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Abstract

The microscopic description of phases in strongly correlated systems such as the
fullerides (A3Cgg) is a challenge. In particular, how these strong interactions become
attraction leading to a superconducting state remains a mystery. Understanding the
mechanism(s) that drive(s) unconventional superconductivity is one of the most sought-
after goals in many-body physics and indeed very complex to solve.

The aim of this thesis is, firstly, to investigate the conditions in which pairing may
take place between two electrons in both body-centred cubic (BCC) and face-centred
cubic (FCC) systems, and secondly, to examine the possibility for the emergence of
a superconducting or superfluid state from paired electrons in three-dimensional (3D)
systems. Here, pair properties are studied both in the anti-adiabatic and adiabatic limits.
In the anti-adiabatic limit, we use a symmetrised approach, group theory analysis, and
perturbation theory to exactly solve the two-body problem and analyse the properties
of the electron pair. We also examine, using a continuous-time Monte Carlo algorithm
(CTQMC), the effects of retarded electron-phonon interactions on the pair properties
away from the anti-adiabatic limit. In the high-phonon frequency limit, the CTQMC
also serves as a validation check for the anti-adiabatic analytic result and vice-versa (with
both results showing perfect agreement).

Our result predicts that superfluidity can occur in BCC optical lattices up to a few
tens of nanokelvin for fermionic lithium-6 atoms. Additionally, we found that, in the
high-frequency limit, a paired state in an FCC lattice can be extremely light and small
as compared to paired states on other 3D lattices. Such superlight states are expected
to yield high transition temperatures under favourable circumstances. However, when
the retardation effects arising from the electron-phonon interaction become important,
bound pairs in the BCC lattice become lighter by orders of magnitude in a wide region

i



of the parameter space. We also found significant long-range effects due to the vibration
of the alkali ions in the cesium-doped fulleride systems leading to the creation of light

pairs in its BCC structure.
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Chapter 1

Introduction

This thesis begins with a brief introduction to the discovery of superconductivity and
some of the theories that explain superconductivity. Then we talk about electronic strong
correlations in solids and their impacts on our understanding of superconductivity. As
this research is centred around the investigation of superfluidity and superconductivity
in BCC and FCC systems, we then give a review of fulleride superconductors, and also
briefly discuss optical lattices formed using ultra-cold atoms and how they can be used
to demonstrate some of the results in this thesis. Finally, this chapter is concluded with

our objectives and the overall outline of the thesis.
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1.1 Superconductivity

Superconductivity is a phenomenon where materials (known as superconductors) exhibit
complete loss of electrical resistance and expulsion of magnetic fields when cooled below
a characteristic temperature, as was first discovered in 1911 by Heike Kamerlingh Onnes
[1]. The first successful microscopic explanation of this amazing phenomenon only came
about five decades later (in 1957) following the joint effort of Bardeen, Cooper, and
Schrieffer to create the popularly known BCS theory [2,|3]. The BCS theory explains that
weak attraction between electrons mediated by lattice vibrations leads to the formation
of Cooper pairs and thus superconductivity. The earliest superconductors were well
described in the BCS scheme. The mechanism of superconductivity was believed to be
fully understood until 1986 when superconductivity was also observed at unusually high
temperatures in materials that are strongly correlated [4]. This discovery raised the
question: How is Cooper pairing possible when the repulsion between electrons is very

large and dominant?

To understand why this question is raised, it is important to understand the idea be-
hind the BCS formalism. BCS theory relies on the Landau—Fermi liquid theory (LFLT),
which shows that a gas of weakly interacting electrons can be treated as non-interacting
quasiparticles with renormalised mass [5]. Hence, the LELT explains why a metal, despite
having electrons that are interacting, can be described with free-electron models. How-
ever, the BCS trio understood that for superconductivity to occur, a source of attraction
is needed for the pairing of electrons. This was achieved via retarded electron-phonon
interactions (EPIs), and no matter how small the attraction is, superconductivity will
happen since there is no repulsion between the quasiparticles — this summarises the BCS

description. To understand the importance of the question above, we need to also ex-



4 CHAPTER 1. INTRODUCTION

amine the situation where the LFLT breaks down and thus the BCS theory. This leads

us to our next discussion on strong correlation.

1.2 Strong Correlation in Superconductors

Even though the LFLT has been very successful in treating some of the complexities
in condensed matter systems, we know that there are limits to its simplifications. It
cannot apply to non-Fermi liquids [6] as well as as strongly interacting systems. Though
models such as the Hubbard model [7] and formalisms such as the dynamical mean-field
approximation [8, 9] have been useful, the field of strong correlations remains a challenge
for physicists.

In the limit where the Coulomb interactions between particles become large, the
LFLT fails. As a result, materials with strong correlation deviate from metallic states
and display non-Fermi liquid behaviours such as anti-ferromagnetism and a Mott insu-
lating state. High-temperature superconductors (HTS), also known as unconventional
superconductors, have these non-Fermi liquid states in their phase diagrams (e.g. see
Ref. [10]) which means that correlation effects cannot be ignored. Therefore, it is neces-
sary to consider other ways of creating pairs between strongly correlated particles that
interact via strong local Coulomb repulsion. Alternatives include very strong local or

intersite EPIs that can overcome the electrostatic repulsions to create local pairs.

For local pairs, it has been proposed that superconductivity can be described in
the Bose-Einstein condensation (BEC) framework. Interacting bosonic systems at low
temperatures undergo BEC, a phase where the ground state has high occupation |11}
12, |13, [14]. Local pairs of fermions have integer spin and act like bosons. The BEC

framework for superconductivity involves the condensation of small, preformed local
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pairs. Unlike in the BCS theory where pairs are large and their condensation occurs
immediately upon pair formation, the bound pairs are small and their condensation
occurs at a lower temperature than the pair binding temperature in the BEC framework.
This thesis explores BEC superconductivity which we shall use to estimate transition

temperatures.

1.3 BCC and FCC Superconductors: Doped Ful-
lerides

The discovery of high T, superconductors generated a lot of interest in the search for
other materials that could superconduct at high temperatures. Among them is the solid
form of buckminsterfullerene (fullerenes for short) [15], a molecular solid made from
carbon Cgg molecules [16]. The majority of the fullerenes are closely packed into an
FCC structure with the Cgyp molecules occupying the lattice sites [17]. Band structure
calculations show that the valence electrons in an undoped Cgy molecule are below the
Fermi level and the h, level which is the highest occupied molecular orbital (HOMO)
is completely filled while the lowest unoccupied molecular orbital (LUMO) ¢, (with 3
degenerate states that can occupy up to 6 electrons) is empty (see Figure .

While the undoped Cg solid is an insulator 18], doping the solid with alkali and
alkali-earth metals can significantly alter its electronic properties to become a metallic
conductor or even a superconductor. The alkali atoms donate electrons that occupy
the LUMO level. Amongst the doped solids, the trivalent-doped family (A3Cgg), such
as Cs3Cgp, Rb3Cgp and K3Cgg, are unconventional superconductors with high transition
temperatures (up to 38 K [19]), large Coulomb repulsion, and Jahn—Teller coupling. The

cesium-doped solid (Cs3Cg) is particularly special since it can be synthesised into BCC
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HUCKEL MOLECULAR ORBITALS
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Figure 1.1: The structure (left panel) and the Hiickel molecular orbitals (right panel)
of a free Cgg molecule. Reproduced from Ref. with permission.

(cubic A15) and FCC structures which both superconduct at similar temperatures under
the application of pressure [19} 20| [21].

For these compounds, the bandwidth energy W is on the order of 0.5 eV. The high-
frequency intramolecular vibron modes, fuvy,/W ~ 0.1-0.4, play a key role in the re-
sulting high critical temperatures. Also, the Jahn—Teller coupling in these compounds is
quite large, with an electron-phonon coupling of A ~ 0.5 — 1. The competition between
the Jahn—Teller coupling and the Hund’s rule is significant and determines where and how
electrons are distributed within the LUMO. The Coulomb repulsion in A3Cgg supercon-
ductors is also large with the ratio of Hubbard U to the bandwidth W, 1.5 S U/W < 2.5
, . Typical values for the onsite and nearest-neighbour Coulomb potentials range
from about 1 — 1.5 eV and 0.25 — 0.4 eV, respectively 206], [27]. Despite hav-
ing an s-wave order parameter, there are signatures of unconventional superconductivity
such as the proximity of Mott and superconducting states (see Figure , suggest-
ing that the BCS-like theories, for example Migdal-Eliashberg, are insufficient to explain
the superconducting mechanism in these compounds , , . So, fullerides are un-

usual materials with features similar to the cuprates and thus interesting to explore for
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better understanding of unconventional pairing in superconductors.
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Figure 1.2: Phase diagram of trivalent-doped fullerides (A3Cgp). The plot shows the
change in the transition temperature as a function of volume and pressure. The promi-
nent feature is the dome-shaped superconducting phase next to a Mott-insulating state
for both BCC and FCC structures. This phase diagram is similar to that of the cuprates
- indicating that strongly correlated electrons are also important in A3Cgg solids. Re-
produced from Ref. [28].
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1.4 BCC and FCC Optical Lattices

Optical lattices are created through the interference of laser beams [32]. By varying the
angle of overlap, standing waves which correspond to a variety of optical (Bravais) lattices
can be experimentally realised. For example, the simplest one-dimensional optical lattice
can be generated by using two counter-propagating beams. Similarly, by superimposing
two or three orthogonal counter-propagating beams, one can realise the square and simple
cubic optical lattices, respectively.

There are several ways of generating BCC and FCC lattices using different laser ge-
ometry |33, |34]. In contrast to the orthogonal beam arrangement for the construction
of the simple cubic optical lattice, the BCC and FCC optical lattices are obtained from
non-orthogonal arrangements of multiple beams. Using a variety of methods, for example
the magneto-optical trap technique [35], atoms can be cooled, trapped, and manipulated
in the optical lattices in a precise and controlled manner. As a result, ultra-cold atoms
in optical systems have become the perfect environment for practical quantum simula-
tions which allows for the exploration of low-temperature phenomena such as BEC and

superfluidity, and Mott-Hubbard transitions [36, 37, |38].

1.5 Objectives and Aims of this Thesis

In the wider context of theoretical condensed matter physics research, the complexity of
models grow with lattice dimension d. Theoretical models are well studied on the chain
lattice. However, for d > 1, the problem becomes more complex and typically cannot be
exactly solved.

BEC occurs only in quasi-2D or three dimensional (3D) systems, so, it is imperative

to concentrate our effort on these systems rather than lower dimensions. While the
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simple cubic lattice has been given the most attention (both theoretical and experimental
investigations) amongst 3D systems, the BCC and FCC lattices on the other hand are

often neglected. Our objectives for this study include:

e Exploring local pairing scenarios in relatively complex and unexplored lattices than

were previously investigated.

e Understanding the onset of pair formation and the condensation temperatures in
lattices with substantial signatures of both electron-phonon interaction and strong

electron correlations.

e Develop a realistic model Hamiltonian to study the A3Cgy compounds (a family of

molecular superconductors).

The aim of this thesis is to gain a better insight into realistic mechanisms responsible
for superconductivity and superfluidity resulting from preformed local pairs in strongly

interacting systems beyond the weak attraction described by the BCS theory.

1.6 Thesis Outline

This thesis contains eight chapters and is divided into three parts. Part I: Introduction,
models and methods consists of three chapters. Part II: Results and discussions con-
taining four chapters. Part III: Conclusions. The breakdown of each part is explained

below.

Part I: There are three chapters in this part, the first being the current (introduction)
chapter. In chapter two, we will present the models used in this thesis. Chapter three is

the methodology chapter discussing all the methods we have employed for this work.
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Part II : This part consists of four chapters reporting all the new results in this
work. The properties of bound pairs including the superfluid state in a BCC optical
lattice (which is now published in Ref. [39]) is reported in chapter four. In chapter five,
we report the superconducting properties of fermion particles in an FCC lattice (these
results have been submitted for peer review, Ref. [40]). Since the A3Cg compounds
have BCC and FCC structures, we develop a Hamiltonian to study possible pairing
mechanisms and examine any structural effects in these materials in the sixth chapter.
Chapter seven is the last in this part and we report data from the simulation of bound

pairs using a continuous-time quantum Monte Carlo algorithm.

Part III : This thesis ends with summary and conclusions in the eighth chapter. We

also make suggestions for the direction of future work.



Chapter 2

Models of Interaction

2.1 Summary

In the introductory chapter, we discussed strong correlation in fermionic systems, its
consequences for the Landau—Fermi liquid theory, and the challenge of strong correlation
in our understanding of superconductivity. The aim of this chapter is to present some
models that are used to study these correlated systems. We start with the description
of the Bloch states of a free electron and Hubbard models, and then extend to other
models which consider non-static lattices to describe the interplay between electrons
and phonons. We also discuss the (bi)polaron problem and how bipolarons form in

materials. Lastly, we derive an effective UV model using a canonical transformation.

11
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2.2 Preliminaries

Many-body systems have very complicated physics because the behaviour of one particle
depends on the relative positions or behaviours of other particles within the system.
This leads to correlated behaviour (see Section of Chapter . This is particularly
true for a system of charged particles like the electron gas, interacting via Coulomb
forces. These correlation effects make many-body physics challenging, but there are many
approximations that can be made to understand the basic principles at a fundamental
level. One such approximation is the mean-field theory where a particle is assumed to
be interacting with an average field of other particles. Building on these simplifications,
the acoustic, optical and thermal properties of a solid can be inferred. We will introduce
both the conceptual ideas and the mathematical descriptions of models that are relevant

to this thesis in the next sections.

2.3 Bloch States of an Electron

Given a simple system (Figure of an isolated electron in a periodic lattice potential
V(r), the solution to the Schrodinger equation gives rise to Bloch states [41]. By peri-
odicity, we mean that the potential V(r + R) = V(r), where R is the Bravais lattice
vector, i.e. a translation vector of the lattice in real-space. The Bloch function has the

form
Yr(r) = eik""uk(r) (2.1)

where 1) is the wavefunction or eigenstate of the electron, k is the wave vector of the
lattice, r is the real-space position vector of the lattice (atomic site) and ug(r) is a
function that has the periodicity of the lattice. (We note that in this chapter, nuclei and

ions are used interchangeably). Sometimes, electrons are localised on atomic orbitals,
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which is often the case in solids. In such a localised scenario, an electron would spend a
considerable amount of time on a single site and occasionally hop to other atomic sites.

Due to this observation in many solids, the tight-binding model was developed.

Xakaax

Figure 2.1: Periodic potential in 1D (one dimension). Circles represent lattice ions.

2.4 The Tight-Binding Model

The tight-binding approximation (TBA), based on the LCAO (linear combination of
atomic orbitals) approximation, provides an understanding of the behaviour of electrons
in localised atomic orbitals [42]. In its simplest form, it is a toy model used to demon-
strate the movement of electrons in solids. In the model, the following assumptions are
made: (1) the nuclei are static (Born—Oppenheimer approximation), (2) a single atomic
orbital is considered, and (3) the electrons are situated only on atomic sites (not in
between two sites) and are allowed to hop to the nearest-neighbour nuclei sites.

To derive the Hamiltonian of this model, we first define Wannier functions ¢ in terms

of the Bloch function (2.1 via the transformation

Yr(r) = \/LN zj: e*Big(r — Ry) (2.2)

where ¢(r — R;) is the Wannier function for lattice vector R located at the j-th atomic
site and NN is the number of primitive unit cells. The one-electron Hamiltonian in this
periodic, non-vibrating crystal is

2

2m
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and the corresponding total energy is

1 e .
£ = / Prpf (rYHk(r) = €5 = v D etk R / Pro*(r — R)Ho(r — R;) (2.4)
4l
To express the Hamiltonian using second quantised notation, we define the wavefunction

and its conjugate in terms of a basis set as,
U(r) = it (2.5)
J

v =9 (2.6)

where j represents the lattice site, ¢ (cf) is the annihilation (creation) operatorf] Hence,
the effective Hamiltonian for the TBA, after some algebraic steps, is

H= Z E:le;o.Clo- = Z tﬂc}[;cla (2.7)

jlo (ilo

where we have introduced o to represent the electron spin index, (...) implies the sum is
on nearest-neighbour sites only, and €;; is the energy defined in Equation . The case
for which 7 = [ represents the onsite energy and has been absorbed into the chemical
potential. Equation represents a hopping process where electron jumps from site [

to a nearest-neighbour site j and ¢j; is the hopping integral defined as

b= [ #rtr—R) |0 V) ot - ) 28)

2.5 Hubbard Hamiltonian

As the TBA is only used to examine the properties of an isolated, non-interacting par-

ticle, it is a simple model and can be solved exactly. Hubbard in 1963 [7] added a

*These are fermion operators and the anti-commutation rules apply: {ci,c;} =di; , {ci,c;} =0,

{cj, cj} =0, c;fcj = n;. Here, n; is the fermion occupation number operator with index j.
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Coulomb onsite interaction to the tight-binding Hamiltonian to study electron correla-
tion effects in narrow-band materials. Hubbard made an assumption that this narrow
band can be represented by an s molecular orbital. Using this assumption, he developed

a Hamiltonian of the form

H= Z tle}L-UCJU + Un Z UZENAZTS (29)
(Gl '

J

where the first term represents the TBA discussed earlier, Uy represents the Coulomb-
mediated onsite interaction between two electrons situated on the same lattice site j, 1
and | are the spins of the two electrons (spins in the same direction do not contribute
due to Pauli exclusion), and n;, = C;[-JC]'U is the fermion number operator. The onsite
interaction Uy is primarily taken to be repulsive as in Hubbard’s original work, but
attractive Uy cases are also considered (for example, Refs. [43,|44]). Other treatments of
the Hubbard Hamiltonian extend the Coulomb interaction to neighbouring sites where
the intersite interaction potential is denoted V. Such considerations are sometimes

called extended-Hubbard models or UV -models and have a Hamiltonian of the form

H= Z tﬂcjgclg + UH Znﬁnﬂ + VH Z NjeNig! (2.10)
(Do J

j#loo!

where the first and second terms are from Equation (2.9)) and Vj is the Coulomb-mediated

intersite interaction. Note that j = [ is excluded from the summation in the third term.

2.5.1 Mott-Hubbard Insulator

Inspecting carefully, we see that some characteristics of a material can be examined by
considering which term is dominant in Equation . Sir Nevill Mott studied correlation
effects in a lattice at half filling (i.e. one electron per lattice site) [45]. The physics goes
thus: when the electrons are strongly correlated (i.e. very strong Coulomb repulsion

is present), the hopping is suppressed and electrons predominantly sit on their original
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lattice sites. On the other hand, they can move around if the repulsion is insignificant.
This description is what distinguishes a metal (where electric current can be transferred
by electrons due to their motion) from a Mott insulator (where the large onsite Coulomb

repulsion disfavours double occupancy in a way that inhibits electron motions).

2.6 Phonons

In the discussions so far, the models used an approximation of static nuclei. In reality,
atoms that make up the lattice vibrate about their fixed positions. Phonons, which
represent a collective vibration of nuclei in a solid, can interact with electrons thereby
turning an electron into a quasiparticle with either slightly or significantly different
properties [41]. It is also possible for the same phonon to travel to another electron and
interact with it. Phonons play essential roles in describing many phenomena observed in
condensed matter systems. We shall briefly talk about the description of a system with
vibrating ions only, and, in subsequent sections, we will look at the consequences for the

Hamiltonian of the overall system (ions and electrons).

The phonon Hamiltonian H,, can be treated classically like the harmonic oscillator
[46] whereby the atoms, separated by lattice constant b, are assumed to be linked by

elastic springs.

K 1
Hypo =Y [3 (zj — 1) + ml’? ) (2.11)
i
h
[pj, x5 = 7035 (2.12)

where M is the mass of the atoms, K is the spring constant, x; is the displacement of

the atom at site j, and p; is the momentum of the atom located at site j.
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In Fourier-space, x and p can be expressed as
T = L E e B gy = L E z; e kR (2.13)
J : - J :
VN Z VN

1 ik-R,; 1 —ik-R;
. - ez J : = — - e v J 2]_4
b = N Ek Pk Pk N E Dj ( )

where k is the wave vector in momentum-space. Straightforward substitutions of Equa-

tions ([2.13)) and ([2.14)) into the original Hamiltonian (2.11]) gives

Muw; 1
Hyn = Z { 5 Erpr g + 5 KDk (2.15)
k

where wy = ,/% X 2 ‘sin %| is a momentum-dependent vibrational frequency.

We may introduce the annihilation and creation operators as

ka 1/2 ip_k
_ 2.1
ik ( oh ) T M (2.16)
Mg\ ? i
t_ k Pk 21
e ( oh ) (x"“ ka) (2.17)

and the solution to the Hamiltonian can be re-written, in terms of operators, as

1 1
th = Z hwk (aLak + 5) = Z hwk (nk + 5) . (2-18)
k k

Note that ax and aL obey the boson commutation relation [ag, ajc,] = Op g/, and aLak = ng
is the boson occupation number.

In the remaining part of this thesis, however, we will be using a non-dispersive Hamil-

tonian which has the form, in real-space,

1 1
th = hWO Z (CL}CLj + 5) = hw() Z (TLj + 5) s (219)
J J

where wy is the frequency of the optical branch of the phonon modes (assumed flat), to

describe the phonon subsystem.
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Figure 2.2: [llustration of an electron (small black dot) interacting with lattice ions
(big circles). If the lattice is highly deformable, the positive ions will be strongly pulled
towards the electron and negative ions strongly repelled. Dashed-line circles represent
the original (equilibrium) ions’ positions.

2.7 Electron-Phonon Interaction (EPI)

Since electrons can interact with ions via Coulomb-like interactions as in Figure [2.2]
we will derive the Hamiltonian for the EPI in this section. Let us say the i'* electron
interacts with the 5" ion via a potential V,_jon, the Hamiltonian reads

Hel—ion = —€ / dripel(ri) Z ‘/el—ion(ri - Rj) (220)

J
where e is the charge of the electron, pe is the electron density, r; and R; represents the
vector position of the electron and ion, respectively.
)

If we perturb the ion to move a small distance §; from its equilibrium position R§-0 ,

then we can express R, in terms of the displacement as R; = Rgo) + &;. Thus, we have

Hel—ion = —€ / d"“iPel("“z‘) Z ‘/el—ion('r‘i - Rgg) - E]) (221)

J

The Taylor expansion of the right-hand-side of Equation (2.21)) gives

‘/el—ion(ri - R§0) - 5]) = V:el—ion(ri - Rg())) - 5]’ ’ vVVel—ion(’r‘i - R§0)> + 0(6]2) (222)
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so that if we neglect O(E?) and higher-order terms, our Hamiltonian becomes

Helmion = — € / dripa(r:) > Veion(ri — R\
’ (2.23)
+e / dripa(ri) > &+ Vil ion(ri — R\

J
The first term (zeroth-order) in §; is the periodic potential which leads to Bloch states
(see Section [2.3). The second term is the main ingredient of the EPI as it describes the
force experienced by an electron when an ion moves away from its equilibrium position.
Higher-order terms in £ are usually small and can be neglected in our case. However,
higher terms in the series (2.22) may be relevant to the treatment of high temperature
systems [47].

In a simple 1D case, the EPI can be expressed as

HY = / dripa(r;) {Z e&; - VVaion(ri — Rj)} =3 fiu&(ni +ny)  (2.24)

J

where f;; represents the force experienced by an electron at a position ¢ and an ion
located at a position j.

If we combine the EPI with the TBA, we end up with more comprehensive models
of electron motion. We note here that the EPI can be long range or local: by local we
mean that only electrons nearest to the displaced ion are considered while long-range

EPI implies that the ion vibration can have effects on distant electrons.

2.8 Long-range Electron-Phonon Interaction

In the previous two sections, we mentioned that phonons propagate through solids and
we have also developed the basic Hamiltonian describing interaction of this vibration
with an electron (i.e. the EPI). A full Hamiltonian which incorporates the phononic and

electronic contributions has the general form
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H = Hqg+ Hepn + Hpn (2.25)

where H, represents the tight-binding electron subsystem Hamiltonian, He_pp is the
interaction between electron and the vibrating lattice, and Hyy, is the Hamiltonian de-
scribing the phonon subsystem.

This model of long-range electron-phonon interaction (EPI), also known as the Frohlich
model [48], in real-space is written as

H = Z t“/c +Cito \/_ ngnw aj + aj) + hwo Z(a}aj + %) (2.26)
ijo J

where g;; is a parameter that represents the coupling of an electron on site 7 to the
phonon at site j, all other variables are explained in earlier equations. Equation (2.26|)
captures all the information that is needed to describe the behaviour of a single electron
in a lattice (Note: up to this point, we still assume that our system contains just one
valence electron). However, the strength of the EPI decreases with distance. When
the Coulomb interactions between electrons are added in the Hamiltonian, the Frohlich
model can be used to study various phenomena in condensed matter physics including

superconductivity - the main focus of this thesis.

2.9 Holstein Model

The Holstein model is identical to Frohlich’s in that they both describe electrons in a
deformable lattice but differ by the extent and strength of the coupling parameter g;;.

The Hamiltonian reads

H = Z tzz’c Ci'o + —— \/m ;niﬂ(ai + a’i) + hWO ;(aiai + 5) (227)
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We see that the Hamiltonian focuses only on electrons and ions that are at the same
location i. Hence Holstein’s model is often referred to as local EPI. In Holstein’s original
work [49], he studied the EPI, describing electron self-trapping (i.e. the possibility of an

electron being trapped in a potential it has created).

2.10 Polaron and Bipolaron

Generally speaking, when charge carriers (valence electrons or holes) travel through a
solid, they interact with the lattice phonons. We continue our discussion assuming that
the charge carriers are electrons and we neglect the Coulomb repulsion between these
electrons. At finite temperature, the EPI often has two major consequences. Firstly,
electrons are scattered by the vibrating atoms which brings about electrical resistance,
particularly in semiconductors and insulators [50]. Secondly, the phonon alters the char-

acteristic properties of the electron [41].

In 1933, Landau reported how the properties of a free electron can change due to
lattice polarisation and postulated the possibility of self-trapping of an electron at low
temperature [51]. His explanation can be summarised thus: when an electron is present
in a polarisable medium such as an ionic lattice, the surrounding ions are attracted or
pulled towards the electron (as in Figure thereby creating virtual phonons with
low frequency. The motions of the ions leads to the distortion of the underlying lattice
and a dense phonon cloud forms around the electron - sometimes referred to as “electron
dressing”. It turns out that the electron interacts with the polarised field, and as coupling
between the electron and this polarisation increases, the energy of the whole system is
lowered. In Landau’s picture, when the electron moves from one point to another, the

phonon cloud appears to adiabatically follow the trajectory of the passing electron.
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2.10.1 Polaron

The dressed electron described by Landau is a quasiparticle which is known today as a
polaron: a name coined by Pekar in 1946 [52]. Pekar argued that in solids, electrons do
not always move freely but as polarons instead [52]. Today, we know that polarons exist
in range of media and materials including high temperature superconductors, ultracold
atoms and plasmas [53, 54}, [55]. Fundamentally, a polaron has significantly different
properties from the original band carrier. It is characterised by its self-energy, E,q,
an enhanced effective mass, mpo1, and its characteristic response to external electric
and magnetic fields [56]. These properties are in principle determined by factors which
include the type of phonon, the strength of coupling and the dimensionality of the system

[57).

Some terminology used in polaron problems

Polaron studies are categorised based on the polaron size, coupling strength and phonon

frequencies etc.

1. If the polaron radius 7,0 is compared with the lattice spacing b, we can have

e A small polaron: when r,q ~ b.

e A large polaron: when r,q > b.

2. The Frohlich polaron can be studied at different coupling strengths. The cou-
pling parameter «, which is related to the number of phonons in the cloud [58], is
expressed as 59, 60]

e? [ Mpol 1 1
_ = _ = 2.28
“ h '\ 2hwro (aoo 50) ( )
where my, is the effective mass of the polaron (to be discussed shortly), wro being

the plasma frequency (usually represented by an Einstein phonon i.e. wpo = wy),
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€4 and gq are the high-frequency and static dielectric constants, respectively. Note
that o and g defined in Equations (2.26)) and (2.27) are directly related: o oc g?

[61]. The three regimes are

e Weak-coupling regime when o < 1.
e Strong-coupling regime when o > 1.

e Intermediate coupling where o ~ 1.

3. The ratio of the phonon frequency hwyy, and the half-bandwidth W, is also signif-

icant. The polaron problem is regarded as in the

o Adiabatic limit if W > hwpy,.

e Anti-adiabatic (non-adiabatic) limit if W < fwpy,.

2.10.1.1 Weak-Coupling Regime

In the weak-coupling limit, the electron-phonon coupling (EPI) term in Equation (2.26)
can be treated as a perturbation [60]. While there is not an exact solution to this problem
yet [56], the polaron wavefunctions and the lattice distortions spreads over many lattice
sites, and the problem can be solved perturbatively. To first order in the coupling

constant «, the polaron self-energy in the Frohlich model is obtained as [56]
Epo = —ahwy (2.29)

with an effective mass

m*

" (2.30)

Mpol =

>R

where wy is the phonon frequency, m* is the bare electron band mass. Equations ([2.29))

and ([2.30)) are the results obtained from the Rayleigh-Schrodinger perturbation theory
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[60]. The increase in the effective mass is due to the fact that the electron is self-
trapped (which means it spends a lot of time polarising its surrounding, forming a
bound state with the polarisation while occupying a local state) and for it to move, it
requires extra energy to drag this deformation along. Looking at Equation ([2.30]), one
might immediately ask: what happens when o« = 67 At a = 6, the mass diverges and the
polaron becomes completely localised (non-itinerant). Hence, the validity of Equation
as a weak-coupling solution means that the coupling must be much smaller than

a critical value (a0 < a,. = 6).

The weak-coupling expansions [56] yield the polaron energy
Eyol = —hwo(a + 0.015919a2 + 0.0008060° + ... ,) (2.31)

with mass given as

Mpor = m* (1 + % +0.02362760% + ..., (2.32)

This expression for the polaron mass is identical to that obtained in Ref. [62]: m,q =~
m* (1 + a/6) when a« — 0. As the coupling diminishes, a very large polaron is formed
and its motion is related to the half-bandwidth z¢ where 2 is the coordination number

and t is the hopping parameter.

2.10.1.2 Strong-Coupling Regime

The strong-coupling treatment was first carried out in the pioneering work of Landau and
Pekar [63]. In this limiting case, the Holstein Hamiltonian describes the problem
in such a way that the tight-binding term can be treated as a perturbation. This means
that the bandwidth is small compared to the EPI term. The polaron radius is on the

order of the lattice spacing (small polaron). A variational calculation using a Gaussian
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wavefunction yields polaron self-energy [56]

o hwy

™

Epol = — = —0.1060hwy (2.33)

Unlike the weak-coupling limit, the energy is proportional to the square of the coupling
parameter. The expansion for the polaron energy in the strong-coupling limit, obtained

in Miyake’s work [64], is
Epol = —hwy (0.1085130% 4 2.836 + O(1/a%)) : (2.34)
with the polaron mass given as
Mpot = m* (14 0.0227019a*) (2.35)

As can be seen in Equation (2.35)), the enhanced mass is proportional to the fourth-
power in « which means it can be very large. For example, the polaron mass is heavier
by several orders of magnitude than the bare electron mass [63]. The spatial extent

of the polaron wavefunction in the strong-coupling limit can be determined using the

1« [dwem*
Tpol - g =h (236)

which is the inverse radius. The polaron ground state energy in the weak- and strong-

formula

coupling limits is shown in Figure 2.3] It summarises that the Rayleigh-Schrodinger
perturbation theory is sufficient at small values of o while the strong-coupling calculation
is valid when « gets very large. We can see that at a coupling constant of about a =~ 5,
both plots almost converge. Therefore, the value for & ~ 5 may be considered the

crossover between the weak- and strong-coupling theories.
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Figure 2.3: Comparing the polaron energy in the weak and strong-coupling expansion
limits according to Equations and , respectively. Both curves almost touch
around « =~ 5 and, hence, this value of o may be considered the crossover point between
the weak- and strong-coupling theories.

