the traditional gconomic forms and the forms devived from the

mass balance conditions having neither more nor Tess meaning than a

polynomial of some order,
since many systems are difficult to solve it is of interest

to isolate some of the systems which are relatively easy to solve.

The class of Tinear systems meet this criteria, These systems have

the following fmportant praperty .,

Superposition

If Cy and €., are vittputs of the system associated with
] 2

inputs E?@ and C?@ then Cg + 62 is the output associated

with the fnput ﬁ? + ﬁg,

This property allows a complicated solution for the equations to he

bullt up as a Tinear sum of stmpler solutions. This property s found



in the water guality mode’ @h@ﬁ@ﬁ The order eqﬁatfnm model does not
have this pv&@érty and, therefore, describes a nonlinear system.

Sineca the Tinear systems have the property of superposition
znd are thersfore, sasy Lo solve, 1t 1s possible in this case to write
& production function for a complex production process. The parameters
of these compliex Tinear systems will have specific fmterwr@tatimns as
functions of the vate pavameters of the individual reactions asscciated
f ﬁ%tﬁ each reactor. |

Blthough the 1inear systems may seem overly restrictive, in
fact thers are a lavge number of systems which can be described using
these Tinear systems. A large number of processes from electrical
enginsering, chemical sngineering and b%@?égy can he adequately described
using %ié@ar systems, an excelient example of which is the water
quality model in section II.

On the other hand thﬁwé are a number of systems which are non-
Tinear which can be expticitly solved for a production functional form.
These forms do not have the oroperty of superposition. However, if
the reactors are located in & cascade and the solutions of each reactor
_can be found, then simple substitution, using mass balance around the
reactors, will yield the apprmpr{ate production function. Equation {(9)
{5 an i%iustfatiaﬂ of a production functional form derived from this
sort of procedure. ‘

" The problem with the use of the traditional functiénai forms is -

that the parameters have no shysical interpretation and no foundations in
commonly accepted scientific principles. Therefore the use of thése

functional forms, especially for prediction or planning 1s very risky.




The situetion iz not &l y driving functional forms from mass
balance conditions and rvate equations which are not appropriate for
the system. In fact, one wight argue in this case for the use of

the econumic based equations since they do have certain interesting
economic properties with respsct to elasticity of substitution and
saa?ﬁe Whenever feasible, however, we arque for the derivation of the

explicit production functional form as the preferable method since it

provides a basis for important divect technical analysis.
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i s 8 cetailed analysis of production
s 1 several descriptions and analysis
16 sseribing engineering processes and

‘ embadded” problem of optimal capital replacement
potfcy. The analysis presented in this paper has some similar
seginnings Lo Smith's work, but differs in depth, scope, and
emphasis. Unlike Smith's work market conditions do not enter the
sroduction funciion analysis. AL the end of Section II of this
paper several areas of recently developed interest are pointed out
where the current epproach is directly applicable.

and inve

2?&@ exponents of 3/4 and 1/4 in “ngﬁﬁi/ﬁ" stem from the
expticit example used in the Cobb-Douglas paper. The statements made
by the authors, howsver, ave of general form and there would seem
te be no confusion iF "o were read for "3/4" and "1-¢® for 174",
The orfginal form is used here only because of the direct quote.

.Eﬁmgﬁgyiﬂg the definition of elasticity of substitution
as found in R.G.0. Allen's Mathematical Analysis for Eeonomists
{(Mackillan, 1966}, p. 504:

@:Eﬁg i Xﬂ;fgvg + Xzﬁz LR & Xﬂfn a F?"S

xyxg

{r.s=1,2,...n)
2 B & o ‘i':
4]
v T T fin
2 Fip Topeee fy

wh&re Fo= { fj ¥

@

g ﬂﬁ f&f“ %n

m :%«i;m o ?,ngwf T o .
ff axi s ffa axﬁ N s Frs is the cofactor of frg inF, and f

is the production function.

