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Radar-lidar ratio for ice crystals of cirrus clouds
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Abstract: Simultaneous measurement of lidar and radar signals returned from the same cirrus
clouds is a prospective method for retrieving the cloud microphysics, i.e. size and shape of the
ice crystals constituting the clouds. In this study, the ratio of the backscattered signals of lidar
and radar called the radar-lidar ratio has been calculated for the first time for typical shapes of ice
crystals and wide distribution of the crystals over their sizes. It is shown that it is the lidar-radar
ratio that is most sensitive to crystal sizes while the lidar depolarization ratio is most sensitive to
crystal shapes.

© 2021 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

Cirrus clouds consisting mainly of ice crystals are important components of the atmosphere
which essentially modulate the radiative budget of the Earth. Until now, the microphysical
properties (i.e., size and shape) of the ice crystals as well as their number density are poorly
known because of their great variability in time and space and difficulties of field measurements.
These properties are strongly needed for incorporating in up-to-date models of climate [1]. At
present, cirrus clouds are widely studied by various ground-based, airborne and spaceborne
instruments. Among such instruments, lidars and radars are promising devices providing active
remote sensing of the clouds. While earlier works [2–5] considered ground-based instruments,
at present the clouds are studying intensively by the space-borne lidar onboard the CALIPSO
satellite [6] and by the radar onboard the CloudSat satellite [7]. In the nearest future, lidar and
radar will operate together from the EarthCARE satellite [8].

The common values measured by lidars in cirrus are the backscattering coefficient β, extinction
coefficient α, and the linear depolarization ratio δl. Analogously, radars measure the reflectivity
η (or effective reflectivity factor Ze) and the depolarization ratio δr. If lidar or radar is used alone,
the measurable quantities give little information on the clouds. To decrease uncertainties in the
retrieval procedures, the measured quantities are usually supplemented with the data obtained
independently by other instruments like, for example, radiometers (e.g., [9–14]).

It is worthwhile to note that the ice water content (IWC) was often the main object for retrieving.
In particular, both the radar reflectivity factor and lidar extinction coefficients were linked with
IWC by some empirically obtained power laws (e.g., [3,15–17]). In these power laws, there are
different powers of the number density of the crystals in opposite sides of the equation that is
difficult for interpretation.

On the contrary, a combined use of lidar and radar sounding simultaneously just the same
volume of a cirrus cloud is a promising method for retrieving both the number density and
microphysical properties of the ice crystals (e.g., [2,4]). Here the number density of ice crystals
and their microphysical properties are the same during measurements. Consequently, the ratio of
the backscattered signals of radar and lidar is independent of the particle number density and
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this ratio characterizes only the microphysical properties. Then, at the given microphysics, the
number density of crystals can be retrieved from one of the measurable quantities: the lidar
backscattering/extinction coefficients or the radar reflectivity factor.

The first work combining lidar and radar measurements in cirrus was reported by Intrieri et
al. [2] long ago in 1993. These authors managed to retrieve the vertical profiles of the effective
crystal size from such measurements. Then Okamoto et al. [4] proposed an algorithm for
retrieving both IWC and effective particle size from the data obtained by space-borne lidar-radar
measurements. Later other algorithms combining simultaneous measurements from space-borne
radiometers, radars and lidars were developed and explored (e.g., [9–14]).

In the papers where both lidar and radar were used, the microphysical properties of ice crystals
were inferred from the ratio called here the radar-lidar ratio

χ =
βr

βl =
cσr

cσl =
σr

σl . (1)

In Eq. (1), it is assumed that the crystals are randomly oriented and a receiver of the backscattered
signals measures only intensity but not polarization. Here β is the backscattering coefficient, the
upper indexes r, l refer to radar or lidar measurements, c is the number density of crystals, and σ
is the differential scattering cross section of single crystal in the backward direction. The value σ
includes the averaging over a statistical ensemble of crystals presented in a cloud.