2.10.1.3 All-Coupling Result

No exact solution exists for the polaron mass at arbitrary coupling values, but the best
approximation so far was determined by Feynman using his path integral formalism [62].
Figure shows a summary of his result which agrees quite well both in the weak-
and strong-coupling regimes. The key difference between Figures and is that the
constant term 2.836 (from Equaton (2.34])) has been neglected in the a expansion of

Feynman’s all-coupling result.

All categories or types of polaron (for example, see Table 3 in Ref. [65]) are formed
in a similar way; an ion vibration creates a potential well for the charge carrier. The
transport mechanisms for small polarons are distinct in the limits of high and low phonon
frequencies [66]. In the adiabatic limit W > hwyy, where the motion of an electron is
fast with respect to the ions’ motions, the electron hops when the distortions in the
neighbouring sites are about the same size as the occupied state. This enables the

electron to move many times within a unit cell. Also, this leads to scattering as the
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Figure 2.4: Polaron energy at arbitrary coupling from Feynman’s all-coupling theory
(solid line) compared with some weak-coupling (dotted line) result and strong-coupling
(dashed line) results. Reproduced from Ref. [57].

electron interacts with the new distortion [59]. During a hopping event, the scattering
process is considered inelastic if the number of phonons Ny, changes, whilst it is elastic
if Nop is unaltered [49]. In contrast, when W < fuwpy, the ion motion is faster than the
electron hopping. In this case, the lattice relaxation rate is fast.

Experimentally, a polaron can be observed in the optical absorption spectrum. It
corresponds to the peak in the spectrum when the energy of the incident light (in the
THz frequency range) is comparable with the Debye frequency wp |57, 67]. It is worth
mentioning that, even though they may appear different at first glance, the Frohlich and
Holstein Hamiltonians have similar properties over a wide range of parameters in the

polaron treatments, and both can lead to small or large polarons [68].

2.10.2 Bipolaron

As complex as they are, the polaron theories discussed above consider a single electron

in a polarisable environment. We can extend the treatment to a more realistic situation
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where there is more than one electron. Let us consider a system with only two electrons.
Two electrons can experience an attractive force via the phonons as long as the EPI
strength dominates over the Coulomb repulsion. Therefore, if the EPI is dominant two
polarons can bind into a single quasiparticle known as bipolaron, which behaves as a
charged boson. The ground state of bipolarons generally forms a singlet with an s-
wave symmetry (sometimes the onsite and intersite singlets are referred to as s0 and s1,
respectively). In addition, other states with p-, d- and f- symmetries can be realised
too. All the terminologies discussed previously for polarons apply to bipolarons too,
except that there are now two particles. Thus, a bipolaron can be small or large, treated
in the weak-, intermediate- or strong-coupling regimes, as well as in the adiabatic or
non-adiabatic limits. Below a critical onsite repulsion U, (which depends on the lattice),
a stable onsite bipolaron can be formed for finite EPI. When U = 0, bipolarons are
stable in 1D for an arbitrary non-zero EPI, but a critical EPI has to be reached to form
stable bipolarons in higher dimensions [57]. The formation process of both small and

large bipolarons is the same but their properties greatly differ [59].

Bipolaron properties vary depending on the dimension and the structure of the lattice.
In the extreme case of strong EPI, two small localised polarons can bind to form a small
bipolaron with a heavy effective mass that scales as the square of the polaron hopping
integral ¢ or alternatively as the square of single polaron mass (i.e. My, o< (Mpe1)?)
[69]. A second-order bipolaron tunnelling manifests in lattices such as chain [70, [71],
square |72] and simple cubic [73]. Conversely, in the weak-coupling limit where large
bipolarons can be formed, the bipolaron has a relatively light mass with a first-order
hopping dependence (i.e. M, X Mmper). This is due to a partially pre-existing lattice
deformation that spans over many sites, so that one of the polaron pair can hop without

breaking the pairing. First-order tunnelling of bipolarons can exist at strong coupling in
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systems such as the staggered ladder [69] and triangular lattices |74, 72]. In fact, in some
cases, superlight bipolarons [69] can be formed: meaning that the bipolarons would be

slightly heavier than a single polaron only by a factor between 2 and 6.

We mentioned in Chapter [1| that small bound polaron pairs can form a condensate
which may lead to superconductivity or superfluidity upon lowering the temperature
of the system. Since the discovery of HTS, an explanation to the superconductivity
mechanism has been attempted in the context of strongly bound bipolarons |75| 76, 77,
78,79]. The two main conditions for bipolaronic superconductivity are: (1) The polaron
(and thus the bipolaron) density must not be high, otherwise, a charge-density wave may
occur. We, however, note that the charge carriers in the majority of the superconductors
are not dilute. (2) The bipolarons should be strongly coupled (i.e. a pair of polaron binds
via strong EPT), small and must not be strongly interacting to hinder superconductivity.

Polarons are well-established in nearly all media, but bipolarons have a lesser oc-
currence [65]. It is hoped that with advancing technologies, experimental observation
of bipolaron signatures will become possible. The main ingredients of the method and

approximations that I applied in this thesis will be discussed in the next section.

2.11 Lang-Firsov Canonical Transformation

The EPI models described above, and by extension phonon-mediated superconductivity,
are very difficult to treat exactly because contributions from both the electrons and
phonons are intertwined. However, it is possible to decouple the EPI term (electron and
phonon operators) into standalone terms representing electron and phonon subsystems

while retaining the underlying physics of the EPI.

The Lang-Firsov (LF) canonical transformation [80] is a powerful technique one can
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employ to disentangle the subsystem operators. This leads to a transformed Hamiltonian
with a transformed wavefunction |¥)pp = e~|W¥). To demonstrate how the transforma-
tion works in the present context, let us examine the generalised EPI of Holstein type:
H = ;,)tu/c ci + ;%JCZCZ aj +aj) + hwz aja; + ;) (2.37)
where t;;, w and ~;; are constant parameters. Next, we perform a canonical operation

with a new (transformed) Hamiltonian as

N 1 1
H=¢e"He™® = H+[S H| + o1 518, [S, H]] + 3 =[S, [S,[S, H]]] + - .. (2.38)
where S = —34 ¢l cz(a; — a;) is an anti-hermitian operator such that ST = —S to preserve

the physical observables [80]. Then, we can derive the commutation relations for the

series in Equation ([2.38)). For example

[S, ¢l = —%c}cici(a; —aj)+ %CZ‘CIQ(CL} — a;) 2.39)
Vij Vij .
=0+ %]ci(l — cicj)(a; —aj) = —ajci(a} —a;)

g 2
S.18,ell = =1 (a} — a))[S,e] = ¢ |~ (a] — ay) (2.40)
1S, a;] = —%cjcl(a; —aj)a; + ;;cTcla](aj — aj) (2.41)

= ;;cch([cﬁ a;l + aja; — aja;) = %c}cz
5,15, ] = 0 (242

We also define new (transformed) electron and phonon operators below.

ci — Ci = ¢; exp [Z %(a} — aj)] , cj — E;-r = cj exp [— Z %(aj — aj)] (2.43)
J

. Vi B ‘
a; — a; = a; — h:i e a} Ay =a;— ) 5 G (2.44)
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Then setting 2~ = 1 for convenience, the transformed Hamiltonian can be expressed in

terms of Equations (2.43)) and (2.44)) as

[Ztn,ccl+2%]ccla + a;) —l—wza% } -
:Ztn/c Gyt +Z’yl]czcl Cl +a] —I—UJZ &;r& ;)

(i) ij
:Z weles +Z%chcz a;+a; — 22 %]c (2.45)
(ii")

oy {@—z%@; - e _}
J 7
= % Z?iz"C;rCz" - ; CICiC;r/Ci/ ; %JZi/j +w ;(G;aj + %) (2.46)

We can now see that the electron and phonon operators are completely decoupled by
this transformation. This means that the EPI term splits into a polaron and phonon
decoupled system such that the polaron moves with a renormalised electron hopping

matrix ¢

2.11.1 Transformed Hamiltonian in the Atomic Limit

Consider the atomic limit where the hopping term is set to zero t;; — 0, the relevant

terms are the phonon and interaction parts

fijfi; 1
=— E NN E 2;2]\} +w E (a;aj - 5) (2.47)
i i i

where we have introduced ;; = \/fji fi; is the force felt by an electron located at the

h site from a phonon at j™* site, M is the mass of the ion. From here we can define an

interaction function ® which represents the total interaction between the electron and

*The Coulomb part remains unchanged because the electron number operators are unchanged upon

transformation.
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the surrounding phonons.
Oy = > fiifvi (2.48)
J
We define a dimensionless parameter A = E,,,;/WW which measures the coupling strength

between the electron and the phonon, where W = 2zt is the half-bandwidth. The self

energy of the polaron E, is found when i = ¢, so that

Poo
Epor = 2M Z fo = 22 M (2.49)

Hence,

Z n; nz/)\W

In this limit, we have a simplified Hamiltonian which is proportional to the ratio of two

(al ja; + (2.50)

interaction functions and the coupling parameter \.

2.11.2 Transformation of the Tight-Binding Hamiltonian

The first term in Equation ([2.45)) represents the electron hopping term
Hy =Y tcles (2.51)

where

tir =ty exp { Z % a; — a; } exp [Z ’y:;j (a} - aj)] (2.52)
J

Using the identity

eAeBe ABI2 — A+E (2.53)

which is valid if [A, B] commutes with A and B respectively. We can also write Equation

1) as: eelB = eATBelABl/2 We use the last (equivalent) expression by taking

A=—3(al —a;) and B =3 "“(al —a;). We note that [4, B] = 0, therefore
J

- J
J

tiir = tis exp l&{ Z(%”j —yig)al =Y (i — %‘j)aj)H (2.54)

J
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Re-using Equation (2.53)) in its original form by choosing

A= Z(%”j - %‘j)a} and B = — > (v#; — 7ij)a;, then,
J

J

[A, B] = 3" (vrs — vi) (s — vig) = 20y — 29075 + i)

J J

After some algebra, with the substitution of v;; = \/Q\JTW as we defined earlier, we

~ AW D,
e toma [ (182 (Do)

! (2.55)
X €Xp <Z(%’/j - ’Yz‘j)aj)
J
The original hopping integral ¢;; becomes modified by the EPI through the parameters

arrive at

;i1 /Do and A, similar to Equation ([2.50)). Equation (2.55)) also provides valuable infor-
mation particularly due to the order of the creation and annihilation operators. In the
anti-adiabatic limit where there are no real phonons, the phonon operators are set to

zero and the hopping integral reduces [81] to

~ AW (I)“‘/
tii’ = tii’ exp |:— T (]_ — @00):| . (256)

2.12 UV Models

Above, the decoupling of the electron and phonon operators was successfully achieved
through the canonical transformation, and it was noted that the electron in the electronic
part of the Hamiltonian becomes a phonon-dressed electron. If we re-introduce the
Coulomb potential between electrons and consider the bipolaron problem in the anti-
adiabatic, strong-coupling regime (fw > t, A > 1) |71} 72, 81, [82], then the effective

Hamiltonian for the Hubbard-Fréhlich model has the form [81]

Z tnn/c Cn'oc — pol Z CnoCno + U Z CnTC icnich + Z Z Vnn’c Cno'cn o'Cnlo’

nn'o nn’ oo’

(2.57)
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where the prime in the last summation excludes self-interaction, and the renormalised

onsite and intersite interactions respectively are

U—U=Uyg—2W\ (2.58)

(I)nn’

V=V ="Vy—2W\
CI)OO

(2.59)

where Uy and Vg are typical Hubbard interactions. Equations and are
similar except for the renormalised U and V in the latter. Restricting n’ to the nearest-
neighbours of n, the Hamiltonian defines the UV model which is often referred to as the
extended-Hubbard model (EHM) |70, 83]. It is possible to extend the intersite interaction
to next-nearest-neighbour distances [84], but the studies in this thesis only consider the

nearest-neighbour interactions.



Chapter 3

Methodology

3.1 Summary

In this chapter, we discuss the methods that are used in this thesis. Firstly, we find a
solution to the UV Hamiltonian derived in Chapter 2l Then, we review group theory
analysis which will be used for the identification of pairing symmetries. Next, we dis-
cuss the standard Rayleigh—Schrédinger perturbation theory. Finally, we conclude by

introducing a quantum Monte-Carlo algorithm which can be used to simulate bipolarons.

35
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3.2 Preliminaries

The methods applied in this work can be split into four types and they will be presented
in the following order.

Method I: Solution to the UV model. This involves solving a two-particle Schrodinger
equation for the UV Hamiltonian. The solution yields a self-consistent equation which
can be found in Section [3.3.1] Because the dimension of the secular equation increases
with the lattice coordination number z (and thus the number of pairing states), we will
introduce a symmetrisation approach (Section which helps categorise the pair sym-
metries. The steps and the benefits of using the symmetrised solutions will be discussed.
Method II: Group theory. This method can be very helpful in the simplification of
physics problems. Amongst other things, it can be used for transformations, to analyse
symmetries, and in the construction of the band structure of a crystal [85]. We review
basic concepts of group theory analysis relevant to this work in Section [3.4] They include
the representation theory, symmetry operations, the character table, eigenvalue problem
and block-diagonalisation of secular matrices.

Method III: Perturbation theory. The degenerate Rayleigh-Schrodinger time-independent
perturbation theory is discussed in Section [3.5] The purpose of this method is to validate
our UV results in certain limits.

Method IV: Monte-Carlo simulation. Numerical simulation is advantageous where
certain approximations become invalid. We introduce how bipolaron properties can be

obtained using a Monte-Carlo algorithm in Section [3.6.1]
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3.3 The Standard UV Model

We have previously derived an effective UV model in Section of Chapter [2l Here,
we will focus on the general form of the model Hamiltonian and demonstrate how it can
be used to solve a problem of two spin—% fermions in a single orbital. The Hamiltonian
has the form

H= taChiastne + U Y fnthni+V D prvabn (3.1)
(n,a)o n

(n,a)
where c' (c) is the creation (annihilation) operator, o is the electron spin, pn = pnt+ pny
(pno 1s the number operator for electrons on site n with spin o), a the intersite lattice

vector, and #, is the intersite hopping parameter. U and V are the effective onsite and

intersite interactions, respectively.

3.3.1 Solution to the UV Model

To solve Equation (3.1]) for the case of two particles, we construct a real-space Schrodinger
equation. The two-body wavefunction W¥(n ny) must satisfy:

D o [U(ni+a,mo) + U(ny,my+ @)+ Y Vabn,—noa¥(ni,m2) = E¥(n1,n,) (3.2)

a
where n; and no are the spatial coordinates, the interaction terms have been combined
into a single function (i.e. Vaeo = U and V#o = V), E is the total energy of the system.
We will drop the subscript from ¢, for brevity.
Equation can be solved as follows. We define the Fourier-space wavefunction
Vkeykey = %T;m U(ny,my) e himiken: (3.3)

where N is the total number of lattice sites. If we multiply Equation 1) by %e_““‘"l X
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e~*2m2 and sum over n, and 1., we get

1 - ) )
. Zt[ S emkens (Yo, | a,ny) + (0, ns + a))

ning

N Z V Z efzkl ny—iko- n25n1 Cmpa (nb n2) (34)

ning

_ 1 E —ik1-n1—ik2~n2\p

= N € (’I’Ll, ’I’LQ)
nino

Since the summation ) isindependent of @, we can define new variables m; = n; +a,
ning

and my = ny + a. Then we have

~'-a]' —ik1-mi—ikam ~z'-a]' —i1k1-n1—ika-m
;tezlﬂ N Ze k1-mq—ikg 2‘11(m1,n2)+2te’“2 N Ze k1-mi—iks 2\I;<n17m2)

minsg a nimsa
NE :V 72PaN E :6 i(k1—P)-ny 71(k2+P)n2\IJ(n1’n2)
ning
— NE 2 :e—zkzynl—zkg-nz\p(nl’nz)
nin

(3.5)
where we have replaced the Dirac-delta function as dp,, = % S etP (m=n) " Using the
P

definition in Equation (3.3) and expressing P = k; — g, we arrive at

1 N
(E €k T €k2)wk1k2 = N Z Va gllatuya Q/)¢JJ<71-&-1€2—¢1 ) (36)

where
£k = Z tetka (3.7)
a
is the dispersion relation for one particle with momentum k.

Next, we define a new wavefunction P,

Dalky + kz) = Zewa Yap—a (3.8)

where P = ki + ko is the total momentum of the particle pair. After the substitution

of ®,, Equation (3.6) may be re-written as

—’Lkl ‘a

Vkrky = Zv 3, (P) . (3.9)

— Eky — €k
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Lastly, we substitute Equation (3.9) back into Equation (3.8]) to get

0o(P) == Vi Gaw (E, P) 0o(P) (3.10)

where Guo/(E, P) is the Green’s function defined as

ey !
ezq(a a’)

1
wat (B, P) = — . 3.11
R Y a1

Note that the sign of E in the denominator has been flipped and this is done for conve-

nience only. The set of linear equations generated from ((3.10))
det | _Va’ gaa’(Eyp) - 6aa’ |: 0 s (3.12)

determines the energy E(P) of the system as a function of the pair’s total momentum.
Equation (3.12) is solved self-consistently to obtain the general solution of the two-body

problem.

3.3.2 Symmetrised and Anti-symmetrised Solutions

In general, Equation generates a square matrix of size z + 1, where z is the
coordination number of the lattice. As a result, we would have (3 x 3), (5 x 5), (7 x 7),
(7% 7), (9x9) and (13 x 13) matrices for the two-particle problem in chain, square,
triangular, simple cubic, body-centred cubic, and face-centred cubic lattices respectively.
Hence, it is helpful to apply a symmetrisation approach that reduces the matrix size to
about half. In the following, we shall demonstrate how this is done.

The two-particle wavefunction has to be symmetric or anti-symmetric under spatial
exchange W¥(n;,ny) = +V(ny, ny) which relates to the singlet (+) and triplet (—) spin
states. To express the symmetrised wavefunctions, we permute k; — ks in Equation

(3.6) and then we add/subtract the resulting equation from the unpermuted version of
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Equation (3.6)). Doing this yields

(E_gkl 5k2)(¢k1k2i¢k2k1 - ZV { (akr)a 4 gilahe) }¢qk1+k2 q (313)

We can re-write the (anti-)symmetrised pair wavefunctions on the left-hand side of

Equation (3.13)) as

¢§1k2 = wklkz :l: wkgkl- (314)

where qﬁ;;kz) and ¢y .. respectively are the singlet and the triplet wavefunctions. So,

Equation (3.13)) becomes

(E — ek, — €1y Qbkle Z Vo {ez‘(Q—lﬂ)'a 4 ei(Q—kz)'a} Vaertka—aq (3.15)

Notice that on the right-hand side, we still have ¢. The summation over the lattice vector
a, in Equation can be split into two sets ({a, } for singlets, and {a_} for triplets)
which thus allows us to write Equation in terms of ¢* instead of ¥. To do this,
we define {a} and {a_} to be a set of near-neighbour lattice vectors, and also include
the zero vector in the case of singlets. Neither of the new vectors should contain member
pairs that are related by inversion. Otherwise, there are no specific rules of selection. Let
us illustrate this on a square lattice. The lattice vectors for the onsite and all nearest-
neighbour sites are {(0,0),(1,0),(0,1)(—1,0),(0,—1)}. So, an acceptable combination
can be {a;} = {(0,0),(1,0),(0,1)} for the singlet, and {a_} = {(1,0),(0,1)} for the
triplet. But we cannot have, say, {a,} = {(0,0), (1,0),(—1,0)} because the second and
third elements are related by inversion.

Once the singlet and triplet vectors have been correctly chosen, we can express Equa-

tion (3.15)) as

1 s i(g—k1)-a i(g—k2)-a
(B —éery — €k2)¢ik2 = NZ Vay {e (akiyas 4 eila=he) i} ;kl—l—kg—q (3.16)

qa+
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where the primed summation in Equation 1} above means that a factor of % should

be included for the case a, = 0 to account for double counting of onsite pairs. Following

similar steps in Equations (3.8)—(3.11)), we obtain

+

. (P) == Va0, (B.P) 2, (P) (3.17)
ay
where the Green’s function is now
6iq-(aifali) + ei[q-aif(Pfq)-a,i]

1
+ (E,P)=— 3.18
gaiai( Y ) NZ _E+€q+5P_q ( )

q

Hence, Equations (3.15)—(3.18)) are used to obtain the (anti-)symmetrised solutions.

Some advantages of using (anti-)symmetrised solutions include

e Reduction in the size of the self-consistent equation. For example, the matrix
equation for the BCC case would reduce to two (5 x5) and (4 x 4) matrices instead
of one (9 x 9) matrix equation, and for the FCC case, we will have (7 x 7) and

(6 x 6) matrices instead of (13 x 13) matrix equation.

e Improvements in both the numerical stability and computational speed of calcula-

tions.

e Lack of ambiguity in identifying singlet and triplet states. Since the matrix equa-
tions for the singlets and triplets are completely separated, their properties are

obtained independently, thus eliminating any form of ambiguity.

In addition to applying the symmetrised approach, we can obtain further simplifica-
tion using group theory. Hence, we will briefly discuss the application of group theory

relevant to this work.
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3.4 Group Theory Analysis

Group theory finds a lot of applications in quantum physics via the representation theory.
For every physical observable, there exists a corresponding Hermitian operator with a
complete set of eigenfunctions. Hence, the state of a system can be represented by a
linear combination of these eigenfunctions. The representation theory is useful when
a set of operators acting on a Hilbert space have common properties and thus form a
group. In this thesis, we take advantage of the fact that when operators belonging to a
group act on a system and the system remains physically invariant, a linear combination
of basis which represents the states of the system can be obtained to simplify the two-
particle problem. The details will become clear in Chapters [4] and [5| when this is applied.
In what follows, some mathematical concepts of group theory will be introduced.
Mathematically, a set GG of elements is called a “group” if the four conditions below

are satisfied.

1. A group must obey the closure property such that if we multiply any two elements

A and B of GG, the result C' must also be an element of G. That is,
A-B=Ced : (3.19)
2. G contains an element [ or E called the identity element such that for every element

Aeaq,

A-FE=E-A=A . (3.20)
3. For any element A € G, there exists an inverse element B = A~! € G such that
A-B=E (3.21)

4. For three elements A, B and C € G, the law of associativity must hold i.e.

A-(B-C)=(A-B)-C (3.22)
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Before proceeding, we will briefly define some of the commonly used terms in group

theory.
e Conjugate Elements: Element B’ is conjugate to the element B if
B'= XBX™! where B, B'and X € G (3.23)

Note that any element B is also conjugate to itself, for example, B = EBE~!.

e Classes: A class of a group G is the collection of elements of GG that are conjugate
to each other. Put in another way, when each element X € G is applied to the
RHS of Equation , the set of distinct results for an element B forms a class.
Note that: no element of G can be a member of two different classes; the identity

element is a class on its own.

e Similarity transformation: The equation of the form (3.23)) is known as the “simi-
larity transformation” and will be used many times in this work. We can use this

expression to diagonalise a matrix equation into block-diagonal form.

3.4.1 Groups of Coordinate Transformations

In quantum physics problems, we often apply transformations to reduce the complex-
ity of a Hamiltonian. The transformation must be chosen in a way that the physical
representation (e.g. symmetry) of the system will not be compromised. Examples of
symmetry transformations are rotation, reflection, translation, permutation, and so on.
Meanwhile, the set of all the transformations which leave the system physically invariant
constitutes a group [85]. The set of coordinate transformations that leave the Hamilto-
nian invariant form a group usually called “the group of the Schrodinger equation”, but
sometimes referred to as “the invariance group of the Hamiltonian operator” [86]. In the

next section, we will briefly describe some symmetry transformations.
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Our application of group theory in this work involves performing rotations of rigid
bodies about different axes and orientations. We note that the symmetry of the system
remains conserved in all cases.

Suppose that we have a point P in a three-dimensional Euclidean space IR?, in an
orthogonal XY Z coordinate and we rotate about OX to a new orthogonal coordinate
system X'Y'Z’. It is possible to describe the point P in the new coordinate system.
This is done by mapping the new coordinate onto the old coordinate.

In a compact form, we can write
v =R(T)r (3.24)

where r’ and r represent the new and old coordinates, respectively, and the rotation

operator

1 0 0

R(T)= |0 cosf sin6 (3.25)

0 —sinf cos6

depends on the rotation 7" but is independent of the position P. R(T’) obeys the orthog-

onality rule

[R(D)]" = [R(T)] (3.26)

and

det | R(T) |=1 (3.27)
The product of two rotations 77 and 15 is
R(T\T3) = R(T1)R(T3) ; (3.28)

but in general, R(T1)R(7%) # R(T2)R(T1).
Translation symmetry is achieved by simply moving a body in IR? (without rotation).

Inversion and reflection are similar in that they involve the rearrangement (or swapping)
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of identical points of a body in space while the system remains physically unchanged.

3.4.2 Representation Theory of Finite Groups

The two main reasons for applying group theory in this work are for further simplification
of analytic calculations and the classification of the symmetries of bound pairs. Even
though we can use the symmetrised solution to separate singlets from triplets, group
theory further helps to identify the sub-symmetries within these separate classes. In
other words, it is possible to identify s-wave and d-wave singlets and, similarly, we can
distinguish between p-wave and f-wave triplets. We note that identification of states
using this method is most useful at the Brillouin zone centre because states of the same
symmetry class (e.g different singlets or different triplets) can mix away from the zone
centre. We will introduce some mathematical concepts of representation theory below.
If each element A of a group G can be assigned a non-singular square matrix I'(A)
such that I'(A;A2) = I'(4;)['(Ay) € G for every pair A; and A, of the group, then, the
set of matrices {I'(A4;),T'(As),...,T'(A,)} is said to be the representation of G and the

order of these matrices gives the dimension of the representation.

3.4.2.1 Equivalent Representation

Let I' be a d-dimensional representation of a group G and let S be any non-singular d x d

matrix. If for each element A € G we can define a d x d matrix I''(A) such that

["(A) =S -T(A) S , (3.29)

then the set {I"(A;),I"(Az),...,I"(A4,)} also forms a d-dimensional representation of

G. Hence, both representations I' and I are said to be equivalent. Note that Equation

(3.29) is a similarity transformation (see Section [3.4)).
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3.4.2.2 Unitary Representation

If there is a representation I',, in which the matrices I',(A) are unitary for every A € G,
such a representation is called a “unitary representation”. For a unitary matrix U, the
identity UTU = I = UUT holds. Similarly, a unitary representation obeys the identity

relation

Lu(A)Tu(A) = Ty (AT (A) =1 : (3-30)

Furthermore, a unitary transformation obeys the similarity transformation

I (A) =S T (A) -5 , (3.31)

if S is a unitary matrix. In essence, when Equation (3.31) is valid, I and ', are

equivalent unitary representations.

3.4.3 Reducible & Irreducible Representations

In this work, we will make use of the irreducible representations to identify the symme-
tries of bound states and to determine linear combinations of the orthogonal basis. The
irreducible representations of crystallographic point groups can be found in standard
textbooks (e.g. Cornwell [86]). However, we will only explain the general procedures for

obtaining the irreducible representations from the reducible ones.

Partitioned Matrix: Sometimes a matrix M may be partitioned into smaller matrices

in the form

M =1 my; ' myy Moz ' Moy | = : : (3.32)
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where
mi1 AV ERIGE] 14
11 _ 12 _ 13 _
MY = M2 = M3 =

mio Moo  Ma3 Moy

21 _ 22 23 _
M™ = |:m311 , M= = {m32 m33] , M™ = {m34]

then each sub-matrix has some independent characteristics of the original matrix.

3.4.3.1 Reducible Representations

Suppose that we partition a d-dimensional representation I' of a group G as
|

rTry=|----- —— - : for all T € G (3.33)

where I'11(T"), X(T), I'5o(T") and the zero matrix 0 have dimensions s; X s1, s1 X Sa,
Sg X S and sy X s1 respectively. (Here s; +s9 =d, s; > 1, s5 > 1 and s; and s are the

same for all T € G.) Then, the product I'(77)I'(73) must have the form ([3.33)

Dy (T (Te) Tu(T)X(Tz) + X(Th)Da(T)
I(T)I(T) = (3.34)

0 [9o (TI)F22 (T2)

so that

[ (ThT,) = T (Th)ua(Ts)
LCoo(ThTs) = Do (T1)2(T3) (3.35)

and  X(T\Ty) = Ty (T)X(T) + X (T1) T (Ty)

The first two expressions in (3.35)) mean that I'11(7") and I'52(7") are both representations

of G. From this, we understand that (quoting from Ref. [86]):

“A representation of a group G is said to be ‘reducible’ if it is equivalent to

a representation ' that has the form of Equation forallT € G.”
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3.4.3.2 Irreducible Representations

It may be possible that the representations I'11(717%) and 'y (7173) in Equations
can be reduced further. The reduction process proceeds by selecting a suitable matrix
S (usually unitary) where one performs similarity transformations S - T'(T') - S~! until
all the matrices of a representation are no longer reducible. As such, the irreducible
representation of I' would finally be composed of diagonal blocks of matrices that are

themselves non-reducible

THT) 0 0 0 0
777777 [ T e
0 1I(T)1 0 1.... 0
,,,,,, N
" | | | |
=1 0o ' 0 'ThT!...m 0 (3.36)
777777 [ e e
| : | | |
,,,,,, A T T R
| | | |
0 1 0 | 0 ... DD

1"

Thus, T'};,...T

T nno

form the irreducible representations of the group G.

3.4.4 The Orthogonality Theorem

If ¢7(r), #5(r), ..., and ¢{(r), ¥i(r) are respectively basis functions for the unitary irre-
ducible representations I'P and I'? of a group of coordinate transformations G, while I'?

and T'? are not equivalent if p # ¢ (but are identical if p = ¢), then

(¢fn> WL) = 5p7q5m,n . (337)

In the process of finding a set of basis functions for the two-particle problem, all the
basis functions representing the bound states must obey the orthogonality rule. The

basis used in this thesis conforms with this rule.
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3.4.5 Character & Character Table

The character table via the irreducible representations is probably the most important
tool in the application of group theory in this work. It allows the construction of a
reduction formula in conjunction with the irreducible representations which is then used

to identify the symmetries of the bound states. The following concepts are most relevant.

Character x: this is the trace of an irreducible matrix i.e.

WD) = w[D(T) =T, (3.38)

For example, the character of the identity representation of dimension d is x(E) = d.

Character Table: this is a tabular presentation of the character (y) for each class of

a group G.

3.4.6 Eigenvalue Problem

Suppose that an operator T acts on a set of basis functions ¢,,, this operation can be

expressed as
Thn = dmTom 7 (3.39)

which represents a set of linear equations, one for each value of n. The choice of the set
of the basis {¢,} is not unique. If we choose a set of orthonormal basis functions {t,}

such that the non-vanishing term only occurs when m = n, this gives a simple equation

where t,, is a scalar for every n. Any non-zero vector 1, which satisfies Equation ((3.40))

is called an eigenvector or eigenfunction of the operator T and ¢, is the corresponding
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eigenvalue. Equation (3.40)) has a non-trivial solution if and only if
det(Tpn — tn) = 0 (3.41)

and this form of expression is referred to as the eigenvalue problem or sometimes called

the secular equation. This is the form of the UV solution in Equation (3.12)).

3.4.7 Procedure as used in this Thesis

Below is the systematic procedure used in this work and the steps are to be followed in

this order.

1. Perform all symmetry operations of the crystallographic point group and construct

a reducible character table (also called the reduction formula).

2. Decompose the reducible representations in step 1 into irreducible representations

and identify the symmetries.

3. Define a set of unitary, orthogonal bases while omitting the normalisation con-

stants.

4. Using the bases defined in step 3, apply the similarity transformation to block-

diagonalise the matrix equations.

3.5 Perturbation Theory (PT)

The two-particle solution of the UV model obtained in Section is exact, so we
can, for example, calculate the eigenvalues and eigenfunctions in the ground state and
extract some properties of the pair. Meanwhile, we sometimes want to gain quantitative
information on the dynamics of the two-body problem when the the system is perturbed.

