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Rarefied gas flow in microtubes at different inlet-outlet pressure ratios
Z. Yang and S. V. Garimellaa�

Cooling Technologies Research Center, School of Mechanical Engineering and Birck Nanotechnology
Center, Purdue University, West Lafayette, Indiana 47907-2088, USA

�Received 22 October 2008; accepted 13 April 2009; published online 27 May 2009�

A model is developed for rarefied gas flow in long microtubes with different inlet-outlet pressure
ratios at low Mach numbers. The model accounts for significant changes in Knudsen number along
the length of the tube and is therefore applicable to gas flow in long tubes encountering different
flow regimes along the flow length. Predictions from the model show good agreement with
experimental measurements of mass flow rate, pressure drop, and inferred streamwise pressure
distribution obtained under different flow conditions and offer a better match with experiments than
do those from a conventional slip flow model. © 2009 American Institute of Physics.
�DOI: 10.1063/1.3139310�

I. INTRODUCTION

Regimes of gas flow change with the Knudsen number
Kn, defined as the ratio of the mean free path to a geometric
characteristic length such as channel width or tube radius. As
the Knudsen number increases, gas flows sequentially expe-
rience four different regimes: continuum flow �Kn�0.001�,
slip flow �0.001�Kn�0.1�, transition flow �0.1�Kn�10�,
and free molecular flow �Kn�10�. Detailed information on
flow classification can be found in Ref. 1.

Rarefied gas flows generally refer to flows with Kn ex-
ceeding 0.001, and their flow behavior is not well predicted
by the continuum-based Navier–Stokes equations. Since
Knudsen number only reflects the relative relationship be-
tween the molecular mean free path and a characteristic
length of the geometry in question, a specific Kn may repre-
sent different flow scenarios. For instance, a gas flow char-
acterized by Kn=1 may either signify a low pressure condi-
tion �and thus a large mean free path� in macroscale channels
or a higher pressure flow in very small channels. Research
into rarefied gas flows has thus considered two major direc-
tions: low-density flows in near-vacuum environments and
dense flows in micro-/nanostructures.

Early interest in studying rarefied gas flows originated
from vacuum science research, with applications in vacuum
and orbital technologies. A good discussion of this area is
available in Ref. 2. With the recent rapid progress in micro-/
nanotechnologies, rarefied gaseous flows in small structures
such as microdevices and microchannels has drawn increas-
ing attention.3–6

The one-dimensional model of Prud’homme et al.7 of
gas flow in a straight tube showed that gas compressibility
caused a nonconstant pressure gradient along the flow direc-
tion; rarefaction effects were not considered in this analysis.
Investigations of gas flow in two-dimensional �2D� micro-
channels using the first term in the series expansion of slip
velocity in terms of Knudsen number �which accounts for
rarefaction effects� revealed the contribution of the slip ve-
locity on mass flow and pressure drop.3,4 The numerical so-

lution in Ref. 5 for slightly rarefied gas flow, i.e., Kn�0.2,
indicated that mass flow rate may be increased both due to
slip and thermal creep effects. For highly rarefied flows, in
which the deviation from Navier–Stokes predictions is sig-
nificant, the direct simulation Monte Carlo �DSMC� method
has been used.8–12 DSMC is a particle-based method and is
especially efficient in numerical solutions of transition flow.
A hybrid DSMC and Navier–Stokes scheme13 as well as hy-
brid continuum-particle methods based on computational
fluid dynamics and DSMC �Ref. 14� have also been devel-
oped. The Boltzmann transport equation has also been used
to study highly rarefied flows.15,16 The Boltzmann equation
describes the statistical distribution of a particle in a fluid
and is one of the most important equations of nonequilibrium
statistical mechanics. To account for the collision integral,
the Bhatnagar–Gross–Krook model17 as well as the hard-
sphere and Maxwellian models18,19 have been used exten-
sively. Solutions of the Boltzmann equation have been ob-
tained for a cylindrical geometry,20 as well as for ducts of
different cross sections.18,21

Experimental studies of rarefied gas flows have ad-
vanced rapidly due to developments in micromachining and
lithographic techniques. Microchannels as small as 0.5 �m
in depth can be fabricated in silicon substrates such that a
relatively high Knudsen number can be achieved under nor-
mal experimental conditions.22 While overall pressure drop
and flow rate have been relatively easy to measure, measure-
ment of the streamwise pressure distribution along the flow
direction has been more challenging. With the recent devel-
opment of techniques to fabricate pressure sensors directly
into microchannels on a chip, experimental results have been
obtained which show a nonlinear pressure drop along the
channel due to gas compressibility effects.6,22

Although significant progress has been made in the study
of rarefied gas flows, models which consider gas flows in
which the Knudsen number changes significantly along the
flow direction are lacking. Under such conditions, several
flow regimes may coexist along the length of the channel.
Past studies mainly focused on channel flows with relatively
small pressure ratios between the inlet and outlet so that the
Knudsen number did not change significantly along the
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channel. However, rarefied flows with large pressure ratios
are frequently encountered in practice in applications such as
a gas flowing from atmospheric conditions into a vacuum
chamber wherein regimes ranging from continuum to free
molecular flow may be experienced. Similarly, gas flows in
microchannels may undergo a large pressure drop to over-
come the increased flow resistance at small scales. The
Knudsen number in such cases can vary greatly from the
inlet to outlet due to the large variations in pressure. The
present work presents a study of rarefied gas flows over a
range of pressure ratios between the inlet and outlet. A model
is developed to predict mass flow rate and streamwise pres-
sure distribution for different pressure ratios and Knudsen
numbers. The model is validated against experimental results
in the transitional flow regime obtained as part of this work,
as well as solutions for the linearized Boltzmann equation �at
a low pressure ratio� in a cylindrical tube over the entire flow
regime.20 The good agreement obtained in these comparisons
shows that the model is valid for predicting mass flow rate
and streamwise pressure distribution for gas flows up to the
transitional regime and is potentially applicable over the full
range of flow regimes.

