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Abstract In this note, we clarify the well-posedness of the limit equations to the
mean-field N-neuron models proposed in (Baladron et al. in J. Math. Neurosci. 2:10,
2012) and we prove the associated propagation of chaos property. We also complete
the modeling issue in (Baladron et al. in J. Math. Neurosci. 2:10, 2012) by discussing
the well-posedness of the stochastic differential equations which govern the behavior
of the ion channels and the amount of available neurotransmitters.

Keywords Mean-field limits - Propagation of chaos - Stochastic differential
equations - Neural networks - Neural assemblies - Hodgkin—Huxley neurons -
FitzHugh—Nagumo neurons

1 Introduction

The paper of Baladron et al. [1] studies quite general networks of neurons and aims to
prove that these networks propagate chaos in the sense originally developed by Sznit-
man [2] after the seminal work of Kac on mean-field limits and McKean’s work [3]
on diffusion processes propagating chaos. As observed by the authors, the membrane
potentials of the neurons in the networks they consider are described by interacting
stochastic particle dynamics. The coefficients of these McKean—Vlasov systems are
not globally Lipschitz. Therefore the classical results of the propagation of chaos
theory do not directly apply and a specific analysis needs to be performed. The main
theorems (existence and uniqueness of the limit system when the number of particles
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tends to infinity, propagation of chaos property) are stated under a fairly general hy-
pothesis on the coefficients. Unfortunately the proof in [1], pp. 24-25, involves an
erroneous management of hitting times in combination with a truncation technique,
and the limit system may not be well defined under the too general hypothesis used
by the authors. Indeed, the following equation, where ¢ is a bounded and locally
Lipschitz function and Zj is a random variable, satisfies the hypothesis made in [1],
pp- 15-16:

t
Z, = 7o +/ E¢(Z,)ds.
0

However, Scheutzow exhibited examples of a function ¢ and initial condition Z for
which many solutions do exist: see Counterexample 2 in [4] and the remark which
follows it.!

This note restricts the neuron model to the much used variants of the FitzHugh—
Nagumo and Hodgkin—Huxley models. Our objective is two-fold: first, we discuss a
modeling issue on the diffusion coefficients of the equations describing the propor-
tions of open and closed channels that guarantees that these variables do not escape
from the interval [0, 1]. This was not completely achieved in [1] and can be seen as a
complement to this paper.

Second, we give a rigorous proof of the propagation of the chaos property.

2 The Models

In this section we present and discuss the stochastic models considered by Baladron
et al. [1] for the electrical activity of p populations of neurons. Each population has
a label @ and N, elements. We denote by P the set of the p population labels and by
N :=7) ", cp Ne the total number of neurons.

Given the neuron i in a population «, the stochastic time evolution of the mem-
brane potential is denoted by (V). In the case of the Hodgkin-Huxley model, the
sodium and potassium activation variables, which represent proportions of open gates
along the neuron i are, respectively, denoted by (n!), (m!). The sodium inactivation
variable, which is also a proportion of open gates, is denoted by (h!). In the case of
the FitzHugh-Nagumo model, the recovery variable is denoted by (w!). Both models
feature synaptic variables (y’) which represent the proportion of available neurotrans-
mitters at the synapses of neuron i.

The synaptic connections between neurons are assumed to be chemical in [1]. We
make the same assumption here. This implies that the synaptic current Iisjyn from the
presynaptic neuron j in population y to the postsynaptic neuron i in population o
can be written

10 = —gi; () (Vi = V),

where V7 is the synaptic reversal potential of the j — i synapse, assumed to be ap-
proximately constant across populations, and g;;(¢) the electric conductance of that

1 Similarly, Counterexample 1 in [4] contradicts the results on neuronal models claimed at the end of Sect. 1
and in Appendix B of [5].
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synapse. Hence the postsynaptic neuron i belongs to population « and the presynaptic
neuron j to population y. This conductance is the product of the maximal conduc-
tance, noted J,”, of the synapse by the proportion y; of neurotransmitters available
at neuron j. Conductances are positive quantities.

The processes (Vi , n; m; h; wi, yti) are defined by means of the stochastic dif-
ferential systems (1) or (4) in the N -neuron model section below. The mean-field limit
processes are defined in (9) and (5). Well-posedness of those systems is postponed to
Sect. 4.

2.1 The N-Neuron Model

The variants of the FitzHugh—Nagumo and Hodgkin—Huxley dynamics proposed in
Baladron et al. [1] to model neuron networks are all of the two types below; the only
differences concern the algebraic expressions of the function F, and the fact that
the FitzHugh-Nagumo model does not depend on the variables (n’, m!, ki) but on
the recovery variable (w!) only. Conversely, the Hodgkin—-Huxley model does not
depend on wf. In what follows we denote by q the vector (n, m, h) of R3 in the case
of the Hodgkin—Huxley model, and the real (w) in the case of the FitzHugh—-Nagumo
model. We also note (W) = WY w wh o wim W), independent Brownian
motions (1 <i < N).

Given a neuron i, the number p(i) = « denotes the type of the population it be-
longs to.

Equations (1) and (4) below are those studied in [1]. They correspond to two dif-
ferent models for the maximum conductances. The first one does not respect the pos-
itivity constraint while the second one guarantees that these quantities stay positive.
In these equations, all quantities which are not time indexed are constant parameters.

