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On momentum conservation and thermionic emission cooling

Raseong Kim,? Changwook Jeong, and Mark S. Lundstrom
Network for Computational Nanotechnology, Birck Nanotechnology Center, Purdue University,

West Lafayette, Indiana 47907, USA

(Received 7 July 2009; accepted 23 December 2009; published online 2 March 2010)

The possibility of increasing the performance of thermionic cooling devices by relaxing lateral
momentum conservation is examined. Upper limits for the ballistic emission current are established.
It is then shown that for most cases, nonconserved lateral momentum model produces a current that
exceeds this upper limit. For the case of heterojunctions with a much heavier effective mass in the
barrier and with a low barrier height, however, relaxing lateral momentum may increase the current.
These results can be simply understood from the general principle that the current is limited by the
location, well or barrier, with the smallest number of conducting channels. They also show that
within a thermionic emission framework, relaxing lateral momentum conservation does not increase
the upper limit performance in most cases, and when it does, the increase is modest. More generally,
however, especially when the connection to the carrier reservoir is poor and performance is well
below the upper limit, relaxing lateral momentum conservation could prove beneficial. © 2010

American Institute of Physics. [doi:10.1063/1.3295899]

I. INTRODUCTION

Thermionic (TI) cooling is a method of refrigeration
with the potential for high cooling power and efﬁciency.l_3
As depicted in Fig. 1, it is based on thermionic emission over
a potential barrier. (This figure will be revisited in Sec. V.)
When carriers with high energy (hot carriers) are injected
over the barrier, the carrier distribution in the emitter region
becomes out of equilibrium. To restore equilibrium, cold car-
riers move up and populate higher energy states by absorbing
heat from the lattice, and cooling occurs in the region before
the emitter-barrier junction.4’5 The purpose of this paper is to
address the question of whether relaxing lateral momentum
conservation at the junction can significantly increase the
performance of TI cooling devices as has been proposed.G’7

The main differences between TI cooling and the more
conventional thermoelectric (TE) cooling are the carrier
transport mechanism and the operating regime.8 In TT cool-
ing, carrier transport is treated as ballistic and no joule heat-
ing occurs in the channel.* In TE cooling, however, transport
is assumed to be diffusive, and joule heating is a part of the
heat balance.” In addition, while TE devices operate in the
linear regime with a small voltage difference, TI devices op-
erate in the nonlinear regime with high drain bias to elimi-
nate the carrier injection from the drain and maximize the
heat current injected from the source.'”

Previous theoretical studies have compared the perfor-
mances of TI and TE cooling devices.*!"'? It has been
shown that for the same material, TE cooling is better be-
cause it gives higher maximum temperature difference AT,
than that obtained from TI cooling.8 It has been suggested
that nonconservation of lateral momentum may increase the
number of electrons participating in the thermionic emission
process and therefore significantly improve the TI cooling
performance,6’7’10 and adjusting the nonplanar interface has
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been proposed to realize it Recently, however, a quan-

tum transport simulation with microscopic scattering models
reported that momentum relaxation at the rough interface
actually decreases the carrier transmission."> In this work, we
identify a more fundamental limit of performance enhance-
ment due to nonconserved lateral momentum (NCLM). We
explore the upper limit of ballistic emission current using an
idealized semiclassical model, and the results identify a sig-
nificant obstacle to realizing the benefits proposed by non-
conservation of lateral momentum even in the ideal case.

The paper is organized as follows. In Sec. II, we com-
pare two equivalent approaches to describe carrier injection
over the barrier, a top-of-the-barrier (TOB) model, and a
thermionic emission model, and review the concept of
NCLM. In Sec. III, the general theory of thermionic emis-
sion is reviewed, and results are presented for homo- and
heterojunctions. In Sec. IV, a simple physical interpretation
is provided to explain the results in Sec. III. In Sec. V, we
identify conditions for which momentum relaxation can im-
prove performance. Conclusions follow in Sec. VI.

upstream | downstream
o—>
1 1
i
Landauer Vot
reservoir ! :l
3
A —
. ; b
emitter barrier

FIG. 1. (Color online) Schematic of a potential barrier connected to a Lan-
dauer reservoir (z is the transport direction). When hot carriers are injected
over the barrier, cold carriers absorb heat from the lattice and populate
higher energy states to restore the equilibrium distribution, and cooling oc-
curs in the region before the emitter-barrier junction. Carrier transport is
assumed to be ballistic in this paper, but scattering before the barrier (z
< 0) may reduce the current below the thermionic emission value (/; and /,,
denote the energy and momentum relaxation lengths).

