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Abstract

We provide an integral formula for the Poisson kernel of half-
spaces for Brownian motion in real hyperbolic space H"™. This en-
ables us to find asymptotic properties of the kernel. We also show
convergence to the Poisson kernel of the whole space H"™. For n = 3,
4 or 6 we compute explicit formulas for the Poisson kernel itself.
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1 Introduction

In recent years there is a growing interest in research of Brownian motion on
hyperbolic spaces (cf. [Y3], [BJ]). More advanced theory requires a detailed
knowledge of some basic potential-theoretic objects. The most fundamental
turns out to be the Poisson kernel for a domain. If we know the Poisson
kernel then we are able, for example, to solve the classical Dirichlet boundary
problem for a domain. Another basic object in potential theory is the Green
function of a domain. The "sweeping out” method allows to recover the
Green function from the Poisson kernel. The Green function of a domain is
a very useful tool in solving various important problems in potential theory.
In particular, it enables to determine conditions under which a reasonable
potential theory of the Schrodinger operator is feasible for a given domain
and a particular potential ([[ChZ]). In the classical situation of the Laplacian
in R", the exact formula for the Poisson kernel (or Green function) always
simplifies the arguments as well as indicates the future areas of investigation.
We believe that the same situation will occur in the case of hyperbolic spaces.

The aim of this paper is to give a representation formula for the Poisson
kernel of a half-space in the real hyperbolic space H", i.e. for the probability
distribution of the hyperbolic Brownian motion stopped when leaving a half-
space, and to use it in order to prove exact asymptotics of the kernel. Note
that the boundary of the considered half-space is a horocycle in H".

The Poisson kernel of a half-space is closely related to stable laws and
functionals of the Brownian motion ([BCH], [BCEY]|, [Y1], [{d]). Another
motivation comes from the risk theory in financial mathematics ([]). Our
kernel, up to a passage from the dimension 2 to the dimension n, was identi-
fied in terms of its Fourier transform in [BCEH]. It turns out, however, that it
is not sufficient for most applications. In particular, a formula for the kernel
itself or its asymptotical behaviour were not identified (cf. [BCEY], p. 589).

From the technical point of view, the main difficulty is that the inverse
Fourier transform (or the Hankel transform) leads to an integral containing
Bessel functions which has oscillatory character, see (f]) below. Moreover,
for integrals like (H), the Lebesgue bounded convergence theorem is often
not applicable (for example when |y| — 0o) and we are left with a nontrivial
problem of obtaining the asymptotics of the kernel.

The paper is organized as follows. In Section 2, after some preliminaries,
we provide, for convenience of the reader, proof of the formula for the Fourier
transform of the Poisson kernel of a half-space in H". We also state a first
integral formula (f) for the Poisson kernel of a half-space, based on the
inverse Fourier transform.

In Section [, in Theorem B.2 we obtain a second integral formula for the




Poisson kernel of a half—space. This is our main representation formula. It
is much more suitable for further applications than (). Section 3 ends with
explicit integral formulas for the Poisson kernel of a half-space, that arise
in lower dimensions.

In Section 4 we study the above mentioned asymptotics of the Poisson
kernel of a half-space in H". We use our main representation formula from
Theorem B.9 as well as the semigroup and homogeneity properties of the
Poisson kernel.

2 Preliminaries

Consider the half-space model of the n-dimensional real hyperbolic space
H" = {(z1,...,20_1,2,) € R R: x, > 0}.

The Riemannian metric, the volume element and the Laplace-Beltrami op-
erator are given by

do? + ... +da? | +d2?

ds? = o) ,
JV — dxl...d:cn,ld:cn’
Ty
A= xi(i 812) - (n - 2)l‘n8n,
i=1
respectively (here 0; = a_ i=1,..,n).

Let (B;(t))i=1..n be a family of 1ndependent classical Brownian motions
on R with the generator dd;Q (and not -4 42} i.e. the variance E°B2(t) = 2t.
Then the Brownian motion on H", X = (X;);—1. ., can be described by the
following system of stochastic differential equations

dX,(t) = X, (t)dB (t)
dXs(t) = X, (t)dBs(t)

AX,(8) = Xo(O)dBo(t) — (n — 2) X, ().

By the Ito formula one verifies that the generator of the solution of this
system is A. Moreover, it can be easily verified that the solution is given by

Xi(t) = )+ fo 0) exp(B,(s) — (n — 1)s)dBi(s)
Xo(t) = +f0 0) exp(B,(s) — (n — 1)s)dBy(s)

Xa(t) = Xn<o>exp<Bn<t>—<n—1>t>
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Convention: by ¢ (or C') we always denote a general constant that de-
pends on n and other constant parameters only. The value of these constants
may change in the same string of estimates.

Below we identify the Poisson kernel (the function y — P,(x,y)) in
terms of its Fourier transform. Theorems P.1 and .3 cover facts that are
essentially known. Similar results can be found in both [BCH] and [BCEFY],
in a slightly different setting of more general generators on the space H?2.
In order to make our paper self-contained and for the convenience of the
reader, we include these facts here, in the present setting of H".

Define the projection ": R™ > u = (uq,...,u,) — 4 = (U, ..., Up_1) €
R™1. In particular, X (t) = (X1(t), ..., X,_1(1)).

Consider a half-space D = {x € H" : z,, > a} for some fixed a > 0.
Define

r=inf{t >0: X(t) ¢ D} =inf{t > 0: X,(t) = a}.

By P,(z,dy), v = (z1,%2,...,2,) € D, y = (Y1,Y2, -, Yn_1,0) € 0D we
denote the Poisson kernel of D, ie. the distribution of X(7) starting at z
(since X,,(7) = a it is enough to consider the distribution of X (7)).

Theorem 2.1.

FlPu(z,)|(u) = Eoei(u Xr)

= g ()7 o (k)

€D, ueR"!
a Koa(ula)® =7 "

where K,,, v > 0, is the modified Bessel function of the third kind, called
also Macdonald function.

Proof. Since B;(t) are independent and 7 depends only on X,, (i.e. B,) we

obtain for z = (Z,z,) = (x1, 29, ..., 1,)
~ n—1
E* exp(ifu, X(7))) = E™ [ [ B exp(iu; X;(7)). (1)
j=1

We adopt here a useful notation that E*'Y for the expectation with re-
spect to j'th component B; of our basic (n — 1)-dimensional Brownian
motion B = (By,...,B,), starting from z,. We compute the integral
Jo Xu(s) dB;(s) by approximation of 1g<rj(s)X,(s) by simple processes
of the form ), fily, +,,,), where fi € F(B,(tx)). Using independence of
the increments of B; and the fact that the function under the integral below



is independent of B;, we get
E% exp(iu; X;(1)) = E"exp (zu] / X, dBj) )

= ™% exp (—u?/ X2(s) ds) .
0

o eXp< <u X( ))) _ i(:’i,u)E:cneﬂu\QfJ X2(s)ds _ ei(:’i,mE:vneq(T)’

This and ([l) imply that

where e,(7) = exp( [, ¢(Xn(s)))ds with ¢(y) = —(|u|y)®. Observe that the
function ¢(y) = EYe, (T ) is by definition the gauge for the Schrodinger oper-
ator L + ¢ based on the generator L of X,, and the potential q. By general
theory (see e.g. [ChY], Prop. 4.13, p. 119) it is a solution for the Schrodinger
equation. Since dX,(t) = X,(t)dB,(t) — (n — 2)X,,(t)dt, by a standard ar-
gument based on the It6 formula, we get the generator of X,

Consequently, ¢ satisfies the following equation
v " (y) — (n = 2)ye'(y) — ul’y*e(y) =0 (2)

on the positive half-line. Let ¢(y)
n—>5

n—1 n—1)(n
v ), ¢'y) = Ty
consequently (B)) reads as

= 4T g(y). Then3<p’(y) = Tliy () +
gw)+(n =1y =z ¢d(y) +y 2 ¢"(y) and

2 1

y29"(y) +y9'(y) — (lul’y* + ((n = 1)/2)°) g(y) = 0.
Substituting |uly = z and g(y) = h(z) we get
20 (z) + 2h (2) = (22 + (n —1)/2)%) h(z) = 0. (3)

This is the modified Bessel equation of order (n— 1)/2. Taking into account
the form of the general solution of (B]) we infer that

ely)=y'z (clfn 1 ([uly) + 2K nca (July)),

for an appropriate choice of ¢; and ¢y, where In— 1( ) and Kn- 1( ) are the
modified Bessel function of the first and third kmd respectlvely Observe
that by definition ¢(y) is bounded in y and ¢(a) = 1. Since InT1(|u|y) is



unbounded and Kanl(|u|y) is bounded when y — oo, it follows that ¢; = 0.
From the other condition we get the normalizing constant

1
0% Kot (Jula)

Cy =

This completes the proof. O

Remark. As Ku.i(z) ~ V7(22)71/2¢" when 2 — oo, the Fourier
transform of our kernel is in L!. Thus there exists the corresponding density
which we denote by P,(z,y).