However, there is a considerable difficulty of this method. Namely, the radar-lidar ratio χ has
not been calculated reliably yet. Indeed, in the pioneer work by Intrieri at al. [2] the ice crystal
shapes were assumed as spheres that are far from reality. In this case, the microwave and light
backscatter by a crystal was calculated using the well-known Mie theory. Then more realistic
nonspherical shapes of ice crystals were suggested and explored [9–14]. For the nonspherical
particles, the radar backscattering cross section for one crystal can be easy calculated [18] as a
numerical solution to the Maxwell equations by means of the methods like the discrete dipole
approximation [19], T-matrix method [20], finite-difference time-domain method, and so on.
Unfortunately, these methods are not effective for light backscatter because the crystal sizes are
much larger than a lidar wavelength. For calculation of the lidar backscatter, these methods need
extremely large computer resources. Also, the common geometrical-optics approximation is
not reliable since it ignores the interference and diffraction phenomena that are essential at the
backward scattering direction.

It is worthwhile to mention that a comprehensive data library of the light scattering matrixes for
ice crystals of cirrus clouds has been recently published [21]. In this work [21], the calculations
had been performed mainly with the improved geometric-optics method (IGOM). However,
the further work [22] showed that the IGOM was not applicable to the backward scattering
direction which was of main importance for lidar studies. As a result, only the physical-optics
approximation developed recently [23–32] proves to be effective for solving the problem of light
backscatter by ice crystals of cirrus clouds.

The purpose of this paper is to calculate and to place into the public domain the radar-lidar
ratio explicitly for the first time at a reasonable model for size and shapes of cirrus ice crystals
using the physical-optics approximation [24,26,29–32]. We show that the radar-lidar ratio is a
prospective microphysical characteristic of cirrus clouds that is highly informative for retrieving
crystal sizes at different crystal shapes.

2. Mueller matrix for randomly oriented particles

If polarization properties of the scattered waves are considered, the waves are characterized
by both intensities and polarization states. In general, these values are described by the 4×4
scattering (Mueller) matrix M (e.g., [20]). In the beginning, we restrict ourselves by the simplest
case of randomly oriented ice crystals. In this case, the Mueller matrix in the backward scattering
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direction becomes the diagonal one [20]. Moreover, this diagonal matrix is determined by only
two elements M11 and M22. Note that, strictly speaking, the element M14 = M41 is also not zero
but it is usually negligible.

This is the first element M11 that is equal to the backscattering cross section used in Eq. (1)

Mr,l
11 = σ

r,l. (2)

The second element M22 of the Mueller matrix normalized as γr,l = Mr,l
22/M

r,l
11 determines

the polarization states of the backscattered radiation. In particular, the conventional linear
depolarization ratio δ for both radars and lidars is expressed as

δr,l =
σr,l
⊥

σr,l
| |

=
1 − γr,l

1 + γr,l , (3)

where the lower indexes ⊥ and | | correspond to the perpendicular and parallel components of the
backscattered radiation relative to incident linearly polarized wave. Any other measurements
concerning polarization of the backscattered signals for randomly oriented crystals are readily
expressed through the quantities σr,l and δr,l.

If nonspherical particles are not randomly oriented but have some preferential orientation and
the radar-lidar is pointed at arbitrary direction, Eq. (3) becomes complicated. This equation is
discussed elsewhere [33].

3. Radar-lidar ratio for randomly oriented ice crystals of cirrus clouds

Shapes of ice crystals naturally occurring in cirrus clouds are strongly various (e.g., see Refs. in
[34]). On the one hand, the shapes can be pristine where the crystals of simple shapes are formed
according to the crystallographic laws. These pristine shapes are the solid hexagonal ice columns
and plates, bullet-rosettes, droxtals, etc. On the other hand, there are crystals of complex shapes
as well. They include aggregates consisting of the pristine elements, crystals of irregular shapes,
deformed pristine crystals, and so on. It is important that sizes of the ice crystals range from 10
µm up to 2000–4000 µm, i.e. they essentially exceed a lidar wavelength. As for radars, their
wavelengths are much larger than crystal sizes.