II. MODEL DEVELOPMENT

A. Governing equations

We consider a steady, constant-temperature, compress-
ible, and axisymmetric gas flow in a long capillary tube, with
the effect of gravity being negligible. The 2D governing
equations in cylindrical coordinates, with the Burnett
equations23 used for the stress tensor in the momentum equa-
tions, are written as follows:

�a� continuity equation,
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and
�c� r-momentum equation in the radial direction,

��v
�v
�r

+ u
�v
�x
�

= −
�p

�r
+ ��4

3

�2v
�r2 +

�2v
�x2 +

1

3

�2u

�x � r
+

4

3r

�v
�r

−
4

3

v
r2�

− � ��rr

�r
+

�rr − ���

r
+

��rx

�x
� , �3�

where x and r are the coordinates in the axial and radial
directions, respectively, u and v are the velocities in the x
and r directions, respectively, p is the pressure, � and � are
the density and viscosity of the gas, respectively, and �i,j are
components of the second-order constitutive tensor in the
Burnett equation derived by the Chapman–Enskog method.24

Expressions for �i,j are provided in the Appendix. The fluid
considered here is assumed to be an ideal gas.

We further define the following normalized variables:

x̄ = x/L, r̄ = r/r0, ū = u/uo, v̄ = v/uo,

p̄ = p/po, �̄ = �/�o,

where L is the tube length, r0 the tube radius, uo the mean
axial velocity at the outlet, and po and �o the pressure and
gas density at the outlet, respectively. Introducing these di-
mensionless variables into Eqs. �1�–�3� yields the following
nondimensional governing equations:
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and
�c� radial momentum equation,

16�	

5�2


Mao

Kno
p̄�v̄

� v̄

� r̄
+ � · ū
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� r̄

�2ū
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� r̄

� v̄

� r̄
+ �

�3�1 − 10�2 + �6�
6

� ū

� r̄

� ū
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where �=r0 /L, i.e., the ratio of the tube radius to its length, and 	 is the ratio of gas specific heats. The coefficients �1, �2,
and �6 depend on the gas model. For the hard-sphere gas model, �1=4.056, �2=2.028, and �6=7.424.23 Mach number and
Knudsen number are defined in terms of the gas properties at the outlet, i.e.,

Mao =
uo

c
, Kno =

�o

r0
,

where c is the acoustic velocity and �o the mean free path at the outlet. These two parameters can, respectively, be expressed
as
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c = �	RT and �o =
16�0

5�o
�2
RT

,

where R=287 J kg−1 K−1 is the gas constant of air, T the temperature, and �0 the viscosity of bulk gas.

B. Scale analysis

Since we consider gas flows in very long tubes, the value of � can be very small. In the experiments of this work, � ranges
from 3.03
10−4 to 4.10
10−3. From Eq. �4�, it is clear that ū is of O�1� while v̄ is of O���. In Eq. �5�, the largest terms with
O�1� are the velocity derivatives �2ū /�r̄2 and ��ū /�r̄� / r̄, so that the order of Mao is O��� in order to ensure that the pressure
gradient �p̄ /�x̄ in the first term on the right hand side is of O�1�. Mach number being of O��� is consistent with the fact that
increasing the tube length at a fixed pressure drop will decrease the flow rate as well as Mach number. Knudsen number is
typically considered to be of O�1� for rarefied flows near the transition flow regime. Neglecting higher-order terms in �, Eq.
�6� can be reduced to
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Since Mao is of O���, the coefficient of the pressure deriva-
tive �p̄ /�r̄ in the first term on the first right hand side of Eq.
�7� is of O�1 /��, which implies that �p̄ /�r̄ must be of order
O��2�. Retaining only those terms of order O�1� in ū, v̄,
�p̄ /�x̄, �p̄ /�r̄, Mao and Kno, Eq. �5� can be greatly simplified
to
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C. Expressions for mass flow rate and streamwise
pressure distribution

The boundary conditions on Eq. �8� are as follows:
�a� an axisymmetric boundary condition at the center,

� � ū

� r̄
�
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= 0, �9�

and
�b� a second-order slip boundary condition at the tube

wall,25
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� r̄
�

r̄=1

, �10�

where b=−1 for fully developed flow,25 and the accommo-
dation coefficient � is assumed to be 1 �a diffuse reflection
boundary� for air flow over the glass surface inside capillary
tubes. Here, Kn is the local Knudsen number and is distinct

from Kno at the outlet. Ignoring higher-order terms and inte-
grating Eq. �8� twice from r̄=0 to 1 yields
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Equation �11� implies that gas flows in long tubes have a
parabolic velocity profile with a velocity jump at the wall,
and such a profile has been validated for tube flow in all the
flow regimes.25 Integrating Eq. �11� over the cross section
yields the mass flow rate
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Rewriting Eq. �12� in its dimensional form, we get
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The viscosity � changes with Kn as25

� =
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1 + � Kn
, �14�
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where �0 is the viscosity at the macroscale and � changes
with Kn as

� =
128

3
2�1 − 4/b�
tan−1�4.0 Kn0.4� . �15�

In Eq. �14�, it is apparent that � approaches �0 when the
Knudsen number is very small. Substituting Eq. �14� into Eq.
�13� yields
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Integrating Eq. �16� from the inlet �x=0� to the outlet
�x=L� of the channel yields
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where P= pi / po is the pressure ratio between the inlet and
outlet. It is noted that in the derivation of Eq. �17�, � is
treated as a constant, since an explicit expression would not
result if the functional dependence of � from Eq. �15� is used
in the integration of Eq. �16� Thus, Eq. �17� is recommended
for prediction of mass flow rate with near-constant Knudsen
number along the tube, or in other words, with a small pres-
sure ratio between the inlet and outlet.