From Theorem R.]] it follows that nonzero ¥ gives rise just to a translation
of P,(z,y) as a function of y. Therefore, in what follows we may and do
assume £ = 0. Consequently, we may simplify the notation by identifying
P,(z,y) = P,((0,...,0,2),y), x > 0.

For z > 0 we define ([[GR], 8.432.8)

mgl(z):/oooe_uw Yu+22)2 Ydu = dpe?z' s Ko 1( ), (4)

where d,, = 7 —32"5 T (g) Observe that for n € 2N the function ma_q is
just a polynomial of the degree § — 1. In this case we regard m%,l(z) as
defined for all complex numbers. By [GR] (8.468, p. 915), for n € 2N we

get

n__
2

n — _]'2j+£+1 )
mn \/72 1) 2.

In particular, mg(z) = 1, my(2) = 2(1 + 2) and my(z) = 8(z* + 3z + 3).

Theorem 2.2 (Poisson kernel formula). Leta >0,z > a andy € R" !,
If ly| > 0 then

o0 Kn1

Pan) = (=) © |y"f0 E:%ghaumw%m, (5)

and when |y| = 0 it is understood in the limiting sense, i.e.

Fa(x,0) =

™a

92-n n=1 roo Knoi1(rx)
— < ! ) 2 2y (6)
F (T) 0 KnT—l (7’(1)

Equivalently, we can write

- OO —r(m—a)m%_l(rx) n-l
Pulay) = ) F 5 [T e AN R L pylhar, o] >
0 =



The special case |y| =0 reads as

1—n

2—n oo n
P =2 | e M sy
=l

2
Proof. Recall that if f is a radial function, f(y) = fo(|y|), then so is Ff
and the Fourier inversion formula in R"~! reads, up to a factor (27)~1,
as the Hankel transform of order (n — 3)/2 ([H], (7.38), p. 247):

follyl) = (2m) =7 / CEDAA AT Taca (el

This gives (f]). Now, ([]) is immediate and the special cases y = 0 follow
from the asymptotics of the Bessel function (see e.g. [GR], 8.440 or [F],

(5.10), p. 130)

1 v
JI/(Z) ~ mz s z — 0. (8)

The proof is complete. O

Corollary 2.3. The Poisson kernel P,(x,y), as a function of three variables
(a,x,y), is a homogeneous function of order —n + 1:

P (tx, ty) = t’"“Pa(a:, Y), t > 0.

Proof. The homogeneity property can be derived easily from the scaling
properties of the process (Xi(¢),..., X,,(t)). This is also obvious by change
of variables 7 = ¢r in the formula ([) written for P, (tz,ty). O

Remark. Certainly, when n € 2N then also Ju_s (r|y|) simplifies to an
elementary function. This fact, however, is not very useful in what follows
and we will not pursue this further.

3 Poisson kernel of half-space

In this section we give a representation formula for the Poisson kernel. For
n = 2 the resulting formula coincides with the one of R?, so that below we
shall always tacitly assume n > 3 (note, however, that a great part of our
argument remains valid also for n = 2).

From now on we use the following notation, partially introduced in the
preceding section: A =z — a.

The following technical lemma is essential in what follows.



Lemma 3.1. Let
A
Q(z)=z—-n(n-2)—, zeC.

S8az’
Define F\(z) by the following formula:

(2/a)/2(2/a) 7 K ncs (22/a) — (2/a)3 7 Q(2/a) K oo (2)

AF\(z) = Ko - (9)

Then
F\(2) =0(zY), z— 0. (10)

Proof. Using the asymptotic expansions for the modified Bessel function
Kai(z) ([GH], 8.451.6, p. 910) we get
c

eZZnT_lKnT—I<Z) :z%_l(co+i+ﬂ’2), (11)

= = _ = 1
= \/;k:!F(n/2 k) 0.1,

Ry = O(272) and |z| is large enough. Hence, it is enough to show

(2/a)e”™/*(22/a) T Koos (22/a) — (v/a)3 ' Q(z/a)e*2" Kuoi (2)

where

= 0(227%), z— 0. (12)
From ([I]) it follows that on one hand we have

n—

(z/a)em/“(xz/a)TlKanl (xz/a)

= co(/a)i7 (2F/a) + (/(20)) (w/a) 1 2B+ O(572)
On the other hand, using "(”4*2) co = c1, we get

OREIGES Ve

a

N2 L[z nn-—2) A n_ 1 & n_
- () (__ga) (23 + 50z 1+ O(:1)

a a 8

Co [T\5~ L n N2l eg nn—=2) A n_y n_gy
= —\= - o O

a (a) o (a) (Qa 1 o @0

n_1 21

- () o

a \a a 2z

Then ([[9) is obviously satisfied and the assertion follows. O
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Remark. The advantage of this lemma is due to the fact that we may
and do use it for z € C. This fact is exploited below.

Observe that the function K= _,(2) has no zeros in {$(z) > 0} (cf. [ET],
p. 62) and hence F\(z) is analytic in this half-plane. Moreover, by the
inverse Laplace transform theorem ([H], Theorem 8.5) together with ([L() we
get that F) is the Laplace transform of some function wy, i.e.

Fi\(2) :/ e *"wy(v)dv, R(z) >0, (13)
0
under the additional condition that for some b > 0 the following limit
1 b+ir
lim — F Yd 14
i = [ R (1)

exists for all v > 0 and it is a piecewise continuous function of v admitting
the Laplace transform. Then the limit is equal to wy(v).

The existence of the above limit is shown in Theorem [B.J, together with
an explicit formula for the function w, itself.

We are ready to state our representation formula. Recall that A = x —a.

Theorem 3.2.

Py(z,y) =

Iz—-1 0
(2 ) )\ / w>\<U>L<)\7y7U>n d'U, (15)
22 (N2 + [y Jo (N4 av)? + |y|?)z

with L(\,y,v) defined by

L\ y,v)
(X2 + [y (A + av)? + [y[?) 3!

(16)

_ ( X+ Jyl? ) L, B=D @A+ av)
A+ av)? + [P Nty

Proof. Recall that for v > 0 we have ([H], vol I, (7) and (8) p. 182 or [[GR],
17.13.43, 17.13.44)
A

0o 1 1
—Ar, v Vo~ v—1
et T, (rlyl)dr = 2"77 20 (v + )y T
/0 2 (A2 + Jy[2)rte
and

1

> —Ar, v—1 v—1_—1 1 v—1
e a(rlyldr =27 w2 0w = Syl
/0 2 (A2 + Jy|*) 2

9



For z = ra we have

rmy i (re) — (2/a)? 7 Q(rymy_y(ra)

AF\(ra) = ma1(rd)

: (17)

SO
rmn_(rz) _ (x) n_g

mz_(ra)

and hence by ()

(2)21 % _ Q_M[(E)gl Q(r) + AF\(ra)].

a

Putting this into the Hankel transform formula (B) and using ([J) we get

a

27™/? An —2) <x>21 { 2 1 n
(

7Pa ) - n n
o1 oY) 2 Nt dza (v [yP)i

o0 wy(v) ;
*AA Ot a2+ g

Putting » = 0 in ([[7) we get

AF\(0) = )\/Ooow)\(v)dv

= —(2/a)* "' Q(0) = n(n—2) (z/a)

w3

1A
— 1
8za (18)

so that
A(Ex(ra) — FX(0))mz _y(ra) = rmn_(rz) — (x/a)%*lrm%_l(ra).