For example, we may want to know how a bound pair moves in a lattice.
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Perturbation theory (PT) is an effective tool that we can use to understand how a
well-known system changes when it is slightly disturbed. Perturbative treatments can
be applied both in the degenerate and non-degenerate situations. A dedicated chapter
on perturbation theory in quantum mechanics with practical examples can be found in
Sakurai and Napolitano [87]. In addition, many online resources (e.g. [88) 189]) can be
found discussing perturbation theory. Here, we mainly discuss the degenerate Rayleigh-
Schrodinger perturbation theory as it is used in this thesis. However, we will briefly
talk about the non-degenerate case up to first order so as to make some remarks on the
perturbation series when degeneracy is present.

Let us assume that a system with a known solution is described by the eigenequation
Hy [¢)) = B [0) (3.42)

where Hj is the unperturbed Hamiltonian, 7,/1,(10) is the unperturbed, discrete eigenstate,
and E,(zo) is the corresponding eigenvalue (unperturbed energy). If we introduce an exter-
nal perturbation described by a Hamiltonian e H' to the physical system, then the (new)
Hamiltonian describing the perturbed system is the sum of the contributing Hamiltoni-

ans
H=H(e) = Hy+ eH' ekl (3.43)
where € is the strength of the introduced perturbation. In addition to the new Hamilto-

nian H, we have new eigenstates |9,), such that

H ), = E, |t). (3.44)

where

W) = [0) + [Ah,) = [90) + € |p)) + € [9P) + ... (3.45)

/

E. =E,(e)=FEY + AE, = B 4+ ) 4 €E® 4 (3.46)

n



52 CHAPTER 3. METHODOLOGY

|{,), and E; are the eigenstate and the total energy, respectively, in the perturbed state.
Up to first-order in perturbation, the correction to energy and the corresponding

eigenstate is respectively

E =E9 4+ e<¢§9>\ﬁ1’\w;®> +O(e) (3.47)
H;
— |4,(0) _ kn (0)
). = [0} + €3 T )+ 0() (3.48)

k#n

Remarks

1. The correction up to the first order Equation (3.47)) for the ground state energy

overestimates the true ground state energy due to the variational principle.

2. When there is (unlifted) degeneracy such that EY = E,go), Equation 1) diverges
and becomes unsolvable for those degenerate states. This is also true for higher-
orders in the perturbation as they all contain energy differences in the denominator.

To circumvent the divergence problem, we will consider the degenerate case.

3.5.1 Degenerate PT

The second remark above requires us to treat degenerate states specially. Suppose that
H, possesses N degenerate eigenstates |¢7€0)> with eigenvalues Eﬁo), where the subscript
r=1,2,3,...,N. Having degeneracy adds another layer of complexity when treating a
system perturbatively. Our primary aim will be to examine the effect of perturbation
on the degenerate subspace of Hy.

For this degenerate subspace, we have

W) = [0O) + e |6 + € |pP) + .. (3.49)

E.(e) =BV 4+ ¢EM 4 2E® 4 (3.50)
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The implication of Equation (3.50)) in particular is that the degeneracy becomes totally
lifted to first-order if all B are different for the new eigenstates. Sometimes, however,
some of the states may still have the same energy and partial degeneracy is retained.

Then the Schrodinger equation due to the perturbation becomes

et [ [0 o) 4 o) | =

(3.51)
B9+ B0+ B+ || o) + e[l + &0 4.
First-order: ¢!
Up to first-order in Equation (3.51f), we have
Ho [0 + [0 = B [ut0) + O |12 -
3.52

(Ho = B9 [w) = (B = H') [U")
To find the energy due to the perturbation, we define new basis sets which are linear

superpositions of the degenerate eigenstates

N N

[00) = o160 (000 = 3 ) (3.53)
s=1 s=1
N

[0 = 3 AR o) 354
p=1

where C,; and A,, are unknown constants. From (3.52), we obtain

N N
> A (Hy — EO) [p0) =Y Cro(EM — H') [7) (3.55)
s=1

p=1

Taking the inner product of Equation (3.55)) with <<;57SO) foru=1,2,3,..., N, the LHS

vanishes, thus we have

N
> Cu (oD (ED - H) ¢y =0 . (3.56)
s,u=1

The interpretation of this expression is that the perturbed Hamiltonian must be

diagonal in the degenerate subspace by the choice of a “good” basis in Equation (3.53)).
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We also note that the energy correction to first order in both the non-degenerate and
degenerate cases (i.e. Equations (3.47)) and (3.56)), respectively) look very similar (though
they are not practically the same). The solution to Equation (3.56) is obtained by finding

the determinant of the matrix

Hj, - BV H,  Hy .. Hy
Hy  Hy—EY Hy ... Hy
=0 (3.57)
Hy, Hy, — Hyy ... Hyy—E®

which has N roots (energy). If the roots are distinct, then the degeneracy is com-
pletely lifted. Degeneracy is partial or not lifted at all if some or all of the roots are
equal.

Unlike in the non-degenerate case where the eigenstate to first-order is obtained easily
(see Equation (3.48])), the first-order eigenstate correction in the degenerate case could
have contributions both from within the degenerate subspace as well as from other states

[87,[88]. We can find the component of

(i.e. states outside

§1)> along other states <¢§0)

the degenerate subspace and we will do that first) and within the degenerate subspace.

For the first case, we perform the scalar product of Equation (3.55)) with <¢§0) . Doing

this yields

>} Py =3 |pl0) (3.58)

EO _ g0 2 E7go E(o
The subscript “¢ deg” implies that these are states outside the degenerate subspace.
However, for components of these eigenstates within the degenerate subspace, we have
to use the second-order expression and it turns out that if we perform the scalar product

(1)>
wr Edeg

does not vanish only if the degeneracy is lifted to first order but vanishes if otherwise.

with <1/}l(0)‘ forl =1,2,3,..., N, the eigenstate along the degenerate subspace
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In the non-vanishing case, we obtain

‘ (1)> Z <wl(0)‘ H ‘¢£1)>¢d o
Ur ) cdeg = 0 0 -
€deg l El( ) Eﬁ )

§°)> (3.59)

Similarly, we see that we will encounter divergence problem if degeneracy (i.e. [ = r)
still exists after first-order perturbation. Hence, Equation (3.59) is only useful when the

degeneracy is completely lifted to first-order.

Second-order: ¢?

After some algebra, the energy to second-order correction has the form of Equation (3.56|)

and is given as

N
> (MP - ED5,,)Cs =0 (3.60)
s=1

where

H,H
M2 — E _upTTps (3.61)
us (0) (0)
par B — Ep

The second-order correction to energy EY is obtained by solving the determinant of the
matrix equation . In general, second-order perturbation calculations are usually
considered if degeneracy is not lifted by the first-order correction or in cases where first-
order perturbation does not take the system to a state of interest. In this thesis, for
example, we will be interested in finding the energy of a bound pair perturbatively. If
to first-order the particles become unbound, we will go higher in perturbation. The

calculations carried out in this thesis are limited to second-order.



56 CHAPTER 3. METHODOLOGY

3.6 Monte-Carlo Simulation

While analytic methods can give exact solutions, they can be cumbersome and laborious.
Equally, not all problems are analytically solvable, and thus, sometimes, we have to rely
on computational methods. In computational research, the term Monte-Carlo generally
means stochastic simulations where new configurations of a system are suggested and
generated randomly based on a set of rules. It involves starting with an initial configura-
tion and a move is made to change to a different configuration. Based on an acceptance
rule that ensures ergodicity, the new configuration is either accepted or rejected. If the
move is rejected, another attempt will be made. This continues until a fixed number of

updates has been made.

3.6.1 Continuous-time Quantum Monte-Carlo (CTQMC)

So far we have considered purely analytic methods (UV approximation and group theory
analysis) that we will be using in our study. We note that the UV model, through
the Lang-Firsov transformation, is an approximation that does not provide much, if
any, information about the phonon degrees of freedom. It means that some inherent
information about lattice vibrations could be lost.

Fortunately, the dynamics of the system resulting from the EPI can be investigated
using a continuous-time quantum Monte-Carlo algorithm (CTQMC) [90]. The algorithm
has been used extensively to study properties of polarons and bipolarons in 1D to 3D
lattices [69, (71} (72, 73, |81} (91} 92, 93| 94] but not for bipolarons in the BCC and FCC
lattices. In this thesis, I have used the algorithm to simulate properties of two fermions

in BCC lattices and extended it for FCC lattices.

The CTQMC algorithm works using path integral formalism [95] whereby the path
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(c) ambiguous

Figure 3.1: Illustration of two-electron paths in a 1D system after imaginary time
evolution 0 — . (a) Paths do not cross each other. N,; and N are total kinks of
a certain type on path i. The kinks are introduced by an acceptance rule. (b) An
exchanged configuration where paths interact on a particular site and then particles
continue to meander. (c) Paths end on the same site in an ambiguous configuration.
(Reproduced from Ref. [71])

of a particle exists in imaginary time 7. Figure [3.1] shows an example of two-particle
paths. The value of 7 ranges between 0 and the inverse temperature 3 = 1/kgT. The
partition function Z determines the number of accessible paths in a configuration. In
quantum statistical problems, the partition function, which is independent of the choice

of representation, can simply be written as the trace over the state space [90]

Z =t [e—BH} — %:mye—ﬁHyR) (3.62)

where |R) represents a complete set of orthonormal basis states in real space. In path

integral form, Z can be expressed as
7 = / Dre Al (3.63)
where D represents the integral over all the possible paths, and
B
Alr(1)] = / dr L [r(7)] (3.64)
0

is the phonon-induced action parameter which contains all the information about the
path r(7) via the Lagrangian L [r(7)] [97]. £ describes all the interactions within the

system, and, hence, information such as the hopping of a particle (represented by a kink)
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can be understood during a path update. The bipolaron action used in this work has

the form [90]

Alr(7)] = Aolr(7)] + Aar[r(7)] = V(r1,7m2)
cosh huwg |71 — o
- Z 2. 4M W / / dridr Sigh oD >Fns(7—1>Fns(7—2) (3.65)

B
+ Z Z 2M ns n+Ars - Cns) - /0 V[Tl (7—)’ TQ(T)]dT

where

sinh Aw, (B — 7')

5
B, = /0 ar e TR (3.66)
B .
C.. = /0 m%ms(ﬂ , (3.67)
FNS(T) = fnS[Tl (T)] + fs [T2<T)] . (3~68)

F,.s(7) describes the total force (contributed by two particles) acting at the s-th oscillator
(with frequency ws and mass M) in the n-th unit cell at time 7. Also, r1(7) and ry(7)
are the respective locations of the paths (i.e. particles) at time 7.

Note that in Equation (3.65), the first term Ay[r(7)] corresponds to bipolaron action
under a periodic boundary condition in time such that &,,(0) = &,,(3). The second term
Aar[r(1)] corresponds to bipolaron action with a twisted boundary condition such that
£n(0) = &ninr(B). The twisted boundary condition is needed for the estimation of the
pair mass [92]. Ar = r(3) —7(0) is the offset distance between the endpoints of the paths
in a non-exchange configuration, V' [r1(7), r2(7)] is an instantaneous Coulomb interaction
which can take the Hubbard form V' [ri(7),72(7)] = Uby, r,-

The estimators used to calculate the thermodynamic properties of bipolarons are

defined below [97]

1. Total Energy: The total ground state energy is given as

N
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2. Number of Phonons: The total number of excited phonons in the system can

> (3.70)
Aw

= — lim ~—21 (3.71)

be estimated as

4. Bipolaron Radius: The radius is calculated as

1 [P ,
Rugp — <\/ : /0 Ara(7) 5T> (3.72)

All other parameters have their meanings and definitions declared in previous equations.

Other technical details on the CTQMC can be found in Appendix [A]

To end this chapter, we give a summary of the bipolaron simulation.

1. The required parameters must be defined and fed into the algorithm. The code

flags error(s) if any of these parameters are not properly set.

2. At the start, each particle has a straight path and a few kinks are randomly inserted

into these paths.

3. As per the binary update rules (see Appendix [A]), kink (or anti-kink) insertion
or removal is proposed. In addition to the existing updates used prior to the

commencement of this work, I have introduced additional update rules which will

be discussed in Chapter [7]
4. Accept or reject updates in step 3 based on the Metropolis acceptance algorithm.

5. After a warm-up period, calculate physical observables (such as the ground-state
energy, average number of excited phonons, effective mass and bipolaron size) and

estimate errors in measurements using the bootstrap re-sampling method.
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6. Repeat steps 2-5 depending on a pre-determined number of measurements. More

accurate results are obtained with increased simulation time.

End of Part 1

This chapter completes Part I of this thesis. We believe we have set the stage to discuss
our results in the next part (Part II). The solution to the UV model on BCC and FCC
lattice is reported in Chapters [ and [ respectively, where we apply the symmetrised and
anti-symmetrised solutions, group theory analysis and degenerate perturbation theory.
In Chapter @ we apply the (anti-)symmetrised UV solution after deriving an effective
UV Hamiltonian for the fulleride compounds. The properties of bipolarons both on the

BCC and FCC lattices from the CTQMC are reported in Chapter [7}
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RESULTS AND DISCUSSIONS
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Chapter 4

Superfluidity in BCC Optical

Lattices

4.1 Summary

We analytically study the properties of bound pairs in a BCC optical lattice using the
UV model derived in Chapter We begin this chapter with a preliminary discussion
of how the UV model can be applied to fermions in a BCC lattice, then we obtained
the self-consistent equations for the spin-singlet and spin-triplet states using the (anti-
)symmetrisation method. Next, pair properties like the total energy, critical binding
interaction, dispersion, effective mass, and effective radius are calculated in that order.
The procedures for each calculation are discussed in detail. We also compute the BEC
transition temperatures of fermion pairs in the ultra-cold regime and in the dilute limit.

Finally, we end this chapter with a discussion of our findings.

62
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4.2 Preliminaries

The coordination number in a BCC lattice is 8 as shown in Figure [£.1] thus there are

nine possible configurations for onsite and intersite pairing in the unit cell. With a lattice

constant b, the lattice vectors, including the central site, are (0,0,0), (£,2,2), (2,2, %),
b _b by (bb _by (_b _b _b b _by (_bb _by (_b _bb
(3:—=3:3), (5,3, 73), (=3, =5, =3), (3, =5, =3): (5,3, 73), (=5, =5, 3)
z
x i
@ |
b /
@:
,/ 7
¥y /
l€ b >
Figure 4.1: A BCC lattice showing the 8 nearest-neighbour sites.
We recall from Chapter 3| that the (anti-)symmetrised solution is
! A . .
(E — €k T €k ¢k1k2 Z V {eZ(q_kl)ai = BZ(q_kQ)ai} (:;k1+k2*q (41)

qa:i:

where ¢ and ¢

2k +ks—q ar€ respectively the singlet and triplet wavefunctions.

q,k1+k2—q

The free-particle dispersion in a BCC lattice for negative hopping integral (—t) between

nearest-neighbour vectors a is

- kb kb kb
_ ika __ T z
€ = Ea te™* = —8tcos — cos 7 cos - (4.2)

Next, we define vector sets {a,} and {a_}, and then substitute them into Equation

(4.1)). By doing so, we will have (5 x 5) and (4 x 4) matrices for the singlets and triplet
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states, respectively. The respective vectors may be chosen as

bbb bbb, b bbb bbb b
+ + _ - 2 2 -z - 2z -z 7
{a+}—{a0,a1,a2,a3, } {(000> ( 2 2)7( 27272)7(27 272>’(2727 2)}

(4.3)

(o} =fora05.at = {5 551 5 53k Gg 3k Gg—g)} (44

We now proceed with finding the separate solutions to the singlet and triplet states. Note
that when we say singlet or triplet states we are referring to spin-singlet and spin-triplet

states.

4.2.1 Solution for Singlets

For the singlets, we use the vectors {a,} in Equation (4.1). Doing this we havelﬂ

1 1
(B = ek, = 0)0in, =77 D [§U<e amkad 4 elaknady 1y (efatnal 4 eilatalal)
q
+ V( i(q—k1)ag + € i(q—k2)ad ) + V( i(q—Fk1)a] + € i(g—kz2)ai )

+ {/(61'((1*’61)‘14+ + ei((I*kz)‘MJr) ;Fk kg
Je1+ko—

:—Z [UH/ cEHTHE) (gmikial | mikaal)

+ V e qg"~|>qy+qz)(efiklaéF + e*ikgﬁj)

q z 1 + 3 +
LV ) ]y i)

Z(qz Ly _ qu) —iklaz —ikQGI +
+Ve : (6 te ) q.k1+k2—q

(4.5)

*We ensure that no set of vectors is related by inversmn and that aO belongs to the singlets.
tReminder that a; = 0 term must be multiplied by 2 5 to account for double occupancy.
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We can then represent some basis functions as follows:

1 1 i(dz 4 3V 4 9z
®3<P>:NZ¢;P7q ) (DT(P):NZQ(2+2+2)¢;p,q
q q
1 (=92 4 9y | gz 1 i(dz 9y | a4z
‘I);(P):NZ@(QJ”“) S Pq > (I)gr(P):NZe(Z 2 Gipg  (46)
q q
]_ a4z dy _ gz
i) = Ly g,
q

where P = ki + ky. Hence, Equation (4.5 can be written in a more generalised form

1 . + . +
+ _ U¢)+ P V @"r P —zk1a1 —zkgal
¢k1k2 (E_Ekl—gl@){ 0( )+ 1( )(6 +e )
+ V (I)S_(P) (6—ik1a§ + e—ikga;) + V (I);;(P) (e—ikla; + e—ikzagr) (47)

+V O (P)(e Mot ool >}

We apply Equation (4.7) to each basis function ®;(P), ®(P), ®;(P), &1(P),
@ (P) and replace the variable ¢; as: ¢; = q;- + %. A simple substitution would yield

five equations for ®; (P): i =0,1,2,3, 4.

2 (P) = > —

q

—€&épP,  —EP__/
5 +aq R

+ Vo (P) [1 + e%(%”%“%)} + V@J“(P)ei% [e%(%) + eQi(quJ“%)}

FVO(P)e [ 4 A Ve (P)eE [0 4 D) }
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(4.12)

Each of these equations (4.8])—(4.12) can be re-written in a simple form. For example,

5 (P) = UG00)(P)®§ (P) +V [9(1,1,1)(13) + g(ii,i)(P)] o} (P)
+V [%LD(P) + g(iLl)(P)] 5 (P)+V [Q(l,m)(P) + G0 (P) | 2§ (P)
+ [Gaan (P) + G (P)] &1 (P)
(4.13)

where a new function &/ (P) = e= Pa)&F (where i = 0,1,2,3,4) containing a phase

factor that describes the centre-of-mass motion of the pair has been introduced. In
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addition, G is the momentum-dependent Green’s function defined as

1 / /

(1% 4m Y 4niz)

NZE—&‘P /—€P /

—-q

2 dq,dq dq.
[

where [, m, and n are integers € [0 £1 £2]. We will place a bar above a negative integer

g(l,m,n

(4.14)
/ COS <qu + mq“ + nqz)

|E| + Ep g TER ¢

q

= Gii1; Y(-2,02) = Gaoe. Finally, we

subscript for compactness. For instance, G(,—1,-1)

combine all these equations to form a (5 x 5) matrix equation for the spin-singlets at

arbitrary pair momentum as:

UGooo V(G +Grit) V(Gin + Gi1) V(G +Gui) V(Gui + Gin) | | DF o
UG V(Gooo + Gaz2)  V(Gaoo + Goz2)  V(Gozo + Gaoe) V(Gooz + Gao) | @7 | | @F
UGiii V(Gaoo + Goz2)  V(Gooo + Ga22) V(G20 + Gooa)  V(Gaoo + Gozo) | |5 | = |05
UGt V(Gozo +Gaoz) V(Gozo +Gooz) V(Gooo +Goza) V(Goz +Gooo) | |05 | | D5
UGt V(Gooz + Gazo) V(G2 + Gozo)  V(Gozz + Gaoo)  V(Gooo + Gona) _‘fi _éi

(4.15)
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4.2.2 Solution for Triplets

Using {a_} in Equation (4.1]), the anti-symmetrised equation is

1 I o
(E — &k — 5k2)¢1;1k2 N Z |:V els 7y+q7)(e—zk1a1 _ o tkeay )
q
+ V e qu Jrqerqz)(e*ikla; . eiikQU’;)
(4.16)
+V ez(%—%’—i—%)(e ikiag e ’Lkgas)
+V ei(%"'q?y—%z)(e_ikl% e k20, )} ¢;k1+k2 ‘
Our spin-triplet basis functions are obtained similarly to the singlet case as:
_ 1 i(9z 4 9V 4 9z _ _ 1 G(=9z 4 Y 4 4z _
7 (P) :Nzeuﬂm)%ﬁq : (I)2(P):NZe( ) G b
1 ? (4.17)
— 1 i(9z 9V 4 9z _ — 1 i(dz 4 9V _ 4z —
¢3(P):NZG<2 ) ey <I>4(P):N26(2+2 D) G g
q q

Going through a procedure similar to the spin-singlets, the set of self-consistent

equations for the triplets are

Vo (P [1_ <%+qy+q2>]

i NZE—EP ,;q,{ (P)|L—e
LV, (P) 21(4)[621(796)_62( +%)] LV (P) 21(4)[621(79) 2i(% 4 %2 )
Vg (P) AP [ ew%q}

=V (P) [gooo - 9222} + Vo, (P) ¢ [9200 - 9022}

+ Vo5 (P) ¢ [9020 — 9202] + Vo, (P) el's [gooz — 9220]
(4.18)

O, (P)=Vo (P)e i [gzoo 9022] + Vo, (P) [gooo - 9222]
+ Vo (P)e F -2 [9220 9002} + Vo, (P)e” i(F-5) [9202 9020]

(4.19)

D3 (P) = V&, (P) ¢ [Gozo — Ga| + V3 (P) €5~ %) Gy — G )

+ Vo, (P) [gooo — 9222} + Vo (P) e+ [goéz - 9200]
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7 (P) = V7 (P) % |Gooz — G| + V85 (P) 55 | Goz — G .

+ Vo5 (P)ell (35 [9022 9200] + Vo, (P) [gooo - gzzi]

We also re-write the triplet equations above to contain the centre-of-mass motion as we

did for the singlets. For example, Equation (4.18) becomes

O (P) = [gooo — 9222} (P)+V [9200 - 9022} > (P)

(4.22)
+V [gozo - g202} &)Q(P) +V [9002 — 9220] é; (P)
The matrix equation for the spin-triplet at arbitrary momentum is thus:
V(Gooo — G222) V(G200 — Go22) V(G20 — Gao2)  V(Goo2 — Go20) &)1_ (ff
V(Ga00 — Go22)  V(Gooo — Gaz2) V(Gazo — Gooz) V(Gaoz — Gozo) | | D5 B oy
V(Gozo — G202) V(G220 — Gooz) V(Gooo — Gaza) V(Goza — Gaoo) (i)?? (i)g
V(Gooa — Gazo) V(Ga02 — Gozo) V(Gosz — Gooo) V(Gooo — Gasz) | | P oy
(4.23)

and the Green’s function G is defined in Equation (4.14)). Equations (4.15) and (4.23)
are the respective eigenequations that are solved to obtain pair properties for the singlets
and triplets.

In the next section, we will discuss the properties of bound pairs in a BCC lattice.

4.3 Pair Properties

In this section, we examine the properties of two bound fermions in BCC optical lat-
tices. The properties of interest include the total energy, pairing diagram, dispersion,
pair effective mass, effective radius, and estimate of Bose-Einstein condensation (BEC)
transition temperatures. The main discussion focuses on the s-states (onsite and ex-
tended). Nonetheless, other pairing symmetries (p-, d- and f- states) will be briefly

discussed too.
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4.3.1 Total Energy

The total energy in the ground state provides the most vital information about the
system. With the total energy, one can tell whether the particles are bound or not.
However, to create a bound pair, a minimum threshold of attraction is required. The
attraction can either be onsite U or intersite V. As noted earlier in the preliminary

discussion, we can determine the total energy of a pair at an arbitrary pair momentum

P.

4.3.1.1 Energy of an Unbound Pair at P =0

The minimum energy of one free particle (also called the half-bandwidth W) from Equa-
tion E€min = W = —8t is obtained when k = 0. Thus, the total energy of two
free-particles, each at zero momentum, is —16¢. However, binding only occurs when
there is sufficient attraction, and if the particles bind, the energy of the system has to
drop. So in the simplest case of zero total momentum (P = 0), we consider the transi-
tion from unbound free-particles to a bound pair to occur when the total energy drops

below —16t.

4.3.1.2 Energy of a Bound Pair at P =0

To calculate the total energy at zero pair momentum, we set P= 0 in Equation (4.15|).
For P = 0 which corresponds to the I" point (the centre of the Brillouin zone (BZ)),
there is a simplification of the Green’s function (4.14)), and the BCC lattice possesses Oy,

point symmetry. It means that we can apply group theory analysis.
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Simplification at the I' point

At the BZ centre, the Green’s function from Equation (4.14) becomes

+ COS

/ ’
q
lqz> cos (mgy) cos (n%)

glmn

/ / /%d Ldq dqz
—2m J =21 J 27

|E| + 2¢4
B T cos qu cos(mq;) ~cos(nqz) ' v q;
T (203 /_7T /_7T —x |E] — 16t cos(q)) - cos(qj) - cos(q. )dqx dqydqz - g = 2
(4.24)
and the following relations hold
gooo(o) = G
G111(0) = G111(0) = Gi11(0) = G111(0) = G111(0) = G111(0) = G111(0) = Gy
G222(0) = G292(0) = G132(0) = G223(0) = G223(0) = G322(0) = G32(0) = Go (4.25)
G200(0) = Go20(0) = Go02(0) = Ga00(0) = G20(0) = Go2(0) = G3
9220(0) = 9022(0) = g202(0> =0y
Then, Equations (4.15)) and (4.23) respectively become (note that = &+ since P = 0)
UGy 2V G, 2V G, 2V G, 2V G, q)g)'r @g
UG V(Go+Ga) V(Gs+Gs) VI(Gs+Gs) VI(Gs+Gu)| | DT oy
UG V(Gs+G) V(Go+Ga) V(Gi+Gs) VI(Gi+Go)| || = [0F| (4.26)
UG V(Gs+Gs) V(Gi+Gs) V(Go+Ga) V(Gi+Gs)| | D5 O3
UG V(Gs+Gs) V(Gi+Gs) V(Gi+Gs) V(Go+ Go) CI)I (I)I
= ~ e
Hginglet Dinglet Dginglet
V(Go—G2) V(Gs—Gs) V(Gs—Gs) V(Gs—Ga)| |PF oy
V(Gs —Gs) V(Go—Ga) V(Gi—Gs) V(Gs—Gs)| | Dy ¢y
- (4.27)
V(Gs —Ga) V(Gs—Gs) V(Go—Ga) V(Gs—Gs)| | D5 Dy
V(Gs—Ga) V(Gi—Gs) V(Gs—Gs) V(Go—Ga)| |Df oy
\ ~ e =
Hiriplet Diriplet Diriplet
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The matrix equations above can be written in a compact form as

~

Hs,t (i)s,t = sy (i)s,t (428)

thus forming an eigenvalue problem. H, and H, are the singlet and triplet dispersion
matrices, ps and p; being the eigenvalues corresponding to singlet d, and triplet o,
eigenvectors respectively. So, the values of E' (in the denominator of the Green’s function)

corresponding to the pair’s total energy are found by searching for eigenvalues of 15, = 1.

}/ 4

o

Figure 4.2: A basic BCC lattice showing the axes of the O, operations. The axes are
00X, 0Y,0Z, Oa, Ob, Oc, Od, Oe, Of, Oa, OB, Oy, and OJ.

Application of Group Theory

In addition to the simplified Green’s function at the zone centre, the system of equations
and can be further reduced by following the procedure listed in Section
of Chapter [3| where the symmetry operations, in this case, are those belonging to
the Oy, group. After going through the steps, we will have the s, p, d, and f symmetries

in block-diagonal form. A breakdown of these steps follows:
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Step 1: Using the site labels in Figure [4.2] we perform the 48 operations on the system

and then find the character of the input representation (sometimes called the reduction

formula): this is labelled Red. rep (the second row in Table [4.1)).

Oy, group E | 8C, 3C5|6C4 | 6C5 | Cg 8C, 3Cs |6Cy | 6C1
Red. rep (I'?¢)| 8 2 0] 0| 0]0]| O 010 4 1>71>5/48
At 8116 | 0] 0] O0|0] O 0| 0 | 24 |48 1
Ay 8116 | 0] 0] 0(0] O 0] 0 |-24]0 0
E, 6 -16 | 0| 0| 00| O 0] 0 0 |0 0
Ty 241 0 0] 0| 0]0]| O 0] 0 |-24]|0 0
Tog 24| 0 0] 0| 0]0]| O 0| 0 | 24 |48 1
Az, 81 16 | 0] 0] O0|0] O 0] 0 |-24]|0 0
Az, 81 16 | 0] 0] 0|0] O 0] 0 | 24 |48 1
E, 6-16 | 0] 0] 00| O 0] 0 0 |0 0
Ty 241 0 0] 0| 0]0]| O 0] 0 | 24 |48 1
T, 241 0 0] 0| 0]0]| O 0] 0 |-24]0 0

Table 4.1: Constructing irreducible representation from Oy, point group using the reduc-
tion formula in a BCC lattice. The symmetry classes and the matrices for irreducible

representations of each symmetry operation are provided in Appendix

Step 2: We obtain the irreducible representations (irred. reps.) by looking at the

non-zero contributions in the last column of Table 4.1 Hence the sought irreducible

representations for both the singlet and triplet states are

Fbcc — Alg D TQg

singlet

Fbcc - Tlu S A2u

triplet

(4.29)

(4.30)

whence A4, Ty, Ag, and Ty, forms the s-, d-, p- and f- states respectively. From

here, we can find the linear combinations of bases that represent these symmetries. For
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instance, the singlets, I'

and the triplets, I'P<

triplet’

Step 3:

new basis i

bce

singlet’

can have the combinations

XM =@ + ®F + F +

X

= 9

Of + & —df — @f
o — @5

oF — dF

\

can have the combinations

Tlu:<

;

O — D, + O3 + P
O + 0

Oy — Oy

\

X' =®; — ¢y — 05 — D)

1

fRemember that we have omitted the normalisation factors of the new symmetrised basis.

~1 -1 -1 |®;

(4.31)

(4.32)

(4.33)

(4.34)

If we combine Equation (4.31)) with ®¢ (the onsite basis), we transform to a

(4.35)

(4.36)

$The subscript s has been used twice: ®, means all possible singlet states (s, d,...) while @5 means

an extended s-state.
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Xi (where i = s,t) is derived by performing the symmetry operations or by a trial and

error method. Note that these bases are orthogonal.

Step 4: We can diagonalise the matrix equation using the similarity transformation
(4.37)

By applying Equation (4.37)), the new symmetrised bases x5 and x; respectively block-

diagonalise the matrices H, and H, as follows

-UQO 2VG, 0 0 o_ _q>0_ -<I>0-
4UG, Ky 0 0 0|, D,
0 0 Kg 0 0] |®y]= |04 (4.38)
0 0 0 Kg 0] |®g Dy,
0 0 0 0 Ky |4 Dy,
_icp 0 0 0 _ _cbpl_ _q>p1_
0 K, 0 0|92, D,
= (4.39)
0 0 K, 0] |2, D,
0 0 0 Ks| | o,
where
s = V(Go + G2 + 3Gs + 3G,) (4.40)
Ka=V(Go+G:—Gs—Gs) =1 (4.41)
Kp=V(Go—Go+Gs—Gs) =1 (4.42)
Ky =V(Go— G2 —3G5+3G,) =1 (4.43)
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In (4.38)), the top-left 2 x 2 block corresponds to the s-symmetrical states (having
contributions from both the onsite and intersite interactions) while the other three 1 x 1
blocks are d-symmetrical states which are triply degenerate (when P = 0). Similarly, in

Equation (4.39)), the p-states are 3-fold degenerate and there is a single f-state.

The total energy measured in terms of the half-bandwidth W is shown in Figure 4.3|
The flat region of the curve corresponds to the total energy of two unbound particles
(the threshold energy E™ = —2W). The energy drops below —2WW as the attraction
gets stronger, indicating that a bound pair has been formed. Pairs are highly stable (well
bound) at large attractive coupling. The symmetries of the pairs are indicated. The p-
and d-states are both three-fold degenerate, and the s- and f-states have degeneracy 1.