© 2010 American Institute of Physics
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FIG. 2. (Color online) Two approaches that describe carrier injection across
homojunctions: (a) TOB model and (b) thermionic emission model. (c)
k-space distribution of 3D carriers contributing to the current shown on the
k.-k, plane with k,=0. (a) E-k relation is considered in the barrier and the
+k, states are filled according to Ey. (b) E-k relation is considered in the well
and carriers with k,>k,, are injected from the well over the barrier.

Il. TOB AND THERMIONIC EMISSION MODELS

In this section, we compare two approaches that describe
carrier injection over a barrier, the TOB model'® and the
traditional thermionic emission model.'” Both models as-
sume ballistic transport and ideal connection to Landauer
reservoirs.'® In the TOB model, the E-k relation is consid-
ered in the barrier as shown in Fig. 2(a), and +k, states (z is
the transport direction) are filled according to the source
Fermi level Eg. This follows directly from a solution to the
ballistic Boltzmann transport equation.19 In the thermionic
emission Inodel,17 we focus on the well, as shown in Fig.
2(b), and carriers with k,> k,, are injected from the well over
the barrier. The value of k, is determined by the barrier
height ¢g, as k,=V2m" g/ h, where m* is the carrier effec-
tive mass and # is the reduced Planck constant. Note that the
conduction band edge E., is assumed to be O in the well
region in Figs. 2(a) and 2(b). The condition k.> k, implies
that the lateral momentum is conserved during the emission
process.

As discussed in the Appendix, the two approaches are
equivalent for homojunctions, where m™ is uniform in the
well and the barrier region. As an example, Fig. 2(c) shows
the k-space distribution (on the k.-k, plane with k,=0) of
three-dimensional (3D) carriers that contribute to the current
in the TOB picture (A) and thermionic emission picture (B).
Then for a single parabolic band, the ballistic electrical and
heat currents are given as

gm’
Lip/A= m(kBT)Z}-I("]F)a (la)

*

lyawlA =5 s TV 2Fo () = npFi (). (1b)

where A is the cross-sectional area of the device, ¢ is the unit
charge, kp is the Boltzmann constant, 7" is the temperature,
F;j is the Fermi-Dirac integral of order j,zo’21 and np=(Ep
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— )/ kT, which is the reduced Fermi level in the barrier
region.

For heterojunction barriers, however, questions arise.
For example, it is not clear which effective mass to use in
Eq. (1), the well mass m] or the barrier mass m5. Questions
also arise if we relax the assumption of conservation of lat-
eral momentum inherent in the conventional thermionic
emission approach. It has been suggested that nonconserva-
tion of lateral momentum may give higher emission current
because all carriers with k> k,, are injected over the barrier
while only those with k,>k;, are injected when the lateral
momentum is conserved.®’ According to the TOB model,
however, +k, states in the barrier are already in equilibrium
with the source and no additional current is possible. In the
next section, we review the general theory of thermionic
emission across homo- and heterojunctions to address these
questions.

lll. THERMIONIC EMISSION ACROSS
HETEROJUNCTIONS

We begin with a review of the general theory of thermi-
onic emission across heterojunctions as presented by Wu and
Yang.22 It is assumed that m™ changes abruptly at the junc-
tion interface.”** Wu and Yang assume that the total energy
E and the lateral momentum #ik, are conserved

E\\+E =E r,+E >+ ¢p, (2a)

mE, j=mE, ,, (2b)

where E| and E; are the kinetic energies along the lateral
and longitudinal (transport) directions, and subscripts 1 and 2
denote the well and the barrier regions, respectively. It can be
shown that Eq. (2) guarantees flux continuity across the
barrier.>>** In this work, we use a semiclassical transmission
for simplicity, so the transmission is 1 for carriers satisfying
Eq. (2) and 0 otherwise. Using a quantum mechanically com-
puted transmission”> would not change our conclusions.
From now on, we call this approach the “CLM model.”