Dividing both sides by r and taking the limit » — 0 we obtain
Aaly(0) = —M/ vwy(v)dv =1 — (z/a)> 7"
0

We used the fact that vw,(v) allows the Laplace transform which is evident
from Theorem B.3. Hence

(z/a)2 ' =1+ \a /OOO vwy (v)dv

Moreover,

A(Fx(ra) — Fx(0)) = raFX(0)Jmz_y(ra) = rma_y(rz) — rmz_y(ra). (19)

10



Again, dividing both sides by (ra)?, letting » — 0 and using ma_1(0) =
mu_,(0) we get
AFY(0)/2 = \/a?
so that
a* [
1= —/ v?wy (v)dv. (20)
2 Jo

The facts that FY(0) exists and that the function v?w)(v) admits the Laplace
transform follow from Theorem B.J. Consequently, we have

n_q 00
(E) =1 +)\a/ vwy (v)dv
a 0
a2 00 o0
- —/ va)\(v)var)\a/ vwy (v)dv
2 Jo 0
1 o0
= 5/ av(2X + av)w,(v)dv.
0
Finally, 27"/°T'(% — 1)7'P,(z,y) is equal to

An —2) /00 w@A+avjw(v) /00 ( wi (v)

7 ——————dv
2 (A2 + Jy[?)2 A fy2)= !

> wy(v) y
[ v
A /°° wx(v)L(A, y,v)
N2+ 1yl2)2 Jo (A4 av)?+ [y[2)2!

and the assertion follows. O

Below we give a description of the function wy. The formula depends
on the zeros of the function K n-1 (z). Even if in general the values of these
zeros are not given explicitly, we are able to prove some important properties
(as boundedeness or asymptotics) of wy, which are essential in applications.
Moreover, in lower dimensions we provide explicit formulas as well (see Sec-
tion 3).

The function K n_1 (z) extends to an entire function when n is even and
has a holomorphic extension to C \ (—o0, 0] when n is odd. Denote the set
of zeros of the function Kanl(Z) by Z ={z,..., 2, }. We now provide some
information about these zeros, needed in the sequel (cf. [ET]|, p. 62). Recall
that in the case of even dimensions the functions m»_(2) are polynomials
of degree 3 —1. They always have the same zeros as Ku_i, s0 k, = (n/2)—1
when n € 2N. For n = 2k + 1, k, is the even number closest to (n/2) — 1.

11



In particular, we have k3 = 0, and for n = 5 and 7 we have k,, = 2. The
functions K n-1 and K ns have no common zeros.

In order to describe the function w, we introduce additional notation.
Let us define

nel kno o, opAzi/afe )
(z/a)"z zie n21(:czz/a) .
_ 20 21
wlA(U) Aa Z Kng3 (z) < (21)

i=1

and wj(v) = supgorg, [wiA(v)]-
Using the functions mz_q, the formula (21) reads as follows:
-1 i mn_y(r2;/a) v

(n—2)\a m%_g(zi)

wy x(v) =

i=1
We define additionally in the case of n odd
wir (z/a)" T
war(w) = (1) DT

y o Ina (zu/a) Kanl(U) — Ianl(u)Kanl (zu/a)
/ KL, () + 1, ()

(22)

—)\u/ae—vuudu’

and, as before w3 (v) = supg_y<, [w2 (V)]
We also need the following asymptotic formulas for the modified Bessel
functions I,, K,: For u > 1 we have ([H], [GR])

(2u)"2e (1 + Ey(u)], (23)

NI

L(u) = (2ru) " 2e"[1 + By (u)], K,(u)=mx

where Fy(u), E>(u) = O(u™), u — oc.
When v — 0 we have for v > 0:

I(u) ~cu’, K,(u)~cdu™", (24)
with ¢, = 277/T(v + 1) and ¢, = 2*7'T'(v). Whenever v = 0 one has

In(u) ~ 1, Ko(u) ~ log(2/u). We now formulate and prove our representa-
tion theorem for the function wy.

Theorem 3.3. In the even dimensions
wy(v) = wy A (v);
while, in the odd dimensions
wx(v) = wy A (v) + waA(v).

12



Moreover, we have |w}(v)| < Ci(n,a), i =1,2 and

wi(v) = lim wy (v 222 v

r—a+

(—1)T v >0, (n odd);
n+1
Uudu
wz(v) = Ili?ral}i* Wa )\( a2 / K + Y ( )a (n Odd)§

/vwl()dv<oo k=12,. /v"l >(v)dv < oo
0

0

: ~"= !l (zfa)" =1

lim v"*? = ( dd).
TS NN M VA
Proof. We recall the basic formula ()

(z/a)eX/(x/a)"F Knl(xZ/a) (2/a)27'Q(2/a) Ko (2)

By standard rules for computing residues of meromorphic functions and
using the following formula for derivatives of Bessel functions (cf. [ET],

7.11(22) p. 79)
LR = —2 K2,

we obtain \e) (e2/a)
(:L’/a) Lzl K, no1(2zi/a
Res, I\ = . 25
©5z 2 \a KnT—s (Z@) ( )
Using the functions mz_y, we obtain
—1 mon_1(XZ;/Q
Res,, F\ = s-1(r2/a) (26)

(n—2)\a m%_g(zi)

As mentioned before (see (I3) and ([I4)), by the inversion theorem for

the Laplace transform we have

13



for some b > 0. We show the existence of the above limit together with
computing formula for the function w.

The technique of integration is different in even and odd dimensions.
This is due to the fact that in the first case the function under the integral
extends to a meromorphic one while in the odd dimension we have to deal
with a branch cut.

For n € 2N we choose any b > 0. All the zeros of ma_;(2) satisfy
R(z;) < b (actually, we have in general R(z;) < 0,7 = 1,...; s, cf. [ET], p.
62). To calculate wy we integrate over the rectangular contour with corners
at b —ir, b+ir, —r —ir, —r + ir. By ([()) we infer that integrals over the
upper, left, and bottom side of the rectangle tend to 0 as r — co. Hence, by
the residue theorem, the limit in ([[4) exists and is equal to the sum of all
residues of the function Fy(2)e**. Thus, we have wy = wy  and the assertion
follows.

In the odd dimensions, however, the function under integral is no longer
meromorphic. We make the branch cut along the negative real axis (—oo, 0]
and change the contour of integration to wrap around this line (see the
picture).

ir

-

-~ 72

—ir

First, we examine behaviour of our function near the negative axis (—oo, 0).
For z = —y (y > 0) we have (see [ET], (45), p. 80)

. . im(l—n) .
Jm Koo (—y +ie) = e 7 Kuaa(y) — inlaa(y),

14



. =) .
€E%I+Kn21( y — i€) = K 1( )+zwln74(y).

Now, observe that, similarly as before, the integrals over the left, upper
and bottom side of our rectangular contour vanish as r — oo by ([[]). The
same holds true for the half-circle with radius e — 0 around the origin. Note
that the branch cut and the residues for F)(z) are due to the term

z(x/a)%eAz/“Kan (xz/a)
Ak s (2) ’

Fi(z) =
the rest of the function F)(z) being holomorphic in C. Therefore

1 b+ir
i F Wy — F )e*d
21 Jyo_ir /\< ) c7 wl)‘ o (/ /) /\ =

After taking the limits » — oo and € — 0, we get

(/% +/w) F\(2)e*dz

1 ’L‘Il'(l n)

_ (@a)T [ / “ule” 2 Ko (zu/a) —irlai (zu/a))
\a 0 m(l ) Ko 1( = mln;l @

ef)\u/aefvudu

ZTr(n 1)

+/oo u(e K l(g;u/a)+z7r[n 1 (zu/a))
] wr(n I)Kn 1( )+Z7r]nT—1(U)

. %m’
o [t gt

K5 (u) + 7205, (u)
2 2

ef)\u/aefvudu

e—Au/ae—Uudu.

This ends the proof of the first part of the theorem.

All what remains is to show the corresponding properties of the functions
w; z, © = 1,2. We begin with w; ), which is easier to analyze. First of all,
observe that R(z;) < 0, so for fixed A > 0 the function w; ) is bounded
and lim, o, v*w; 5(v) = 0, for all k = 1,2,.... To see what happens when
A — 0 we use the formula for the residue of Fy (see (BJ)), together with the

15



Lagrange formula. Since K nt (z;) = 0 we get

(z;/a)e™/9(x2;/a) " Kn(v2]a)
Res. F) = R

1
A _LE .
2" Kus (z)
. n-1
_ezila 2 (xZi/a)TlKnTﬂ(xZi/d) — 2z, Kanl(zl)
a? Zi"%?’ Ko (2) (rz;/a) — 2
eAzi/a 2

- = (620)"7 Kas(é2)

a?
2, Kana(zz)

n—

1
2zt Koos(2) <z@->2
- )

n—3
a’z; ? Kana(zz)

because 1 < ¢ < z/a and £ — 1 as A — 0.
Furthermore, for 0 < A < a we have

Kons (§2i)
Kuzs ()

2
|Res., F)\| < (‘zl|) 2"T sup
a

1<6<2

Since R(z;) < 0, we have obtained that |wj(v)|is bounded by a constant
Ci(n,a) and that w] integrates all powers of v.

