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UNIFORMLY ACCURATE NUMERICAL SCHEMES FOR THE
NONLINEAR DIRAC EQUATION IN THE NONRELATIVISTIC LIMIT
REGIME

MOHAMMED LEMOU*, FLORIAN MEHATS ', AND XIAOFEI ZHAO 1%

Abstract. We apply the two-scale formulation approach to propose uniformly accurate (UA)
schemes for solving the nonlinear Dirac equation in the nonrelativistic limit regime. The nonlinear
Dirac equation involves two small scales € and €2 with e — 0 in the nonrelativistic limit regime. The
small parameter causes high oscillations in time which brings severe numerical burden for classical
numerical methods. We transform our original problem as a two-scale formulation and present a
general strategy to tackle a class of highly oscillatory problems involving the two small scales £ and
€2. Suitable initial data for the two-scale formulation is derived to bound the time derivatives of the
augmented solution. Numerical schemes with uniform (with respect to e € (0,1]) spectral accuracy in
space and uniform first order or second order accuracy in time are proposed. Numerical experiments
are done to confirm the UA property.

Key words. nonlinear Dirac equation, nonrelativistic limit, highly oscillatory equations, uniform
accuracy, two-scale formulation

AMS subject classifications. 35Q55, 656M12, 74Q10

1. Introduction The nonlinear Dirac equation has been widely considered in
many physical and mathematical areas, such as the electron self-interacting [18], the
gravity theory [22], and recent studies in material graphene and Bose-Einstein conden-
sates [1, 16, 20]. In this paper, we consider the nonlinear reduced Dirac equation

i0,®° — —éo@m@s n éﬁ@s F[Va(t) + Vin ()] 5 + A (8D°, 0°) 5T°, (1.1)

for t >0, x € R, where the unknown ®° = (¢5,$5)" = ®°(¢,z) is a bi-dimensional complex-
valued column vector and is interpreted as the wave function subject to the initial
condition

®°(0,2) =D (x), zeR.

A €R denotes the coupling constant and e € (0,1] is a dimensionless parameter which
is inversely proportional to the speed of light. V.(t)=V.(t,x) and V,(t) =V, (¢,z) are
two given real-valued scalar functions representing the electrical potential and magnetic
potential [2, 19, 10], respectively, and the matrices a and § are known as the Pauli

matrices, i.e.
01 10
=(10) =065

In particular, we have (3®°,®°)=|¢5|? —|¢5|>. The nonlinear Dirac equation (1.1) has
been widely considered in the literature [6, 4, 30, 24] as a reduced mathematical model.
It was originally derived in [25] as a four-component equations in 3D for describing the
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2 UA schemes for the nonlinear Dirac equation

spinor field with nonlinear coupling. A more complicated cubic nonlinearity could be
considered as in [28, 29]. We refer to [2, 6] for the nondimensionalization and the model
reduction to the two-component problem (1.1).

The model (1.1) conserves the mass M(t):= [, |®°|*dz and the energy E(t), pro-
vided that the two external potentials V,V,, are independent of time,

E(t)

1 ,
;:/ (62(4)5,6(1)8)—Z((I)E,aawés)+I/;|<I>5|2+Vm(<1>5,a<1>8)+>\(ﬁ<1>5,<1>5)|<1>5|2) dx.
R

With a fixed e >0, the well-posedness of the Cauchy problem (1.1) has been studied and
established. We refer to [4, 21, 23, 24, 3] and the references therein for detailed analytical
results. Various numerical methods including finite difference time domain (FDTD)
methods and operator splitting methods have also been considered in [26, 29, 30, 4, 15]
for solving the nonlinear Dirac equation in the classical regime, i.e. e~ 1.

When € — 0, which corresponds to the speed of light going to infinity and is known
as the nonrelativistic limit, the nonlinear Dirac equation (1.1) has been shown to con-
verge in the energy space to the nonlinear Schrodinger equations [2, 23]. Both the
analytical results and the numerical studies [2, 23, 6, 7] show that the solution ®¢ of
(1.1) propagates waves with wavelength O(g?) in time ¢ and wavelength O(1) in space
z, as €< 1. The small temporal wavelength makes the solution highly oscillatory in
time, and as a consequence it causes severe numerical burden for classical numerical
discretizations. Results in [6, 5] show that, in order to capture the correct solution in
the limit regime, one needs to use time step At=0(g?) and mesh size Ax=0(/z) for
FDTD, and At=0(g?), Ax=0(1) for exponential integrators or time splitting spectral
methods. Thus designing numerical methods that allow the use of step size indepen-
dent of € becomes a very needed and challenging issue. Recently, in study of the non-
linear Klein-Gordon equation in nonrelativistic limit regime, schemes with uniformly
accurate (UA) properties have been proposed in [8, 9, 12]. The UA schemes can use
At=0(1), Az=0(1) for corrected approximations when ¢ < 1 and are significantly bet-
ter than classical methods in the limit regime and asymptotic preserving (AP) methods
in the intermediate regime, as shown in [11, 14]. Among the UA schemes, there are two
approaches so far. One is based on the multiscale expansion of the solution [8, 9], and
the other uses the two-scale formulation approach [12, 13]. The first approach strongly
relies on the pre-knowledge of the expansion and the polynomial type nonlinearity. In
fact, a multiscale approach has already been considered for the linear Dirac in [7], lead-
ing to a first order UA scheme. However, this proposed scheme and its corresponding
numerical analysis become rather complicated in the nonlinear case. In contrast, the
two-scale formulation approach provides a general strategy to design UA schemes for
a class of oscillatory problems [13]. Nevertheless, the nonlinear Dirac equation (1.1)
which contains two scales ¢ and €2, does not belong to the type of problems in [13],
which means that the strategy in [12, 13] cannot be directly applied. In fact, problems
involving two scales are usual in collisional kinetic equations in the diffusion limit, but
the presence of these two scales (¢ and £2) also appears in the context of oscillatory
kinetic equations, as mentioned in [13, 17]. This extra scaling in the equations causes
more difficulties for achieving UA property and a suitable two-scale formulation has to
be found.