@Nete that VéfEQ 1s the holding time of reactor 1.
3

5?%@ distinction between long and short run formulations is
considered in more detail in [5]. The division of variables is
somewhat arbitrary depending on the particular problem under
consideration,




10.

REFERENCES

Frvow, ¥. J., H. B, Chepery, 8. 5. Minhas and R. M. Sclow, "Capital-
Labor Substitution and iﬁﬁﬁﬁm% Efficiency," The Review of Economics
and Statistics, Yol. 473, No. 3, Bugust 1961.

Cobb, C. W. and P. H, Douglas, "A Theory of Production,” dmerioan
Bognomic Feview, Voi. 17, Ne. 1, Suppliement, March 1928,

L&% Yoo-chi and Lehman B, Fletcher, "Generalization of the CES

Production Function,” Review of Economics and Statmsftcay Yol. 50,
Mo. 4, 19£8,

Marschak, Jacob “Economic Measurements for Policy and Predict
Studies in Econometric Mathods,. edr. William ©. Hood and
Tialling €. Kooomans, Mew York, 1953.

£

Mersden, J. R., D,
Theory and the O
Bocmomive, For

. Pingry and A. Whinston, "Production Function
L Besign of Waste Treatment Plants," Adpplied

Plagry, 0. £. and A, Whinston, "A Regional Model for Water Quality
Control," Unpublished, Mimeograph, Purdue University.

Sato, Ryuze and Rona'd F. Hoffman, "Production Functions with Variable
Elasticlty of Factors Substitutions: Some Analysis and Testing,”
Review of Foonomics ond Statietics, Vol. 50, No. 4, 1968,

Shepard, Ronald W.. Theory of Cost and Production, Princeton
University Press, 1970,

Smith, Vernon L., Investment ond Production, Harvard University

Press: Cambridge, Mass., 1961,

Tsang, Herbert and Patrick Yeung, "The CES-VES Family of Production
Functions: Further Generalization and Empirical Analysis,”

presented at 46th Arnual Meeting of the Western Economic Association,
Yancouver, British Columbia, Canada, August 1971.




- {)90-‘-

Chap. 6 Process Analysis: A Comment

Several recendt artlcles hsve considered aliernative technigues in charac-
terizirg productlon processes. Smith, Miller, and Golladsy centered their
attencion to production of medical services while Griffin applied his techni-
gues to the petroleum industry. Fach of these papers, as noted by the authors,
ig concerned with shord-run analysis cherscterizing currently exisbting and cur-
ently employed production processes. The purpose of this nobte is twofold - 1)
critinelly review Griffin's process analysis, and 2) suggest o generalized
production theory alternative which overcomes several problems inherent in
Griffin's process analysis. It is shown that Griffin’s process analysis, while
possibly having some computational adventeges, suffers from many of the same
A3 rficulbies which generate criticlsm Tor standard statistical fitting.

The generalized production thecry alibernative is based directly on engineering
relationships and is designed Lo be capable of dealing with long-run planning
problems, Further, as a special case, it is shown that properly placing
regtrictions on the opﬁimizéﬁi@n problem in this latter approsch yilelds

short run results similar to Griffin's though not restricted by the assumptions
of & linear programming framework. After a few short coamments on data from
existing plants and on standard statistical fitting techniques, section I 1s
devoted to & critical consideration of several of Griffin's claims for process

analysis. Section IX skebches & generalized production theory épproach.
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I
in order Lo compare the effectiveness of production function generating
technigques one must have ap iden of the type of datas which g available,
Observations on existing plants ere likely to have one or wore of the fole
Iewing characteristicg:
1} The observations will be closely grouped and only represent a single

or few aliernative technologies, ¢

o
]
e

The firms will be msiﬁgQ% non-~production frontié%ﬁtechnology'because
of aﬁdiﬁians or a&t&ra&imﬁs to exis%ing pl&ntsnim response Lo rela-
tive price changes or because the firms are not profit meximizers.

