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The aim of this work was to maximize the homogeneity of fixed- or variable-diameter Halbach array of
discrete magnets by optimizing the angular rotation of individual magnets within each ring of the array.
Numerical simulations have been performed for magnet arrays with various length:radius ratios (L/R)
using a dipole-approximation model. These simulations used an uninformed random-search algorithm,
with the initial state corresponding to the classical Halbach dipole configuration. Two different classes
of systems were studied, one with magnet rings of constant radius, and the other in which the radius
of the rings was allowed to vary to increase the homogeneity. Simulation results showed that for a
fixed-diameter array optimization of the angular orientation of individual magnets increased the homo-
geneity by ~17% for very short magnets, with the improvement dropping to ~5% for L/R values greater
than ~3:1, where the homogeneity was measured over a region-of-interest equal to one-half the diameter
of the magnet array. An empirical formula was derived which allows easy estimation of the required
magnetization angles for any L/R. For a 23-ring variable diameter magnet with L/R of ~4:1 the optimiza-
tion procedure produces an increase in homogeneity of ~18%.

� 2021 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
1. Introduction

Halbach magnet arrays, first described in the 1970s [1–4], have
found a wide range of applications including electrical motors [5],
magnetic refrigeration [6], energy harvesting [7], and undulators
[8], due to their ability to efficiently generate specific
rotationally-symmetric magnetic field distributions. Cylindrical
Halbach arrays, arranged in the so-called dipole configuration,
have been of particular interest for NMR and MRI. In this configu-
ration the orientation of the magnetisation rotates as the sinusoid
of twice the azimuthal angle (h) generating a strong and homoge-
neous radially-oriented magnetic field inside the cylinder, and zero
field outside the magnet for infinitely long configurations. Follow-
ing the nomenclature of Hilton [9] the magnetizationM varies with
angular position h:

J hð Þ ¼ l0M hð Þ ¼ Br sin 2hð Þbx � cos 2hð Þby� � ½1�
where l0 is the permeability of free space, J is the magnetic polar-
ization, and Br is the remanent flux density. The x,y plane is perpen-
dicular to the long-axis of the magnet (denoted z): the overall
geometric configuration is shown schematically in Fig. 1. This con-
figuration produces a magnetic field B given by [4] :

B ¼ Brln
rout
rinn

� �by ½2�

where rout and rinn are the outer and inner radii of the cylinder,
respectively.

For NMR and MRI applications, a key factor is the magnetic field
homogeneity over the sample or imaging region-of-interest (ROI).
In real-world systems the magnetic field homogeneity is signifi-
cantly lower than its theoretical maximum due to intrinsic end-
effects caused by the finite length of the system [10,11] and the
use of discrete magnets to approximate the continuous magnetisa-
tion distribution [12,13], which also reduces the value of B. If the
magnet is segmented into n sections, each with magnetization
equal to that of the continuous Halbach cylinder at the centre of
each section, then the magnitude of the magnetic field, compared
to that in Eq. [2], is reduced to [11]:

B nð Þ ¼ B1
sin 2p

n

� �
2p
n

� � ½3�
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Fig. 1. Schematic showing the geometry and nomenclature used for the Halbach
array. h is the azimuthal angle, and the magnetic field B0 is calculated at each point r
via the summation of the fields from each individual magnet, derived from a dipole-
approximation model. Optimization of the field homogeneity involves rotations of
each of the magnets within the plane, as indicated by the double-headed blue
arrows. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)
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For the majority of low-field NMR and MRI magnets, the so-
called ‘‘Mandhala” (magnet arrangements for novel discrete Hal-
bach layout) is used for design and construction, in which a large
number of discrete, typically cubic or rectangular (cylindrical has
also been shown) magnets are used: the topic was the subject of
a recent comprehensive review article [14].