In this work, we are going to propose a two-scale formulation and design UA schemes
for solving the nonlinear Dirac equation in the nonrelativistic limit regime. A suitable
formulation is presented on which we construct a second order in time UA scheme.
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Extensive numerical experiments are done to show the UA property. Extension of this
strategy to the case of oscillatory kinetic equations with strong magnetic field is the
subject of a forthcoming paper.

The rest of the paper is organized as follows. In Section 2, we introduce the two-
scale formulation and construct the suitable initial data for this augmented problem.
In Section 3, we present the numerical schemes based on this two-scale formulation.
Numerical results are reported in Section 4 and some conclusions are finally drawn in
Section 5.

2. Two scale formulation To filter out the main oscillation in (1.1), let us
introduce the filtered data
eit/a2 0
u€:< 0 e-it/e? o°. (2.1)

It solves the equation

atus:7§A(t/52)aru€+F(t7t/€27u€)a t>03 I’ER, (22)
with
0 2T
A(T) = <e—ZiT eo > ’
and
F(t,7,u%) =—i[Ve(t) + Vi (£) A(T)] u® — A (Bu®,u®) fu®. (2.3)

In this paper, we assume that V, and V,, are C' functions of time. For future conve-
nience, we denote the nonlinearity without the magnetic potential by

F.(t,u®):=—i[V.(t)u® + X (Bu®,u®) Bu’].

Now, following [12, 13], we separate the fast time variable 7=t/e? from the slow time
variable t in the solution u®(¢,z) of (2.2) and consider the two-scale formulation for the
augmented unknown U¢ =U*(¢,7,2)€ C%:

1 1
8tU€+E—zaTUE:—EA(T)awUEJrF(t,T,UE), t>0, 7€T, zeR. (2.4)

Here U®(t,7,x) is 2m-periodic in 7 and T:=R/(27Z) denotes the torus. With initial
data U¢(0,7,x) satisfying

U®(0,0,2) =u®(0,2) =Pp(x), x€R,

the solution of the two-scale problem (2.4) enables to recover the solution of the filtered
equation (2.2) by setting

t
U® (t,27x> =u®(t,z), t>0, z€R.
€

In the two-scale formulation (2.4), 7 is considered as an additional independent
variable, which is periodic. The advantage one can get from this formulation is that
now the initial data U¢(0,7,) is only prescribed at a single point 7 =0, so there is some
freedom to choose the initial data. By choosing a suitable initial data, we will succeed
to bound the time derivatives of U® uniformly with respect to €, which allows to design
uniformly accurate numerical schemes.
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2.1. A toy model In order to find out a suitable initial data for problems like
(2.4), we propose to analyze the following simple toy model:

1
Oru+ 5—20Tu+i@u=0, with  w(0,7) =, (7). (2.5)

Here, u(t,7) is a scalar unknown, t>0 and 7€T. Moreover, we assume (as for the
augmented problem (2.4)) that only w;,(0)=wg is prescribed, that a is a real-valued
smooth periodic function and that we have the property

/0 2Tra(T)dT:o.

Our aim is to derive expressions for u;,(7) in order to ensure conditions (i) u;,(0) =uy,
and (ii) that time-derivative of u, up to some order p>1, are uniformly bounded with
respect to €, a property which enables to construct easily uniformly accurate numerical
schemes for (2.5).

The exact solution of (2.5) is given by

u(t,T) — e—z’eb(f)eisb(‘r—t/sz)uin(T _ t/Ez),

where b(7) = [ a(s)ds. Note that b is periodic, since the average of a vanishes. It is
clear that

8ku —ieb(T (_1)k dk ieb(s
W(tﬂ-):e eb( )ET @ <e =b( )uz'rL(S))

s=1—t/e?
Therefore, in order to get uniformly bounded derivatives for k=0,...,p, we must have

dP

@ (eisb(s)um(s)> = 0(52;0)7

which is satisfied as soon as
Uin (T) = Qp_1(1)e =) L O (7).

