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Local distribution of the parts of unequal

partitions in arithmetic progressions 1

*

Cécile Dartyge (Nancy) and Mihély Szalay (Budapest)

To Kdlmdn Gydéry, Attila Pethd, Jdnos Pintz and Andrds Sdrkozy,
on the occasion of their birthdays even if 260="70+70+60+60 is not an unequal partition.

Abstract. In [4], Andrds Sarkozy and the authors proved that for almost all unequal partitions

of an integer n, the parts are evenly distributed in residue classes modulo d for d = o(nl/z), In
this paper, we study very precisely the local distribution in arithmetic progressions of the parts
of unequal partitions. We obtain some asymptotic formulae for the number of unequal partitions
of n with exactly N, parts congruent to r mod d, 1 < r < d. Our results show that (N1,...,Ng)
behaves like a random Gaussian vector. This illustrates the fact that the distribution of the parts
of unequal partitions in residue classes is much more uniform that in the case of unrestricted
partitions.

1. Introduction

Recently Andras Sarkozy and the authors obtained various statistical results on the
distribution of the summands of partitions in residue classes. In [3], they proved that the
parts of almost all partitions of n are well distributed in arithmetic progressions modulo d
for d < n'/?=¢. However, they also observed some limitation in this well distribution due
to the fact that the parts with small moduli are more frequent (cf. [13]). This leads the
authors to study precisely in [6] the distribution of the parts in residue classes. We obtained
an asymptotic formula and found that if NV, denotes the number of parts congruent to
r modulo d for a random partition of n then (Ny,..., Ny) behaves like a random vector
with a vectorial gamma distribution. In particular we showed that if 1 < a < b < d and
d < n'/37¢ then the number of partitions of n such that N, > Ny, is

(1-1) (14—0(1))%/()Cwu’zt%_le_I(/IOQ yi~lemy dy) dz,

where I is the Euler gamma function.
Next we observed that for fixed d and large enough n this quantity is

(12) > pln) (5 + o).

Thus this result reflects well the fact that the parts in small moduli residue classes are
more frequent. We also proved that for d fixed, the number of partitions of n such that
Ni > Ny > -+ > Ny is p(n)(c(d)+o(1)) with an explicit ¢(d) > Z; given by some multiple
truncated gamma integrals.

In this paper we investigate these questions for the unequal partitions. Since the parts are
all distinct, we conjectured in [1] and in [4] that the preponderance of the “small” residue
classes disappears, so that the distribution is more regular. In [4] we have already proved
that the parts are well-distributed modulo d for d = o(y/n). Let d € N*, D a non-empty
subset of {1,...,d} and D = {1,...,d} \ D its complement. Let Rp = {N,. : € D} be
a multiset of |D| non-negative integers. The aim of this paper is to study now II’(n, Rp),
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2 CECILE DARTYGE AND MIHALY SZALAY

the number of unequal partitions of n with exactly IV, parts congruent to » modulo d for
all r € D. We adopt the convention IT}(0,Rp) =1 if Rp = {0, ...,0} and 0 otherwise.
Erd8s and Lehner [8] proved that almost all of the g(n) unequal partitions of n contain

2v/3log 2

(14 0(1)) vn

parts. Furthermore, they also mentioned that the number of unequal partitions with at

most m%\/ﬁ + y+/n parts is given by a Gaussian integral. Moreover, in [4] we stated
that for 1 < r < d, d = o(y/n), for all but o(q(n)) unequal partitions of n the number of
parts congruent to r mod d is

2v/3log 2¢/n

wd ’

Therefore one can expect each N, “mostly close” to

B 2v/31og 2 Vn
7T d

More precisely we will suppose that for all » € D we have

n%\/logn
d/3|D|2/3w(n)’

(1+0(1))

(13) ko :

(1-4) N, — kol <

where w(n) is a non-decreasing function such that w(n) — oo if n — oco. We can already
note that the above cited result of Erdds and Lehner implies that the factor nt in the
upper bound of (1-4) is very important. During the different proofs, the following two
quantities will appear frequently:

(1'5) Rp = ZTNT,

reD
N (N, —1
(1-6) Qp=d Z %
reD
When D = {1,...,d}, we will simply write R and Q. Let
' _ Jgcd(da,...,ar) ifD°={ai,...,ar}
(17) 5'_{d if D¢ = @.

We remark that if n > 1 and II}(n, Rp) > 1 then n must satisfy:

(1-8) n = Rp (mod d).