In summary, we have three approaches to describe ther-
mionic emission over the barrier: (1) the conserved lateral
momentum (CLM) model, (2) the TOB model, and (3) the
NCLM model. In the CLM model, total energy and lateral
momentum are conserved as shown in Eq. (2), and the theory
applies generally for homo- and heterojunctions. In the TOB
model, +k, states on the barrier are filled according to Ex
without considering the injection mechanism from the well.
In the NCLM model, carriers with K>k, are injected from
the well without considering the occupation of states in the
barrier. Using these three approaches, we examine three
cases: (1) homojunction with barrier, (2) heterojunction with
no barrier, and (3) heterojunction with barrier. For hetero-
junctions, we consider two cases: (i) m)>m5 and (ii) m]
<mj. The mathematics of these three cases is discussed in
the Appendix; only the results are discussed below.

Results for a homojunction with a barrier are shown in
Fig. 3. As discussed in Sec. II and depicted in Fig. 3(a), the
CLM and TOB models are equivalent for homojunctions. For
the NCLM model in Fig. 3(b), however, it is not clear how to
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well

well

P =) on the barrier ?
(b)

FIG. 3. (Color online) Results for a homojunction with ¢. (a) The CLM
model becomes equivalent to the TOB model. (b) It is not clear how the
NCLM model can be described in the barrier because states in the barrier are
already filled according to Ej.

map the k-states in the well to the barrier. Since all of the
states in the barrier are already filled according to Ep, as
shown in Fig. 3(a), it does not seem possible for a current in
excess of that given by Eq. (1) to flow.

In Fig. 4, we examine the case where m* changes
abruptly, but there is no potential barrier. For such cases, it is
well known that the smaller m* determines the current,zs_27
and the electrical and heat currents are given from Eq. (1)
with the lighter m*. As shown in Fig. 4(a) when m| >mj, the
current is determined by the states on the right (deep color),
so the current is overestimated when all carriers with k,>0
on the left (light color) are assumed to be emitted. When
mj <m, the current is determined by the smaller m| on the
left (deep color), and the current is overestimated when it is
assumed that all carriers with k,>0 on the right (light color)
contribute to the current, as shown in Fig. 4(b).

Next, we consider heterojunctions with potential barrier.
When m}>m5, the CLM model is equivalent to the TOB
model, as shown in Fig. 5(a), and the total current is still
determined by the lighter m; of the barrier. The current ex-
pression for 3D carriers is the same as Eq. (1) with m*=m;.
Note that the k-space distribution of carriers in the well that
are able to surmount the barrier is different from the homo-
junction case that was shown in Fig. 3(a). (For details, see

well

(a)

well

(b)

FIG. 4. (Color online) Results for a heterojunction with ¢z=0. The smaller
m* determines the current. (a) When m]>mj, the current is determined by
the states on the right. (b) When m} <m, the current is determined by the
states on the left.

J. Appl. Phys. 107, 054502 (2010)

% =) on the barrier ?
(b)

FIG. 5. (Color online) Results for a heterojunction with m| >mj and ¢j. (a)
The CLM model is equivalent to the TOB model. The hyperbola (A) in the
well [Eq. (A3)] is mapped onto the k,-k, plane with k.=0 (A’) on the bar-
rier. (b) The results from the NCLM model overestimate the current and
cannot be mapped to the barrier.

the Appendix.) Because the CLM model is consistent with
the TOB model, the results from the NCLM model in Fig.
5(b) still cannot be mapped from the well to the barrier and
would overestimate the ballistic current.