For most practical systems the finite length of the Halbach
cylinder causes the most significant perturbations to the ideal
dipolar magnetic field, and these perturbations increase as the
length-to-radius ratio (L/R) of the magnet becomes smaller [11].
A number of studies of increasing mathematical complexity ana-
lyzing the magnet homogeneity have been published. Simple anal-
yses of magnets with high aspect ratios (in which a 2D description
can be used) were initially presented by Halbach [2–4], in which
the end effects were not considered. The effects of segmentation
were shown in 2D to disturb the field homogeneity by producing
harmonics of orders equal to multiples of the total number of seg-
ments [2]. Three-dimensional models of finite aspect ratio magnets
were then derived [10,15,16], as well as using a simple dipole
approximation to analyze very short systems [13], and spherical
harmonic expansions of the scalar potential and magnetic field
have been used to design simple permanent magnet assemblies
[17]. Ni Mhiochain et al. [10] studied the main sources of magnet
inhomogeneity in finite length, segmented magnets in order to
estimate the torque between two nested magnet arrays: in the case
of infinite length unsegmented arrays the torque would be zero.
They showed that the inhomogeneity term, 4B, along the axis
was a function of L/R. Turek and Liszkowski [11] have presented
the most comprehensive mathematical analysis of the effects of
finite length and segmentation of dipole Halbach magnets. They
demonstrated analytically solvable equations capable of very high
(~1 ppm) accuracy in the central volume of the magnet. They also
2

showed that, if the area very close to the inner bore of the magnet
is excluded from the analysis, then the segmentation-induced per-
turbations in 3D are well-described by the same equations as
derived by Halbach for the infinite length case. Their work con-
cluded that homogeneity suitable for MRI could be reached for a
L/R greater than ~4:1, and so for ratios less than this then some
form of compensation is necessary.

Several strategies have been used to compensate for the finite
length, typically focusing on increasing the effective magnetisation
density towards the ends of the Halbach cylinder or decreasing the
spacing between individual ring segments [13,18]: an alternative
approach of sparsifying the Halbach array by optimising the
removal of individual magnets in the array [19] has also been
demonstrated. Anferova et al. [20] showed that introducing a lar-
ger inter-ring distance at the centre of the magnet, together with
a slight shift outwards of the magnets at 0�, 90�, 180� and 270�
increased the homogeneity significantly: similar results were
reported by Danieli et al. [21,22]. An alternative approach is to
reduce the diameter of the cylinder towards the ends [9,19,23–
27]. Hilton and McMurry [9] considered a linear decrease in diam-
eter from the centre towards the end of the magnet, and optimized
the slope of this decrease in order to maximize the homogeneity. In
the extreme case the diameter tapers to zero at one end, producing
the so-called test tube magnet [25]. Hu et al. [28] designed a small
magnet for the human finger with 11 rings of eight trapezoidal
magnets, with both the outer and inner diameters of the magnets
optimized to increase the homogeneity.

Another approach, shown by Kustler, involves changing the
individual magnet orientations to improve the magnetic field
strength and homogeneity [29]. This work was performed on an
Halbach magnet of one fixed length and bore size for a single-
ring magnet structure with 16 trapezoidal shaped segments and
the magnetization angles were varied for the non-polar magnets,
i.e. the magnetization at 0�, 90�, 180� and 270� were fixed. Values
of magnetization angles for the intermediate magnets were found
to be 144�, 194� and 232� compared to the traditional Halbach val-
ues of 135�, 180� and 225�.