Theorem 1.1. Let € > 0. The following two propositions hold.
(i) Let d < n'/*=¢, D ={1,...,d} and n = Rp (modd). Let R = Rp = {N1,...,Ng}
be a multiset of integers satistying (1-4). Then we have

* — 0 n d a v
15, R0) = 1+ o)atr) g (70)

T2

2v/3 log? 2 d 2 xd d ,
xeXp{ - o(1— 12(10;)2)\/ﬁ<;(]\7r—k0)) WD Z(Nr—k‘o) }
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(ii) We suppose now that d < n'/%=¢ and D C {1,...,d}. Then under (1-8) and (1-4)

we have

d(1+o(1)) < d )IDI/2

1_— 12|D|(log 2)2 \2v/3n
dm?

Xexp(_7r<1_2\1/j1(31|?ig23)22)\/ﬁ<;(]\77”_k0 >2 2\/%2 r = ko) )

IT3(n, Rp) = q(n)

dn?

It is surprising to see that the range for the general D is only d < n'/%~¢ and not

d < n'/*7¢ as in assertion (i). We are obliged to add this condition only in Section 8 of
Part II [7] devoted to the terms Sy(A). It is perhaps possible with more care to have a
general result valid for d < n'/4—¢.

In this Theorem we already see that the distribution of the parts of unequal partitions
in residue classes is more regular than in the context of unrestricted partitions. This
distribution of (N, : r € D) behaves like a vectorial Gaussian whose associated density
depends only on the cardinality of D and not of its elements.

A first consequence is that the numbers IV, are almost surely very close to kg.

Corollary 1.2. Let D C {1,...,d}, d®|D| < n'/?73 with ¢ €]0,1072[, w(n) a non-
decreasing function such that lim,, .. w(n) = co and w(n) = O(n®). Suppose that

(1-9)

w(n)|D|>/3 o ( 7d'/?logn
“VIIEL exn (=
d'/6\/logn 2v/3|D|*/3w?2(n)

when n — oo. Then for almost all unequal partitions of n the number of summands =

14 fioon /4 Slozn
r (modd) are between [Z‘Eﬂﬂ% - %M and {2\/;10%2 VA W%jd

) = o(1)

simultaneously for all r € D.

If |D| ~ d then (1-9) becomes d*/?w(n)(logn)~/2 exp( 2\};‘)5;2 )) o(1). We can

apply Corollary 1.2 with d = 0( log)ﬁ)gn), w(n) < logjfogn. Then we have proved

that in almost all unequal partitions of n the number of summands = r (modd) are

1/4 / 1/4 S~
between [2\/_10‘%2 *C{Q_ ndT(ls;gn}d and L2\/§ﬂl°g2% + = de(I:;g " |d simultaneously for
r=1,...,d.

This result implies Theorem 3.2 (resp. the estimate for ITj(n, R) implies Theorem 3.3)
of Erd8s and Lehner [8]. For the moduli in question the above Corollary improves [4].

This is another illustration of the fact that for almost all unequal partitions of n the
parts are evenly distributed in residue classes.

When |D| is small, for example if D = {a, b}, then (1-9) becomes

w(n) nd'/?logn
—— X (——) = o(1).
d'/6\/logn 27/37/3w?(n)

Thus this Corollary may be applied in all the range d < n
A first application of this corollary is the following result which announces that for
almost all unequal partitions, two residue classes don’t have the same number of parts.

Corollary 1.3. Let d < n'/%¢ with ¢ €]0,1072[, and 1 < a < b < d. The number of
unequal partitions of n with the same number of summands in the residue classes a and
b modulo d is o(q(n)).

1/6—2¢

Another application is the following Corollary 1.4 which solves some conjecture of [1]
or [4].
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Corollary 1.4. Let d < nt/6=¢ with €]0, 10_2[, and 1 < a < b < d. There are
@—i—o(q(n)) unequal partitions of n with more parts = a (mod d) than parts = b (mod d).

This corollary shows that there are no dominant classes for the distribution of the parts
of unequal partitions. We recall that it is not the case for the unrestricted partitions (see
(1-1) and (1-2)). In the following last corollary we prove some other conjectures of [4]
illustrating again the fact that all the residue classes are very equitably represented by
the parts of the unequal partitions.

In particular we show that there exist ¢(n)(4 + o(1)) unequal partitions of n such that
Ny > Ny >...> Ny.

Corollary 1.5. Let d be a fixed integer. The following two assertions are satisfied.

(i) For any 1 < a < d, the number of unequal partitions of n with more parts = a (mod d)
than parts = b(modd) for all b€ {1,...,d} ~ {a} is q(n)(5 + o(1)).