3;”T§e firms will be using & production-frontier technology but will be
Rm«f”"aperating in the short-run off the fronbier.

A, Bhatisticel Technigue

Given the date restrictions, the best we can hope for this technique is
good historical descripbion. There are no short run operational rules implied
by & pariicular fitted Tmoetionsl form end there is no resson ko expect that
the Titted funetionsl form will correspond o the production frontier. There
is no solid basiz for plamaing decisions nor can questions on such subjects
as returns to scale or convexifty of the production process be adequately
handled. Even if the chgerved Firms wepe operating on the frontier the data
would likely be very localized and extrapolstion of any functional form would
be extremely risky.

B. Process Analysis

Griffins recent article proposed an alternative approach to statistical
cost functions. It is the authors® contention that Griffin's process analysis

and the statistical cost funciion approsch have basically the same disadvantoges.
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1 "his paper demonstroles the potential of the process amalysis approach

for deriving the shorb-run properiizs of cost curves... In both cases
{single and joint product) the resulis here substantiate the classical
sgsumptions #bout short run cost functions, i.e., that marginal costs
slope upwerd and sversge costs sre U-shaped.” (p. 5%, emphasis ours).
2} Y., .chenges in costs can b lipked directly with the limited capacity
of the process upits and the substitution between the various processes
{p. 51).
3) "...the complete range of the cost curve can be investigated rather
than a limited renge of actual observations.” {p. 51)
Ly ",..the effect of technological change as reflected in new processes
apd product mixes con be explicitly bullt into the cost function.,™
(po 51)
We take these claims in order:
L. Tt sppears from these statements thet Griffin views his petreleum industry
example 85 & test of the classical cost function assumptions. The fact
ig& that driffin obitains an inecressing marginel cost curve zz a direct
implication of the convexity of the linear programming - activity asnslysis
model {as he notes on page 50). This is no different then assuming & Cobb-
Douglas functional form for statistical estimation and then claiming an
ewpirical result that substantiates the classical assumptions sbout the
homogenalty of_pro&uctimn functions. If one is to test the hypothesis that
the cost curves are shaped in the classical manner at the very least there
should be & criteria to accept or reject the hypothesis. The question of con-

- T =
vexiby of the production process cannot bélggg;th:%ith in Griffin's frame-~

work since he allows no possible albternatives. Griffin’s upward sloping
&
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margipel cost curves do oot laply convexity - they are an implication of his

fgue.,

ropediires the use of bechnigues such as

those set oub in AD

and Hanooh and RHothschild for empirical nro-
ducthion data. For the genersal production problem the bechnique suggested
in Marsden, Pingry, snd Whinston ls an sppropriste cone,

The merginal cost curve ifmplied by the linesr programming-activity snalysis
model iz a step-function [ss noded by Griffin in footnobe 10, p. 49} rather
than & positively sloping sonbinuous curve. The Inverted-I shaped curve as
discussed by CGriffin is simply & special case where only ocufput. The appro-
prlate procedure for obbaining the marginal cost curve would be to use para-
metric programming and geneprate the step-function cover the feasible cutput
range. Griffin, howewer, insists on connecting the points he generated with

gtraight lines to further enhance his claim that his paper is a test of the

plassical cost Punchtion chereckeristics. His procedure eliminates the information

which he claims the process analysis approsch provides - the relation between
the increasing marginal cost and the limited capacities. One could view
griffints procedure ez a firsi-opder approximetions of a convex nonlinear tech-
nology. However, this does nob eliminate the convexity assumption and its

jmplication of an upward sloping warginal cost curve implicit in his approach

Griffints claim that the enbire range of the cost function cen be investi-
gated is conpditicnal on one’s accephbance of the activity analysis formulation
as & pon-local representation. Activity snalysis can be viewed as 8 first-
order approximation of & set of non-linear production processes. The

aiﬁ*a in this model do not have en engineering interpretation, bub are simply
the coefficients of the linear represcrtation of the process. Since this

is the case, then one would not expect the activity enalysis formulation
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G be valid for levels of oubpul some disbance away from ohserved

wElues .,

i
[:3

The claim of the possiblilty of incorporating new technological processes
into the cost function depends on being able to represent these new processes
with ackivity spalysis. Since Lhe ﬁﬁ

