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Abstract

In this paper we consider an adaptive spatial discretization scheme for the Nagumo PDE.
The scheme is a commonly used spatial mesh adaptation method based on equidistributing
the arclength of the solution under consideration. We assume that this equidistribution is
strictly enforced, which leads to the non-local problem with infinite range interactions that
we derived in Hupkes and Van Vleck (J Dyn Differ Equ 28:955, 2016). For small spatial
grid-sizes, we establish some useful Fredholm properties for the operator that arises after
linearizing our system around the travelling wave solutions to the original Nagumo PDE.
In particular, we perform a singular perturbation argument to lift these properties from the
natural limiting operator. This limiting operator is a spatially stretched and twisted version
of the standard second order differential operator that is associated to the PDE waves.
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1 Introduction

In this paper we continue the program initiated in [4] to construct travelling wave solutions
to adaptive discretization schemes for scalar bistable systems such as the Nagumo PDE

U = tyy + geub(u; a), (L.1)
with the cubic nonlinearity

geb) =u(l —u)(u —a), 0<a<l. (1.2)
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In particular, we study schemes that aim to equidistribute the arclength of a solution profile
equally between gridpoints in order to improve the resolution inside the regions of interest.
The main goal here is to understand the linear operators that underpin the dynamics by
transferring Fredholm properties from the continuous to the discrete regime.

Sturm—Liouville theory Substituting the travelling wave Ansatz u(x,t) = ®(x + ct) into
(1.1), we obtain the travelling wave ODE

c®' = @" + geun (P @). (1.3)

Using a now standard phase-plane analysis [2], one readily shows that (1.3) coupled with the
boundary conditions

P(—00) =0, P(+o00) =1 1.4)

admits a unique solution pair (®, ¢) = (P, ¢x) = (P«(a). cx(a)), with

sign(cs(a)) = sign <% - a) , @ >0. (1.5)

The latter strict monotonicity result is especially useful when using classical Sturm-Liouville
theory to study the linear operator

[Lawv](E) = —cx0'(§) + V" (§) + 8o (P (§); @)V (§) (1.6)

associated to the linearization of (1.3) around (P, c,). Indeed, this theory immediately
implies that the spectrum of Ly : H> — L? lies strictly to the left of the imaginary axis,
with the exception of a simple eigenvalue at zero [9].

This result can subsequently be leveraged to conclude that the waves (®,, c,) are non-
linearly stable [10] and depend smoothly on the parameter a. In addition, it can be used to
show that the corresponding planar waves u(x, y, ) = ®,(x + c4t) are nonlinearly stable
[8] for the two-dimensional Nagumo PDE

Ur = Uyx + Uyy + geub(u; a) (L.7)

and can be ‘bended’ to form travelling corners [3]. All these results do not use the comparison
principle, allowing the techniques to be readily generalized to multi-component reaction-
diffusion equations.

Uniform spatial discretizations We recall the lattice differential equation (LDE)

. 1
Uj@) = hiz[Ujfl(t) + Ujy1(t) = 2U; ()] + geun (U (1); a) (1.8)

that arises by applying a standard nearest-neighbour discretization to the second derivative
in (1.1). Travelling wave solutions U (t) = ®(jh + ct) must now satisfy the system

1
c®'(§) = 2 IPE =)+ @E 4 1) = 28(E)] + geun (P (§); @) (1.9)

In the continuum regime 0 < 7 < 1, a natural first step is to construct spatially-discrete
waves as small perturbations from the PDE waves (®., c.). However, a short inspection
shows that the transition between (1.3) and (1.9) is highly singular. Nevertheless, Johann [7]
developed a version of the implicit function theorem that can achieve this in some settings.
Our inspiration for the present paper however comes from the spectral convergence approach
developed by Bates and his coauthors in [1].
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A key role in this approach is reserved for the linear operator

1
[Lhunifv](§) = —cv'(§) + hj[v(é‘ +h) +v(E —h) —20(E)] + 8o (P« (§); A)v(§),
(1.10)

which can be seen as the linearization of (1.9) around the PDE wave ®... In fact, it is a singu-
larly perturbed version of the linear operator Ly introduced in (1.6). The main contribution
in [1] is that Fredholm properties of Ly are transferred to Lp.ynir. The latter operator can
then be used in a standard fashion to close a fixed-point argument and construct a solution
to (1.9) that is close to (P, cy).

Stated more precisely, the authors fix a constant § > 0 and use the invertibility of Ly + 8
to show that also Lj.ynir + 6 is invertible for small & > 0. In particular, they consider bounded
weakly-converging sequences {v;} C H'and {w;} C L? with (Lp;unif +8)v; = w; and set
out to find a lower bound for w; that is uniform in § and /. This can be achieved by picking
a large compact interval K and extracting a subsequence of {v;} that converges strongly in
L?(K). Special care must therefore be taken to rule out the limitless transfer of energy into
oscillatory or tail modes, which are not visible in this strong limit. Spectral properties of
the (discrete) Laplacian together with the bistable structure of the nonlinearity g provide the
control on {v;} that is necessary for this.

The results in [1] are actually strong enough to handle discretizations of the Laplacian
that have infinite range interactions. In addition, this approach was recently generalized
[11] for use in multi-component reaction-diffusion problems such as the FitzZHugh—Nagumo
system. We emphasize that this generalization also allows one to establish the stability of the
constructed waves, which is an important reason for us to pursue this line of thought in the
present paper.

Uniform spatial-temporal discretizations Applying the backward Euler discretization to the
remaining derivative in (1.9), we see that fully discretized front solutions

Uj(nAt) = ®(j 4+ ncAtr), ®(—o0) =0, d(+00) =1 (1.11)
to the coupled map lattice
2 [Uj(nAr) = Uj((n = DAL)] = 5 [Uj_1(nAD) + Ujp1 (n A1) — 2U (nAn)]

At
+geun(Uj(nAD); a).
(1.12)

must satisfy the difference equation

L0E) — @ — cAN] = L[®E — h) + BE +h) — 206)] + geun (P (©): a).
(1.13)

Inspired by the approach above, one can set out to understand the fully discrete operator

[Lnav]E) = —ﬁ[v(é) —v(¢ —cAD] + h%[v(é —D4vE+1)—2vF)]
+8Lup (@ (E); a)v(§),

in which (@, ¢) is the spatially-discrete travelling wave (1.9).

The main contribution in [6] is that we modified the approach of [1] that was discussed
above in such a way that Fredholm properties can be transferred from the spatially-discrete
operators L. it to the fully-discrete operators £, a;. Besides the singular transition from
a first-order derivative to a first-order difference, there is also a structural transition in play

(1.14)
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here. Indeed, for cAr € hQ the natural spatial domain for the function v in (1.14) is only
a discrete subset of R. The ability to handle such structural bifurcations is a second strong
indicator of the versatility of the spectral convergence approach.

Continuum regime In [4] we introduced the continuous arclength coordinate & = 6 (x, t) that
satisfies 6y = /1 + u2. Upon passing to the (6, ) coordinate system by writing

w®, 1) =u(x®,0),1), y©O.1)=v1—we®, 1>, (1.15)

we transformed (1.1) into the fully nonlinear non-local system

wr =y *wep + ¥ geur(w; @) + we / (V74w99 + geub(w; a))w09~ (1.16)

Here we recall the notation [ [ f1(0) = [T f(0")d0'.
Let us now write W, for the arclength reparametrization of the PDE waveprofile ®,. and

introduce the expression
Ye(®) = /1 — W.(1)2. (1.17)

In Sect. 3 we show that this stretched profile W, satisfies the ODE
ey WL =y, A+ e (Wi a). (1.18)

In particular, the useful identity
/ (v W + geun (Vs @)W = c*/ v WL = e (1 -y (1.19)
allows us to conclude that

W, = v, 2 + ygewn (W a) + W, / (v + geub (Vs @)W, (1.20)

which means that w(0, t) = W, (6 + c.t) satisfies (1.16).
Linearizing the stretched travelling wave ODE (1.18) around W,,, we obtain the operator

Lempy = —coy v T Ay 0w Geuy (Wss @)V (1.21)

that acts with respect to the computational coordinate 7. In Sect. 3.2 we analyze this operator
in some detail and recast it back into the original physical coordinates. In fact, we show that
it is not equivalent to the standard linearization Ly, introduced in (1.6). It contains an extra
term related to the stretching procedure that vanishes when applied to d¢ ®,. On the other
hand, in the limits T — =00 the differences between Lcmp and Ly, disappear. The essential
spectrum hence remains unchanged. In addition, we explicitly show that the kernel of Lemp
is also one-dimensional.

On the other hand, the linear operator £, associated to the linearization of (1.20) is given
by

L0 = —cyv + y*_zv” + Zy*_4\IJ;\Il;/v’ + y*zgéub(\l—’*; a)v — 2, geup (W a)v’
[ [4;/**6\1/;(\11;’)21/ oy gl (W a)\lz;ju] (1.22)
FWL [ (vt + g (W @)V + 0 [ (v W A+ geun (W @) W,

Using (1.18)—(1.19), together with 3, [y, ' W.] = y3W”, this definition can be conveniently
rewritten as

L0 =y Lempv + W, / W Lempv- (1.23)

@ Springer
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In Sect. 3.3 we study the integral transform present in (1.23), which allows us to transfer key
properties of the operator Lemp to L. Let us emphasize once again that this twisted structure
is a direct consequence of the procedure that we used in [4] to eliminate the mesh-speed x;
from our system.

The singular perturbation In this paper we study the linear operators £, that arise by recasting
the integral in (1.23) as a sum and replacing all the derivatives except —c4v’ by their appro-
priate discrete counterparts. The precise expression is provided in Sect. 2, but conceptually
this procedure is similar to the transitions

Ly — »Ch;unif» Lh;unif — Lp, At (1.24)

that we discussed above.

Our main goal here is to establish Fredholm properties for the operators £j,. In particular,
we generalize the spectral convergence approach described above to understand the singular
transition from L, to £;. This is a delicate task, since the structure of the operators L, is
significantly more complicated than that of Lj.ypif. In particular, the integral transform and
the non-autonomous coefficients generate several new terms that were not present in [1]. In
addition, we extend the techniques to gain control on the second and third discrete derivatives
of solutions to the system L£jv = f.

Our approach hinges on the fact that the new terms can all be shown to be localized in
an appropriate sense. Nevertheless, recalling the sequences {v;} C H Uand { w;} C L? with
(Lp + 8)v; = wj, we need to extract subsequences for which the discrete derivatives of
v; also converge strongly on compact intervals. We accomplish this by carefully controlling
the size of the second-order discrete derivatives. This requires frequent use of a discrete
summation-by-parts procedure to isolate this derivative from the convoluted expressions.