2.1.1 Simple Maximum Conductance Variation

For i and j such that p(i) = « and p(j) = y, the model assumes that J,ij fluctuates

around a mean J*” according to a white noise with standard deviation %Jy:
T dB"Y
iy _ 7y J t
Jii=J" +og, o

For (B;”) a family of independent Brownian motions, independent of the Brownian
family (W}), the equations describing the dynamics of the state vector of neuron i in
population « are

for i such that p(i) = «, for q = (w) or (n, m, h),
AV} = Fot, Vi gDy dt = Y, cp (Vi — V‘”)%(Zyzl Lip(jry) i) dt

-2, ep(Vi = VW)%(ZL Lp(jy=y) 3 ) dB] +ogdWwiV, (1)
dy; = (a} Se (V)1 — y;) —agy;) dt

+ 12 Sa (VY = ¥i) +agyix 6D aw)”
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coupled with
dw} = co (V! + ag — bgw}) dt 2)
or
dxi = (px (V) (1 = x7) = &e(V/)x7) dt

+ 1o (V) (1= 20) + 6 (Vi)xt [x (x}) dWi  forx =n.m. b, (3)

The reader may wonder about the reason for the square root term and the function x
in the diffusion coefficient of the SDE for the processes x’ and y’. The square root
arises from the fact that this SDE is a Langevin approximation to a stochastic hybrid,
or piecewise deterministic, model of the ion channels. There is a finite (albeit large)
number of such ion channels and each of them can be modeled as jump Markov
processes coupled to the membrane potential. Altogether ion channels and mem-
brane potentials are described by a piecewise deterministic Markov process which,
as shown for example in [6], can be approximated by the solution to the SDE shown
in (1) and (4). Hypothesis 2.1(i) below on the function x implies that the processes
x% and y’ are valued in [0, 1]: see Sect. 4.

2.1.2 Sign-Preserving Maximum Conductance Variation

For i such that p(i) = «, for q = (w) or (n, m, h),
dVi=F,(t, Vi q)dt |

-2, epVi = Vay)féi@f’—l LipGyey)yi) dt + o dW}Y
dJ)" =64, (T =1V ydt + 5 \/FdB Y forally € P,
dyl = (@¥Sa (V)1 — y)) —a%yDdt

+ 12 S (V) = ¥+ af i Ix G AW,

“

coupled with (2) or (3).
2.2 The Mean-Field Limit Models

When making the N,s tend to infinity, the linear structure of the above N-neuron
models w.r.t. the (yf), the linear structure of the dynamics of the (yf), and the mu-
tual independence of the Brownian motions (B,i 7y, (W,j ¥y, lead one to mean-field
dynamics. The limit processes (V,*, y¥, n¥, m¥, h¥, w¥, o € P) are solutions to the
SDEs (5) and (9) where (B;”, W/ v , W wen W,“’h, a € P) denote independent
Brownian motions.
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2.2.1 Simple Maximum Conductance Variation

For all « in P,

dVIO‘ = F,(t, V,a,q?l)dl‘ Zyep(V“ —aV)jaVE[ ldt
- ZyeP(Vta )0 E[)’z ]dBay + oy dWa V

Q)
dyf = (ay Sa (V) (1 — ) —agyf)dt
+ \/Ia?‘Sa(Vza)(l ) +adyz [x (vf )dWa Y
coupled with
dwf =co (V¥ + ay — bewy') dt (6)
or

= (e (VE) (1 = x8) = £ (V)2 d

—i—\/}px Y1 =xF) + & (V) x| x (k) dW* forx=n,m,h, (7)

where again qf stands for (w{") in the FitzHugh—-Nagumo model and for (n{, m§, h{)
in the Hodgkin—Huxley model.

Notice that the diffusion coefficients of the (y{') play no role in the above mean-
field dynamics since one readily sees that

1
B¢ = 50 exp{ ~ao —a [ 5[5, ()] ao)
t
+/ atE[Sa(V{)]
0
1
X exp{—ag‘(t —s)— af‘/ E[Sa(Vé")]dG} ds foraeP. (8)

2.2.2 Sign-Preserving Maximum Conductance Variation

With the same notation, for all « in P,

dVe = Fy(t, v;*, q)dt =Y, cp(VE =V I B 1dt + 0a dW,Y
dJSY =0y (T — I3y dt + of /I dBT forally € P,
dyf = (af S (VH)(1 — yf) —agyf)dt

+ V1agSe (VO =y +aZyf Ix (i) dW;,

©))

coupled with (6) or (7).
As in the simple maximum conductance variation case, the diffusion coefficients
of the (y{) play no role in the above mean-field dynamics and E[y{] is given by (8).
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2.3 Hypotheses
Our hypotheses on the coefficients of the neuron models are the following.

Hypothesis 2.1

(i) On the ion channel models. The function x is bounded Lipschitz continuous
with compact support included in the interval (0, 1).
The functions py, ¢y are strictly positive, Lipschitz, and bounded.

(i1) On the chemical synapse model. The functions S, are of the sigmoid type, that
is, Sq¢(v) = C/(1 4+ exp(—A(v — §))) with suitable positive parameters C, A, &
depending on «. The parameters ay, aj are also positive.

(iii) On the membrane model. The drift terms Fy, are continuous, one-sided Lipschitz
w.r.t. v and Lipschitz w.r.t. q. More precisely, there exist a positive real number
L and a positive map M (v, v') such that for all ¢ € [0, T], for all q, ¢’ in R3 or
R, v, v in R,

(Fa(t, v, q) — Fa(t, v, q))(v — v’) < L(v — l/)2 — M(v, v’)(v — v’)z,

(10)
|Falt,v,@) = Fo(t,v.q)[ < L]|a—q'[.