Ticients but simply estimated coefficients obbained for a "reprasentative

J?s are not direct engineering coef-

plant,” incorporating new technology is not possible unless & model of
the system ewisis. I this is the case, why not use all of the information

available instead of & Tirst-order approximation?

The only apparent advantage of Griffin's process analysis s 8 set of
short fﬁﬁ operation rules for restricted oubput levels., The technigue is not
dlrectly epplicable Lo planning problems . nor can it be used to deal directly
with guestions relating to returns o scale or convexity of the production pro-
cess. Further, it may even be true that fittiﬁg & non-linear statistical cost
fumetion will yield & more acceurate estimation of cost than tﬁe linear activity
anglysis, although the former does ol imply short run operation rules.

Ir.

A an alternative, consider some L-stage production process, ¥, acting on
an m x L inpub veckor, I, yielding an n x 1 output vector, 0. K is thus a
'”ﬂépping from I to 0 is fﬁlly.&g%érmiped,l It should be noted that the speci-
fication here is not am empirical or é timat%d relationship, but rather a
‘bypothetical engineering specification, It is not limited to currently employed
processes and is restriched onlylby engineering feasibility. Complete specifi-
cation of the process allows s selection of alternatives based on optimization

criterie rather than a selection limited to some set of historically employed
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rocess, & production frontier composed
of maximal output levels obtaineble from differing combinations of inputs is
deriveable., Each point, Oﬁﬁ in this production frontier is associated with a
particulsr bechaclogy which osn be definsd in terms of process segquencing or

types of processes smploved.

=P

Mathematical approximation of the production frontier yields a production
funetion for the process. No ifeforpmeiion is available from the production
function that is not avellable directly frﬂm full specification of the process
gystem.  The production function is introduced for the purpose of compacting

the systenm through the elimination of nonoptimal alterpatives and allowing a

simplified Lol for plaming purposes. The production function is treated

e

E ey

nere a8 2 conmvendent Iubes »in the determination of a genersl "least
total cost® oubtpult reletionship.

Kow consider s division of the input varigbles into two groups - & division
that may be sccomplished bssed upon ssveral criteria. For the purpose of this

A s N 5 5, FE S ol 9t 2 T i 3 2

siposition, we simply bese the division on "long-run” vs, "short-run” variables.
Once the divisicn is completed, the optimization problems may be formulated as
& two-stage nonlinear progremming problem. The non-linear problem can be solved

using & nop-linesr algorithm such as the one described in Graves, Pipgry and

Whinston \>
\

More formally, using I, %o dencte “long-run" inputs, a, "short-run” inputs,

we specify the problem as

5
1,8 i,a

MAX £ (Ilﬁ Tps 2oes I?S By Bpy exey 8 ) = MAX f(i,a)

8,7, ¢ ¢
B g A

e
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where o yepresents Inpub coste, © 2 possible cost copstraint, and A and (3 pos-

s oonstraints on the input seds & spd T respectively. The function £(1,8)
iy based on engineering relationships, and implicit here are constraints such

as mass-balance, steady-state balance, and engineering restrictionsnﬁ’u

Yiewlng the poblem in & two-stage fromework yields the following form:

—

fiax (1,00} )
&, -

e

ﬁ&gf"
i ‘h““uhn_ﬁmwwm;_,,wﬂz
8.7, c ¢
& e &

Xﬁfs}@
The inner masimizalion problem will yield a function of the form £(I) ensbling
the problem Yo be re-written as:

(o@D

e
M

g
A

B0, ¢ € ¢

ITef

Imformally, & reciprocal of the two-shtage problem is:

M {gxm @(15a)}
8 g
I

8.0, £(I,a) 20
g A

Ie(l

Where O is some bound on ouwbput, and constraints such as those noted above (e.g.,

material-balance, steady-state balance, engineering restrictions) are agsin
implicit in the formulation. The inner minimization problem in this formula-
tion iz & more general formulation of Griffin's process analysis bub overcomes
several of the disadvantages of that technidue.