For rarefied flows in long tubes, the pressure changes
significantly in the flow direction as does the Knudsen num-
ber, which causes the value of � to change along the tube.
We now develop a model that is applicable for rarefied gas
flow with significant pressure variation, or large pressure ra-
tios between the inlet and outlet. We retain the form of Eq.
�17� and seek an appropriate function in place of the func-
tional dependence of � in Eq. �15� of the form �̄
= �̄�Kno , P� which accounts for the effects of both Knudsen
number and pressure ratio. Thus, we have an expression
modified from Eq. �17� for large pressure ratios, as

Q =

r0

4po
2

2�0RTL
	P2 − 1

8
+

Kno�4 + �̄�
4

�P − 1�

+ �b + �̄�Kno
2 ln�P − b Kno

1 − b Kno
�
 . �18�

In order to obtain the values of �̄ in Eq. �18�, we con-
sider a long tube with a large pressure ratio between the inlet

and outlet as consisting of many short subtubes connected in
series. Each subtube has a small pressure ratio, say, 1.001,
between its inlet and outlet, so that the Knudsen number can
be assumed to have a fixed value in each subtube and the
relationship between pressure drop and mass flow rate in
each subtube can be predicted well by Eq. �17�. Further, in
each subtube in the series, the mass flow rate must be iden-
tical, and the inlet pressure of a succeeding subtube should
equal the outlet pressure of its upstream neighbor. Finally,
the length of the tube should be a sum of the lengths of all
subtubes, i.e.,

L = �
j=1

n

Lj , �19�

where n is the total number of subtubes, and j is the sequen-
tial number of a subtube starting with the subtube at the
outlet.

Rearranging Eq. �18�, the length for the entire tube L can
be expressed as

L =

r0

4po
2

2�0RTQ
	P2 − 1

8
+

Kno�4 + �̄�
4

�P − 1�

+ �b + �̄�Kno
2 ln�P − b Kno

1 − b Kno
�
 . �20�

Similarly, rearranging Eq. �17�, the length for a subtube can
be obtained as

Lj =

r0

4pj
2

2�0RTQ
	�P2 − 1

8
+

Knj�4 + � j�
4

��P − 1�

+ �b + � j�Knj
2 ln��P − b Knj

1 − b Knj
�
 , �21�

where �P is the pressure ratio between the inlet and outlet of
each subtube and �P= P1/n, pj = ��P� j−1 · po is the outlet pres-
sure of the jth subtube, Knj =Kno / ��P� j−1 is the Knudsen
number at the outlet of the subtube, and � j is determined
using the mean Knudsen number in the subtube, as

� j =
128

3
2�1 − 4/b�
tan−1	4.0� 2 Kno

��P + 1���P� j−1�0.4
 .

Although Eqs. �20� and �21� appear to be similar, the former
includes �̄ and may be applied to rarefied gas flows with
arbitrary pressure ratio, while the latter is for rarefied gas
flows with very small pressure ratio so that a single Knudsen
number can be used throughout the tube length. Substituting
Eqs. �20� and �21� into Eq. �19�, after some mathematical
simplification, we obtain the expression for �̄ as

�̄ =

��
j=1

n

��P�2j−2	�P2 − 1

8
+

Knj�4 + � j�
4

��P − 1� + �b + � j�Knj
2 ln��P − b Knj

1 − b Knj
�
� −

P2 − 1

8
− Kno�P − 1� − b Kno

2 ln�P − b Kno

1 − b Kno
�

Kno�P − 1�
4

+ Kno
2 ln�P − b Kno

1 − b Kno
� . �22�
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Equation �22� allows a numerical computation of the value
of �̄ for different Kno and P. To use Eq. �22�, the number of
subtubes should be large enough to render the value of �̄
independent of n, as shown in Fig. 1. The magnitude of �̄
reaches a constant value at a larger number of subtubes as
the pressure ratio increases. However, it is clear from Fig. 1
that a value of n=100 is adequate for pressure ratios of up to
200 for Kno=0.1; this is also verified at other values of Kno

of 1, 10, 100, 1000, and 10 000. In the following numerical
calculations of �̄, n is set at 500. Figure 2 shows the numeri-
cally calculated values of �̄ for different pressure ratios and
Knudsen numbers. These values can be accurately predicted,
with a maximum deviation of less than 0.5%, by the corre-
lation

�̄ =
128

3
2�1 − 4/b�
tan−1


	4.0� Kno

exp�exp�1.2271 ln�ln�P�� − 0.6145���
0.4
 . �23�

Predictions from this correlation are compared to the actual
computed values in Fig. 2. Unlike Eq. �15�, Eq. �23� incor-
porates the influence of pressure ratio and can be applied to

gas flows with a significant change in Knudsen number along
the length of the tube. As the pressure ratio P approaches 1,
Eq. �23� reduces to Eq. �15�, as is also revealed in Fig. 2.

It is now possible to use Eq. �18� to predict the mass
flow rate of gas in a tube with large pressure ratios, with �̄
determined by Eq. �23�. In what follows, the theoretical
model specifically refers to these two equations.