Here @Qp—1 is any polynomial of degree <p—1. Due to the smoothness and periodicity
of u;,, we have necessarily that @) is a constant polynomial, thus

Uin (T) = Ce™ =P 1 O (7).
Therefore, the following initial data is suitable to ensure (i) and (ii):

2p—1

Uin (T) = up +uo Z (_izﬂgk.
k=1 ’

In particular, one observes that one needs to choose the initial data as an expansion
in powers € up to the order €?P?~! in order to ensure the boundedness of the time
derivatives of w up to the order p. This crucial property will guide our analysis in
the next subsection. Of course, for (2.4), we do not have an exact solution, but we
will obtain iteratively the expansion in powers of € of the suitable initial data by using
Chapman-Enskog techniques.
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2.2. Suitable initial data for the augmented problem (2.4)

In order to define the initial data U¢(0,7) where here and after we omit the space
variable x for simplicity, let us perform formally the Chapman-Enskog expansion of U¢
[12, 13, 14]. To this aim, we introduce the operators L and II for a periodic function
h(t):T—C? as

1 2
Lh:=0;h, Ilh:= —/ h(T)dr,
2T 0
and when ITh =0, the operator L is invertible with

(L—lh)(r):(l—n)/ h(0)d6.
0
We perform the Chapman-Enskog expansion by setting
Us(t,7)=U(t)+h(t,7), with U=TIIU®.
We observe that IIA=0 and write the micro-macro formulation of (2.4) as
1
U= —EH(A(T)Bxh) +I(F(t, 7, U+h)), (2.6)
1 1 1
Oth= —E—2Lh— gA(T)axQ— E(I_H) (A(T)0zh)+ (I -1 F(t,7,U+h). (2.7)
Based on this formulation, it appears that, when ¢ —0, U¢(¢,7) converges to U(t)
satisfying
0.U=CO*U+11(F(t,7,U)) = F.(t,U), (2.8)

where the matrix C' is given below by (2.12). In particular, when ¢ is small, the solution
®¢ of the nonlinear Dirac equation (1.1) will formally be close to ® defined by

efit/s2 0

The above limit model (2.8) is a system of coupled nonlinear Schrédinger equations.
When there is no magnetic potential, i.e. V,,, =0, the convergence of the model (2.2) to
(2.8) as € =0 has been proved rigorously in some energy space in [23].

2.2.1. Uniform boundedness of time derivatives up to order 2 In this
subsection, we derive the expression of U¢(0,7) such that the time derivatives of U® up
to order 2 are uniformly bounded. Following the previous subsection on the toy model,
we need an expansion up to the order 2. In the following formal calculations, we thus
assume that derivatives of A until order 2 are bounded.

By applying the inverse of L to (2.7), we get

h=—eL 'A0,U —eL " (I - A h+?L (I -T)F(t,7,U+h) —* L™ 9;h. (2.9)
Then we further have
Oph=—eL Y AQ*U —e L™ (I —T1) A2 h+* L~ YT —T1)0, F (t,7,U +h)
—e? L7 0, (2.10)
Oh=—eL " Ay, U —eL™ (I —1)Ady,h+> L™ (I —11) [0, F (t,7,U+h)
+0,F(t,7,U+h)(0,U+08h)] —>L™' 97 h. (2.11)
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Hence, we can expand the unknowns in powers of € and find
h=—eL 'A0,U+e*L Y (I - AL ' AQ?U +* L~ (I - F(t,7,U) + O(£%).
Therefore,

US(0,7)=U—eL A0, U+e* L~ (I -TI) AL~ A02U
+e2 LI - F(t,7,U) +O(e?).

Direct computations yield

and

C=C(r)i= A(7)B(r) = % ((1) 01> (2.12)
so (I—T)C(7)=0 and
U¢(0,7)=U(0)—eB(1)0,U(0)+e>L~ (I -I)F(0,7,U) + O(c%).
Now we use that U¢(0,0) = ®, to get

U(0) =Dy +eB(0)0,U(0) —£% f5(0) +O(?)
=0y +eB(0)0, Do +£2B(0)202®g — 2 fo(0) +O(?), (2.13)

where
fo(T):=L Y (I=T)F(0,7,8¢) = —iV,,,(0) B(1) 0,
and then
US(0,7) =P —e(B(1) — B(0)) 0,®¢ — % (B(1) — B(0)) B(0)9?®,
+&(fo(r) = f0(0)) +O(?).

We thus get an expression US for the suitable initial data up to O(e?), i.e. U(0,7)=
Us(7)+0(g?), as follows:

el . 1€ 0 e —1 f 1 —e2iT 0 )
U2 (T) '_(I)O + 2 (1 _ e—2i'r 0 azq)o + 4 0 1 _e_QiT 3I(I>0