We now prove the corresponding statements for w, 5. Observe that the
numerator in (B3) is equal to

Inoi(zu/a Tni(u
KT(U)Kan(xu/a)< s (zu/a) s ( >>

Koi(vu/a) Ko (u)
and hence is positive, because the function I,(u)/K,(u), u > 0, is obviously

increasing.
Using the Lagrange formula once again and taking into account

(2"1,(2)) = 2"1,-1(2)

(see [ET] 7.11(19) p. 79) we obtain for 0 < A < a

16



[Los (20/a) Kos (u) — Tocs () Kot (/)

2

1
A K2, () + 7212, (u)

T2

N1 [(e0/a) Ls (vufa) = 0”3 s ()
a A (xu/a) —u

y anl(lb)
(wu/a)"s (I, (u) + 7202 (u)]
v 1 [(20/0)"% Ko (51/a) — 0T K (u)

a A (zxu/a) —u

y In71(u)

(wu/a)™= [K2 () + 720 (u)]
g(flu)%l[”—s (&) Knca () + (Gou) "7 LLT—I(U)K”T—S (§2u)
@ (zu/a)*7 [K2 1 (u) + 720 ()]

Lnzs (u) Koz (w) + Loz (u )KnT—S (u)]
K%(u) + WQI%(U)
1
Ko (u) + w2l (u)

2

Q= 2

where for the last equality we used [ET] 7.11(39) p. 80 . Here the conver-
gence takes place when A — 0 and 0 < &,& < z/a < 2 and &,& — 1 as
A — 0. Thus, we have obtained

nH e "du
llI%ZUQ)\( / K 7_(_2]% 1( )7

since the passage to the limit under the integral sign is justified by (B§)
below.

Moreover, using the above equations and the asymptotic behavior (B3)
of In%l and Kanl, we obtain foru > 1land 0 < A <a

1 Loz (wu/a) Koo (u) = Lo (u) Kuoi (zu/a))]
A Ko (u) + 7205 (u)

fmu/aeu

(&

17



n

2% [/ s (wu/a)e" K oo (u) + e~ Lo (1) e K us ()
(¢/a)" (K nca (1) + 7210 (u))
21+ Er(zu/a)][l + E(u)] + [1 + Ey(u)][1 + Eo(u)]

N
ISHES

<
. a cosh(2u)
Cu?
< —. 27
cosh(2u) (27)
For u < 1 we have
1 o (wfa) Ko () = Los () Ko (eufa)]
— e e
A K52 (u) + 7212, (u)

2

@ KZ,(u)+ w2, (u)

e,

wr u Loza (2u) Koca () + Lo (u) Kozs (u)
95 L2 P p)

Now, if 224 — 1> 0 (i.e. n > 3), using the asymptotics (Z4) we obtain that
the above expression is bounded from above by
1+ u?

n—1 ~, n—1
Cu W SCU , ue€ (0,1)

For =% =1 (i.e. n = 3) one obtains in fact the same bound

1+ u?log(2/u)

02
Y 1+ ut

<Cu?, we(0,1).

Thus, we finally get for 2+ > 1
1 % 3 ,—vu
wy(v) = oiliga lwax(v)] < Cl/o ue " du + 02/1 %.
Now, one easily obtains
wi(v) < C(n,a) and wji(v) < O1/v" + Coe™, (28)
and the conclusions concerning the function wj(v) follow.
To finish the proof we show the existence and compute the limit

lim o™t

V—00

wa A ().

As before, we take into account the expression under the integral sign in
(B2) multiplied by v"™! and, after changing variables t = vu we obtain

18



vl Ly (zu/a) Kooy (w) = Toca (u) Ko (zu/a))]

—du/a —vu g
K2, (u) + w?f%m coo

Lo (@t av) Ko (t/0) = Lo (t/0) Ko (wt/av)]e_wwe_t "

K% (t/v) + 7r2[2 , (t/v)

(29)

Using the same formulas (B4) as before, we obtain that for any fixed ¢t > 0
the expression above has the following asymptotics when v — oo

v enc [(at/av) T (t/v) T — (xt/av)i%@/v)%]e—At/ave—t
(c)?(t/v)' =" + w2 (t /o)

(x/a)nil —1 Cnclntn —At/av ,—t
= - e e
(x/a)"% (cp)? + m2ch(t/v)> =2
(@/a)"" —1¢n ¢
- "
(z/a)*T <,

Observe that for the sake of simplicity, we wrote here ¢, and c, instead
of Cna and cn ,. Note that for any ﬁxed t > 0 and v such that t < v we

get that 29 is bounded by c(z,a,n)t"e”

Now, we write

s ()

We use (P7) with ¢/v = u > 1 and we observe that the expression in the
second integral is bounded from above by

L= n— Qexp(xt/av — t/’U) —At/av —t n—2 —n-l.o ¢
< 267,
t*(x/a)” T cosh(2E/0) e V" (x/a)" T te

Since v — o0, the second integral tends to 0, while the first one converges
to the following limit

lim Un—HwQ)\(U) _ (_1)L("L‘/a’) 2 ({L‘/a) T lc_/n et dt
v—00 \a (x/a) 5 ¢, Jo
w1 (z/a)" M —1¢,
= (-1 nl————.
(=1)=n Aa c,
This ends the proof of the theorem. O
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Examples.

We finish this section by writing down explicit integral formulas for some
special cases. Observe that in H? our Poisson kernel is identical with the
Euclidean one. Thus, the simplest nontrivial situation arises in H?. Recall
that A =2 — a.

Corollary 3.4. If n = 3 then

x /OO I (xu/a)K (u) — K (xu/a)ll (u) e~ uNa g —vu

wy(v) = — : udu,
K¢ (u) + w21 (u)

a2

with L(\,y,v) defined by

L()‘ayav) o ( )\2 + |y|2 )1/2_ 1(1/0(2)\ —+ av)
A2+ [y (A +av)? + [y[)Y2 N\ (A +av)? + [y]? 2 N4 y2

hence

Poo.y) A - /OOO ((wA(v)L(A,y,v)

(A2 + |y A+ av)? + [y|?)2

If n =4 then wy(v) = a 2e™ and

A 2\ 4 av)?v?e”
P,(x,y) = )2/0 ( ) dv

C2m2(A2 4 |y (A+av)2+y)2
If n =6 then
wy(v) = %63”/2[(2)\ + a) cos(V/3v/2) + V3asin(v/3v/2)]
and
L\, y,v) = (av(2X + av))*[2av(2X + av) + 3(A\* + |y|*)],
hence

B \ < wy(v)L(A, y,v) .
Pe) = Sy ) (O e

Proof. In the case n = 3 the function KnTﬂ = K has no zeros and we have
wx(v) = wa x(v). We use Theorems B3 and B3

For n = 4 we have my(x) = 1, my(z) = 2(1 + z). Certainly, wy(v) =
wy(v) and L(\,y,v) = (av(2\ + av))? so all we have to do is to find the
function wy(v). We apply Theorem and obtain

_ _ —tm(=x/e) ., (Va2 —2/a) ., ., ,
w,\(v)—wl,A(v)—Q)\a o (=1) e’ = ) e’ =a"e".
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Ifn = 6 then s = 2 and my(2) = 8(2°+32+3) = 8(2— _32“/3)(2—_3_2“/5).
Put 2 = —3/2 +iv/3/2. According to formula (Bd) we obtain

-1 mo(zz/a)
(6 —2)Aa my(z)
—1 8((zz1/a)* + 3(zz1/a) + 3)

Res,, F\ =

A\a 21+ z)
= ;—;((le/a)Q +3(zz1/a) + 3)(1 + =)
- ;—;((:pzl/a)Q — 224+ 3(zz /a) — 32)(1 +7)
_ ;_j[u +2/a)23(1+77) + 321 (1 + 7))

3

Finally, we have

wx(v) = wia(v)
36—31)/2 /3
= S §R<[2A+a—i\/§a]e’ 3”/2)
a
36731}/2 ]
= = [(2)\ + a) cos(vV/3v/2) + V3asin(v/3v/2)].
This completes the case when n = 6. O

4 Asymptotic behaviour

In this section we study the asymptotic behaviour of the Poisson kernel
P,(z,y). The hardest part is to get the asymptotics for |y| — oo (see Theo-
rem .9 below). It is clear that for integrals like (f]) the Lebesgue bounded
convergence theorem fails. Another natural approach by a Tauberian the-
orem (or the Karamata theory) does not lead to the solution either. The
main obstacle is that at the Laplace transform level, while taking limits, we
have to deal with fine cancellations of divergent integrals which is difficult
(if not impossible) to control. Our representation formula in the basic cases
n =4 or n = 6 gives almost immediately the required asymptotics which
indicates the advantage of the presented approach and was an inspiration
for the remaining part of the work.
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We shall compare our results to the behaviour of the classical Poisson
kernel of the upper half-space in R",
I'(n/2) x
/2 (.TQ + ‘y‘Q)n/Q’

Prn(z,y) = x>0,y € R

and the Poisson kernel of the entire hyperbolic space in half-space model,

P (2,y) = ——n = 1) ( * )nl >0, yeR™  (30)
n\T,Y) = n—1 ) x ) ) )
. 77T (252 22 + Jy/?

see [GIT], [H].