When m|<mj, with a potential barrier, there are two
competing factors, the barrier height and the magnitude of
the lighter effective mass. As discussed in the homojunction
case and illustrated in Fig. 3(a), increasing ¢y tends to make
the barrier states more dominant, while the lighter mT tends
to make the well states more dominant as was illustrated in
Fig. 4(b). We examine, therefore, two cases: (i) m|< ~m,
with high ¢ and (i) m{<m; with low ¢,. We expect that
the states in the barrier will dominate in case (i) while the
well states will in case (ii).

When m; < ~m, with high ¢, the CLM model is
equivalent to the TOB model as shown in Fig. 6(a), and the
3D ballistic current is given as Eq. (1) with m*=m. It should
be noted that the current is determined by the heavier mass
m5 of the barrier unlike the case with ¢=0 in Fig. 4(b).
Detailed expressions are shown in the Appendix. Because the

=) on the barrier ?
(b)

FIG. 6. (Color online) Results for a heterojunction with m} < ~mj and high
¢g. (a) The CLM model is equivalent to the TOB model. The ellipsoid (A)
in the well [Eq. (A3)] is mapped onto the k,-k, plane with k,=0 (A’) on the
barrier. (b) The results from the NCLM model overestimate the current and
cannot be mapped to the barrier.
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FIG. 7. (Color online) Results for a heterojunction with mj<<m3 and low
¢g. (a) The CLM model is different from both the NCLM model and the
TOB model. The ellipsoid (A) in the well [Eq. (A3)] is mapped onto the
k-k, plane with k=0 (A’) on the barrier, and the k,-k, plane with
k.=0 (B) in the well is mapped onto the hyperbola (B’) on the barrier [Eq.
(A5)]. (b) The maximum possible current is given by the NCLM model. (c)
The TOB model overestimates the current.

current is determined by the states in the barrier, the NCLM
model still cannot be mapped to the barrier and would over-
estimate the current as shown in Fig. 6(b).

The second case, m; <m, with low ¢p, is examined in
Fig. 7. Note that the CLM model in Fig. 7(a) is different
from both the NCLM model and the TOB model. (See the
Appendix for details.) Note that as shown in Fig. 7(a), the
states in the barrier are not completely filled by the source
distribution function unlike other cases shown in Figs. 3(a),
5(a), and 6(a). There is, therefore, room for improving the
emission current, and the maximum possible current is given
by the NCLM model, as shown in Fig. 7(b). The TOB model
in Fig. 7(c) overestimates the current because it is larger than
the maximum that can be supplied by the well which is given
by the NCLM model. In this case, it appears that the pro-
posed increase in TI cooling by relaxing momentum
conservation®’ could be achieved.

The possible improvement due to nonconservation of
lateral momentum when m|<mj with low ¢ is calculated
in Fig. 8. For a model 3D device with m|=0.25m,, m,=my,
=50 meV, and T=300 K, where m is the free electron
mass; the improvement of [ is about 18% at 7nr=-1, as
shown in Fig. 8(a), and it is about 8% for I, as shown in Fig.
8(b). The improvement is modest because the carrier distri-
butions are already similar in the CLM and NCLM models
as shown in Figs. 7(a) and 7(b).

IV. CONDUCTANCE AND MINIMUM NUMBER OF
MODES

The results in the previous section can be understood
with a simple general rule. Given the numbers of conducting
channels (or modes) in the well and the barrier, M,(E) and
M,(E), the smaller one determines the total conductance.”
As an example, we consider a 3D heterojunction where the
numbers of modes increase linearly with E, and the slope is
proportional to m* as®

M,(E) = m}E/27h?, (3a)

J. Appl. Phys. 107, 054502 (2010)

0.15

< CLM
¥ NCLM

FIG. 8. (Color online) Possible improvement over the CLM model (circle)
due to NCLM (cross) for a 3D model device with m|=0.25mq, m5=my,
¢=50 meV, and T=300 K. (a) The improvement of / is about 18% at
7p==1 [Eq. (A6a)]. (b) The improvement of /, is about 8% at 7,=—1 [Eq.
(A6b)].