&2

0 eQiT_l
_Evm(o) <1_e—2i~r 0 )(DO

For future use, we denote Us(7)=US5 (1) —&2(fo(T) — f0(0)), and also define

ie 0 eQi'r_l
Uf(’r):q)o—i_? <162'L7‘ 0 ) )

which gives U¢(0,7) =U$ (1) +O(e?).
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Now we push the asymptotic expansion to the next order. Inserting (2.10) and
(2.11) into (2.9) and letting t =0, we get

h(0,7)=—eB,U—eL (I -M)A[-eBI2U +&*L~ (I -1)COU
+e2 L7 NI =119, F(0,7,U)] +e*L~ ' (I - ) F(0,7,U+h)
+53L’1Bath+O(€4)
=B, U+ LY (I-T)F(0,7,U{)+e* L' Bo,, U
— S LN I -TAL Y (I -9, F(0,7,U) +O(e*). (2.14)
From (2.6) and (2.10), we have
0U =CO*U +TF(t,7,U)+O0(e). (2.15)
Noting F,(t,U)=1IF(t,7,U), we find
h(0,7)=—eBo,U+e*L~ (I -I)F(0,7,Uf) +e* L' B [CO2U + 9, F.(0,U)]
— S LN I -TAL Y (I -0, F(0,7,U)4+O(£%).
Using (2.13), we then get

h(0,7) =—¢eB(7) [0,®0 +B(0)0;®¢ +£>B*(0) 0200 — 20, fo(0)] +&2 f1(1)
+e* L' B[CO2 00+ 0, F.(0,80)] =L~ (I -11)A0, fo+O(e*),  (2.16)

where
fi(r) =LY (I - F(0,7,U5).
Based on
U#(0,7)=U(0)+h(0,7) = B¢ + h(0,7) — h(0,0),

and remarking that L=!B=—A/4 and L= (I —1I) Ad, fo =0, we can update the expan-
sion of U(0) as

U(0) =@ +eB(0)0, o+ B%(0)02®¢ — 2 f1(0) +* B3(0) 02Dy

53

—B(0)0, fo(0)+ TA0) [CO3D,+ 0, F.(0,80)] +O0(c*), (2.17)

and then get an expression U§ of the prepared initial data up to O(g?), i.e. U%(0,7)=
Us(1)+0(e), as follows:

)+ [fu(7) = f1(0)] —* [B(7) — B(0)] B*(0)9; @0 (2.18)

w

U3 (7)=Ua(r
— S (A() = A(0)) [CO2@0+0, F.(0,00)] +¢*(B(r) ~ B(0)): fo(0)
i 3 eQiT _
V)2 - O+ 5 (e )00

€
ied ([1—-e¥™ 0
( 0 1— e2i7—> 83: (Vm (0)‘1)0)

4

63 0 1— 2T
+ Z <1 e~ 2T g ) axFe(07(I)0)' (219)
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2.2.2. Uniform boundedness of time derivatives up to order 3 Repeating
the procedure above, we are going to get the next order expansion. Here we assume
that derivatives of h until order 3 are bounded. From (2.11), we have

Oth=—eB0y, U+ L~ (I -11)[0,F(t,7,U) + 0, F (t,7,U) 0, U]+ O(c%).
Plugging the above expansion and (2.14) into (2.9) and letting t =0, we get

h(0,7)=—eBO,U+cL™ (I -M)A[eBI;U —€” f1(1) — e’ L™ ' BO1z, U]
+ 2L Y I - F(0,7,U5) +e* L Bo, U —* f,(1) + O(£%)

= —eBO,U+*L Y (I-T)F(0,7,U5) — 3L~ Y (I -T)Afy
3
- %Aamg—g4ft(7)+0(g5), (2.20)

where
fi(r):=L7*(I-10) [0,F(0,7,%0) + 0, F(0,7,%0) (CI2Po + F.(0,Py))]
_ %A(T) [0,V (0) B0 + Vi (0) (CO?Bo + F.(0,8))]
From (2.6), we find
U (0)=CO*U+TIF(0,7,US) —ellAD, f1 +O(£?).

Then (2.20) becomes

h(0,7) =—eB(7)0,U +e* LY (I —I)F(0,7,U5) — 3L~ (I —T) A f,

- %A(T) [COU+T0, F(0,7,UF) —ellAD2 f1] —e* fi(T) +O(e°).  (2.21)

Combining (2.21) with (2.17) and noting A(0)C =4B3(0), we get

h(0,7) =—eB(1) [0, ®0 +eB(0)02 0o +£>B*(0)92®0 — 20, f1(0) 42> B*(0) 03Py

—53B(o)a§f0(0)+§A(o)a§Fe(0,<I>o)] +2L7 Y I -1 F(0,7,U%)

3
—SLTNI-IDAf, — %A(T)c (03D +2B(0)01®q |
3
- %A(T) (110, F(0,7,U¢) —cTTAD2f1] — £ f,(7) + O(€?). (2.22)
Then we have
U(0)=®o+eB(0)0, o +c2B%(0)02®¢ — % f5(0) 42> B3(0)02 0 — £° B(0)0,, £1(0)

3
+ - A0)10, F(0,7,U) +5°9(0) + 32" B4(0)0 90 — ' B2(0)02 (0)

o
4

BO)A)IF(0.80)~ S AOTLAR [, +2* ,(0) + ("), (2.23)
where

fo(r):=L NI =T F(0,7,U5), gi(7):=L " (I-T)Af;.
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Thus, we get the prepared initial data U¢(0,7) =U§(7)+O(e®), with