In this paper, we calculate the radar-lidar ratio for the ice crystal shapes 1–5 of Fig. 1. Here the
lidar backscattering cross sections σl have been calculated with the physical-optics approximation
[26,29–32] while the radar counterparts σr are obtained from the discrete dipole approximation
[19]. Note that it is the Mueller matrix that is the output of the both codes.

Fig. 1. Shapes of ice crystals used in calculations: 1 – hexagonal column, 2 – bullet; 3 –
droxtal, 4 – irregular polyhedron, 5 – hexagonal plate.

Size of the nonspherical crystals is conventionally defined either by the equivalent radius Req
or by the maximum dimension Dmax. Here Req means radius of the sphere with the same volume
while the maximum dimension Dmax is equal to the maximum distance between two points on a
particle surface. The additional geometrical parameters of the hexagonal ice plates, columns,
bullets, and droxtals are taken the same as in Table 1 of [30]. The irregular polyhedron of Fig. 1
is chosen as particle 3 in Fig. 1 of [31]. A part of the numerical data was taken from our data
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bank [32] and the deficient data have been calculated separately. The backscatter by an ice sphere
with the refractive index of 1.3116 has been calculated by numerical summation of the Mie series.
Though the sum of the Mie series is a quickly oscillation function, these oscillations have been
smoothed with a procedure of moving average [35]. Note that the refractive indexes of the ice
crystals were chosen as 1.7861+ 0.0011i and 1.7864+ 0.0032i for the frequencies of 35 GHz
and 94 GHz, respectively.

Figure 2 shows the radar-lidar ratios calculated for the crystal shapes of Fig. 1 as functions
of Req and Dmax. The main feature of Fig. 2 is that the curves χ(Req) and χ(Dmax) strongly
depend on crystal size. On the contrary, their variations with crystal shapes are rather weak.
Consequently, these results prove that it is the lidar-radar ratio that is effective for retrieving the
crystal sizes.

Fig. 2. Lidar-radar ratio for various crystal shapes versus: a) the equivalent radius and b)
the maximum dimension. Lidar wavelength is 0.532 µm and radar frequency is 35 GHz.

In Fig. 2(b), we see that a set of the curves χ(Dmax) is not as compact as in Fig. 2(a). It
demonstrates that the size definition through Req is preferable if anybody uses the radar-lidar
ratio for a size retrieving procedure. Therefore, onwards we will use the definition of crystal size
through the equivalent radius.

In reality, size of ice crystals in cirrus clouds is not constant; the crystals are widely distributed
over their sizes. Let us estimate impact of size distributions on the radar-lidar ratios. For the
estimation, we assume the gamma-distribution in its simplest case

p(Req) = Reqe−Req/R mod /

3000 µm∫
1 µm

Reqe−Req/R mod dReq. (4)

Applicability of this equation to ice crystals of cirrus clouds is discussed, for example, in [36].
This distribution is characterized by the modal size R mod .The modal size has a simple physical
meaning: this is the point Req = R mod where the distribution is maximal.

Taking into account the wide distribution of ice crystals over their sizes, it is only the modal
size R mod that should be retrieved from any measurable data. Therefore the radar-lidar ratio for
the statistical ensembles of ice crystals of the same shapes but distributed over their sizes has
been calculated and presented in Fig. 3.
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Fig. 3. Lidar-radar ratio for the statistical ensembles of ice crystals with the same shapes
but distributed over size according to Eq. (4) versus the modal size of the distribution (radar
frequencies are 35 GHz (a) and 94 GHz (b)).

Figure 3 shows that if a radar-lidar ratio χ is found experimentally for a cloud with unknown
crystal shapes, this quantity χ allows us to find a rather narrow interval for possible modal sizes
in this cloud. The physical interpretation of the data presented in Figs. 2 and 3 is discussed in
details in Sec. 5.