Here, we extend the work of Kustler [29] to an empirical inves-
tigation of optimizing magnetization angles over a large range of L/
R values of Halbach arrays using cubic magnets. This work analyzes
arrays with either fixed ring diameters, or variable diameters
which can be used to increase the homogeneity. A random-
search algorithm is used to derive empirical formulae which can
be used to calculate magnetisation configurations for maximum
homogeneity.
2. Methods

As illustrated in Fig. 1, the magnetic field at each point in the
desired ROI is calculated using a dipole-approximation, where each
NdBFe-(neodymium boron iron) magnet (a cube of dimensions
12 � 12 � 12 mm3) is simulated as a closed current loop [30]and
its corresponding magnetic field is given as :

B rð Þ ¼ l0

4p
1
r3

3br m � br� �br �m
� 	 ð4Þ

where m is the magnetic dipole moment of the individual NdBFe-
magnets and r is the position vector where the magnetic field is cal-
culated. Such dipole-approximations are computationally very effi-
cient. Compared to using a full analytical solution for the 3D
magnetic field for a cubic magnet derived by Engel-Herbert et al.
[31], the errors are very small for a region-of-interest which is not
extremely close to the magnet [30]: supplementary Figure S1 shows
results comparing the two approaches.
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For the ”zero-length” case, i.e. a single magnet ring, a 2D version
of the above expression was used, while for the multi-ring cases
the full 3D expression was used. The diameter of the smallest ring
in the array was set to be 270 mm to correspond to systems used
for brain imaging [26]. Each magnet has a remanence of 1.3 Tesla.
The gap between the individual rings of magnets is fixed at 22 mm.
All simulations were performed at 5 mm spatial resolution. The
ROI is given by a circle with diameter 50% of the inner diameter
in the zero-length case, and a spherical volume with 50% of the
diameter otherwise.

Simulations used an uninformed random-search algorithm
which starts with magnets in each ring arranged in the conven-
tional 2h configuration. The algorithm generates random states
around this starting point with magnetization vectors rotated
within a ± 5� limit until it finds a new state which satisfies a simul-
taneous decrease in inhomogeneity defined as (maximum-
minimum)/(mean). Once such a new state is found, it is set as a
new starting state and the algorithm initiates a new search around
this state. The algorithm is run until asymptotic convergence has
been achieved.
3. Results

Fig. 2 shows the results of the random search algorithm for the
zero-length Halbach array with a single-ring comprising of 36
NdBFe-magnets. Fig. 2(a) shows the convergence curve for the
inhomogeneity values. The start and end states are marked by
arrows, with the end state showing almost 32% lower inhomogene-
Fig. 2. (a) Convergence of the random-search algorithm to an end-state for a zero-length
field as a function of iteration number. (b) Plot of the angular rotation of each magnet wit
The end-state is shown by the green open circles, together with a fit (solid orange line) i
field for the start state, (d) corresponding plot for the end state and (e) difference betwe
legend, the reader is referred to the web version of this article.)
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ity than the initial 2h angular configuration. Fig. 2(b) shows the
optimized magnet angles (open circles). Fig. 2(c)-(d) show the
two-dimensional magnetic fields produced by the starting and
ending states, with Fig. 2(e) illustrating the difference between
the two states.

If we denote the angle of the magnetization of each magnet to
be NM , then the straight line in Fig. 2(b) can be represented by
the angular configuration of an infinite length Halbach array,
namely:
N1
M hð Þ ¼ 2h ½5�
For the zero-length single ring configuration corresponding to

the the end-state shown Fig. 2(b), there is an additional termwhich
can be fitted very well (solid orange line) to an additional term in
cos(2h):
N0
M hð Þ ¼ 2hþ acos 2hð Þ ½6�
where a is a coefficient empirically determined to be ~p/8 rad
(22.5�) for the zero-length configuration.