Although we do not pursue this here, we do believe that the techniques developed in [11]
could be merged with the tools developed in this paper. In this way we would also be able to
handle systems of reaction-diffusion equations in the bistable regime. We are less confident
about possible generalizations to monostable equations, but passing to suitably weighted
function spaces would be the first step to take.

Overview This paper is organized as follows. Our main results are formulated in Sect. 2. In
Sect. 3 we discuss the impact on the PDE wave (®,, c,) caused by the transition from the
physical coordinates to the computational coordinates. We develop some basic tools that link
discrete and continuous calculus in Sect. 4. We continue in Sect. 5 by obtaining preliminary
estimates concerning some of the terms appearing in £ . We conclude in Sect. 6 by analyzing
the full structure of the operators £;. This allows us to generalize the spectral convergence
method to establish Fredholm properties for these operators.

2 Main Results

The main results of this paper concern adaptive-grid discretizations of the scalar PDE
U = Uy + g(u). 2.0

Throughout the paper, we assume that the nonlinearity g satisfies the following standard
bistability condition.
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(Hg) The nonlinearity g : R — R is C3-smooth and has a bistable structure, in the sense
that there exists a constant 0 < a < 1 such that we have

g(0)=gl@)=¢g()=0, g'©0) <0, ¢1) <0, (2.2)
together with
gw) <O0foru € (0,a)U (1,00), g(u)>O0foru € (—oo,—1)U(a,1). (2.3)

It is well-known that the PDE (2.1) admits a travelling wave solution that connects the
two stable equilibria of g [2]. The key requirement in our next assumption is that this wave

is not stationary, which can be arranged by demanding fol gw)du # 0.

(H®,) There exists a wave speed ¢, # 0 and a profile &, € C 3(R, R) that satisfies the
limits

lim ®,(&) =0, lim . (&) =1 24)
£——00 E—+o0
and yields a solution to the PDE (2.1) upon writing
ux,t) = O, (x + cyt). 2.5)

2.1 Computational Coordinates

The physical wave coordinate & = x + ¢4t appearing in (H®,.) is not well-suited for our
purposes here, since we wish to work in the computational frame induced by the adaptive
grid described in [4]. In order to compensate for this, we introduce the arclength

§
A(§) :/0 V1 [0 Pi(ENI dE". (2.6)

Lemma 2.1 Forevery t € R, there is a unique £,(t) for which
At (r) =T 2.7)
Proof The existence of the right-inverse &, for A follows from

e AE) = /1 + [ P«(5)* = 1. (2.8)

[m}

We are now in a position to introduce the stretched waveprofile ¥, : R — R that is given
by

Wi (1) = Dy (5:(0)). 2.9)

This profile W, can be seen as the arclength parametrization of the graph of the physical
wave ®,.. Upon introducing the notation

Ye(0) = V1= [3: W ](0)2 = /1 — W (), (2.10)
we will see in Sect. 3 that W, satisfies the ODE

oy WL =yt 4 (). (2.11)
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It is hence natural to consider the linearized operator Lemp @ H 2, L2 agsociated to this
system, which is given by

Lempv = —Coyy v 4yt + 4y, 00 W/ + ¢/ (Wy)v. (2.12)
The formal adjoint z:i‘i{p : H?> — L? of this operator acts as
z:cmpw = 0. [y 3wl 4 8o [y fw] — 8. [4y O W/ w] + ¢/ (W) w. (2.13)
Indeed, one may easily verify that for any pair (v, w) € H> x H* we have
(Lempv, w2 = (v, LoD W) 2. (2.14)

As we have see in Sect. 1, the linearization of (1.16) leads naturally to a twisted version
of Lemp. To account for this, we introduce the notation

[/_f](r)=/_; f@har', [Lf](t):/jo F@ydr 2.15)

for the bounded continuous functions that arise after integrating a function f € L'. For any
f € L?, this allows us to define the integral transform

T.f = v [f — vVl [ v 3/ f] (2.16)
which can be inverted (see Sect. 3.3) by writing
T w=ylo+ v, [ V. (2.17)

Finally, we introduce the function

adi T/ _1 T
\Il:dj(t) — I:/y**l(.[’)\y;(t’)e*fo C*y*(s)ds\y;(t/) dt/] e—fo c*y*(s)dx\p;(.[)’

(2.18)
which in view of the computation
T, = 72— Y [y W]
=y [V - Wil - 1] (2.19)
=y 'Y,
yields the non-standard normalization condition
(Wi 1w = 1. (2.20)

This choice is motivated by the following result, which allows us to interpret A = 0 as a
simple eigenvalue for the twisted eigenvalue problem

Lempv = ATov. 2.21)

Proposition 2.2 (see Sect. 3.2) Suppose that (Hg) and (H®,) both hold. Then the operators
Lemp 1 H 2 5 1?and L;‘n{p H? — L2 are both Fredholm with index zero. In addition, we
have the identities

Ker(ﬁcmp) — span{W'}, Ker(ﬁcmp> span{w9). (2.22)

@ Springer



Journal of Dynamics and Differential Equations

2.2 Adaptive Linearization

As a preparation, for any v € H'! we introduce the first-order differences

[0 v1(x) = h ' v(r + h) —v(D)].
[a,b—v](z) =h7v(x) —v(x —h)], (2.23)
[v1(x) = @h)~v(r +h) —v(x — )],

together with the second-order counterpart
(8,2 v](r) = [878 vl(z) = h2[u(r + ) + v(x — h) — 2v(1)]. (2.24)

In addition, we introduce the sums

[D vl =nr) v —kh), [Y v]@)=h) v +kh (2.25)

—h k>0 +:h k>0

v = 1= w2, (226)

Finally, for any v € H Iand & > 0, we introduce the function

and the notation

My[v] = —cyp;, ' 90v + 4y ta0w [0, W, ] + v, 28,7 v + 28 (Wav. (227)

With this notation in hand, we are now ready to introduce the linear operators £, : H LN
L?. These operators act as

Lo = —cv 4 c400v + My[v] + 000, X v 20y Wal M [v] (2.28)

and are the main focus of this paper. We will show in [5] that these operators can be seen in an
appropriate sense as linearizations of the full adaptive mesh problem [4, Eq. (2.25)] around
the stretched wave profile W,. Taking the limit 2 | O, we see that M), formally reduces to
yf[,.:mp. In particular, this means that £;, formally reduces to T*_l[,mp when taking & | 0.

Our main result provides a quasi-inverse for £, that bifurcates off a twisted version of the
operator Lemp discussed in Sect. 2.1. This accounts for the presence in (iii) of the integral
transform 7. The crucial point in (i) is that we also obtain control on the L%-norm of the
second discrete derivative of v. This is slightly weaker than full H2-control of v, but turns
out to be sufficient to bound our nonlinear terms. In addition, item (ii) allows us to control
an extra discrete derivative of v provided one is available for f.

Theorem 2.3 (see Sect. 6) Suppose that (Hg) and (H®,) are satisfied. Then there exist
constants K > 0 and hy > 0 together with linear maps

Br:L* >R, Vi:L>— H', (2.29)
defined for all h € (0, hg), so that the following properties hold true.
(i) Forall f € L? and 0 < h < hg, we have the bound

Bt 1+ Vit + 10,705V f e < KA F e (2.30)
(ii) Forall f € L?and 0 < h < ho, we have the bound
[o8 Vil + 10570570, Vi Fll o < KLUFI2 + [0 £l 2] 23D
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(iii) Forall f € L* and 0 < h < ho, the pair

(B.v)=(Brf.Vif) eRx H' (2.32)
is the unique solution to the problem
Lyv = f+ BV, (2.33)

that satisfies the normalization condition
(W Ty, =0. (2.34)
(iv) We have BV, = —1 forall h € (0, ho).

3 Stretched PDE Waves

We recall the functions A(£) and &, introduced in Lemma 2.1, which are related to the
arclength parametrization of ®,. We also recall the pair (W, y,) introduced in (2.9) and
(2.10). Our first main result shows that y, is well-defined and that it can be used to translate
the travelling wave equation for the continuum model (2.1) into the stretched computational
coordinates.

Proposition 3.1 Suppose that (Hg) and (H®,) are satisfied. Then we have W, € C>(R, R)
and there exists k > 0 so that the bounds

0<Wi(t)<l—uk, i<yl(r)<l (3.1)

hold for all v € R. In addition, there exists a constant K > 0 together with exponents
n— > max{0, c,} and n4+ > max{0, —c,} for which the bound

W@+ WO+ W@ + 9 @] + [0 + [0 @) < ke G2)
holds whenever t < 0, while the bound
1= W) + (W] + W) + [0 @)] + [0 + [0 @) < ke
(3.3)
holds for all T > 0. Finally, for every T € R we have the identity
ey @OV = v @)W () + g (YD), (3:4)
together with the differentiated version

ey (O (T) = y O (1) + 4y S (W (D)WL (D)W (1)
+8' (Vs (D)) W, (7).

The second main result in this section is an extended version of Proposition 2.2. In par-
ticular, we recall the linear operators (2.12)—(2.13) and obtain an essential estimate on the
behaviour of [Lemp — 8T, " as 8 | 0. This will allow us to transfer the Fredholm properties
of Lemp to its discrete twisted counterpart in Sect. 6. As a preparation, we introduce the

(3.5)

adjoint integral transform T*adj that acts as
dj _ - _
Tkajf=y* 2[f_y* ]\Il;//‘+ Y« l\pif] (36)

forany f € L2.
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Proposition 3.2 The assumptions (Hg) and (H® ) imply the following properties.

(i) The operators Lemp : H?> - L% and .cifﬂp : H? — L? are both Fredholm with index

zero and satisfy the identities
Ker(ﬁcmp) = span{V.}, Ker([,ggj;p) = {\IJ:dj}. 3.7)
(i) The linear maps Lemp — 675 and nggp - Sﬂadj are both invertible from H? into L? for

all sufficiently small § > 0.
(iii) There exists K > 0 so that the bounds

L <KIfle.
3.8)

< K[l

[ amp — 87171 7 + 57 0L, 1)
” [£ H2 -

Mo — ST 4w, £

hold for all f € L? and all sufficiently small § > 0.

3.1 Coordinate Transformation

Consider two functions femp : R — R and fphys : R — R. We introduce the stretching
operator S, and the compression operator S, ! that act as

[S« fphys] (r) = fphys (S* (T)) s [S*_] fcmp] é) = fcmp (-A(S)) . (3.9
In particular, for any T € R and § € R we have the identities

[S:! fempl (B4 (D)) = femp(D),  [Si fonys) (AE)) = fphys ().
(3.10)

In order to understand the effect of these coordinate transformations on integrals and deriva-
tives, we first need to understand &.