: 3 eQiT_
U ) =Uar) + 2 o) = RO+ - (4 _ e ) 020 (220

e 0 1-—e" .
T (1—8—% 0 )“‘%F (0.7.U7) ~*[g1(7) = 91 (0)

i53 0 eQ'LT —1 354 e21'7' -1 0 .
_7 (1_6—21'7' 0 >a:1:f1(0)_16 ( 0 e_2i7_1> 8I<I>0
54 0 eQiT —1 5 64 0 eQiT _1 )
— g (1 —6727;7- 0 ) az(vm(o)q)o) + Z <62i7- 1 O ) HAamfl
iet (1 —2iT 0
ST (1T ) BR8-S G)-1O),

To get the next order expansion, we recall that we assume 9;h,07h,07h=0(1) as
€ — 0, which indicates that

d
8th = —5B3tzQ+62L71(I—H)&

— LY I -AL (I — H)%@mF(t,T,Q(t)) +0(eh).

F(t,7,U(t)+h(t))+e3 L™ B, .U

Using

%F(t,ﬂg(t) +h(t)=0,F(t,7,U~+h)+0,F(t,7,U+h)(0,U + ;h)
=0,F(t,7,U—eBOU)+ 0, F(t,7,U —eBI,U)(0,U — B, U) +O(£?)
and denoting
Ho(7):=L Y (I —T0)[0,F(0,7,8¢) + 0, F(0,7,80)CO2 D¢ + 0, F (0,7, P0) F.(0,D0)],
Hy(7):=0,F(0,7,U5) + 0, F(0,7,U)C(02®o +£B(0)02 D)
+0,F(0,7,U5) [IIF(0,7,U5) — el1AD, f1]
—£0,F(0,7,Uf)B(7) [CO2®0 + 0, F (0,D0)]

we get

Oth(0,7) = —eB(1)01U + 2L~ (I =TI H, +e* L™ BOy, U
— LY I —T1)Ad, Hy+ O(e%). (2.25)

A detailed computation gives

Ho(1)=—iB(7) [0;Vin (0)®o 4V, (0) (CO2 00 + F. (0,%0))] -

Plugging (2.16) into (2.6) at t=0, we have

2
BU(0) =CO2By+ILF (0,7,U%) +CB(0)3 o + %ca;lcbo —el1AD, fi

2
— 2002 fo(0)+ - O2F.(0,00) +O(?),
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and
02U (0)=C292dg +CO2F.(0,80) + Z. +O(¢),
where
Ze=0,F.(0,80) (COZPo+ F.(0,80)) + 0, F(0,p).
Combining the above two identities with (2.25), and inserting them together with (2.23)

and (2.22) into (2.9), we finally obtain the prepared initial data U¢(0,7) =Ug (1) +O(e®),
with

. 0 eQiT -1 3
Us () = Ua(r)+ 22 (fa(r) — o)+ (| 0 1) G20 (226)
53
t 5 (e T ) IOPO0D) - (1) - m(0)
Z‘€3 0 54 21'7' 1 0
2<1 e—QzTe 0 )8 f2( )+4< 0 e—2iT 1)82f1( )
iet (1—e27 0 2 oo 3t ferT—1 0 4
- ? < 0 —2iT __ ) Ha ( Ul) 16 ( 0 e—2iT 1) amq)o
2‘54 < 0 eQiT

ie® (1—e™ 0 3 ed (e 1 0
+? ( 0 eQi'r_l) HAa:rfl_g ( 0 1_621'7) aﬂ?Zm

ie® (2T 1 0 ied 0 e¥—1
_? < 0 2”1) ag(‘/m(o)q)o)_? (1622'7' 0 )afrZe

where

fa(r) =L I =IF(0,U5),  ga(m)=L7"(I~11)Ad, fa,
u(r) =L Y I-AL *(I-T1)Ad, f1,

01V (0)®0 + V3, (0)(CO7 D0 + Fo. (0, ),
wo(T) L 3(I-MA0,Hy,  wi(r):=L"*(I—-T)H;.

The augmented problem (2.4), endowed with one of the initial data U5, _; (k€ {1,2,3}),
provides a solution which has uniformly bounded time derivatives up to the order k,
respectively. The proof of this property, which will not be done here, can be derived in
an analogous way as in [13]. The detailed proof would be lengthy and tedious, so we
omit it for brevity.

3. Numerical methods From the analytical results in [2, 23], the solution of
the Dirac equation (1.1) decays very fast at infinity for localized initial data. Thus,
to give the numerical discretization, we truncate the Dirac equation (1.1) in the whole
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space to a bounded interval (a,b) which is large enough, and impose periodic boundary
conditions as done in [6, 7, 29, 30], i.e.
) 1
i0,®° :—gaaxfbg—&- B+ [Va(t) + Vi ()] ° 4+ A (827, 8°) BE°, w € (a,),
O°(t,a) = D°(t,b), 0,D°(t,a) =0, D°(¢,b), t>0; P°(0,2) =Pp(x). (3.1)
3.1. Uniformly accurate schemes Based on the two-scale formulation, we

give the numerical discretization to solve the nonlinear Dirac equation. Due to the
truncation (3.1), the corresponding two-scale problem (2.4) reads

1 1
8tU€+§aTU€Z—EA(T)8$U€+F(t,T,U€), t>0, T€T, z€(a,b), (3.2a)
U¢(t,7,2)=U°(t, 7+ 2m,x), t>0, 7€T, z€ (a,b), (3.2b)
U¢(t,7,a)=U*(t,7,b), t>0, T€T, (3.2¢)

with the constructed initial data

Us(0,7,2)=U"(1,2), 7€T, 2€(a,b). (3.3)

Let At >0 be the time step, and denote t,, =nAt for n=0,1,... Let us choose mesh
sizes Ax=(b—a)/N and Ar=27/N, with N and N, two positive even integers. We
also denote the grid points in x and 7 by

zji=a+jAzx, j=0,1,...,N; T;=jAT1, j=0,1,...,N,.