The nop-convex opbimizetion technigue has the following advanbages:
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e therofore does not necesserily imply the

sost curve;

be related to chenges in technologies and
capacivies of various process elements;

5. is based on engineering rve

iomships and cén be extended over the full
range of cost curve;

L. allows for the inelusion of new technologies using englneering relation-
ships:

5. vrovides sn inner-optimization problem which is appropriate for deriving
short run operation rules which are independent of the vealidity of any
canverxity sssumphion.

The techwigue selesated by an individ 1 rEoParch @ppenda on the problem

faced. The stabistical mOrs a aﬁri&te for a historical descrip-
whon.  The process analysis epproach ié.& short-run, first-order appreximation
which yields tentative short-run operation rules for convex technologies. This
techuidque may prove & useful gl inexpensive method to provide better short-run
erafilon rules for specific plents., Application of the generalized productl on
theory approach is more complex and hepce more costly then the others. Dub it

is the only technique broadly spplicable to planning problems and to & detailed

ghort-run analysis.
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Footnoles

agree of randomness Sn & production process mey preclude completbe (exact)
specification~i.e., certain rondom variables (such as growth rates of
micro-organisms as discussed in Marsden, Pingry and Whinston) may be pre-

sent and reguire sdjustments in studying the process.

This division of input wariables is used here for purposes of comparison
with Griffin's approsch. Mamy aliernatives are availeble, A detailed
example of the applicetion of generalized production theory is presented
by the authors in Marsden, Pingry and Whinston where divison of the input
wariables is based om variabllity of total cost with respect to each inputs
utitization.

For & detailed example which explicitly comsiders such consiraints, see
Marsden, Pingry and Whlnston.

The approach cutlined here 1s applicable to multi-product cases using
vector representations. This problem is lergely ignored here becsuse of

the chosen direction of this noke,
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Chap. 7 Mess Belance and Economic Models

Mess Belanes and Bronomic Models

Ia thrcdueti@n

Several recent articles in production theory, plemning models and
envirornmentel economics heve focused attention on the {importance of
understanding the physicsl relationships, and in particular on mess
balance, (See Ayres [ 17, Ayres end Kneese [ 2], Noll and Trijonis [ 47,
Mersden, Pingry and Whinston [ 67). The basic position of thesc papers
appears to be that in order to predict the effects of s particular policy
we must know the uwnderlying mags belance conditions.

In this paper we dlacuss mase balence in more general terms as o
procedure to consbruct models in all diselplines, including economics.
Section X willl ewemine thls more g#n&ralizad approach to mass balance.
The following sections will present exsmples from these disciplines.

The relation %@ﬁwéem the generslized mass balance approbch and two tra-
ditional problem forms will be presented in Section IV followed by a

discussion of the implications in Section V.