(ii)) Let o be a permutation of the set {1,...,d}. The number of unequal partitions
of n such that there are more parts = o(i )(mod d) than parts = o(j) (modd) for all
1<i<j<disq(n)(4 +o(1)).

Unfortunately, the proof of Theorem 1.1 is too long to be completely presented in this
paper. Thus we will state in this paper only few steps for the case D = {1,...,d} and the
main parts of the proofs will be in [7]. In the next section we will study the generating
function associated with IT(n, Rp), next we introduce the saddle point method and state
some preliminary formulae.

2. The generating function

Let Hp(z) be the associated generating function of IT(n, Rp):

2) = 3 I(n, Rop)="
n=0

We will also need the generating function associated with the unequal partitions:

o0

= q(n)z" = H(1 + 27).

Let D¢ = {1,...,d} ~ D. We will prove the following lemma.

Lemma 2.1. For |z| < 1, we have:

Np(Np—1)
ZZ'/‘EDT.NT+er€D - 27"

Hp(z):{ I1 (1+zr+ﬂ’d)}

N, :
reD® HreD Hj:l(l — 2id)
jeN
N, 00
RD+QDh H {H sz H 1+ZT+Jd }
€D j=1 3=0

First proof of Lemma 2.1 in the case D = {1, ...,d}. According to Euler’s theorem,
for [t| < 1 and |g| < 1, we have

tn n(n—1)/2 O

(2:1) 1+Z a0 a) (1_qn):H(1+tq"),

n=0




Local distribution of the parts of unequal partitions in arithmetic progressions I 5!

for example, see [12] Theorem 348, p.280.
For z,w, € C, |z| < 1, and |w,| < |2|7" (1 < r < d) we have

d 0o
(22) HH (1 + wpz"Thrd) = Z Z(an ANL,..., Na})z ) NN,

N1=0 Ng=0 n=0

r+k,.d

On the other hand, for 1 < r < d, we write w,z = (w,2") (%)% and we apply (2-1)

with ¢ = Q,UTZT, q= Zdi
d [e'e) d o
H H (1 +w ZT-I—/ﬂTd) — H H (1 + (wrZT)(Zd)kT)
r=1k,=0 1 k=0
=TI (+ I GG il )
r=1 N1 (1— 29)(1 — 22d) - (1 — 2N+d)

Ny ,rN,+dN.(N,—1)/2
T

r=1 N, =0 HJ (1= z39)

oo LR+Q

N1 Nd

B Y (R — OO
N1:0 Nd:O HTZI H]:l(]‘ - Zjd)

We finish the proof by comparing the coefficient of w* - - - wilvd in (2-2) and (2-3).

Second proof of Lemma 2.1. Let n = Rp (modd) and n > 1. To each unequal
partition IT* of n we can assign two integers a, b such that n = a + b and a is the sum of
all parts congruent to an r modulo d with » € D and b is the sum of the other parts. Let
Q(a,Rp, D) denote the number of unequal partitions of a with exactly NV, parts congruent
to r modulo d for » € D and with no parts congruent to any j € D¢. We also consider
Q(b, D), the number of unequal partitions of the integer b with no parts congruent to any
r € D. With these notations we have

= > Q(a,Rp,D)Q(b, D)=+

a,beN
=> Q(a,Rp,D)z">_Q(b, D)z’
a€eN beN
= SaSlH
say. For the sum Sy, we have
(2-4) Sy= [ @+2%).
reD®
jEN

Let A be a partition counted in Q(a, Rp, D) for some a > 1. This partition is of type:

N’r
a= Z Z(r +dhiy), With0< Ay, <... < An,, (reD).
reD i=1

This gives

N,
a= ZrNr—i—dZZ/\w.

reD reD i=1
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Inserting this in S, we obtain

o See™ Y SN

r€D 0K, »<...<AN,.,r

The different sums in A; , are geometric:

+oo
Ny Np—1
D MR E A S DR
0<A L+ < . <ANp 0K, » < . <ANp—1, 1 AN, r=14+AN,—1,r
dZNr_l iy Zd(l"l‘)\NT—l,r)
= Z z i=1 or—
1 — 2d
0K, »<...<AN.—1,r
By iteration we obtain
»Rp+Qp
(2-5) Sy = .
N, id
[Tep ;2 (1 = 279)
Formulae (2-4) and (2-5) end the proof of Lemma 2.1. 0

Remark. The main part of the second proof was to obtain (2-5). It is also possible
to obtain this formula wvia the Euler identity like in the first proof given in the case
D ={1,...,d}. Thus the first method can be also used for general D.