Equation �18� may also be used to predict the pressure
distribution along the tube. In tube flow, the mass flow rate is
constant along the tube length. A part of the flow from any
intermediate location x, with corresponding pressure p�x�, to
the outlet can be regarded as an independent flow with its
mass flow rate identical to that through the entire tube. We
then have

Q =

r0

4po
2

2�0RT�L − x�	 p̄2 − 1

8
+

Kno�4 + �̄�
4

�p̄ − 1�

+ �b + �̄�Kno
2 ln� p̄ − b Kno

1 − b Kno
�
 , �24�

where p̄= p�x� / po is the normalized pressure at the location
x. Combining Eqs. �18� and �24� and eliminating Q, we ob-
tain

x̄ = 1 −

p̄2 − 1 + 2 Kno�4 + �̄�p̄���p̄ − 1� + 8�b + �̄�p̄��Kno
2 ln� p̄ − b Kno

1 − b Kno
�

P2 − 1 + 2 Kno�4 + �̄�P���P − 1� + 8�b + �̄�P��Kno
2 ln�P − b Kno

1 − b Kno
� , �25�

where x̄=x /L is the normalized distance in the flow direction
starting from the inlet �x̄=0� and ending at the outlet �x̄=1�;
�̄ in the numerator is calculated in terms of p̄ while that in
the denominator is in terms of P. Equation �25� is an implicit
expression for pressure p̄ with x̄ being the independent vari-
able.

In order to illustrate the improvement in prediction of
mass flow rate obtained with the current model, the slip flow
model of Beskok et al.26 is used here for comparison. The
slip flow model treats the gas viscosity as a constant, i.e.,
�=0 in Eq. �14�, and uses a first-order slip flow boundary
condition, i.e., b=0 in Eq. �10�. Therefore the expression for
mass flow rate for slip flow in a tube is obtained as

Qslip =

r0

4po
2

2�0RTL
	P2 − 1

8
+ Kno�P − 1�
 . �26�

And the implicit dependence of the slip flow pressure p̄slip

= p�x�slip / po on distance along the tube is written as

x̄ = 1 −
p̄slip

2 − 1 + 8 Kno�p̄ − 1�
P2 − 1 + 8 Kno�P − 1�

. �27�

From Eq. �27�, an explicit expression for p̄slip can be deduced
as

p̄slip�x̄� = − 4 Kno + ��4 Kno�2 + �8 Kno�1 − P� + 1 − P2�x̄ + P�P + 8 Kno� . �28�
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Predictions from the model developed in this work and the
experimental data will be compared to the slip flow model in
Eqs. �26� and �28� later in this discussion.

III. EXPERIMENTAL STUDY

A. Experimental setup

To validate the model developed in this work, an experi-
mental study was conducted on rarefied gas flow through
microtubes over a range of Knudsen numbers and pressure
ratios. Figure 3 shows a schematic illustration of the experi-
mental setup designed for this purpose.

The microtubes being tested were fused silica capillary
tubes �Polymicro Technology™� with inner diameters of 20,
50, and 100 �m and root mean square roughness on the
inner surface of less than 5 nm. The inlet of the capillary
tube was connected to an enclosed gas reservoir while its
outlet was connected to a vacuum chamber. Temperatures of

the vacuum chamber and the capillary tube were monitored
using thermocouples �Omega� attached to the outside walls
and recorded using a multimeter �Agilent 34410A�. Three
valves were used to control the flow path of the air, which is
the gas used in the tests.

B. Experimental procedures

During a test, valve 3 was first opened to the atmo-
sphere, so that air flowed into the enclosed gas reservoir and
the pressure inside the reservoir reached atmosphere pressure
Pa. A nonvolatile oil plug �soybean oil� was then introduced
into the gas reservoir to partition the reservoir into two sec-
tions, as shown in Fig. 3. At this time, valve 3 was closed.
The vacuum chamber filled with de-ionized water was
heated up to the boiling point of water. The water vapor
generated in the process helped expel the air in the chamber
through valve 1, with valve 2 remaining closed. When the air
was completely expelled, valve 1 was closed. Complete ex-
pulsion of air was judged to have occurred when the volu-
metric ratio of the air that was initially present in the cham-
ber to the water vapor fell below 0.01%; the vapor volume
for this calculation was estimated from the reduction in vol-
ume of the remaining water in the vacuum chamber. This
procedure leads to only water and its vapor being present in
the vacuum chamber, so that the pressure inside the chamber
is equal to the saturation pressure of water. The desired
steady temperature was achieved in the vacuum chamber by
allowing it to equilibrate with the surroundings for over 1 h
for room temperature or by embedding the chamber in de-
ionized ice water when a lower chamber temperature was
needed. The vacuum chamber temperature was measured us-
ing an attached thermocouple. The saturated pressure inside
the vacuum chamber was then calculated using the Goff–
Gratch equation.27

Valve 2 was then opened and the air previously stored in
the enclosed gas reservoir flowed through the capillary tube
toward the vacuum chamber, driven by the pressure drop
between the inlet and outlet of the capillary tube. As the air
flowed out of the gas reservoir into the vacuum chamber, the
inlet pressure to the capillary tube gradually dropped and
pulled the oil plug from right to left. The movement of the
left-side meniscus of the oil plug was tracked with a travel-
ing microscope. The position of the right-side meniscus of
the oil plug was also recorded as a function of time for later
calculations.

It may be noted that although the air flow inside the
capillary tube may appear to be an unsteady process due to
the continuous decrease in the inlet pressure, it may readily

FIG. 1. �Color online� Influence of number of subtubes on �̄ �Kno=0.1�.

FIG. 2. �Color online� Computed values of �̄ at different outlet Knudsen
numbers and pressure ratios; also shown are predictions from the current
model, Eq. �23�, as well as from the literature, Eq. �15�.