For first order time discretization, inspired by the scheme in [12], we propose the
following semi-implicit Euler method:
Urtl(r,z)—U"(t,x)
At

1 1
+ 8—267U"+1(T,x) = —EA(T)&CU"H(T,QU) + F™(r,x), (3.4)

where we denote U™ (1,2) ~ U (ty,,7,x) and F"(1,2) = F(t,,,7,U¢ (tn,7,2)), forn=0,1,...

3.1.1. Uniform accuracy of the semi-implicit scheme (3.4) We recall that

the initial data US(7) given by (2.19) has been obtained by Chapman-Enskog expan-
sions, in order to ensure the uniform boundedness of U¢, 9,U¢ and 9?U*° with respect
to €. Although we omit the rigorous proof of this property, we assume that this holds
and use it to prove the uniform accuracy of the semi-discrete scheme (3.4) initialized
with UY=U5. In fact, we have the following result.
THEOREM 3.1. Assume that the solution U¢(t,7,2) of (2.4) has uniformly bounded (with
respect to ) derivatives for t€[0,T], up to order two. Let U™(r,x) be the solution of
the numerical scheme (3.4), initialized with U°=U° and At>0. Then, for nAt<T,
we have

U (nAt) ~ U™l 2 < CAL,

where C' is a constant independent of n, At and €.
Proof. Taking the Fourier transform of (3.4) with respect to the variable z, we get

Unti_fn ] — 1 —
_ n+l_— _ ; n+1 n
A7 + = o;U EA(T)Z‘U,U +Fn,
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where p is the Fourier variable associated to z. In terms of the following quantity
At At
QV)=V+ ?A(T)Z'[J,V—f— e—zaTV,

the scheme reads

Q (W) —Un 4+ AtF™. (3.5)

Step 1: invertibility property of Q. We claim that @ is invertible on L°°L2 and that
1Q7 W)z 2 <[W Lo ra- (3.6)
Indeed, consider the equation Q(V)=W and set

2= (% )

We get the equation

Z+zQZ+ .7~ <e_ Q)W,

0 €7
with
O (At/52 pAt/e ) .
pAt/e —At/e?
Then,

d At -t
T (I+iQ)T ,f(I—HQ)T
e (eA Z) - —-ea ( 0 e”) W.

We integrate this expression between 7 and 7+ 27 and use the periodicity of Z(7) to
obtain

T42w 2 T42m 2 T .2 .7 2
(e At € olTAr € Q_QEE elaie Q) Z(T)

At 42w 522 s 220 e i
== i ( 0 eiS)W(s)dS.

Using that Q is real-valued and symmetric, we get, with the notation |Z]=
V1212 +|Z5|? for all Z € C?, that
‘ )_eﬁszeiﬁs%lZ(T)H

T42m 2

>e At

7427 2 T 27r 2
o A gl A G

- TH42 2 2
T QZ(T)H —eBif

= (e7F e ) | Z(),

eiAitEQQZ(T) H

and that

At [T —is
7/ eRie gl AT 2 (eo e?s) W (s)ds
6 T

o

(0 k)

< (67237‘52 _eA1E ) ||W||L$CL,2‘

At THIm
eni®

o2
9 T L2
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These two inequalities give ||Z(T)||L;z < ||W||L$<>Li, which proves the claim.

Step 2: Taylor expansion of the exact solution. The exact solution of (2.4) satisfies

tn+1

US(t™)—Us(t" ™)+ Ato,Us(t"*1)=R™  with R"= / (s —t™)O2U*(s)ds
t’n

which yields

o —

QUE(E+)) = U= (t7) + ALF (1" 7, UZ(1m7)) ~ .

Here we have denoted G (ff ) :G/(U\).

We now introduce the error E™ =U¢(t") — U™ and subtracting (3.5) from this equa-
tion, we get

QUE™Y) = B+ At (P U1 i) - F(",7,0™) ) — ™. (3.7)

Step 3: error estimate. We observe from the expression (2.3) of F' and the assumptions
on V. and V,, that F is locally Lipschitz continuous with respect to ¢ and U®. Let
us fix M >0 such that [|U||pecpeop2 <M for t€[0,T]. Let N be the number of time
discretization points and At=T/N. Let ng be the largest integer n <N such that
[U™|peop2 <2M. Our aim is to prove that ng= N and to estimate the error.