Figure and respectively, show a shift in the critical U (V') required to form
stable s-symmetric pair when modifying the intersite (onsite) repulsion. A stable s-
symmetric pair is guaranteed to form if U < —2W or V' < —0.8858W (more details
in the next section 4.3.2). For infinite attractive V', the particles form deep, localised
pairs and the energies associated with all the intersite pairing symmetries converge, on a
single value i.e. E — —|V| (inset plots in Figure[4.3). For non-s pairing symmetries, the
critical interaction is independent of U. For the onsite s-pair, £ — —|U| as U — —oc.
In these large interaction limits, binding energies and thus binding temperatures can be

very large.
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Figure 4.3: The total energy of bound pairs on the BCC optical lattice at P = 0,
T = 0. The s-state forms the ground state. The critical Hubbard attraction for V' =0

is UHb(0) =

—1.4355W and for U = 0, V?(0) = —0.6358W. The p-, d- and f- states

are not dependent on U (this means that a change in U only affects the total energy of
the s-state). For large onsite, |U| > |V, t (intersite, |V| > |U|,t) attraction, £ — —|U|
(E — —|V|) for all the states (inset plots). The corresponding symmetry of each state

is also indicated.



78 CHAPTER 4. SUPERFLUIDITY IN BCC OPTICAL LATTICES
4.3.2 Binding Criteria

Once the equations have been diagonalised, it is possible to calculate the critical binding
threshold by setting the energy of the system equal to the energy of two free-particles
E — —2W = —16t. These critical binding values are exact and accurate because one

can obtain exact analytic solutions to the Green’s functions at P = 0. For this purpose,

it is convenient to re-write the singlet and triplet determinant matrices (4.38]) and (4.39)),

and remove redundant elements. Doing this gives the respective states:

1-UG, —2VG;
5 =0 (4.44)
—-4UG;, 1-K;
d: 1-K;=0 (4.45)
D 1-K,=0 (4.46)
o 1-K;=0 (4.47)

The Green’s function (4.25)) can be expressed in terms of the elliptic integral of the first

kind 98] as
G _Zﬁt _ —0.0870752;15605354804 (4.48)
b1 = 1i6t - zﬁt - 1i6t o (4.49)
2
92:2115_%_161?[(02 :2lt+4go+#ﬂgo (4:50)
Gs = _16151K02 - 647r2lt2go (4.51)
Gi=—Ko L g L _g (4.52)

1t TRk 167226,

where Ky = K (\%) = 1.85407467 ... is the complete elliptic integral of the first kind.

Expanding the determinant (4.44]) gives the critical binding for the s-states

B UGy —1
-~ UG)C —C—8UG?

(4.53)
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where C = Gy + G + 303 + 3G, = 8G, + 2% = —0.19660196484283837 /1.

Therefore,

V(U = 0) = —5.0864191¢ ~ —0.6358W (4.54)
V(U — +00) = —7.0864191t ~ —0.8858W (4.55)
U (V = 0) = —11.4843202¢ ~ —1.4355W (4.56)
U(V = 400) = —16t = —2W (4.57)

Similarly, (4.45)) - (4.47) respectively yields

V4 = —15.0428185¢t ~ —1.8804W (4.58)
VP = —12.6624416t ~ —1.5828W (4.59)
Vi = —15.7113739t ~ —1.9639W (4.60)

By identifying the point at which the total energy drops below —2W the binding
diagram at P = 0 can be constructed (see Figure . From Equations f, it
is clear that for any pairing symmetry with a node at the origin, binding of the particles
is independent of U.

Within the U-V parameter space, pairing is found at large, attractive U/W and/or
V/W. The kinetic energy of the particles in the BCC lattice is high (relative to 1D,
2D, and simple cubic lattices) due to the higher coordination number and, as a result,
U or V must be large and attractive to form a bound state. For a negative-U Hubbard
model with no intersite interaction, the critical binding is U?(V=0)~—1.4355W. Also,
V2 (U=0)~—0.6358W is required to bind particles when the onsite interaction is absent.
An intersite strength V?(400)~—0.8858W is sufficient to maintain a bound state even
if the Hubbard repulsion is infinite while U(V — +o00)=—2W. Figure also shows
the binding thresholds of the p-, d- and f-states respectively occurring at large intersite

attractions, that is, VP=—1.5828W, V4=—1.8804W, V.J=—1.9639W .
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2 T T T
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snnn § p
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U/W

Figure 4.4: Binding diagram for pair formation when P = 0 (temperature 7' = 0) on
the BCC lattice. The top curved solid line shows the formation of one bound s-state
pair (singlet), the shaded region enclosed by the curved magenta solid line indicates
the region of formation of two s-states, the blue dotted line shows the onset of triply
degenerate p-states (three p-wave triplets), the red dash-dotted line shows the binding
of the three-fold degenerate d-states (three d-wave singlets) and the green dashed line
indicates the formation of a pair with f-symmetry (one f-wave triplet). The p-, d-
and f- states begin to appear at critical intersite attractions —1.5828W  —1.8803W
and —1.9639W respectively. The smaller dotted vertical and horizontal lines are the
asymptotes (V5 =~ —0.8858W and UH": = —21) and for potentials equal to or more

asym. asym.
attractive than these values, the creation of an s-state bound pair is guaranteed.

4.3.3 Dispersion

The energy of a bound pair can be constructed across the entire BZ using Equations

(4.15) and (4.23]). To produce a band structure that shows all the pairing symmetries,

we consider intersite attraction sufficient to bind the most energetic f-state at the zone
centre (i.e. I' point). One of the benefits of the dispersion calculation is that we can
compute the pair effective mass (section [4.3.4]) which is required for the estimation of

the condensation temperature (section [4.3.6). Examples of dispersions are plotted in
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Figure 4.5: Examples of dispersions with (a) repulsive U and attractive V', (b) U and
V' are both attractive but dominant U, (c¢) competing attractions where both U and V'
are attractive and equal. Solid (red dotted) lines are the singlet (triplet) states. In (b)
there is a low-lying onsite state. Note the axis re-scaling in (b).
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Figure |4.50 The dispersion for two free particles is not shown but lies in the range
—2 < E/W < 2. The singlet s-symmetric pair has the lowest energy around the BZ
centre but this is not always the case at other high symmetry points. There is a high level
of degeneracy on the I'-H line; all states with the same symmetry class are degenerate and
the simplification at the I' point (refer to Section applies too. The momentum

contribution only renormalises the hopping parameter ¢ along the I'-H line.

Away from the I'-H line, states with different symmetries mix. Although the singlet
and triplet states can be unambiguously classified because the (anti-)symmetrised solu-
tion separates singlets from triplets. From the dispersion calculations, we note that away
from the I' point, there is a possibility of forming bound pairs with vanishingly small
attraction. This provides further insights into pair formation and stability at different
attractive U and V values. Across the BZ, there are singlet-triplet crossings, especially

along N-H.

At the H point where the total pair momentum is maximal, there is some special
behaviour. Firstly, the bound onsite s-state has an energy equal to U and all other states
(which are bound by the intersite potential) have energy V' (as long as the relevant
potential is non-zero and attractive). Secondly, for repulsive U, the extended-s state
becomes completely independent of the Hubbard U repulsion (Figure [4.6 panels (a) and
(b)). Thirdly, a vanishingly small attraction (U — 07 and V — 0(7)) is sufficient to
bind pairs (Figure [4.6f).

When U is repulsive, the band structure gets narrower as the intersite attraction V'
increases, consistent with an increase in the effective mass. Whereas in the situation of
competing attractions (i.e. when U and V' are both attractive and equal), the bandwidth
increases (Figure ), and the singlet pair becomes highly mobile because its movement

is a first-order effect. Since we expect convergence of bound states at the H point for
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any attractive U and/or V' (see last paragraph and Figure ), the dispersion in Figure
is reminiscent of the conical band structure of monolayer graphene [99] with point
H similar in form to the Dirac points in graphene. This condition U = V (such that
both are sufficiently attractive) is the superlight limit where the bound pair has a light
mass and hence higher mobility in the BCC lattice. This may be analogous to the very

high mobility of charge carriers found in graphene as a material with massless fermions

[100].
-1l _ [—uU=0 U=—+2W e U= +4W
1 (a) V = —W /‘f,»r 1 U _ +W ----U _ +3W U _ +5W
= -
S (c) Energy at point H

-10 . . . .
r H -10 -8 -6 -4 -2 0
Attraction (U/W or V/W)

Figure 4.6: Panels (a) and (b): Dispersion of the extended s-state only on the I'-H
line showing that it is independent of repulsive U at the H point. Panel (c): energy of
all bound states at point H (N.B. extended-s, d, p and f states are only bound if V'
is attractive, and the onsite s state is only bound if U is attractive). (c) shows that a
pair, whatever the symmetry, can be formed at the H point at a very weak attraction, in
contrast to the critical attractions U,, V, (refer to Section or Figure , required
at the I' point. The legends for the plots in (a) and (b) are at the top-right.
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4.3.3.1 Application of Second-Order Perturbation Theory (SOPT)

We validate the dispersion results in the strong-coupling limits where we will introduce
kinetic hopping of particles in the system as a perturbation. Firstly, we consider the
strongly attractive Hubbard limit: U — —oo, |U| > ¢, V = 0. Secondly, we compute
the dispersion in the limit U — 400, V < 0, |[V] > t.

To do this, we define four nearest-neighbour vectors (see Figure

bbb b b b b b b b b b
a, = {57 B% 5} ; A2 = {5, 57—5} ;a3 = {57—575} Qg = {57—57—5} ,  (4.61)
where b is the BCC lattice constant. Next, we define the Fourier-space vectors below

An =) eP"Ap ,  Apa=) P 9Ap = P4, (4.62)

P P

where P is the pair total momentum.

(b)

fe————>

Figure 4.7: BCC nearest-neighbour vectors and dimer basis for: (a) Onsite attraction
- note that P = 0 in the initial configuration A,,. (b) Intersite attraction - Dy, Dy, D3
and D, are pre-defined intersite configurations. In (b) we use the central lattice site as
the anchor point, the double-line arrow shows the anchor direction which is important
in analysing the hopping of triplet states. The need for this is to help determine the sign
arising from particle exchange.
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Strongly bound onsite pair

In the limit of large attractive U, V = 0, the UV Hamiltonian only contains the
kinetic and the Hubbard terms. The perturbation H’ is the hopping of particles, and
since we are performing second-order perturbation theory (SOPT) calculation, there are
two hopping events via t . However, the energy at the intermediate step is zero because
the particles occupy different lattice sites and V' = 0, and, thus, the energy due to the
perturbation is proportional to ¢2/U. If the initial configuration is A,, as in Figure ,

then the perturbed Hamiltonian matrix is

16¢2 2t?

H'Ap=——Ap———
U] U]

(AnJra,l +Anfa1 +An+a2 +An7a2 +An+a3 _'_Anfag, +An+a4 +Anfa,4)
(4.63)

The substitution of Equation (4.62) into Equation (4.63|) gives the second-order energy

perturbation
(2) 16t2 2t2 iPay —iPaq iPas —iPas iPas —iPas iPay —iPay
E} :__\U|__\U\(e +e +e +e +e +e +e +e )
16t 16t2 P,b P,b P.b
= — — - COS - COS —— - COS
|U| |U| 2 2 2

(4.64)

Therefore, the only bound state in the strong attractive U limit has the dispersion

16 Pb  Pb
v ) (4.65)

P,
E(P):—|U|—m<1+cos ;b-cosT-cos 5

where the first and the second terms correspond to the unperturbed and the perturbed
energy, respectively.

We plot the result obtained from Equation (4.15]) versus Equation in Figure
4.8 Both results are in perfect agreement. The dispersion resembles that of a free
particle in a BCC BZ. This means that even though the two particles form a bound

state, the pair behaves like a single particle moving across the zone.
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Figure 4.8: Comparing the dispersion of a strongly bound onsite pair (U = —16W,

V' = 0) obtained from Equation (4.15)) against the second-order perturbation calculation

Equation (4.65). The blue solid line is the direct calculation and the red dashed line is
for the SOPT result. There is an excellent agreement between both results.

Strongly bound pairs requiring intersite attraction

In the limit U = +o00, V < 0, V > t, the pair is made of two particles occupying a
pair of nearest-neighbour sites with the zeroth-order binding energy —|V|. Due to the
strong onsite repulsion, the hopping processes exclude double occupation on a site and

the relevant energy scale is therefore
t=—. (4.66)

We can also define an auxiliary function

5 . P,b P,b P.b
Ep = — +COS — - COS — - COS
P 2 2 2

(4.67)

where P is the total pair momentum.
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Next, we define four dimer basis states for the singlets and triplets, respectively, as

1
Dis,n = E (|T>n |\L>n+ai + ‘*L>n ‘T>n+ai) ’

Df,n = |T>n |T>n+ai

Note that for the triplet states, Dj,, = —D

t
Lwn—a;"

(4.68)

(4.69)

The second-order Hamiltonian ma-

trices are quite complicated in comparison to Equation (4.63). Meanwhile, the Fourier

transform yields a matrix equation of the form:

-Dip = DByi-Dip+ B2
“Dyp = DBy -Dip+ By
“D3p = Bsi-Dip+ Bs

“Dyp = By -Dip+ By

where for the singlet states

322

B

—14t +2&p + 2t cos (Pay)

—2f (1 + ePar)(1 4 e7"Paz) —
—21 (1 + ePor)(1 4 e7"Pas)

—21 (1 + ePor)(1 4 e~tPaay -

—21 (1 + e~ "Par)(1 4 ¢'Paz) —

“Dop+Bizs-Dsp+ DBia-Dyp
“Dop+ Baz-Dsp+ Bos- Dyp
Dy p+ B3z - D3 p+ Bsy - Dyp

“Dyp+ Byz D3 p+ By Dyp,

— [V
25(1 + eiP“:”)(l + e_iP‘“)
21 (1 + e'P2)(1 4 ¢~ Pas)

Qi’eiPal(l + efz'Paz)(l + e*’iPdg) 7

2t (1 + e~ "Pas)(1 4 ¢'Pas)

—14t +2&p + 2t cos (Pay) — |V|

—21 (1 + ePo2)(1 4 e7"Pas)

—2f (1 + ePa2)(1 4 ¢7"Pas) —

2£eipa2(1 + e—iPal)(l + e—iPa4)

2t (1 + ePor)(1 4 e7"Pas) |

(4.70)
(4.71)
(4.72)

(4.73)

(4.74)
(4.75)
(4.76)

(4.77)

(4.78)
(4.79)
(4.80)

(4.81)
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-2t (1 + e—iPa1)(1 + eiPas) _ 2{(1 + e—iPaz)(l + ez’Pa4)

_25(1 + e—iPag)(l + eiPag) _

—141 4 2&p + 2t cos (Pag) — |V

_2{(1 + eiPm)(l + e—iPaz) _ 25(1 + eiPag)(l + e—z'Pa4) :

—92¢ (1 + e—iPa1>(1 + e7,‘Pa,4) _

_25(1 + e—iPa1>(1 + eiPag) . 25(1 + e—iPaz)(l + eiPa4)

_25(1 + e—iPal)(l + eiPaz) _ 2{(1 + e—iPa3>(1 + ez’Pa4)

—14t +2&p + 2t cos (Pay) — |V,

whereas, for the triplets

Bll

By

B

B14

BZI

—14t +2&p + 2t cos (Pay) — |V|
=2t (1 + €P®) (1 + P
—2t (14 €P9)(1 + e *P)

2.EeiPa1(1 + e—iPa2)<1 + e—iPag) ’

—2f (1 + e7"Pas)(1 + ¢P)
—14t +2E&p + 2t cos (Pay) — |V|
QEGiPaz(l + 6—iPa1)<1 + e—iPa4)

=21 (1 + e P*) (1 + e P

—2f (1 4 e7Pa2)(1 4 ¢Pas)
2t P(1 4 PO (1 4 e PM)
—14t+2&p + 2t cos (Pasg) — |V|

=2t (14 €P4)(1+ e "P2)

Q.EeiPa:g(l + e—iPal)(l + e—iPa4)

2t P4 (1 + e P2) (1 + eFP)

(4.82)
(4.83)
(4.84)

(4.85)

(4.86)
(4.87)
(4.88)

(4.89)

(4.90)
(4.91)
(4.92)

(4.93)

(4.94)
(4.95)
(4.96)

(4.97)

(4.98)
(4.99)
(4.100)

(4.101)
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By = 2tePo(1 4 e Pe2)(1 4 e P) (4.102)
By = —2t(1 +e "Pa)(1 4 P) (4.103)
Bys = —20(1+ e Pu)(1 4 P22) (4.104)
By = —14t+2&p+2tcos(Pay) —|V| . (4.105)

We note that our perturbation approach separates the singlet states from the triplet
states like the (anti-)symmetrised solutions. Therefore, in the limit U — +o0, V — —o0,
there are four bound singlet states with corresponding energies F1(P), Ey(P), E3(P),
and F,(P), and similarly, there are four bound triplet states with corresponding energies
Ey\(P), E5(P), E5(P), and E4(P). These solutions are valid at arbitrary total pair
momentum P: this means that the BZ dispersion can be calculated in the strong coupling
limit.

We compute the dispersion from direct UV solutions and and then
compare it with the perturbative dispersion — with the parameters V =
—16W, U = +o00. The results are plotted in Figure We note that these results are
qualitatively and quantitatively consistent. With increasing intersite attraction V' while
considering higher-order contributions in perturbation, perhaps the dispersions would

become replicas.
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Figure 4.9: Direct calculation vs. second-order perturbation dispersion at V = —16W, U = +c.
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Figure 4.10: The pair mass expressed in the unit of a free particle mass. mg = h?/(2b%)
is the bare mass of one free particle in the BCC lattice (see derivation in Appendix .
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4.3.4 Effective Mass

The pair mass denoted m*, can be calculated from the second derivative of the dispersion
within the standard effective mass approximation as

11 1 0°FE
[m;]™ = ﬁa_Pf

(4.106)
where F and P is the pair total energy and momentum respectively.

The effective masses, measured relative to mg, can be seen in Figure Weakly
bound pairs are light (about 2mg when pair energy approaches the threshold energy E™™)
and get heavier as the binding attraction is increased. Note that mg = h*/(2b%t) is the
effective bare mass of one free particle in the BCC lattice (see derivation in Appendix
B).

Pairs with strong intersite attraction are much lighter in comparison to their counter-
part pairs with strong onsite attraction (for example, compare the masses at U = —20W
in Figure and for V' = —20W in Figure4.10b). This occurs since large attractive U
confines the pair to the same site thereby suppressing the probability of particles hopping
to other sites (the suppression is even greater when V' is repulsive).

When U and V are both attractive and of similar magnitude, we find superlight
pairs (minima in Figure and ) These correspond to the situation where
particles can move without passing through a high-energy intermediate state. Figure
demonstrates this superlight process where the pair travels through the lattice in a
crawler motion [69]. The process of movement can be summarised in three main steps:
(i) the particles interact via attractive V; (ii) one particle hops to interact with the
other via an attractive U; (iii) either of the particles can hop so interaction is intersite
again. While it moves around, the pair’s total energy remains unchanged in all the

configurations.
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Figure 4.11: One-dimensional schematic of superlight behaviour of a singlet when U
and V' are comparable and sufficiently attractive. The big circle, grey ball (with vertical
arrow), and the dashed line oval represent lattice site, particle (spin) and bonding, re-
spectively. The two-way arrow indicates that the total energy of the pair F, is the same,
thus hopping between configurations comes with no energy penalty.

4.3.5 Radius

The effective radius has been calculated using the relation

> o n2U*(ng, ny)V(ng, ns)

() = YU (nme)¥(ny )

(4.107)

where n = n; — ny is the spatial separation between the particles and ¥ (nq,ns) is the

pair wavefunction in real-space.

The procedure for calculating the radius of a bound s-state is as follows. Firstly, we
calculate the energy of the bound pair and obtain the eigenvectors using Equation .
Then we create a basis set for the reciprocal lattice which in the case of a real-space BCC
lattice has an FCC structure. Using a three-dimensional fast-Fourier-transform (FFT)
algorithm, for example [101], we transform the k-space wavefunction gb;; K, 1 Equation
into its real-space counterpart W(m;,ny). Finally, we calculate n, the relative
position of the particles, and apply Equation above.

Figure shows the radius of a bound pair. Near the threshold energy (E — E™"),
the particles form a large pair: a consequence of the delocalisation of the pair wave-

function. At intermediate U and V' (both attractive), the pair’s size is on the order of
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the near-neighbour distance, a (the horizontal line in Figure . In a pairing scenario
where V' is fixed and U is tuned to be highly attractive, the two bound particles are
localised and held on the same site. The pair is also local for large intersite attractions,
but the size levels off to the nearest-neighbour distance at large attractive V. By local,
we mean bound pairs that are not larger than the lattice constant. Notice how a shoulder
is formed when the onsite and intersite attraction are equal. This happens because the

pair fluctuates between onsite and intersite configurations.
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Figure 4.12: Effective radius for various U and V. The thin solid horizontal lines
represent the nearest-neighbour distance a = \/§b/ 2 on a BCC lattice. Note that the
radius diverges at low attraction. A shoulder forms around the superlight regions (part
of the curves when both attractions are comparable U ~ V).
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4.3.6 Estimation of Transition Temperature

In this section, we redirect our attention back to ultra-cold atoms in optical lattices.
As mentioned in Chapter [I} advancement in quantum technologies makes it possible to
implement Hubbard models in a clean and precise manner. We also recall that the onsite
and intersite interactions can be made attractive or repulsive: implying that phenomena
like superconductivity and superfluidity could be simulated and observed experimentally.

At sufficiently low temperature, Bose-Einstein condensation of bound pairs may take
place on the optical lattice for well-separated, weakly-interacting, local pairs (i.e. a dilute

system). The BEC transition temperature can be calculated from the Bose integral:

Ny d3P 1
% _ 4.108
Osite / (2m)3 exp[(Ep — Eo)/kpTBrc]) — 1 ( )

where n; is the number of pairs per lattice site, {)e is the volume of the Wigner—Seitz
cell, kp is Boltzmann’s constant, Tggc is the BEC transition temperature, and the pair
dispersion Fp is used in this expression. At low energies, the behaviour of the pair
dispersion is parabolic, as can be seen in Figure [4.5]

The Bose-FEinstein distribution decreases rapidly when EFp — Fy > Tggc. This means
that only P points where Ep < kgTggc contribute to the integral. For pair dispersions
that are parabolic (i.e. consistent with an effective mass approximation) up to energy

scales comparable with kgTggc, the transition temperature is:

33102 [ ny \ 23
T ~ 4.109
BEC m; kB ( Qsite ) ( )

where m; is the pair mass, A is the reduced Planck’s constant, and Qg = 0*/2 for a
BCC lattice. Note that n;, is the number of pairs per site and should not be confused
with the particle density, which is ny /e = 2n5/b%.

A four laser scheme can be used to construct a BCC optical lattice (see scheme A

from Table 1 of Ref. [102]), for which b/Ayeamn = V/3/2. Then Qg = 332X /16, so

beam
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we can re-write (4.109) in terms of the laser beam wavelength A\pcam, as

n2/? 2

* 2 :
mb kB Abeam

Tsec = 7.01 (4.110)

In the following, we assume either a red laser with wavelength 650 nm or a blue laser
with wavelength 450 nm, and fermionic °Li atoms. Equations and are
valid when pairs are dilute and weakly interacting. This means both that (1) n, must
be small, and (2) that the pair wavefunctions should not overlap strongly, else these
equations need to be corrected. We also require that pairs exist before condensation
such that Tgpc < Ta, where Ta = A/kp is a characteristic pairing temperature and
A = 2¢y — Ey (where gy is the energy of a free particle with zero momentum, Ej is the
energy of a bound pair).

We can estimate the maximum ny for which Tggc is consistent with the effective mass

approximation in the following way: If we express the effective pair hopping t.g, in terms

of the effective mass via m} = h?/2b*t.s, Equation (4.110)) becomes

n2/3t
Tapc = 10,521 (4.111)
kp

Typical pair dispersions have parabolic behaviour up to at least Ep ~ t.g. We set an
upper bound that kgTgpc S teg for the effective mass approximation to be reasonable.
This leads to the estimate that n, < 10.527%/2 = 0.0293 for Tsgc to be consistent with
the effective mass approximation.

The hopping in a sinusoidal optical lattice can be estimated [32] to be

L (E) 1/2
E,

where a is the nearest-neighbour distance, Vj is the depth of the lattice potential, E, is

(4.112)

t~ —2\/7_?Ma2 (E) exp

the recoil energy and M is the atomic mass of the atoms. According to Ref. |32], this is

accurate to ~10% for Vy/E, 2 15, and ~15% for V,/E, 2 10 . The recoil energy E, is

Y ~J
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given as
h2

By =—
SMa?

(4.113)

We use Vy/E, = 10, thus, the hopping energy t scales as ~ 10712 electron-volt for °Li

atoms. Using Equation (4.112), one can express the bare mass

h2
= — 4.114
0= opay (4.114)
in terms of the atomic mass M as
Ma® [E, 3/4 v, 1/2
For BCC lattice, a = v/3b/2, which means that a?/b* = 3/4. Hence,
sV (E, 3/4 Vi 1/2

The condition on overlap is whether pairs of radius R’ = ar* and density n,; can fit into
space, i.e. that 8nyR"3/3 < 1. The constant « should be sufficiently large that overlap of
the exponentially decaying tails of the pair wavefunction are small. We suggest taking
a = 5. At higher densities we expect that pairs will start to interact and overlap and
that would lead to many-body corrections that cause the transition temperature to level
out and then fall as pairs begin to interact strongly and other phases are encountered
(and potentially clusters form [103} 104, |105]).

We examine the transition temperature for fixed value of n;, noting that there is

a peak associated with the superlight behaviour of pairs (Figures [4.13a] and [4.13b)).

The coloured regions of the plots indicate cases where the value of n; is compatible
with the conditions on pair overlap. Also, the dotted regions imply that the binding
temperature T is lower than the estimated condensation temperature Tggc, hence, the
bound state cannot Bose condense. In order to probe the Tggc of non-overlapping pairs

with superlight characteristics (i.e. the peak in Tpgc) in an optical lattice setting, the



4.3. PAIR PROPERTIES 99

BLUE LASER RED LASER
—V/W = —5.0 =—V/W = —1.0 ——V/W = —5.0 =—V/W = —1.0
——V/W = -3.0 ——V/W = +1.0 ——V/W = -3.0 ——V/W = +1.0
6 1 2.5 ]
5 | . ] KMW
npy = 0.00147 f 2t ny = 0.00147 .
M A ZKM—O—*—V- M |
= : S|
~ ] ~
Q O i T
: :
&~ &~

40 F 20
[} o G Ol ¢
30+ ny = 0.03 M 151 ny = 0.03
= =
~ ~
O O
€3] =
20} 210}
10} 5t
e e e
-20 -15 -10 -5 O 5 10 15 20 -20 -15 -10 -5 0 5 10 15 20
u/w U/w

Figure 4.13a: BEC transition temperatures for °Li atoms in BCC lattices formed with
blue and red lasers. Here, V is fixed while U is varied. The coloured regions in the plots
indicate cases where the value of n; is compatible with the conditions on pair overlap.
The horizontal lines in each panel are the corresponding Tggc value for m* = 2myg. The
dotted regions imply that Th < Tggc i.e. the pair is formed below the condensation
temperature.
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Figure 4.13b: BEC transition temperatures for Li atoms in BCC lattices formed with
blue and red lasers. Here, U is fixed while V' is varied. The coloured regions in the plots
indicate cases where the value of n; is compatible with the conditions on pair overlap.
The horizontal lines in each panel are the corresponding Tggc value for m* = 2myg. The
dotted regions imply that Th < Tggc i.e. the pair is formed below the condensation
temperature.
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number of pairs has to be low (say n, ~ 0.0015). In that case, the superlight behaviour

occurs at roughly 3 nK.

4.4 Discussion

The formation and condensation of fermion pairs in cold atom quantum simulators (op-
tical lattice) with BCC structure have been investigated. We make calculations of BEC

transition temperatures and other pair properties.

To examine pair properties in the dilute limit, we have solved the two-particle
Schrodinger equation to analytically compute the critical interactions required for bind-
ing, pair total energy, mass, radius, and transition temperatures. Using group theory
analysis, we identified the different pair symmetries and diagonalised the secular equa-
tions. Furthermore, we constructed BZ dispersions of bound pairs. We note the unique-
ness of the H point which shares some similarities with the Dirac points in graphene. At
the H point: (a) surprisingly, particles can bind with very small attractions U or V', (b)
pairs formed in the limit of equal onsite and intersite attractions have very high degen-
eracy where all bands cross. By performing second-order perturbation calculations, the
dispersion results were validated in the strong coupling limits. We also found that local
pairs formed in BCC optical lattices can have light masses. By considering fermionic

SLi atoms, we estimated Bose-Einstein condensation of non-overlapping pairs to occur

around 10 nK.

The mass of a bound pair becomes superlight when U and V' are of similar magnitude
and both attractive. In this regime, the pair is highly mobile with graphene-like disper-
sion characteristics and can move freely through the optical lattice without the need to

access high-energy intermediate states. This low mass state corresponds to a change
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from onsite pairs to intersite pairs and leads to a peak in the transition temperature.
Superlight states have been predicted to lead to high superconducting transition temper-
atures [69], and they are of particular interest in electron-phonon systems where a single
particle’s mass is greatly enhanced due to retarded self-interaction effect. The ability to
examine superlight behaviour and the properties of pairs in BCC lattices is of interest
because there are no previous calculations regarding pairing on a BCC optical lattice.
We note that pairs form above the condensation temperature, thus, pair properties are

accessible at higher temperatures.



Chapter 5

Superlight States for High-T,

Superconductivity in FCC Lattices

5.1 Summary

This chapter has a similar structure to Chapter [4|since they both present solutions to the
UV model but in distinct lattices, and the lattice of consideration in this chapter is more
complex. This chapter is structured as follows: After solving the (anti-)symmetrised
Schodinger equation of two fermions in an FCC lattice in Section [5.2] the properties
of the two bound particles, as well as the Bose-Einstein condensation of pairs are then

reported in Section [5.3] Lastly, this chapter concludes with a discussion in Section [5.4]

103
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5.2 Preliminaries
Unlike in the simple cubic and BCC lattices, the two-particle problem in an FCC lattice

is harder. Partly due to its complicated structure and the larger coordination number.

The 12 nearest-neighbour sites of an FCC lattice is shown in Figure The vectors

_- p| @ — —> Y
2b | -o"
X
» B e I /'\
o 20
——— 2b —— e

Figure 5.1: Visualising the 12 nearest-neighbour sites (grey oval circles) with respect
to a central lattice site (green circle) in an FCC lattice.

