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The intrinsic dynamics of optimal transport*

R. McCann' L. Riffordf
March 26, 2015

Abstract

The question of which costs admit unique optimizers in the Monge-Kantorovich problem
of optimal transportation between arbitrary probability densities is investigated. For smooth
costs and densities on compact manifolds, the only known examples for which the optimal
solution is always unique require at least one of the two underlying spaces to be homeomorphic
to a sphere. We introduce a (multivalued) dynamics which the transportation cost induces
between the target and source space, for which the presence or absence of a sufficiently large
set of periodic trajectories plays a role in determining whether or not optimal transport is
necessarily unique. This insight allows us to construct smooth costs on a pair of compact
manifolds with arbitrary topology, so that the optimal transportation between any pair of
probility densities is unique.

1 Introduction

Let M and N be smooth closed manifolds (meaning compact, without boundary) of dimensions
m and n > 1 respectively, and ¢ : M x N — R a continuous cost function. Given two probabil-
ity measures p and v respectively on M and N, the Monge problem consists in minimizing the
transportation cost

/MXNc(m,T(x)) du(x), (1.1)

among all transport maps from p to v, that is such that Ty;u = v. A classical way to prove existence
and uniqueness of optimal transport maps is to relax the Monge problem into the Kantorovitch
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problem. That problem is a linear optimization problem under convex constraints, it consists in
minimizing the transportation cost

/ () dy(z, ), (1.2)
Mx N

among all transport plans between p and v, meaning v belongs to the set II(u, ) of non-negative
measures having marginals p and v. By classical (weak) compactness arguments, minimizers for
the Kantorovitch problem always exist. A way to get existence and uniqueness of minimizers for
the Monge problems is to show that any minimizer of (1.2) is supported on a graph. Assuming that
c is Lipschitz and p is absolutely continuous with respect to the Lebesgue measure, a condition
which guarantees this graph property is the following nonsmooth version [7] [24] of the TWIST
condition
Dyc(,y1)NDgc(y2) =0 Yyi # yo € N,V € M,

where D c(-,y;) denotes the sub-differential of the function = — c(x,y;) at z. In this case, it
is well-known how to use linear programming duality to prove that the Kantorovich minimizer is
unique, and that Monge’s infimum is attained [11] [17].

Examples of Lipschitz costs satisfying the nonsmooth TWIST are given by any cost coming
from variational problems associated with Tonelli Lagrangians of class C1'! (see [3]), like the square
of Riemannian distances (see [21]). Those costs are never C'! on compact manifolds such as M x N.
As a matter of fact, any cost ¢: M x N — R of class C' admits a triple 2 € M,y; € N,y € N,
(take y; with ¢(z,y1) = min{e(z, )} and yo with ¢(x,y2) = max{c(x,-)} ) such that

Oc Oc
%(%yl) = %(xayQ)a

violating the nonsmooth TWIST condition. Indeed, we shall show the following holds.

Theorem 1.1 (Non-genericity of twist). Let ¢ : M x N — [0,00) be a cost function of class C?.
Assume that dim M = dim N and

d%c

(Z,5) € M x N such that 920y

(Z,y) is invertible. (1.3)

Then there is a pair p, v of probability measures respectively on M and N which are both absolutely
continuous with respect to the Lebesgue measure for which there is a unique optimal transport plan
for (1.2) and such that this plan is not supported on a graph. The set of costs ¢ satisfying (1.3) is
open and dense in C*(M x N;R).

The conclusion of Theorem 1.1 implies that solutions for the Monge problem with smooth cost
do not generally exist in a compact setting. The purpose of the present paper is to study sufficient
conditions for uniqueness of the Kantorovitch optimizer, and to exhibit smooth costs on arbitrary
manifolds for which optimal plans are unique, despite the fact that such plans are not generally
concentrated on graphs. Some examples of such costs have been given in [13] [1] (see also [5]).
However, if uniqueness is to hold for arbitrary absolutely continuous p and v on M and N, all
previous examples which we are aware of that involve smooth costs have required at least one of



the two compact manifolds be homeomorphic to a sphere. Here we go far beyond this, to construct
examples of such costs on compact manifolds whose topology can be arbitrary. Our main idea is
to relate the uniqueness of the Kantorovitch optimizer to a multivalued dynamics induced by the
cost which does not seem to have been considered previously.

Before stating our results, we need to introduce some definitions.

Denoting the non-negative integers by N = {0,1,2,...} and the positive integers by N* =
N\ {0}, we begin recalling the well-known notion of ¢-cyclical monotonicity.

Definition 1.2 (c¢-cyclical monotonicity). A set S C M X N is c-cyclically monotone when for all
I € N* and (z;,y;) € S fori=1,...,I with x;11 = 1, we have

I
Z [c(®it1,¥i) — (@i, 9:)] > 0.

i=1

For given p,v and ¢, it is also well-known [12] that some closed c-cyclically monotone subset
S C M x N contains the support of all optimizers to (1.2). Note that of course, any subset of a
c-cyclically monotone set is c-cyclically monotone as well. We come now to the concepts which will
play a major role.

Definition 1.3 (Alternant chains). For each (x,y) € M x N assume ¢(x,-) and c(-,y) are differ-
entiable. Fizing S C M x N, we call chain in S of length L > 1 (or L-chain for short) any ordered
family of pairs

(@1m0),. - (@r)) € S
such that the set

{(3717y1>7 . (xL,yL)}

1s c-cyclically monotone and for every l =1,..., L — 1 there holds, either
dc Oc
= d = Ymi d — = — 14
v =mz41 and Y F# Y1 Ymin{L,1+2}  aN o (z1,91) O (1, Y141), (1.4)
or 5 5
c c
Y=y and T F T4 = Tmin{L,l+2} and @($l7yl) = %(xl+17yl)- (1-5)

The chain is called cyclic if its projections onto M and N each consist of L/2 distinct points, in
which case L must be even with yp = y1 and xrp # x1.

Note the existence of any cyclic chain ((x1,¥1),...(z5,yr)) permits the construction of an
infinite chain {(z;,y;)}ien+ by

(zkL4t ykrv) == (@1, m) Vk>1,vie{l,...,L}. (1.6)

Our first result is the following:



Theorem 1.4 (Optimal transport is unique if long chains are rare). Fiz a cost ¢ € C*(M x N).
Choose Borel probability measures p on M and v on N, both absolutely continuous with respect to
Lebesgue, and let I1y denote the set of all optimizers for (1.2) on II(u,v). Let Eg C M x N be a
o-compact set which is negligible for all v € 1y, and denote its complement by S = (M x N)\ Ey.
Let E denote the set of points which occur in k-chains in S for arbitrarily large k. Then Eo
and its projections 7™ (Ey) and m (EL) are Borel. If v(Es) = 0 for every v € Ily, then Iy is a
singleton.

Remark 1.5 (Extension to singular marginals). When ¢ € CYt, we can relaz the absolute conti-
nuity of u and v in the preceding theorem provided neither concentrates positive mass on a ¢ — ¢
hypersurface. Here ¢ — c hypersurface refers to one which can be parameterized in local coordinates
as the graph of a difference of convex functions [28] [12] [14].

Corollary 1.6 (Sufficient notions of rarity). The condition v(Ex) = 0 in the statement of the
theorem, and therefore its conclusions, follow from either p(m™(Ey)) = 0 or v(nV(Ey)) = 0.

If there is a uniform bound K on the length of all chains in M x N, then our theorem applies
a fortiori with S = M x N and Ey = ), since E,, = . We shall see this occurs in many cases
of interest, including for the smooth costs that we construct on compact manifolds with arbitrary
topology. The bound K will depend on the topology. On the other hand, an obstruction to the
uniqueness of optimal plans is the existence of a non-negligible set of periodic orbits. As shown
below, such a property is not typical: it fails to occur for costs ¢ in a countable intersection C of
open dense sets. Such a countable intersection is called residual.

Theorem 1.7 (Costs admitting cyclic chains are non-generic). When dim M = dim N, there is a
residual set C in C°(M x N;R) such that no cost in C admits cyclic chains, and for every cost
c € C, there is a nonempty closed set ¥ C M x N of zero (Lebesgue) volume such that

0?%c
dxdy

(z,y) is invertible for any (x,y) € M x N\ X.

In the terminology of Hestir and Williams [16], the absence of cyclic chains is sufficient to
define (formally) a rooting set whose measurability would be sufficient for uniqueness. We refer
the reader to Section 3 for further details on their approach and its aftermath [5] [1] [23]. We do
not know if uniqueness of optimal plans between absolutely continuous measures holds for generic
costs. However, elaborating on a celebrated result by Mané [19] in the framework of Aubry-Mather
theory, we are able to prove that uniqueness of optimal transport plans holds for generic costs in
C* if the marginals are fixed. In C°, such a result was known already to Levin [18].

Theorem 1.8 (Optimal transport between given marginals is generically unique). Fiz Borel prob-
ability mesures on compact manifolds M and N. For each k € NU{oo}, there exists a residual set
C C CK(M x N;R) such that for every c € C, there is a unique optimal plan between p and v.