The situation for a finite length Halbach can also be represented
by Eq. [6] with a having a value between the two extremes of 0 (in-
finite length) and p/8 (single ring). Since it is expected that the
value of a depends on the L/R of the array, simulations were per-
formed for a range of values in order to determine the optimum
values of a for maximum homogeneity: the results are shown in
Fig. 3.
Halbach system (diameter = 270 mm), plotting inhomogeneity and mean magnetic
h the starting-state being the conventional 2h variation shown by the solid blue line
ntegrating an additional cos(2h) dependence – see Eq. [6]. (c) A plot of the magnetic
en start and end states. (For interpretation of the references to colour in this figure



Fig. 3. Plot of the coefficient a which produces maximum homogeneity as a function of the L/R. An empirical exponential fit is shown by the black solid line.
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Based upon the general shape of the plots shown in Fig. 3, an
empirical exponential function was fitted to the value of a which
gives the following expression:

a ¼ e� bLRþcð Þ ½7�
where L and R are the length and radius of the array. The best fit
corresponds to values of b = 1.41 and c = –3.66. As is clear from
Fig. 2, the fit does not work at very low values of L/R, which is pri-
marily due to the fact that a fraction of the spherical ROI lies outside
of the array. It should be noted that the choice of an exponential
function is purely empirical, which reflects the effect of the a-
coefficients decreasing very rapidly at higher length/radius ratios,
and the a-coefficient asymptotically approaching zero in the case
of infinite length cylinders.

Fig. 4 (a) shows that the difference in inhomogeneity (I) values
between the conventional Halbach geometry and that with opti-
mized a increases exponentially as the L/R decreases. Expressing
it as a percentage increase in field-homogeneity as in Fig. 4(b)
Fig. 4. (a) Improvement in the field homogeneity values (in ppm) are plotted as a function
of the finite length array and I1 that of the infinitely long array. (b) Data normalized
normalized curve shows a linear drop with L/R value. The orange shaded-region at the bo
the references to colour in this figure legend, the reader is referred to the web version o
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shows that the values can be up to 17% higher for small L/R ratios
and decreases approximately linearly for larger L/R.

The second configuration studied was a variable-diameter Hal-
bach array, in which the diameters of the individual magnet rings
are varied to achieve a more homogeneous field. For this, a
variable-bore Halbach magnet was generated using a genetic algo-
rithm as described by O’Reilly et al. [26,27], but using only one
layer of magnets unlike in [27]. Overall there are 23 rings with a
minimum ring radius constraint set to 148 mm, as depicted in
Fig. 5(a): ring positions, ring diameters and number of magnets
in each ring are listed in Table 1.

For the optimization simulation, random values of a were
assigned to each ring in this variable-diameter design at the start.
The previously-described random-search algorithm then looked
for the optimum array of a values which provides the lowest inho-
mogeneity. Symmetry was enforced with respect to the z = 0 plane
along the major axis. Table 1 shows the optimum a values for each
individual ring. The modified Halbach configuration provided an
of L/R. The black solid line shows an empirical exponential fit. IF is the homogeneity
to the homogeneity value obtained for an infinite length Halbach cylinder. The

ttom shows the noise-limit due to finite simulation resolution. (For interpretation of
f this article.)



Fig. 5. (a) and (b) Schematics showing the cross-sections of the 23 ring variable-diameter Halbach array, with values of the radii listed in Table 1. (b) Magnetic field plotted
along the x-(red), y-(green), and z-(blue) axes for the initial state (solid line) and final state (dotted line) after optimization: the reference for the 4B0 is 28.3 mT which is the
mean magnetic field within the 20 cm DSV for the initial state. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of
this article.)

Table 1
Optimized a values for variable diameter Halbach array.

Z (mm) R (mm) No.magnets a

Ring 1 �242 148 50 �4.8
Ring 2 �220 151 51 �4.7
Ring 3 �198 148 50 2.4
Ring 4 �176 159 54 �1.5
Ring 5 �154 174 59 1.8
Ring 6 �132 186 63 0.6
Ring 7 �110 171 58 0.8
Ring 8 �88 183 62 �1.5
Ring 9 �66 180 61 �0.1
Ring 10 �44 183 62 0.5
Ring 11 –22 183 62 0.1
Ring 12 0 183 62 �0.4
Ring 13 22 183 62 0.1
Ring 14 44 183 62 0.5
Ring 15 66 180 61 �0.1
Ring 16 88 183 61 �1.5
Ring 17 110 171 58 0.8
Ring 18 132 186 63 0.6
Ring 19 154 174 59 1.8
Ring 20 176 159 54 �1.5
Ring 21 198 148 50 2.4
Ring 22 220 151 51 �4.7
Ring 23 242 148 50 �4.8
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18% improvement in homogeneity, and a very slight increase in
magnetic field, as shown in Fig. 5(c).
Fig. 6. Plot of the 4H coefficent of the cos(2h) field perturbation term in the article
by Mhiochain et al. [10], as a function of L/R.
4. Discussion