“IIWI General Masa Balsncs

~

Mase balence 1s in the 1imit not a gophisticated sclentific theory

but zimply o mathod of sccounting. For example, the models of leontelf
[ 57 and Ayres end Kneese [ 2] simply account for ell the flows belween
sectors of an economic unit during & certain period of time. Tn these

linear, steady state models it is assumed thet the economy consists of

g series of,géctﬁrs which 1f given & unit of inpul convert it into out-
put at some predetermined proporticn. The proportions are estimated

-

From obgerved seb of

imputs end oubpuis. That is, the resction trana-
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formetion in the sector is sssumed to be linear end the parameters are
eatinated by examination of s particular set or sets of accounts. There
are two problems of interest. One is the simple accounting fTor the
materials which enter and lesve the reactor and the other is the model
of the reaction rate, productlion ceefficient or transformation function.
In genersl, the mass balance equation for material m, arcund any unit
reactor, using the terminology of chemicel engineering, will be of the

form of eguation (1).
bm, = mlczmyumy - ml(OUTPUT} + ml(SGURCE} - nﬁ§SINK) {1}

Equation {1) is a teutclogy. The relation in equation (1) is of no p@r»
ticular interest to the theorist. It holds for any resctor; such aag a
closed economy. & Firm, & chemical reactor or & river segment. The
interesting aspect of this equation, and the key %o the predictive power
of & model, iz the specification of the sources and sinks of the material
in the reactor of interest. Since conceptually the sources and sinks
for material my can be a dynamic nonlinear function of the levels of
the other materials the model can be extremely complex.
.At this stege of penerality the model explains everything and,
therefore, nothing. The interesting gquestions are:
1} TIs there m set of systems which are applicable to all
disciplines or are disciplines characterized by cer-
tain resctor types?
2) Under what conditi@ns do tradition&l.msdgling techniques
" correspond to the generalized mass balance approach?
The geperality of the mass balance approuch to modeling can be

‘jifustrated by examining three examples. The first two examples will
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v snd ssnitary englneering respectively,

srl the last o

» sresrtn theory, an ares in cconomics
not wsually associated with mass balance models.

The first exsmple tsken from Marsden, Pingry and Whinston (67 18
& chemical reactor of loogith Ax and cross sectionsl sres A. The reactor

is assumed to be wroducing saterial mﬁ « The rate st which ml is peing

o

produced is o function of the concendration of m, and some other mote-

rial Ty o The mess belonce condiflions around the reactor ars stated in

equations (2) and (3}, '
Tovpnrt Onshput
i w 0, C AL - R RIS e
VACy Q}_clf\i; Qf gy v AN JAT 4 K385 €y VAs (2}
Lrvemak rrbpat
e T = e
VAC, = A0t ~ @ ¢ + 22 :
4Gy = QAT - Q[ €y + 5 6% )4 (3

The notation ig defined s follows:

C, = Concentration of waterial #1 {L-_giigﬁ)

1
C,, = Concentration of materisl #2 tags
2 . Volume
= ‘" st a{j:w;ww\
KﬁL Habe Congtant ”.E’:iw“z)

Vol

- Flow entering and Jesving reasctor r “Fime

&
§

U = Velocity of Flow }t’;;%éh\ U = Q/A

v

I

Volume of Reactor (Volume} V = Aax

% Iength (Length}

I

Bquations (2} and {3} can be transformed Into equations (M) and ()

by multiplying by VAt and letiing the A terma go to zaro.
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A

aC o o
) 1 2
.:ﬁ;s‘“ W ”ﬁ— k3 K:E.C}_ 1C2 (I‘!’}
o, oy
Ewg‘% - Ugg; (5}

%Cl oC,

If we assune the steady state (%Qggy T = P = Q) and the initisl con-

ditions of C,=CadcC, = Cog 86 x = 0, then we can solve (k) and (5

Tor 61 gnd 020

&

L 1/(1~
= [%‘f (1-e4) Cpp + C (1“‘3’1):] /(1-a)

3
H

10 (6)

Co = Cpy (7)

Wote that function (6) is of CES form, assuming that l"@§ = g, and ia
derived from engineering assumpbions.