The paper is organized as follows. We provide examples of costs satisfying the above results in
Section 2. We develop preliminaries on numbered limb systems and details on Hestir and Williams’
rooting sets in Section 3. We give the proofs of Theorem 1.4 in Section 4, of Theorem 1.7 in Section
6, and finally of Theorem 1.8 in Section A.



2 Examples and applications

2.1 Quadratic cost on a strictly convex set

Let us begin by recasting an example of Gangbo and McCann [13] into the framework of (alternant)

chains.
Fix N ¢ R™*!. Let M be the boundary of a strictly convex body 2 C R™*!, that is a closed
set which is the boundary of a bounded open convex set and such that for any 2,2’ € M,

!/

[z, |Cc M = z=2,

where [z, 2'] is the segment joining z to z’. We aim to show that for any measures p and v (u being
absolutely continuous w.r.t. the Hausdorfl m-dimensional measure H™ measure on M), we have
uniqueness of optimal plans for the cost

1
c(w,y) = Sle—yl*  V(w,y) € M xN.

Let P(M x N) denote the Borel probability measure on M x N and 7™ : M x N — M and
7N . M x N — N the projections onto the first and second variables. Let p and v be probability
measures on M and N. We recall that the support I' € M x N of any plan ¥ € P(M x N)
minimizing

wi{ [ ooy e} (2.1)

is c-cyclically monotone, which in the case c(z,y) = |y — z|?/2 reads

I

Z@/z‘,xi —xi41) 20,

i=1

for all positive integer I, i = 1,...,I, (x;,y;) € A, 741 = x1. The uniqueness of optimal plans
will follow easily from the next lemma.

Lemma 2.1 (Interior links are never exposed). Fiz a hypersurface M C R™L | possibly incomplete.
For any submanifold N C R™! of dimension n < m + 1, let c(z,y) denote the restriction of
%|x —y|? to M x N. If ((0,9), (x2,9), (x2,v"), (x4,y")) is a chain in M x N, then no hyperplane
strictly separates xo from M\ {z2}.

Proof. To derive a contradiction, suppose ((xg,y), (x2,v), (22,v’), (x4,9")) forms a chain in M x
R+ yet @y is strictly separated from M \ {z2} by a hyperplane with inward normal ny, i.e.

(x —x2,m2) >0 (2.2)

for all z € M \ {z2}. The chain conditions imply y' —y = ans for some « € R.



On the other hand, pairwise monotonicity of the points in the chain imply

(g —x2,y" —y) = alxs—x2,m2) >0
(x2 — w0y’ —y) = alwa —x0,n2) >0.
Using (2.2) we deduce o > 0 from the first inequality and o < 0 from the second. But a = 0 yields
y' =y, contradicting the definition of a chain. O

As a consequence we have:

Corollary 2.2 (Chain bounds for strictly convex hypersurfaces). If c is the restriction of |x — y|?
to M x N as above, where M C R™*! is a strictly convex hypersurface, then M x N contains no
chain of length L > 5. Moreover, the projection of any 4-chain in M x N onto N consists of three
distinct points, while its projection onto M consists of two distinct points. If N C R™t! is also a
strictly convexr hypersurface, then M x N contains no chain of length L > 4.

Proof. If a chain of length L > 5 exists, it begins either with

((z1,92), (x3,Y2), (x3,Y4), (x5, Ya)) (2.3)

or ((z2,y1), (z2,y3), (x4,Yy3), (x4,Ys5), (X6, y5)). Since M is strictly convex, each point x € M is
exposed, meaning it can be strictly separated from M \ {z} by a hyperplane. In the first case
Lemma 2.1 would be violated by the chain (2.3) since x5 is an exposed point of M; in the second
it would be violated by the chain ((x2,y3), (x4,¥3), (€4,¥5), (T6,ys5)) since z4 is an exposed point
of M. We are forced to conclude that no chain of length L > 5 can exist. Moreover, any chain of
length L = 4 in M x N must take the form ((z2,y1), (z2,ys3), (x4,y3), (x4,ys5)) hence project onto
three points y; € N. The y; must all be distinct since y; # y3 # y5 from the definition of chain,
while y5 = y; would make the chain cylic, in which case it can be extended to an infinite chain
(1.6) contradicting non-existence of a chain of length 5. The projection onto M therefore consists
of the two points zo # x4, which are distinct by the definition of chain.

If N ¢ R™*! s also a strictly convex hypersurface then by symmetry, M x N can contain no
chain which projects to more than two points on M and two points on N, hence no chain of length
L>4. O

Example 2.3. Let us consider the example of the lake that already appeared in [13] and [7]. Let
M = N be the unit circle in the plane, that is the circle centered at the origin of radius 1 equipped
with the quadratic cost c(x,y) = |y — x|?/2. Consider a small auziliary circle centered on the
vertical axis, for example the circle centered at (0,—5/2) of radius 1/8, denote by ¥ the distance
function to the disc D enclosed by the small circle (see Figure 2.3). By construction, 1[) 1S CONVeT
and differentiable at every point of M with a gradient of norm 1.

Then we set

Y(@) =) - glo  VeeM

and
oly) = min{v(x) + cla,y) [z € M| Vye M.



Figure 1: The lake

By construction, we check that
P(z) = max{¢(y) —c(z,y) |y € M} Ve e M. (2.4)

Moreover, for every z € M, the gradient j(z) :== Vg1 € R2 belongs to the set O.y(x) C M of
optimizers for (2.4). As a matter of fact, we have by convexity of 1,

d(@') = (z) = (ylx),a' —2) Va2’ € R
Which can be written as
U(@) <6+ gla’ — @)~ e - @) Vaa € R

Taking the minimum over ' € M, we infer that (y(xz) € M)

c(z.g(x)) < ¢(4(x)) —v(x) VeeM
which, because ¢ — ¥ < c implies that

c(z.y(x)) = ¢(y(x)) — () VoM,
which means that g(z) = V. always belongs to Octp(x). For every x € M, we set

g(x) = y(z) + AMz)x € M,



where A(x) > 0 is the largest nonnegative real number X such that g(x) + Az belongs to M (in
other terms, §(x) is the intersection of the open semi-line starting from g(x) with vector x if the
intersection is nonempty and §(x) = y(x) otherwise). For every x € M, the point g(x) belongs to
Oc(x) as well. As a matter of fact, by convexity of M, the fact that the normal to M at z is x
itself and the conveity of 1, we have for every x,a’ € M,

(§(2),2" — ) = (g(a), 2’ — 2) + Ma)(z, 2 —2) < (G(z),2" — @) < D(a') = (2).

Proceeding as above we infer that §(x) belongs to .1 (x). We can check easily that for every point
x close to the south pole (—1,0) the points y(x),y(x) are distinct (see Figure 2.3). Proceeding as
in the proof of Theorem 1.1, we can construct an example of optimal transport plan which is not
concentrated on a graph.

2.2 Quadratic cost on nested strictly convex sets

Let
N CQyC...CQp. (25)

be a nested family of strictly convex bodies with differentiable boundaries in R™*1. Set M =
UleUi, where U; = 0Q; \ 09Q;_1 is an embedding of (a portion of) the unit sphere.

S2

Sy

Figure 2: Nested convex sets

Lemma 2.4 (Chain length bounds for nested strictly convex boundaries). If c(x,y) denotes the
restriction of %|x —y|? to Ct manifolds My, N C R™ and My, := 00, U...UdQy is a union of
boundaries of a nested sequence (2.5) of strictly convex bodies Q; C R™TY, then My x N contains



no chain of length 4L 4+ 1. Moreover, any chain of length AL has projections onto My, (respectively
N ) which consist of 2L (respectively 2L + 1) distinct points.

Proof. We prove the result by induction on L. Corollary 2.2 gives the result for L = 1. So assume

that the property is proved for L > 1 and prove it for L + 1. Note that although M may not

be a submanifold of R™*! (if the boudaries of Q; and €2, intersect), it may be regarded as C!

embedding of the disjoint union UiL:1 U; of potentially incomplete manifolds U; = 9€; \ 9;_1.
Any chain in My 1 x N of length 4L + 5 takes one of the forms

((z1,92), (x3,Y2), (x3,Y4), - - ., (Tar+3, Yar+4), (Tar45,Yar+4), (Tan+5, Yar+6)) or (2.6)
((x2,y1)s (x2,93), (a,y3), - .., (Tar+a, Yar+3), (Tar+a, Yar+s), (Tar+e, Yar+s)) - (2.7)

Strict convexity of 941 shows any x € 9§21 can be separated from My, 1\ {x} by a hyperplane.
Lemma 2.1 therefore implies {z4,...,z4r13} C ML, so that apart from possibly the first and last
pairs of points, the chains (2.6)—(2.7) above are contained in My, x N. But this contradicts the
inductive hypothesis, which asserts that My x N contains no chain of length 4L + 1.