The constant in the last formula is easily determined knowing that

/ Pyn(z,y)dy =1
Rn—l

on one side and that, on the other side,

1 nl o2z o rn2
I dy = dr
/R"l (1 + |y|2) Y I (%) /o (L4 r2)nt

according to [GR], 3.194.3.
In the two particular cases of Propositions [l.4 and [L.5 all the three Pois-
son kernels behave in the same way.

The main tools in our study of the asymptotics of P,(z,y) are the rep-
resentation formula ([[J) from Theorem B.3 and the semigroup properties of
the Poisson kernel.

Semigroup property of P,(x,-). By the strong Markov property we
obtain the following semigroup property of P,(x,y).

Proposition 4.1. Let b be such that 0 < a <b < x . Then
Pa(xvy) = / Pb(xv Z)Pa(b,y—Z)dZ, Yy eRn_l' (31)
Rn—1

Denoting P, .(y) = P.(z,y) we have
P,o=PFPp*x P, 0<a<b<ua,

where * is the usual convolution in R 1.
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Proof. Observe that 7, < 7, so using the strong Markov property we obtain
for an arbitrary nonnegative and bounded Borel measurable function f on
R 1

EB*f(X.,) = E"E*n[f(X,,)]
_ / LB RSy

= F){ [ Bilw,2)Falby — 2)dz}dy.

Rn—1 Rn—1

Thus, we obtain that almost everywhere the following holds

Pey) = [ PR 0.0

where we denote P,(z,y) = P,((0,...,0,2),y) and, according to this nota-
tion, we also have P,((z,b),y) = P,(b,y — z). Since both sides of the above
equation are continuous as a function of y, the formula (BI]) follows. O

Remark. The semigroup formula (BJ) holds also for a = 0, with
Po.(y) = Pgn(z,y). This follows from the fact that as in [BCEH]|, Py is
the density of X (x), and the proof of Proposition ] still works in this
case.

Moreover, when @ — b, @ > b or when b — a, b > a, then P,;, = J.
Consequently, {P,;} is a 2-parameter continuous probability semigroup.
It means that P,; are the densities of the increments Y, —Y, of a non-
homogeneous Lévy process {Y, }o<z<oo, With the distribution of Y, equal to
Xoo() in R*1,

Asymptotics when a — 0. When the boundary of the half-space in the
Euclidean space R™ is moving away to —oo, the Poisson kernel converges to
0. This is not the case in hyperbolic spaces. In H" we will show the uniform
convergence of P,(x,-) to the Poisson kernel of H", given by (BQ).

Note that the weak convergence, equivalent to the pointwise convergence
of the Fourier transforms, is simple to see by a probabilistic argument using
X,;, = Xo. An easy analytic proof of the pointwise convergence of the
Fourier transforms is based on Theorem P.J], on the asymptotics v” K, (v) ~
271T(v), v — 0, and on the fact that

1

n—1
F | Pun(z, )] (u) = ————(x|u|) 2 K1 (z|u|).
Pint ) 0) = Gz s o)™ Ko o)
The last formula follows e.g. from [GR], 6.576.7:

Fp+v+1)
(22 + [y|2)pr il

| D Koo = 25y (32)
0

23



with 4 > v —1, x > 0. Putting v = "T_l, = "T_?’+e (e > 0), we have
iw+v+1=n-—1+e Taking limit ¢ — 0, by the dominated convergence

theorem we easily extend (Bg) to the special case p = v — 1.

Proposition 4.2. Let n € N, n > 2. Then for ally € R"! and x > 0 we
have

lirré P.(z,y) = Pan(x,y)
and the convergence is uniform with respect to y € R*71,

Proof. We have, by elementary properties of the convolution, for any 0 <
a<b<ux

||Pa,x - PO,J:HOO - ||Pa,b * Pb,x - PO,a * Pa,b * Pb,x”oo < ||PO,a * Pb,a: - Pb,x”oo'

Note that F, * Py, is the action of a probabilistic operator 7j, with den-
sity P, on the continuous function B, ,. The function B, , is bounded by
Theorem P.3.

The operators T, , form a continuous 2-parameter semigroup, so
lim | 79,09 — gllec =0
a—0
for any continuous bounded function g. Thus
”P(],a*Pb,:v_Pb,m”oo — O, CLHO,

and the assertion of the proposition follows.

A different proof of Proposition .3 is also possible, by justifying the
passage with @ — 0 under the integral in (f) and by the Lebesgue bounded
convergence theorem. O

Proposition implies the following limit theorem for the hyperbolic
Brownian motion.

Corollary 4.3. Let x = (x;)i=1,.., € H" and X; be the hyperbolic Brownian
motion starting at x. Then X, , the process X; stopped when first crossing
the hyperplane {y, = a}, converges when a — 0 to a random variable X,
concentrated on the border {y, = 0} of H" and with the density

Po(x,y) = L(n—1) < v, |2>n—1

"2 T (2) Nz +ly —x

where X = (x1,...,2,-1). The convergence of X,, to X is in the sense of
uniform convergence of the densities of their distributions, when we project
the hyperplanes {y, = a} on the border {y, = 0}.
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Remark. By Scheffe’s theorem, the distributions of XTG converge to the
distribution of X, in the total variation norm.

Asymptotics when x — oco. The Poisson kernel P,(z,y) behaves in
the same way as the Fuclidean Poisson kernel and the Poisson kernel of H™:

Proposition 4.4. We have

Pz, y) ~cx ™z — oo,
Proof. Observe that for n > 2
e (o) K2gt (r) ,
5 < r(r—a 2 < 2 > 0 33
(afa) 7 <0 <o)t (3)

Indeed, since (cf. [GR] 8.432.8)

1

F(%> 2\ -z - e AU 21, 2-1
Kanl(z) =) <§) e /0 (u+2)2 w2 du,

by the change of variable u = rzu (u = rau, respectively) we get

Pl C/rn) 42 T A

r(x—a) 2
e .
KHT—I(T a) I e ( (u/(ra) +2)" T u"T du

Since x > a the above quotient of integrals does not exceed 1 and we get
the upper bound in (B3). Multiplying the left-hand side of (B4) by

- (g)"z (rx) =z

X

we get

6r(:z:fa)

K"T_l<r z) ( ) fo “"(u+ 2rz) T du
x

——. 35
Kanl(m) Jo e (u+ 2ra)" T u'T du (35)

Now, x > a implies that the above quotient of the integrals is greater than
1 and the lower bound in (BJ) is verified.

First, we deal with the special case y = 0. By a simple change of variable
rz =t in (f) and by (BH) we get

n—1
N\ 1 o Kuoa(t)

P = o(2)T L [T SOy,

(z,0) “\a =t Ko (ta/x)

n—2
o0 e "(u+ 2t d
: / eft(lfa/:v fO U+ ) 2 Uz au tn72dt.
0 Jo

gt o e (u+ 2ta/x) T 0T du
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For each t > 0, when x increases to infinity, the denominator decreases to
I3 e u""2du = I'(n — 1). Hence, for z > 2a we have
e—t(l—a/a}) e—t/2

2 n—2 S *
I e~v(u+ 2ta/x)* T uT du ~ T'(n—1)

Therefore, by bounded convergence theorem the assertion for |y| = 0 follows.
Now, assume |y| > 0. Recall that for v > 0

K, (2) ~2" T ()2, 2 —0. (36)

By a simple change of variable rx = z in (f) we get

—n=3 oo Kol (2 .
- 2 Gl P

Paxay =c n—1
(zy) za 2z Jo Kanl(Za/x) 2

n—1

n—3
T2 T 2 J”T_?’ (Z‘y‘/x) 3n—5

T = 2 7 dz.
(2a)7 K1 (za/z)  (z]y])2

:c:p_"+1/ Ku-1(z2)
0 2

By (BA) and (§) the two quotients above converge to a positive constant
when * — oo. Moreover, the second one remains uniformly bounded in
z € (0,00) and = > 0. For 2 < x/a by (B) we get

n—1
3n—5 xXr 2 3n—>5

K”(Z)ZT(M)"T”K? () =2 T o

xT

Using (B3), for z > x/a and = > 2a, say, we get

n—1 n 3n—5
Koo (2)2"% n;lx - — < ¢ (E) Pz ; exp(—z(1 —a/x))
2 (za) 2 KnT—l (?) a 2z 2
3n—4

< cz 2z exp(—z/2).