4. Radar-lidar ratio for clouds of quasi-horizontally oriented hexagonal plates

If lidars sounding cirrus clouds are pointed vertically, the so-called effect of specular reflection
is often observed [37,38]. This effect is caused by plate-like crystals with sizes much larger
than wavelength which are often oriented quasi-horizontally in the atmosphere [39]. Tilt of the
plate-like crystals from horizontal will be denoted by the zenith angle β where the caseβ = 0◦
corresponds to the horizontal orientation. It is common to assume that the tilts are distributed
normally [38,40]

p(β) = e−β
2/2β2

eff /

π/2∫
0

e−β
2/2β2

eff sin βdβ, (5)

where βeff determines width of the distribution.
The specular reflection effect depends on proportion of the horizontally oriented plate-like

crystals in a cloud and their distributions over tilts. Both the proportion of the plate-like crystals
and their orientation distributions are strongly variable in the atmosphere. At present, these
characteristics are poorly known [38]. Therefore, in this paper, we present only the data that
can indicate tendency in changing the radar-lidar ratio when the horizontally oriented plate-like
crystals appear in cirrus clouds. More comprehensive study is a subject of further work.

Figure 4 presents the radar-lidar ratio calculated for an ensemble of hexagonal plates distributed
over size and tilts according to Eqs. (4) and (5). Figure 4(a) reveals the following important
regularity. We see that if lidar is directed vertically and the crystals are oriented horizontally, the
radar-lidar ratio is sharply lowered by a factor of 5-9 orders as compared with the case of the
quasi-random orientation βeff = 90◦. This result is easy explained by the sharp increase of the
lidar backscatter at the normal incidence of light on the horizontally oriented plates. However, if
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the plate is tilted, the backscattered light is formed by the Fraunhofer diffraction pattern [40]
that is a quickly decreasing value with the tilt angle β. As a result, the light backscatter quickly
decreases with the tilt width βeff of Eq. (5). In its turn, the radar backscatter is not so sensitive to
the crystal tilts as the lidar counterpart. These two facts lead in Fig. 4(a) to the quick growth of
the radar-lidar ratio up to the values shown in Fig. 3(a) for the randomly oriented crystals of the
other shapes. Thus, we conclude that appearance of the quasi-horizontally oriented crystals in a
cirrus cloud should decrease the radar-lidar ratio.

Fig. 4. Lidar-radar ratio for hexagonal ice plates distributed over size and tilts according to
Eqs. (4) and (5), respectively, for the vertically oriented (a) and tilted at 5° (b) radar-lidar
system. The radar frequency is 35 GHz.

Sometimes the lidar-radar systems are directed not vertically but they are tilted relative to
vertical at the angle T. In this case, the monotonic growth of the radar-lidar ratio with the tilt
distribution width βeff is violated. Indeed, the lidar backscatter initially increases until to the
value of βeff ≈ T and then the backscatter decreases according to the Fraunhofer diffraction.
Consequently, the function χ(βeff ) is maximal at βeff ≈ T that is demonstrated in Fig. 4(b). Note
that the lidar tilt of 5° in Fig. 4(b) is chosen only for illustration though the lidar CALIPSO is
operating at the tilt of 3°.

5. Depolarization ratios of lidars and radars

In the previous sections, we considered the radar-lidar ratio and demonstrated that this ratio is
informative concerning crystal sizes. The next important microphysical property of cirrus clouds
is shape of the crystals constituting the clouds. While the radar-lidar ratio is weakly sensitive
to the crystal shapes, the common depolarization ratio should be a more sensitive quantity.
Theoretically, the linear depolarization ratio for the randomly oriented crystals is obtained from
Eq. (3) using the elements of the Mueller matrix M11 and M22.

Figure 5(a) shows the lidar depolarization ratio obtained for randomly oriented crystals of
the shapes 1–4 of Fig. 1. Here the discrete values denoted by dots have been obtained from
magnitudes of the Mueller matrix presented in our data bank [32]. The solid lines are calculated
according to the power laws obtained for the Mueller matrix earlier [30]. The good coincidence
of the dots and curves supports our previous results. Note that the fracture of the curve for the
hexagonal column at about 40 µm is caused by the corresponding fracture of the aspect ratio
according to the common shape model for the ice hexagonal columns [41].
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Fig. 5. Lidar depolarization ratio for various crystal shapes versus: a) equivalent radius; b)
modal size. Lidar wavelength is 0.532 µm.