Similarly, if Mp1; x N contains a chain of length 2L + 4, it must take the form of the first
2L+4 points in (2.7) rather than (2.6); in the latter case {x3,..., 24513} C My whence My x N
would contain a chain of length 4L + 3, contradicting the inductive hypothesis. In the former
case, {4,...,Tar12} C My, whence My x N contains a chain of length 4L which the inductive
hypothesis asserts is comprised of 2L distinct points X2L+2 = {x4,T6,...,Tap+2} and 2L + 1
distinct points Y34L+3 = {ys,ys,...,Yar+3}. Now x9 and x4s44 both lie outside XffLH C My,
since otherwise My, x N contains a chain longer than 4L. Moreover xo # x4144, Since otherwise
we can form a cycle (of length 4L + 2), hence an infinite chain in My ; x N, contradicting the
length bound already established. Similarly, y; # y4r45 are disjoint from Y34L"’37 since otherwise
we can extract a cycle and build an infinite chain in My x N. O

2.3 Costs on manifolds:

Lemma 2.5 (Diffeomorphism from interior of simplex to punctured sphere). Fix the standard
simplex A = {(to,...,tm) | t; > 0and >.I" t; = 1)} and unit ball Q@ = By(e;) C R™*! centered
ate; = (1,0,...,0) € R™*L. There is a smooth map E : A — 9Q which acts as a diffeomorphism
from A\ OA to 00\ {0} such that E and all of its derivatives vanish on the boundary OA of the
simplez: E(0A) = {0}.

Proof. Let f:[0,1] — [1,2] be a smooth function satisfying the following properties:
(a) f is nondecreasing,
(b) f(s) =1 for every s € [0,1/2],
(¢) f(1) =2 and all the derivatives of f at s = 1 vanish.

Denote by D,, the closed unit disc of dimension m and by 8™ C R™*! the unit sphere. We also
denote by expy : TnS™ — S™ the exponential mapping from the north pole N = (0,...,0,1)
associated with the restriction of the Euclidean metric in R™*! to S™. Then we set

Flo)=expy [5F(0)o]  weD,.



By construction, F' is smooth on D,,, F' is a diffeomorphism from Int(D,,) to S™ \ {S}, where
S denotes the south pole of 8™, F(0D,,) = {S} and all the derivatives of F' on 9D,, vanish.
Therefore, in order to prove the lemma, it is sufficient to construct a Lipschitz mapping G : A —
D,,, which is smooth on Int(A), is a diffeomorphism from Int(A) to Int(D,,), and sends JA to
0D, .

The simplex A is contained in the affine hyperplane

H:{)\:(to,...7tm)|§m:ti:1}.
=0

Let t:= (1/(m+1),...,1/(m + 1)) be the center of A, we check easily that A is contained in the
disc centered at ¢ with radius 1/1 —1/(m + 1). For every t € A\ {t}, we set uy := (¢t — )/|t — 1]

and
p(t) ::min{520|)\+sut€3A} Vi e A\ {t}.

By construction, the function p : A\ {t} — [0, +00) is locally Lipschitz and satisfies for every unit
vector u € S™ N Hy (with H =t + Hy),

pt+aou)=a, —a  YVae (0,a,,

where v, > 0 is the unique o > 0 such that t4+au € A. We note that since A C B(¢,1/1 — 1/(m + 1)),
we have indeed a, € (0,4/1—1/(m + 1)] for every u € S™ N Hy. We also observe that the m-
dimensional ball HN B (#,1/(2(m + 1))) is contained in the interior of A and that p > 1/(2(m+1))

on that set. Pick a smooth function g : [0,400) — [0, 1] satisfying the following properties:

(d) g is nonincreasing,
(e) g(s) =1—=3(m+1)s for every s € [0,1/(4(m + 1))],
(f) g(s) =0 for every s > 1/(2(m + 1)).
Let D be the m-dimensional unit disc in H centered at #, define the function G : A — D by
G(t) =t+[1—g(pt)] (t =) +g(p(t)) ur.

By construction, G is Lipschitz and smooth on each ray starting from . Namely, for each unit
vector u € S™ N Hy, we have

Goa) =G (t4+au)=t4+[1—g(ay, —a)] (au)+g(ay —a)u  Vac (0,a,].
The derivative of G° on each ray £+ R u is given by

e

5a (a)=[1—gla—ay,)+(a-1)¢ (a—a,)] u Vo € (0, ayl,

10



and there holds

L—gla—ou)+(a=1)g (o - o)

1—g(la—ay,)+ (”1mi—ll>g/(aau)

> 1—g(a—au)+<2(_1))g/(a—au)>ia

v

m+1

by (d)-(f). Moreover, for every u € S™ N Hy, the ray £ + R v in invariant by G°, GO (av,) = t + u,
and in addition G°(t) = ¢ whenever t € H N B (X, 1/(2(m +1))). In conclusion, G° is Lipschitz
and bijective from A to D. If we work in polar coordinates z = (o, u) with a > 0 and v € S™N Hy,
then GV reads

G%2) = G, u) = (Gyu(a),u),

for every z € A, the domain of G° in polar coordinates (since GO coincides with the identity near
A we do not care about the singularity at o = 0). Thus for every z in the interior of A where G° is
invertible, the Jacobian matrix of G° at z, J.GO is triangular and invertible. Recall that for every
z in the interior of A, the generalized Jacobian of G at z is defined as

TGO = conv{li}zn Jzkéo |z =k 2, G diff. at zk}.

By the above discussion and Rademacher’s Theorem, for every z in the interior of A, 7. GO is always
a nonempty compact subset of M,,(R) which contains only invertible matrices. In conclusion, for
every t € Int(A) the generalized Jacobian of GO at t satisfies the same properties, it is a nonempty
compact subset of M,,,(R) which contains only invertible matrices. Thanks to the Clarke Lipschitz
Inverse Function Theorem [9], we infer that the Lipschitz mapping G° : A — D is locally bi-
Lipschitz from Int(A) to Int(D). It remains to smooth G in the interior of A by fixing G° on the
boundary 0A.

To this aim, consider a mollifier § : R™ — R, that is a smooth function satisfying the following
three conditions:

(g) 6>0,
(h) Supp(6) C D,
(i) Jgm 0(x)de =1

The multivalued mapping A € Int(A) — J,G° € M,,(R) is uppersemicontinuous (its graph is
closed in Int(A) x M,,(R)) and is valued in the set of compact convex sets of invertible matrices.
Hence, there is a continuous function € : Int(A) — (0, 00) such that for every ¢ € Int(A) and every
matrix A € M,,(R), the following holds

d(A,conv ({TJsG | B € B(\e(t)})) <e(t) = Ais invertible. (2.8)

Consider also a smooth function v : H — R* such that:

11



(j) v(t) =0, for every t ¢ Int(A),

(k) 0 < v(t) < min{d(t,00),¢e(t)}, for every ¢ € Int(A),

(1) for every t € Int(A), |Viv| < €(t)/K, where K > 0 is a Lipschitz constant for G°.
Then, we define the function G : A — D by (we identify Hy with R™)

G(t) = / . 0(z) GO (t — v(t)z) dx vt e A.

By construction, G is Lipschitz on A, it coincides with G® on A, it satisfies G(Int(A)) C Int(D),
and it is smooth on Int(A). For every ¢ € Int(A), its Jacobian matrix at ¢ is given by

JiG = 0(x) Jt,,,(t)zGO . (In -z (Vty)*) dx.
R‘"L

Hence, we have for every ¢ € Int(A),

0(x) Jy_ (1) G dw € conv{JﬁG | B € B(t, V(t))}

S K \th/\

JtG — / 0(.17) Jt—l/(t)mG dx

and

Rm
Using (2.8) and (j)-(1), we infer that G is a local diffeomorphism at every point of Int(A). Moreover,
G is surjective. If not, there is y € D such that y does not belong to the image of G. Since G = G°
on JA, y does not belong to dD. Thus there is ¢y’ € dG(A)\ 9D. Since G is a local diffeomorphism
at any preimage of 3, we get a contradiction. In conclusion, G is a Lipschitz mapping from A to D
which sends bijectively OA to D, which sends Int(A) to Int(D), which is surjective, and which is
a smooth local diffeomorphism at every point of Int(A). Moreover, D is simply connected. Hence
G : A — D is a Lipschitz mapping which is a smooth diffeomorphism from Int(A) to Int(D). We
conclude easily. O

Proposition 2.6 (Smooth costs on arbitrary manifolds leading to unique optimal transport). Fiz
smooth closed manifolds M, N. Then there exists a cost ¢ € C°(M x N) such that: for any pair
of Borel probability measures  on M and v on N which charge no ¢ — c hypersurfaces in their
respective domains, the minimizer of (2.1) is unique.

Proof. Let m and n denote the dimensions of M and N, and assume m > n without loss of
generality. Due to their smoothness, it is a classical result that both manifolds admit smooth
triangulations [27] into finitely many (say kp;r and k) simplices (by compactness).