By this and (B7) bounded convergence theorem applies. Consequently, the
whole integral above tends to a positive constant as x — oo. The assertion
follows. O

Asymptotics when x — a. The asymptotics below are easy to obtain.

Proposition 4.5.
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Proof. From (B3) it follows that

n—1

in—1)(a/z) > (zzj—a)_"+1 = (a/a:)n?l/ e @) =2 gy
0
0o KnTﬂ (rx) y
< RS L
[

< (@)} [
T 0

= I'(n—1)(a/x)? (x —a) "

N[

Combining this and (f]) completes the proof. O

Much more is required, however, to obtain the following FEuclidean-like

asymptotics

P,z,y) ~clx —a), x—a’, |yl#0.
The justification of this important result is postponed after the proof of
Theorem [L.9.

Asymptotics when |y| — oco. The most important and difficult to
prove is what happens when |y| — oo. By n we denote, as before, the
dimension of the considered hyperbolic space H". Recall that A = x —a. We
assume throughout this section that n > 2. Let us rewrite the basic formula
for P,(z,y), using some notation more suitable for calculations. Denote

k= (A+av)? =\
O(u) = Pn_y(u) = (1+u)' 2 =1+ (3 —1u, u>0.

We then have (A + av)? + |y|? = k + A? + |y|?, so the formula ([[{) takes the
form:

L(\, y,v)
(X2 + [y2) (k5 + X2+ [y[?)2 !

)2 2 51
_ (ﬁ_l)L_H(¢)
2 A2 4 |y? K+ A2+ y|?
K =3 n K
= (1+ —— —1+(——1>7
< A2+|y|2) 2 AZ + |yl

K
= ().
(i)
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Consequently, according to the formula for the Poisson kernel ([J) we thus
obtain

rz-1) A o0 K
P.(x,y) = —2 n S| —— ) dv. 38
(o) =t e, 0 () @ 69

Writing the last formula in the form

Tz - 1)

2

42 A o K
/2 | ((}\/|y|)2+1)g_1/0 wy(v)® <>\2+|y|2) dv,
(39)
we see that in order to get the asymptotics of P,(x,y) when |y| — oo, it is
sufficient to obtain the asymptotics of

o K
w(V)P [ ————= | dv
[ e ()
when |y| — oo.

In the sequel we use the following standard properties of the oscillating
binomial series

S (51 =G5 (5ri-2),

J=0

Pi(z,y) =

related to the function ®. For all v > 0 and [ > 2 we have

2g<i-1

Moreover, when u — 0+,

lim o [CI)(u) _ Z (_1)j@uj] _ (_1)l<% ; 1)! (41)

u—0+

(—1)" [cp(u)— > Hy@m] > 0. (42)

Note that for [ = 2 the formulas above involve the function ® alone
(summation is performed over empty set of indices).

Before the formal proof of the asymptotics of the Poisson kernel as |y| —
oo we first consider what happens on H* and HS.
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On H* the situation is quite clear. Taking into account the explicit
formula for the Poisson kernel computed in the end of Section 3 we see
that the asymptotics is of order |y|=%. On H® we encounter more delicate
situation. We have L(\,y,v) = (av(2X + av))?[2av(2) + av) + 3(A? + |y|?)],
so, together with the formula for the Poisson kernel, one may expect that
the precise rate of convergence to 0 on HO is of order |y|~8. However, it turns
out that the correct rate is better, namely |y|~!°! To explain what is behind
this phenomenon we first show that for all A > 0

/OOO(()\ +av)? — X)2wy (v)dv = /000 k*wy (v)dv = 0. (43)

To prove this we recall from the proof of Theorem B.3 the following formula:

ARy (ra) = 12 (5)2 (r - 3i> ,

me(ra) a ax

where
F\(r) = / e "wy(v)dv, and my(x) = 8(x* + 3z + 3).
0

Now, by the direct differentiation of the equation defining F)(ra) we
obtain

F;\I(O) = /o UQw,\(v)dv:—,

F(0) = —/ viwy(v)dv = =2,
0

4 o0 A

Fi(0) = / vty (v)dv = —8=.

0 a

With these formulas in hand we justify our claim (f3) as follows:

"

/ Kwy(v)dv = a*[ANFy (0) — darFy (0) + aQF)Ew) (0)]
0
2

212
= a[4)\a2

2 A
4a)\$()\ —a) — a28$] = 0.

Taking into account the form of the Poisson kernel and (f3) we obtain

Pu(z,y)
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wy (v)dv

—2
K K
I+—— ) —142—"+
( Vﬂy\?) A2 |y2

)\ o0
N 273()\2+|y|2)2/0

A
2w (N2 +[y?)?

X /OO <1+ " )2 1 42— S (v)d
P eE——— — — wHy\v)av.
0 X2+ Jy[? Xyl T OeyP2|

Taking into account the property ([]), as well as integrability properties
of wy we infer that for fixed A > 0

2\ [,

lim (A +|y[?)°Py(z,y) = k2w (v)dv.

Jyl—o0 ™ J

If we now show that

/Ooli wy(v)dv # 0,
0

this will give us the required rate of convergence to 0. Now, let us mention
that although it is possible (with a considerable effort) to show the property
(#3) directly as above for all spaces H", with n > 4, this property alone
does not amounts yet for the correct rate if n is large. Indeeed, to prove the
correct rate of convergence we need much more, namely the following
Claim. For all hyperbolic spaces of dimension n > 3 and all A > 0 we

have the following
/ K™wy(v)dv =0,
0

for all m such that 2 < m < [(n+ 1)/2]. Moreover, for m = [(n+ 1)/2] and
n even the integral above is different from 0 while for n odd it is infinite.

Once the above claim is verified, we obtain the following representation
of the Poisson kernel, stated here for the sake of convenience:

Corollary 4.6.

A(5-1)
2PV [yP)E

Pu(x,y) =

no (21 A
n J
(el x

fo%) 1— 5 2
X 1+ - .
/0 ( Vﬂy\?) - J! (A2 +y[?)7

The validity of the above corollary is a direct consequence of Lemma [L.§.
For hyperbolic spaces of even dimension this form of the Poisson kernel,

wy (v)dv.
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together with the second part of the above claim, yields at once the desired
convergence rate. If the dimension is odd we additionally have to overcome
some integrability problems, stemming out of the asymptotics of the function
wy (clarified in Theorem B.3).

Computational proof of the above claim is beyond our reach. However,
this is the place where the semigroup property of the Poisson kernel comes
in handy.

The proof of the general case is contained in a series of lemmas. The first
one follows from the formula ([]), if we take into account the integrability
properties of the function wy(v).

Lemma 4.7. Let 2 <1< [n/2]. Then

lim |y|21/oow)\(,v) @(L) Z _1)j<g_1)j( K )j do
e, vewp) 2 T e

—~

| |
\

When n s even, this is true for any l € N, [ > 2

Proof. Denote u = k/(A* + |y|?). We apply the formula ([]) for the above
u=u(x,a,y,v).

We multiply and divide by ' the expression under the integral in the
last formula. When |y| — oo then u — 0, so the formula (f]) applies to

2<5<i-1

On the other hand, |y|?*u! — x!. The passage to the limit under the integral
sign is justified by (f() and the fact that

/ k2w (v)|dv < 00, 71 odd,
0

o
/ K™ wy(v)|dv < 0o, m €N, n even.
0

Actually, according to Theorem B.J, when n is even, the function w, has

finite moments of all orders and when n = 2k + 1, k = [n/2], the function

v Lwy (v) ~ KFwy(v) is integrable. O
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The observation contained in the next lemma is crucial for our purposes.
It consists of comparing the rate of convergence to zero of our Poisson kernel
P,(z,y), as |y| — oo, with the corresponding rate of convergence of the
global kernel.