Lemma 3.3 Suppose that (Hg) and (H®,.) are satisfied. Then we have &, € C'(R; R). In
addition, for any t € R we have

—1/2
g =1+ (6] = n. 3.11)

Proof The first identity in (3.11) follows by differentiating T = A(£,(r)) with respect to 7.
Using the chain rule we compute

Vi(r) = BT[Q*(S* (T))]
= [0 P, ](5.(1)EL(T) (3.12)
= [0 D] (E.(0)[1 + 0 D (£2(D) ]2

Squaring this identity yields

V()2 =1 — 140, (E)] ", (3.13)

which gives
[1+0:0, (6:(0)°] ' = 1= WL(0)? = yu(0), (3.14)
as desired. ]
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Corollary 3.4 Suppose that (Hg) and (H®,.) are satisfied. Then for any femp € C(R, R)N L?
and fphys € C(R,R) N L? we have the identity
(fohys: Sy femp) 12 = (Si fphys» Ve femp) L2 (3.15)

together with
(S*fphyy fcmp>L2 = (fphys: S*_I[V*_Ifcmp])I}- (3-16)

In particular, Sy and S, U can be interpreted as elements of L(L*; L?).

Proof The substitution rule allows us to compute

<fphys»$ fcmp L2 = ffphys(S)fcmp(A(S)) d§
= [ Fonys(8:(0) fomp (A (00)EL () dt a7
= ffphys(f*(f))fcmp(f)y*(f) drt .
= (S*fphySa V*fcmp)LZ-

The second identity follows in a similar fashion. O

Corollary 3.5 Suppose that (Hg) and (H®,) are satisfied. Then for any femp € H', we have
S femp € H' with

O [S*_lfcmp] = S*_l[]/*_latfcmp} (3.18)
In addition, for any fphys € H ! we have S, Sonys € H U with
02 [Sx fphys] = V«Sxl0¢ fpnys]- (3.19)

Proof For feyp € CL(R; R) we may use the chain rule to compute

1

3¢ [ fomp (A©))] = [9r fomp] (A)) 36 AG) = [8r femp] (AE©)) [5L(AE)] . (3.20)

In addition, for fyhys € C 1 (R; R) we compute

3z [ fphys (6+(7))] = [92 fohys] (6(7))&1 (). (3.21)
The desired identities now follow from (3.9), (3.10) and (3.11). The final remark in Corollary
3.4 can be used to extend these results to femp € H Iand Spnys € H L O

The physical wave @, satisfies the travelling wave ODE

Cidg Dy (§) = Vg Pu(§) + g(Pu()) (3.22)

for all £ € R. It is well known that the limiting behaviour of &, as & — 4oco depends on the
roots of the characteristic functions

AL(m) = —can+ 10 + g (Du(£00)). (3.23)

,/ 4g<0>> e |c*| (3.24)
Ny = [ \/ 4g(1)]>——c* = el (3.25)
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and picking a sufficiently large K > 0, we have the bounds
|9 @, (8)| < Ke =] (3.26)

for £ € Ry. In order to transfer this exponential bound to W/, we need to understand the
differences &,(t) — t.

Lemma 3.6 Suppose that (Hg) and (H®..) are satisfied. Then there exists K > 0 so that the
inequality

§(t) — 7| < K (3.27
holds for any v € R.

Proof For any x € R we have the standard inequality

1
Vi4x2-1< §x2. (3.28)

In particular, we see that

JAE) — £ < 4 [ 000D, ()2 g’ (3.29)
< 3 3]z
which gives
6.(1) — 7] = |6(1) — A(E(D)] < % XN (3.30)
]
Proof of Proposition 3.1 Using &, = S Ly, together with the commutation relation
g(S7'w,) = 8. 1g(w,), (3.31)
we can apply Corollary 3.5 to the travelling wave ODE (3.22) to obtain
xS [y Wi = 50 [ oy L] + 8 g (Rl (3.32)
Using the identity
vi= -y Wl (3.33)
together with the definition 2 = 1 — [W.]?, this gives
coys WL = 20 4y L g () (3.34)

=y, W] 4 g (V).
A further differentiation yields
Y W oy VLWL =y TN Ay SO g (W)W, (335)

which can be simplified to (3.5).

The exponential bounds (3.2)—(3.3) now follow from Lemma 3.6 and (3.26), using (3.4)
and its derivatives to understand the derivatives of order two and higher for \IJL’)(r) for
2 <i < 5. The inequality (3.1) for W, follows directly from (3.13) and the fact that 9; . is
uniformly bounded. Finally, the inequalities (3.1) for y, follow from

1> /1=W.(0)2>V1—(1—x)?=v2% -2 > Jk. (3.36)

[m}
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3.2 Linear Operators

In principle, most of the statements in Proposition 3.2(i) can be obtained by an appeal to
standard Sturm-Liouville theory. We pursue a more explicit approach here in the hope that it
can play a role towards generalizing the theory developed in this paper to non-scalar systems.

Our first two results highlight the fact that our coordinate transformation does not simply
map Lemp and c';‘?,{p onto the standard linear operators

Liwy = —cxdgy + 0gey + g'(P4)y,

; 3.37
£?§Jz +eudez 4 Ozez + &' (Dy)z (337

obtained by linearizing the travelling wave ODE (3.22) around ®... Indeed, the correct oper-
ators to consider are given by

2 0ge Du y
Lonysy = Lowy + (0 0.)” 55 0 75 |

adj _ adj 1 2 85§<D*
Lopys? = Loz — o g [(85 D) 007 z].

(3.38)

Lemma 3.7 Suppose that (Hg) and (H®..) are satisfied. Then for any v € H? we have the
identity

LempV = ¥y ' SuLphysSi v o). (3.39)
Proof We write y = S*_l [y*_] v], so that y*_] v = S y. Using Corollary 3.5 we get

Sidsy =y Loy vl

= _ 3.40)
= Vs 4\IJ>;\IJ:U + Vs ZU/. (

In particular, (3.5) allows us to write

CsSxdey = Coy 2V + YW v + 4y T (WD2 (W) + g (W) (1 =y
(3.41)

In addition, we compute

Silgey = V*_lar[s*aé)’]
= 4y TR0 4y (WL + W+ WY (3.42)
Ry WL 4y
We hence see

Vi lSuLwy = —cayi 3V + v (W20 + 3y WL WY + y ot + g (W)

= Lampv + 175 (W)20 — y 0w WY, (343)
We now write
s P g s)?
[rphysy = [ftwy + aé‘ D, 1+(§§$¢*)2 Bgy - I(Jriiscbi)z y. (344)
Exploiting the identities
S0 D] =y,
Se[l + (0:@.0?] = y,2, (3.45)
SilOge D] =y, )
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together with (3.40), we may compute
T S Lphysy = V* S*thy + 7. LW [y AW 4y

—7 (lIJ”) [
z _ _ 3.46
sy, G](w::ﬂv oy WLy (3.40)
= AccmpU,
as desired. O

Lemma 3.8 Suppose that (Hg) and (H®..) are satisfied. Then for any w € H* we have the
identity

Libow = SoLop Sy 2wl (3.47)

Proof Pick v € H?. Applying Corollary 3.4 twice, we compute

(Lempv, w2 = (v, 1S, physS )/* vvw>L2
<$*£phys8 V* U V*l w)y2
= (L physS v v, Sy, 2w])u (3.48)
= (S M, cgﬁ;ss v 2wl) 2

= (v, 8Ly Sy 2wl o

The result now follows from (2.14). m]

The explicit form (3.38) allows one to immediately verify that

Lphys0e Py = Ly 0 Py = 0. (3.49)
Upon defining
PL(E) = e E 0, 0,(8), (3.50)
itisa standard exercise to verify that [Zadjdi'ad] ' = 0. We now construct a kernel element
for [thyS by writing
adj; phys - /1 9 adJ tw (3.5 1)
@ &) =1+ (9:0.(6) 0LV ™ ).
Lemma 3.9 Suppose that (Hg) and (H®..) are satisfied. Then we have
adj adj; phys
L onys P =0. (3.52)

Proof We first compute

Eadj(badj;phys — 0z Py e Dy ¢adj;tw+a [ 0z Dy g Py ](badj;tw
tw K

T V1@, , NETOTSE (3.53)
0 Py 0 Py 9 q>ad];tw .
ST d 2 5
Upon writing
_ 2 e Dy adj; phys
T = gs: 35[(35%) ooy O ] (3.54)

we also compute

1 2 0z s adj;tw]
1= 3g¢'* 35 I:(ag qD*) /1+(85(I>*)2 q)*
— 5 [ B Dy Do ]q)adj;tw+ (3¢ Dx)? distw

G BV ey V0 0,)

0 Py 0 Py 3 ad] tw (3.55)

+ 1+ (3 @5)?
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In particular, we find

ﬁadj q)adj;phys —¢ 0 Py g Py adj;tw + 0 Py 0z Py adj;tw _ (855<1>*)2 adj;tw
phys =% @) 1+(0: D)2 § 5 S0
(3.56)

The result now follows from the computation

O D0 DUV = 9 0,9 [e 7 s ]

— _C*asq)*q)adj;tw 4 Cbadj;twaggcb*. (3.57)

[}

Lemma 3.10 Suppose that (Hg) and (H® ) are satisfied and recall the definition (2.18). Then
the identity

M T 71 -
>2.d] — [/ y*—l(r)\y;(r)e_fo C*V*(s)ds‘-l»’;(t) d‘L'] )/*28*[ id.lsphys] (358)

holds. In particular, the representation (3.47) implies that ﬁgﬂ{plll:dj =0.

Proof This follows directly from

Sl D] =y, 1w,
3.59
ST+ 0002 =y (3:59)

together with the computation
SulE > e (1) = e~ (D) = g Jo vi()ds (3.60)
Here we used &.(0) = 0 and & (s) = yx(s). ]
Lemma 3.11 Suppose that (Hg) and (H®,) are satisfied. Then we have
Ker Lphys = span{®’,}. (3.61)

Proof A potential second, linearly independent kernel element can be written as «dg @ for
some function «. We hence compute

Loyslade @] = —c, 05 ds Dy + 0500 D + 205 00z Dy + (BSQ*)Z%%&
(3.62)
Setting the right hand side to zero, we find
= O [ca — 2100 @] — S In[1 4 (3 ®)?] occr '
Choosing an integration constant o, € R, this can be solved to yield
Bgor = (3 D) 2eE JH?&W' (3.64)
For a, # 0 it is clear that one can choose k¥ > 0 in such a way that
lor(§)] > wensTess (3.65)
holds for all sufficiently large & > 1. This prevents ads . from being bounded. O
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Proof of Proposition 3.2(i) Viewing Lcmp, Lphys and Ly as operators in L(H?% LY, we
observe that their essential spectral are equal. Indeed, the differential equations arising in
the £ — oo and t — =00 limits agree with each other. In particular, all these operators
are Fredholm with index zero. The description of Ker Ly follows directly from (3.61) and

the correspondence (3.39). The description of Ker ng{p follows directly from Lemma 3.10
and the fact that

0 = ind(Lemp) = dim (Ker Lomp ) — dim (Ker £&5p). (3.66)

[m}

3.3 Integral Transforms

Our goals here are to discuss the integral transforms introduced in (2.16) and (3.6) and to
prove items (ii) and (iii) of Proposition 3.2. In particular, the integral transforms can be
used to solve two integral equations that appear naturally when linearizing the adaptive grid
equations around the stretched wave W,.