For each k € {1,2,...,kn}, dilating the map F of Lemma 2.5 by a factor of k induces a smooth
map from the k-th simplex of M to the sphere k9Bj(e1) of radius k centered at (k,0,...,0) €
R™*t!. Taken together, these kj; maps define a single smooth map Ey; : M — M where
M= Uﬁl‘:ll 0Qy, and Q = kBj(e;) C R™*L. This map acts as a diffeomorphism from the union of

12



Figure 3: A bouquet of nested convex sets

simplex interiors in M to M \ {0,,+1} while collapsing their boundaries onto the origin 0,,+1 in
R™1L. Set My == Ey; (Opnt1)-

Define the analogous map Ey : N — N C R™ where N = [N, k8B (e;) € R
and Ny = E5'(0,41). In case n < m, we embed R"*! into R™*! by identifying R"*! with
{(x1,. ., Tmy1) ER™ |20 = =21 =0}

The cost

c(z,y) = |Enm(z) — En(y)[*/2
on M x N then satisfies the conclusions of the proposition. Its smoothness follows from that of Ejy,
and Fy. Lemma 2.4 shows that no chains of length greater than 4k, lie in (M \ My) x (N \ Np).
On the other hand, the simplex boundaries Mj lies in a finite union of smooth hypersurfaces,
hence are p-negligible. Similarly, Ny is v-negligible. The desired conclusion now follows from
Theorem 1.4. U

3 Preliminaries on numbered limb systems

3.1 Classical numbered limb systems

The concept of numbered limb system was introduced by Hestir and Williams in [16]. Like Benes
and Stepan [2], their aim was to find necessary and sufiicient conditions on the support of a joint
measure to guarantee its extremality in the space of measures which share its marginals.
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Definition 3.1 (Numbered limb system). Let X and Y be subsets of complete separable metric
spaces. A relation S C X XY is a numbered limb system if there are countable disjoint decompo-
sitions of XandY,

X = [j[ziﬂ and Y = GI%
i=0 i=0

with a sequence of mappings

foi : Dom(fgl) CY —X and f21‘+1 : Dom(fQi_,_l) cX —Y

such that
S = U (Gmph(fgi,l) U Antigmph(fgi)) (3.1)
i=1
and
Dom(fi) U Ran(fr1) C Iy Vk = 0. (3.2)
—
T10 (
18 Ll -
K’—_ /.
Is T
Iy
Iz )
- / =
Io /

I I3 Is 17 Iy

Figure 4: A numbered limb system with N = 10
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The following statement from [1] extends and relaxes a result of Hestir and Williams [16]. Here
7X(2,y) = x and 7Y (2,y) = y.

Theorem 3.2 (Measures on measurable numbered limb systems are simplicial). Let X and Y be
Borel subsets of complete separable metric spaces, equipped with o-finite Borel measures p on X
and v on'Y . Suppose there is a numbered limb system

S = U (Gmph(fgi_l) U Antigmph(fgi)) (3.3)

i=1
with the property that Graph(fe;—1) and Antigraph(fa;) are y-measurable subsets of X XY for each
i > 1 and for every v € I'(u,v) vanishing outside of S. If the system has finitely many limbs or
p[X] < oo, then at most one v € T'(, v) vanishes outside of S. If such a measure exists, it is given
by ¥ = > pey vk where for every i > 1,

{ Yoi—1 = (idx x f2i71)ﬁ772i717 Yoi = (fai X idY)ﬁWZiv (3.4)

N2i-1 = (M - W&X/y%) |D0mf2i—1’ N2i = (V - W?}/,y2i+1> |D0mf2i'

Here ny, is a Borel measure on I, and fi is measurable with respect to the mi completion of the
Borel o-algebra. If the system has N < oo limbs, v, = 0 for k > N, and ng and 7y can be computed
recursively from the formula above starting from k = N.

The statement of Theorem 3.2 from Ahmad, Kim and McCann, like its antecedent in [16], give
a sufficient condition for extrememality. It is separated from Benes and Stepan [2] and Hestir and
Williams’ [16] necessary conditions for extremality by the y-measurability assumed for the graphs
and antigraphs (which is satisfied, for example, whenever the graphs and antigraphs are Borel.)
For sets S of the form (3.3) whose graphs and antigraphs fail to be measurable, there may exist
non-extremal measures vanishing outside of S, as shown by Hestir and Williams using the axiom
of choice [16]. Such issues are further explored by Bianchini and Caravenna [5] and Moameni [23],
who arrive at their own criteria for extremality. Moameni’s is closest in spirit to the approach
developed below based on chain length: he gets his measurability by assuming the existence of a
measurable Lyapunov function to distinguish different levels of the dynamics.

4 Proof of Theorem 1.4 and Remark 1.5

Since the source and target spaces are closed manifolds and the cost ¢ € C', Gangbo and Mc-
Cann [12] provide a c-cyclically monotone compact set S C M x N and Lipschitz potentials
¥ : M — R and ¢ : M — R which satisfy

P(z) = max{¢(y) —c(z,y) |y € N} Vo € M, (4.1)

o(y) = min{w(x) +c(z,y) |z € M} Yy € N, (4.2)
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8 o= {(x.) € M x Nc(,y) = o(y) —v(x) }, (4.3)

such that any plan v € II(u, ) is optimal if and only if Supp(y) C S. Indeed, we henceforth S to
be the smallest compact set with these properties.

We recall that the c-subdifferential of 1 at € M and the c-superdifferential of ¢ at y € IV are
defined using (4.3):

i) = {yeN|(wy eov]
and  9°@(y) {x EM|(z,y) € &ﬂﬂ}.

Note that since both ¢ and ¢ are Lipschitz and p and v are both absolutely continuous with respect
to Lebesgue, thanks to Rademacher’s theorem, 1 and ¢ are differentiable almost everywhere with
respect to p and v respectively. Let Dom di denotes the subset of M on which # is differentiable.
Following Clarke [8], for every z € M (resp. y € N), we denote by D*(z) and 9y(x) (resp.
D*¢(y) and 9¢(y)) the limiting and generalized differentials of ¥ at x (resp. ¢ at y) which are
defined by (we proceed in the same way with ¢)

D*p(@) = { lim pe|pr = d(wr), 2k — @,0x € Domdyp} C Ty M,

and
OY(x) = conv (D*¢(x)) C Ty M.

By Lipschitzness, for every @ € M, the sets D*y(x) and 9 are nonempty and compact, and of
course Oy (x) is convex. The next three propositions are relatively standard; the lemmas which
follow them are new.

Proposition 4.1. For c € C*, the potentials 1 and ¢ of (4.1)-(4.2) satisfy:
(i) The mappings x € M — 0¢(z) and y € N — 0¢(y) have closed graph.
(i) For every x € M, v is differentiable at x if and only if 0Y(x) is a singleton.
(iii) For everyy € N, ¢ is differentiable at y if and only if 0¢p(y) is a singleton.
(iv) The singular sets My := M \ Domdiy and Ny := \ Domd¢ are o-compact.

Proof of Proposition 4.1. Assertion (i) is well-known [8], and follows easily from the definitions of
0Y and 0¢. Let x € M be such that ¢ is differentiable at z. From (4.1)-(4.3) we have

) = dole) Yy € D). (4.4)

Argue by contradiction and assume that 9y (z) is not a singleton. This means that D*i(z) is not
a singleton too, let p # ¢ be two one-forms in D*3(x). Then there are two sequences {xy }x, {2}t
converging to x such that ¢ is differentiable at z; and z}, and

lim dy(xx) = p, lim dy(z},) = q.
k— o0

k—o0
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For each k, there are yi, € 0.9 (xk), y). € Oc9(x},) such that

—@(l'kayk) = dy)(zy) and - @(Ik,yé) = dy(z},).

ox or
By compactness of N, we may assume that the sequences {yx}x, {y} }x converge respectively to
some § € O.¢(z) and §' € 9.9 (x). Passing to the limit , we get

0 0
—o@p)=p ad - (eg) =0

which contradicts (4.4). On the other hand, if v (x) is a singleton, then ¢ is differentiable at x
(indeed, dv : Dom dy — T*M is continuous at x, so z is a Lebesgue point for di) € L7S.).

(iv) The set of = such that 9y (x) is a singleton is o-compact because the multi-valued mapping
x — OY(x) had s closed graph, and the mapping « — diam (9 (x)) is upper semicontinuous. For
every whole number ¢, this implies those z with diam(dy(x)) > 1/q form closed subset of the
compact manifold M. The singular set M \ Dom d) is the union of such subsets over ¢ = 1,2,. ...

o-compactness of N \ Domd¢p = U;O:l{y € N | diam(9¢(y)) > 1/q} follows by symmetry. O

Proposition 4.2 (Differentiability a.e.). The sets My := M \ Domdiy, Ny := N \ Domd¢ and
My x No are o-compact, and u(Mo) = v(No) = v(Mo x No) =0 for every plan v € II(p, v).