Lemma 4.8. For hyperbolic spaces of even dimension n = 2k > 4 we have
for all A >0

/000 kK wy(v)dv =0 (44)

when j =2,...,k—1.
For hyperbolic spaces of odd dimension n = 2k + 1 > 3 we have for all
A>0

/ K wy(v)dv = 0 (45)
0
when 7 =2,..., k.

Proof. Consider first the case n = 2k > 4 and suppose that the assertion is
false. Let j, < k— 1 be the smallest power such that (f4) does not hold. By
Lemma [L.7 and the formula (B9), it follows that there exists

lim |y|"*"%°P,(z,y) > 0.

ly|—o00

We will show that this is contradictory with the existence of a finite

lim |y[***Py(z,y).

|y|—o0

By the semigroup property proved in Proposition .1 (see Remark below its
proof) we have
Py(z,) = Py(a,-) * Py(x,-).

It follows that for |y| > M >0

|yPn—2}%(x7y)

vl )2n2/ 2n—2
Py(a,2)P,(x,y — 2)|ly — z|"" " “dz
(pis) [ Pearey =2+

2n—2
|y| PO(CL, Z)Pa<x’ Y — z)|y _ z‘n72+2jo|y _ z‘n72jod2

vl )2n_2/ —2j
c Po(a, z)|ly — z|""“°dz
<|?/| +1 |z|<1 bla, 2) |

> oy —1)|["%° =00, |y — oo,
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because n — 25, > 2.

In the case n = 2k + 1 > 3, let us remark that Lemma [L7 applies for
[ < k. We proceed exactly in the same way as in the proof in the case of n
even, with the only difference that now j, < k, so n — 2j, > 1 and the final
contradiction with limy, . [y|***Py(z, y) < oo also holds. O

Let us point out once again that the result of Lemma [L.§ enables us to
write our Poisson kernel in the form indicated in Corollary [l.g. Corollary
f.d, together with Lemma [L7, yields at once that the rate of convergence
in question is not worse than the required one. What remaines is to show
that the above rate is optimal. This is accomplished in the proof below.
Arguments applied in the case when the dimension of the space H" is even
are different from those when it is odd.

Theorem 4.9. We have

|—2n+2

Pu(z,y) ~ cly oyl = oo

Proof. Case n = 2k.
We will show that the formula ([[4) fails for j = k, i.e. that

/OOO KFwy (v)dv # 0. (46)

The formula (fq) together with Lemmas [£.7] and . imply that

/0 " wa(0)B(5/ (N2 + [yP))dv ~ eyl = ey ™

¢ # 0, when |y| — oo. Taking into account the formula (B9) we obtain the
desired result. Observe that when n = 4, the function wy(v) = a=2e™" is
positive so the formula (fq) is apparent. As mentioned earlier, the exact
convergence rate is easy to obtain directly from the formula (B4). Thus, we
assume throughout the proof that £ > 2.

Proof of the formula ({{4). Suppose that (f) is not true, i.e.
/ KMy (v)dv =0, k> 2.
0
Then, using Lemma [I.7 for [ = k + 1, it follows that there exists the limit

lim 2k+2/oow v@(#)dv<oo
im0 SE e

and, by (B9), o
lim [y Pz, ) — 2D

2 <o, 47
ly| —o0 272 > (47)
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We will show that the existence of the limit ([[]) leads to a contradiction
with the convergence of the Poisson kernels P,(x,y) to Py(z,y), a — 0+,
established in Proposition [.2

By the homogeneity property of the kernel P,(z,y), proved in Corollary
R.3, we have

Pezjo(a,alyl/z) = (a/z) " Po(z,y),

so we also have

|1‘im ly|** P2 e (a, ay/z) < oo. (48)
y|—o0
We will prove that
limsup [y|*" Pz /. (2, y) < 0. (49)
ly|—o0

Set a; = a?/x. As 0 < a; < a < x, the semigroup property implies that

[y|*" Pu (2, y) :/ Poy (a, 2)|y|™" Pa(, 2 — y)d=.

Rn—1

We divide the last integral into f2\2\>ly\ +f2‘z‘<|y‘ and estimate separately
both integrals.

By (£§), we obtain that limj, . |y|*" Py, (a,y) < co. This is used in the
estimate

/ﬁ Por(a o)y Pale, = — y)dz
2|z >y

< 22"/ Py, (a,2)|2|*""P,(2, z — y)d=z
2|22yl

< 022”/ Py(x,z — y)dz < c2°",
2|z >1yl

where the constant ¢ is common for all |y| > M > 0. Next, observe that if
ly| > 2|z| then |y — 2| > |y|/2, so that, using (7)),

/ﬁ Por(a. o)yl Palz, = — y)dz
2|z|<y]

< 22"/ P, (a,z2)|z — y|2"Pa(x, z—y)dz
2[z| <yl

< 022"/ P, (a,2)dz < c2*"
2[z|<y]
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and (A9) is proved. Note that in order to prove it, a weaker hypothesis

lim sup |y|*" P, (x, ) < oo.

ly|—o0

is sufficient. Consequently, denoting ¢ = a/x and iterating the last argument
j times we get

limsup |y|*" Pyia(z,y) < 00, j€N. (50)
ly[—o0
We denote a; = ¢’a, \; = = — a;, k; = (A + a;v)> — A3 and we denote

wy, (v) the function appearing in the representation formula ([J) for the
kernel P, (x,y). The formula (B0) implies that for all j € N

/ /{?/zw)\j (v)dv =0 (51)
0

(otherwise |y[*" 2P, (x,y) converges to a positive constant when |y| — oo,
so [y|*" P, (z,y) diverges to 4-00).
Recall that

kn
wy, (v) = wiy,(v) :Z(ResZiF,\j)ezi”
i=1
_ _(x/a])anl kn, zieaczz'/aanT_l(gjzi/aj) o
)\jaj P Gleanﬁl(Zz)
Writing
1 22 /21 22\ 2
Res, F\ = — L 2= "9 K (22 a;
o a)? V2X; € Knzs(2) < aj) g (v ag)

and using the asymptotics K, (u) = 72 (2u) "2 [l + E(u)], u > 1, E(u) =
O(u~') when u — oo, we get for a; — 0+

1/2 n/2—1
n/zR — (E)UQ Z; xz 1+ E Tz

J

and i )
n 1/2 v
B(v) = lim @™ 2wy(0) = — (1) P g2z _E
w(v) = al}gﬂ() a;" " wi(v) = — <2> T Zzl Rz ()
Thus we get
lim £ 2wy, (v) = (22)" 20" 20 (v). (52)
J
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By the Lebesgue dominated convergence theorem and by (B])

lim/ H?/QU})\].(U)CZU = (2:5)"/2/ 0" 2 (v)dv = 0.
J 0 0

Now, when j — oo and |y| is fixed, one has k; — 0 and u; = %ﬂ‘mg — 0.
By (E]]) and by (F2), we get
lim / w, (0)B(uy)dv
7 Jo
: > (=1
= lim wy, (v) | P(u;) — Z (—1) u’ | dv
J 0 ! l! J
2<I<h—1
21,0 20 \"* [
_ 1 n/2<2 n/ / n/2 ~ dv = 0.
ey 0

This implies that lim; P, (z,y) = 0 which is false because lim; P, (z,y) =

Py(z,y) # 0. The proof in the case n = 2k is completed.