We derived the (anti-)symmetrised solution in Chapter [3[to be

(E — €ky — Eks) Pig 1oy, = Z Va { e k2)ai} jz,kl-i-kz—q (5.1)

qa:l:

In

and ¢_

where the singlet and triplet wave function is respectively ¢ JR T

q,k1+k2—q

an FCC lattice, the free-particle dispersion is

’ kb k,b k,b k.b kb k.b
_ ika _ _y Fab o Ml Pyl g TP Fab 00 (50
5 te t {cos 5 108 + cos 5 1 CO8 + cos 5 108 (5.2)
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As required, we define the vector sets {a;} and {a_} to split symmetric and anti-
symmetric states, and then substitute them into Equation (5.1)) to give (7 x 7) and

(6 x 6) matrices for the singlets and triplet states, respectively. For example

{a’+} {a’O 7a’;r7 CL;, a;’r’ a’4 I a’5 ) } (53)
b b bbb b b b b b b b
= — = = =), (=,0,=), (=, —= — —=),(==,0, = 4
{(07070>7(27270)7<07272)7(27072)7(27 27())7(0727 2)7( 27072)} (5 )
{a-} ={ai.a;,a5.a;,a;5,aq} (5.5)
b b bbb b b b b b b b

)v( )7(_>

_{(2 2 ) (07 575 57 ’5 2 _57 2 2 _570,5)}

5.2.1 Solution for Singlets
For the singlets, we make use of the vectors {a} in Equation (5.1 mto obtain
(B — ehy — ko) g, :% Z [%U(ei(q—kgag + eilakaagy |y (pilakal | cila—k2)ar
q

+ V(e i(g— kl)az + e’ i(g— k2)az ) + V( i(q— kl)a3 + e’ i(g— k2)a3 )
+ V(e i(q—k1)a] + ¢ i(q—k2)a] ) + V( i(g—k1)aF + € i(g—k2)ad )

+ V( i(q— k’l)ag + e’ i(g— I<:2)a6 ) ;kl—&-kz—q

= Z {U VT (gmikial  gmikaaly

+V ez(‘%”—&—%z)( —zkla; +e zk2a3)
+V 62(%—%)(6—%104 + —zk2a4)
+V ez(%’—%)( —ik1ay + e—zk2a5)

i(—2+2) —ikial —ikoat +
+Ve (e te ) q,k1+ka—q

*As before, no member of a set is related by inversion and a0 belongs to the singlets.
tWe require that @ = 0 term must be multiplied by 1 5 to account for double occupancy.
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If we substitute the following basis functions

1 1 i(dz 4 v
O (P) =D 04pqr ®I(P)=5> ¢T3 o0p
q q

(3 +% 1 i(dz 4 4z
®2+(P>:NZ€(2+2) Spigs OH(P) :NZQ(2+2) Yoo,
1 ’ 1 ’ (5.8)
PP = 2 s IR = D o,
. q
1 i(—9z 4 9z
q)g_(P) = NZQ( F+%5) t—;P—q
q
where P = k; + ko, into Equation (5.7)) to arrive at the generalised expression
¢+ — 1 U(I)+<P) +V (I)Jr(P) (efiklaf + eﬂ'kmf)
kiko (E — &Ry — 5k2) 0 1
+V @ (P)(e ™19 1 e heal) LV @F (P)(e ™19 4 ¢ iheal)
(5.9)

+V (I)I(P) (efiklajf + e*ikgai) +V (I);(P) (efikla;r + e*“@a;)

LV OF(P)(e ™ + e_“”“g)}

Applying Equation (5.9)) to each basis function & (P),®] (P)... ®¢(P) and redefin-

ing q¢; = q;- + % would yield the seven distinct equations below.

o (P) =%ZE_€P ! /{UCD(T(P)

I —EP
5 +q 5—q

L VEH(P) e R [ 5+ ) 4 it D)] (5.10)
Py P g 9 0 ‘1.;
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B (P) =UGuon( P)®; (P) + V [ Gr1o(P) + Gino(P)| &7 (P)

+V _9011(13) + goﬁ(P>_ o3 (P)+V [9101(13) + gioi(P)} i’;(P)
- - (5.11)

—|—V:9110(P) +gho(P>: 5 (P) + V[goH(P) +goil(P)}(i’;(P)

+V |G (P) + Guor (P)] 0 (P)

OF(P) =UD (P)G11o(P) + V[gooo(P) + gz2o(P)} o (P) + V[gwi(P) + g121<P)} o5 (P)

(5.12)

B (P) <UD (P)Gor1 (P) + V| Gios (P) + Gia1 (P)| &F (P) + V| Gooo (P) + Gona (P) | 05 (P)
+V [gho(P) + g112(P)] é;(P) +V [9121(13) + g101(P)] ‘ii(P)
+V [9002(13) + gozo(P)] ‘i);(P) +V [9110(13) + 9112(P)] &)g(P)

(5.13)

¥ (P) =UD{ (P)Gio1(P) + V |Gor1 (P) + Gt (P)| B (P) + V |Guiol(P) + Gz (P)| B (P)
+ V[ Gon(P) + Gooa(P)| 85 (P) + V| Gous (P) + Gona (P)| 87 (P)
+V [gﬁz(P) + guo(P)] é;(P) +V [gzoo(P) + 9002(13)] ‘i)ér(P)

(5.14)

o, (P) :U(i)g(P)gﬁo(P) + V[QOQO(P) + gzoo(P)} (:D1+<P) + V[gﬁi(P) + Gi01(P) @;(P)

KA

+V [goﬁ(P> + 9211(P)] J(P)+V [QOOO(P) + g2§0(P)] &DI(P)
+ V[ Gin(P) + G101(P)| 8 (P) + V| Gari (P) + Goua(P)| &5 (P)

(5.15)
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&5 (P)

The newly introduced functions, ®; (P) = e (
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Uéar(P)goﬁ(P) +V [gioi(P) + glﬂ(P)} (i)f(P) +V |:g00§(P> + gozo(P)] é;(P)

V[ghi(P) + g110(P)]

V[gOOO(P) + QO2Q(P)] o (P) +

I (P)+V

[Qizi(P) + glOT(P)}

o

(P)

V[QUQ(P) + gilo(P)}&)g(P)

(P)] @5 (P) + V[Ga11 (P) + Goua(P)|
|

Pal) @+ (where i =

0,1,..

i(P)

HP)+V [gooo(P) + 9202(13)} of (P)

(5.16)

(5.17)

.6), have phase

factors which provide information about the centre-of-mass motion of the bound state.

Furthermore, G represents the Green’s function of the FCC lattice and is defined as

glmn

/

NZE—EEP

where [, m, and n € [0, £1, +2].

/1.

—27

s
2 dg.dq. d,cos(l +m +n

F(P) + V[ Giro(P) + Grna(P) | 8 (P)

\_/

47T

|E| +er
2

+q TEE

(5.18)

Combining Equations ((5.11))—(5.17) gives the matrix equation below for all singlets

at arbitrary momentum

_Ugooo
UG
UGon
UGio1
UGiio
UGoit

| UGin

Vv

< < <

1%

V(
(
(
(
(
(
V(

G0 + G110
Gooo + G220
G101 + Ginn
Goi1 + Gann
Gozo + Gaoo
Gro1 + G1a1
Ga11 + Gont

)
)
)
)
)
)
)

V(Gon + Got1
V(G101 + Gz
V(Gooo + Goaz
V(Gito + G2
V(
4

(

Giz1 + Gio
Gooz + Gozo
V(Gito + G112

)
)
)
)
)
)
)

V(Gio1 + Gio1)
V(Goi1 + Gon)
V(G110 + Gi2)
V(Gooo + Gao2)
V(Goi1 + Gon1)
V(Gnia + Gino)
V(Gaoo + Gooz)

V(Gi10 + Gi10)
V(Go2o + Gaoo)
V(G121 + Gior)
V(Gon + Gair)
V(Gooo + Gazo
V(Grat + Gio1)
V(Ganr + Gonr)

V(Gor1 + Goir)
V(Gio1 + Gio1)
(Gooz + Gozo)
(G112 + G110)
( )
( )
( )

< < <

Gia1 + Giot
V(Gooo + Gooa
V(Gii2 + G110

V(Gion + Grot

V(Ga11 + Gout
G0 + G112

( )
( )
( )
(G200 + Goo2)
( )
( )
( )

< < =

Got1 + Gon1

V(Giz + G1o

V(Gooo + Gao2) |

(5.19)

’

—-q

)

&5
&5
o
&5

23]
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5.2.2 Solution for Triplets
For the triplets, we substitute {a_} in Equation ({5.1]), to obtain

1 . o .
(E — €y — gka)gb,;le I Z |:v ez(%—l—%’)(e—zkml _ otkeay )

(5.20)
+V ez(%ﬂ”—%’)(e tkiay e zk2a4)
+V ez(%—%)(e—zklaf) —ikaay )
+V ei(_%+%)(e_iklag - e_ik2a6_):| ¢;,k1+k2—q
We also define the following basis functions for the spin-triplets:
_ 1 i(9z 4 v _ _ 1 (W 9z _
¢1(P):NZ€(2+2)¢L]7P—(I7®2(P):Nze(2+2)¢q7p—q
q q
_ 1 i(dz 4 9z _ _ 1 i(dz 3y _
q)?’(P):NZe(Qﬂ)(bq:P*q ’ ®4(P):NZ€(2 ) bgpq (5.21)
q q
—_ 1 (v _dz — _ 1 i(—9z 4 9z _
¢5(P):Nze(2 2)¢q7P—q ; <D6(P):NZ€( 2+2)gbq,P—qr
q q
After some algebra, we arrive at
o (P) ==Y ! {VCD(P) = 621'(‘2;”“2;)}
1 = 1
N % E— EP g4 —EB_4
+ V@5 (P) (P[5 5)  F r2HE)|
Py _ P, ‘1; qlz . qu a,
L Ve (P) ) [6 (%-%) _ ez(2(7>+7+7>}
»(P) (5.22)
V@ (P)eR ) [ — 25|
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So we have

O (P) =V [Qooo(P) - GQQO(P)} P (P)+V [gm(P) — G p)} b (P)
+V [goﬁ(P) - g211(P)} o5 (P)+V [9020(13) — Ganol p)} br(p) (5.23)

+V|Gi01(P) = Guai(P)| &5 (P) + V| Gons (P) — Gons | 95 (P)

5 (P) =V [gim(P) — 9121(13)} (P +V [gOOO(P) — g()22(P):| o5 (P)
+V|Gno(P) = G112(P)| &5 (P) + V|G (P) = Gion (P) | &7 (P)  (5:24)

+ V[Gounl(P) ~ Gooo(P)| 85 (P) + V[Gurol(P) — Guna(P)| 5. (P)

o5 (P) =V [goh(P) - 9211(13)} O (P)+V [QHO(P) = QHQ(P)} o5 (P)
+V [gooo(P) - 9202(13)} o (P)+V [gon(P) - gm(p)} 7 (P) (5.25)

+V|Gia(P) = Gr10(P) | &5 (P) + V| Gaoo(P) — Gona(P)| &5 (P)

@7 (P) =V |Goo(P) = Gaoo(P)| &7 (P) + V| G131 (P) = Guon (P)] &5 (P)
+ V| Gori(P) = Goua(P)| 85 (P) + V| Gono(P) — Goo(P)| & (P)  (5.26)

+V [gm(P) - g1oi(P)} o5 (P)+V [gﬂi(P) - goil(P)} ;5 (P)

@5 (P) =V | Gro1(P) = Guax(P)| &7 (P) + V| Gooa(P) — Gomo((P) | &5 (P)
+V|Gr13(P) = Guio(P)| 5 (P) + V[ Grox (P) — Gun (P)| &5 (P)  (5:27)

+V [QOOO(P) - Qozg(P)} o5 (P)+V [Qné(P) - gm(P)} ;5 (P)

¥ (P) =V [Ga11(P) = Gous (P)] &7 (P) + V[ Grso(P) — Guna(P) | 85 (P)
+V [QQOO(P) - 9002(13)} oy (P)+V [gill(P) - gOil(-P)} o;(P) (5.28)

+V [gﬁQ(P) — gm(P)} O (P)+V [gooo(P) - gi02<P>i| o5 (P)
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The same steps which apply for the singlets apply here too. Hence, the combined self-

consistency equations for all triplets is

V(Gooo — Gaz0)  V(Gao1 — Giz1) VI(Gont — Gorr)  V(Gozo — Gaoo)  V(Gror — Gua1)  V(Gon1 — Gonr) | | ®F of
V(Gior — Giz1) V(Gooo — Goz2)  V(Grio — Giiz) V(Grzt — Gior) V(Gooz — Gozo)  V(Guo — Girz) | |5 oF
V(Got1 — Ganr) V(Gi10 — Guiz) V(Gooo — Ga02) V(Gour — Gon) V(gnz—guo) V(Gaoo — Gooz) | | @5 _ of
V(Goso — Gaoo) V(G121 = Giot) V(Goit — Gorr)  V(Gooo — Gz V(Grar — Guot)  V(Gor1 — Gonr) | | DF oF
V(Gior — Gia1)  V(Gooz — Gozo) V(Griz — Gio) V(Gia1 — Gror)  V(Gooo — Gomz)  V(Giiz — Gruo) | |24 of
V(Gari — Gon) V(G0 — Gu2) V(Gao — Gooz) V(Gars —Gor1) V(Griz — Guno) V(Gooo — Go) | | 8] | 8¢ ]

(5.29)

where G, are the Green’s functions defined in Equation . Equations and
are the respective eigenequations that are solved to obtain pair properties for the
singlets and triplets. With the size of these matrices, it is easy to tell that there will be
more bound states in the FCC lattice as compared to the BCC lattice. The properties

of two fermions in an FCC lattice will be discussed next.

5.3 Pair Properties

The characteristic properties of fermion pair in FCC lattices are reported in this section.
In the following order, we: (1) calculate the total energy of the pair with different sym-
metries; (2) construct a pairing diagram for binding analysis; (3) calculate the dispersion
characteristics of bound pairs in the FCC BZ; (4) calculate the pair effective mass at
various attraction strengths; (5) evaluate the effective radius of a bound s-state; and (6)
estimate the BEC transition temperatures at which s-wave pairs may Bose condense in

the low-density limit.

5.3.1 Total Energy

In the present study, we can tell if two particles are bound or not by inspecting the total

energy of the pair. Although, a bound state can form only if there is sufficient potential
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U or V to bind the particles. One of the consequential advantages of Equations ([5.19))

and ([5.29) is that we can determine the total energy of a pair at an arbitrary P.

5.3.1.1 Energy of an Unbound Pair at P =0

The minimum energy of a free particle (also the half-bandwidth W) in an FCC lattice
can be determined from Equation to be epin = W = —12t, when k = 0. Therefore,
the total energy of two free-particles, each at zero momentum, is —24¢. By implication,
we can say that for the case of zero total momentum (P = 0), the energy of the system

equals the bandwidth —24t.

5.3.1.2 Energy of a Bound Pair at P =0

If there is a strong enough attractive potential to bind the particles, the energy of the
system drops below the energy of two unbound free particles. To calculate the total
energy at zero pair momentum, we set P= 0 in Equation . The I' point which is
at the centre of the FCC BZ corresponds to momentum P = 0. At this point of the
zone, the FCC lattice possesses O;, point symmetry, thus, we can apply our group theory

analysis.

Simplification at the I' point

At the I' point where (P, = P, = P, = 0), the Green’s function in Equation (5.18])

becomes

’ / ’

i(19z Iy | 9z
il +m-g+n%)

1 el
Gunn(0) = 57 2 E— 2y

q

/ / /% dqzd d / cos(l%) cos(m%) COS(TL%) (5.30)
—2r J —21

2 |E|+2€ /

™ cos qu cos (mqy) cos (an)
|E| + 2¢

dq, dq,dq, = (q; = 2)

—T —T -
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where €,/ = —425{ cos(q;) cos(q;) + cos (qg) cos (q;') + cos (q;) coS (q;,') } Because some

of the Green’s functions are numerically identical due to symmetry properties [106], we

may then use the simplifications below

Gooo = Go

G110 = Gio1 = Go11 = G101 = Go11 = G101 = G101 = Go11 =
G220 = Gozz = G202 = G0 = G2z = Gao2 = G2

G200 = Go20 = G002 = Gz00 = Yoz0 = Yooz = Us
Gun=0m1=0%11=06m=0m=%1:z=0in=-=0

Go11 = G110 = Y110 = G110 = G1

(5.31)
to modify our dispersion matrices (5.19) and (5.29) respectively as :
vg, 2va 2V G, 2V G, 2V G, 2V G, ovg, | [ £
UG V(Go+Ga) V(Gi+Gs) VI(Gi+Gy) 2V G, V(G +Gs) V(Gs+Gr) of oF
UG V(Gi+G1) V(Go+G2) V(Gi+Gs) V(Gi+Gi) 2V Gs V(G1+ Ga) oy o3
UG V(Gi+G1) V(Gi+Gs) V(G+Ga) V(G +6Gs) V(Gi+Gh) 2V Gs o = |@F
UG, 2V Gs V(Gi+G1) V(Gi+6Gs) V(G+G) V(Gi+6G1) V(Gi+Gi) o o
UG V(Gi+Ga) 2V Gs V(Gi+G1) V(Gi+Gi) V(Go+G) V(Gi+Gh) o o
UG V(Gi+G1) V(G +Ga) 2VG; V(Gi+G1) V(Gi+G1) V(Go+Ga)| [P ] _®§_
~~ 7~ 'l
Hsinglet q)singlet cI)singlet
(5.32)
V(Go—Ga) V(G —Gs4) V(G —Ga) 0 V(G —Gi) V(Gs—Gh) o o)y
V(G —Gs) V(Go—Ga) V(G1—Gs) V(Gs—G) 0 V(G1 — Ga) o) o)
V(G1—Gs) V(G1—6Gs) V(Go—G2) V(G —Gs) V(Gs—G1) 0 0 _ 0 (5 33)
0 V(Gsi—G1) V(G1—Gs) V(Go—G2) V(Gs—G1) VI(Gs—G1) o, o,
V(G1 — Ga) 0 V(Gs—G1) V(Gs—G1) V(Go—G2) VI(Gy—G1) o o
_V(Q4 —G1) V(G —Gy) 0 V(Gs—G1) V(Gs—G1) V(Gy — g2)_ _<1>; _‘I)g_
~ —~ - A\'\/'/ A\'\//
Ht'riplet étriplet étriplet

Note that ®F = ®F since P = 0. The matrices above form the eigenequation

A

Hs,t cI)s,t = st (Ds,t

(5.34)

where H, and H, are the singlet and triplet dispersion matrices, d, and ®, are the singlet

and triplet eigenvectors, and u, and p; being the corresponding eigenvalues, respectively.
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To find the pair energy, we select E/, compute G, and then p. A true pair state corresponds
to u = 1. Thus, all pair energies can be found by adjusting £ and searching for u = 1

using standard binary search algorithms.

Figure 5.2: A basic FCC lattice showing the axes for the O, operations. The axes are
0OX,0Y,0Z, Oa, Ob, Oc, Od, Oe, Of, Oa, OB, Ov, and Od. The numbers 1,2,...,12
represent nearest-neighbour lattice sites.

Application of Group Theory

In addition to the simplification of the Green’s functions, one can take further advantage
of this high symmetry point. We follow the procedure explained in Section of
Chapter [3] The symmetry operations are those belonging to the O, point group. The

resulting output from each step will follow.

Step 1: If we label the lattice sites according to Figure and then perform the 48

symmetry operations, we can find the character of the input representation (reducible

reps.).

Step 2: We obtain the irreducible representations (irred. reps.) by selecting the non-

zero representations in the last column of Table 5.1l Finally, the sought irred. reps. for
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Oy, group E | 80, 3C3 160, |6Cs5 | Cq 8C- 3Cs6Cy |6C19
Red. rep (T9°)| 12 0 [ o | 0o [ 2|0 0 | 4] 0] 2 [3|>/48
Ay, 1200 oo ]12{0| 0 |12 0| 12 [48] 1
Ay 120 0 o] o |-12{0| 0 [12]0]-12|0]| o0
B, 241 0 |0 |lo0o|O0O|0O| 0 |[24] 0] 0 |48] 1
Ty, 36| 0 [ 0|0 [-12(/0] 0 [-12] 0 |-12[0] ©
To, 36 0 |00 |12/0[ 0 |-12] 0| 12 |48| 1
A, 1200 oo l12{0| 0 [-12] 0 |-12|0] o0
Agy, 1200 0] o0 [-12{0| 0 [-12] 0] 12 |0]| o0
E, 24/ 0 oo |o|o| o |24/ 0] 0 0| O
Tiu 36 0 |00 |-12/0[ 0 |12 0| 12 |48 1
T 36 0 |00 |12/0[ 0 |12]0]-12|48| 1

Table 5.1: Constructing irreducible representation from O, point group using the reduc-
tion formula in the FCC lattice. The symmetry classes and the matrices for irreducible
representations of each symmetry operation are provided in Appendix [E}

both the singlet and triplet states are respectively

ngc'rfglet = Alg D Eg D T2g (535)
TS et = T ® Tau (5.36)

We note that Ay, is s-symmetrical, Ey (dy2—y2 and dy,2_2_2) and Toy (dyy, dy. and d,)
are of d-symmetry, T, (ps, py and p.) has p-symmetry whilst 75, (fapz2—y2], fy[-2—e2) and
[alz2—y2)) forms the f- symmetric states. We define an example of symmetrised linear

combinations for the singlets as
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XM= 0F + &3 + OF + OF + &3 + ¢ (5.37)
(
O —of
. . Of — 207 + &5 + O — 20F + Of
X 29 — < @; . (pg_ X 9 —
O — o + O — OF
Oy — @
\
(5.38)
and for the triplets as
( (
7 4+ D, — Oy + Oy d; — by — D5 — by
T — - - - - Tow = — — — — (5.39)
\—<I>;—<I>g+<bg—<I>g \<I>;—<I>;—<I>;—<I>g

Step 3: Next, we combine Equation (5.37) with ®F (the onsite basis), to arrive at a

complete orthogonal basis [

_c1>0- 100 0 0 o0 o] _c1>g_ _c1>0+_

o, 01 1 1 1 1 1]|&t oF

o, 01 0 0 -1 0 of]|eF o
b=lo,|=100 0 1 0 0o —1| || =xXs|0F (5.40)

o, 00 1 0 0 -1 of|er oF

o ] 01 2 1 1 —2 1] |ef o

o] 01 0 -1 1 0 —1f|ef o

We have omitted the normalisation factors of the new symmetrised basis.
$The subscript s has been used twice: ®, means all possible singlet states (s, d, ...) while ®, means
an extended s-state.



5.3. PAIR PROPERTIES 117

o, 11 0 -1 1 0] e o7
o, 10 1 1 0 -1]]|®; o5
e, 0 -1 -1 0 1 —1| ||  |®
o, 01 -1 0 -1 —1| |&7 o7
o), 1 0 -1 1 0 1]|a&; o
0] |1 -1 0 -1 -1 0 |of) ;|

The matrices x; (where i = s, t) are independent unitary matrices that help to diagonalise

the problem.

Step 4: Using the similarity transformation as in Equation, (4.37]), we block-diagonalise

the Hamiltonians H, and H,. The respective block-diagonal dispersion relations are

_Ugo 2VG 0 0 0 0 0 | _<1>0_ -CDO-
6UG, K, 0 0 0 0 0 D, D,
0 0 ar,, 0 0 0 0 | |®, D,
0 0 0 Kap O 0 0 | |®g,| = |Pa, (5.42)
0 0 0 0 i, 00 | [Py Dy,
0 0 0 0 0 Kiyp, 0 ||®g Dy,
0 0 0 0 0 0 Kag, | |®a, Dy,
—IC,, 0 0 0 0 0_ _c1>p1_ —<I>p1-
0 K, 0 0 0 0]]|®, d,,
0 0 K, 0 0 0] |, D,
- (5.43)
0 0 0 Ky 0 0|, o,
0 0 0 0 K5 0]f]®, d,
0 0 0 0 0 Kl |® O,
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where

Ks =V (Go +4G1 + Gy + 2G5 4 4G,) (5.44)
Kar,, = V(G0 + G2 — 2G3) = 1 (5.45)
Kag, = V(G0 —2G1 + G2 + 2G3 — 2G4) = 1 (5.46)

Ky =V(G0+2G — G —2Gs) =1 (5.47)

Kf=V(Go—2G — Gy +2G,) =1 (5.48)

These are the solutions to the two-body problem at zero temperature and pressure.
The 2 x 2 block in Equation corresponds to the s-symmetrical state, the next
three 1 x 1 blocks are triply degenerate d- states of T, symmetry, and the last two 1 x 1
are doubly degenerate d- states with the E, symmetry. In the case of triplet states in
Equation , the p- and f- states are 3-fold degenerate and they belong to the T,

and Ty, symmetry, respectively.




5.3. PAIR PROPERTIES 119

BE/W

-18

4t 19 All s
-20 |
220 -19 -18 <17 -16  -15
u/w
-4.5}t
—a— 5 (Ay) QV = 2W —— =5 (4),)QV =0
—’(—S(Alg)@V:—W .......... S(Alg)@V:"rQW
5(A) QV =V,  —o—s5 (A1) QV = 4+5W
-5 1 "

-3 25 -2 -15 -1 -05 O 05 1
U/W
-1.5 . . . . . . .
(b)

_4 v/iw -
5 (A1) QU = —2W e s (A1) QU = +2W ——dy,
5(Aly) QU = UB™ —o—5 (A1) QU = +5W —o—dp,
_——_—-35 (Alg) QU =0 P (Tlu) —{—f (TQu)
4.5 —
-3 25 -2 -15 -1 -05 0O 05 1
V/W

Figure 5.3: The total energy of pairs for (a) the s-states only, and (b) all states of
various symmetries. The critical attractions for the s-state are UM (V=0)=—1.4874W
and V?(U=0)=-0.4836W. All states except the s-state are unaffected by U. The excited
states (p, dr,,, dg, and f) only appear at strongly attractive V. At very large attractions
U and V, all s-states have similar values (insets of panels (a) and (b)). For large intersite
attraction, V' — —oo, the dg, and [ states have approximately the same energies and
are indiscernible: inset of panel (b).
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The plot in Figure [5.3] shows the total energy of all the different pair symmetries
found in the FCC lattice. We note that there is a plateau at —2W when the particles
are not bound. Whereas there is a transition into a bound state when the plot drops
below —2W. At zero momentum, the ground state pair is of s symmetry.

A critical attraction must be reached before the formation of any bound state. At
very large attractions U and V', the s-states have very similar values (insets of Figure
and ) In Figure , the s-states are formed at relatively weak intersite attractions
V' compared to other states. Additionally, for very strong attractive V', the energies
of all the pair symmetries are separated by an energy of order t: except for the dg, -
and f- states that have approximately the same energies and are therefore indiscernible
when plotted (inset of Figure ) Note that the labels dz,, and dg, are d-states with
T, and E, symmetries respectively. The separation of states at large attractive V is
a consequence of the superlight effect. We emphasise that at P = 0, the degeneracy
of the p-, drp, -, dg,-, and f- states is three-fold, three-fold, two-fold, and three-fold,

respectively, as identified by the group theory analysis.
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5.3.2 Binding Criteria

We evaluate the minimum binding threshold for the formation of a bound state at zero
pair momentum. With the diagonalised equations (5.42)) and ([5.43)), the different pair

symmetries are given by:

1-UGy, —2VG
s =0 (5.49)
—6UG; 1-K,
dr,, - 1 — Ky, =0 (5.50)
dEg . 1-— ]CdEg = 0 (551)
D 1-K,=0 (5.52)
£ 1-K;=0 (5.53)

A phase diagram that shows where bound pairs form can be constructed by setting
E — —2W = —24t in the expressions (5.49)—(5.53) above. Following Ref. [107], the

exact solution of the Green’s functions (5.31]) for £ = —24¢ are

_\/§K§ ~ —0.056027549298548

Gy = e . (5.54)
2
2
922_9\8/52125(0 — 4t\/3§K02 +%:9g0+32%t290+% (5.56)
2
Gs = fﬁi - 8t\/1§K§ B 647r21t2go - % 37
g V3K 1 1 _ G 1 1 (5.58)

247 At/BKZ 12t 30 32r2Gy 12t

where Ko = K ({3—3) — 1.598142002112540 is the complete elliptic integral of the first

kind. The binding condition for the s-state is obtained by expanding Equation (5.49)).
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Doing this, we have

B UGy —1
T UGC —C —12UG?

(5.59)

where C = Gy + 4G, + Go + 2G5 + 4G, = 12G, + 2% = —0.172330591582576 /.
From Equation ([5.59)), the critical attractions to bind pairs into s-symmetric states in

certain limits are

V(U = 0) = —5.80280025...t (5.60)
V(U — +00) = —7.8028002504. .t (5.61)
U.(V = 0) = —17.84836232388...t (5.62)
Ul(V — +o0) = —24¢ (5.63)

Similarly, for the non-s states, we obtain the following critical attractions

V.0 = 92 734195080010747¢ (5.64)
VP = —926.810644276320041¢ (5.65)
VP = —16.302567033831927¢ (5.66)
V/ = —27.416574191996979¢ (5.67)

To construct the binding diagram in Figure [5.4], we vary the interaction strengths U
and V', and note when the total energy drops slightly below —2WW. The non-s-symmetric

states (i.e. p-, dp,-, dg,-

,- and f- states) are insensitive to U. In comparison to other

lattices with lower coordination numbers, pairs require stronger attractions for their for-
mation in the FCC lattice. This is due to the increase in kinetic energy with coordination
number.

We measure the critical attractions above relative to the half-bandwidth energy.

The required potential to create bound onsite pairs with no intersite interaction is
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UHw(V=0) ~ —1.4874W (the negative Hubbard model, V=0). This is a slightly greater
attraction relative to the simple cubic [73] and body-centred cubic (Chapter [4] section
lattices. On the other hand, the critical attraction to form an intersite s-state
with no onsite interaction is V*(U=0)~ —0.4836}. Furthermore, the s-states in the
limit of infinite repulsions are analysed. The onsite s-state is guaranteed to form if
UH(V - +00)<—2W. Similarly, V#(+00)<—0.6502W will certainly bind an extended
s-state when U is infinite. The non-s pairs have critical intersite binding strength V?

dT2g dEg f
~—1.3586W, Vi 2 a—1.8945W, Vi 0 av—2.2342W, VI ms—2.2847WV.
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Figure 5.4: Binding diagram showing pair formation at P = 0 in an FCC lattice. The
black curved line is the boundary that separates bound from unbound s-symmetry pairs,
the grey shaded region enclosed by the magenta solid line indicates a region with two
s-states, the blue thick dashed line represents the onset of triply degenerate p-states,
the purple dash-dotted line shows the binding of a triple degenerate d-symmetry pair of
Ty symmetry (labelled dr,, ), the green dotted line is the line below which two d-wave
pairs with E, symmetry start to form (labelled dg,) and the red solid line indicates the

formation of triply-degenerate f pairs. An s-state is guaranteed to form for attractions
equal to or stronger than U = —2W  V = —0.65023W .
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To examine the effect of the coordination number (alternatively referred to as the
number of nearest-neighbour sites) on the binding strength in 3D lattices, we compare
the critical attractions in the simple cubic, BCC and FCC lattices. Noting that the
respective half-bandwidths are Wgo = 6t, Wpee = 8t, and Wgoe = 12t, the summary of
this comparison is given in Table[5.2| First and foremost, it is evident that the number of
paired states increases with the coordination number. Secondly, there are similarities in
the minimal thresholds for creating pairs on these 3D lattices. A striking commonality
found in these systems is that an onsite attraction equal to the bandwidth energy in
each lattice will adequately form a well-bound onsite pair in the limit of infinitely large
intersite repulsion. In contrast, however, an intersite attraction that is stronger than the
bandwidth would be required to bind two fermions into highly energetic states (dg,- and

f- states) in the FCC lattice.

Pairing Binding Minimum attraction required
symmetry | parameter SC BCC FCC

U(V=0) —1.3189Wsc | —1.4355Wpce | —1.4874Wgcc

U(V=+c0) —2Wsc —2Whece —2Wrce

s-wave

V(U=0) —0.6455Wsc | —0.6358Wpce | —0.4836Wpcc
V(U=400) | —0.9789Wsc | —0.8858Wgrcee | —0.6502Wrcc
p-wave (Ag,) % —1.5885Wsc | —1.5828Wpee | —1.3586Wrce
d-wave (T5,) V —1.8804Wgce | —1.8945Wrcc
d-wave (E;) V —1.8034Wsc —2.2342Wgcc
f-wave (Ts,) V —1.9639Wpce | —2.284TWpcc

Table 5.2: Comparing critical binding strengths at P = 0, 7' = 0 in 3D cubic lattices
(simple cubic, body-centred cubic, and face-centred cubic). Wsc = 6t, Wpee = 8¢, and
Wrce = 12t are the respective half-bandwidths. We note that there are more pairing
states in the FCC lattice than the other lattices.
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5.3.3 Dispersion

Here, we calculate the dispersion of bound pairs in the first BZ of the FCC lattice. We
recall from the last section that V' must be attractively greater than the bandwidth
energy (i.e V < —2.2847W) to observe the excited states. We begin with the dispersions
obtained from the secular equations and . Next, we compare perturbation
theory calculations and the dispersions.

Figure shows the characteristic dispersion for intersite paired states (using the
secular equations) whereby U is repulsive and V' is attractive: a very common scenario
found in many materials. Also, we construct the dispersion of pairs in the limit of com-
peting attractive interactions (i.e. |U| = |V|) in Figure[5.6] In both figures, degeneracies
are lifted away from the I' point, and there is mixing and crossing of states, making it
difficult to specify pair symmetries. Our method aids the explicit classification of the
singlet and triplet states.