Proof of Proposition 4.2. Since S is compact, the o-compactness of Ey follows from that shown in
Proposition 4.1(iv) for My and Ny (a product of unions being the union of the products). If © and
v are absolutely continuous with respect to Lesbesgue, Rademacher’s theorem asserts pu[My] = 0
and v[Ng] = 0. Otherwise ¢ € C*1, in which case Gangbo and McCann show the potentials ¢ and
—1) are semiconvex [12], meaning their distributional Hessians admit local bounds from below in
L*>. In this case the conclusion of Rademacher’s theorem can be sharpened: Zajicek [28] shows
My and Ny to be contained in countably many ¢ — ¢ hypersurfaces, on which y and v are assumed
to vanish. Finally v(Mg x No) < v(My x N) = p(Mp) = 0. O

Since our manifolds M and N are compact, any open subset is o-compact; in particular the
complement of § is o-compact. In view of this fact and the proposition preceding it, by enlarging
Ey if necessary we may henceforth assume (i) (M x N\ S) C Ey and (ii) My x Ng C Ep. Then
S := M x N\ Ey ensures that for all pairs (z,y) € S := M x N\ Ey we have differentiability of 1)
at x and of ¢ at y.

Proposition 4.3 (Marginal cost is marginal price). For every (z,y) € S, (4.1)(4.3) imply

die) =~ (e,y) and dota) = 55 (o.0). (4.5

Proof of Proposition 4.3. Let (z,y) € S, then we have by (4.1)-(4.2),

oY) —clz,y') <Y(x) Yy €N  and  H(y) - c(x,y) = P(a)
(') +e(x,y) > dly) V2a'e M and P(x) + c(x,y) = o(y).

We conclude easily since both ¢ and ¢ are differentiable respectively at x and y. O
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We call L-chain in S any ordered family of pairs

((ml,yl), .. (J;L,yL)) c St

such that for every [ = 1,..., L — 1 there holds, either

Ty = Ti41, y = Y+,
or
v F oy = Ymin{L,l+2} T #F Ty = Tmin{L,l+2}-

Note that by construction, the set of pairs of any L-chain in S is c-cyclically monotone as a subset
of 8, so by (4.5), any L-chain in S is indeed an L-chain with respect to ¢ (Definition 1.3). We
define the level £(z,y) of each (z,y) € S to be the supremum of all natural numbers L € N* such
that there is at least one chain ((z1,%1),...(xr,yz)) in S of length L such that (z,y) = (xr, ).
Moreover, given a chain ((x1,41),... (zz,yr)) with L > 21in S, we say that (z,yr) is a horizontal
end if y;, = yr_1 and a vertical end if z; =z _1. We set

Spi={(wy) eS|Uwy > L} VLeN,

and denote by 32 (resp.. Sz) the set of pairs (z,y) € S;, such that there exists a L-chain

((x1,91),..-(zr,yr)) in S such that (x,y) = (zr,yr) and yr—1 = yr, (vesp. a1 = z). Al-
though projections of Borel sets are not necessarily Borel (see [25]), the following lemma holds.

Lemma 4.4 (Borel measurability). The sets S =38 and 33, 35, . ,52, S‘z are Borel: each takes
the form Uf,ozl ﬂf;‘;l Up,q, where the sets Uy and Up_1,4 C Up g C Up q—1 are open for each p,q > 2.

Proof of Lemma 4.4. Given L > 3 odd, we shall show that Sﬁ has the asserted structure. The
other cases are left to the reader. Endow the manifolds M and N with Riemannian distances dps
and dy, and let d; denote the product distance on the product manifold (M x N)~. For every
integer p > 1, denote by S), the set of L-tuples

(@), @opn) € S*

satisfying for every i =1,...,L — 1,

forleven: z41=x and dn(yi+1,y) > 1/p,
for lodd:  yp1 =y and  dy(zi41,7) > 1/p.

Since S is compact, the set S, is compact too.
On the other hand, o-compactness of Ey yields (M x N )\ Ey = (1,2, V; for a monotone sequence
of open sets V;, C V,_; . For every integer ¢ > 1, we denote by S; the open set of L-tuples

((ml,yl), .. (xL,yL)) c (Vq>L.

A pair (z,y) € M x N belongs to S}f if and only if there is p > 1 such that

(z,y) € Proj,, (ﬂ (Sp N S;)) ,

q
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where the projection Proj; : (M x N)¥ — S is defined by

Projr, ((z1,91),--- (zL,yL)) == (7L, yL)-

For integers p,q > 1, let S the set of points which are at distance dj, < 1/q from S, in (M x N)L.
Since S, is compact, for every p we have

(08 =((5508).-

Moreover since for every p, the sequence of sets {SgﬁSl’]} is non-increasing with respect to inclusion,
we have for every p,

Proj,, (ﬂ (Sen S;)> = Proj. (S¢NSy).
q q

The open sets U, ; = Proj;, (Sg N S(’I) then have the asserted monotonicities Up_1,4 C Up g4 C Up g—1

with respect to p and ¢, and we find S} = Upey M1 Upq is the desired countable union of G
sets. O

Corollary 4.5 (Borel measurability of projections). Fori > 1, the projections M(S;) and 7V (S;)
of Si (and of Sh,SY if i > 1) take the form UpZq NgZy Vg, where Viy and V1,4 CVp g CVp g1
are open for each p,q > 2.

Proof. If S;L/v =Up Ny UI%U for ¢ > 1 with U;T{,q - U,%U C UZ/qTil then setting V,, , = 7 (U, ,)
with Uy, = U, U U, shows m™(S;) = U, N, V, 4 as desired. The other cases are similar. O

We recall that a set S C M x N is called a graph if for every (z,y) € S there is no y’ # y such
that (z,y') € S. A set S C M x N is called an antigraph if for every (z,y) € S there is no =’ # x
such that (z/,y) € S. Any graph is the graph of a function defined on a subset of M and valued in
N while any antigraph is the graph of a function defined on a subset of N and valued in M. We
call Borel graph or Borel antigraph any graph or antigraph which is a Borel set in M x N. We are
now ready to construct our numbered limb system.

Motivated by the inclusion 3k+1 - S’k, we set By =8 \5’2,

o El = E,NS!, E' =B \S},
Ek = Sk \Sk_;,_l and E}cj = Ek N S}?) EZ_ = Ek \82’7 Vk Z 2. (46)
EM = El 0 EY,

Notice that Ej consists precisely of the points in S at level k. All these sets are Borel according
to Lemma 4.4. Letting Eo := (N, Sk gives a decomposition

S=E . UE U (U(E,’g uE,’;%E;;)) (4.7)
k=2

of § into disjoint Borel sets. The next lemma implies the E,i‘ are graphs and the E} are antigraphs;
F is simultaneously a graph and an antigraph, as are the E,’C“’.
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Lemma 4.6 (Graph and antigraph properties). (a) Let (z,y;) € E; and (z,y;) € E; withj >i>1
and y; # y;. Then i > 2. Moreover, if j > i then (x,y;) € E! and (x,y;) € B} so j =i+ 1;
otherwise j =i and both (x,y;), (z,y;) € Ef ™.

(b) Similarly, suppose (x;,y) € E; and (xj,y) € E; with j > i > 1 and z; # xj. Then
i =2 and if j > i then (z;,y) € EY and (xj,y) € Ef_;lsoj = i+ 1; otherwise j = i and both
(xvyi)a (xvyj> € Ezhi
Proof. (a) Let (z,y;) € E; and (z,y;) € E; with j >4 > 1 and y; # y;. Then (z,y;), (z,y;) form a

2-chain and both points lie in Sa, forcing ¢ > 2. If (z,y;) € E]}.‘, there is a j-chain in S terminating
in the horizontal end (z,y;). Appending (z,y;) to this chain produces a chain of length j + 1
with vertical end (x,y;), whence i = ¢(x,y;) > j + 1. This contradicts our hypothesis ¢ < j. We

therefore conclude (z,y;) € E}~. Note that if (z,y;) € E!' the same argument shows
Jj=L(z,y;) >i+1. (4.8)

Whether or not this is true, S contains a j-chain

((wi,yi)a-w(w;-,y})) (4.9)

terminating in the vertical end (z,y;), so

v=af=afy, and oy =y Y
Now either (c) (z,y;) € E}' or (d) (z,y;) € E;”. In case (c), we claim yj_; = y;. Otherwise
the sequence

(CRDBNCENERERN)

would be a j-chain in S of length j < ¢(x,y;) = i, contradicting (4.8). Thus Yj_1 = yi and
i =40(x,y;) > j — 1, which implies equality holds in (4.8).

In case (d), (z,y:) € E;”, we replace (z},y}) with (z,y;) in (4.9) to produce a chain of length
Jj < {(z,y;) =i, forcing i = j as desired.

Part (b) of the lemma now follows from part (a) by symmetry. O

We define the graphs and antigraphs of our numbered limb system.

Gy = Ey UEM,
Gei = EYTUEMU Ey ., =EjUE) and (4.10)
h— h— h h—
Gaipr:= By U Egz’a—l UE5 1 = By UEy

for all integers i € N*, and adopt the convention Gy = 0.