Casen = 2k+1. We denote u = u(x,a,y,v) = k/(A*+|y|?). By Lemma
£y, forn >3

/Ooow,\(v)q)(u)dv:/:ow,\(v) [@(u)— 3 (-1)1(%_,1)%1'] v,

|
2 <k 7

This formula is also trivially true for n = 3 (there is no sum on the right—
hand side). We want to show that [ wy(v)®(u)dv ~ C|y|~" when |y| — oo,
for a positive constant C'. We divide the last integral into the sum of three

integrals
s A ey oo
[ A A
0 0 A e(A2+[y[2)2

where A > 0 is so big that (—1)nT+1w2,)\(v) > =57 for a constant ¢ > 0; this

is possible because, by Theorem B.3, (—l)nTHv"“wg,)\(v) converges when
v — 00 to a positive constant. The value of € will be chosen in the sequel.
Recall that k£ = "T_l

We estimate the integral fOA using the bound (f() for [ = k£ + 1 and
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|wy(v)] < ¢/v™"t. We obtain
/A '(g_l)j j
0

wA(0)[@(w) = ) (~1)

2y <k

A k+1
C K
S ),

c1 A 2(k+1)
=~ |y|2(k+1)/ pntl dv

ClA
|y|n+1'

Next, observe that, again by (ff(]) for [ =k + 1,

/°° (5—1); ;

wia@)[ () — 3 (~1)7 2] do

|
2y <k I

C > k—i—ld
S J, e

¢ = n+1 C2
S [wna(v)™ dv < y[m L

since the function |wq \(v)| decreases exponentially when v — co. Thus, in
order to show that [~ wx(v)®(u)dv ~ Cly|™™ when |y| — oo, it suffices to
prove that

[ [<I><u> DI (%‘._I)juj] dv~ Cly| ™

|
A 2<j<k J

n+1

Note that by ({g) with [ = k£ + 1 and by the fact that (—1)"2 wy, > 0,
proved in Theorem B.3, the integrand

wo A (V) [cp(u) -y (-1)]‘@4

2 <k

is non-—negative. Moreover, by (), for ¢ > 0 sufficiently small and v <
(N +y[*)!/2, so that v* /(N +[y[?) < €, v/ (N +[y*) < v/(N+[y*)'/? < e
and u < b(x,a)e, we have

2 <k
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for a positive constant ¢. On the other hand, by (f0), we have for all u > 0

/. k+1

Lul| < du

2 <k

We consider |y| so big that A < €(A?+|y|?)'/2. The last two estimates imply

c W HyM)Y? k1
A IRt d
o, ot

A2+ y[2)1/?
< / wo A (v) [ P(u) —

A

—~
—_
~—
<.
—
|3
I
—_
~—
<
IS
<
1
QU
4

|
2 <k 7

J e(A24]y|2)1/2 k1
_— dv
()\2_|_‘y‘2)k+1/0 pntl

which, using k = av(2A + av), implies

‘o N2Hy[2)! /2
L dv
(A% + [y[?)F+ /A

c(N2+y[2)1/?
< / wo (V) [P(u) —

A

—~
I
—_
~
<.
—~
|3
I
—_
~
<
I
<
IS
QU
e

2y <k

. N2 Hy[?)1/?
S dv,
(A% + [y[2)F+? /0

€ A
(A2 + [y[2)++/2) o (A2 + [y[2)F+1

(A2 +[y|?)/? (n_1). .
< / wa (V) [(I)(u) — Z (—1)3<2 : )Ju]] dv
2 <k

A
Co€
(0 + g7

and

e(A2+[y[)1/2 (m_1). .
C3 Cy4 < / wa (V) [@(u) _ Z (—I)JMW] dv
2<j<k

[yl Sy

~

ly|"
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Thus

e(A2H]y[2)1/2 (n_1).
/ wa (V) [(D(u) - <_1>](2jl 5 | o~ Clyl™,

A

for C >0, |y| — oc.
. 00 (n_1).
In the last integral fe(vﬂy'g)l/Q wa ) (V) [P(u) — 22<j<k(—1)J(2]+!)’u]]dv,
the variable u is separated from 0, so the expression

o)~ 3 (-1 2y

|
2 <k J:

is estimated from above, up to a positive factor, by the highest level term
u®. Consequently

% (2—1),
0 < / wyA(v) | D(u) — Z(—l)ﬂwu] dv
e(A24(y|2)1/2 2 <k J:

c /oo Hk p
o —av
(N + [y P)* Jepa gz v

C/ [ee] Un—l C” B Cl
ﬁ/ v = g (N [y )T~
A2+ yDF Jepnetpyzye v (A2 +[y]?)

Since both integrals

W +yH)!/? (z-1)
/ waa(v) [0(w) = S (~1P2Lui [ dy ~ Clyl™
A i 2<i<k A
” j<%_1> j -n
woa(v) [®(u) = > (1) 2wl | dv < Cily]
e(A24[y|2)1/2 L 2<j<k J: ]
are positive, we conclude that
> ]<%_1)J i -n
woa(v) | @(u) = Y (=12 | dv ~ Cly|
4 2<j<k
and the proof in the case n = 2k + 1 is finished. O

We now deal with the remaining asymptotics of P,(z,y) near the bound-
ary: © — a*, Jy| #0.

Theorem 4.10. We have

P,z,y) ~clx —a), z—a", |yl#0.
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Proof. We recall the basic formula (BY) for P,(z,y)

fﬁ(x,y)::rxg__l) A )gljgu}yk@»q>(———fi——) dv.

27rn/2 ()\2_|_‘y‘2 )\2_|_‘y‘2

We apply here the notation and terminology introduced before the for-
mulation of Theorem [L.9. In particular, we have for 0 < A < a

K n K n av(2\ + av) a\2
oo (i) < (G-1) 2o () BB ()
(mp) <G5 -G < () e

We also have

o) (i) -3 (2)
et \ M+ [yl2) |y + (av)? 2 yl)

and lim, .y wy(v) = w(v) = wy(v) + wa(v).
Using properties of w; » stated in Theorem one obtains

Py(z,y)

Vo(y) = lim (53)

r—a+

s | o0 (k) 1 G () ]

Using formulas ([[§) and (R0) from the proof of Theorem B.3 one computes

a2 0 a2 e
1= —/ v?wy(v)dv — —/ v?w(v)dv
2 Jo 2 Jo

and

/Ooow(v)dv = lim c>OwA(v)dv = lim n(n —2)(z/a)>"! L n(n — 2).

z—at J r—a+ 8ra 8a2
We thus obtained

. Bz,
valy) = 9}3&7& v)

Hg—U{n—Q n@—2)+/m( w(v)dv

27Tn/2 |y|n 8a2|y|n—2 |y|2+ (av)Q)%—l

Observe now that when we multiply the right-hand side of the above equa-
tion by |y|"2 and let |y| — 0 then the first term tends to infinity while the
second one is constant and the third one converges to 0:

nea [ w(v)dv [T w(v)dv .
i | o o =, T e
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This shows that the density v,(y) does not vanish identically. We show that
it is positive everywhere. This, however, requires some extra effort. We need
the following formulas:

/00 e*\y|2/4t€fa2v2/4tﬁ _ 2n721"(%_1)
: 7 (@t o

and

/ e dt _ 2TG 1) / e dt_2T(5)
0 0

ts ly|"—2 tts |yl

The above formulas as well as the form of the function v,(y) enable us
to transform (BJ) into the following expression:

[e'e) 2,2
_ —a%e?at a“v dt
v, = — e 4 e 14+ —Jww)dv —
() (4m)2 Jo /0 [ 4t Jw(v) tn/2

o0 1 Mk > a’v?
_ — - —a v /4t 14+ d dt
/0 (Art) s (v / i ) v)

o 1 yl?
— / S ——— 6_%ma(t)dt
o (4mt)=

Here

CLU

1 * 2
my(t) = —— _“U/4t 14+ —Jw(v)dv
W=-—=/ | o)
is nonnegative (see Corollary 13 below). Observe that v/t m,(t) has the
following holomorphic extension for the halfplane ®(z) > 0:
= /OO —e Ay %0/ 4z|w(v)dv.
VT Jo

It follows that m,(t) may only have isolated zeros, except possibly at 0. In
particular, m,(t) > 0 almost everywhere. So, v,(y) > 0 for all @ > 0 and
ly| > 0, which completes the proof. O

The following result, indispensable to complete the proof of Theorem

2P

.10, is taken from the paper [BR].

Lemma 4.11. Let
Gn-1(t) = A /Oo[e“/4t — 1+ k/4tjwy(v)dv. (54)
2 Vvt Jo
The function Gnot (t) is a probabilistic density.
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Remark. The function gn_1 (t) is the density of the distribution of the
functional A(7,), where

A(t) = x2/0 exp 2(B(s) — (n — 2)s)ds,

B(t) is the standard Brownian motion (with variance 2t) and 7, is the first
hitting time of the level a < x by the geometric Brownian motion X (¢) =
rexp(B(t) — (n — 2)t). The formula (B4)) is one of the main results of the
paper [BR]. It turns out (and is well known) that the Poisson kernel is
the density of distribution of the process Yy(s,), where Y is the standard
(n — 1)-dimensional Brownian motion, independent from B. The function
mq(t) is obtained from oz (t) via limiting procedure in the same way as

the function v,(y) and we state this fact here for the sake of convenience as

Corollary 4.12. The following holds

The information that m,(¢) > 0 is essential for completing of the proof
of the last theorem.
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