Let us proceed by contradiction and assume that ng <N —1. Then we have

| Pt m Uy — Fen,r, 07|

mn
pons SO(BEFIE 1),

T T

where C, here and after, is a generic constant which only depends on M and T'. Applying
(3.6) to (3.7), we deduce that

IE™ M| oo 2 < (14 CAL) || B || Lo 13, + CAL + | R™ || oo 12

Now, in order to estimate R™, we apply the assumption made in Theorem 3.1 saying
that O7U is uniformly bounded with respect to e. Thus [|R" || - 2 < CA#2. Therefore

[E"* | poe 2 < (1+CAY)|| E™|| Lo 12 + CAL,
for all n <ng, which implies
||E”+1HL$OLEL <CAt.

In particular, if ngAt <T and if we choose C'At < M then we deduce from this estimate
that

—_— —_—
10707 | e 13 < JUZE0F) oo 3+ 1B+ | e 12 < 2M.

This contradicts the fact that ng is the largest integer n < N such that |[U™||p~r2 <2M.
We conclude that ng=N. It is also clear from the above estimates that we have

|E" |13 <CAL,

for all n <N, which concludes the proof. O
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3.1.2. The fully discretized scheme In the z-direction, we apply the Fourier
transform and obtain for [=—-N/2,...,.N/2—1,

-

U () =Up(r 1 —
OO Lo 7T ) =L AT () + B, (39
where p; = %’Tfl and
N/2—1 N/2—1
Z Un ek (z—a) . F'(r,z)= Z Fl”(T)e“”(‘”fa),
I=—N/2 I=—N/2
with
L V-1 N-—
U7 (7) = — n et (zj—a) n il i (zj—a)
Ul (T)_NJEOU (7’713])6#1 ) F ( NZ;) T':E ) H

In terms of the two components U¢ = (uy,u2)? and F = (fi, f2)T, the numerical scheme
(3.8) reads

W) (1) = (um), (1 0 7 i i o
WO D) 4 Lo () == e () + PO (), (3.9

- 50, () (1) = = L (@) () + (). (390)

Then we discretize the 7-direction as follows

(Z;?)l:((Z;T)l(m),...,@Z(TNT_l))T, I=—N/2,...,N/2—1,

— . _ T
), = (T (7o) U (v -0)) - G=1,2
Introducing the Fourier pseudo-differential matrix D, [27]:

N, /2-1
2 )
D-= (dn,m) E(CNTXNT7 dn,m - F-rlle\; /Qlell(Tn_Tm)’ n,m=1,...,Ng,

we derive the full discretization of (3.9) as

n+1 o . .
( 1 )it ( )l + D ( n+1)l:_ﬂemf(ugwrl)l_'_(fln)l, (3.103)
€
(uh*h), — (up) —T i g~
%4_ D, (u +1>l:_?e 2i <u1+1>l+<f2 ), 120, (3.10D)
for 1=—% ..., % —1, where here and after e*?'" are interpreted as diagonal matrices.

Solving (3.10) and choosing (u{,ud)” =U=° we get the detailed scheme of the first
order method (UA1) for n=0,1,..., and [I=—N/2,...,N/2—1,

m@ﬁ%zéﬁﬂﬁGﬂwm@§%=§@ﬁﬁG@m (3.11a)
Bl(/gﬁ)l:Aiut@ﬁ(ﬁ)] )~ (), 10, (3.11b)

—2iT _— _—

(== LAxw“n+ggwn+wmjvl¢& (3.11¢)
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where
Id D eA, e e 2T
R
and where Id denotes the identity matrix. The inverse of the above matrices A,, BL can
be computed numerically once for all, so the UA1 method (3.11) is explicit in practise.

Also noticing that BL=—B! we only need to store and compute the inverse of B.
for [=—N/2,...,—1. The computational cost of the UA1 scheme is O(N N2log(N)) per
time step.

3.1.3. The uniformly accurate second order scheme Again inspired by [12],
our second order method starts with a prediction step from the first order method

Unti2(r2)—U(t,2) 1 il 1

’ ’ - /2 —— A n+1/2

AL +€267U (1,x) A ()0, U (1,x)
+ F*(1,2),

followed by the correction step
Urtl(r,z)—U"(t,)
2At
1
== A [0:U" (1,2) + 0,U" (7,0) | + F"T12(7,),

bt [0 (7,0) 40,07 (7))

where F"1/2(7,2) 1= F(t,11/2,7,U""/%(7,2)). Then by applying the Fourier pseudo-
spectral discretization similarly as before, we end up with the following detailed second
order scheme (UA2). Choosing (uf,u3)” =U®?, then for n=0,1,..., and [=—N/2,...,
N/2-1,

AR = A7 (u)o+ (%), AF(us )= A7 (W) + (5%, (312a)

T T

B (i), = A |:AT(U711)Z+( 1n+1/2)l] A, — (),

—2iT ___

iue " T
+T(U1)l—Ai_(U2)p 1#0, (3.12b)
- Qee~%T [~ T 1T
(7, ==+ T A, - A+ T e azo
with
1) T 1/ 1
AV @)= 55 (W + (), A1/2<u2+1/2>0—2m<u2> +(5)o
Py N 0] 1 N
B, = A2 | SR 4 () - g = (e 1720,
—2iT —_—
+1/2y _ €€ +1/2 1
(5= |- g D+ T 120,
where
Ai:I—di& A-‘r,l:w B-&-,l:A-&-,lA—&-_irule_%T 140
TOALT 282777 i T T 2 ’