The second exnmple comes from biology. Assume that we want to pre-
dict the divergence of the dissolved oxygen concentration from the oxy-
gen saturations level increasing as & function of the demand for the
oxygen caused by the injection of unoxidized waste. This problem cen
élsb be\pl&aed in & mass balance framework. The reactor of interest ig
& river segment of width Ax and croes sectional ares A. The mess balance

conditions are

i

vgﬂ QDAL - Q(b + §§_A£7 AL+ (Klﬁ - KED)VAt (8)

VAR

QBat - o B + % ax\)zst - K, BVat )




Wherae
B
B om @} v’gﬁ‘«f = hg

The solution to this nodel assuming sgain the steady stete and the

inttisl conditions of Tt w iﬁﬂ and B om B{} at x = O is
~K,x/u
. © "E +De 2 (10)

(11}

The third exsmple medel iz the growth model premented by Solow [ 8 7.

The model was originelly presented in the form

2]
#

& k k’gi; e}

Fo nh
f s 1@
L]

=it
i

_f‘. The model cmxld ve forpuleted in mass balance terms assuming the resctor
j .
is & closed economy of lengbh calendsr bime Ax.

The mass balence conditions around the reactor for capltal and

labor are:
Tnpud (}u’if";mt aﬁOWCE Sink
VAK = th - Qx + 5 AxIAL + fw(x I)V/\t - VAL {12}
ln‘@ut Oubpnat Source
P Y M

VAL = th - QL + mfﬁ AxIAL + nl (13)
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Where
K = Capital
L = Labor ‘{\w Jr
8 = Marginal propepty to save
g = Depreciation rate

Assuming the steady stabte, the initis) condibions of K = Ko and 1, = L

bt ® = 0, and a Cobb-Douglas production function of The Torm Y = gﬁail @

the solution for X spd I yields

K s f;é%wiéf; [ {1- a@nxfﬂ (wul}¢xf&ﬁ K {1-o) (m~1)mxfu}lj1 « (1h)

Toowm T, emx/U
o

{25}
Since the velocity is the time 1t takes to travel one calendar time unit
it i= egual t@ ONe
Ahe

The singarﬁtxem of the fmrmulﬂtinn three models are striking and
cen be seen by examining Table 1. Table L ig constructed by writing the

gources and sinks of the models in the notation of the first example .

f Teble 1: Model Reaction Forms

Model Mabterial Form
. %
Chemical c, K0, s )
Reactbor C2 4
River D o= Cl Kﬁcﬁ - chl
Guality B = 62 MKQCE
) o Loy
_ Economic B om Ci Kgfj}_ 62 . K3cl
I 1, =
. Growbh ?L Lz | KQGQ
i i




w oof the disciolines couid essily be

inberpreted in terms e obher two. For exsmple, let €, and C, be

i
the capital stock and Iabor supply and interpret the reactor as n cloned

economy. Model #1 con be inberpreted as an economy with o generalized
Cobb-Douglas production, congtant lsbor force and no capital deprecin-
tlen. Model #2 is en sconomy with the production of eapital Linear in
Tabor, s deprecistion of capltel at the rate Ki
&t rate Kﬁy or 1f K2 « O ag an inoreasing labor foree, :
Ay 1s {llustrated above the medels in Lthree different areas ss
formulated under The mass balance appresch sre very mich the same. One

can &iso think of & large onumber of models from other areas of atudy

Tag

which wo

inventory models from business

management end lesrning wmedels Drom educational psychology. In fact,
ane can coneeive of models from a1l areas of study being constructed
arcund s parbicular reactor or set of reactors. These modals may be

aon-gieady stete, linear or nonlinenr.

gstatic, dynumic, steandy
Models of any of thess characteristics could be written in general mass

balance form.

S

I1Y. Generaslized Mass Balance and Two Traditionsl Problems

A) Mass Balance and Opbimization.