M(E) = my(E — ¢p)/27h*. (3b)

Three different cases are considered in Fig. 9. In Fig. 9(a)
where m|>m5, M|(E)>M,(E) regardless of the value of
¢p, s0 M,(E) determines the conductance. For heterojunc-
tions with mj<mj, we consider two cases: (1) m|< ~m,
with high ¢ as shown in Fig. 9(b) and (2) m; <m5 with low
¢, as shown in Fig. 9(c). In Fig. 9(b), although m; in the
barrier is heavier, due to the high ¢, M,(E) is smaller than
M (E) and determines the current. In Fig. 9(c) for case (2),
however, M |(E) <M,(E) because the much lighter m] in the
well dominates despite the potential barrier, so it is the car-
rier injection from the well that limits the current. In this
case, nonconservation of lateral momentum may help in-
crease the emission current by maximizing the carrier injec-
tion from the well.

The results above are summarized in Table I. The TOB
model represents an upper limit to the possible current while
the NCLM model represents the maximum current that could
be supplied by the well if there were states in the barrier to
accept them; the minimum of the two determines the current.
In many cases, the TOB model gives correct results while the
NCLM model overestimates the current. In cases where the
number of modes in the well is smaller than that of the bar-
rier (m)<<m5 with low ¢jg), nonconservation of lateral mo-
mentum may increase the emission current.

V. DISCUSSION

As discussed in Sec. III, the TOB model assumes that the
carrier distribution in the barrier, f(E), follows the equilib-
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M(E) 4 i’

FIG. 9. (Color online) General rule to determine the emission current across
heterojunctions. For M, (E) (dashed line) and M,(E) (solid line), the smaller
one determines the current. (a) When mj >mj, M,(E) > M,(E) regardless of
the value of ¢g. (b) When mj < ~m} with high ¢y, although m; is heavier,
M(E)>M,(E) due to the high ¢ (c) When m]<m) with low d¢p,
M (E)<M,(E) because the much lighter m; dominates despite ¢p.

rium Fermi—Dirac distribution of the source region fO(E).16
For cases in Table I where the TOB model is consistent with
the CLM model, f(E) must be larger than f(E) to achieve
the increase in current predicted by the NCLM model, which
does not appear to be physically possible. Examples are dis-
cussed in the Appendix.

It has been shown that momentum relaxation is essential
to interpret the experimental results of ballistic electron
emission microscopy (BEEM) for nonepitaxial metal-
semiconductor interfaces.’”>> In BEEM measurements, car-
riers with small lateral momentum are predominantly
injected,30 but valleys with zero lateral momentum are not
preferentially populated as would be expected if lateral mo-
mentum were conserved.* The observed significant current
for the valleys with nonzero lateral momentum indicates that
additional lateral momentum is provided by scattering at the
nonepitaxial interface.*” The BEEM measurement results and
the theories of nonconservation of lateral momentum used to

TABLE I. Summary of the general rule that determines the emission current
across heterojunctions. The TOB model represents an upper limit to the
possible current while the NCLM model represents the maximum current
that could be supplied by the well and the minimum of the two determines
the current.

CLM TOB NCLM
Homojunction Correct Correct Incorrect
Heterojunction m| >m; Correct  Correct Incorrect
Heterojunction m{<mj m|< ~mj, high ¢ Correct Correct Incorrect

my<mj, low ¢ ~ Correct Incorrect Possible

J. Appl. Phys. 107, 054502 (2010)

explain them have motivated the idea that nonconservation
of lateral momentum might similarly enhance the emission
current and TI cooling performance.6 The problems are,
however, quite different. The critical difference between
BEEM experiments and TI cooling devices is that the carrier
reservoirs are different. For TI cooling devices, the source
reservoir should be designed to act as closely as possible to
an ideal Landauer reservoir,18 where the equilibrium distri-
bution is maintained by a high carrier density, high number
of modes, and high scattering rates. Such a reservoir can
provide carriers with all possible k’s with any given E. For
such cases, the NCLM model may be unphysical or give
only moderate improvements as discussed in previous sec-
tions. In BEEM experiments, however, the reservoir is far
from ideal because the lateral momentum of injected carriers
is predominantly zero. For such conditions, relaxing lateral
momentum may help increase the emission current by shuf-
fling the momentum distribution of carriers and performing
the role of scattering in the ideal, Landauer reservoir. The
maximum current, however, can never exceed the ballistic
limit, which is determined by the minimum number of
modes as summarized in Table I.