Lemma 3.12 Suppose that (Hg) and (H®,) are satisfied. There exists K > 0 so that the
bound

1T f N2 = KN fllp2 (3.67)
holds for any f € L?, while the bound

79| L = KISl (3.68)
holds for all f € H?.

Proof The estimate (3.67) follows from the uniform bound (3.1), together with the inclusion
W, € H? and the inequality

H / v Wl f ’

Writing w = Y;adj f, we note that
w' =y 2 f1 = 3 [y "L L
w// — [y*fzf]// _ [)/*73\11:]// f+ y*fl\p;f + [)/*73\1’;:]/)/*71\114]0 (370)
— / —
S 2o T T VS el T TS

= 7o 19502 £ 12 (3.69)
oo

Exploiting the inclusion W, € H* and the bound

H / y*lw;fH N INMARLS (3.71)
+ e’}

we see that indeed w € H? and that the estimate (3.68) holds. ]

Lemma 3.13 Consider any pair (w, f) € L? x L. Then the identity

yiw + \Pi/ Ww=f (3.72)
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holds if and only if
w=Tf=yf~ VIIW;/ 2

Proof Assuming (3.72) holds, we write
X = / v w

X' = Ww = y 720 f -y WX,

and compute

Recalling y, = —y, W, W/, we see that
v ' X1V =y WS,
Using the fact that X () — 0 as t — —o0, this implies
X = Vs / )/*73\1/:]0
and hence

Yw=f— WX = f— yW / Y,

On the other hand, assuming (3.73), we compute

Jowiw = [y = [ [ eyl
= [yl | v

= [ v 2y [ vV — [y f
=y [y VS

Multiplying by W), we hence see
‘I’i/ Wiw = V*‘Pif v W f = f = viw,
which yields (3.72).

Lemma 3.14 Consider any pair (w, f) € H? x H?. Then the identity
vw v W=
+
holds if and only if
adij _ _ _
w=Tf =y v [ e
+

Proof Assuming (3.81) holds, we write
Y = / viw
+

Y = —lIJ;w = _\I"/y*_zf + y*_leJ;lIJ:Y

*

and compute

(3.73)

(3.74)

(3.75)

(3.76)

(3.77)

(3.78)

(3.79)

(3.80)

(3.81)

(3.82)

(3.83)

(3.84)
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In particular, we see that
Y] = —y, W, f.
We hence find

Y = y*_I/ y*_l\I/;f,
+

which yields

w=y [ f=/Y] =y f - v / e "Wl f]

+

On the other hand, assuming (3.82) we compute

f \IJ w = f+ Z\D/f f+ 34, \I_,//f+ I\IJ f]
— f+ Z\D/f f+ [y* l] f+ ILIJ/
_f+ 2\y/f+ f+ l\p/f f-t,-y* y* ]"I" f
=y, f+ llIJ/f

Multiplying by W/, we find

v/ / Vo =y, lw”f v WL f = f—yiw
+ +
which yields (3.81).
Proof of Proposition 3.2(ii)-(iii) We introduce the notation

aclf1= (W £y

(3.85)

(3.86)

(3.87)

(3.88)

(3.89)

(3.90)

and note that the normalization (2.20) implies that «.[7,W¥,] = 1. In particular, the operator

wef = [TV, ]ac f

(3.91)

is a projection on L2, Writing w = I — 7., the Fredholm alternative (see e.g. [9, Thm. 2.2.1])

now yields the splitting L?> = R @ R, with
R=n(L? = Lemp(H?), Re=mc(L).

Upon choosing a splitting

= span{¥_} ® K,
we note that the linear map

Lemp : Ke > R
is invertible, which implies that the perturbed operators

[Lemp — 87 Ti] : Kc — R

are also invertible for small § > 0. For any f € R, we introduce the function

Ls[f1=[Lomp — 87T] " f — \p;ac[z[zcmp - anf*]*lf]
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and use the identity Lcmp W), = 0 to compute

[Lomp — 8T)Ls f = [Lomp — Tl [Lomp — 87T f + 8T W.a, [T*[zcmp —snT]! f]
= f = 67T [Lomp — $7T] " + ST Wete[ T [ Lemp — 67T] ' /]
=f_uﬂwm{ﬂphw_6nﬂyfq (3.97)

TV | T Lomp — 67 T] ' £ ]

For any f e L2, this allows us to conclude

[Lamp = 8T1[ = 87" Wlatel f1+ Lo [ f1] = ToWlatel £+ 7L ]

(3.98)

= ‘f7
which provides an inverse for Lemp — §7,. An analogous procedure can be used to obtain the
result for ﬁ?ﬂ{p. ]

4 Sampling Techniques

In order to exploit the continuum theory developed in Sect. 3, we need to expand the results
developed in [4, Sect. A] in order to allow for detailed comparisons between functions and
their associated sampled sequences. In this section we collect several tools that will be useful
for these procedures.

In Sect. 4.1 we obtain several useful results that relate the discrete operators 32[ and ) 4,
back to their continuous counterparts. In Sect. 4.2 we introduce exponentially weighted
norms on L and discuss their impact on the summed functions (2.25). Finally, in Sect. 4.3
we discuss sequences of differences (2.23) and sums (2.25) for which 2 | 0. Upon taking
weak limits, it is possible to recover the usual continuous derivatives and integrals.

4.1 Discrete Versus Continuous Calculus

As a reminder, we recall the sequence spaces

. 2
€2 ={V : hZ — R for which ||V||§% =hYjep | Vil < o0},

_ @.1)
€3> = {V : hZ — R for which ||V [|se := sup ez, | Vij| < 00}

that were introduced in [4, Sect. 3.3]. Our goal here is to obtain error bounds in these
spaces when applying differences and sums instead of derivatives and integrals to continuous
functions. As a preparation, we repeat the useful estimates [4, Egs. (A.6), (A.13)] which state
that

lullz < @+ Nl o]y < o] 4.2)
forany u € H' and g € {2, o0}.
Lemma 4.1 Pick g € {2, 0o} and consider any u € W*4. Then the estimates
+
05w =g < nfu] (4.3)

hold for all h > 0.
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Proof Fix h > 0 and write Z% € £7° for the sequences
]h = [8h ul(jh) —u (]h)
We may compute
I+h =1 fo [ (Gh+5) —u'(jh)]ds

= fo [u (Jh +sh) —u'(jh)ds
= fo M//(Jh +s)ds'ds.

For g = 0o we hence see

+ " bopsh ’ 1 ”
25| < [ ”LOQ/O /0 ds'ds = sh ||

For ¢ = 2 we obtain the estimate

HZJr”zZ = theZ[f() ”(jh-{—s’)ds’ds]z
<h} e fo Ly u”(jh +5")ds'1? ds
= hZ]eZ fo Shf [’ (h+ )1 ds ds
<hy Zjeg Jot G+ sH1 ds’
=12 [u"|7..

Similar computations can be used for Z~.
Corollary 4.2 Pick q € {2, oo} and consider any u € W4, Then the estimates

Ha}f)u —u”

= 2w

Ha}?)u(, +h)—u”

PEEaTam

hold for all h > 0.

Proof We first compute
B,(lz)u —u" = a,ja,;u —u”
= a;a,;u -0, u + o, u —u".
Applying Lemma 4.1 and (4.2) to 3, u shows that

0 3w = a5l < Aoy " o < ™ -

Similarly, applying Lemma 4.1 to u’ shows that

"

q fh”u

[0y u =" I

”Lq ’

from which the first estimate follows. Upon writing

0P uC-+hy—u" = 9 ofu—u"
:8;‘8;’14—8;1/%—8;1/—14”,

the second estimate can be obtained in a similar fashion.
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Corollary 4.3 Pick q € {2, o0} and consider any u € W*9. Then the estimate

o oPu —u| | <3 ut® (.13)
o L4
holds for all h > 0.
Proof Splitting up
OF o\ Pu — " =8 o o u — u”
_ atata—, _ ata—,/
_8h%a_hu Bﬁaﬁu (4.14)
+8h 3’7/” _///ah !
+0, u” —u",
we can apply Lemma 4.1 to obtain
2 - -
oo u = LA R PPl L PR LA PPRCRE)
We can now repeatedly apply (4.2) to obtain the desired estimate. O

We recall the definitions (2.15). Our final result here is a standard approximation bound
for discrete integration.

Lemma4.4 Forany f € W' and h > 0, we have the bounds

Sr-f =nrl @16)
+:h + 4o
h
Proof Fixing 7 € R, we compute
[Sun /= [0 F1@) = Shoo Jo Lf (¢ +kh) = f(x + (k — Dh +0)]do
= Yoo JULF( + (k+ Dh) — f(z +kh + o)l do

4.17
= Yo fo [ f(c +kh+0'ydo' do @17
=>=0 foh Iy [/t +kh+o')dodo'.
In particular, we obtain the estimate
h
‘[Z-Hh f=r f](f)' < Y=ol fo |[f'(x +kh + )] do’
S hfooo f/(l__i_o_/)‘ do_/ (418)
<h|f.
O
4.2 Weighted Norms
For any n > 0 we define the exponential weight function
en(t) = e M, (4.19)
This allows us to define an inner product
(a, b)L% = (epa, eyb) 2 = (eya, b) 2, (4.20)
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together with the associated Hilbert space
Ly ={f € Lige : £l == {f, fHrz < oo}, @.21)
Since 0 < ¢, < 1, we see that
(@, a)y < (a, )2 4.22)
for every a € L. In particular, we have the continuous embedding
L’ci;. (4.23)

In addition, for any pair (a, b) € L% x L2, we have epa € L? and hence also eya € L2,
This allows us to estimate

[(e2ya. b) 2| = |(@ B2 < Nl 1012 - (4.24)
This weighted norm is very convenient when dealing with sampling sums.

Lemma4.5 Fixn > 0. There exists K > 0 so that for any [ € L% andany Q0 < h < 1, we
have the estimate

1>, ezanIL% < KIflg- (4.25)
Proof Using Cauchy—Schwartz, we compute
HZ—;h ean”zL% = [en(M[X_., exn f](0)?dr

2
= fezn(‘c) h Zk>0 e,zl(r —kh)f(r — kh)] dt
< [en(|h X gean (T — kh)] [h Yo €2y (T — k) F (T — kh)z] dr.