(iv) The initial conditions. Vé, Jéy, yé, wf), nf), mf), hf) are i.i.d. random variables
with the same law as Vé", J(‘)W, yg‘, wg‘, ng‘, mg‘, hg, when p(i) = a. We also
assume that V' and J(')x ¥ admit moments of any order.

Moreover, the support of the law of y; belongs to [0, 1], as well as the support
of the laws of n&, mg, h%, for all « in P. The support of the law of J;” belongs
to (0, +00).

Remark 2.2 For each neuron population «, the function S, represents the concentra-
tions of the transmitter released into the synaptic cleft by a presynaptic spike.

Our hypothesis on the support of the function x is essential to force the proportion
processes (ylf), (nﬁ), (mi), (h;) to live in the interval (0, 1).

In the case of the FitzHugh—Nagumo model, for all « we have F, (v, q) = — %v3 +
v — w, so that we may choose L =1 and M (v,v') = %(|v| — V3.

Finally, the i.i.d. hypothesis in part (iv) is only used in Sect. 4 where it allows
simplifications, but it can be relaxed to initial chaos by classical arguments in the
propagation of chaos literature.

Remark 2.3 We notice that a one-sided Lipschitz condition also appears in the work
by Lucon and Stannat [7] for stochastic particle systems in random environments
in which they model one-population networks of FitzHugh—Nagumo neurons. How-
ever, their model does not include synaptic interactions as ours does. This has led
us in particular to consider square root diffusion coefficients in the dynamics of the
synaptic variables which, as shown below, requires specific arguments to prove that
the particle systems are well posed and propagate chaos.

@ Springer
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Remark 2.4 The boundedness of the functions p, and ¢ is a technical hypothesis
which simplifies the analysis but can be relaxed, provided that the above models have
solutions which do not explode in finite time. However, this comfortable hypothe-
sis is quite reasonable for neuron models since the membrane potentials take values
between —100 mV and 100 mV. It is therefore implicitly understood that Lipschitz
functions which reasonably fit data within the interval [—100, 100] are extended to
bounded Lipschitz functions on the entire real line.

3 SDEs in Rectangular Cylinders

In the above N-neuron and limit models one requires that, for all i, @ and x =n, m, h,
the concentration processes (x,i ), (xf), ( y,i ) and (y{) are well defined and take values
in the interval [0, 1]. Each one of these processes is one-dimensional but not Markov
since the coefficients of their dynamics depend on (V;) and thus on all the components
of the systems (4) and (1). In this context, classical arguments for one-dimensional
Markov diffusion processes such as Feller’s tests or comparison theorems cannot be
used to show that the processes do not exit from [0, 1]. We thus need to develop an ad
hoc technique. Instead of focusing on the above neuron models, we rather introduce
a more general setting.
Consider the stochastic differential equation

dXV = b1 (X, U dt + Ay(X,, U d W,
dX® = be(X,, Uy di + Au(Xy, Up) dW®,
dU; = B(Xy, Updt + I (X, Up) AW,

(1)

where (X;) := (Xt(l), e, X,(k)) is R¥-valued, (U;) is R?-valued, (W;) = (W,(l), e,
W,(k)) is a R¥-valued (F;)-Brownian motion, and (W) is a R"-valued Brownian
motion.

We aim to exhibit conditions on the coefficients of (11) which imply that the pro-
cess (X, U;) takes values in the infinite rectangular cylinder [0, 11F x R4,

Remark 3.1 Many stochastic models of the type (11) which arise in physics need to
satisfy the constraint that the process (X;) is valued in the hypercube, say, [0, 11¥.
The algebraic expressions of the coefficients derived from physical laws may be ‘nat-
urally’ defined only for x in [0, 1]¥. However, one typically can construct continuous
extensions of these coefficients on the whole Euclidean space. These extensions may
be arbitrarily chosen, provided that they satisfy Hypothesis 3.2 and that Eq. (11) has
a weak solution which does not explode in finite time. In Sect. 4 we develop this ar-
gument to show that all systems in Sect. 2 are well posed and that the concentration
processes are all valued in [0, 1].

Assume the following.

@ Springer
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Hypothesis 3.2 The locally Lipschitz continuous functions b;, A;, B and I" are such
that, on some filtered probability space (£2, F, P, (F;,t > 0)), there exists a weak
solution to (11) which does not explode in finite time. In addition:

(i) The functions A;,i =1, ..., k, satisfy, for all  in RY,
Vx; e R\ (0, 1), A;j(x1,...,%i—1, %, Xig1,..., Xk, u) =0

(i1) The functions b;,i =1, ..., k, satisfy, for all # in R4 and xy, .. ey Xie 1y XidLseens
xp in RF-1

bi(x,u)>0 on{x; <0},
bi(x,u) <0 on{x; >1}.

The following argument implies that we may limit ourselves to the case k = 1. Set
t.= (X(Z), e, X(k), U). Then, for obviously defined new coefficients ,Bf, A", etc.,
and a R"t*~1_valued Brownian motion W*? one has

ax” =i x" Uubydr + AL x (", ubHaw,
auf =g xV, uhydr + rfx ", ufyaw;®.

If we can prove that X M takes values in [0, 1], then the same arguments would show
that all the other components enjoy the same property. We therefore consider the
system (11) with k = 1.

Proposition 3.3 Suppose that 0 < X(()l) <1 a.s. Under Hypothesis 3.2
P(¥r>0,0< X" <1)=1.