Figure 4(a) reveals three remarkable properties. First, the depolarization ratios weakly depend
on crystal size. Practically, we can assume them as constants. Second, these quasi-constants
essentially depend on crystal shape; the quantity δl ranges from about 20% for the column to
about 60% for the irregular polyhedron.

Third, the curves δl(Req) line up in the same order as it took place for the radar-lidar ratio in
Figs. 2 and 3. Namely, the hexagonal column and irregular polyhedron produce the minimum
and maximum limiting curves δl(Req) while the bullet and droxtal give intermediate magnitudes.
Analogously to the lidar-radar ratio, we suggest that other shapes or mixtures of shapes should
give some intermediate quasi-constant depolarization ratios δi as well.

Figure 4(b) shows the depolarization ratios obtained for the statistical ensembles of crystals of
the same shape but distributed over their sizes according to Eq. (4). We see that the averaging
procedure only refines the three properties of the curves of Fig. 4(a) discussed above. Thus, we
conclude that it is the lidar depolarization ratio that should be used for inferring crystal shapes
independently of crystal size.

As for the radar depolarization ratio δr(Req), it has been calculated with the discrete-dipole
approximation. The results are shown in Fig. 6. Unlike the lidar depolarization ratios, the
functions δr(Req) demonstrate complicated dependence on crystal shape and size. Consequently,
these functions are not prospective for using them in retrieval procedures. Moreover, their
magnitudes are small δr ≤ 4% that is an additional obstacle for using them in a retrieval of the
microphysics.

Fig. 6. Radar depolarization ratio for different crystal shapes (radar frequencies are 35 GHz
(a) and 94 GHz (b)).
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In reality, a cirrus cloud is an ensemble of crystals with unknown shapes and sizes. Of course,
two measurable quantities χ and δl don’t determine the statistical ensemble exactly. Nevertheless,
a simultaneous use of the two quantities χ and δl looks a promising method for inferring the
modal size and shape of the crystals from Figs. 3 and 5.

6. Discussion

The numerical data, obtained in this paper for the radar-lidar ratio, can be explained using
the physical interpretation developed earlier. Namely, in [26,29] we showed that the lidar
backscattering cross section σl of ice crystals of cirrus clouds is enhanced by the corner-reflection
effect. This effect is produced by the orthogonal facets of the crystals if such facets occurred.
These facets operate as 2D corner reflectors at random crystal orientations. This is the additional
quantity that appeared in the backscatter because of the facet orthogonality is called the corner-
reflection effect. As for the angular distribution of the scattered radiation, these orthogonal facets
create a narrow backscattering peak because of the Fraunhofer diffraction of the plane-parallel
beams leaving a crystal facet [29].

Coming back to Fig. 2(a), we see that the curves χ(Req) for different crystal shapes line up
according to magnitudes of the corner-reflection effect for these shapes. Indeed, among the
shapes 1–4 of Fig. 1, the corner-reflection effect is maximal for the hexagonal column since the
orthogonal facets are mostly pronounced in this geometrical shape. Since the lidar backscattering
cross section is placed in the denominator of Eq. (1), the hexagonal column gives the minimal
radar-lidar ratio χcol(Req). Then, at the same crystal volumes, the contribution of the orthogonal
facets to backscattering for bullets decreases as compared to the case of hexagonal columns.
Here the numerator weakly varies for different shapes because of the quasi-Rayleigh scattering
of the microwaves. Consequently, we get χbul(Req)>χcol(Req). The same is true for droxtals,
i.e. χdrox(Req)>χbul(Req). At last, the irregular polyhedron 4 has no orthogonal facets. Here the
corner-reflection effect disappears and the function χirreg(Req) is maximal. It is interesting that the
curve χirreg(Req) practically coincides with the curve obtained for the ice sphere. It is important
that the same regularities become more visual for the ensembles of crystals characterized by their
modal size R mod as shown in Fig. 3.