We end this section with an elementary lemma on Qp and Rp.

Lemma 2.2. (i) If we suppose only

(2:6) ]NT—kO]:o<§) (r=1,...,d),

then we have:

(2:7) Rp = O(|D|Vn),
(28)  Q —M—Fde( N, — ko) +O(d > (N, — ko)?) + O(|D|v/n)
"o 2 reD ’ ’ reD 0 .

(ii) Under (1-4) we have

dD|k2  d d
Qp+Rp = %—§|D|k0+deO(Nr—k:o)+§Z(N,.—ko)2+k:02r
(2_9> reD reD reD
1/41D|1/342/3 /T
+0(” D) \/ogn).
w(n)

Remark. If we use (2:6) in the first error term of (2-8) we obtain (for d = o(y/n))

d| D)k} n
(2-10) Qp = To+d;ko(NT_k0)+0(|D|E)’

but we will need later a more precise estimate.
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Proof. By (2:6), N,, = O(d='\/n) for r € D, thus we have

Rp = Z rN, = O(’,D|\/ﬁ)

reD

For Qp we must be a little more precise :

d 2 d 2
Qp = 5 Z(Nr -N;) = B Z(ko + N, = ko)* + O(D|v/n)
reD reD
d|D|k§ d 2
== +d;ko(NT—k0)+§g;)(Nr—ko) + O(|D|Vn).

In the computation of the main term in the end of the proof of Theorem 1.1, we will
need stronger condition for N, (see (1-4)). If we use this condition then we obtain :

n'/4/logn
(2-11) RD:kozr+0<—d1/3|p‘2/3w(n) ZT),

reD reD
and
(2-12)
dD|k3 d d ) n'/4D|/3d%/3\/logn
= — | Dlko+d Y ko(N,—ko)+= Y (N.—k :
@p 3 ~3/Plket D ol 0)+3 D 0) +O( w(n) )

reD reD
Next it remains to sum (2-11) and (2-12) to obtain (2:9).

3. The saddle point method in the case D = {1,...,d}
For 0 < p < 1, it follows from Lemma 2.1 and the Cauchy formula that

* 1 —n—
Mi(n, Rp) = 5 / K ' Hp (v) do
v|=p
1 p~n—1+Rp+Qp

= — dv
. N”‘ .
2im lv|=e Hrep Hj:l(l - U]d)

Let x > 0 to be specified later, p = €™, z = x + iy, v = exp(—z). We also define the
following functions for Rw > 0:

+oo
(31) Fw) = [T (1 - exp(—juw)
j=1
k +oo
(3-2) ge(w) = [](1 = exp(—jw)) ™" = f(w) [] (1 - exp(—jw)).
j=1 j=k+1
For n > 1 and n = Rp (mod d), the integrand is periodic in y and we have
d 7/d d
@3 MnRo) =5 [ [ o (ar + i)} exp((n R = Qo) + )
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4. A first upper bound in the case D ={1,...,d}

We begin this section by a lemma which gives a first simple estimation of the function
9k-
Lemma 4.1. Let w =1+ b with t > 0. We have
(w) = f(w) ex <— i lex (—k;mw)(i - 1)
9k = p m p

mw 2
m=1

+O(Jw|(kt) ™ + |w|2t_2k:_1)>.

Proof. By the definition of g we have:

() = fwyesp (— Y log———).

Parntt p(—rvw)

We develop the log, intervert the summations and compute the geometric sum (since ¢t > 0
all these manipulations are valid) :

— fwep (-3 LM)

m (exp(mw) — 1)

We want to approximate (exp(mw)—1)~! by -1 — 1. This is possible when m is “small”
and we will prove that the contribution of the “large” m’s is sufficiently small.

+ Z %exp(—kmw)(— 5~ —))

T:= ‘ i lexp(—k:mw)(L _L ;N

i=m mw 2  exp(mw)—1
We have 1
T < — exp(—kmt ’— . —
m%l exp(=kmt) mw 2  exp(mw)—1
1 1 1 1
+ — exp(—kmt)(— +5+ —>
RN il 2 TexpGmw) 1]
< Tl + T27
say. Since for m|w| < 1, (exp(mw) — 1)~! = L — 1 4+ O(m|w|) we have for Ty:
(4-1) < > 1 (—kmt)m|w| < [l
1 —exp(—kmi)m|w| < 5=

m<|w| ™!
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For Ty we use the fact that |exp(mw) — 1| > exp(mt) — 1 > mt > |w|~1t:

il 3 enlm (00 + )

it exp(mt) — 1
O(|w)) Z exp(—kmt) + |w| Z exp(—kmt)——— e
m=1 m>|w| 1t

By (4-1) and (4-2) we obtain

1

e o + ) < Ho(2h + ),

O

For the sake of orientation, let us consider the case b = 0 in order to obtain a trivial upper
bound for the modulus of the last complex integral. (We will concentrate on the main term
in the exponent). For ¢ > 0, by Lemma 4.1 we obtain (with R = Rp, R = Rp,Q = Qp):

