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Abstract—The design of planar coupled-resonator microwave
filters is widely based on coupling matrix theory. In this frame-
work a coupling matrix is first obtained during the synthesis
step. Next this coupling matrix is physically implemented by
correctly dimensioning the geometrical parameters of the filter.
The implementation step is carried out using simplified empirical
design curves relating the coupling coefficients and geometrical
parameters. The curves typically only provide initial values and
EM optimization is often needed such that the filter response
meets the specifications. This paper proposes to extract paramet-
ric models that relate the filters design parameters directly to
the coupling parameters. The advantage of such models is that
they allow to tune the filter in a numerically cheap way and that
they provide physical insight in the filters behavior. This paper
explains how such models can be extracted from EM simulations
and illustrates the technique for the design of an 8 pole cascaded
quadruplet filter in a microstrip technology.

I. INTRODUCTION

Coupling matrix theory is widely used to design narrow-
band bandpass microwave filters [1], [2] in which the filter
is modeled as a low-pass coupled resonator circuit (Fig. 1)
[3]. The design process begins therefore by the derivation of
a filtering characteristic meeting the filtering specifications.
In a second step this characteristic is realized by a circuit.
Next the circuit elements (coupling parameters) must be imple-
mented physically by correctly dimensioning the geometrical
parameters of the filter. An initial dimensioning of the filter
is carried out by means of simplified empirical design curves
relating the coupling parameters and geometrical parameters of
the filter [4]. These curves however typically do not take into
account more complex interactions, such as loading effects of
the resonators by the couplings, which require that the initial
values must be optimized to meet the filter specifications.
Several electomagnetic (EM) optimization techniques exist
in the literature [2]. Although these techniques prove to be
successful, there are still some disadvantages. The computation
time grows rapidly with the complexity of the design (number
of geometrical parameters). When the filter specifications
change even slightly, the whole optimization process must
be relaunched. Moreover the optimization process does not
provide any physical insight in the filters behavior.
Literature shows that the coupling parameters are smooth
functions of the controlling geometrical parameters [4], [5].
Therefore we propose to approximate this relation as a
quadratic multivariate polynomial. The multivariate character
stems from the fact that we also take into account several
parameters to model second order effects such as the loading

of the resonators. The main advantage is that these models are
numerically cheap to evaluate and provide physical insight in
the filters behavior. Moreover they can be re-used in various
design scenarios. This paper explains how such parametric
models can be extracted from EM simulations.
A crucial step in the modeling process, is the extraction of the
coupling parameters from the simulated scattering data (S-
parameters).

State-of-the-art gradient-based parameter extraction meth-
ods optimize the generalized low-pass network such that the
networks frequency response meets the measured or simulated
response [6], [7]. In the case where multiple solutions are
possible, these methods do not necessarily converge to the
implemented circuit. Section II shortly describes a three stage
extraction process that overcomes this drawback. The S-
parameters and network parameters are related as follows [8]
S(s) = I + C(sI −A)−1Ct with
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[
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√
2Rout

]
, (1)

A = −R− iM. (2)

The first step identifies a rational matrix from the simulated
S-parameters [8]. The second step finds all possible circuital
realizations of the previously computed rational approximation
with a specified coupling topology. The third step finally
deciphers the physically implemented matrix.
Section III describes how, given the physical coupling param-
eters, the quadratic multivariate polynomials are estimated in
a least-squares sense. Eventually the modeling technique is
illustrated for a design of an 8 pole cascaded quadruplet filter
in microstrip technology (Fig.2). The design example shows
that the models can be used to improve the filter response
drastically.

II. COUPLING PARAMETER EXTRACTION

This section describes the three stage parameter extraction
procedure. First a canonical solution is extracted. Next all
possible solutions corresponding to the desired topology are
identified. Finally the physically implemented coupling matrix
is identified among these solutions using prior knowledge. A
more detailed explanation can be found in [9].
The first step identifies a rational matrix from the simulated



Fig. 1: Low-pass prototype network model for a general cross-
coupled resonator filter.