Proof We limit ourselves to the proof that 0 < X l(l) for all > 0 a.s. We can use very
similar arguments to get the other inequality.
Let ¥, be a positive decreasing function of class C*(R) with ¥, (x) = 1 on

(—00, —€] and ¥ (x) = 0 on [0, +00). Let 7, be the first time the process (X(l))

exits from the interval (—n, n). As W (x) =0on R, ¥, (X(()l)) =0 and It6’s formula
leads to

tATy
WJX&Q)Z,A oty (XD, UZ) WL (XD ds

1 [Nt
3 [ t (AT UP) P (1) as

AT,
g 1 1
41£ Ly Ar (XS0, UF) W (X D) aw)*
=h+DL+1.

As W, is decreasing, Hypothesis 3.2(ii) and the definition of b? imply that 71 <0.
As ]1{x§0}AIi(X, u) = 0 for all (x,u), one has I, = 0. Finally, I3 is a martingale.
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Therefore

Vi >0, E¥ (X)) )=0.
Fatou’s lemma implies

vi >0, B (x")=o0.

Now consider a family of functions ¥, which pointwise converge to 1(_,0) and
satisfy sup, |¥¢|oo = 1. Lebesgue’s dominated convergence theorem implies

Vi >0, E[L—coo(X")]=0.

In other words, the process ((X ,(1))_, t > 0) is a modification of the null process. As
they both are continuous processes, they are indistinguishable (see, e.g., Karatzas and
Shreve [8], Chap. 1, Pb. 1.5). O

4 The Models Are Well-Posed Diffusions in Rectangular Cylinders and
Propagate Chaos

In this section, we check that the particle systems and the mean-field limit systems
are well posed, and that the components of the processes (yj ), (x; ), (), (x7) take
values in [0, 1]. Then we prove that the particle systems propagate chaos toward the
law of the limit systems (5) and (9).

Our situation differs from the above mentioned Scheutzow’s counterexamples [4]
in the fact that the interaction kernel is globally Lipschitz and the functions F, are
one-sided Lipschitz (they are not only locally Lipschitz). These features of the neu-
ronal models under consideration protect one from non-uniqueness of the solutions.

4.1 Well-Posedness of the N-Neuron Models

Proposition 4.1 Under Hypothesis 2.1 the systems (1) and (4) have unique pathwise
so{ution.s on a'll timg interval 0 <t < T. In addition, the components of the processes
¥f), (n}), (m}), (h}) take values in [0, 1].

Proof Observe that the coefficients of (1) and (4) are locally Lipschitz. This is ob-
vious for the drift coefficients. In view of the assumption on the function y, the
diffusion coefficients obviously are locally Lipschitz at all point (v, x) (respectively,
(v, y)) with x or y in R\ [0, 1]; this also holds true at all the other points since, for
all 1 > 0 and Ay > 0, the value of z such that A1(1 — z) + Az = 0 never belongs
to [0, 1], so that the arguments of the square roots in the diffusion coefficients are
strictly positive when x (respectively, y) belongs to [0, 1].

It results from the preceding observation that solutions to (1) and (4) exist and are
pathwise unique up to their respective explosion times: see, e.g., Protter [9], Chap. V,
Sect. 7, Theorem 38. Set

§=(vyi.a) or (Vg7 yl.q4). veP.
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Using the one-sided Lipschitz condition (10) and Itd’s formula, it is an easy ex-
ercise to see that E|§}|2 is finite for all 7 > 0, from which it readily follows that
Esupy<; <7 |§,i |2 is finite for all 7 > 0. Therefore the explosion times of (1) and (4)
are infinite a.s.

Let us now check that the coordinates of (yf , ni, mi, hi) take values in [0, 1]. Their
dynamics is of the type

dx; = (,ox(Vt)(l — X)) — Kx(Vt)xt)dt

+\/|px(Vt)(1 — x1) + L (VOxe | x (x) d W (12)
for x =n,m, h, and

dyy = (ag Sa(V)(1 = ¥) — agyy) di

+lag Sa (Vi) (1= y) +aog | x () W, (13)

where V; is some real-valued continuous process. Hypothesis 3.2(ii) is satisfied by
the drift coefficients of (12) and (13):

(x,v) > by(x,v) := px(V)(1 —x) — & (v)x and
(y,v) = by(y,v) :==a; Se(v)(1 — y) —ayy.

The desired result follows, by applying Proposition 3.3. g

Remark 4.2 The preceding discussion shows that one can get rid of the absolute
values in the diffusion coefficients of all the models in Sect. 2.

4.2 Well-Posedness of the Mean-Field Limit Models

For the next proposition we slightly reinforce the hypotheses on the functions p, and
¢x. The boundedness from below by a strictly positive constant is justified from a
biological point of view (see the discussion in [1], Sect. 2.1, p. 5).

Proposition 4.3 Under Hypothesis 2.1 and the coercivity condition
>0,YVveR, p(w)AL()>v>0, (14)

the systems (5) and (9), complemented with (6) or (7), have unique pathwise so-
lutions on all time interval [0, T). In addition, all the components of the process
g, nd,mY, hY) take values in [0, 1].

Proof Existence and pathwise uniqueness are obtained by slightly extending the fixed
point method developed by Sznitman [2] for particle systems with bounded Lips-
chitz coefficients. We essentially combine arguments already available in the litera-
ture (e.g. see [7] and references therein) and therefore only emphasize the additional

@ Springer



Journal of Mathematical Neuroscience (2015) 5:19 Page 11 of 23

minor arguments required by the above neuron models. As exactly the same argu-
ments can be used to treat Egs. (5) and (9), we limit ourselves to consider the second
one.