FIG. 3. �Color online� Schematic illustration of experimental setup.
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be treated as a quasisteady flow, based on the Strouhal num-
ber Sr=L /uctc of the flow where uc and tc are the character-
istic velocity and time. In all the tests in this work, the slow-
est air velocity in the capillary tube is approximately 10 m/s
and the longest capillary tube is 100 mm in length. It takes at
least 30 s for l1 to increase by 1%, or in other words, for pi

to decrease by 1% according to Eq. �29�. Using these param-
eters, the largest possible Strouhal number is estimated to be
0.000 33. Any unsteady effects caused at this very small
Strouhal number are negligible, so that the gas flow in the
present work can be considered to be steady.

The pressure at the outlet of the capillary tube is as-
sumed to be the saturation pressure of vapor �equal to the
value in the vacuum chamber�. The gradual flow of air from
the gas reservoir into the vapor chamber could cause some
error in this assumption. However, the influence of the added
air on the pressure in the vacuum chamber, estimated by
considering the ratio of volumes of the gas reservoir and the
vacuum chamber, is negligibly small, since this volumetric
ratio is only 0.03%. Even if all the air in the gas reservoir
were added to the vacuum chamber, the error caused by the
added air to the vacuum chamber pressure would still be
negligible.

C. Parametric measurements

The inlet pressure pi is deduced from the length l1 of the
right-side part of the air column in the gas reservoir. The
length l1 was determined from the recorded positions of the
right-side meniscus at different times. Since the original
pressure in the gas reservoir is atmospheric pressure pa, pi is
determined by

pi = pal1
�0�/l1, �29�

where l1
�0� is the initial length of the right-side air column.

The mass flow rate through the capillary tube can be derived
from the rate of decrease in mass in the gas reservoir using
the following expression:

Q =

d2�l1

�0� + l2
�0��

4RT

dpi

dt
= −


d2�l1
�0� + l2

�0��pal1
�0�

4RTl1
2

dl1

dt
, �30�

where l2
�0� is the initial length of the left-side air column, and

d the inner diameter of the gas reservoir. The rate of change
in l1, i.e., dl1 /dt, is computed over a short time interval as
�l1 /�t, where �l1=0.002 m and �t is the time interval for

the meniscus to travel this distance. Since 0.002 m is very
small compared with the total travel distance �0.2 m� of the
meniscus and the observed velocity of the meniscus changes
very little over this distance, this is an acceptable estimate of
the average velocity. The pressure difference to drive the oil
plug was estimated by placing an oil plug in a tube held at
different inclinations, and the observed critical inclination for
the oil plug to start moving was used to calculate the flow
resistance. The maximum flow resistance among all the tubes
used in the current experiments was found to be approxi-
mately 50 Pa for a gas-reservoir tube of inner diameter of 2
mm, which is much smaller than the absolute pressure inside
the gas reservoir �1
104–1
105 Pa�. Therefore, its effect
on the calculation of mass flow rate was neglected.

The outlet pressure in the experiments is equal to the
saturation vapor pressure ps inside the vacuum chamber and
is determined by the Goff–Gratch equation,27

log10 ps = − 7.902 98�373.16/T − 1�

+ 5.028 08 log10�373.16/T�

− 1.3816 
 10−7�1011.344�1−T/373.16� − 1�

+ 8.1328 
 10−3�10−3.491 49�373.16/T−1� − 1�

+ log10�101 324.6� ,

where T is in kelvin. This equation is valid over a tempera-
ture range of �−50 °C,102 °C� and has a deviation of less
than 0.1% from the experimental data in the temperature
range of �0 °C,30 °C� relevant to the current study.

Knowing ps, the Knudsen number at the outlet of the
capillary tubes is calculated as

Kno =
16�0

5�2
RT�or0

=
16�0

�RT

5�2
por0

. �31�

D. Test cases

Tests were carried out for air flow with Knudsen number
in the range 0.05�Kno�1, i.e., mainly in the transition flow
regime, as listed in Table I.

TABLE I. Test cases.

Case
r0

��m�
L

�mm�
pa

�Pa�
po

�Pa� Kno

T
�K�

�0

�10−5 kg m−1 s−1�

A 50 95 101 325 2337a 0.0564 293 1.82

B 25 61 101 325 2337a 0.113 293 1.82

C 10 33 101 325 2337a 0.282 293 1.82

D 10 27 101 325 608b 1.08 293 1.82

aThe temperature of the vacuum chamber is 20.5 °C.
bThe temperature of the vacuum chamber is 0 °C.

052005-8 Z. Yang and S. V. Garimella Phys. Fluids 21, 052005 �2009�

Author complimentary copy. Redistribution subject to AIP license or copyright, see http://phf.aip.org/phf/copyright.jsp



E. Uncertainty analysis

Based on Eq. �30�, the uncertainty in the measured mass flow rate, denoted by the subscript m, may be estimated as

��Q

Q
�

m

=�4��d

d
�2

+ �2l1
�0� + l2

�0�

l1
�0� + l2

�0� �2��l1
�0�

l1
�0� �2

+ � l2
�0�

l1
�0� + l2

�0��2��l2
�0�

l2
�0� �2

+ ����l1�
�l1

�2

+ ����t�
�t

�2

+ ��T

T
�2

+ 4��l1

l1
�2

+ ��pa

pa
�2

.