In addition to having more bound states when U is attractive, there is a considerable
modification in the shape of the singlets between Figures [5.5] and [5.6 For example in
Figure and along the I'-X line, a high singlet energy drops drastically to almost
coincide with the lowest singlet energy at the X point - this behaviour is absent in
Figure [5.5] where U is repulsive and is not due to the increase in V. Similarly, a slight
discrepancy can be noticed in the U-I" direction. Whereas the general form of the triplets
is not altered in both plots since the dispersion matrix, Equation , does not contain

U, but their energies scale with the strength of V.
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Figure 5.6: Dispersion with similar attractions calculated from the dispersion equations (5.19) and (5.29). The onsite and intersite
interactions are both equal and attractive U =V = —3W.
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5.3.3.1 Perturbation Theory Calculations

We perform perturbation calculations in the strong-coupling limits and present the dis-
persion results. The perturbation is the hopping of particles. We first perform this
treatment in the strongly attractive Hubbard limit: U — —oo, |U| > t, V = 0. In this
case, there has to be two hops for the pair to bind again after initially breaking. Secondly,
we find the secular Hamiltonian due to the perturbation in the limit of strong repulsive
onsite interaction but strongly attractive intersite interaction: U — 400, V' < 0, |V| > t.

In this case, the movement of pairs is a first-order effect in ¢ because of the FCC lattice

structure.
(@) Z (b) Z
_— T
Y E I
D, : — — Y
2b == =
X<
',_,_ L N
v R i b/'\
< 2h > b

Figure 5.7: FCC nearest-neighbour vectors and dimer basis for (a) Initial configuration
Ay, the small black circles represent the two electrons. (b) Intersite attraction - Dy, Do,
D3, D4, Ds, and Dg are pre-defined intersite configurations. In (b), the small green
circles represent electrons, the dashed oval depicts a bound state, we use the central
lattice site as the anchor point, the double-line arrow shows the anchor direction used
to analyse the hopping of triplet states. The need for the anchor is to help resolve the
sign problem arising from particle exchange.

Before we proceed, we shall define siz dimer basis vectors (see Figure [5.7p):

b b b b b b
a1:{§7§70}a 02:{57—570}, a’3:{§707§}7
(5.68)
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where b is the lattice constant. Next, we define the Fourier-space vectors below
An _ Z eiPnAP ’ An—i—a _ Z 6iP(n+a)Ap _ eiPaAn (569)
P P
where P is the pair total momentum.
Strongly bound onsite pair
In the limit of large attractive U, V' = 0, |U| > t, the energy due to perturbation

is proportional to t?/U. If the initial configuration is A,, as in Figure , then the

perturbed Hamiltonian matrix is

5, 24t* 212
H ) An - - WATL - W(An—kal + An—a1 + An—f—ag + An—ag + An+a3 + An—ag
(5.70)
+ An+a4 + Anfa4 + An+a5 + Anfa5 + An+a6 + Anfa.g)
Next, we substitute Equation (5.69)) in Equation ((5.70)) to have
242 22 . , . A . .
7(12) — _ . _( iPaq + e—ZPal + 61Pa2 + e—zPag + eZ]J(lg + 6—2Pa3
vl Ul
+ eiP(L4 _|_ e*iPa4 _'_ eZ'.Pa.5 + e*’iPa5 + eiPae + e*’L’Paﬁ) (571)
242 82 P.b P,b n P.b P.b n P,b P.b
= ——— — — |[cOoS — - cOS — + COS —— - COs COS —— - COS
|U| |U| 2 2 2 2 2 2
Hence, the bound state in this limit has the dispersion of the form
St? P.b P,b P.b P.b Pb P.b
E(P):—|U|—m[34—0057-00873’4—008 - COS +cosTy~cos 2}
(5.72)

where the first term is the strong coupling unperturbed energy, and the rest is the energy
due to perturbation.

We plot the result obtained from Equation (5.19]) versus Equation in Figure
5.8 Both results are in good agreement except at the I' and K points where there is
less than 2.5% and 0.6% energy difference at those points respectively. The difference in
energy reduces as the attraction U is further increased. We note that in this limit, the

bound pair moves like a dressed free particle in the FCC BZ.
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Strongly bound pairs requiring intersite attraction

In the limit U = +o00, V < 0, V > t, the pair is made of two particles occupying a
pair of nearest-neighbours with the zero-order binding energy as —|V|. If we introduce a
first-order perturbation H’, then the energy gained due to perturbation is the expectation
value of the perturbed Hamiltonian which is —¢t. With the dimer basis defined earlier,

we can declare the configurations for the singlets and triplets respectively as

s 1
Di,n = E (H\>n H/>n+a¢ + H/>n H\>n+ai) ) (573>
Df,n = ’T>'n, H\>'n,+ai : (574)
where for the triplet states, D}, = —Dj, . Unlike in the BCC lattice, the perturbation

is first-order in the FCC lattice due to its structural advantage. Using Equation ([5.73]),

the first-order Hamiltonian matrix for the singlet states is

I:I/-Dl,n =—t (DS,n + D3,n+a6) -1 (D4,n + D4,n+a5) -1 (D5,n + D5,n+a4) -1 (D6,n + D67n+a3)

(5.75)

H'Dy = —t(D3pn+ D3n-a;) —t(Dan+ Din—as) — t (Ds5.ntas + Dsn—as) =t (Den+as + Do n—as)
(5.76)

H'D3p = —t(Dim+ Dinag) —t(Dam+ Domias) —t(Dsn + Dsniay) —t (Domtas + Don—ag)
(5.77)

ﬂ/D4,n =—t (Dl,n + Dl,nJrag) —t (DQ,n + D2,n+a6) —t (D5,n7a5 + D5,n+a4) —t (DG,n + D6,n+a2)

(5.78)

H/D5,n =—1 (Dl,n + Dl,n—a4) -1 (D2,n—az + D27n+a5) -1 (D?»,n + D37n—az) -1 (D4,n—a4 + D4,n+a5)
(5.79)

H/DG,n =—t (Dl,n + Dl,n—ag) —t (D2,n—a2 + D27n+u6) —t (DB,n+a6 + D3,n—a3) -t (D4,n + D4,n—a2)

(5.80)

Applying a Fourier transform, one obtains the consistency equation below
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[ B(P)+ V|
0
t(1+ c*iP“ﬁ)
t(1 4 e~"Fas)
t(1 4 e~iPas)
( )

t(1+ e*Pas

0
E(P) +|V|
t(1 4 ¢'Pes)
t(1 + etPas)

t(eiPas + e—iPaz)

t(CiPa6+67iPa2) t(ciPaa +€77LP£L3)

t(1 4 etPae)

t(1 + e7iPas)

E(P)+|V|
0
t(1 + e7iPaz)

t(1 4 e'Pes)
t(1 + e~Pas)
0
E(P)+ V]|
t(eiPas +€—1‘Pa4)

t(1 4 e~iPaz)

t(1 4 etPer)
t(eiPQQ +e—iPa5)
t(1 + etPaz)
t(eiPm +e—iPa5)
E(P) +|V]

0

where E(P) are the singlet pair energies at pair momentum P.

Similarly, we obtain the first-order Hamiltonian matrix for the triplets as

-H,Dl,n =—t (D3,n + DB,n+a6) —t (D4,n + D4,n+a5) —t (DS,n + D5,n+a4) —t (D6,n + D67n+a3)
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t(l + eiPa,S) 1 ‘Dl‘n_
t(eiPaz +6—iPae) D2,n
t(CiPag +C—iPac,) D3,n o
(1 + ¢Pa2) Din
0 D5,
E(P)+|V| | |Don)
(5.81)
(5.82)

ﬁ/DQ,n =—1 (D37n + DS,nfas)) -1 (D4,n + D4,nfas) +1 (D5,n+a2 + D5,nfa5) +t (DG,nJraz + D6,nfaa)

(5.83)

H,D3,n =—1 (Dl,n + Dl,n—aﬁ) -1 (D2,n + D2,n+a5) -1 (D5,n + D5,n+a2) + t (Dﬁ,n+a3 + D6,n—a6)

-H/D4,n =—t (-Dl,n + Dl,n+a2)

f{/DS,n =—t (Dl,n + Dl,n—a4) +1 (DQ,n—ag + D2,n+a5)

I;[/D&n =— (Dl,n + Dl,n—ag) +1 (DZ,n—aQ + DQ,n+a6) +1 (D3,n+a6 + DS,n—a;;)

-t (DZ" + DQ,'R+116) +t (D5ﬂl*115 + D5,n+a4)

(5.84)
-t (D67n + DG,n+a2)

(5.85)

—t(D3n+ D3n—a,) +t(Din—as + Dintas)

(5.86)
-1 (D4,n + D4,n—a2)

(5.87)

and the their energies F(P) are determined from the equation below



134

[ B(P)+ |V
0

t(1 4 e~tPas

(14 e P

(
t(1 4 e~iPas
(

t(1+ e~iPas

)
)
)
)

0
E(P)+ V|
t(1 4 ¢'Pas)
t(1 + e'Pas)

7t(€iPa5 +6—iPa2)

—t(eiP"G + e—iPaz)

CHAPTER 5. SUPERLIGHT PAIRS IN FCC LATTICES

£(1 + ¢'Pas)

t(1 4 e~iPas)

E(P)+ V]
0

t(1 4 e~tPaz)

_t<€iPa5 + e—iPag)

t(1 4 e'Pas)
t(1 + e~iPac)
0
E(P)+|V|
—{(¢Pas 4 e~iPas)

t(1 + e~Pa2)

t(1 4 etPas)
—t(etPaz 4 o~iPas)
t(1 4 etPaz)
_t(eiPas 4 ¢~iPas)
E(P)+|V|
0

t(1 4 etPas)
—t(etPaz 4 o~iPas)
R )

t(1 + etPaz)

0

E(P)+ V|

Dl,n

- Dﬁ,’n-

(5.88)

Dy
D3
Dy
Dsn

We note that the Equations ([5.81) and (5.88) are similar except for sign changes in some

of the matrix elements. The result from the perturbation theory calculation is shown

in Figure and is compared with the direct UV calculations: using Equations ([5.19)

and ([5.29)), in Figure|5.9bl Both results are in good agreement albeit there is a high level

of degeneracy in the perturbation calculations.
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Figure 5.9b: Dispersion plot of pairs in FCC at strong intersite coupling and infinite onsite repulsion from direct UV calculation V = —10W,
U = +o0.
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5.3.4 Effective Mass

For the effective mass, we use Equation defined in Chapter {4 and the mass for
pair in the FCC lattice can be seen in Figure |5.10]

In some lattices (e.g. rectangular ladder [81], simple cubic [73], and BCC [Chapter
4]), a superlight itinerant state is formed only when U and V are nearly equal and are
both attractive which enhances the mobility of the pair via a single hop. However, for
superlight pairs in staggered ladder [69] and triangular lattices [74], attractive onsite
attraction is not required: a condition that is closer to physical systems which typically
have onsite repulsion. The FCC lattice, due to its structure, is special and belongs to
the latter group.

In the limit where the intersite interaction is attractive and dominant V——o0, the
pair mass does not increase infinitely (Figure ) but is only siz times heavier than
a single particle’s (i.e. m* = 6my, see derivation in the next section). This result shows
the superlight nature of pairs in the FCC lattice because the energy and the movement
of the pair only linearly depend on ¢. Similar low—mass states were reported in lower
dimensions (Refs. [74, [81]) at very strong attractive V. Superlight pair movement is
depicted in Figure [5.11] and during motion, the pair’s total energy remains unchanged
in all configurations.

On the other hand, in the limit where the onsite attraction is largely dominant
U——oo and V is small or repulsive, the mass of the bound pair increases infinitely. In

this case, the pair movement has a second-order effect in the hopping parameter ¢.



138 CHAPTER 5. SUPERLIGHT PAIRS IN FCC LATTICES

120

100%

150 ; ; : . . . '
—4—U/W =-5.0
(b) —e—U/W =—4.0
U/W =-3.0
125 ¢ —E—U?W =20
- - =U/W=-10
——U/W =0
100F e U/W =+1.0
- 6
5
E sl -
* E 4
E ~_
50t 2 1
1
-20 -15 -10 -5
25 V/W |
0! .

-20 -15 -10 -5 O 5 10 15 20
V/W

Figure 5.10: The pair mass expressed in the unit of a free particle mass. mg = h?/(20°t)
is the bare mass of one free particle in the FCC lattice (see derivation in Appendix .
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Figure 5.11: Superlight states move by first-order hops in the FCC lattice. The white
vertical arrow represents an electron with its spin, each small grey circle is a lattice site
(only the 13 sites of interest shown), the dashed oval represents a bound state through
an attractive V' and the two-way arrow implies that the configurations are degenerate.
The key feature here is that the pair is itinerant as long as the intersite interaction
is sufficiently attractive. Unlike in other 3D lattices where first-order superlight states
are only attainable via an attractive U, a superlight state in the FCC lattice depicts
a physical system where the Coulomb repulsion is large and pair movement does not
require U.

5.3.4.1 Limiting Behaviour for Superlight Pair Mass

We use the dispersion equation (5.81)) to derive the mass of the singlet in the limit
V — —oo. It is sufficient to evaluate the energy E(P) at small P. Utilising the isotropic

property of cubic dispersion relations close to the T" point, we can set P = (P,,0,0) and

expand Equation (5.81)) to arrive at
3 2 2 Fyb
E*(E - 4t) |E* + 4B = 16> ( 1+ cos— ) | =0, (5.89)

The above expression gives the dispersion of six pair bands along the P, direction where

the lowest band is

P.b
E\(P,) = —2t (1 +14/5+4cos 5 ) . (5.90)

If we expand Equation (5.90|) at small P,, one obtains

1+3(1—M)1/2]

Ei(Pbkg]l)~—2t
1(Peb <) 18

(5.91)
h2 P2
o2m* "’

1
~ — 8t + ét(be)2 =Ey+
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wherefrom we can extract the pair mass as

m'=— =6my. (5.92)

5.3.5 Radius

The effective radius has been calculated using the relation defined in Equation (4.107))
and the procedure described in Section of Chapter [4] applies too.

The size of the pair diverges near the threshold energy (E — E™) because the
pair is weakly bound and the pair wave function spreads over distant lattice sites. If
the particles unbind, the size of the pair becomes infinite whereas it shrinks as the
attraction increases. When V' is strongly attractive and dominates over U, we see the
formation of a local intersite pair. A bound pair is local if its size is on the order of the
lattice parameter. In contrast, if the Hubbard attraction is very strong and dominant,
an onsite pair is formed. We notice a shoulder-like shape in the radius when the onsite
and intersite attractions are comparable. When the attractions are comparable, there is
a random fluctuation in the pair’s configuration i.e. it can easily switch between onsite

and intersite configurations.
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Figure 5.12: Effective radius for various U and V. The thin solid horizontal lines

represent the nearest-neighbour distance a = b/v/2 on a FCC lattice. Note that the
radius diverges at low attraction. A shoulder forms when both attractions are comparable

U~V.
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5.3.6 Estimation of Transition Temperature

In this section, we examine if superlight pairs in an FCC lattice could Bose-condense at
significant transition temperatures in a low-density system. As before (refer to Section

4.3.6)), the transition temperature is given by the approximation:

33182 [ ny \°
T — 5.93
BEC T_nmo kB ( Qsite ) ( )

where m; is the pair mass (mg is the mass of a free particle and the dimensionless mass
m = m*/myg), Qsite = b/4 is the volume of the Wigner—Seitz cell for the FCC lattice,
and ny is the number of pairs per lattice site. For our calculation, we use an exemplar
lattice constant b = 14.24A (consistent with the FCC fullerides, although we note that
electrons are not dilute in fullerides).

The transition temperatures for fixed ny, are plotted in Figures [5.13al and [5.13b] For

condensation to take place, there must be pairs. This means that pairs must exist above
Tggc, i.e. Tgec < Ta, where To = A/kp is the pairing temperature and the binding
energy is A = 2g9 — Ey. The hopping parameter ¢ = 0.04eV has been chosen to be
consistent with fulleride superconductors [17] to set the energy scale. The maximum n,
for which Tggc is consistent with the effective mass approximation is estimated to be
approximately 0.015. We adopt a similar requirement to that used in Chapter [4] where
pairs of radius R’ = ar* can fit into space without overlapping, i.e. that n,16R"/3 < 1.
We also assign the value o = 5 to minimise the overlap of wave functions of different
pairs. For the lowest n;, considered in this study, superlight pairs can yield a transition
temperature up to 30 K (see Figures and for n, = 0.0015). When ny is
increased, the transition temperature goes up but these superlight pairs begin to overlap.
Nonetheless, this calculation predicts a transition temperature up to 70 K when n, =

0.015 which is consistent with the overlap condition above.
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5.4 Discussion

We have studied the formation and the characteristic properties of fermion pairs in an
FCC lattice. At the same, the consequences as to whether such pairs can Bose-condense
in the dilute limit are also examined.

We found superlight local pairs forming in the FCC lattice. When the intersite
attraction becomes infinitely large, there is no significant impact on the pair mass; the
bound pair is just six times heavier than a single particle mass. The FCC lattice is
the 3D analogue of the triangular and staggered lattices in the sense that pairs formed
on these lattices are superlight and can move freely via a single hop even in the strong
coupling limit V——o0. For the dispersion of pairs where the intersite interaction is
considered attractive, the singlet states show a slightly different behaviour between the
cases of attractive and repulsive U. Degenerate perturbation calculations were used to
validate the dispersion results in the strong coupling limits.

When conditions on overlap are maintained to keep pairs dilute and weakly interact-
ing, the transition temperature is predicted to be as high as 70 K. This work has shown
that small pairs formed in FCC lattice are much lighter than pairs in the simple cubic
and body-centred cubic lattices by an order of magnitude. Consequentially, we propose
that FCC systems with infinite Hubbard U repulsion and moderate intersite attraction
V would be a good place to search for high-temperature superconductivity. We note that
transition temperatures predicted here are similar to those in FCC fulleride materials

(albeit fullerides are not dilute).



Chapter 6

Bipolaronic Pairing in A3Cgy Solids

6.1 Summary

This chapter has been motivated by the complex nature of the A3Cgy compounds. These
are interesting materials with surprising behaviours, particularly as they sit at the inter-
section of conventional and unconventional superconductivity. We approach the problem
of electron pairing in these compounds using the UV formalism. We start with a brief
recap of the relevant interactions in these compounds and discuss how an appropriate
Hamiltonian that captures the essential physics could be established. Then, we per-
form a canonical transformation to derive an effective UV Hamiltonian. Next, we study
the properties of two electrons in the two distinct structures of cesium-doped fullerides
(Cs3Cg0). Finally, we discuss the consequences of the structural difference on the prop-

erties of bound pairs and on their transition temperatures.

146



6.2. PRELIMINARIES 147

6.2 Preliminaries

In addition to the bandwidth, other relevant interaction parameters considered in the
theoretical treatment of electrical conductivity in the doped fullerides are the onsite
Coulomb repulsion, Hund’s coupling, and the Jahn-Teller effect (JTE arising from the
Cgo vibron modes). As the onsite correlation is large in these materials, the Coulomb
interaction suppresses the hopping of electrons to and from different Cgq molecules. In
the normal state of a trivalent-doped fulleride (A3Cgo) solid, the Hund’s distribution
rule favours high-spin states when electrons are donated by the alkali atoms to the Cg
molecules (accordingly, the donated electrons must singly occupy the three different
orbital levels of ¢;,, with parallel spins). However, the intramolecular vibrations resulting
from the Jahn-Teller distortion create an effective attraction between electrons located
on the same Cgy molecule despite the strong Coulomb repulsion. The latter favours the
formation of a local singlet pair [108] (i.e. two electrons with anti-parallel spins occupy
the same orbital level and the third electron occupies one of the remaining two orbitals

of the ty, levels).

In the present work, we assume the following. (1) Each Cgy molecule forms a lattice
site where an electron is located. (2) We consider a single band approximation [109]
to this problem and thus interorbital exchange interactions are neglected. (3) The JTE
dominates over Hund’s coupling [108], making it possible to create an onsite singlet
pair. With these simplifications, we can derive an effective UV Hamiltonian where
some underlying physics of bipolarons in A3Cgg solids can be understood. Our goal is to
examine structural effects on the bipolaron properties of cesium-doped fulleride (Cs3Ceg)
since it has two structural phases (BCC and FCC). The derivation of the Hamiltonian

will be discussed next.
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6.3 The Hamiltonian

For the alkali-doped fulleride compounds (A3Cgp), we consider a Hamiltonian of the form
H=H,+ th + Hel—ph (61)

where the first term is the Hamiltonian describing the electron subsystem, the second
term is the phonon subsystem that describes the vibration of the Cgy molecules (vibrons)
and the alkali atoms, and the third term accounts for the coupling of electrons to the

phonons in the system. We will treat each term in more detail in the following sections.

6.3.1 The Electron Subsystem

With Cs3Cgp in mind and to minimise the number of free parameters, we introduce the
scaled Coulomb coupling, V', which is related to the intersite electron-electron interaction
V = f// b, where b is the lattice parameter. This form of interaction means that there
is just a single parameter to vary which is identical (or at least very similar) within the
different structures of Cs3Cgy (BCC and FCC). The Hamiltonian is

Hy=— Z tinél ey + % Z RirTiay + % Z %nn] (6.2)

(id’) i ij

where the first term is the tight-binding term describing the hopping of electrons between
nearest-neighbour Cgq sites ¢ and j, the second term is the onsite Coulomb interaction
between two electrons located at site ¢, and the last term describes the intersite Coulomb

potential experienced by two electrons on nearest-neighbour sites ¢ and j.
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6.3.2 Phonon and Vibron Hamiltonians

The phonon subsystem contains the vibrational modes (vibrons) of the Cgy molecules

and the vibration of the alkali atoms. The Hamiltonian reads
Hyp, = hwe Y ala; + hwa Y dl,dy, (6.3)
i Jv

where G and &' are phonon operators for the Cgy molecules, and d and d' are phonon
operators for the alkali atoms. w¢c and wy are the frequency of vibration for the Cgg

molecule and alkali atom respectively. The index j is used uniquely for the alkali sites.

6.3.3 Electron Coupling with Vibrons and Phonons

The electrons donated by the alkali atoms are strongly coupled to the two A, and eight H,
intramolecular phonons (vibrons). The nature of the electron-phonon coupling affects
the direction and magnitude of orbital distortion but does not cause the splitting of
the orbital degeneracy [18]. However, only one of the H, modes (which is five-fold
degenerate) is responsible for the JTE [110]. To write our electron-phonon Hamiltonian
for the Cs3Cgg solid, we need to bear in mind: Firstly, the stoichiometric difference in its
two structural phases. Secondly, the polarisation of the underlying lattice. In addition
to the intramolecular phonons from the Cgy molecules, the positions of the cesium atoms
introduce additional polarisation in the lattice which may enhance or hinder the effective
interaction with a phonon experienced by an electron. This polarisation effect will be
taken into account when considering the respective Hamiltonian equation for the BCC
and FCC systems. What this means is that we allow for the possibility that electrons

on Cgp molecules can interact via phonons on Cs sites since they can modify the local
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JT modes [111]. Thus the full electron-phonon interaction is:

9; .
el ph_gzccz CL +az +Z ]CA I Ci AJu+dA:JV)T1J up <64)
i,V
—ch cza + a;) +Zg”'“j Ci Ajl,—i-dAJu) (6.5)
i,V

where the first term is a Holstein-like coupling between an electron and a phonon on
the same Cg site, which is used as an approximation to the JT coupling [112, |113].
The second term is the coupling between an electron and vibration modes of the cesium
atoms. Note that gy, = g; 04 74 - m,- Calculation of #;; - i is specific to the lattice and
the orientation of the phonon modes and will be discussed later. 7, is the polarisation
of mode v. We assume that these polarisations are orthogonal. Here, a' create vibrons

on fullerene sites and d' create phonons on the alkali sites.

Now that all the sub-Hamiltonians in Equation (6.1)) have been declared, we turn to

the derivation of the UV Hamiltonian for these compounds.

6.4 Derivation of UV Model for Cs;Cgy Solids

In this section, we will discuss a step-by-step procedure for the derivation of an effective
UV Hamiltonian using a canonical transformation. We note that the Hamiltonian in

Equation (6.1)) contains seven terms if the subset Hamiltonians are combined.

6.4.1 Applying a Canonical Transformation

We use the Lang—Firsov canonical transformation to derive an effective UV model in the
limit that the phonon frequency is large. To do this, we perform a canonical operation

below with a unitary operator S. The essence of this operation is to decouple the EPI
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terms in Equation (6.1)).

H=e¢SHe S =H+[S, H| + 21'[5 (S, H]] +
where the original Hamiltonian, in full, is

H——Zt“/c Cyr +—an¢nz¢+z

+ ggg”jl(d*w ) e 3 bty s Y d

Ty —l—Zgéw ¢réq( aj —i—a])

ij,V

The operator S in Equation takes the form

gz 172N 3 Gij
S = Zb it /{dT — kdj,) + hch ICZ(I{(IT—H(I])

ij,v ij

where k is a scaling parameter and g;; = gd;; in the second term.

The electron and phonon operators are also transformed as follows

61' — ¢ = eséie*S

~ ~

dj,, — dj,j = esdj,,e_s

- ~ _ S -8
a; — a; = e’aje
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(6.6)

(6.8)

(6.9)
(6.10)

(6.11)

Then the transformed operators are obtained by solving a set of differential equations

dc;  0¢ . @
ok 9S 0Ok
od, _od; 05
ok 0S Ok
ok 0S Ok
From Equation , we have that
oS gzﬂ/ AT A g JYij AT A
%_ bzh(.x.)A G l jl/_ JV +Z aj)

ij,v

Using Equation in (6.12), we get
(951 S At A A gz v A ga@ ~ —-S
o ¢ ;[0307;701'] { - b2hiu alT —I—Z L( a —aj) pe

| S )+ T ]

Jqv

(6.12)
(6.13)

(6.14)

(6.15)

(6.16)
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If we take the limits kK — 1, we arrive at

~ ~ ~ gz v 7 7 951 N ~
C; — C; = C; €Xp [ b2hij T jy) - Z hwj (CL} - aj)] (6-17)
So that its conjugate operator is given as
~t At giju It A g(szj ~
G =& =¢jexp { e D +Z — } (6.18)

Similarly, we solve Equations (6.13]) and - ) using ) and ([6.11]), respectively, to

arrive at the transformed operators

7 9 Vo AT A
djl/ _>djy:dju i T

it 7 gt _Gijv_ ete
b2Fio 4 ) dju — dj = dj b2hw CiCi (6.19)
and
iy —a; =S Lt al —ab=al > 9% sto (6.20)
hwe hwe

From Equation , we have

H=— Ztulc & —I——Znnnu—l— Z Vi Afiy + g Y Eléi(al + a)

(6.21)
+ gzjy ~T

5 Cl &(d, +d;, +hcha}ai+thZdjudj

j,v
Treating each term separately for convenience and substituting the transformed operators
E1)-@20), we get

1st term:

_ Zt“'C Cir = — Zt“,c Gy exp [Z Gijv dT 4 )+ Z g(s,] }

b2 hw 4
(z3") (@)
gz ‘jv /gt 7 g/(si’j ~t ~
XeXp{_  Phos (d}, — dj) — ‘ hw_c(aj_aj)
v J
Sl
(at!
where
T gi'u A 961 a
tii’ = tii’ exp [ b2h]w d]L — ]I/ + Z ] ]
Jv

gZ]I/ A A g/(si’j At ~
X exp [ b2th diy) _Zhw—(;(aj_aj)]
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2nd term:
UHHUHTTUH Ui . .
? ' NNy = 7 CZTCchuCN = ZC”CZTCWCN, = 7 ‘ T
3rd term
! Vnn ! ‘Z'jééé% 1 Vcch by — 1 Vnn
sz_2” bzzi/z_Z bizilz_Z bzz
(4’) (4") (3i") (4’)
4th term:
-\ RPN IS B 90ir; At A
ngwc & a +a;) = izjg&jcici (aj +a; — ZZ oo ci,ci/)
5th term:
gzjl/ ~T 7t gmlx ATA T gz Jv AT A
B, ) = 3 e (1, + -2 Y el
ij,v ij,v
6th term:
ij . 0ij90irj 4~ i 4
e Yl e X [afs - 5 el a0+ 5 Pl
J J
7th term:
T3 7 gz [ 728N
o 3 i, —hioa Y [d;ud Pl + du)
Jv Jv w
1 2
+ (m) Zgijugi’jué;réic;r/éi’]
Hence, the fully transformed Hamiltonian is
_ . U 1 — Vi
H=— %tii/ézéi/ + 7H Ei:ﬁ”ﬁu + 3 > ; Ny — —— Zgéwgéuc czc Cir
7 4 j (6‘23)
1
— ngz],,gzjyc czc Ci + hcha aj + ﬁwAZde
A i’ ju 7 jv
We recall that gij, = gi; caTij - M, thus
H=— Zt“/c Cyt +—an¢nz¢+ Z 2 Ny — —Zg%gdw chc Cyr
i'j
b4hw ng,C’Agzj CA CTClCT Cy (Irl] nz/)(rlj ’ nu) (624)

it ju

+hwe Y ala; +hwa Y dld;
J Jv
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6.4.1.1 Transformed Hamiltonian in the Atomic Limit

In the limit ¢ — 0 where electrons are considered static, only the phonon-related terms

are activated. If we let

95ij _ fij(sij
— = " - 6.25
hwoe 2 hwe2Mhwo (6:25)
and
Jijv _ fz'/jzz
N 6.26
Rhoa 7" hwan/20M s (6:26)
the EPI terms (4th and 5th terms in ) become
fljfl] Y fzyufz]u Y
Z 2Mh2w Z 2]\/[712 (6'27>

i’ i jv
We then define functions relating to the molecular vibrons and alkali phonon, polaron

self-energy and the dimensionless coupling parameter respectively as

o5 :Zfz’jfi’j ; (6.28)
J

n v Z fz]ufz 'jv : {filjl/ = (lf’l] ’ 771/) eirij/Rsc/r?j} ’ (629)

By=sss> fi= Do (6.30)
P 2Mh2w2 — 7 2MRRw? '

Poo
= 31
2MW h2w? (6.31)

where W is the half-bandwidth. We emphasise that the summation in Equation
runs over all modes of the alkali phonon. The expression for fwv is of the Frohlich form
[93], where Ry (expressed in units of the lattice vector |a| and ranges from 0 — o0) is
the screening radius that controls the effect of the alkali phonon-mediated interaction

(from short- to long-range), r;; is the separation distance between a Cgy ball at site ¢

and an alkali ion at site j. The EPI terms can be re-written as

—Z)\CW nn Zx (6.32)

001/

i’y
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where A\¢c and )\ are the dimensionless coupling parameter of electrons with the Cgy and
the alkali ion (A) phonons respectively. Taking the atomic limit of Equation ([6.23), the

transformed Hamiltonian is thus

}:mﬂv@ﬂm% > AW y%ﬁl+m@§:a%4JmA§: v (6.33)
00

i’ i’y OOV

6.4.1.2 Transforming the Tight-Binding Hamiltonian

Examining the tight-binding Hamiltonian (first term in Equation (6.23]) ), we have

where, from Equation (6.22)), the renormalised hopping integral ¢ corresponding to the

kinetic term of a polaron (dressed electron) is

tiir = tiw eXp {Zgu(@y djv) "‘ZQC }XGXP [ ng/( —~d;.) ch & —a;) ]
% Jv

(6.35)

!

fijdij =/ fz’]éz’] —= fiju =/ __ fl/jl/

roovaos: 90 = fmevaitios: v = feaveimer 4 9, = 5o s 1t s

where go =
immediately obvious that there are still electron-phonon couplings via ;7. These can be

eliminated by rearranging the exponent and then taking the near anti-adiabatic limit (i.e.

finite phonon frequency). To do this, we make use of the identity ete? = eATBelABl/2)

where this relation holds if A and B commute. For the moment, let A = gy(cijy -
Jv

~

dp) + 3 ge(al — a;) and B = — 3 g,(dl, — dj,) — 3 ge(al — ;). Thus, we have
J Jv J
A+ B =Y (g, — g)(d}, — djs) + X(ge — g)(a) — a;), and [4, B] = 0. So,
J

Jv

B = tiy exp [[Z(gu =g, + (50— ge)at| = | Yoo - d)di + D (50 - g’d%”

Jv J Jv J

Reusing the identity eAt? = e4eBe[4Bl/2 again, where

A= [ S — g}, + Sle — b)al] and B= =[S0 — )y + Sloe = 5)as .