We start with the following observation. Given the Brownian motions (B*Y, «,
y € P) and the constant 700/’ the processes (Jlay, a,y € P) are unique pathwise
solutions according to the Yamada and Watanabe theorem (see, e.g., Karatzas and
Shreve [8], Chap. 5, Theorem 2.13). Let ¢(¢) be an arbitrary continuous function.
Consider the system obtained by substituting ¢(¢) for E[y)] into (9). Similar argu-
ments as in the proof of Proposition 4.1 show that this new system has a unique
pathwise solution.

Now, we denote by £ = B> + 6 the dimension of the state space of the process

(V7w (nff m hT)a,y €P).

Remark 4.4 Notice that we have lumped together the two models we are focusing
on, i.e. FitzHugh-Nagumo and Hodgkin—Huxley, since the mathematical tools for
handling them are similar: Hypothesis 2.1(iii) does not hold for the classic Hodgkin—
Huxley model. However, well-posedness and propagation of chaos can be obtained
in this case by adding standard localisation arguments to our proofs.

Let
(re) = (v, ji 7ol w2 o,y €P)

be the canonical process of C(0, T; RY). Let C7 be the subspace of C(0, T'; RY) con-
sisting of the paths of the canonical process such that (7, z{¥) takes values in [0, 1
forall z, w € P.

Equip the space Mt of probability measures on C7 with the standard Wasserstein
(2) metric:

172
Wr (71, m2) :={ min / sup (|rs1 —rsz}z),u,(drl,drz)} ,
c

neA(m,m) JCp 0<s<T

where A (7w, m2) denotes the set of all coupling measures of 7 and 5.
Given 7w in M, set

'
yl(n),)/ ::En[yg]exp{—agt—ar/o EH[SV(Ug)]dQ}
'
+/0 aZEn[Sy(U;/)]

t
X exp{—ag(t —5)— af/ Er[S, (v))] d@}ds forall y e P.
N

Let us construct a contraction map @ on M7 as follows. For all 7 in M7, @ ()
is the probability law of the process

(Rt(n)) = (Vt(n),a’ Jtay’ yt(n),a7 wt(n),a’ xt(n),oz; ayePix=n,m, h)

@ Springer



Page 12 of 23 M. Bossy et al.

solution to
AV = Fy (2, VI, ¢ dr

_ Z(Vt(”)’a _VaV)Jtayygﬂ)’V dt +O’adWm'V,
yeP

A" =00, (77 = 177 )dt + 0,/ IV dB]”

dy™ = (a7 Sa (V) (1 = ™) = agy™ ) di

S, (=57 s ) awe
dw,(”)’a = ca(Vt(”)’a +ay, — baw,(”)’a) dt,

Al = (o (V) (1= 20 = £ (V<)) i

Vo () (1 =) 2 (VW e e

with x =n,m, h, q = (w) or q = (x). Notice that the probability law of the process
(R™) is supported in Cr.

Set AR, := R™ — R™ and apply 1t&’s formula to (AR,)2. In order to deduce
that there exists a positive constant K7 uniform w.r.t. 71 and m, such that

t t
Vo<t <T, 1E|AR,|2§KT(/ E|ARS|2ds+f Ws(m,nz)ds) (15)
0 0

it suffices to use classical arguments, plus the following ingredients:

e The one-sided Lipschitz condition (10);
o the fact that y(”) "* is uniformly bounded w.r.t. w in M7 and ¢ in [0, T];
o the additional coercivity condition (14) implies

Vxe[0,1,YveR, p({A—x)+&W@x>v>0.
As (x7%) and (x ™) take values in [0, 1], all the terms of the type
t
[ (e =) 2 5 ()0 70
0

2
- \/|10x (Vs(nz)’a)(l - xs(m)’a) + &y (VS(”z)’a)xs(m)’a |)( (xﬁ””’“)) ds (16)

are bounded from above by
t ) P )
KT/ }x§”')’a—x§”2)’“ ds—l—KT/ |Vs(m),a —VS(NZ)’“| ds
0 0

(the same remarks apply to the diffusion coefficients of (y(”‘) %)y and (y,m)’a));
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o the existence of a positive K7 uniform w.r.t. 771 and m, such that, for all @ € P,

sup (m)a_—(”ﬁ“‘ <Kr / W(m,ﬂz)ds
0<t<T

Classical arguments allow one to deduce from (15) that, for some possibly new posi-
tive constant K7,

T
W2 (0 (m). @(m2) < K7 /0 W21, 72) ds.

One then finds that @ is a contraction map (see Sznitman [2]), from which the desired
existence and pathwise uniqueness result follows for (9).
It remains to again use Proposition 3.3 to get the last part in the statement. g

4.3 Convergence

In this part, we analyze the convergence of the N-neurons system given in (4) to the
mean-field limit described in (9). The convergence of the model (1) to the solution
of (5) results from a straightforward adaptation of the following proposition and of
its proof. Moreover, as in the proof of Proposition 4.3 we use again Remark 4.4 to
shorten the presentation.