�32�

Since the calculated mass flow rate calculated using Eq. �18� also depends on experimental parameters such as r0 and po, the
uncertainty in this flow rate, denoted by the subscript c, may be estimated as

��Q

Q
�

c
= �16��r0

r0
�2

+ 4��po

po
�2

+ ���

�
�2

+ ��T

T
�2

+ ��L

L
�2

+ P2� 2P + 2Kno�4 + �̄� + 8�b + �̄�Kno
2/�P − b Kno�

P2 − 1 + 2Kno�4 + �̄��P − 1� + 8�b + �̄�Kno
2 ln�P − b Kno

1 − b Kno
��

2��P

P
�2

+ Kno
2�� Kno

Kno
�2


 � �8 + 2�̄��P − 1� + 16 Kno�b + �̄�ln�P − b Kno

1 − b Kno
� + 8 Kno

2�b + �̄�b
P − 1

�P − b Kno��1 − b Kno�

P2 − 1 + 2 Kno�4 + �̄��P − 1� + 8�b + �̄�Kno
2 ln�P − b Kno

1 − b Kno
� �

2

+ � 2 Kno�P − 1� + 8 Kno
2 ln�P − b Kno

1 − b Kno
�

P2 − 1 + 2 Kno�4 + �̄��P − 1� + 8�b + �̄�Kno
2 ln�P − b Kno

1 − b Kno
���̄2���̄

�̄
�2�

0.5

, �33�

where

��P

P
� =���pa

pa
�2

+ ��l1
�0�

l1
�0� �2

+ ��l1

l1
�2

+ ��po

po
�2

and

�� Kno

Kno
� =����a

�a
�2

+
1

4
��T

T
�2

+ ��po

po
�2

+ ��r0

r0
�2

.

The relative uncertainty in ��̄ / �̄ in Eq. �33� depends on
�P / P and �Kno /Kno and is calculated using a similar ap-
proach but the related expressions are not listed here in the
interest of brevity.

Finally, the total relative uncertainty in the mass flow
rate can be written as

�Q

Q
=���Q

Q
�

m

2

+ ��Q

Q
�

c

2

. �34�

The relative uncertainties in all the measured variables are
listed in Table II. Using the values in Table II, the total un-
certainty in the mass flow rates reported in this work is esti-
mated using Eq. �34� to be

�Q

Q
� � 5.5% .

IV. RESULTS AND DISCUSSION

A. Mass flow rate

The mass flow rates through the four different micro-
tubes, measured at different pressure ratios and Knudsen
numbers, are shown in Fig. 4; predictions from Eq. �18� are
also included in the figure. The maximum pressure ratio in
the experiments was approximately 170 �case D�, with the
inlet and outlet pressures being 101 325 and 608 Pa, respec-
tively. In each case, mass flow rate increases with pressure
ratio, and the theoretical predictions are seen to agree well
with the experimental results. The evident nonlinear relation-
ship between Q and P shows the important influence of air
compressibility on flow behavior.

The theoretical model developed here is also compared
to the slip and nonslip models from the literature. This com-
parison is facilitated by normalizing the mass flow rates
against those predicted by the slip flow model as follows:
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R1 =
Q

Qslip
=

P2 − 1 + Kno�8 + 2�̄��P − 1� + 8�b + �̄�Kno
2 ln�P − b Kno

1 − b Kno
�

P2 − 1 + 8 Kno�P − 1�

and

R2 =
Qnonslip

Qslip
=

P2 − 1

P2 − 1 + 8 Kno�P − 1�
.

R1 is the ratio of the mass flow rates obtained with the cur-
rent model and the slip flow model, while R2 is that between
the nonslip flow model and the slip flow model. Figure 5
shows values of R1 and R2 at different pressure ratios for
three different Knudsen numbers. The experimental results
�obtained by dividing the experimental mass flow rate with
that from the slip flow model� are also plotted in Fig. 5,
showing good agreement with the curve for R1 �the theoret-
ical model from the present work�, which clearly demon-
strates the improvements obtained from the current model
relative to the slip flow model for rarefied gas flows in the
transitional regime. The improvements in the current theoret-
ical model are achieved by considering both the second-
order slip boundary equation �10� and rarefaction of the vis-
cosity equation �14�, which are applicable for all flow
regimes.25 The experimental data exceed the theoretical pre-
dictions at small pressure ratio in Fig. 5�a�, which may be
caused by small amounts of air leakage from the atmosphere
into the gas reservoir. As the pressure ratio becomes small,
the inlet pressure inside the gas reservoir approaches that of
the vacuum chamber, with an increased chance of leakage
from the surrounding air. Further, the ratio R1 is clearly
larger than unity, especially at small P and large Kno, imply-
ing the occurrence of a higher flow rate compared to the slip
flow model prediction. As P becomes large, R1 approaches
unity for each Kno in Fig. 5. This is because as the pressure
increases, air flow in much of the tube falls in the slip flow
regime. The ratio R2 is lower than unity, especially at small P
�near-constant Knudsen flows� and large Kno. This indicates
that the flow rate of the nonslip flow model is significantly
smaller than that of the slip flow model when gas flow in the
entire tube is at a high Knudsen number. As P becomes
large, R2 approaches unity at each Kno in Fig. 5. This is
because at large P, gas flow in much of the tube has a low
local Knudsen number, despite Kno at the outlet being high,
and continuum flow with nonslip boundary condition domi-
nates the overall flow rate in the tube; this causes the differ-

ence between the slip flow model and the nonslip flow model
to be small at large P.

The observation that R2 falls well below R1 indicates that
rarefaction effects, including slip at the wall and a decrease
in the viscosity, are important for the cases studied here.