(4.26)
We note that there exists C; > 0 so that forall 0 < 2 < 1 and all t € R we have
hY g €2q(T —kh) = h Yo e 21—k
SR oy e 2T kA 4.27)
< C.
Using the substitution T/ = t — k#h, this allows us to compute
2
I3 e fl; = €1 f ex@[h Xungern@ = ki) fx —kiy? | dr
= C1 [ [ g ean(@ + k) exy (2 f (&' de “4.28)
< C? [ ey (t) f(x)? a7
= CEIfIg; -
O

4.3 Weak Limits
Our results here show how weak limits interact with discrete summation and differentia-

tion. The first result concerns sequences that are bounded in H' and have bounded second
differences, as described in the following assumption.
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(hSeq) The sequence
{(hj, v))}j=0 C (0, 1) x H' (4.29)

satisfies h; — 0 as j — oo. In addition, there exists K > 0 so that the bound

<K (4.30)

ol + 3503504,

holds for all j > 0.

The control on the second differences allows one to show that the weak limit is in fact in H2.
In addition, the first differences converge strongly on compact intervals.

Lemma 4.6 Consider a sequence
{(hj,v))} € (0,1) x H' (4.31)

that satisfies (hSeq). Then there exists V. € H? so that, after passing to a subsequence, the
following properties hold.

(i) We have the weak limit

vj—~V.e H'. (4.32)

(ii) We have the weak limits
9 vV e L% (4.33)

(iii)) We have the weak limit
0 v~V e L*. (4.34)

(iv) For any compact interval T C R, we have the strong convergences
vj = Vi € (D), 8 v; = V] e LXD) (4.35)
as j — oo.

Proof Using (4.2) we obtain the uniform bound

o] . <& (4.36)

for all j > 0. In particular, after passing to a subsequence we can find a triplet

L2

Ve, VELVO)y e H x L2 x L? (4.37)
so that we have the weak convergences
v=VeeH', §fv=VFel? 82v—~vPel’ (4.38)

as j — oo.
Pick any test function ¢ € C2°. We note that

— 0 (4.39)

— (2)
Ha’l/{ -7 12 + Hahj ¢ -1t L2

as j — oo by Lemma 4.1 and Corollary 4.2.
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We now compute

(a}:Ujv {>L2 = —<Uj, all_j{)LZ
= _<Uj7 c’)LZ"l_(vja g/_a}l_I-{)Lz (440)
= (), 02+ (v, =0, 02,

together with

(@ vy C)ie = (7.0 2
= (v, ")z + (v,-,a(zl_); "2 (4.41)
= () ¢+ (0], 008 =80

The weak convergences v, —V, € L? and (4.38) imply that

(8/_;1)]'9 §>L2 g < / §->L27 <a;-vj’§>L2 - <V*+!§>L2!
6 't 2 @ (4.42)
(ahj Uj, C>L2 e (V §>L27 <ahj Vj, §>L2 - ( * 7{>L2

as j — oo. The density of C2° in L? now implies that V,© = V/ and that V] € H'! with
v/ = V¥ This yields (i), (ii) and (iii).

Turning to (iv), we pick a compact interval Z C R. The compact embedding H'(Z) C
L?(Z) allows us to pass to a subsequence for which

lvj = Vil .2 0 =0 (4.43)

as j — 0o. We compute

+ ..y
Hahjv] V.

= <ah+jvj -V, 8;/,1),- - V*/>L2(I)
+ + + + +
= —(8}1_1_82;UJ‘ =0, Vo vj = Vil o
+(8ht,vj -V, 3;]. Vi = Vi) 121y

LX(D)

(4.44)
Using (4.2) we see that
lomvi] L = V1,2 (4.45)
Together with (4.30), (4.36) and the identity
— ot @
8/1_,- 3hjvj = ahl_ vj, (4.46)
this implies the uniform bound
— ot +y, -y !
Hah ahl ‘LZ(I) + Hahj vi L2(T) + H ahj Vs L2(T) + ” Vi ||L2(I) <G (447)
for some C; > 0. In particular, using Lemma 4.1 and (4.43), we see that
”8 A LQ(I) ZCI[ o5 = Vil oy + Ha Ve = Vs L2(I)] 4.48
= zcl[“”/ V*||L2(I)+h/ ”V* ||L2] (4.48)
— 0

as j — 00, as desired. A standard diagonalization argument now completes the proof. O
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Lemma 4.7 Consider a bounded sequence
{(hj. fjoanj a0 030} =0 C (0, 1) x L* x H' x H' x H' (4.49)

that satisfies the following properties.
(a) There exists C > 0 and n > 0 so that

1 ()| + |e2:j ()| < Cey(v) (4.50)
forall T > 0.
(b) There exists a triplet (1., 002:5, X3;5) € H' x H' x H' so that we have the strong
convergence
(al;j, a2: 5, 063;]') — (1%, A2, A3;4) € H' x H' x H' 4.51)
as j — oo.

(c) We have h; — Oas j — oo.

Then, after passing to a subsequence, there exists f, € L? so that we have the weak conver-
gences

fi=fe€L? a3jfj—as.el? (4.52)
together with
oy, Z O‘Z;jfj_\al;*/ s fx € L? (4.53)
as j — oo.
Proof Writing
gi =0y ) ol (4.54)
we see that
“gj “Lz < C? ”ezn Z,;hj €2 |f|j ‘ 2
= ey X, e 171,

(4.55)

= C? | X, e 171}
<15l
=Gl

In particular, after passing to a subsequence we have the weak convergences f;— fi € L?
and g;—g € L%
Pick any ¢ € CZ° and write

2
L’]

I{;j = Qay;; Z ay;j¢ _O‘Z;*/ or1;x8, (4.56)
+

+;h./‘
which can be expanded as
Iy = [0‘2:/' _"‘2:*] Z+;h,- ay;;¢
Fao 3, [on — o]t 4.57)
+0l2;*|: Z_th O{];*é‘ - f_;,_ al;*;]-
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Using the general observation that || Z+;h ab ||@IOIO < ”a”eﬁ ||b||z§’ the estimates (4.2) and
(4.16) imply that

1Ze.ill 2 < 9 s — az* 12 ||a1,\ el
+9 [l 2 erj = Fﬂ IIICIIHI (4.58)
+ oz o B e, *4“ 1]

Observing that

[
A T P P e (459)
2 [tz g N8 g

lersgd |0 <

al*
al*

=
=

we see that |Z; ;|| ,, — Oas j — oo. In addition, we see that

” (0l3;j - a3;*)§HL2 = ||Ol3;j - a3;*||Loo ¢l < ”Ol3;j - a3§*”H1 <12 — 0 (4.60)

as j — oo.
We now compute

(8- Oz = {enj 2o op; 02 £ O)p2
= (fj, a2 Z+;h]- a1;¢) 2 (4.61)
= (fj oo [y a18) 2 + (fj. T j) g2

together with

las;j fjs ooz = () @3¢ 2
= (fj, a@3:46) 2 + (fj, (a3;j —3.4)C) 2 (4.62)

In particular, the weak convergence f;— f; implies that

<gjs§>L2 - (f*,a2;*f+al;*§)L2

4.63
= (al;*f,OlZ;*f*y§>L2 ( )
together with
<a3'jfj, Oz = (fro@358) 2
: ’ 4.64
= (@3 fo )12 64
as j — o0o. The density of C2° in L? now implies the desired weak limits. O

5 Linear Building Blocks

In this section we are interested in several useful linear operators that act on the sequence
spaces E% introduced in Sect. 4. We use the notation 8%, 3%, 3 for the restriction of the
discrete derivatives (2.23)—(2.24) to these sequence spaces. In addition, we recall the expres-
sions

1
(T*aljn = agzin, $a=(a+T%a), yy =v1- (V) (5.1)
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that were introduced in [4], together with the higher order norms
IVllgn =1Vl + 05V ]z
||V||£22 =1Vig + H3+VHK2 + ||a+a+v||e2 . (5.2)
IIVlllzz =IVllg + ”3+VH52 + ||a+a+v|{,32 +[oratatv],.

and their counterparts

IV et = 1Vl + 94V e

||V||W = Vlige + [0+ V] + [0V (5-3)

Finally, we recall that Upf.,. € C Z(R, [0, 1]) stands for a reference function that satisfies the
properties

Uref;*((_oov _2]) =0, Uref;*([zv OO)) =1, 0= U ef ik < L |Uref *| <1 54
For any x > 0, we subsequently write
Uret;1c(T) = Uref;5(kT) (5.5)

and introduce an open subset
Ve =V € 6 IVl g2 + 1Vl + 0405V oo < 36~ and [3FV ]| <1 =2}
(5.6)
This allows us to recall the affine subset [4]
Qe = Uretie (hZ) + Ve C L5 (5.7

that plays an important role here and in the sequel paper [5], as it captures the admissable

states of the waves that we are interested in. We remind the reader that each U € Q.

satisfies 97U, < 1 — « and that the norms |3 U| 21, [U|l 2 and [|g(U)ll,2 are all
o) L, £y "

bounded uniformly in 4 > 0.
The linear operators that we investigate are given by

My alV1 = 4y *00UI0P U1V, My.clV] = y2e (U)V,

_ _ (5.8)
My.plV] = )/U23(2)V, My.plV] = —C*)/UlaoV.

Here we have V € ¢2, while U is taken from Q.. For convenience, we introduce the
combination

MylV] = My alV]1+ My g[V]+ My;c[V]+ My;plV] (5.9)
together with the notation
Ly[V] = c.d®V + My[V1+3°U Y, v 2 [0PUIMy [V]. (5.10)
Picking any v € H' and recalling the discrete evaluation operator
levo fljn = f (@ + jh), (5.11)
we note that our construction implies that the identities

evy My[v] = Mevyw,levov],  evy[cxv + Ly[v]] = Levyw, [evyv] (5.12)
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hold for all ¢ € [0, h]. We remark that the right-hand sides above are continuous in E% as a
function of ¥ as a consequence of (4.2) and the continuity of the translation operator on H'.
We recall from item (iii) of [4, Lem. A.4] that if

lleva fllz < llevovll 22 (5.13)

holds for all 9 € (0, #) and some v € H!, then in fact fe L? with
I£ll2 < Mol + (897 v] 2 - (5.14)

We are specifically interested in the differences "My [V] and 97 Ly [V], as they will
help us to apply a discrete derivative to the equation £;v = f and its nonlinear counterpart
that will appear in [5]. To this end, we introduce the approximate differences

M V1 = 4@y = 3y HIODQUPROV + 4y, U 9T9P U100V

+ay; U P U1V,
M g [V1 =275 U P UIPV 4y, 2970, (5.15)
M. e V1 = =20°U10P U1 )V + 58" (WDIOUTV + y58 W)V,

M peap[V1 = =€y 2 00U0P UV — ey 9@V

and write

M;;apx[v] = M;;A;apx[v] + M;/-;B;apx[v] + M;;C;apx[v] + M;/-;D;apx[v]' (516)