Lemma 4.7 (Disjointness of domains and ranges). For k € N set

; { M (G} U Gry1) if k odd and
k =

7N (G U Gry1)  if k even. (4.11)

Then the subsets {1211}, of M are disjoint, as are the subsets {I2;}5°; of N.
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Proof. For i = N, we shall show the sets Iy; 11 C M are disjoint. Disjointness of the subsets
{I2:}22, of N is proved similarly, using Lemma 4.6(b).

To derive a contradiction, suppose x € I;11 N Ig;41 With ¢ < j Depending on whether ¢ = 0 or
i > 1, there exist (v,y) € ByUEY”UEL | UE}", and (z,y') € E. J+1UE2j+2 Since 2142 < 2j+1
disjointness of the Ej imply y # y'. Lemma 4.6(a) then asserts (z,y’) € By UEy; 5 — the
desired contradiction. Thus the subsets {I2;41}5°, of M are disjoint. O

Lemma 4.8 (Numbered limbs). The Borel sets {Gai+1}52, of (4.10) form the graphs and {Ga;}32,
form the antigraphs of a numbered limb system: Ga;41 = Graph(fa;11) and G2; = Antigraph(fa;),
with Dom f), U Ran fr1 C Iy, from (4.11) for all k € {0,1,..., K}.

Proof. The sets Gy, are Borel by their construction (4.6), (4.10) and Lemma 4.4. If ¢ > 0 we claim
Goir1 = E;H U EQLZ”H U Eg;_l is a graph: Let (z,y) # (z,y’) be distinct points in Gg;+1. Lemma
4.6(a) asserts that at least one of the two points lies in E3; | or Ey; , — a contradiction. The fact
that G; is an antigraph follows by symmetry, and the fact that G is a graph is checked similarly.

We can therefore write Gao;11 = Graph(fs;11) and Go; = Antigraph(fa;) for some sequence
of maps fr : Dom fi — Ran f; with domains Dom f;, C M and ranges Ran fi, C N if k odd,
and Dom fi, C N and Ran f, € M if k even. The fact that Dom fi, U Ran fr11 C I follows
directly from (4.11), while Lemma 4.7 implies disjointness of the I;;1 C M and of the Iy; C N. If
M=M \ U2 l2i41 oOr N:=N \ US2,Io; is non-empty, we replace Iy by Iy U Nand I by L UM
to complete our verification of the properties of a numbered limb system (Definition 3.1). O

Proof of Theorem 1.4 and Remark 1.5. To recapitulate: Gangbo and McCann [12] provide a c-
compact set S containing the support of every optimizer v € Ily, and a pair of Lipschitz potentials
(4.1)-(4.3) such that S C 9.¢. We take S to be the minimal such set without loss of generality.
Proposition 4.2 shows My := M \ Domdi to be p-negligible and Ny := N \ Domd¢ to be v-
negligible; both are o-compact by Proposition 4.1. Without loss of generality, we therefore assume
My x Ng C Eg and M x N\ S C Ey, the y-negligible o-compact set. Lemma 4.8 provides a
decomposition (4.7) of S:=MxN \ Ep into a numbered limb system consisting of Borel graphs
and antigraphs — apart from a Borel set Eo, ﬂgk But we have y(E,) = 0 for each v € Tl
by hypothesis. Theorem 3.2 therefore asserts that at most one v € Iy vanishes outside S \ Eo

But since all v € HO have this property, Iy must be a singleton. Finally, since Sp41 C S we see
T(Ey) = N5, 7™ (Sy) and 7V (EL,) are Borel using Corollary 4.5. O

5 Proof of Theorem 1.1

Noting dim M = dim N, let (Z,7) € M x N be such that 8y8 (Z,7) is invertible. The mapping

3}
F:yeN+— a—c(a@y)eTjM
x

is C'! and since its differential at 7 is not singular, its image contains an open set in Tz M. By
Sard’s theorem (see [10, §3.4.3]), the image of critical points of F' has Lebesgue measure zero, so
we may assume without loss of generality that F'(7) is a regular value of F', meaning there is no
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y with aayiacz (z,y) singular such that F(y) = F(g). The next lemma then follows from topological

arguments.

Lemma 5.1 (Generic failure of twist). Fiz (Z,§) € M x N such that F(g) is a regular value of
F(y) = %(E,y). There is § € N such that F(j) = F(g), i.e.

dc

%(f,y) =—(z,9). (5.1)

Proof of Lemma 5.1. We argue by contradiction and assume that

YyeN, y#y = F(y) # F ().

Note that since F' is a local diffeomorphism in a neighborhood of g, the above condition still holds
if we replace F' by F a smooth (of class C*°) regularization of F sufficiently close to F. So without
loss of generality we may assume that F' is smooth. Define the mapping G : N \ {g} — S"~! by

Fly) - F(®)
[F(y) — F(y)|

The mapping G is smooth, so by Sard’s Theorem it has a regular value A. Then the set

G(y) = Yy € N\ {7}

G = {y e N\ {5} Gly) = A}

is a one dimensional submanifold of N\ {g}. Moreover, since the differential of F' at 7 is invertible,
there are a open neighborhood U of i and a C! curve v : [—¢,€] — N with v(0) = 7 and §(0) # 0
such that

G(y(£t)) =X  Vte (0,€

and
Gl NU=7((0,€)) .

This shows that the closure of G~1()) is a compact one dimensional submanifold whose boundary
is . But the boundary of any compact submanifold of dimension one is a finite set with even
cardinal (see [22]), a contradiction. O

We need now to construct a c-convex function whose c-subdifferential at each point near z
takes values near both 7 and §. We note that since F(g) is a regular value of F(y) = 2(z,y) and

F(9) = F(y), both linear mappings D, F(g), D, F(3) are invertible.
Lemma 5.2. There is a pair of functions ¢ : M — R, ¢ : N — R such that

b(a) = max{o(y) ~clx.y)|} Ve M (5.2)
and
o(y) = min{¢(m) +e(z,y)|z € M} vy € N, (5.3)
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together with an open neighborhood U of &, two open neighborhoods V. C N of §j and VCcN of §
with VNV =0, and two C* diffeomorphisms

with

such that
Beab(z) N (f/ U f/) - {y(x),gj(a:)} Vo e . (5.4)

Proof of Lemma 5.2. Since we work locally in neighborhoods of Z, § and ¢, taking charts, we may
assume that we work in R™. For every symmetric n x n matrix @, there is a function f: M - R
of class C? such that

dzf = —%(f@) = _%(fay) (5.5)
and
Hessz f = Q. (5.6)
Let @ be fixed such that
0% ,_ _ &c,
Q+@(l‘,y)vQ+W(%y)>Ov (5.7)

we claim that there is a c-convex function ¥ : M — R which coincide with f in an neighborhood
2 2

of f and which satisfies the required properties. Since both aam—gy(f, y) and aaTaCy(Ev ) are invertible

and (5.5) holds with g # g, the Implicit Function Theorem yields a open neighborhood U C M of

Z, two disjoint open neighborhoods V.,V C N of 4, ¢ respectively, and two functions of class C!

relUr—gx)eV, zelv—jx)eV

such that

S Q)

g('i) = %(xvg(l‘)) = —d.f 7
{g}(x) _ and {%5:(%@ _ 4 Ve eU. (5.8)

Taking one derivative at T in the latter yields

0%, _ 0% ,_ 0y, _ 0%, . 0%c
a2z 00+ 5y (29) 5, () = G (0.9) + 5 (2.0

which can be written as

-1

[Hessif + g—; (;E, gj)}
[Hessjf + g—x(@g])} .

.
)
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Therefore, by (5.6)-(5.7) we infer that 92(z) and $(z) are invertible. Then restricting U, V.,V if
necessary, we may assume that the mappings

reUrjx)eV, zelr—gx)eV
are diffeomorphisms. Moreover, the functions of class C? given by

G:2xzcU v f(x)— f(@)+c(x,g(x) —c(@,y(z))

and

satisfy (using (5.6)-(5.8))

G(z)=G(Z) =0, dsG=d;G =0, Hess;G = Hess;G = — [Q + gig(:f,y)} <0,
so we may also assume that
f@) = f(x) + e y(a)) —c(z,y@@)) < 0 - .
VI TIOTEie) i) S0 wetievect. Gy

As a matter of fact, freezing x in the first line of (5.9) and setting
Ga(a') = f(a') = f(2) +c(2',5(z") — c(2,5(a")) V2’ €U,
we check that for every x € U, we have

Col) =0, G =duf + 9 (2, 5(x)) = 0

and for every 2/ € U

~ % = % YA @ — o @ /

4G = dorf + 5 (030) + | 5o (@' 3(0) = 5 (2.9(2) | G4

which implies
~ &%, _ &% .07 &%c .07
Define the functions ¢g : N — R and ¢ : M — R by
F@ W) +e(@ )y) if yev
¢o(y) =14 FH W) +c(@ Wy i yeV Vye N
—00 if y¢Vuv

and

Y(x) = max{gbo(y) - c(x,y)} Vo e M.

yeN
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We observe that we have for every = € U,

¢0(3(2)) — c(z,9(x)) = do(§(x)) — c(@,5(=)).