To support this point of view, we have calculated the radar-lidar ratio for the distorted hexagonal
column with the distortion angle ξ that is determined in [29] (see Fig. 7(a)). Here increase
of the angle ξ distorting the orthogonality of facets should weaken the corner-reflection effect.
We assume that the distortion angle is distributed normally like Eq. (5) with the width ξeff .
Consequently, the radar-lidar ratio increases with the width ξeff that is demonstrated in Fig. 7.

Let us discuss possibilities to use the data obtained in Fig. 3 for retrieving the microphysics,
i.e. size and shape of the ice crystals. If anybody has some model for crystal shapes in a cloud,
it is easy to calculate numerically the lidar-radar ratio χ(R mod ) for this model. Then, at the
experimentally measured value of the lidar-radar ratio, the curve of the figure like Fig. 3 will
allow to retrieve the desired modal size. However, in practice, the shape model is not known.
In this case, at a given value of the lidar-radar ratio, Fig. 3 provides an interval for the possible
magnitudes of the modal size. Here the minimal and maximal values of the modal size correspond
to the case of the irregular polyhedron and hexagonal column, respectively.

Basing on the physical interpretation of Fig. 3, we could suggest that the curves χ(R mod )
calculated for any crystal shape or any shape mixture should be localized between the limiting
curves obtained for the irregular polyhedron and hexagonal column in Fig. 3. Indeed, the
orthogonal facets are mostly pronounced for the hexagonal columns as compared with other
pristine crystal shapes, while the irregular shape 4 of Fig. 1 provides absence of the corner-
reflection effect. So, Fig. 3 could be used in practice for estimating the modal crystal sizes in cirrus
clouds independently of their shapes. However, one would take into account that appearance of
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Fig. 7. Lidar-radar ratio for distorted hexagonal columns with the distortion angles ξ
distributed normally like Eq. (5) with various widths ξeff (radar frequencies are 35 GHz (a)
and 94 GHz (b)).

plate-like crystals with quasi-horizontal orientations can essentially change magnitudes of the
radar-lidar ratio.

7. Conclusions

In conclusion, it is worthwhile to begin with comparison of this paper with a number of papers
by other authors [2–5,9–14,42,43] developing algorithms for retrieving microphysical properties
of cirrus clouds from the signals obtained with different observation systems (including lidars,
radars. radiometers, and other instruments). The aim of this paper is not a development of
an algorithm suitable for a given observation system. We would like to refine some general
physical regularities. Therefore we assume a lot of assumptions that allow us to discuss the
regularities without additional mathematical complications. Thus, we ignore extinction and
multiple scattering of radiation which are essential for space-borne observation systems.

In this study, we have explicitly calculated the radar-lidar ratio for the first time for a reasonable
model of shapes and sizes of the ice crystals using our code of the physical-optics approximation
[32]. As a result, we show that the radar-lidar ratio simply depends on crystal size and this
dependence is close to the power law for the backscattering cross section published recently [30].
Also, we obtain that the definition of ice crystal size through the equivalent radius, as compared
with the maximum dimension, is preferable for retrieving crystal size (see Fig. 2).

Our treatment of the corner-reflection effect has allowed us to systemize the dependence of the
lidar depolarization ratio on crystal shape (see Fig. 5). Note that the experimentally measured
lidar depolarization ratioχis usually equal to about 0.4 in the case of randomly oriented crystals.
On the one hand, the case of χ≈ 0.4 in Fig. 5 corresponds to the droxtal shape. On the other
hand, it is easy to obtain that the common case of χ≈ 0.4 corresponds also to a mixture of the
irregular and regular crystal shapes.

We show that if the radar-lidar ratio χ for a cirrus cloud is found experimentally, Figs. 2 and
3 allow one to infer an interval for possible crystal sizes in the cloud at a given crystal shape.
Additionally, if the lidar depolarization ratio δl is obtained experimentally for the cloud, too, two
quantities χ and δl could be a base for creation of algorithms inferring both sizes and shapes of
the ice crystals in this cloud.
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