Proposition 5.1 Assume that (Hg) is satisfied and fix k > 0. There exists K > 0 so that for
anyh >0,U € Q. and V € Z%l we have the a-priori bounds

IMyVIle <K ||V||Z%:2,
|a* Mylv] ”z% =K ”V”zf’ +K ”3+3+8+U”e;° ”a+V”zﬁ > (5.17)
a1 ot il < KWV + & fo*a*oru . [V .

together with the estimate

H3+MU[V] — M

U:apx[V]

< Kh|[Vllgzs + Kh ||8+8+8+U||[Zo IVliga. (5.18)

2
[h

In addition, for any h > 0, any pair (UV, U®) e Qim and any V € Z%, we have the
Lipschitz bound

||MU<2>[V]—MU(1)[V]||K% <K ||U(2)—U(')||Zz;z IVl oest + K ||U(2)—U(1)||Zzo;1 IVl -
(5.19)

Corollary 5.2 Assume that (Hg) is satisfied and pick 0 < k < ﬁ Then there exists a constant
K > 0so that forany h > 0, U € Qp.c and V € K% we have the estimate

[t [Lov1] = Lototvi| , < K[1+ [o+0*0 U e + 070707 U 11V 22
h

(5.20)
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Proof Systematically applying the product rule 3" [ab] = 8*aT b+ ad™b and the identity
3199 = 9@ described in [4, §3.1], we compute

IT[LulV]] = exSTOP V] + 0T [My[V]]

+SHIQUITT Y, v [0 UIMy[V]
+0U S 0% [y |7 [0 U M V] (5.21)
+0U Y., v Rt [0@U]TH [ MyV]]
+0U Y., v PP ULt [ My V).

On the other hand, a direct substitution yields

Ly[0TV] = e.ST0PVI+ My[aTV]+3°U Y _., v, 0P UIMy[07V]. (5.22)
Comparing these two expressions, we obtain the bound
[o*[Luivl] - LU[8+V]HZZ < C) ot [MylV]] — My[a*V] ||£z + CLIMyIVle
+C ||a+a+a+U|},52 IMyV]lez -

(5.23)
The desired estimate now follows from (5.17). O
Corollary 5.3 Assume that (Hg) is satisfied and pick 0 < k < i There exists a constant

K > 0 so that the estimate
Ly VI-Lyo Vg < K [UP=UD ] 22 Vg + K [UD=UD | it 1V 22
+K |[U® - U“)H a2 ||V|| @
(5.24)
holds for all h > 0, all V € €}, and all pairs (U, U®) € Q..

Proof We compute

Lo VI=Lyo Vg < [MyeV]=Myo V]| +C 00U = UL My, 1V]] 2
+C| ||)/U12>3(2)U(2) - )/U<1)3(2)U(])||[z ||MU2[V]||22
+C My V] - MU(1>[V]||{%

(5.25)

Exploiting the a-priori bound (5.17) together with the Lipschitz bounds (A.7) and (5.19), this
yields the desired estimate. O

Corollary 5.4 Assume that (Hg) is satisfied. Then there exists a constant K > 0 so that the
estimate

|93 calvl = 2aloy vl 2 = K[ ol + |35 05 v] 2] (5.26)

holds forallh > 0 and all v € H'.

Proof The result follows from Corollary 5.2 and the bound (5.14). ]
In the sequel we will also encounter the expressions

My IV =y M 4o [V1 + 275 00U 0@ UMy 41V ] (5.27)
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for # € {A, B, C, D}, together with
My g[V] = 4y;%0°U 070D U1V + y 0t a@ . (5.28)
The relevant combinations are evaluated explicitly in the final main result of this section.

Proposition 5.5 Foranyx >0, h >0, U € Q. and V € Eﬁ, we have the identities

My, alV1+ My, p[V1+ My.c[V] = 46y, — 5y, 21182 U1V
+8y,9°U[9P U@V
+¢" W)UV + g (U)°V + My, g[V],
My;plV] = =3¢,y °UBP UV — ey 20@ V.
(5.29)

5.1 Proof of Propositions 5.1 and 5.5

We first set out to establish Proposition 5.1. We will treat each of the four components
separately, using the estimates (A.8) to approximate the 9 lvy k ] terms.

Lemma5.6 Fix k > 0. There exist K > 0 so that forany h > 0, U € Qp., and V € Z% we
have the bound

[0 My alV] = Myals* Vi, < K |34V ] o + K oo U [0V 5
(5.30)

together with the estimate

HEHMU;A[V] = My V]

= KR[[04V] o +[0* 0" V] . + [a*a7a V],
Zh h h h
KB 340+ o [0V ]
(5.31)

Proof We compute

oMy alV] = 40 1y 1T 00U 192U 10V
+4)/J4S+[3(2)U]T+[3(2)U]T+80V (5.32)
+ay, Ut p@uITT0v
+ay, f0UTIPUISH P V],

together with
My, a[07V] = 4y, 23U P U1ST[9P V1. (5.33)

The estimate (5.30) now follows directly from inspection.
Upon making the replacements

My e 4y tu@ul, Tt 1, ST, (5.34)

we readily see that 8+[MU; A[V]] agrees with M (er A apX[V]. In particular, applying these
replacements to each of the four terms in (5.32) separately, we may write

0 [My;alV] = M. g [V1 = Ta + T + Te + T, (5.35)
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in which
To = 4071y "1 - 4y 00U s OO U | T+ [0°U 19201 |
+8hy; U [9PUITH|8°U 8P U0V
+16hy; 8 U P UIST P UITHIPUITH V]

+16hy; 0OU[9D U1 U 9@ UIT T80V ]
+16h)’(7630U[8(2)U]BOU[B(Q)U]S+[8(2)V],

(5.36)

together with

Tp = 2hy [P UIT 8P UITH[30V]
+4hy 0P U TP UITH[0V] (5.37)
+4hy AP UBPUIST P V]

and finally

Je = 4hy;ta%Uata@uistpa@ vy,

5.38
Ja = 2hy; U 9P U 8P V. (5-38)
The desired estimate (5.31) follows from (A.8) and inspection of the above identities. o

Lemma5.7 Fix k > 0. There exist K > 0 so that forany h > 0, U € Qp., and V € Z% we
have the bound

|0 My, IV]— My.gld* V1| o < K [8%8%V 2, (5.39)
eh Zh
together with the estimate

H8+MU;B[V] — M, (V]

= K[ |o+o+v | + Jorotot v, |

U;B;apx g%
K [0 0 07U |40V .
h h
(5.40)
Proof We compute
My plV] = 0t [y AT HID V] 4y 2010V, (5.41)
together with
My g[8+t V] =y, 20TV, (5.42)
The estimate (5.39) now follows directly from inspection.
Upon making the replacements
3y 2yt U ? U, TF > 1, (5.43)

we readily see that 07 My, g[V]] agrees with M} ,. apx[ V] In particular, we may write

I [My; V1] = Mj. g [V] = Ta, (5.44)
in which
To = [07 v - 270U S OO U THIR V)
+hy&480U3+[3(2)U]T+[3(2)V] (5.45)
+2hy; U@ U1t [P V.
The desired estimate (5.40) follows from (A.8) and inspection of the above identity. ]
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Lemma 5.8 Assume that (Hg) is satisfied and fix k > 0. There exist K > 0 so that for any
h>0Ue€Qy,andV € Z%l we have the bound

[0F My.clV]= My.clo* Vi < KV, (5.46)
together with the estimate

[ Mu.clV] = M V]

< K[ IVlg + o+ V], + ootV . ]
KR [07070 U | oe IVl 2 -

G, (5.47)
Proof We compute
3T My.clV1 = aT 21T g (U)VI+ yZat g WITHV + y2g'(U)atV, (5.48)
together with
My.cldTV] =yl (U)atv. (5.49)

The estimate (5.46) now follows directly from inspection.
Upon making the replacements

My e 20U PU1, T 1, 3T W) g (U)U  (5.50)

we readily see that 8+[MU;C[V]] agrees with M;_C, apx[V]. In particular, applying these
replacements to each of the three terms in (5.48) separately, we may write

I [My;clV1] = M. c.opu V1 = Ta + Tp + T, (5.51)
in which
g = [0 01+ 200U s @01+ g W)V |
—hdUs P UITH g/ W)V | (5.52)

—2h3°U 3P U [ (UTTV
—2h3°U 8P U1 (V) V,

together with

Tp = vE[ate' (U) — g’ )d°UITHV
+yig"(Watu —UITtV (5.53)
+hygg"(U)[8°UT0TV

and finally

Je = v WITV —3%V]
= Shytg W)IPV. 639
In order to estimate || 7 || 2> We recall that 37U — 3°U = %ha(z)U and compute

|0Tg'(U) — g"W)dTU| =h~" g/ (U +hdtU) — g'(U) — g"(U)hdTU|
= 3[suppicer |¢7@)| [~ no* U (5.55)
= %h[suplms,{q 8" ()| ] |8+U’2.

The desired estimate (5.47) now follows from (A.8) and inspection of the above identities. O
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Lemma5.9 Fix k > 0. There exist K > 0 so that forany h > 0, U € Qp.,, and V € (% we
have the bound

[0% My.plV] = My.pl0* V1|2 < K |04V 2, (5.56)

together with the estimate

[0 M o1V1 = 5 V1], = KR [0V ]+ 000 V] + 0% V]
KR 079U oo [0V 2 - (5.57)
Proof We compute
"My, plV] = —c,d [y 1TV — ey ' STV, (5.58)
together with
My.p[dTV] = —c.y; ' STOP V., (5.59)

The estimate (5.56) now follows directly from inspection.
Upon making the replacements

vy 1y t%upPul, Tt 1, ST (5.60)

we readily see that 8+[MU; D[V]] agrees with M LJ; D apx[V]' In particular, applying these
replacements to each of the two terms in (5.48) separately, we see that

0 [Mu;pIV1] = M. p.aos V1 = Ta + T, (5.61)
in which
Jo = =071y "1 =y 00U SO U | THV )
—Lehy 20Ut 9@ UIT T80V ] (5.62)
—cshy 20U P UISTIaP V],
together with

Tp = —3c.hdT[0@V]. (5.63)

The desired estimate (5.57) now follows from (A.8) and inspection of the above identities. O

Proof of Proposition 5.1 The bound for || My[V]|| 2 and the Lipschitz bound (5.19) follow

directly by inspecting the definitions (5.8). The remaining bounds follow from Lemma’s
5.6-5.9. O

Proof of Proposition 5.5 Direct computations yield

MU;A[V] = 4(4)/(;8 - 3]/[;6)[3(2)U]280V + 4)/5630U[8+8(2)U]80V
+4yL7680U[3(2)U]3(2)V + SyJSBOU[a(Z)U]aoU[B(z)U]aoV

5.64
= 46y, = Sy OIP UV (5.64)
+4VL7680U[8+3(2)U]30V + 4VJ680U[3(2)U]8(2) V.
together with
My, p[V] = 2y;°°UPUIIPV + 970V + 2y, %0 U[0P ULV (5.65)

= 4)/5630(][3(2)[]]3(2)\/ + y548+8(2)V
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and finally

My;clV] = —2y;20°U[9PU1g' (U)V + g"(D)[UIV + g/ (U)8°V
+2y, 20U 8P U1 (U)V (5.66)
=g (U)[BUV + g )3V

The first identity follows directly from these expressions. To obtain the second identity we
compute

My.plV] = =y 00U0PUOV — ey 9@V
—2¢.y; U 9P U0V (5.67)
= =3¢,y U P UV — ey a V.