Jv Jv
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It follows that

[A, B] = — Z(Qu - gz,/)2[cz;rw dju] - Z(gv - gzlj)(gC - gC)[d;[ v aj]

Jv Jji'v
= (ge — 3:)(3 — g)lak,di] = (e — ge)*lal, ay)
Ji'v J
=> (3 —3)*+ Z gc — o)’
Jv

1

_Z wzv _QfZJvfzJV+fsz . 1 +Z i2j _2fijfi’j+ fz%j )
th th 2Mh2w124 th hwc th 2Mh2w%

J

_2XW . o4, +2)\CW ®¢,
 hwg o hwe S,
(6.37)

NW o2, ) /\CW< @Q,)
_[A, B]/2 = 7 i 6.38
A Bl2 = (1-Far) - S0 (1 2 (639

The final expression for the renormalised hopping integral ¢ is

Py { /\’W<1 <1>;;‘V> ACW( q>§;)]x
=liir €Xp | — - -

exp [Z(gy — g}, + > (g - 95)6@} X exp { = (G —a)dp =D (g0 - g’d%]

jv J Jv J
(6.39)

An advantage of taking the finite frequency limit of this transformation is that the
phonon degrees of freedom are integrated out. Thus, we have an effective UV Hamilto-

nian for the alkali-doped fullerides as

eff - Z t Cn+a o Cna +U Z Pnt pni + Z Va Pn+a pn (640)

(n,a)o (n,a)

where the first two terms are the standard Hubbard Hamiltonian and the third term
describes the intersite electron-electron interaction. Note that a is the nearest-neighbour
lattice vector which should not be confused with the lattice constant b, and the prime
in the last summation implies that @ = 0 is excluded from summation. U and V are
renormalised potentials defined as

U= % ~W(Ae + N) (6.41)
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v D40, a)
Va=5-—W [)\ W} (6.42)

The Hamiltonian ([6.40f) is solved to obtain the properties of two bound electrons in
the Cs3Cgg solids. We will compare these properties in both BCC and FCC lattices, and

then discuss their consequences in the next sections.
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6.5 Bipolaron Properties in the BCC and FCC forms

of Cs3Cy; Solids

We derived an effective Hamiltonian for Cs3Cgg in the previous section. Now, we will
determine some characteristic properties of two electrons in the two structures of the
solid. Then, these properties will be compared and contrasted to examine the effects of

the underlying lattice structure.

6.5.1 Polarisation Effects and the & Functions

Here, we demonstrate how the polarisation (7 - 1,) is computed both in the BCC and
FCC lattices. We also examine implications for the the function ®4(i, ') in the respective

lattices.

6.5.1.1 Computation of (7;; - n,)(7; - n,)

We will calculate the polarisation separately in the BCC and FCC lattices. For conve-

nience, we set the lattice constant to unity in both lattices.

BCC Lattice

Intersite: two electrons occupying two different but neighbouring Cgy sites
As depicted in Figure[6.1] if the coordinate of the central Cgy molecule is (0,0, 0), and that
labelled “A” is (%, _71, %), then, the three Cs ions labelled “17,%27,“3” - with respective

1), (3,5, 0) - connect the two Cgo molecules in consideration.

coordinates (0, 5, 1), (3,0,
We define a vector of the form 7;; = CiCsj which represents the separation between the

Cgo molecule at site ¢ and a cesium ion at site j. Then, we find the dot products using

Cartesian coordinates. Examples are given below for the Cgy at site A and the three
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Y
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Figure 6.1: Annotated BCC structure of the Cs3Cgy. The small green balls represent
the cesium atoms and the big brown balls represent the Cgy molecules. For consideration
of effective interaction, we assume one electron is located at the central Cgy ball and

another electron at the Cgy labelled A. The closest cesium atoms connecting the central
ball and ball A are the small green balls labelled 1, 2, 3.

nearest cesium ions (treating a single Cs ion at a time).

ION 1 (CSl)Z
CAA(jsl = %(_717 07 _Tl) - CAAcsl ' &mode = \_/_%a CAbsl ' }A’mode = 07 CAAcsl . 2mode == &_%
COACSI = \/ig(oa %17 %) - COACS’l : }A(mode == 07 COCSl ' ymode = :/_gy COCSI . 2mode = \/Lg

S0, [CaCs1 - CoCsi|mode = [(CaCs1 %) - (CoC81 %) mode + [(CACs1 ) - (CoC1 ) mode +
(CaCs1+2) + (CoCS1 + 2)|imode = 2.

ION 2 (CSQ)Z

CAAC‘SQ - \/ig(_l %’ 0) e CACSQ *Xmode = \_/_é’ CACS2 : ymode = \/lga CACSQ * Zmode = 0.

COACSQ = \/ig(%p 07 %) — COCSZ : )A(mode = %57 COCS2 . ymode = Oa COCSQ : 2mode - \/l’

ot

|CAACSQ . COCSQ|mOde = _?1

ION 3 (CSg)I

CACSB = \/Ag(o’ jlp _Tl) - CACSE’; ' )A(mode = 07 CACS3 : }A’mode = \/Lga CACSS : 2rnode == \_/_g

COACSB = \/ig(l __17 0) — COCS3 : &mode = \/lg; COCS3 : ymode = \_/_é; COCS3 : 2mode =0.

204

|CAng . COCSZS’mode = _?1
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We see from above that between a pair of Cgg neighbours, the effective interaction

due to the (orthogonal) vibrations of the nearest alkali ions is

3
D 1(CaCsi- {5,3,73) - (Colsi - {£, 3,2} lmode = [(CaCs1 - %) - (CoCsy - %)

n=1
+[(CaCst - 9) - (Cols1 - §)| + [(CaCsy - 2) - (CoTsy - 2)|
SR . S Y (6.43)
+[(CaCsy - X) - (CoCsg - X)| + |(CACss - ) - (CoCsy - 7))
+ [(CACsy - 2) - (ColSy - 2)| + [(CaCss - %) - (CoCss - %))

+(CaCs3-§) - (CoUsy - §)| + [(CaCss - 2) - (CoCss - 2)| = —

Onsite: two electrons occupying the same Cgy site

Similarly, we compute for the case of two electrons at the central site in Figure [6.1

12

D 1(CoCsin - {%,3,2}) - (CoCsi - {X,¥, 2} lmode

n=1
However, it should be noted that in the BCC Cs3Cgy unit cell, all the Cs ions are
equidistant from the central Cgy molecule, therefore all the 12 ions would participate in
the onsite case and not just 3 ions as in the case of the intersite. Depending on how they
are labelled, we can find the coordinates and perform the summation as before. We will

only illustrate here the result from the vibrational modes of the Cs ion labelled “1” in

Figure [6.1]

[(CoCs1 %) (CoC81 %) |mode+| (CoCs1%) (CoCs1 ) mode+| (CoCs12) - (CoCS12) [mode =

It immediately becomes obvious that all the surrounding balls will contribute the

same weight. Thus, the overall contribution is 12 x 1 = 12. We note here that between

two electrons situated onsite, the overall effect from the vibrations of the nearest alkali
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ions on these electrons is positive (attractive) whilst for intersite electrons at nearest-

neighbour Cg balls, the overall contribution from the alkali ions is negative (repulsive).

In summary, in the BCC phase of a Cs3Cgy solid, the effective interaction between two

electrons interacting via the Cs vibrational modes is
e repulsive (negative, — %3) when the electrons occupy nearest-neighbour sites, and

e attractive (positive with a weight N, where N = 12 is the total number of nearest

Cs ions) for onsite configuration.

v

|

&Y

Figure 6.2: The structure of the Cs3Cgg in its FCC phase. There are four cesium atoms
connecting two Cgg molecules: 2 green balls at the tetrahedral sites and 2 red balls at
the octahedral sites.

FCC Lattice

Intersite: two electrons occupying two different but neighbouring Cgy sites
Just as in the BCC case above, we will similarly determine the effective interaction
between electrons on two Cgg molecules (Figure . We use a central Cgy molecule at

(0,0,0) and a neighbouring Cgp molecules at position A (%, %,O). For the chosen Cgg

7))

N

molecules, the two closest Cs ions (green balls) are at coordinates (1, 1, 1) and (3,
respectively, while the next two (red balls) ions have their respective coordinates as

(3,0,0) and (0, ,0).
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ION 1: green Cs

T 4 (=1 -1 1 1 IS —-1. T A _ -1, t 5 _
CACSI = 7§(T7 ) Z) = CACSI'Xmode = V3’ CACsl'ymode = /3 CACSI'Zmode -

-

COAcsl = \/ig(%a %L7 %) — COCSI . Xmode = \/Lg; CoAcsl : ymode = \/Lg; COCSI : 2mode = \/Lg
SO, ‘CAAcsl : COACS'l‘mode = ’(CAAcsl : i) : (Cocsl : i)’mode + ‘(CAACSl : }7) : (Cocsl : y)‘mode +
[(CaCs1-2) - (ColS1 - 2) lmode = 5

ION 2: green Cs

1 _ 4 (=1 -1 -1 1 o _ -1, 1 - _ —1. 1 5 —
CaCsy = 73(7, ) T) = CACsy - Xmode = V3 CaCs2 * Ymode = 73 CaCsy * Zmode =

-1

75

Can — 4 (1 1 =1 ( o — 1.0 5 — 1.0 5 —
COCS2 - 75(1’ 4 T) = COCSQ * Xmode — V3! COCSQ * Ymode = V3’ COCS2 * Zmode =

SiL

= |CACS - CoCS2lmode = -

ION 3: red Cs

CaCs3 =2(0,31,0) = CaCS3 - Kmode = 0; CACS3 - Fmode = —1; CACS3 + Zmode = 0.
CoCsz = 2(3,0,0) = CoC83 - Kmode = 15 CoC83 * Fmode = 0; CoC3 + Zumode = 0.
|CAC83 . COC83|mode =0

ION 4: red Cs

CaCss = 2(31,0,0) = CaCss - Kimode = —1; CACSs - Fmode = 0; CaCS4 + Zmode = 0.
CoCss = 2(0,1,0) = CoC84  Zmode = 0; CoC84 * Fmode = 1; CoCS4 + Zamode = 0.

|CAACS4 . COCS4|mode =0

Clearly from above, the effective interaction between two electrons sitting on two

neighbouring sites taking account of polarisation is

4

> 1(CaCsn- {%,5,2}) - (CoCsi - {%,9,2}) lmode = —-

n=1

\)

which is interpreted as repulsive. The alkali ions on a direct line between the coordinates

(i.e. at octahedral sites) play no role at all in intersite consideration.

Onsite: two electrons occupying the same Cgy site
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In the FCC phase of the cesium-doped fulleride, when two onsite electrons interact via
the cesium vibration, only the closest ions (8 at the tetrahedral sites) have significant

contributions.
8

D 1(CoCsin - {%,5,2}) - (CoCn - {%,§, 7} mode = 8

n=1

We may conclude that the polarisation effect on effective interactions in an FCC unit

cell for electrons on
e different (nearest-neighbour) sites is repulsive — ’72
e the same site creates an attraction with a weight NV, where N = 8.

The above illustrations are done only for few ions within a unit cell. In our work, we

have numerically computed the effective interaction between the two electrons via the ®

function defined in Equation ([6.29)).

6.5.1.2 The ® Function and Screening Effect

Next, we investigate the functions, ® defined in Equation (6.29). For a finite-size lattice,
the net effect of the cesium phonons is calculated by summing all contributions from
the cesium ions in the entire lattice. We plot the ratio of the intersite ®(0,a) to the
onsite function ®2(0,0) as a function of the screening radius R, in Figure for both
lattices. The first conclusion that can be drawn is that the interaction is higher for onsite
interactions than intersite interactions (at least ten times stronger) in both lattices. Tt
should be noted that only the cesium atoms closest to the doubly occupied site are used
to compute ®(0,0). Secondly, short-range screening brings about a net repulsive inter-
action (negative ratio). Thus it has an inhibiting effect on pair formation. On the other
hand, for screening radii beyond the nearest-neighbour distance |a|, the net interaction

force between two particles is attractive (positive ratio) which may favour the formation
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of light pairs. Long-range effects become saturated at a screening distance of about 15|al|

in both lattices. Hence, this means that increasing the screening radius further will not

modify the attraction strength significantly.

0.1¢

0.05 -

®/(0,0) | |
340,00 g
-0.05 ki
' —BCC
---FCC
-0.1 ‘
5 10 15 20

Ry (la)

Figure 6.3: The ratio of the ® functions in the BCC and FCC lattices of a Cs3Cgq solid.
®4(0,a) and ®4(0,0) are the total intersite and onsite functions, respectively. Accord-
ingly, positive (negative) value of the ratio means attraction (repulsion). The interaction
becomes attractive when the screening radius approaches the distance between the two
nearest Cgg molecules. Superlight pairs could result from the long-range contributions.
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6.5.2 UV Model for Cs3Cyy Solids

In the last section, we demonstrated how the electron-electron interaction functions
® mediated by the alkali phonons in the Hamiltonian (6.24) can be computed. The

instantaneous interaction between electrons resulting from Cs phonon exchange is
inst N PPN PN
Hy% = Z D50 ¢; CiCyCyr (6.44)
i

where ®gy = —(Ac+XN )W, and By = Qu AW : Ao = ¢*/(hwcW); N = ¢’ 2/ (b*hw W),
g is the electron-phonon matrix element due to the Cgy vibron modes and ¢’ is the
electron-phonon matrix element due to the phonon mode of an alkali ion. The value of
Qe is determined depending on whether the interaction is short or long range. The
Hamiltonian is solved as standard UV with dispersion matrices of the form
and for the BCC and FCC, respectively. The difference, however, lies in the ex-
pressions for the interaction parameters U and V. Unlike in Chapters[4and [5] here, these

interaction parameters depend on the vibrational properties of the alkali ions (Equations

and [E12).

RN | .

’ \
7 101.536959°
4 N
4 N

e N
/ N

D &

Figure 6.4: Electrons interacting with Cs vibrational modes in Cs3Cgqy BCC. Two
electrons (small black circles) on different Cg balls interact through the three phonon
modes of Cs: along the x and y axes, the z—axis is out of the page. Note that the two
Cgo molecules are not in the xy plane, rather the diagram above has been drawn only
for simplified visualisation.
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6.5.2.1 Bipolaron Properties in the Distinct Structures of Cs;Cgg

It is important to note that the distances of the cesium ions from a central Cgg molecule
vary in the two structures of Cs3Cgo. In the BCC structure (Figure for example,
all the cesium ions (small green balls) are equidistant from the central Cgy molecule.
Also, it should be recalled that the angle between vectors connecting a cesium ion and
two nearest Cgo molecules is 101.5369° as seen in Figure [6.4] Unlike in the BCC phase,
the cesium ions linking a pair of nearest Cgy molecules in the FCC phase are at two
inequivalent locations (i.e. nonequidistant from a central Cgy molecule). Hence, the
cesium ions are drawn in two colours (green and red balls) in the FCC structure (see
Figure where 4 cesium ions (2 red, 2 green balls) connect any nearest-neighbour Cg
pair. Two of these four ions (i.e. the green balls) sitting at the tetrahedral positions
are the closest, with the angle between vectors connecting Cs and Cgy positions being
109.471220° while the remaining two (red balls which are slightly more distant) sit at
the octahedral positions and separate the Cgy molecules at 90°. For our calculations,
the interaction parameters measured in eV (electron-volt) are taken from Ref. [114] as
Unsce = 1.1, Ugrcc = 1.07, Veoe = 0.31, Vece = 0.3, Wree = 0.6, and Weee = 0.4,
respectively. The respective V is obtained by multiplying V with the lattice parameter
in each structure of the Cs3Cgg solid.

As mentioned before, the solution to Equation is that of a typical UV problem,
except for the definitions of U and V. Thus, we will apply the same method as we did

in Chapters [ and [5] The total energy and effective mass of the pair are reported below.
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a. Total Energy

We explore the parameter space for bipolaron formation in the two structural phases
of Cs3Cgo by varying the phonon coupling due to the vibrons A¢ and due to cesium
phonons X, as well as the screening radius Rs.. This allows us to determine if and when
the particles bind. g in the respective lattice is the total energy of two unbound particles

at zero momentum.

Firstly, we found that the formation of a bound state is easier in the BCC structure
than in the FCC structure of Cs3Cgy. The critical value of the parameters required for
pairing was determined. In the BCC structure, an intermediate vibron coupling A¢ ~ 0.5
is sufficient to bind onsite pair (though weakly) when the alkali phonon coupling is
AN~ 2.9 and at a screening radius R,. ~ 4.6la]. Whereas the same vibron coupling
(Ac ~ 0.5) cannot create a bound pair in the FCC phase which is mainly due to the
larger lattice constant. Instead, a coupling of about unity A\¢ ~ 1 is required for the
onset of a weakly bound bipolaron which occurs via long-range interaction R,. =~ 15|al|

when \ ~ 3.25 in the FCC.

In Figure |6.5] we show the bound state energy in both lattices with vibron coupling
Ac = 1, and at a range of N\ and R,. parameters. At this vibron coupling, the onset
of a weakly bound onsite bipolaron in the BCC lattice is found at A" ~ 2.33 and at a
screening radius of R, ~ 4.45|a|. This value of alkali coupling A" is consistent with the
result in Ref. [115] for K3Cg. We note that K3Cgy has an FCC structure and even a
larger lattice constant. In both lattices, increasing A" further results in a strongly bound
onsite bipolaron as R,. — 0.

For A" value of 3.5, the effect of the screening radius is more pronounced in the FCC
plot. As the screening radius increases from zero, the energy of the pair significantly

drops, and further increase beyond R,. = 12|a| does not change the energy much.
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Figure 6.5: Total bipolaron energy as a function of the screening radius R, and the
coupling to Cs phonons X at Cgy vibron coupling of A\¢ = 1 in (a) BCC and (b) FCC
structures of Cs3Cgy. €g is the total energy of two unbound free electrons, thus, the
electrons are unbound in the flat regions where ¢ = ¢;. Note that ¢g = —16t and
€9 = —24t is the ground state energy of two free particle in the BCC and FCC lattices
respectively. The particles begin to bind at A" &~ 2.33 in the BCC and at A\ ~ 3.25 in

the FCC lattice, respectively.
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b. Mass

We also calculate the effective mass of the bipolaron m*, measured in the unit of a free
lattice electron (polaron) mg in both lattices. The masses are plotted in Figure . At
low A" when the particles are not bound, the bipolaron mass equals 2my (twice the mass
of lattice electron), and hence is not shown. We only plot the parameter space where
the particles begin to bind.

Overall, the bipolaron is heavier in the BCC phase as compared to the FCC phase.
This is because there is a higher polarisation due to the Cs atoms in the BCC phase,
and hence the ® function (Figure contributes a greater net attraction. The effective
mass increases as the alkali phonon coupling A increases in both lattices. However,
the effect of screening shows contrasting behaviours in these lattices. For significant
regions of the parameter space, there is a decline in the effective mass in the BCC phase
when the screening radius R, increases. Conversely, in the FCC phase, the bipolaron
mass increases with R,.. This difference in the behaviour of bipolaron mass would have
a significant impact on the condensation temperature of bipolarons in the respective

lattices.
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Figure 6.6: Bipolaron mass m* in the BCC and FCC phases of Cs3Cgp at A\c = 1. myg
is the mass of lattice electron (polaron) in the respective lattice.
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6.6 Discussion

We have developed an effective UV Hamiltonian to study the pairing mechanism in the
alkali-doped fullerides and then obtained properties of bound electrons specifically in the
two structural phases (BCC and FCC) of Cs3Cgp. Based on our findings, a few remarks

can be made:

Within the parameter space, the two electrons are bound onto onsite bipolaron.

e Smaller attraction (via Ac and \') is required to bind two particles in the BCC
phase compared to the FCC phase. This means that forming of a tightly bound,

local pair is more favourable in the Cs3Cgg solid with a BCC (A15) structure.

e Beside the attractive interaction created by Cgo vibrons, our result suggests that
additionally relevant attractions could be generated when the vibration of the

cesium ions are taken into account.

e There is significant effect of long-range interactions in these solids. As bipolarons
in the BCC phase are found to be heavier in this work, one would expect the FCC
phase with lighter mass to yield a higher Bose-Einstein condensation temperature.
However, experiments [19, 20| have proved otherwise. We note that there are
opposing behaviours of bipolaron mass in the two structural phases with increasing

screening radius.

Even though the bipolarons are lighter in the FCC phase at short screening distance,
a very strong coupling (which leads to heavy pair taking account of a polaron mass) is
required to bind them. Our conclusion is that: Since local pairs can be formed in the
BCC phase at weak to moderate coupling and their masses (which will be similar to the

FCC) can further reduce with long-range effects, then, they may Bose-condense at high
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temperatures. This result might provide a useful explanation as to why a higher T, is
observed in the BCC phase of a Cs3Cgo solid or open new ideas for understanding the

superconducting mechanism in the alkali-doped fulleride family.



Chapter 7

QMC Simulations on BCC and FCC

Lattices

7.1 Summary

In this chapter, we study the properties of bipolarons in the BCC and FCC lattices in the
adiabatic regime using the continuous-time quantum Monte Carlo algorithm introduced
in Chapter [3] Here, we study the effects of the EPIs on the bipolaron properties. The
preliminary discussion briefly introduces the two types of interaction of interest in this
study: the Holstein-Hubbard and the near-neighbour interaction (extended Holstein-
Hubbard model, EHHM). For this project, an update was made to the QMC code in
order to effectively capture loops due to triple kinks in an FCC lattice. So, we will
discuss how the new update is implemented in the code. Then, we report the results
for simulations carried out at low phonon frequency (which can be used to examine
retardation effects) while varying the EPI and Coulomb interaction strengths. We end

this chapter with a discussion of our findings.

173
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Figure 7.1: One-dimensional schematic of (a) the Holstein-Hubbard model and (b) the
extended Holstein-Hubbard model with near-neighbour EPI. The filled circles, empty
circles and dashed oval circles represent the electron Wannier orbitals, lattice ions, and
nonzero electron-phonon coupling, respectively. The nearest-neighbour electron sites
have overlapping orbitals such that an electron can hop via ¢, and b is the lattice constant.

Adapted from Ref. [70].

7.2 Preliminaries

Bipolarons formed in the Holstein-Hubbard model (HHM) [57, 116] and those formed in
an extended Holstein-Hubbard model (EHHM) |70] consist of two polarons that can bind
into a stable singlet state when the exchange of phonons overcomes Coulomb repulsion.
These categories of bipolarons differ in the spatial extent of their EPI. As shown in
Figure , the nature of the EPI in the former model is site-local (electron located at
the vibrating atomic site) whereas the latter has a long-range EPI (of near-neighbour
type). In the local HHM, we note that even though the phonon-mediated attraction
between two polarons on different sites is zero, an intersite Coulomb repulsion V' could
still be present (as considered in this study). To our knowledge, there is not yet a

numerical study of bipolaron properties, neither in the BCC nor the FCC lattice.

In this work, we placed two fermions in a 20 x 20 x 20 box (BCC and FCC lattices,
respectively), and then simulations were carried out at a normalised phonon frequency

of @ = hw/t = 1 and inverse temperature 3 = 1/kgT = 20 for a range of Coulomb
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repulsion (U and V') and coupling constant A. The interaction parameters U and V are
scaled by the lattice half-bandwidths W. We adopted twisted boundary condition on
paths to estimate the mass. The procedure for the simulation has been summarised in
Section [3.6.1 Measurements are done every few Monte Carlo steps and for each data
point, the error bars are displayed as 3 standard deviations. Where the error bars are

not visible it means they are too small to be apparent on the scale of the plot.

7.3 'Triple Update on FCC Lattice

Due to the geometry of the FCC lattice, it is possible that a bound bipolaron returns
to an initial configuration after three consecutive hops of one of the particles. Hence, it
is important to use detailed balance to derive updates with this property to be used in
the Metropolis algorithm. We note that this update is only applied to one of the two
electron paths. The procedure and implementation of the triple update in the QMC

code is as follows:

1. We use the weighting scheme, detailed in Appendix [A] to select a path with equal

probability 1/2.

2. A combination of three kinks that is suitable for this update is determined. For
example, a kink is selected from the 12 possible kinks (the number of nearest-
neighbour sites) and we label it ;. Then, we choose two other kinks (Iy and [3)
such that [; + Iy + I3 = 0. Satisfying this condition means that the particle returns

to its initial site after three hops.
3. We choose insertion or removal of the (three) kinks with equal probability 1/2.

4. If insertion is chosen in step 4, we select the imaginary times 71, 79, 73 for the new
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kinks with equal probability 1/ from the interval [0, 3). The Metropolis condition

is given as:

B i)y
N, +1N, +1N, +1

P.aa(71, 72, 73) = min {1
where C' and D are the initial and final configurations, respectively. A(C') and A(D)
are the bipolaron actions in both initial and final configurations. Nj, (i = 1,2,3)

is the number of kinks of type l; before the addition update (i.e. in the initial

configuration, C).

On the other hand, if removal of kinks is selected in step 4, there are two pos-
sibilities. The first is to check whether the kink types [y, [, and [3 chosen from
step 3 already exist in the initial configuration. If any of those selected kinks does
not exist in the current path, the acceptance probability is zero and the update
is aborted. Otherwise, provided that there is at least one of each kink type, the

removal at imaginary times 71, 7o, 73 is carried out with the acceptance probability:

D Ny N ae)-aem) (7.2)
tp g tp

Premove<7—17 T2, T3) = min {

where N, (i = 1,2,3) is the number of kinks of type I/; before removal.
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7.4 Bipolaron Properties

This section splits into two parts because we studied two types of singlet bipolarons
(in the HHM and EHHM as mentioned above) - treating one at a time. The measured
properties of the bipolarons in both the BCC and FCC lattices include the ground state

energy, the total number of excited phonons, the effective mass, and the bipolaron radius.

7.4.1 Holstein-Hubbard Model (HHM) Bipolarons

For the majority of the simulations of Holstein-Hubbard model (HHM) bipolarons found
in the literature (e.g. [61, |70, 72, |73, |117, [118]), only the Hubbard U is retained in
the model Hamiltonian whilst the intersite Coulomb interaction V' is usually ignored.
However, in this work, we include both the onsite and intersite Coulomb interaction
terms in the Hamiltonian Equation and consider only the physical case for which
both U and V' are repulsive. We have also considered this scenario so as to mimic the
fulleride compounds where repulsive U and V', as well as EPI are present. V' is small in

the fullerides [24], and this will be the case in our simulations.

7.4.1.1 Total Energy of HHM Bipolarons

The energy of the HHM bipolarons, expressed in terms of the half-bandwidth W, in both
the BCC and FCC lattices is depicted in Figure [7.2] In both lattices, the polarons do
not bind when A = 0 as expected of two free-electrons experiencing repulsive Coulomb
interactions. If U and/or V are present while A = 0, the simulation of the two-particle
HHM directly maps onto the UV model (see Chapters [i] and [5]). Thus, we have used
the QMC code (in the A = 0 limit) to validate our analytic results and vice-versa.
However, when the phonon coupling is turned on, its effect is seen as the particles begin

to bind via lattice phonons. The energy curve (Figure is sloped for a bound (onsite)
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bipolaron while it remains flat when there is insufficient phonon interaction to overcome
the Coulomb repulsions. The effect of small repulsive V' is that the probability of forming
an intersite bipolaron is further diminished.

In the strong coupling limit, the energy of the onsite bipolaron is given as [72]

E/W =U/W —4X\ (7.3)

which is also plotted as dashed lines in Figure [7.2l Upon lowering U or increasing
A, the energy of the HHM bipolaron rapidly approaches the limiting behaviour of a
strongly bound onsite pair. A large onsite repulsion U is required to break the pairing
as the electron-phonon coupling increases. For both BCC and FCC lattices, the energies
(measured in W) are qualitatively similar and neither system is significantly modified

due to small intersite repulsion.
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Figure 7.2: Total singlet energy of the Holstein-Hubbard model (HHM) bipolaron ob-
tained from the continuous-time QMC simulation in the BCC and FCC lattices at various
U and small repulsive V. Panels (a), (c), and (e) on the left are for singlet bipolarons
in the BCC lattice and panels on the right (b), (d), (f) are for singlet bipolarons in the
FCC lattice. The first, second and third row corresponds to cases where V' = 0.05W,
V = 0.175W, and V = 0.3W, respectively. Dashed lines running diagonally are the
energy of onsite bipolarons in the strong coupling limit.
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7.4.1.2 Number of Phonons for HHM Bipolarons

To further investigate the HHM bipolarons, we plot the number of phonons, Ny, associ-
ated with the phonon cloud within which the polarons are confined as a function of U,
V and A (Figure . For A = 0, there are no phonons in the system. However, when
electron-phonon interactions are switched on in these systems, the number of phonons
becomes non-zero regardless of whether a bound state is formed or not.

As the repulsive Hubbard U is slowly decreased, there is a sharp increase in the
number of associated phonons signifying the formation of a bound state. We observe
a linear increase in the number of phonons as the electron-phonon coupling strength
increases. In the strong-coupling limit, N,, = 4\z for HHM bipolarons [72]. Once the
onsite bipolaron is formed, each curve remains flat upon reducing U and approaches the
strong-coupling limit (represented by the black arrows on the left in Figure [7.3)). This
implies that the number of excited phonons in the system is unaffected by any change
in U after pairing has occurred and the convergence improves as \ increases.

There is a clear distinction in the number of excited phonons surrounding the elec-
trons in the BCC lattice as compared to the FCC lattice - though the curves are similar
in form. An interesting feature is observed at A = 1 and for U > 2 where there are no
bound states (i.e. 2 free polarons). The number of phonons appear to be greater in the
BCC lattice with around twice as many as in the FCC lattice. In the region of bound
onsite pairs, however, the number of phonons is significantly higher in the latter. Thus,
the possibility of binding pairs could be higher in the FCC lattice than the BCC lattice
due to the presence of more phonons. We will examine in the next section whether the
increased number of phonons causes the bipolarons to be heavier in the FCC lattice. The

effect of increasing the intersite Coulomb interaction V' is only noticeable in the BCC

lattice (see Figures [7.3h, and for 0.5 SA<0.75and U < W).
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Figure 7.3: The number of excited phonons for HHM bipolarons in both the BCC
and FCC lattices. Results are obtained from the simulation of singlet bipolarons in the
presence of intersite repulsions.
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7.4.1.3 Inverse Effective Mass of HHM Bipolarons

The next property we examine is the effective mass of the HHM bipolarons. Figure [7.4
shows the inverse bipolaron mass (expressed in units of non-interacting electron mass,
my) in the BCC and FCC lattices. Low (high) values along the vertical axis of the plots
in Figure implies that the bipolaron is heavy (light). Bipolarons are heavy for lower
U and are conversely light for large U. We note that the change from unbound to bound
bipolaron properties is very abrupt, similar to the number of phonons discussed above.
In such a crossover region, the pair mass becomes very heavy when particles bind, hence
the inverse mass becomes very small.

In both BCC and FCC systems, the pair becomes very heavy for A > 1. The effect
of the finite size lattice can be observed in the calculation of the mass when A = 0
where there are no phonons to bind the particles, and as such the pair mass should be
twice the mass of free lattice electron (i.e. mgy/m* &~ 0.45 when it should be 0.5 in an
infinite lattice). As there are more phonons in the FCC lattice, bound FCC bipolarons
are relatively heavier - for example, compare the inverse mass for A = 0.5, U < W, and
V' > 0.05W in both lattices. Again, the effects of an intersite repulsion V' can be seen
only in the BCC lattice in the region U < W and 0.5 < A < 0.75. For an unbound pair

at large U and A = 1, the FCC pair appears to be lighter than the BCC one.
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Figure 7.4: Inverse mass of Holstein-Hubbard model (HHM) bipolarons in the BCC
and FCC lattices in the presence of intersite repulsions. The effect of changing V' on the
inverse mass is only noticeable in the BCC case when V' goes above 0.05WW. Within the
QMC calculations, inverse mass is zero unless visible on the linear scale.
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7.4.1.4 Inverse Radius of HHM Bipolarons

The inverse radius of HHM bipolarons is plotted in Figure [7.5] We see the contraction
of large two unbound polarons into a small bound bipolaron as the electron-phonon
coupling is increased. Higher values in the plot correspond smaller pair radius. There are
quantitative differences in the size of bound pairs in the considered lattices. Bipolarons
in the FCC lattice are significantly smaller as compared to the BCC counterpart for
all values of U. When V and X are fixed, and U is varied, there is an abrupt drop
in the inverse bipolaron radius at the transition from bound to the unbound states in
both systems. This substantial increase in pair radius (i.e. low inverse radius) upon
increasing U is because the Coulomb repulsion breaks the pairing and prohibits the
onsite occupation of the particles. We also note that the effect of increasing V' is noticed

only in the BCC lattice at A ~ 0.5 — 0.75.