Let (R)) = (R}, € P) = (V7, 7,y eP), v, wi, nd, me, h; a € P) denote
the solution of (9), with law IP on Cr. Let (R;’N, i=1,...,N)=(V}, (le, y €P),
yf, wi, n;', mf, h;'; i=1,...,N), the solution of the N-neuron system (4). Consider-
ing the family of Brownian motions in (4), and the set of i.i.d. initial random vari-
ables (Vi (J”/, y eP), yo, wo,no,mo, hf),i =1,...,N), we introduce a coupling
between the (R ,i=1,...,N) and a set of N processes (R‘ i=1,...,N) such
that for all @ € P, all Ny 1ndlces i such that p(i) = « are such that (R’) are inde-
pendent copies of (Ry). More precisely, for each i =1, ..., N, such that p(i) = «,

(ﬁi) = (Vzia (ﬁyv vy €P), i,’, ﬁi,ﬁi,rﬁﬁ, E;) is the solution of
for q = (w) or (ﬁ,n?,ﬁ),
aVi = Fo, Vi, §)dt = X, cp(Vi = V) VBl 1dt + 0 aW}
T t=0) =", t>0) forally P,
Vi = (a2 Sa(VH(1 = 51) — a5 dt
+ a2 Sa (V) (1 =51+ a§5i1x G d W,

coupled with
A} = co (V] + ag — bo i) dt
or
dx; = (pe (V) (1 = 5]) = & (V))5]) dt

e (T (1 = 7) + ¢ (V)7 [ (32) awi
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for ¥ =7, i, h, and starting at (Vé, (J(;y, y €P), y(i), wé, nf), mé, hf)).
Under the hypotheses of Proposition 4.3 we have the following result as regards
the propagation of chaos.

Proposition 4.5 Assume that for all y € P, the proportion Ny, /N of neurons in pop-
ulation y is a nonzero constant independent of N and denoted:

R 17
Cy = —.
TN
Then there exists a constant C > 0 such that, for all N = Z ep Ny satisfying the
assumption (17), for all set ofp indices (iq,® € P) among {1,..., N} with p(iy) =

«, the vector process (RiN — R’“) with one component in each populatzon satisfies

x/_]E|: sup Z\R’a ~ R*| :|§C. (18)
0<t<T

The above L2(£2)-estimate obviously implies that the law of any subsystem of
size k

((R}“’N,a € P), e, (R;{”’N,Ol € 77))

with p(iy) = o, converges to the law P®* when the N, tend to co. In other words,
the reordered system

(RN, € P), plia) = tsiq {1,..., N})

is P-chaotic.

Proof of Proposition 4.5 A short discussion of our methodology. We only present the
main ideas of the proof which follows and adapts Sznitman [2] or Méléard [10]. To
help the reader follow the lengthy calculations, we start with an explanation of the
main differences between our problem where some of the coefficients of our stochas-
tic differential equations are not globally Lipschitz continuous and the classical Lip-
schitz coefficients framework. In a nutshell, we are dealing with a particle system of
the generic form

N
o= (e o] oy,
=1

where the Brownian motions W' are independent, and the functions ¢, f, and o are
such that one gets existence and strong uniqueness of a solution with finite moments,
as well as the existence and strong uniqueness of the mean-field limit

dX, = (X, E¢(X)))dt +o(X)dW}.

Now, let (f f) be independent copies of (X;) driven by the Brownian motions W'.
Under strong enough Lipschitz hypotheses on ¢, f and o, one typically obtains, for

@ Springer



Journal of Mathematical Neuroscience (2015) 5:19 Page 15 of 23

some C >0andall0<r<T,

2
o 1L
IEIEd)(Xé)—NZd)(XZ)) do.

t t
E}X;—x;|2§c/0 E| X} — X} 2d6+cfo
j=1

Using independence arguments one readily gets

2

<

O N e
E]E‘f’(Xe)—ﬁZ‘f’(Xe) N

j=1

Using Gronwall’s lemma, one deduces that
~i|2 < c .
N
This method fails when one of f, o or ¢ is not globally Lipschitz.
In our case the drift f is not globally Lipschitz, but of the form (see Egs. (20),
(2D), (22))

(tvq,J, Zy) Fot,v,@) — j(v—=V") ( Zy)

The fact that the first part Fy, of the drift is only one-sided. Lipschitz is easy to over-
come. To handle the second part —j (v — ay)(N ZlNzl y') we make use of the fol-
lowing three properties:

E|x! -

e the processes J;' are positive,
e the processes y; belong to [0, 1],

e in the dynamics of V;, the term —j (v — Vay)(% Z,NZI yi) acts as a mean reverting
term, stabilizing the moments of V;.

Notice that because in our case the function f is not globally Lipschitz, the con-
vergence rate for E[supg-, 7 Y gep IR — Ri“|] is of the order of 1/+/N, as
indicated by the inequality (18), instead of 1/N in the Lipschitz case.

Details of our proof. We now turn to the proof of inequality (18).

By the symmetry of the coupled systems, we can fix the index set (14, « € P) and
rewrite the SDEs (4) and (9) in the following condensed form: for all « € P,

t
RN =Rl = [ (o (RlN) o (Re)) awie
!
—+—/ (B[s, RSI'I’N; Mﬁv] — B[s, ﬁsl‘*; IP’S]) ds, (19)
0

where we have introduced the empirical measure u =¥ Z =1 R i, the Brownian

motion (W}*) = (W" (B, lay y €P), W,I“’y, W/'e), and the time-marginal law
P, =Po (R, o eP)~L.
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We denote by r the canonical variable on RR¢, that we decompose in the following
set of p coordinates on RP*6:

7= (ro"a c ’P) - (va’ (jay; ye ’P), v W x% o e 'P).
According to Remark 4.4, the diffusion coefficient is defined as
o‘(ra) — U(Uoz’ (jay’ ye 73)’ ya’ wa’xa)
o

o
(04, NI,y €P)