Then we have

b(a) = max{ o0 (3(2)) — e(a.5(a")) | = max{ o (")) — e(a’,9(=) } Vo€ M.

z' €U
By the above construction and (5.9), we have for every x € U and any 2’ € U \ {x},
¢0(y(@)) — c(z,4(x)) = fz) > f(&) +c(2', 4(2)) — ez, 5(z")) = do(7(2")) — c(z, 5(a")).
We infer that
U(@) = do((2)) = c(z,5(2)) = o (§(2)) — c(z,9(x)) = f(z) Vo el.
Setting
o(y) = min{z/}(x) +c(z,y) |z € M} Yy € N,
we check that (5.2)-(5.4) are satisfied.

Y(x) = max{¢(y) — c(a:,y)} Vr € M.

yeEN
O
Returning to the proof of the second case, let us consider an absolutely continuous probability

measure 4 on M whose support is contained in U. Then define the nonnegative measures 7,7 on
N by

1 1
U= 5%@ and ©:= §Qﬂ,u,

and set

vi=vU+D.
Since the functions § and § are diffeomorphism, v is an absolutely continuous probability measure
on N whose support in contained in V' U V. Moreover, the plan 4 defined by

I T 1
7= 5 Ud g p+ 5 (1d,g)y 1

has marginals p and v and is concentrated on the set of (z,y) € M x N with z € Uand y €
O:(x) N (VUV). By (5.2)-(5.3), any plan v with marginals u and v satisfies

/ c(a,y) dy(a,y) > / [6(y) — ()] dr(z,p)
MxN MxN
/ o(y) du(y) — / () du(z)
N M
G duly) - / (x) dpu(z)
Vuv U
_ / e(z, ) (@, y),

MxN
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with equality in the first inequality if and only if v is concentrated on the set of (z,y) € M x N
with x € U and y € 9.4 (x)N (VUV). This shows that ¥ is the unique optimal plan with marginals
@ and v.

It remains to show that the set of costs satisfying (1.3) is open and dense in C?(M x N;R). The
openness is obvious. Let us prove the density. Let ¢ be fixed in C?(M x N;R) such that (1.3) is
not satisfied. Let 7 € {0,...,n — 1} be the maximum of the rank of 8‘?;,3 (z,y) for (z,y) € M x N,
pick some (Z,7) € M x N such that

d%c _
rank (3y6m (, y)) =T.

Since the rank mapping is lower semicontinuous, there are two open sets U C M and V' C N such
that the rank of %(x,y) is equal to 7 for any (z,7) € U x V. Moreover restricting U and V' if
necessary and taking local charts, we may assume that we work in R™. Let X : V — R"™ be the
mapping defined by X (y) = %(i‘, y), for any y € V. Doing a change of coordinates in « and y if
necessary, we may assume that the 7 x 7 matrix

0X;
6= (5:m)
dy; 1<4,j<F

is invertible. Define the mapping G : V. — R" by

G(y17"'7yn) = (X(y)la"'7X(y)F7yF+17"'7yn) vy ev.

The function G is of class C! and by construction the differential of G’ at 7 is invertible. Then G
is a local diffeomorphism from a open neighborhood V’ C V of § onto an open neighborhood Z of
z := G(g). The function X in z coordinates is given by

X(2) =X, (G7(2)) Vz e Z.

By construction, we have B
X(Z)zizl Viil,...,F,VZEZ.

Therefore, since X has rank 7, the coordinates (XFH, R Xn) do not depend upon the variables
ZFtly -5 2n. Let 6 : R® X R™ — R be the smooth function defined by

0(z,z) = Z X% Vz,z € R"
i=rt1

and let ¢ : R™ — [0,1] be a cut-off function which is equal to 1 in a neighborhood of G(g) and 0
outside Z. Then for every € > 0 the function

¢ (z,2)— c(2,G7(2)) + ep(2)8(x, 2)

has a mixed partial derivative which is invertible at (Z, zZ) and tends to ¢ (in (z, z) coordinates) in
C? topology as € > 0 goes to zero.

26



6 Generic costs in smooth topology

The proof of Theorem 1.7 follows by classical transversality arguments. We refer the reader to [15]
for further details on the results from Thom transversality theory that we use below.

Recall that dim M = dim N = n. Denote by J?(M x N;R) the smooth manifold of 2-jets from
M x N to R and denote by V the set consisting of 2-jets ((x,y), A, p, H) where H is a symmetric
matrix consisting of four n x n blocks

_ [H1 H»
n= )

with Hy of corank > 1. The set V is closed and stratified by the smooth submanifolds
V= {((;v,y)7)\7p7H) |rank(H2):7"} Vr=0,...,n—1,

of codimension > 1. By the Thom Transversality Theorem (see [15, Theorem 4.9 p. 54]), the set
Cy of costs ¢ € C°(M x N;R) such that j2¢(M x N) is transverse to V is residual. For these
costs the set ¥ := (j%¢)"1(V) € M x N is stratified of codimension > 1 and it is nonempty. As a
matter of fact, for every x € M, the mapping %(m, )+ N = T M is smooth and its image 7 is a
compact subset of T M. Thus for every boundary point p € 0Z, the function %(m, -) cannot be a
local diffeomorphism in a neighborhood of any y € N such that %(m, y) = p, which shows that for
such y the linear mapping a(zzacz (z,y) cannot be invertible. This shows that ¥ is not empty. The
fact that ¥ is stratified of codimension > 1 (and so of zero measure) comes from the fact that it is
the inverse image by j%c : M x N — J2(M x N;R) of V which is transverse to j2(M x N) (see
[15, Theorem 4.4 p. 52]).

Using a similar argument, we next show that the set of costs without periodic chains is residual
in C*(M x N;R).

Lemma 6.1 (Cyclic chains yield optimal alternatives). Let

((m,yl),...(mL,yL)) e (M x N)*

be a chain with xo = x1,xp # x1, and yp, = y1. Then L = 2K for some integer K > 2 and

K-1 K-1
Z C($2k+17y2k-+1) = Z C(I2k+17y2k+2)-
k=0 k=0

Proof of Lemma 6.1. We have for any k € {0, K — 1},

Tokt2 = Tog+1  and  Yor43 = Yok2-
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Then, since the set {(z1,y1),...(xL,yL)} is c-cyclically monotone, we have

K-1 K—-1
Z c(Tant1, yars1) < c(2kt1, Y2r+3)
k=0 k=0
K—1
= c(T2r11, Y2it2)
k=0
K-1
= C(-T2k+2, y2k+2)
k=0
K—1
< e(wo,y2x) + Y c(ars2, y2r)
k=1
K—1
= C($2k+1, y2k+1)~
k=0
We conclude easily. O

We need now to work with 1-multijets of smooth functions from M x N to R. For every even
integer L = 2K > 4, we denote by W, the set of tuples

(@, @oopn)), (o), (63,00, 03.01))

satisfying
(xhyi)?’é(xﬁyj) Vi;éjE{l,...7L},
{ Tokt+2 = Xog+1 { DPopya = Popia
Y2k+3 =  Y2k+2, ngJrg = pgk+2’

for all k € {0, K — 1} and
K—1 K—1
Z Aok41 = Z A2k42-
k=0 k=0
The set Wy, is a submanifold of J} (M x N;R) of dimension
D=4Kn+L—-1=(2n+1)L-1

and J} (M x N;R) has dimension (4n + 1)L. Thus Wy, has codimension 2nL + 1.
By the Multijet Transversality Theorem (see [15, Theorem 4.13 p. 57]), for each K =2,3...,
the set Cx of costs ¢ for which j%Kc is transverse to Wsj is residual. The intersection

C =0 N (N2_yCx)

satisfies the conclusions of Theorem 1.7.
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A Generic uniqueness of optimal plans for fixed marginals

Elaborating on a celebrated result by Mané [19] in the framework of Aubry-Mather theory, it is
possible to prove that for fixed marginals the set of costs for which uniqueness of optimal transport
plans holds is generic. Such a result was first obtained by Levin [18]. We include an argument here
for comparison.

Let M and N be smooth closed manifolds (meaning compact, without boundary) of dimension
n>1,c: M x N — R be a cost function in C*(M x N;R) with k£ € N U {oo}, and u, v be two
Borel probability mesures, we recall that II(u, v) denotes the set of probability measures in M x N
with first and second marginals p and v. By the way, a measure on M x N is a continuous linear
functional on the set of continuous functions C°(M x N;R) and the set E = C%(M x N;R)* of
such measures is equipped with the topology of weak-x convergence saying that some sequence
(m); in E converges to m € E if and only if

lim fdm :/ fdm,
l=oo Jprx N MxN

for every f € C°(M x N;R). The following is classical.
Lemma A.1. The set II(u,v) is a nonempty compact convex set in E.
The following will also be useful. We refer the reader to [15] for the definition of the C*-topology.
Lemma A.2. The mapping
(m,¢) € Ex C*(M x N;R) cdr
MxN

is continuous with respect to the weak-+ topology on E and the C*-topology on C*(M x N;R).
Moreover, for every my,ms € Il(u,v) with 7, # ma, there is c € C*(M x N;R) such that

/ fam# [ fdm.
MxN MxN

For every ¢ € C*(M x N;R) let M(c) be the set of optimal transport plans between y and v,
that is

M(c) == {w € I(u,v)| fdr < / fdr', vr' € H(u,u)} .
MxN MxN
By construction, M(c) is a nonempty compact convex subset of II(u, v).