Monte Carlo simulations'>'* have shown that adjusting
the nonplanar interface structure may enhance the emission
by breaking the translational invariance and relaxing lateral
momentum conservation. We may interpret this enhancement
as a result of the increased effective area.>> We should note,
however, that for devices connected to ideal reservoirs, mo-
mentum relaxation at the interface may rather increase car-
rier backscattering and decrease the emission current. A re-
cent quantum transport simulation with realistic interface
roughness]5 shows that in case momentum randomization
occurs before the barrier, i.e., the well behaves more like an
ideal reservoir, the interface roughness actually decreases the
overall transmission probability and the power factor.

Finally, we mention other issues that deserve consider-
ation. We have assumed a ballistic (thermionic emission)
model in which all of the scattering occurs in the Landauer
reservoirs. In practice, scattering will occur throughout the
structure. In the well region before the barrier (z<<0 in Fig.
1), momentum or energy relaxing scattering may reduce the
current below the thermionic emission value. A similar prob-
lem, transport in Schottky barriers, was considered by
Bethe™ and by Berz.* Fischetti et al.’® have discussed the
source starvation in nanoscale metal-oxide-semiconductor
field-effect transistors. The idea is that the longitudinal mo-
mentum states that are injected over the barrier can become
depleted, and momentum randomizing scattering in the well
could help by replenishing these longitudinal k-states. All of
these can be labeled “upstream” effects,37 which occur be-
fore the barrier at z<<0 in Fig. 1. Fischetti et al.’ also dis-
cussed “downstream” effects—scattering in the barrier itself
and in the well beyond the barrier, z>0 in Fig. 1. Although
they are beyond the scope of this paper, more quantitative
studies of the effect of scattering on TI cooling devices will
be essential to understand the physics and performance limits
of such devices. We also note that our semiclassical model
does not work for superlattices with very thin barriers, where
the band structure is different from the bulk E-k of its con-
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stituent materials, and tunneling becomes significant com-
pared to thermionic emission. ™ Although these are not di-
rectly related to the questions involving lateral momentum
conservation and the suggested current enhancement, it will
be essential to treat quantum transport to explore possible
performance enhancements in quantum-engineered TE de-
vices such as superlattices.

VI. CONCLUSIONS

In this paper, we studied the physics of thermionic emis-
sion across homo- and heterojunctions to explore the possi-
bilities to increase the emission current and the cooling per-
formance of TI cooling devices. We showed that the TOB
model'® is equivalent to the CLM model** for homojunc-
tions, heterojunctions with heavier m™* in the source, and het-
erojunctions with heavier m* in the barrier region and high
¢g. For such cases, the NCLM model® is not consistent with
the TOB model and, we believe, overestimates the current
that is possible. For heterojunctions with much heavier m* in
the barrier with low ¢, however, we note that nonconserva-
tion of lateral momentum may increase the current because
there are unfilled states in the barrier when the lateral mo-
mentum is conserved. These results can be explained by a
simple general rule that given the numbers of modes in the
well and the barrier, the overall conductance is determined
by the minimum of the two.?® These results show that within
thermionic emission framework, the possibilities of increas-
ing TI cooling by relaxing momentum conservation are lim-
ited. For real TI cooling devices, however, as opposed to the
ballistic devices connected to ideal, Landauer reservoirs con-
sidered here, momentum randomizing scattering in the well
may enhance performance and is worth exploring.
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APPENDIX: MATHEMATICS OF THE TOB AND
WU-YANG MODELS

In the TOB model, the ballistic / and I, for 3D carriers
are calculated as

® /2 27
q » . ik
LI;p Top/A = —3f dkk f do sin 0f d¢p—cos 6f,
’ 4 ) 0 0 my

22123 (kpT)*Fi () (Ala)