In the previgus sections we hove sean how problems from three
diverse eress can be approsched as mess balance problems. One type of
general problem is consplcuously wmisaing from the example. Optimization
modetls or mathemstical progravming models are very important in the

current LTiterature of wnoat disciplinss. 18 the mess balance appronch

K

vemshratnt with b

Loondicde wr

and labor supply decressing




L6

The determination of the reactor of interest for a particular
discipline or problem ares will place bounds or conshraints on the
r@s&&rch@r; The specification of the resctor determines the constraint
pet. Ususlly, however, the research will not simply have the goal of
modeling & particular reactor, but of providing some informstion for
polley meking about the trade-offs involved in vroducing some oubput
or regbricting some input. That is, sowe criterion function is defined
over the gutpubs, inputs or both. The reactor model is slmply the con-
gtraint set for this criterion funchion

Conglder the exmmwples given above  For the chemicnl resctor one g
not likely %o be interested in the remctor iteel!l but in gome criterion
such as maximizing net bheneflit where benefit iz defined over the output and
iosses are s function of the impute.  The water qu&lity motdel can be usad
o determine the least damsging effluent discharge petierns. The prowth
model could be used to pick an opbimum growth path according to the
collectlve preferences of the menbers of the econamic reasctor.

B} Mass Belance and Agprogation

One perticulor ares of interest in cconomics hes been the aggre-
gabion problem. (See %q M. Fisher [37.) For example, under what con-
ditions can sggregate production function be used to represent an econongy ?
This agpregetion problem is simply stated iﬁ the reacltor approach aa, under
what conditions can a set of reactors be represented by s smaller set of
reactors. For exsmple, the models presented in W. Fisher [47] are
exactly along this Lline They try to examine the condition under which
‘the costs of aggregation are minimized. Or in other words, given input
and output accounts from a lasrge number of reactors, what lg the optimal

cmumber of reactors which can be used Lo represent this large smount of



detalled dete., ¥ erly clear in the Lngat ~output models

which are linesy.sisedy-state reactors. The puwrpose of aggregation in
B )

this context lepresentsd in W. FPigher T4, is to combine industries

into single clessifications withoub Llosing information, 1% might be of

interest o srxsmine Lhe

ieal unit reasctors and theis sequencing for

the industries w AMﬁQQMM£mﬁ@wwMWL>(Memmm;ﬂmiumyamwa

the same generel mess belsnce form,

V. Implicabions for Future Resesrch

The iscmorpbic peiure of all discipline wndey the mase bvalance

approach lemis one 4o soe fascinabing implications. Under the current

spproach sach & e lbs own resctor models, many of which over.
lap as illustrated, Hewewer, 17 these models are isomorphic under the
mess balance formilabion one would expect to easily'ad;ﬁt these models
across diselplines . ‘hie lesds ore to further speculate thet a computer

lengueps (MASBALY could be weitten to store these models in mass balance

form to be adopted by the individual resesrch to his particular reactor.
The critical point is thet although the particular models may not be
isomorphie in their specific form, they are isomorphic in the more
general mmss balence Cremework., TInformation could be resd in concerning
the reector and observed impubs aund outpubs. Specific reactor models
of varying complexity ecould then be generated by MASBAL appropriate to
the input and oubput data availsble. Informetion concerning the iden-
tification of the mass balance models could also be stored. If the
model is over identified, additionel restrictions could be suggested.

A flow disgram of the goneralized mags balonce lenguags 1o 1ilus-

trated in F
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Flgure 1: Flow Chart of MASBAL
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s owould be numerous,

. Disciplines could be clesrly defined based on the

specification of their resctor.

2. Models could easily be adopted across disciplines

since thelr forms would be easily compsred.

3.  Interdigcipiinery work would require learning only
the wew rosctors and ned the new modely allowing ocnsy
flow by researchers smong aveas {i.e., rcactora).

L. An eres of model building and testing could be well

defined so that certoin individunls would concentrate

“om avgpenting the model bank with models of "nice”

properbies,
5. Studylng & particular discipline could be clearly divided
" between the study of MASBAL snd defining the appropriste
resctore of inbsyest,
The berelit from the construction of such a system would appear

to be very grest
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