The total energy, number of phonons, effective mass and size of the HHM bipolaron
have been examined above. The same properties for bipolarons formed in the extended

Holstein-Hubbard model (EHHM) will be explored in the next section.
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Figure 7.5: Holstein-Hubbard model (HHM) bipolaron inverse radius in the BCC and
FCC lattices in the presence of intersite repulsions. For A = 0.5, the effect of changing
V' can be identified in the BCC lattice.
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7.4.2 Extended Holstein-Hubbard Model (EHHM) Bipolarons

We now turn to the simulation of extended Holstein-Hubbard model (EHHM) bipolarons
with nearest-neighbour phonon interactions (NNPIs). We define ~, the strength of in-
teraction, which is the ratio of the phonon-mediated interaction between two particles

occupying the nearest-neighbour sites as

o (I)Oa
(I)OO ’

v (7.4)

where a is the nearest-neighbour distance. Note that a = \/gb/ 2 in the BCC lattice,
and a = v/2b/2 for FCC lattice, where b is the lattice constant. For this study, we have
chosen v = 0.5. We may alternatively refer to EHHM bipolaron as intersite bipolaron or
simply as near-neighbour bipolaron (NNB). It has been demonstrated (in other simple
systems) that NNPIs give the most important contributions to the properties of bipo-
larons |70} |71}, 72, 73]. Furthermore, the suppression in the optical absorption spectrum
of multipolaron systems increases with lattice dimensionality due to the screening of
long-range EPI [57]. Hence, no Frolich tail is expected in 3D lattices. More so, the
properties of bipolaron formed from near-neighbour EPI show no effect due to repulsive
intersite Coulomb interaction as long as V' < W [69]. In this work, we will examine the

intrinsic properties of pairs from NNPIs for V = 0 in the BCC and FCC lattices.

7.4.2.1 Total Energy of EHHM Bipolarons

Short-range EPI favours the formation of both onsite (when U is small and X is large)
and intersite bipolarons, and the bipolaron total energy is shown in Figure [7.6] There
is a smoother transition from an unbound to a weakly bound state at small coupling
A < 0.5, compared to the HHM bipolarons. Upon increasing A, a well bound state is

formed even at finite U. This is because intersite bipolarons are unaffected by large



7.4. BIPOLARON PROPERTIES 187

Hubbard U.
Singlet bipolaron energy in the two lattices (BCC and FCC) are quantitatively sim-
ilar when measured in terms of the respective lattice half-bandwidths. The limiting

behaviour of strongly bound onsite bipolaron at U > AW is given as
E/W ==2X1+7~) |, (7.5)

and this value is represented by arrows at the right-hand side of the plots in Figure [7.6]
The crossover from intersite to strongly bound onsite bipolaron requires that A is large
and that the Hubbard U is small. Note how the curves approach the limiting behaviour

of strongly bound onsite bipolaron very slowly in comparison to the HHM bipolaron

(refer to Figure[7.2).
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A=025 o A=125w | I T =08 e

L A= . =125 —a—
gl A=050 =-0-«  A=150 sheen gl A=050 =-0-  A=150 e
v A=075 =B A=175 % A=075 #B A=175 —%—
_9 ! ! ! }“=10\0 ! }\=20(\) A ! _ 1 1 1 }“=10\0 1 >\=209 T 1
0 05 1 15 2 25 3 0 05 1 15 2 25 3
U/w U/w

Figure 7.6: Total singlet energy of extended Holstein-Hubbard model (EHHM) bipo-
larons obtained from the continuous-time QMC simulation in the BCC lattice (left) and
the FCC lattice (right) at different coupling constant A and repulsive U.
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7.4.2.2 Number of Phonons for EHHM Bipolarons

The effect of the EPI in the EHHM is also apparent in the number of phonons associated
with the bipolaron (Figure . Similar to the energy of singlet EHHM bipolarons, the
number of phonons at the transition from onsite to intersite bipolarons changes smoothly
and slowly approaches the limit of strongly bound onsite pairs (arrows on the left in
Figure . For comparison, in the region of U > W and 0.5 < A < 1, the number
of phonons is higher in the EHHM than in the HHM by several orders of magnitude.
This indicates that bound states can be found in the EHHM at intermediate coupling
for Hubbard U greater than the half-bandwidth (U > W).

Figure [7.7] also shows that there are more phonons associated with the bipolaron
in the FCC lattice which suggests that the chance of bipolarons forming via nearest-
neighbour interaction is greater in the FCC lattice than in the BCC lattice (this is also
true for HHM bipolarons, see Section . As was the case for HHM bipolarons,
the presence of more phonons could lead to the formation of heavy EHHM bipolarons
as we shall see in the next section. For phonon energy hw = t, the number of phonons
associated with the strongly-coupled intersite bipolaron is given as Ny, = 2Az(1+7) [72].
Our QMC result is also in good agreement with the strong-coupling behaviour (arrow

on the right in Figure as A increases.
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Figure 7.7: Plots showing the number of phonons for EHHM bipolarons in the BCC
and FCC lattices obtained from the continuous-time QMC simulation with repulsive
Hubbard interaction U.
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7.4.2.3 Inverse Effective Mass of EHHM Bipolarons

The inverse mass of the EHHM bipolarons is shown in Figure The inverse mass
decreases (i.e. increase in mass) as A increases and the plots appear similar for both
lattices. To visualise any difference between the bipolaron masses, we plot the inverse
mass in a logarithmic scale (Figure .

From Figure [7.9] the onsite bound bipolaron in the FCC lattice quickly gets heavier
by orders of magnitude as compared to the BCC counterpart when A is increased. This
is not surprising because, in the FCC lattice; (1) the mass of each polaron that forms
the bipolaron sharply increases (i.e. decrease in the inverse mass) for A > 1 (93], and (2)
we see in the last section that there are more phonons in the FCC system responsible
for binding the two polarons (see Figure . In comparison to the HHM case, there are
bound EHHM bipolarons at large U, although it initially seems that the HHM bipolaron
is lighter, in practice, in the HHM case these are two free polarons. At low U where
particles form an onsite pair, the HHM bipolarons have relatively larger masses (evident
when the inverse mass are plotted in a log scale) than the EHHM bipolarons.

In the BCC case, maxima are observed in the log scale plots (Figure for A > 0.75
where the pair mass first decreases (i.e. increase in the inverse mass) as the Hubbard
U increases, and the mass gets heavier again (i.e. lowered inverse mass) with further
increment in U. This feature shows the superlight behaviour of bipolarons in the BCC
lattice where the effective U becomes an approximate attractive intersite interaction
similar in size to the effective V' (from Equation U~U—-4WA~V ~ —2W))
- thus allowing the pair to move via single hop without breaking the pairing. At first
glance, the superlight behaviour in the FCC lattice does not seem obvious. However, if
we carefully examine the mass for large U and 0.75 < A < 1.25, we see that the FCC

bipolaron is lighter than the BCC bipolaron by at least an order of magnitude.
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Figure 7.8: Inverse mass of EHHM bipolarons in the BCC and FCC lattices (linear
scale). For X values beyond 0.6, it becomes difficult to see data on the linear scale.
Hence, we make a plot of the same data in the logarithmic scale in Figure below.
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Figure 7.9: Inverse mass of EHHM bipolarons in the BCC and FCC lattices plotted
using log scales. For the majority of the parameter space, bipolarons formed in the
FCC lattice are heavier than those in the BCC lattice. This could be mainly due to the
presence of more phonons in the FCC lattice (Figure .
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7.4.2.4 Inverse Radius of EHHM Bipolarons

We plot the inverse radius of the EHHM bipolarons in Figure [7.10] As the coupling
constant A increases and U decreases, bipolarons in both lattices become smaller (quan-
titatively different radius though). This is so because the electron-phonon attraction
dominates over the small Coulomb screening. At strong A and large U, we see the for-
mation of intersite bipolarons, where the bipolaron size tends to the nearest-neighbour
distance. In comparison to the HHM bipolarons, the inverse radius of onsite bipolarons
from the EHHM (i.e. at low U) is twice as large in the examined A range. This means

that the onsite HHM bipolarons are about half the size of onsite EHHM bipolarons.
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Figure 7.10: Inverse radius of EHHM bipolaron in the BCC and FCC lattices obtained
from QMC simulation.
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7.5 Discussion

Using a QMC simulation algorithm, we have studied the Holstein-Hubbard and extended
Holstein-Hubbard models applied to two interacting particles in the presence of phonon-
mediated attractions. The simulation was carried out for two electrons in the BCC
and FCC lattices. A key difference between HHM and EHHM bipolarons is that the
transition between bound and unbound states is sharp in the former while it is smooth
in the latter. Strongly bound EHHM bipolarons have both onsite and intersite states

whereas HHM bipolarons only show onsite characteristics.

The energy of the HHM and EHHM bipolarons are similar for U < 1.5 and large A (i.e.
onsite bipolarons). At larger U, however, they have qualitatively different behaviours:
EHHM bipolarons can be well bound and stable at large U due to the near-neighbour
phonon attraction. There is no qualitative difference in the total energy of bipolarons in

both the BCC and FCC lattices for a specific model.

Our results also show that the number of phonons associated with the bipolaron is
not dictated by the dimensionality of the lattice, but perhaps the lattice coordination
number. The number of phonons in both models (HHM and EHHM) quantitatively
differ over a wide region of parameter space. We found that there are more phonons
present in the FCC lattice which suggests an increased chance of binding two polarons
as compared to the BCC lattice. This behaviour (more phonons in the FCC lattice) was

observed in both models (HHM and EHHM).

Another benefit of the QMC simulation is that we can examine the effect of phonon
retardation on the properties of bipolarons. At low phonon frequencies (as considered
in this work), the retardation effect is expected to be significant. For well bound onsite

pairs with a coupling strength of A 2 0.5, pairs on the BCC lattice are lighter by
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orders of magnitude as compared to the FCC lattice. Whereas for well bound intersite
pairs at intermediate electron-phonon coupling, the FCC is lighter by at least an order
of magnitude. Such a near-neighbour bipolaron in the FCC lattice displays superlight
behaviour (i.e. the pair moves by first order hops) as U becomes infinitely large. On the
other hand, pairs in the BCC lattice become superlight in the region of U of around half-
to full-bandwidth of the lattice. For a wide range of parameter space studied, we may
conclude that the mass of the FCC pairs is mainly due to the presence of more phonons
which enhances polaron effects.

Although the FCC pairs are quite heavy, they have a relatively small size when
compared to the BCC pairs. In the entire parameter space, the size of the HHM and
EHHM bipolarons are clearly different with HHM bipolarons being smaller. EHHM
bipolarons are intersite (on the order of the nearest-neighbour separation) at U > W

and A > 0.75.
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Chapter 8

Conclusions

During this study, we have explored the behaviour of strongly interacting fermions in
three-dimensional systems (BCC and FCC) with a focus on the A3Cgo (fulleride) com-
pounds. These compounds, among many other materials, are suitable for studying cor-
related behaviour of electrons and, by extension, for investigating the link(s) between
conventional and unconventional superconductivity. The main goal of this research was
to investigate the mechanism(s) of superfluidity and superconductivity in strongly cor-
related systems. Part I (Chapters and [3) of this thesis reviewed the theoretical
backgrounds of strong correlation in fermionic systems, the fullerides compounds, and
the methodology used in this work. In Part II, we reported our findings and the sum-

mary is given below. (For detailed discussions, please refer to Sections , and
[7.5] respectively.)

We have presented exact solutions (Chapters |4 and [5)) of the two-body problem in
both BCC and FCC lattices in the anti-adiabatic (i.e. high-phonon frequency) limit.
The parameter space for the formation of bound pairs in both lattices was examined
and binding diagrams were constructed. Binding diagrams provide the conditions for
identifying paired and unpaired regions within the parameter space. The stability of

197



198 CHAPTER 8. CONCLUSIONS

the pairs was analysed, and properties including the effective mass and radius were also
calculated. In these lattices, we found the pairs to be small and light at the same
time. We showed that bound electrons in an FCC lattice can be highly itinerant and
have potential for high-temperature superconductivity. In addition, we predict the onset
of superfluidity in a quantum simulator with fermionic lithium-6 atom occurring at

temperatures up to 10 nK.

Furthermore, we developed an effective UV Hamiltonian for the fullerides in Chapter
6l The critical electron-phonon coupling (arising from the alkali atoms) that is required
for bipolaron pairing has been reported and we have shown that two polarons bind at
a smaller coupling in the BCC phase in comparison to the FCC phase. Our result also
suggests that there may be long-range (attractive) contributions from the vibration of
the alkali atoms. Even though the pairs in the FCC structure of the fullerides have lighter
masses upon binding, the BCC structure in contrast has a higher transition temperature
[19] which may be due to the long-range interactions (reduction of the effective mass with
long-range contributions) reported in this work. This result shows that the underlying
structure and the positions of the alkali atoms in these solids play important roles in the

observed superconducting behaviours.

Lastly, using a QMC simulation in Chapter [7] the direct interplay of phonon coupling
between two polarons was also examined away from the anti-adiabatic limit. It was found
that bipolarons form at moderate coupling constants in both the BCC and FCC lattices.
Results for nearest-neighbour phonon interactions (NNPIs) show a smoother transition
and the bipolarons are well bound (more stable) in a wide parameter range as compared
to their Holstein counterpart. The bound state in an FCC lattice is lighter than BCC
pairs for the Holstein case, whereas the BCC bound pairs are typically lighter than the

FCC pairs in case of NNPIs. Bound onsite pairs in the EHHM have less mass (by several
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orders of magnitude) in comparison to their HHM counterparts. We also found superlight
behaviour of bound pairs in both lattices but the question as to whether increases in
mass due to polaron effects would dominate over any increase in the mobility of the pair
was not investigated. In the FCC lattice, the pair are smaller than the BCC pairs in
both Holstein and NNPI cases.

The summary of our results above has shown that, pairs formed on these lattices are
promising candidates for high-temperature superconductivity, as bound electrons can be
both small and light. These features are the prerequisites for Bose-Einstein condensation

to take place with potentially high-transition temperatures.

Future Work

Due to time constraints for this PhD research, there were other considerations which
could not be investigated. Therefore, we suggest them for future work. Our suggestions

include the following.

e Examining long-range UV model in 3D systems: We have only limited the inter-
actions between the electrons to nearest-neighbour sites. Meanwhile, it would be
of great interest to explore the effects of the next-nearest-neighbour interactions
such that a long-range UV model can be investigated. As for most lattices with
dimension d > 1, the nearest-neighbour distances are often comparable to the next-
nearest-neighbour distances, hence, adding these terms to the UV calculations may

have significant impact on the properties of the pairs in 3D systems.

e Extending the QMC method to simulate multipolaron systems: QMC has the
capability to simulate an interacting system with number of particles N > 3.

Thus, it would be worthwhile to explore systems with additional particles. This
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will provide an extra layer of understanding regarding the effects of many-body

interaction.

Studying other pair symmetries in more detail: This work mainly focused on the
properties of the s-symmetric pairs and their condensates. Since there is experi-
mental evidence of d-wave pairing in the cuprates and even a mixture with s- and
p-wave symmetries, it will be important to examine and contrast other pairing

symmetries in the 3D lattices.

Investigating the effects of retardation on the mobility of superlight pairs: In this
work, we have found that bound pairs can be heavy yet they may tunnel through
the lattice with single hopping events. At this stage, we cannot make conclusive
comments on whether polaron effects predominate over their mobility. Investigat-

ing this would be an interesting question to consider.

Explore a multi-band UV model for the fulleride compounds: Although, we have
made a single-band simplification in the derivation and the solution of the UV
Hamiltonian for the fullerides (Equation 2.41) in Chapter 7, the fullerides are
inherently multi-band systems. Hence, we suggest treating a similar Hamiltonian

with multiple band considerations.
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Appendix A

CTQMC Algorithm

Results from the continuous-time Monte Carlo (CTQMC) simulation of bipolarons on
the BCC and FCC lattices were reported in Chapter |7, Following an introduction to the
CTQMC in Section [3.6] of Chapter [3] we want to elaborate on some of the technicalities

here.

A.1 Update Rules and Weighting Scheme

The electron paths are continuous in time and an electron hops between sites via kinks in
its path. In an exchange configuration, our result is free from sign problem since we only
studied singlet states. The selection of path, insertion or removal of kink, and choosing
the kink type is implemented probabilistically. The kink type specifies the direction of
particle’s hop.

Kink insertion or removal is carried out in pairs so that the end configurations of the
paths maintain their boundary conditions. We refer to kink insertions and/or removals
as updates and there are rules for carrying out these updates for the simulation of two
particles. Four binary updates were used:
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. Kinks of type [ are added to or removed from each path.

. Add or remove a kink of type [ and its anti-kink —/ to or from one of the paths.

Insert a kink of type [ to one path and remove another kink of the same type [
from the same path. This update only works if there is at least one kink of type [

on that path since there will no kink to remove if it is non-existent.

Insert a kink of type [ from one path and remove an anti-kink —[ from the other

path.

All the updates above were the existing rules prior to the commencement of this

study. The detailed balance equations and Metropolis conditions for these updates can

be found in Hague et al. 2007 (J. Phys. Cond. Matt. 19, 255214 ). In this work, I have

added a new update rule which is reported in Section of Chapter [7]

The summary of the probabilities for kink selection is given below.

For N number of nearest-neighbours, we choose a kink type [ with the probability

P, = 1/Nj, and its anti-kink [ is determined.

Since there are only two particles, we select one of the two paths as path A with

a probability 1/2 and label the other as path B.

We choose a kink shift type with an equal probability Pspi, = 1/2. The kink shift

can either be top shift (in the direction of [) or bottom shift (in the direction of
—1).

To remove the first kink of type [ from a path A at imaginary time 7, do so with

the probability 1/N4,(I), where I is the initial configuration before removal.
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e To remove the second kink of type [ from path A, this is done with a probability

1/Na(I), where I represents the configuration before removal.

e The first kink of type [ is inserted at time 7 with probability density p(7) = 1//.

e For the addition of the second kink of type [ at time 7/, do so with a probability

density p(1) = 1/5.

e The shift type of the second kink is dependent on whether it is correlated or anti-
correlated with the shift type of the first kink. The inter-path distance is unchanged

for correlated insertion but changes for anti-correlated insertion.



Appendix B

Supplementary Materials

B.1 Classes of the O, Point Group

The classes are listed below. C,,; denotes a proper rotation through 27 /n in the right-
hand screw sense about the axis O;. A superscript means that the rotation is performed

in the left-hand screw sense. I implies spatial inversion.

E . the identity operation

8C5 = (34, Usg, Cs., Css, Cgal, 03_51, 03_71, 03_51 : 120° rotation about Oa, OB, O~, O axes
3C5 = Uy, Cyy, Co, : 180° rotation about OX, OY, OZ axes
6Cy = Cug, Cuy, Cy, Cul, C’jyl, Cit : 90° rotation about OX, OY, OZ axes

6C5 = Caq, Cop, Coc, Cog, Coe, Cop : 180° rotation about Oa, Ob, Oc, Od, Oe, Of axes
Ce=1 : the inverse identity operation

8C7 = ICsq,1C34,1Cs,, 1Cs5,1Cy,}  ICs,  1C ! IC

3Cs = [C9, ICyy, ICy,

6Cy = 1C4s, ICyy, ICy:, 1C,, IC,! IC]

6C10 = 104, 1C%, ICoc, IC5q, ICs., 1Cy
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The irreducible representation for each group element is given in Table

100 0 1 0 0 -1 0 0 —1 0
E=101 o, Csa=10 0 -1, Css=10o 0o -1/, Cs3y=1]0 o 1,
00 1 10 0 1 0 0 1 0 0
010 0 0 -1 0 0 1 0 0 -1
Css =10 0 1|, Cow=110 0|, Ci=1|-1 00, Ca=|-10 0f,
100 0 -1 0 0 10 01 0
00 1 1 0 0 10 0 1 0 0
Cys =11 0 0, Cox=10 -1 0|, Cy=1]01 0], Cou=1]0 -10],
010 0 0 -1 0 0 -1 0 0 1
1 0 o] 10 o] [0 0 —1] 0 01
Ciu =10 0 1], Cw=1loo0o -1, Cy=lo1 0|, Cy=1]0 10,
0 -1 0] 01 0] 10 0] 10 0
[0 1 0] [0 —1 0] [0 1 0] 0 -1 0
Cy=|-1 0 0], Cil=11 o o, Cw=110 0], Co=1|-1 0 o],
0 0 1) 0 0 1) 0 0 1) 0 0 -1
[0 0 1] 0 0 -1 1 0 0] 1 0 o0
Co. =10 -1 0], Coa=10 -1 of, Co=10 0 1], Cop=10 0o -1/,
1 0 o0 1 0 0 0 10 0 -1 0
1 0 0 0 —1 0 0 10 01 0
i=10 -1 o/, IC3, = |0 0 1], ICss="10 o0 1|, ICs =100 -1,
0 0 -1 1 0 0 100 10 0
0 -1 0 0 01 00 -1 0 0 1
ICss =10 o —-1|, ICyl=1]-10 o], ICs =110 o], IC;:,;l— 1 0 of,
1 0 0 0 10 01 0 0 -1 0
0 0 -1 100 1 0 o 10 0
ICG =11 0 of, ICyu=0 10], ICy =10 -1 0|, 1Cy; =101 o],
0 —1 0 0 0 1 0 0 1 00 -1
10 o] 1 0 o] [0 o 1] 00 -1
ICiw= |0 0 1|, IC =10 o 1], ICy=|0 -1 0|, 1Cy' =]0o -1 o,
0 1 0] 0 —1 0] -1 0 0 10 0
[0 —1 o] [0 1 0] [0 —1 0] 010
IC, =11 0 of, ICL =|-10 0|, ICw=|-1 0 of, ICyh=11 0 of,
0 0 -1 0 0 —1] 0 0 1] 00 1
[0 0 —1] 00 1 1 0 o] 100
ICo. =10 1 of, 1Cyq=101 of, ICy =0 o —1|, ICy =10 0 1].
—1 0 0] 100 0 1 0] 010

Table B.1: The matrices for irreducible representations for the Oj group elements. C,;
are proper rotations, while ¢ and IC,,; describe improper rotations ﬂ

?From Appendix C - Character Tables for the Crystallographic Point Groups in Ref. [86].
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B.2 Bare Mass of one Free-Particle

From first principles, we derive the mass of one free particle on the BCC and FCC

lattices respectively. We shall use the free particle dispersion relation below

ce=—ty e*? (B.1)

B.2.1 One-Particle Mass in BCC Lattice

The dispersion for a particle on a BCC lattice is

- kyb k,b
€ = —8t cos — - cOs — - COS —,
2 2 2 (B.2)
Eop = -8t
Expanding the dispersion for small k, we get
2, (1.2 2 2 4y o 2 2
er = =8t + 0%t (kI + k., + k2) + O(k*) = +5— (k2 + K2+ k2) : (B.3)
0

and by comparison, the mass of the free-particle is

h2
= — B.4
ST (B-4)
B.2.2 One-Particle Mass in FCC Lattice
The dispersion for a particle in a FCC lattice is
- kyb k,b k.b kb k.b
e = —4t COST'COST—I—COST-COS —I—COST'COS 9
(B.5)
Eo — —12t
Expanding the dispersion for small k, we get
h2
en > — 12+ 6 (R + ky + 82) + O =eo+ o — (Wi +hy+ kD), (BS6)
mo
and by comparison, the mass of the free particle in an FCC lattice is
h2

pIEn
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ARTICLE INFO ABSTRACT
Article history: We investigate formation and condensation of fermion pairs in cold-atom quantum simulators for
Received 23 July 2021 extended Hubbard models (UV models) with body-centered-cubic (BCC) optical lattices in the dilute

Accepted 18 September 2021
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limit, predicting small and light pairs. Pair mass, radius, and binding conditions are calculated, and used
to compute transition temperatures. We predict that: (a) local pairs form in BCC optical lattices and
binding energies can be large; (b) for particular cases where onsite U and intersite V are attractive
Keywords: with similar size, pairs are both small and light; and (c) pairs of ®Li atoms Bose-Einstein condense at
Quantum simulator temperatures of around 10 nK.

Cold gases in optical lattices © 2021 Elsevier B.V. All rights reserved.
Superconductivity

Extended Hubbard model

1. Introduction

Optical lattices with BCC structures can be formed using arrays of four laser beams [1], and are of interest for two reasons. Firstly,
they have been largely neglected in the context of quantum simulators. Secondly, there are condensed matter systems of interest with
BCC lattices that could benefit from the insight provided by quantum simulators, such as BCC A3Cgp superconductors, which have high
transition temperatures (38K) [2]. The goal of this article is to discuss the properties of fermion pairs formed by extended Hubbard
interactions in cold-atom quantum simulators with BCC lattices.

The ability to probe Hubbard models in clean and well-controlled systems [3] has been a major success of cold atom quantum sim-
ulators formed using optical lattices. Quantum simulators offer the possibility to implement Hubbard models, in a way that cannot be
achieved in condensed matter. For example single-band Hubbard models can be implemented without the complications of interactions
between multiple electronic bands [3]. Several milestones have been achieved using cold atoms in optical lattices, including observations
of Mott transitions in repulsive Hubbard models [4,5]. The interactions in cold-atom quantum simulators can be tuned such that attractive
Hubbard models can be studied, allowing local pairs to be observed [6,7].

A simple extension to the Hubbard model [8], known as the extended Hubbard model [9], or (in the low density limit) UV -model [10],
includes an onsite Hubbard U and an intersite interaction V. The UV Hamiltonian is defined as:

H= Z taCIprnvaCno"FUZﬁnT /31:¢+Z V/an+a ﬁn (1)

(n.a)o n (n.a)

where CI,U (cno ) creates (annihilates) an atom of spin o at site n, On = Pnt + Ony, Where pno is the number operator for atoms on site n
with spin o, a the intersite lattice vector, tq is the intersite hopping, U is the onsite interaction and V is the intersite interaction. Both U
and V may be attractive or repulsive. For a BCC lattice, |a| = éb where b is the lattice constant.

UV models are of interest because local Coulomb repulsion and an intersite effective attraction are key features of many unconven-
tional superconductors [11]. The site-local Hubbard U is typically present in any superconductor with low kinetic energy. Since Coulomb
repulsion is typically small between sites due to screening (especially in 3D) an effective intersite attraction or repulsion could arise due

* Corresponding authors.
E-mail addresses: ganiyu.adebanjo@gmail.com (G.D. Adebanjo), jim.hague@open.ac.uk (J.P. Hague).

https://doi.org/10.1016/j.physleta.2021.127704
0375-9601/© 2021 Elsevier B.V. All rights reserved.
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Superlight small pairs in face-centered-cubic extended Hubbard models

Ganiyu D. Adebanjo,! P.E. Kornilovitch,? and J.P. Hague'

LSchool of Physical Sciences, The Open University, Walton Hall, Milton Keynes, MK7 6AA, UK
2 Department of Physics, Oregon State University, Corvallis, OR, 97331, USA
(Dated: September 8, 2021)

We exactly solve a two-particle UV model to explore the behavior of pairs in a face-centered
cubic (FCC) lattice within an extended Hubbard model. The conditions for pair formation, pair
mass, pair size, and the Bose-Einstein condensation (BEC) temperature are examined. Our results
show that strongly bound, superlight and small pairs can be generated in the FCC lattice, which
are much lighter than pairs in other 3D lattices. We estimate that such pairs can Bose condense at
high temperatures even if the lattice constant is large. Therefore, in the search for materials with
high superconducting transition temperatures, three-dimensional materials with an underlying FCC
structure should be investigated due to the possibility of superlight small pairs.

I. INTRODUCTION

There are a number of low-dimensional systems within
which superlight pair states can be realised, for exam-
ple the staggered ladder [1], triangular lattice [2, 3] and
quasi-two-dimensional hexagonal lattice [4]. Superlight
pairs consist of two fermions bound onto neighbouring
sites by a combination of strong intersite attraction and
strong onsite repulsion. Such pairs can be light and small
if it is possible to move to neighboring lattice sites via a
single hop without breaking the pairing [1], so that the
pair motion is a first order effect. In many materials
there is a strong onsite Coulomb repulsion, so intersite
pairs are formed via any intersite or long-range attrac-
tion, which could originate either from phonons or other
more exotic mechanisms. Localized light states are of
interest because of their potential to form Bose-Einstein
condensates (BEC) at high temperatures.

Extended Hubbard models [5, 6] contain the essential
interactions to realize superlight states. The Hamiltonian
of an extended Hubbard model is defined as:

H = Z ta CILJra,a Cno+U Z ﬁnT ﬁn¢+ Z VﬁnJraﬁn
(n,a)o n (n,a)
(1

where cf,, (cno) creates (annihilates) an electron of spin
o at site N, pn = Pnt + Pnl, Where pp, is the number
operator for electrons on site n with spin o, a is the
intersite lattice vector, ¢4 is the intersite hopping, U is
the onsite interaction and V' is the intersite interaction.
Both U and V' may be attractive or repulsive, although
in most materials repulsive U is more likely due to the
difficulties of overcoming the Hubbard U with attractive
interactions, such as those due to electron-phonon inter-
actions. In the low-density limit the model is also known
as the UV model. Properties of local pairs, which can be
used to estimate the Bose-Einstein condensation temper-
ature, have been studied in simple systems using the UV
model [4, 7-10]. If U is highly repulsive and V is attrac-
tive, then exceptionally mobile pairs (superlight states)
can be realized on suitable lattices.

In the context of superlight small pairs, the face-
centered cubic (FCC) lattice can be viewed as the 3D

analogue of the 2D triangular lattice, in that electrons
paired between near-neighbor sites can move with a sin-
gle hop. This remarkable feature should result in a low
effective pair mass which could in turn yield a higher
transition temperature relative to other systems that lack
it. This implies that electron pairing in the FCC lat-
tice is a candidate for obtaining superlight states. To
our knowledge, superlight pairs have not yet been exam-
ined in FCC systems. The complexity of the FCC lattice
structure and increased number of nearest-neighbor sites
complicate the calculation and we aim to fill this gap. An
illustration of the superlight pair movement in an FCC
lattice is shown in Fig. 1. As long as the intersite at-
traction is maintained, and there is sufficient Hubbard
U to suppress on-site pairing, the pair can move easily
through the lattice.

In spite of their ubiquity in condensed matter systems,
FCC lattices are often overlooked within the correlated
electrons community owing to their relative complexity
compared to other lattices. Materials of interest with
FCC lattices include the A3Cgp compounds: a family
of molecular compounds with high transition tempera-
ture [11] (where A is an alkali metal e.g. K, Rb, Cs)
which are predominantly FCC structured [12]. In addi-
tion to electron-phonon interactions [11] found in these
alkali-doped compounds, strong correlation [13] is also
prevalent. The presence of long-range phonon mediated
interactions (e.g. the intermolecular modes [12, 14]) may
lead to suitable conditions for extended Hubbard physics
and superlight pairs, and even if they do not have a role
in those compounds, might be relevant to other FCC ma-
terials.

This work aims to provide an exact solution of the
two-electron problem in an FCC lattice. We calculate
the critical potentials U, (V,) to bind particles into pairs,
the system’s total energy, the pair’s size and mass, and
BEC transition temperatures of pairs in the low-density
(dilute) limit. The paper is organized as follows: We
describe the model Hamiltonian and methodology used
to solve the UV model in the dilute limit (Sec. II). In
Sec. III, the properties of the formed pairs are reported.
We conclude this work with a discussion in Sec. IV.
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