6 The Full Linear Operator

In this section we set out to construct solutions to the inhomogeneous problem £;v = f and
establish Theorem 2.3. Taking v € H' and f € L?, we first recall (5.12) and emphasize that
this problem should be interpreted as the statement that

Levyw,[evyv] = evplesv' + f] (6.1)

holds for almost all ¢ € [0, 2]. Throughout the sequel we simply use the notation (2.28) and
keep this interpretation in mind.

Our strategy is to apply the spirit of the ideas in [1] to our present more convoluted setting.
In particular, in Sect. 6.1 we analyze the structure of the terms contained in the definition £,
and its adjoint and provide a decomposition that isolates the crucial expressions. In Sect. 6.2
we show how our result can be established provided that a technical lower bound related to
the sets {[L, — 8]v}||v||H1 —1 can be obtained. We set out to derive this bound in Sect. 6.3,
using a generalized version of the arguments in [1].

6.1 Structure

From now on, we simply write 3%, 3 and 8 for the discrete derivatives if the value for &
is clear from the context. For any w € L? and h > 0, we introduce the function

M) = .00y wl = 004y 00w, [0 W, Jw] + 09y 2w ] + g (Wow,
(6.2)

together with the formal adjoint L’Zdj : H' — L? that acts as
0w = e’ = 00w + MIw) + MOy 0P T, ww, ] 63)

Indeed, one readily checks that for any pair (v, w) € L? x L? we have

(My[v], w) 2 = (v, M29w]) 2. (6.4)
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In addition, the computation

@0, X [ri 20O wM1 | w) 2 = (2O WM ), $ w002
= (Mu[v], y, 210w Y ., wdO W) 2
= (v, M*‘dj[ YWY, waollf*:l)Lz
6.5)

allows us to verify that
(L, w) g2 = (v, £25%) (6.6)

for any pair (v, w) € H' x H'.

Our goal here is to establish the following structural decomposition of £; and Eadj.
Roughly speaking, this decomposition isolates all the terms that cannot be exponentlally
localized. In addition, it explicitly describes how the formal 2 | O limit can be related to

twisted versions of the operators Ly and llcmp that were discussed in §3.

Proposition 6.1 Suppose that (Hg) and (H®..) are satisfied and pick n > 0 sufficiently small.
There exists a constant K > 0 together with linear maps

Ley:H'— L2 LY H' - L2, 6.7)
defined for all 0 < h < 1, so that the following properties hold true.

(i) ForeveryQ < h < 1 the identities

Ly = —cv' + 9,200 4 yzg’(w*)v + Leplvl,
adj / —24(2) ’ ad_| (6-8)
Ly w=caw' +y, 0" w+y, g(lI/*)w—i-L nlwl
hold forallv € H' and w € H'.
(ii) Forany 0 < h < 1 we have the bounds
[Leatol] 2 < K llvllg
L \f < Kl ¢
forallve H andw € H'.
(iii) For every 0 < h < 1 we have the bounds
ez e < K[l + o+ . 1
! (6.10)

— dj
H 2171La ) [w]‘

< K[Iwllzz + [0%w] ]

2
L?Y

forallve H andw € H'.

(iv) Consider two sequences {(hj,v;)} and {(hj, w;)} that both satisfy the condition (hSeq)
introduced in Sect. 4.3. )
Then there exist two pairs (Vi, W) € H?x H? and (Fy, F:dj) e L?x szor which the
weak convergences

W, Loy [0 )= Ve, Fo) € H' x L2, (wj, £33 [w; D= (W, F2Y) € B! x 12
6.11)
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both hold, possibly after passing to a further subsequence. In addition, we have the
identity

Lemp Vs = Ty Fy (6.12)
and we have
W, = T/ H, (6.13)
for some Hy, € H? that satisfies
CéplHL = FY. (6.14)

Decomposition for L,

We set out to identify all the terms in £, that can be exponentially localized in the sense of
(6.9). We start by analyzing the function Mj,[v], which can be treated by direct inspection.

Lemma 6.2 Suppose that (Hg) and (H®,) are satisfied and pick n > 0 sufficiently small.
There exists a constant K > 0 together with functions «., € H', defined for0 < h < 1, so
that the following properties hold.

(i) Forevery0 <h < 1 andt € R we have
|0 (D)| < Kezy (). (6.15)
(ii) Forany0 < h < 1 and v € H" we have the identity
0% + My[v] = )/{28(2)1) + yhzg’(\ll*)v + ag.,0%. (6.16)

(iii) Forany sequence {(h;, v;)} that satisfies (hSeq), there exists V, € L? forwhich the weak
convergences

vj=Vio My, ;1= ¥ LemplVi] € L? (6.17)
both hold as j — oo, possibly after passing to a subsequence.
Proof Writing
aon = cx(1—y, 1) + 4y, 009,00 w,, (6.18)

item (ii) follows by inspection. Item (i) follows from the exponential bounds (3.2) together
with an application of the Lipschitz bound (A.7) with U = 0 and y, @ = 1.

Turning to (iii), we may exploit the fact that W, € H* to apply the bounds in Sect. 4.1
and obtain the strong limits

Vit ve € HL pig () = plg (W) e HY, (6.19)
together with
a0, = el —y, )+ 2y, W] e H'. (6.20)
In particular, we may apply Lemma’s 4.6 and 4.7 to obtain the weak convergence
Mp;[oj] = —coy VI 4y WV 4+ y 2V 28 (W) Vi € L2 (6.21)

Inspecting the definition (2.12) yields (iii). O
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It is convenient to introduce the notation
Talvl = Y.y v 10D WMy [v], (6.22)
which in view of (6.16) allows us to obtain the expression (6.8) for £, by writing

Lep[v] = 0.49% + [8°W,]7[v]. (6.23)

Lemma 6.3 Suppose that (Hg) and (H®,) are satisfied and pick n > 0 sufficiently small.
There exists a constant K > 0 so that the following properties hold.

(i) Foranyv € H' and 0 < h < 1, we have the estimate

Il < K[ ol + 0% o] s |- (6.24)

(it) Forany sequence {(h;, v;)} that satisfies (hSeq), there exists V. € L? for which the weak
convergences

V=V, (95, Wal X [0 ] W, / W/ LompVi € L2 (6.25)

both hold as j — oo, possibly after passing to a subsequence.
Proof We make the splitting Y, [v] = Ya.5[v] + Yp.;[v] by introducing the notation

Taalv) = v 0w Malo] = 320

4 (6.26)
Teanlvl =Y vy 10D W,]10P0.
Applying Lemma 4.5 and inspecting (6.16), we see that
[ anlvl] 12 < Cp [ Mp[v] - y,;2a<2>v’ ,
! Ly (6.27)
= &3 otz + o] 2 ]
Applying the summation-by-parts identity (A.5), we compute
Yealvl =Y., v, 0P w, 1070 v
2t ; (6.28)

=7 [y 0w Jov = X ylomvlo [yt @]

Item (i) now follows from a second application of Lemma 4.5.

To obtain (ii), we set out to apply Lemma 4.7 with f; = My, [vjl, a2, = yh_jz 8}(3) W, and
apj = 8,9]_ W... Exploiting the fact that W,, € H*, we may reason as in the proof of Lemma
6.2 to obtain the strong limits

aij > W, eH', oy y W] eH. (6.29)
Item (iii) of Lemma 6.2 implies that
S = V*zﬁcmp[v*], (6.30)

from which the desired weak limit follows. O
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Decomposition for ledj

We set out to here to mimic the procedure above for dej , which has a more convoluted

structure. Special care needs to be taken to handle the fact that M 2dj acts on a discrete sum.
The identities (A.4) play a crucial role here.

Lemma 6.4 Suppose that (Hg) and (H®,.) are satisfied and pick n > 0 sufficiently small.
There exists a constant K > 0 together with a set of functions

(Q0:1s Qs:ps Ao o) € HU x HY x HY x HY, (6.31)
defined for 0 < h < 1, so that the following properties hold.
(i) Forevery0 < h < 1 andt € R we have
o0 (0)] + |05 ()] + e (@) + Jersn ()] < Keeay (0). (632)
(i) Forany0 < h < 1 and w € H" we have the identity

—c, 0% + Mzdj[w] = y1;28(2)w + yhzg’(\ll*)w

6.33
+ogpw + ogen TTw + oy 0w + " w (6.33)

(iii) For any sequence {(hj, w;)} that satisfies (hSeq), there exists Wy € L? for which the
weak convergences

wj— W, My w1~ Lmply2 Wel € L (6.34)
both hold as j — oo, possibly after passing to a subsequence.
Proof Applying (A.2) and (A.3), we obtain

MOw] = 0%y, 1T+ w] + e T~ [y, '18%w
43 [y 100w, 10w, | 7w — 47 100w, 00w, 30w

(6.35)
H0Dy, 2w + v, 0@ w + 9T [y, 210w + 97 [y, 219w
+Vh2g/(“p*)ws
from which (i) and (ii) can be read off.
Turning to (iii), we note first that the identity
TYwj=w;+hjdTw, (6.36)

shows that also 7w =W € L?. Applying Lemma’s 4.6 and 4.7 to the representation
(6.35), we obtain the weak limit
MpIlw )] = ey T Wa + euly 1TW]
I A 2 A E A 1
Hy T Wa A+ y W 2Ly PV W 728 (W) W
= cdely Wal = 0 [ 4y WIWIWL 4 e 12 W | 4 12 (W W,

(6.37)

Inspecting the definition (2.13) now yields the result. O
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It is convenient to introduce the notation

1wl = > walw,, (6.38)
+ih

which in view of (6.33) allows us to obtain the expression (6.8) for dej by writing

L‘;‘?’i,[w] = aow + oo TTw+ardTw+ e 0" w

o | (6.39)
M0 [y 18P w1 ] .