S-parameters. The scattering data is first transformed to the
low-pass domain. Next a rational common denominator matrix
is identified using the toolbox PRESTO-HF [10] . The order
of the common denominator n is chosen to be equal to the
number of resonators. The rational matrix is then transformed
into the canonical arrow form of the coupling matrix.
The second step finds all possible realizations for the given
rational matrix corresponding to a given topology. This topol-
ogy corresponds to the topology used during the synthesis step.
It is however possible that for certain geometrical values, the
corresponding S-parameters can not be realized with the ideal
topology. E.g. the response is asymmetric while the topology
is only able to realize symmetric responses. Such a situation
might occur when frequency offsets and/or extra couplings are
present in the physical structure. To handle these situations the
allowable topology is extended to a topology that is close to
the original topology but still allows to capture these effects.
This corresponds to expanding the class of realizable responses
of the filter. Next the arrow form obtained during step one is
transformed to the new topology using the toolbox DEDALE-
HF [11]. The only drawback of this extended topology is
that it concentrates the extra couplings at fixed positions in
the matrix, while physically they might occur somewhere
else. To compensate for this unwanted effect, the solutions
found by DEDALE-HF are optimized by means of similarity
transformations on the coupling matrix. This optimization
process minimizes the influence of the extra couplings by
redistributing them over the whole matrix. The influence of
the extra couplings is expressed by a relative measure c:

c =
Σ(Mextra)2

Σ(Mall)2
(3)

which is the sum of squares of the extra couplings (Mextra)
over the sum of the squares of all the couplings (Mall).
During the last step of the process, the physically implemented
coupling matrix is estimated among the solutions found during
step 2. The choice of this matrix is based on some physical
assumptions. First of all we assume that the couplings present
in the original topology are dominant in the implemented filter.
Therefore only those solutions for which c is sufficiently small
are considered. Since we use the extraction method in a design
context, we assume that the implemented couplings are close
to the ideal ones found during the synthesis step. Therefore
the solutions for which the 2-norm of the difference to the
ideal coupling matrix is minimal is chosen. To model the
couplings as a function of the geometrical parameters, the filter
is simulated for several geometrical values. This information
allows to check whether the choice of the physical matrix is
consistent with the geometry. E.g. when the spacing between
resonator i and k is varied, this should mainly affect the
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Fig. 2: Top-view of a square open-loop resonator cascaded
quadruplet filter and the design parameters sik, gi, tin and
tout.

coupling Mik. If this is not the case, the solution that is
coherent with the geometric variation, is chosen instead.

III. MULTIVARIATE QUADRATIC APPROXIMATION

The design curves that are available in the literature show
that the behavior of coupling parameters as a function of
the geometrical parameters is smooth [4], [5]. Therefore we
propose to model the coupling parameters using multivariate
polynomials of a maximal degree of 2. Since the process
described in section II, extracts the physical coupling matrix,
it is possible to relate a coupling parameter directly to a set
of geometrical parameters.
We illustrate this with the example of 2 coupled resonators.
It is known that the coupling between 2 resonators depends
strongly on the spacing between the resonators, but is also
affected by a possible offset introduced by spacings between
other adjacent resonators (Fig.3). In this case we propose to
use the following model:

Mik = a1s
2
ik + b1sik + b2d + c1 (4)

where sik is the spacing between the resonators and d repre-
sents the offset. In this case 4 coefficients a1, b1, b2 and c1 must
be estimated. This requires at least 4 different EM simulations.
The mesh that is used for the different simulations however
might differ slightly since it depends on the geometry. This
difference together with the error norm between the rational
model and the EM simulation used during the extraction step,
introduce an error on the extracted coupling matrices. To avoid
that the parametric model of the coupling parameter would
model these effects as well, we propose to use at least 2 times
more simulations than what is minimally needed to estimate
the coefficients.
The geometrical values for which the filter must be simulated
are selected as follows. First the initial values for the geomet-
rical parameters are determined using the design curves. Next
the physical coupling matrix for this structure is extracted.
This coupling matrix gives an idea of the distance between
the initial design and the ideal design. This allows to deter-
mine a validity interval around each design parameter. Values
for each geometrical parameter are then randomly generated



Fig. 3: Top-view of 2 coupled resonators, where sik is the
spacing between them and d is a possible offset.

0.9 0.92 0.94 0.96 0.98 1 1.02 1.04 1.06 1.08 1.1
−70

−60

−50

−40

−30

−20

−10

0

Frequency (GHz)

Magnitude S
21

(dB)

Fig. 4: Magnitude of S21 for the initial (red) and final (blue)
design.

within this interval. The number of values corresponds to
the proposed number of simulations needed to estimate the
parametric models. The filter is simulated for all these sets
of values. Once the EM simulations are gathered, the coupling
parameters are extracted using the method described in section
II. The couplings together with the geometrical parameters are
then used to estimate a parametric model for each coupling
parameter in least-squares sense.