For n = R (modd),

Mj(n,R) < /ﬂ/d(HgN (& + i) exp((n — R = Q) dy

d w/d

N

{HgN (dz) } exp((n — R - Q)a) dy

21 J /4
= { 1:[ gNT(dLB)} exp((n — R — Q)zx).

Assume provisorily that
(4-3) d<n2"¢
with some fixed positive € and consider gi(t) for

(44 kol = o( 1),
d
this choice of k is motivated by the statistical result of Erdés and Lehner [8] on the number

of the parts of a generic unequal partition (cf. the introduction).

Let
T
4-5 T 1= , t:=dxg.
(+5) 0 2v3n 0
Then
(46) k’ot = k‘odl‘o = lOg 2.

During the computation of the main term Sy we will use the following constant
= 1

CQ = ZW

m=1
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Lemma 4.2. We have
72 (log2)?
Co=—— .
12 2
This formula is probably well known but we however propose here a simple proof of it.

Proof. Since for 0 < x < 1,

SN = gml 1 1
_ = — —1
(Zm2) Z m z 81—
m=1 m=1
we have
1/2 1
(s —0:/ — log dx
0 1-—
1/2 d
= —(log2)? —/ (loga})l ’
0 _

In the integral we write u =1 — a:

1

Cy = —(log 2)? +/ 1log 7 !

1/2u —Uu

1 1/2
1 1 1 1
—(log2)2+/ — log dx—/ — log dx
0 T 1—2z 0o 1-2z
2

—(log2)? + % —Cs.

Now we can give a first estimate of g (dxz):

Lemma 4.3. Under (4-3) and (4-4) we have:

gk(dxo):exp( 72 (log2)2+0<@)>'

12d1‘0 + 2dl‘0 d
Proof.
As n — oo, by Lemma 4.1, we have
=1 11 .
ge(t) = f(t) exp ( = 3" — exp(—komt) exp(—(k — ko)mt)(— — ) + O(k )).

m=1
Next we use the fact that &k is close to kgy:

g (t) = f(t)exp < - Z %exp(—k‘omt)(% - %)

m=1

% (1 + O([k — ko|mt exp(|k — ko|mt)) + O(kgl)).

We develop the different terms, for n — oo,

=1 m=1
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For t = dxg we obtain

1 27 1 R 27™
gr(dzo) = f(dﬂ?o)exp(— d—xOleW + 5;7
— 27m/2 = —m/2 1
+%Mk—%0< +dzg Y 2 +O(kgY)
m=1 m=1
2-m n
= fdm)exp (= g0 37 % o)
w2 I 2™ n
= (50 ~ g 2 +oLT))
This ends the proof of Lemma 4.3.
If
mn
(4.7) m@—%pzq%;) (r=1,...,d)
as n — oo then we have
d 2 2
B T (log 2)
(4-8) T_l:[lgNr(dwo) = exp (123:0 + 22g + 0(\/ﬁ)>
and ) 0 2
N m og 2
< — R - .
T, R) < exp (0~ B~ Qo + 75— + 0 +o(v/n)
Lemma 2.2, (1-3), (4-3), (4-6), and (4-7) yield that
d?k? 1 /log2y2
(4-9) R+Q=o(n)+—0+0(n):—<og ) + o(n).
2 2 Xo
Finally,
2 /N
* < — vV .
I3(d, R) < exp(nzo + Jg= + o(v/n) = exp (“7 +o(vi)
This is trivial since
1 T/n
(4-10) a(n) = (1+0(1)) {7557 P <W>'

But we shall see in Part II [7] that the estimates can be improved.
We will use the classical splitting of the integral (3-3)

(4-11) HZ(H,RD) =S50+ 51+ 59,

with
d
So=ar [ {TLom (o + i)} expltn —Ro — Qo) (ro + i) dy,

21 Jiyi<on oy

d d
51:—/ 52:—/
2 y1<|y|<y2 2m y2<y|<m/d

with ¢y, = n=it5 and Yo = 3mxg.

11
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