=1 V1agSe ) (A — y¥) +ag y*|x (y*)
0
V1ox ) (1 = x%) + &, (0¥)x¥[ x (x%)

and is Lipschitz on the state subspace of the process (V/*, y7*, wf, x{*). The drift co-
efficient is defined as

B[t,r% u]==b(r,r") + k[r%; u]. (20)
where
b(t,r*) =b(", (j*7,y € P), y*, w*, x%)
Fo(t,v%,q%)
Oay (T = j7).y €P)
=1 (@Se(v*)(1 —y*) —aiy*) 2D
co (V¥ +ay — byw®)
(ox M) (1 — x%) — & (v*)x%)

is one-sided Lipschitz in the sense of (10) in Hypothesis 2.1(iii), and k is defined as
follows. For any probability measure /& on R/,

= Jre Xy ep @ = V) gy y (A (75 € P))
0

k[r®: u]= (22)

(=]

Remark 4.6 Notice that the characteristic function 1{;—,} is unnecessary in the
above definition but, combined with the hypothesis (17), which fixes the constants
{cy; ¥ € P}, it has the advantage of matching the notations in Egs. (1) and (4),
which helps identifying the interaction kernel in the limit equations. The measure
w(d(r"; n € P)) is on R whose state coordinates are here labeled in P.

In all the sequel C is a positive constant which may change from line to line and
is independent of N and 0 <¢ < T, but it may depend on 7.
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Step 1. We prove that the processes Vti have bounded moments of any positive order.
We start with reminding the reader that the CIR processes (J”) have bounded mo-
ments of any positive order when their initial conditions enjoy the same property (see
e.g. Lemma 2.1 in Alfonsi [11]). In view of the Hypotheses 2.1(i) and (iv), one can
show that the same is true for the processes (V) and (Vi) by using the following
argument. Apply the It6 formula to (Vi )2‘7, q > 1, till time t, = inf{r > 0O; |V,i | >n},
and take expectations to get

BV ) = L9420 | Bftc (5 ol )

iy
21 —ayy JIs
—261/ [ﬂ{s«n}z ! VW)NA—V

yeP

N
x (Z 11{p(j>=y}ys’>] ds
j=1

! 22
+q(2q — l)A E[ s<'r,l}( ) (Ua) ]

‘We then observe that

! iy / N
i\ 2q J. .
_2q/0 E|:]]-{S§Tn} Z(VSZ) qNL<Z]].{p(j):y}y!):| ds
14 i
j=1

yeP

is negative and can be ignored. It then remains to use Hypothesis 2.1 and classical
arguments to deduce that E[(V}/)"] is finite for all n > 1.

Step 2. A first bound for the random variables |R,1°"N — ﬁ,l"‘ 1> and (% X
SN () —3))%. Because of the polynomial form of the non-Lipschitz part of the
drift, it is not a good idea to introduce the expectation too early in the calculation
of the bound for |R,1“’N - E,I“ |2 or (% ZlN:l(yf — 51))2, since calculations with ex-
pectation lead to terms of the type IE[(RI“’N - ﬁ,l")zH ], where H is an unbounded
random variable correlated with Rl N
Step 3.

Apply Itd’s formula to |R}“’N - ﬁ,]" |2. We obtain

. We therefore postpone taking expectations to

t
R}« — Rl =2/0 (B[s. RI™: uY]— B[s, R} Py]) (R}*N — R}*) ds

t
+ [ o (RE) = o (Rle)as + /="
0
where

t
M =2 [ (REN — R o (Rl ) - o (1)) a W
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is a martingale. By It0 isometry and the result in Step 1 above, supy,<7 E[M,* la: N R

C. Applying the Lipschitz and one-sided-Lipschitz properties for o and b, we obtain
t
~ 2 ~ ~
RN —R)*|" < 2/ (k[s, RlN: 1N = k[s, Rle; Py]) (RlN — Rl«) ds
0
t
+ C/ |RleN — Rl«|*ds + M}V, (23)
0

Now, we are interested in (k[s, RI”’N, My N1 —k[s, El"‘ Y])(Rl‘” N ﬁl’l) ‘We intro-
duce the empirical measure of the coupling system 1"V =¥ Zl | 8z and write

(k[RIY: 1] — KRl By]) = (k[RI: 1 ] — k[RI: 7))
Rl Y] - KR R). @

We consider in turn the two terms in the right-hand side of (24).
First, from the definition of k in (22) we get

(KR V] — KR ) (Rl — )
1 .
( ZZ[ Vl“—_ay)lslayc—]l{n(n:y}ys’
j=lyeP 4

- 1 y -
+ (Ve — Vay)lvlaygﬂ{p(n—y}y!]) (Ve = V)

N
~ 2 o 1 1 /
= _(‘/_y]a _ Vsla) (Z JXI yﬁ Z ;]1{1,(])—;/})’?])

yeP j=1
lay _O‘V 1 al 1 ~]J
+ ZJ )NZC_R{M/) V}(y —ys)
; Y
yeP j=1
Since the (Jll‘”/) and the (y{,i =1,..., N) are positive, the first term in the right-

hand side is negative. We bound the second term by using Young’s inequality:

(k[RN: n] = k[Ryes T ]) (Ry=™ = Ry)