IV. EXAMPLE

The design of an 8-pole cascaded quadruplet microstrip
filter consisting of square open-loop resonators (Fig.2) is used
to illustrate the proposed method. The filter is designed for
a center frequency fc of 1 GHz and fractional bandwidth
FBW of 0.06. The ideal coupling matrix is synthesized using
DEDALE-HF. The synthesis step yields 2 possible solutions
among which one is chosen. The filter is implemented in a
RT/duroid substrate with a relative permittivity 10.2. The initial
dimensions of the filter are obtained using empirical formulae
derived for the coupling coefficients between square open-loop
resonators [12]. The filter is simulated using ADS Momentum
2014 [13]. Fig. 4 and 5 show that the responses can clearly be
improved with respect to center frequency, insertion loss and
bandwidth.

There are three types of coupling parameters that poten-
tially need to be tuned and thus modeled:
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Fig. 5: Magnitude of S11 for the initial (red) and final (blue)
design.

• Inter-resonator couplings Mik where i 6= k

• Center frequency offsets Mkk

• Normalized input/output impedances R1 and R2 re-
spectively

It is well known that inter-resonator couplings mainly de-
pend on the spacing between the resonators. Spacings between
other resonators can introduce an extra offset (Fig.3). E.g. the
coupling between resonator 1 and 2 mainly depends on the
distance s12. The spacing between resonator 1 and 4, labeled
s14 and the spacing between 2 and 3, labeled s23 introduce an
offset |s14−s23|2 . Thus we can model this coupling as:

M12 = a1s
2
12 + b1s12 + b2(

|s14 − s23|
2

) + c1 (5)

The same reasoning can be repeated for the other inter-
resonator couplings.

The diagonal elements Mkk express the difference between
the center frequency of the filter and the resonance frequency
fk of resonator k. fk is directly related to the length of the
resonator and thus to gk, but also depends on the loading of
the resonator influences fk. This loading is modeled by means
of the distances between the neighboring resonators. Therefore
we propose as a model:

Mkk = a1g
2
k + b1gk + b2sk−1,k + b3sk,k+1 + b1 (6)

if k 6= 1, n and

Mkk = a1g
2
k+b1gk+b2sk−1,k+b3sk,k+1+b4tin/out+c1 (7)

if k = 1 or n. The normalized input and output impedances
mainly depend on the position of the input and output feeding
lines. The length of the lines however also has an effect.
Therefore we propose a model:
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Fig. 6: The extracted inter-resonator couplings for each simu-
lation.
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from the EM simulations (+- blue) and result of the parametric
model (o- red).

R1 = a1t
2
in + b1tin + b2g1 + c1 (8)

R2 = a1t
2
out + b1tout + b2gn + c1 (9)

This reasoning shows that the most complicated model
requires the estimation of 6 coefficients. We propose to
perform 14 EM simulations to estimate them. Since the
coupling parameters are not too far from the ideal ones,
we propose to simulate the filters for values in an intervals
varying from 0.3 up to 0.5 mm for the design parameters sik,
since the offset from fc are also not too large we use the same
intervals for gk. For tin and tout we take an interval of 0.5 mm.

After the EM simulations are gathered, the coupling
matrices are extracted using the method described in section
II. Fig. 6 shows the extracted inter-resonator couplings for
each simulation. Eventually the simulations are used to extract
the parametric models given in equations 5-9. Fig. 7 shows
the result of the model for M12 for all of the simulations.
It shows that there is model error, which is expected due to
simulation meshing and parameter extraction errors.

Once the parametric models are extracted they can be used
to fine-tune the filter. The models form a set of non-linear
equations. This set is solved in Matlab using the function
fminunc. The filter is next re-simulated for the found ge-
ometrical parameters. The result is shown in Fig. 4 and 5.
The response can still be improved, but remark that only 14
EM simulations were required to tune a filter with 19 design
parameters.

V. CONCLUSION

This paper introduces parametric models that relate the
coupling matrix parameters to the design parameters of the
filter. The advantage of the models is that they are cheap
to evaluate and allow to improve the filters response in a
numerically cheap way. We explain how the models can be
extracted using EM simulations. Moreover we illustrate the
utility of the models with a design example. The design
example shows that the models allow to improve the filters
response drastically using only 14 EM simulations.
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