2

1 ® /2 2
I,3pToB/A="5 f dki* f dfsin 6 J dp(E
o 41 ), 0 0

hk ;
= Ep) o5 0y = %(kﬂfﬂﬂ(ﬂﬂ
- 7pF1(mp)]. (A1b)

Expressions for one-dimensional and two-dimensional (2D)
carriers can be obtained in a similar way. We split the CLM
model into two cases, m| >m5 and m| <mj5. For m|>m5, the
case in Fig. 5(a), the results are

(A2a)
0

) . 2 hk m,
dfsin 6 f dp(E - EF)m—,fcos 6fy = ﬁ(kﬂﬁ[zﬂ(w)

0

(A2b)

and we note that the results of Eq. (A2) are the same as those from Eq. (A1). In Fig. 5(a), the hyperbola (A) that maps onto

the k,-k, plane with k,=0 (A’) on the barrier is expressed as

ek (& B 1)ﬁ2(k§+k§) _
2my \mj 2m; B

For m| <mj, the case in Figs. 6(a) and 7(a), I and 1, become

(A3)
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N2m’ dplhi ¥ \s“’m*/(m*—m*) sinfl\;”m*/m*X(l—Zm*qS ) . 2m hk
13D,CLM/A=—4‘1 e f 2 TP desin 0 d¢—cos 6f,

™ N2 oyl 0 0 my
o /2 2
q zf ) f hk ) my/(my=m})X ¢pl/kgT X
+— dkk dfsin 6 qu ~cos Ofy= (kBT) x————
47T3 \0“‘2m71k¢3/ﬁ><\;“3m;/(m;—nz?) 0 0 WzﬁS L+
m) * X+ ¢pplksT
T (kg TY? f xd)—i_,f, (Ada)
2772ﬁ mT/(m;—mT)XqSB/kBT L+
1 \2m ¢B/ﬁ><\m S1(ma—m?) sin_l\;“‘m*/m*X(l—Zm*qﬁB/ﬁzkz) . 2m
lypeA= : 2 dkk? J 2 : dfsin 0| dp(E- EF) cos of,
\2m) ¢B/h 0 0 my

1 o0 /2 2 ka
ti3 f , dkk? f dfsin 6 f d¢(E — Ep)—-cos 6f,
4 \‘”ZmT(zSB/hX \;“m;/(m;—mT) 0 0 my

- (x = 7p) (x + dylkpT)
+ (kBT):;f d.& x— .
2772ﬁ3 27h3 1) X gk T 1+

As mi/(my—m}) X ¢pglkgT— (m]<~m; or ¢g>kzT), we note that Eq. (A4) approaches to Eq. (Al), and the model
becomes equivalent to the TOB model as shown in Fig. 6(a). As m|/(m5—m}) X ¢p/kgT— 0 (m]<m; with low ¢3), however,
Eq. (A4) is different from the TOB model as shown in Fig. 7(a). In Figs. 6(a) and 7(a), the ellipsoid (A) that maps onto the
k.-k, plane with k=0 (A") on the barrier is expressed as Eq. (A3). In Fig. 7(a), the k,-k, plane with k,=0 (B) in the well maps

(x = 7p)x
1+

(A4b)

ml/(mz—ml)X(bB/kBT
(kB T)’ f

onto a hyperbola (B ) on the barrier, which is given as

h2k? A2k +k
- ﬂz' + <1 x) ( ¢B
2m, ny 2m1

In the NCLM model, I and I, for 3D carriers are

I /A =
3D,NCLM 4 773

0 0

\2m1¢3/ﬁ

Iq 3D, NCLM/A - 773

N2’ 0

¢

_QWF-FO(”F)},

and by comparing Egs. (Al) and (A6), we can show that
J(E) on the barrier should satisfy f(E)=E/(E- ¢p) X fo(E) to
be consistent with the NCLM model for 3D homojunctions.
The relation for 2D carriers f(E)=\E/(E—¢g) X fo(E) can
be obtained in a similar way. Note that f(E) > f,(E), and f(E)
can be even larger than 1 in the NCLM model.
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