The influence of the Knudsen number on rarefied gas
flows can be shown by observing its effect on the variation
of the mass flow rate normalized against that in a free mo-
lecular flow Qfree defined as

Qfree =
4

3
r0

3�p

L
�2


RT
�0.5

, �35�

where �p is the pressure drop between the inlet and outlet of
the capillary tube. Figure 6 shows the dependence of normal-
ized mass flow rate on Kno. As seen, three flow regimes, i.e.,
slip �0.001�Kno�0.1�, transition �0.1�Kno�10�, and free
molecular �Kno�10� flows, are covered. When Kno becomes
large, the air flow gradually turns into a free molecular flow,
so that the normalized flow rate approaches unity. The ex-
perimental data are mainly in the transition flow regime
�0.1�Kno�10� and agree well with the theoretical predic-
tions. It is evident that pressure ratio P plays an important
role on mass flow rate. As P becomes large, the entire curve
shifts from left to right. Loyalka and Hamoodi’s solutions of
the linearized Boltzmann equation20 are also plotted in the
figure to compare the measured gas flow rates at an ex-
tremely small pressure ratio of P=1.001, for which Knudsen
number is almost constant throughout the tube. Although ex-
perimental data could only be obtained over some of the flow
regimes, the good agreement between the solution of the
linear-Boltzmann equation and the curve for P=1.001 im-
plies that Eq. �18� is applicable for flows over a wide range
of Knudsen numbers; this is also evidenced by the fact that
Eq. �18� predicts a mass flow rate which is identical to that of
free molecular flow, i.e., the normalized flow rate becomes
unity as Kno approaches infinity in Fig. 6.

The inset in Fig. 6 shows details of the flow rate in the
transition flow regime. As a comparison, the results predicted
by the slip flow model �dashed lines� are also presented. It is

TABLE II. Relative uncertainties in the measured variables.

Measured variables A l1 l2 d T po r0 L

Relative uncertainty ��A /A� �%� 0.5 0.05 0.5 0.05 1.0 0.25 1.0

Measured variables A l1
�0� l2

�0� �̄ �l1 �t � pa

Relative uncertainty ��A /A� �%� 0.5 0.05 0.5 1.0 0.01 1.0 0.1

052005-10 Z. Yang and S. V. Garimella Phys. Fluids 21, 052005 �2009�

Author complimentary copy. Redistribution subject to AIP license or copyright, see http://phf.aip.org/phf/copyright.jsp



evident that the current model predicts the experimental data
much better than does the slip flow model, especially for
flows at low pressure ratios, e.g., P=3 and 6, and at high
Knudsen numbers, e.g., Kno=1.08. We further note that the
current model is able to resolve the expected dip in mass
flow rate below the value of Q /Qfree=1 that would be ob-
tained in free molecular flow. In the inset, the Knudsen num-
ber at which the normalized flow rate is a minimum is seen
to change its position with pressure ratio P.

The minimum in the normalized flow rate and the corre-
sponding Knudsen number can be calculated for air flows at
different pressure ratios using Eqs. �18� and �35�. Figure 7
shows that the minimum normalized flow rate and the corre-
sponding Knudsen number generally increase with pressure
ratio. When P is close to unity �i.e., a gas flow with the
Knudsen number nearly unchanged along the tube length�,
the corresponding Knudsen number is approximately 3, and
the Knudsen’s minimum is 0.915; this is consistent with re-

sults reported in the literature20,25 for these lower pressure
ratios.

B. Streamwise pressure distribution

Measuring streamwise pressure distribution in micro-
tubes is experimentally challenging. Although pressure sen-
sors were integrated into a microchannel in one study,22 extra
channels were needed to transfer gas from the microchannels
to the sensors in this case, which may have caused distur-
bance in the flow. Existing fabrication techniques for pres-
sure measurement are also more adapted to flat channels.

In this section, we deduce the streamwise pressure dis-
tribution from the available experimental data for mass flow
rate. The derivation is based on the fact that mass flow rate is
inversely proportional to tube length, as seen in Eq. �18�.
Additional experiments were also conducted to verify this
behavior in the current channels, as shown in the log-log plot

FIG. 4. �Color online� Mass flow rate Q vs pressure ratio P: �a� case A, �b� case B, �c� case C, and �d� case D. Descriptions of the cases are available in
Table I.
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of Fig. 8. Both the experimental and theoretical data exhibit
a precise inverse proportionality between mass flow rate and
tube length, with slopes of �1 for the curves.

According to Eq. �18� and the experimental results in
Fig. 8, Q is inversely proportional to L, and this relationship
can be expressed as

QL = C�P,Kno,r0,po,T� , �36�

where C is a function of parameters P, Kno, r0, po, and T. In
a tube of length L0 with a mass flow rate of Q0, the normal-
ized pressure p̄ gradually drops from P at the inlet to 1 at the
outlet. A part of this tube flow which starts at an arbitrary
streamwise location x �0�x�L0� and ends at the outlet �x
=L0� can be treated independently, with the inlet flow pres-
sure being p̄�x� such that Eq. �36� becomes

Q0Lx�p̄,Kno,r0,po,T� = C�p̄,Kno,r0,po,T� , �37�

where Lx is the distance from the location of x to the outlet,
i.e., Lx=L0−x. The mass flow rate Q0 is a constant for the

FIG. 5. �Color online� Variation of normalized mass flow rates R1 and R2

with pressure ratio P: �a� Kno=1.08, �b� Kno=0.282, and �c� Kno=0.113.

FIG. 6. �Color online� Influence of the outlet Knudsen number Kno on mass
flow rate at different pressure ratios: solid line, current model; dashed line,
slip flow model; �, experimental data; �, solution of the linear-Boltzmann
equations by Loyalka and Hamoodi �Ref. 20�.