—2iT

1/2 _9ir .
a2 td | D- A1/2’l:7€AT/ T i gy gy e
T 20t 27 7T iy T T T €
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Similarly, we remark that the inverse of matrices AT ,Al/ Z,Bj ’l,Bi/ 2l can be computed

once for all, and by noticing that BY* = _BY27 and BH!'=—-BH~! we can only
store the inverse of B! and ByQ’l for I=—N/2,...,—1. The computational cost of the

UA2 scheme is also O(NNZlog(N)) per time step.

Thanks to the semi-implicit approximations in time, the time step At of UA1 and
UA2 methods are free from any CFL-type conditions on A7, Az or stability condition
on e. After obtaining U"(7,z), we take 7=t,/e% and consider the inverse of (2.1) to
get the approximation of ®¢(¢,,z), i.e.

. 2
efztn/a 0

q»s(tn,x)~< . eitn/EQ>U"(tn/€2,x).

4. Numerical results For comparison purpose, we define the initial data
U (1,2) := Qo(x),

along with Uf,Us,Us,U; and US. We shall test the error of the proposed UA1 scheme
(3.11) and the UA2 scheme (3.12) under those choices of initial data for (3.3) by per-
forming the following three numerical experiments. The computational domain is chosen
as (a,b) =(—8,8). The ‘exact’ solution is obtained numerically by the UA2 scheme with
very small step sizes, e.g. At=10"5 Az =1/64, N, =64. We shall focus on the time
discretization error.

Ezample I: (nonlinear without magnetic potential) We take the potential and initial
data in (1.1) as

2
x 2

1_
° S, g5(t=0)=e V2,

Vo=, V=0, ¢i(t=0)=
2+ 222 o ) V2

and choose A=0.5. We solve the Dirac equation (3.2) till t=0.5, and show the error of
the numerical solution (¢7,¢%) with n=t/At as

167 () = @7 [lioe + | p2(t) — @5 [[10= -

The time discretization errors of the UA1 and UA2 methods under different e are
shown in Fig. 4.1 and Fig. 4.2, respectively, where we take the spatial mesh size of the
numerical method small enough, e.g. Ax=1/64,N,=32.

Ezample II: (linear with magnetic potential) We use the same setup in Example I
but without nonlinearity and with a non-zero magnetic potential, i.e.

(z+1)?
Vin=—5, A=0.
1422
The temporal errors of the UA2 method at t=0.5 under different ¢ are shown in Fig.
4.3.
Ezample III: (nonlinear with magnetic potential) We keep both the nonlinearity and
magnetic potential, i.e.

(z+1)°

Vin =

The time discretization error of the UA2 method at ¢=0.5, with initial data Ug, is
shown in Fig. 4.4. The corresponding spatial errors of the UA2 method with respect
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to Az and At are shown in Fig. 4.5. The behaviour of the spatial errors of the UA1
method and of the other two numerical examples are similar, so the results are omitted
here for brevity.

The error between the solution of the nonlinear Dirac equation (1.1) and the solution
of the limit model (2.8), i.e.

[67() = 1()l| e +[195(8) — pa(t) [ Lo,

are shown in Fig. 4.6 at t=0.5.

Based on the numerical results, we can have the following observation:

(i) The UA1 scheme with initial data US shows uniformly first order temporal
accuracy and the UA2 scheme with Uf shows uniformly second order temporal accuracy
in all the three cases. In space discretization, the UA schemes have uniformly spectral
accuracy in both x and the artificial 7.

(ii) The convergence rate from the nonlinear Dirac equation to the limit model is
of order O(e), as € = 0.

5. Conclusion We proposed some uniformly accurately (UA) schemes for solving
the nonlinear Dirac equation in the nonrelativistic limit regimes. Our approach is based
on a suitable two-scale formulation which offers a general strategy for constructing UA
schemes for a class of highly oscillatory problems involving two small scales. We derive
correct initial data for this augmented formulation, using a Chapman-Enskog expansion.
This allows us to construct a UA scheme with second order accuracy in time and spectral
accuracy in space. Numerical tests were done to show the UA property. Our approach
can also be applied to solve the oscillatory kinetic equations with diffusion scaling. This
the subject of a work in progress.
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Fig. 4.1: Temporal error of the UA1 method in Example I with respect to At and e:

results of using U§ (first row); results of using U (second row) results of using U§ (third
row); results of using U5 (last row).
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Fig. 4.2: Temporal error of the UA2 method in Example I with respect to At and e:
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Fig. 4.4: Temporal error of the UA2 method with U in Example III with respect to
At and e: results of the nonlinear Dirac equation with magnetic potential case.
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Fig. 4.5: Spatial error of the UA2 method in Example III with respect to N(=(b—
a)/Azx) and N..
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Fig. 4.6: The maximum error in solution between the nonlinear Dirac equation and the
limit model (2.8) in Example III.