(Vla - Vsla)z

N 2
1 ~ .
+§<Z B (Ve =V Z 1{p(1> 71 (3 y!)) .25

yeP j=1

l\)l'—‘
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Next we consider the second contribution coming from the right-hand side of (24).
By Young’s inequality

o~ ~ ~ 1 ~ 1
(k[RYs 2] — [REs B ) (RIN = Rie) < S[RIN = RIPP 4 2(c)°, 26)

where

{Sl"‘ = k[ﬁsl‘*; ﬁév] — k[ﬁsl‘*; ]P’S]
is such that supy, <7 IE|§;1‘3‘|2 < % Indeed, as the (ﬁi) are i.i.d. with law P,
k[ESI“; Ps] is the conditional expectation

K[Rj: P, =E[k(Rl, R]) /o (R)*; u <5)]

for any j # 14, where we have set k(r®,r") =3 p(v® — vy jer é]l{nzy}y”,
and the symbol o stands for sigma algebra (which must not be confused with the
above diffusion coefficient). Thus

N 2
LS k(Rle, R~ B[k(RY, R o (Rl < 5)]

ng’% K(Rle, D) — E[k(R, BY) o (Rl < 5)]

5 L N 2
+ E[K(Re Rle) — B R e

Combining (23) with the last inequalities (25), (24), and (26),

Rla»N _ E1a|2 < C/liRla’N _ §1a|2d
' A s s §
0

v [ S vR(h ) o

yeP

1
M (5

By Gronwall’s lemma and integration by parts, we have
losN g2
[Ri™ = R
! 2 1 ?
1y ~ —a ~] i o
fcf DY (Ve = VI S0 =) ) sz @)
0 yeP N j=1
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where for all ¢ € [0, T'], since (M,I“’N) is a martingale,
1 o) ! 1 2
E[Z}*] =E[M,1“’N +5(5) +/0 Cexp(C(t —s))(Ms]"’N +5(6) )ds}
1,12
<C sup E|§Y“| <

0<t<T

We now set

Defining the drift and diffusion for processes y’ by

b5 (y,v) = a;Se(v)(1 — y) —agy,

o2 (7, v) = /[ag Sa ) (1 = )+ a§y[x ),

t
(55, = ( [
0
I
+
0
(/t 1
</t
Notice that the processes (Z;), defined by
_ & o o~ \’
Zi=2 fo NZ(oﬁ(y;,v;)—a;'<y;,v;))dw:
i=1

is such that supy<, < E(Z,)? < £. Since b°‘ and a are Lipschitz on [0, 1] x R, we
get

we have

sz

yw s ba(yg,VS))dS

i 1

Mz

2
ys’ s _O- (ys’ sl))dWsl>

—

i

Mz

(=}

2
(5201 Vi) — B2 5 s»ds)

1

N 2
>0 —a“@z,fs»dws).

2 |

' N 2
@)25/ c@sﬁdw/ (1 > |vi v’) ds +7Z,
0

i=1
o te XL L _
5/ C(ays)2ds+f NZ]Ré’N—RH ds+Z;.
0 0 .
i=1
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Combining again Gronwall’s lemma and integration by parts we obtain

5y, < / Z|R1N R ds

+/ CoCli- s)(/o NZ’RIN_R9| d@)

i=1

t
+f,+/ CeCU=9Z ds
0
L L LS
: t—s
50/0 NZ]R; — RY| ds+Z,+/o CeCU=97Z ds. (28)

Step 3. The bound for E[supy— < S pep IRI" — R*[?]. Combining the last in-
equality (28) with (27), we have

_Z<C/ /( ZZ 57 —“V)2>@9)2d9ds

i=1yeP

+/l£§N Zids+7Z +/tc Ct=97 d
0 Ni=1 2 &5 ' 0 ¢ s @

! C al ivN2/i VN2 ) oo (2
—c [u=o(§ X T @ -7) ) @ras

i=1yeP

0

re Y. _ ' _
+/ NZZ;ds—}-Zt—i—/ CeCU=97Z ds
0 o
t
251 a2 | —
=c/0 (t—s)IE[Z(Jsly) (Vv =V :|(8ys)2ds+yt

yeP
te N _ 1 _
+/ NZZéderZer/ CeC™97Z ds,
0 . 0
i=1

where

ool (s Emere )

i=1yeP

—E[Z(Js”)z(?ﬁ —V“y)z]}(ﬁ)zds

yeP
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is such that supy<, <7 IE()/;)2 < %, since (ﬁ‘v)2 < 1 a.s. Taking the expectation of the
last inequality, we get

= ! ~1 — c
E[sy]=C fo (i = s>E[Z (7)) -V V)Z]E[Sys]zds v
yeP
C
<
“ VN

by applying again Gronwall’s lemma in the case of a non-decreasing remainder. Com-
ing back to (27), we get

N
1 i 5i|2 ! 251 59v\2 —
E[ﬁ IR — R }§C/O E[Z(JS‘V) (VI— V") }E[(aysf]ds
i=1 yeP
N

> E[Z]] +EIB].

where again

is such that supy, <7 E(8/)* < % Using (17), this ends the proof of the proposi-
tion. |

5 Conclusion

In this note we have set the work published in [1] on a totally rigorous footing. In
doing so we also have shed some new light on the way to incorporate noise in the
ion channels equations for the Hodgkin—Huxley model and in the amount of neuro-
transmitters at the synapses in both the Hodgkin—Huxley and the FitzHugh—Nagumo
models.

The techniques in this paper could be extended to a more generic form of interac-
tion kernel k[r; n] in (22). Notice also that the Hypothesis 2.1(iii) should allow one
to prove the convergence in time to equilibrium of the mean-field limits.
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