FIG. 7. �Color online� Minimum in the normalized mass flow rate �dashed
line� and the corresponding Knudsen number �solid line� at different pres-
sure ratios.
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flow and Lx is a function of parameters p̄, Kno, r0, po, and T.
The right side of Eq. �37� may be further rewritten as

C�p̄,Kno,r0,po,T� = C�P,Kno,r0,po,T�

= Q�P,Kno,r0,po,T�L , �38�

where P= p̄, and L, a constant, is the length of a tube. Based
on Eqs. �37� and �38�, it is easy to obtain the equivalency

Q0Lx�p̄,Kno,r0,po,T� = Q�P,Kno,r0,po,T�L �39�

and

Lx�p̄,Kno,r0,po,T� =
Q�P,Kno,r0,po,T�L

Q0
. �40�

Equation �40� shows that the distance Lx at which the pres-
sure is p̄ for a mass flow rate of Q0 may instead be calculated
from a different situation with the same Kno, r0, po, and T
but with a mass flow rate of Q and a pressure ratio of P
�P= p̄�. According to Eq. �40�, the distance L0 at which p̄
= Pmax can be calculated by simply substituting P with Pmax,
i.e.,

L0 =
Q�Pmax,Kno,r0,po,T�L

Q0
. �41�

Normalizing Lx using L0, we have

Lx�p̄,Kno,r0,po,T�
L0

=
L0 − x�p̄,Kno,r0,po,T�

L0

=
Q�P,Kno,r0,po,T�

Q�Pmax,Kno,r0,po,T�
. �42�

Finally, the normalized flow distance at which p̄= P may be
expressed as

x̄�p̄,Kno,r0,po,T� = 1 −
Q�P,Kno,r0,po,T�

Q�Pmax,Kno,r0,po,T�
. �43�

The flow rate Q in the numerator in Eq. �43� is experimen-
tally obtained at different pressure ratios in each case in
Table I, while that in the denominator is the flow rate at the

maximum pressure ratio for that case. The uncertainty in x̄ in
Eq. �43� may be expressed as

�x̄ =�	 QP

QP max

2	��QP

QP
�2

+ ��QP max

QP max
�2
 , �44�

where QP and QP max represent the mass flow rate at pressure
ratios of P and Pmax, respectively. The two relative uncer-
tainties in Eq. �44� for mass flow rate, i.e., ��QP /QP� and
��QP max /QP max�, are less than 5.5% according to the pre-
vious analysis.

Figure 9 shows the streamwise pressure distributions for
cases C and D from the experiments �see Table I�. The pres-
sure decreases as gas flows downstream and significant pres-
sure loss occurs near the outlet due to rapid volume expan-
sion of the gas flow. The nonlinear distribution of pressure
along the flow distance clearly shows the effect of flow com-
pressibility. Theoretical results predicted using Eq. �25�
agree quite well the experimental data.

Figure 10 shows the normalized pressure difference
�p̄ / p̄slip calculated using the model developed here and the
slip flow model, where �p̄= p̄− p̄slip and p̄ and p̄slip are cal-
culated using Eqs. �25� and �28�, respectively. It is apparent
that the current model predicts a lower pressure than does the
slip model �as the values in Fig. 10 are negative�, especially
in the region near the outlet where the rarefaction effect is
the greatest. After reaching its minimum value very close to
the exit, the normalized pressure difference rises quickly to
zero at the exit, x̄=1. This is because both in the current
model and in the slip model the normalized pressure is fixed
at the same value, i.e., 1, at the exit. The experimental data,
which are calculated as �p̄expt− p̄slip� / p̄slip �p̄expt is the experi-
mental normalized pressure�, are also presented in the figure.
Although the experimental data exhibit some scatter, it is still
evident that the measured pressures are lower than those
from the slip flow model, as evidenced by the data being
smaller than zero in Fig. 10, and agree much better with the
current model. It is also noted that the streamwise pressure
distribution agrees well with that predicted by the slip model
in the region near the inlet �x̄=0�, as revealed by the value of

FIG. 8. �Color online� Influence of tube length on mass flow rate for two
different tube radii �P=43, Kno=0.282�.

FIG. 9. �Color online� Streamwise pressure distributions deduced for two of
the experimental cases.
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�p̄ / p̄slip being close to zero, while it deviates significantly in
a region close to the outlet. This indicates that both the slip
and transition flow regimes are present in the cases consid-
ered here, and that the current model applies well to flows
with multiple flow regimes coexisting along the flow direc-
tion.

V. CONCLUSIONS

A theoretical model applicable for rarefied gas flow in
long tubes with various pressure ratios between the inlet and
outlet is developed. Due to significant pressure decrease
along the tube, the Knudsen number changes greatly and
multiple flow regimes may exist in a single tube. The new

model incorporates the influence of pressure ratio and is ca-
pable of predicting gas flow covering either single or mul-
tiple flow regimes along the flow direction.

An experimental setup was designed to study rarefied
gas flow subject to different pressure ratios ranging from 3 to
170. Knudsen numbers tested ranged from 0.05 to 1.08 and
were mainly in the transition flow regime. The maximum
uncertainty in the experimentally measured mass flow rate
was 5.5%.

Comparison between predictions from the current model
and the experimental data showed very good agreement in
terms of the mass flow rate and streamwise pressure distri-
bution. Predictions from the current model are shown to be
substantially improved in terms of agreement with experi-
ment relative to a slip flow model.
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APPENDIX: EXPRESSION FOR THE SECOND-ORDER
CONSTITUTIVE TENSOR

The second-order constitutive tensor in the Burnett equa-
tion at a constant temperature is

��� =
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FIG. 10. �Color online� Normalized pressure difference �p̄ / p̄slip between
the slip flow model and the current model predictions.
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