Theorem A.3 (Levin). There exists a residual set C C C*(M x N;R) such that for every c € C,
the set M(c) is a singleton.

Here residual refers to a countable intersection of sets with dense interiors. Theorem A.3
follows easily from results of Mané [19] (or from arguments developed subsequently by Bernard
and Contreras [4]). For sake of completeness we provide its proof which is based (following the
approach of Bernard and Contreras [4]) on the next lemma. It shows that near any given cost
function can be found another for which the minimizing facet of K has arbitrarily small diameter.
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Lemma A.4. The weak-+ topology on K can be metrized by a distance d with the following property.
Let ¢ € CF(M x N;R) be fized. For every neighborhood U of ¢y in C*(M x N;R) and every
€ > 0, there is ¢ € U such that

diam(M(c)) < e.

Proof of Lemma A.4. Let U and € > 0 be fixed. By compactness of K := II(x, ) with respect to
the weak-x topology, there is a sequence {f;};en of continuous functions that defines a metric d
on II(y, v) by

o0

7Tl77T2 221

=0

Yy, e € (p, v),

fzdmf/ frdm
MxN MxN

which is compatible with the weak topology. We claim that there is an integer [ > 0 and
c1,...,c; € C*(M x N;R)

such that the continuous map ~
P () — R

Pi(n) := (/ crdm,... ,/ Cldﬂ') Ve (p,v),
MxN MxN

diam (Plfl(p)) <e vp e RL. (A1)

defined by
satisfies

where the latter refers to the diameter with respect to d of the set of measures in II(p, v) sent to
p through P;. For every ¢ € C¥(M x N;R), let

W, 2{(7T1,71’2)| / cdmy # cdﬂg}.
MxN MxN

By Lemma A.2, the sets W, are open and their union covers the complement of the diagonal
D ={(m,n)|m € K}. Since this complement is open in the metrizable set K x K, we can extract
a countable subcovering from this covering. So there is a sequence {¢; };en such that

KxK\D=|JWw,. (A.2)
leN

We need to check that Pj satisfies (A.1) if [ is large enough. If not, there are two sequences
{m!},{7?} in K such that

Pl(ﬂ'll) = Pl(ﬂ'?) and d(ﬂ'l 77rl) >e€ vi.

Then up to taking subsequences, {7} }; and {77}, converge respectively to some 7!, 7% € K with
d(ml,7?) > e. But by (A.2), there is m such that

/ Crp At # e d2.
MxN MxN
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But we have
Py (n}) = Pp(nf)  VI>m,

which passing to the limit gives P, (7r1) =P, (7r2), a contradiction.
Let K' := Py(K) which is a nonempty convex compact set in R/, denote by ® : R! — R. the
function defined by

. N . y B
W(z) = mln{foNCQdﬂ"ﬂ'EKS.t. Pl(ﬂ')—x} if zekK vz e RL
+o0 it z¢ K’
and denote by @ : R! — R its conjugate, that is

D(y) := sup {(y,x) - \I/(x)} = max{(y,x) - \I/(x)} = max /M zl:ylcl dr — ¥ (Py(m)) ¢,

veR! zEK’ TeK xN =

for every y € R'. By construction, ® is convex and finite on R! , moreover for every § € R! and
every Z € R' such that ®(3) = (y,Z) — ¥(Z), we have

(I)(g) + <y - g"f> = <y7j> - \I’(i') < @(y) Yy € R[.

This means that z belongs to 0® (g), the subdifferential of ® at y. If in addition @ € K satisfies
P;(Tr) =2 and

l ]
Co — gicy | di < / co — yicy | dm Vr e K,
/JMXN Z MXxN ;

1=1
then by definition of ¥, we have
l
/ > g dr — W (Py(m)) < / > giedz - ¥(z), VreK.
MxN ;4 —

This means that
M o= g | C P (02(p)).-
By Rademacher’s theorem, for almost every g € R! the set 0 (g) is a singleton. We conclude by
(A.1). O
Let us now prove Theorem A.3.

Proof of Theorem A.3. For every integer [ > 0 denote by C; the set of ¢ € C*(M x N;R) such that

diam(M(c)) < %
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By the continuity part in Lemma A.2, each set C; is open and by Lemma A.4, it is dense as well.
Then the set
c=1[()a

leN*
does the job. O

References

[1] N. Ahmad, H. K. Kim and R. J. McCann. Optimal transportation, topology and uniqueness.
Bull. Math. Sei. 1 (2011) 13-32.

[2] V. Benes and J. Stépan. The support of extremal probability measures with given marginals.
In Mathematical Statistics and Probability Theory. Volume A: Theoretical Aspects, M.L. Puri,
P. Révész and W. Wertz, eds. D. Reidel Publishing Co., Dordrecht, 1987, pp 33-41.

[3] P. Bernard and B. Buffoni. Optimal mass transportation and Mather theory. J. Fur. Math.
Soc. 9 (2007) 85-121.

[4] P. Bernard and G. Contreras. A generic property of families of Lagrangian systems. Ann. of
Math. 167 (2008) 1099-1108.

[5] S.Bianchini and L. Caravenna. On the extremality, uniqueness, and optimality of transference
plans. Bull. Inst. Math. Acad. Sin. (N.S.) 4 (2009) 353-454.

[6] Y. Brenier. Polar factorization and monotone rearrangement of vector-valued functions.
Comm. Pure Appl. Math. 44 (1991) 375-417.

[7] P-A. Chiappori, R. McCann and L. Nesheim. Hedonic price equilibria, stable matching, and
optimal transport: equivalence, topology, and uniqueness. Econom. Theory 42 (2010) 317-354.

[8] F.H. Clarke, Generalized gradients and applications, Trans. Amer. Math. Soc. 205 (1975)
247-262.

[9] F. H. Clarke. Optimization and Nonsmooth Analysis. Wiley Interscience, New York, 1983.
[10] H. Federer. Geometric Measure Theory, Springer-Verlag, New York, 1969.
[11] W. Gangbo. Habilitation thesis. Université de Metz (1995).

[12] W. Gangbo and R. J. McCann. The geometry of optimal transportation. Acta Math. 177
(1996) 113-161.

[13] W. Gangbo and R. J. McCann. Shape recognition via Wasserstein distance. Quart. Appl.
Math. 58 (2000) 705-737.

32



[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]
[24]

[25]

[26]

[27]
[28]

N. Gigli. On the inverse implication of Brenier-McCann theorems and the structure of
(P?(M),W3). Methods Appl. Anal. 18 (2011) 127-158.

V. Golubitsky and V. Guillemin. Stable mappings and their singularities. Graduate Texts in
Mathematics, vol. 14. Springer-Verlag, New-York, 1973.

K. Hestir and S. C. Williams. Supports of doubly stochastic measures. Bernouilli 1 (1995)
217-243.

V. Levin. Abstract cyclical monotonicity and Monge solutions for the general Monge-
Kantorovich problem. Set-Valued Anal. 7 (1999), 732.

V.L. Levin. On the generic uniqueness of an optimal solution in an infinite-dimensional linear
programming problem. Dokl. Akad. Nauk 421 (2008) 21-233.

R. Mané. Generic properties and problems of minimizing measures of Lagrangian systems.
Nonlinearity 9 (1996) 273-310.

R.J. McCann. Existence and uniqueness of monotone measure-preserving maps. Duke Math.
J. 80 (1995), 309323.

R. J. McCann. Polar factorization of maps in Riemannian manifolds. Geom. Funct. Anal. 11
(2001) 589-608.

J. W. Milnor. Topology from the differential viewpoint. Princeton Landmarks in Mathematics.
Princeton University Press, Princeton, 1997.

A. Moameni. Supports of extremal doubly stochastic measures. Preprint, 2014.

L. Rifford. Sub-Riemannian Geometry and Optimal Transport. Springerbriefs in Mathematics,
2014.

S. M. Srivastava. A course on Borel sets. Graduate Texts in Mathematics, Vol. 180. Springer-
Verlag, New York, 1998.

C. Villani. Optimal transport, old and new. Grundlehren des mathematischen Wissenschaften,
Vol. 338. Springer-Verlag, Berlin, 2009.

H. Whitney. Geometric Integration Theory. Princeton University Press, Princeton, 1957.

L. Zajicek. On the differentiability of convex functions in finite and infinite dimensional spaces.
Czechoslovak Math. J. 29 (1979) 34—348.

33