Low-field MRI using either electromagnets or permanent mag-
nets has seen a recent upsurge in interest, with applications in
resource-limited environments being one of the specific targets
[32–34]. Many permanent magnet designs have been put forward,
including two large discs arranged with a vertical gap in-between
[35,36], various forms of ring-pairs [37], and most commonly Hal-
bach arrays: a detailed review article has been published recently
[38]. For NMR studies using Halbach arrays, the length of the mag-
net can often be much larger than the diameter, which results in a
very homogeneous main field distribution by using the classic azi-
muthal arrangement of magnetization vectors: however, in order
to have practical dimensions for portable MRI applications the
length-to-radius ratio is reduced considerably, which reduces the
homogeneity.

Interesingly, Mh́ıocháin et al. [10] showed that, due to
end-effects, the field generated by the Halbach array along the
5

main-field direction has additional cos(2h) perturbations over the
mean homogeneous-field component. The coefficient (4H) of this
perturbation can be expanded up to the third order and written
as following in terms of the L/R:

DH ¼ sin4 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
4

L
R

� �2 þ 1
q

0
B@

1
CAcos

1
2

L
Rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1
4

L
R

� �2 þ 1
q

0
B@

1
CA ½8�

Fig. 6 shows a plot of this DH term. The qualitative resemblance
of this with the a term variation shown in Fig. 3 suggests that the
changes in magnet angular orientation may be at least partially
counterbalancing these field perturbations.

All of the simulation results must ultimately be put in the con-
text of manufacturing tolerances in the positioning of the discrete
magnets [17], as well as variations in the intrinsic internal orienta-
tion of the magnetic field and its magnitude. Certainly from Table 1
differences in less than 1� may prove difficult to execute unless
extremely precise machining is available. Along these lines we note
that a similar compensation can be achieved by using variable
strength magnets with a cos(2h) dependence in the magnet
strength. Given the manufacturing tolerances mentioned above,
this might be a more practical way of maximizing homogeneity.
Individual magnets can potentially be sorted into bins of similar
internal orientation or magnitude, and variations in internal orien-
tation used to adjust the exact positioning. In this work we have
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also used magnet sizes and strengths which are readily commer-
cially available, and arrangements which are practical from a man-
ufacturing point-of-view. If one has the ability to manufacture
magnets of arbitrary sizes and geometries, then optimization
would undoubtedly result in higher levels of homogeneity than
those achieved here, and also higher absolute field strengths if
magnet geometries with higher ‘‘filling factors” can be produced,
for example by using octagonal rather than cubic magnets.

5. Conclusion

In this work we perform simulations, the results of which indi-
cate that by optimizing the orientations of individual magnets in
each ring of a Halbach array, improvements in magnet homogene-
ity compared to the conventional 2h orientations can be obtained,
with these improvements being largest for low values of L/R where
the problem is greatest. The changes to the angular orientations fit-
ted very well to a cosinusoidal function, with the magnitude of this
perturbation increasing exponentially (empirically determined) as
the ratio decreases. Furthermore we have shown that the same cos
(2h) dependence holds for finite-size variable-diameter Halbach
arrays. The explicit expression derived for the magnetization orien-
tation for finite-size Halbach systems allows one to find optimum
magnetization orientation without requiring advanced search-
algorithms as it decreases the number of free-parameters to two.
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