Lemma 6.5 Suppose that (Hg) and (H®..) are satisfied and pick n > 0 sufficiently small.
There exists a constant K > 0 together with a set of functions

(@0:1+ @0s:h» Ao Fah» Foos:n) € H' x H' x H' x H' x H', (6.40)
defined for 0 < h < 1, so that the following properties hold.
(i) Forany0 <h < landw € H', we have the estimate

.
HT,’IJ[w]”L2 < Klwllz - (6.41)
1

(ii) Forevery0 < h < 1 and t € R we have
|0~l0;h(t)| + |&05;h(f)| + |O~l+;h(f)| + |&w;h(f)| + |&ws;h(f)| < Keyy(r). (6.42)
(iii) Forevery0 < h < 1 and w € H', we have the identity
dj| — dj ~ ~ ~
MZ J[yh 2[3(2)\11*]T;: J[w]] = ap.pw + &os:p TTw + @y 0w 6.43)
i Y] + G T ],

(iv) For any sequence {(hj, w;)} that satisfies (hSeq), there exists Wy € L? for which the
weak convergences

dj|  — dj dj
wj—~W,, Ll D CA 8 e C | B N R / wW,| e L2 644)
+
both hold as j — oo, possibly after passing to a subsequence.

Proof Ttem (i) can be obtained in a similar fashion as item (i) of Lemma 6.3. Using the
identities (A.2)—(A.4), we compute

o[ w]] = —wo'w, (6.45)
and hence
[ wl] = —STwd'w,],
AT w] = ot [ [wl] (6.46)
= -0t Ttw — [0°W, )0t w.
Writing
Thw] = v, 2[0P W17 Y w], (6.47)
this gives

0 [2101] = [y 20w+ 0w

(6.48)
=T~ [y, 19 W] ST [wd W, ],
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together with

9 [z1w1] = 0 [y 20w ][ 725w1]
+[yh‘23<2>\v*][ — 0 [OWLIT T w — [30‘1’*]3+w] (6.49)

+t [y 20w, TH—wdOw,]
+37 [y, 202w, ][—wdw,].

Items (ii) and (iii) can now be read off from the representation (6.33) and the exponential
bounds (3.2).
Suppose now that {(;, w;)} satisfies (hSeq) and write

Ty = v, 105 Wl T w) (6.50)

Using the same arguments as in the proof of item (ii) of Lemma 6.3, we can apply Lemma
4.7 to obtain the weak convergence

Ijéy*—zxp;;/ v, W, e L2 (6.51)
+
In addition, using the identity

[ n] = 3 [wa®w, +wsu.] (6.52)
+:h

together with Lemma 4.5, we see that HZ b H g1 can be uniformly bounded. Finally, (6.49)

together with the fact that W, € H> implies that also ” Tt I; H 12 canbe uniformly bounded.
In particular, the sequence {(%;, Z;)} also satisfies (hSeq). Applying item (iii) of Lemma 6.4
now yields (iv). ]

Proof of Proposition 6.1 Items (i) and (ii) follow directly from Lemma’s 6.2, 6.3, 6.4 and 6.5.
Under the assumptions of (iii), the weak limits (6.11) follow from the fact that {£;;[v,]} and

{llz(ij [w;]} are bounded sequences in L?. Using Lemma’s 6.2 and 6.3, we see that

azﬁ@Mm+%waWMJ (6.53)

Applying (3.72) yields (6.12).
On the other hand, Lemma’s 6.4 and 6.5 show that

ﬁzd%ﬁMHﬁ$w/%m1 (6.54)
+

In particular, we can satisfy (6.14) by writing

Ho =y W, + V] / v W (6.55)
+
Applying (3.73) we see that
W, = T.H,, (6.56)
as desired. O
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6.2 Strategy

In this subsection we show that Theorem 2.3 can be established by finding appropriate lower
bounds for the quantities

En(®) = infjupm {1650 = 80l 2 + 87 | (W2, T[40 - 60]) 12
E9®) = ity = { | €300 — su| |, + 67wl 4w — 5w,

},
1.

In particular, the required bounds are formulated in the following result, which is analogous
to [1, Lem. 6].

(6.57)

Proposition 6.6 Suppose that (Hg) and (H®,) are satisfied. Then there exists u > 0 and
80 > 0 such that for every 0 < § < 8o we have

p(8) = liminf, 0 £,(8) = u,

4 » 6.58
24 (8) = Timinfy, 10 £29(8) > pu. (6.58)

We postpone the proof of this result to Sect. 6.3, but set out to explore the consequences here.
In particular, it enables us to show that the operators £;, — § are invertible for small 7 > 0
and § > 0, providing us with the analogue of [1, Thm. 4].

Proposition 6.7 Suppose that (Hg) and (H®..) are satisfied. There exists constants K > 0
and 8o > 0 together with a map hg : (0, 8p) — (0, 1) so that the following holds true. For
any 0 < 8 < 8o and any 0 < h < ho(8), the operator Ly, — 8 is invertible as a map from H'
onto L* and satisfies the bound

[2h =97 f = K[ 1712+ 67 [0, )] (659

Proof Following the proof of [1, Thm. 4], we fix 0 < § < 8¢ and a sufficiently small 7 > 0.
By Proposition 6.6, the operator £;, — § is an homeomorphism from H! onto its range

R=(Ly—8)(H") C L? (6.60)

with a bounded inverse Z : R — H!. The latter fact shows that R is a closed subset of L2.
IR # L2, there exists a non-zero w € L2 so that (w,R);2 =0,1e.,

(w, (Ly = 8)v),, =0forallve H'. (6.61)

Restricting this identity to test functions v € C2° implies that in fact w € H ! In particular,
we find

<(£Zdj —8)w,v),, =0forallv e H', (6.62)

which by the density of H! in L? means that (dej — §)w = 0. Applying Proposition 6.6
once more yields the contradiction w = 0 and establishes R = L?2. The bound (6.59) with
the §-independent constant K > 0 now follows directly from the definition (6.57) of the

quantities £ (8) and the uniform lower bound (6.58). O

Following the ideas in [6, Sect. 3.3], we can take the § | O limit and establish our main
result concerning L. The bounds in (ii) rely heavily on the preliminary work in Sect. 5
related to the quantity

atLylv]l — Lulatv]. (6.63)
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Proof of Theorem 2.3 For convenience, we introduce the set
Zy={veH" : (WY T, =0 (6.64)
Our goal is to find, for any f € L?, a solution (8, v) € R x Zj, to the problem
v="Vus[f. v, B] =Ly — [ f + BV, — Sv]. (6.65)

In order to ensure that the linear operator V.5 indeed maps into 2y, it suffices to choose S
in such a way that

BV Ty — )W) 2 = —(WEY, Ty — )N (f —8v) 2. (6.66)
Writing
Lp =8, ="' +3 (6.67)
we see that
Ly — 810 =8""Lyw., (6.68)

which shows that
[Tl 1 < Ché ™2 (6.69)
Choosing § < 1 and recalling the normalization
(Wi Twly o =1, (6.70)

we can impose a restriction 7 < [Cé]’lé2 to ensure that

(S AT R AT T 6.71)

1
>
-2
In particular, we can find a unique solution 8 = Bj.s[ f, v] to (6.66) for every v € Z;, and
f el

The definition of Zj implies the bound

[crn =&~ (f = s < 5[5 1F N + 8 vz ], (6.72)
which allows us to obtain the estimate
|Buislf 01| < C[ I fll2 + 8% Mlwll2 . (6.73)
This in turn leads to the estimate
|Viss[ £+ v, BussLf s v1] | g1 < CE[87 1 fll2 + 8 vl 2 ]- (6.74)
By choosing § > 0 to be sufficiently small, we hence see that the linear fixed point problem
v =Vus[f, v, Buslf 5 vl (6.75)

posed on Zj, has a unique solution for all f € L?. Writing v = Vyi.s J for this solution
together with

Bisf = Bus[f Visf]. (6.76)

we obtain the estimates

Vsl <Ce87 f 2. |Brsf] < Collfllz (6.77)
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The remarks above show that the problem (2.33)—(2.34) is equivalent to (6.75). We can hence
fix a sufficiently small § > 0 and write 8; = B 5 and Vj = V;f; s» which are well-defined for
all sufficiently small 2 > 0. This establishes (iii). [tem (iv) can be verified directly by noting
that (v, 8) = (0, —1) is a solution to (2.33)—(2.34) for f = ;.

Turning to (i) and (ii), let us pick f € L? and write

, B) = V;Lf1. B LSD. (6.78)
Item (iii) together with the representation (6.8) implies that
V' + f 4 BV, =y, 20Pv 4 y2g (Vv + Le[vl. (6.79)

The bound (i) follows from (6.77) and item (ii) of Proposition 6.1, which together provide
L2-bounds on all the terms in (6.79) that do not involve 9@ v. To see (ii), we compute

Lp[aTv] = 9F[f1+ BaTIWL] + Lu[8Fv] — 97 [Lalv]] (6.80)
and note that Corollary 5.4 implies that

|atoror = a*[Latv]| 2 = Gl Il + 0707 v 12 ]

< Gl (81

Using (i) we conclude that
[T ol + 07070 v 2 < Co[ N fllz2 + |97 £] 12 ] (6.82)
which establishes (ii). ]

6.3 Proof of Proposition 6.6

We set out here to obtain lower bounds for the quantities (6.57). As a first step, we show
that the limiting values can be approached via a sequence of realizations for which the weak
limits described in (iv) of Proposition 6.1 hold and for which the full power of Lemma 4.6 is
available.

Lemma 6.8 Consider the setting of Proposition 6.6 and fix 0 < & < 8. Then there exist four
functions

(Ve, Wy) € H? x H?, (Ys, Zs) € L*(R), (6.83)
together with a sequence
{(hj,vj,yj,wj, z)}jen C (0, 1) x H' x L x H' x L* (6.84)
that satisfies the following properties.
(1) Forany j € N, we have
[oill = Twill g =1, (6.85)
together with

Lp;lvjl —dvj =yj,

L:adj

6.86
hj[wj]—éwjzzi,‘. ( )
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(ii) Recalling the constants (M(S), 24 (8)) defined in (6.58), we have the limits

n@) = 1imjool | yi] 2 + 8 0 Tly D) 2]}, 6.87)
wI@) =1imj oo |2 | 12 + 87 (WL 22}
(iii)) As j — oo, we have the weak convergences
vi—~VieH', w;—~W,eH (6.88)
together with
yi—~Y.eL? z;—Z,eL” (6.89)

(iv) The pairs {(hj,v;)} and {(hj, w;)} both satisfy (hSeq).

Proof The existence of the sequences (6.84) that satisfy (i) and (i) with 4; | O follows
directly from the definitions (6.58). Notice that (6.87) implies that we can pick C; > 0 for
which we have the uniform bound

1yill 2+ lzill 2 < €1 (6.90)

for all j € N. In particular, after taking a subspace we obtain (iii). In addition, item (ii) of
Proposition 6.1 implies that also

(2)
H Oy, v,

@,
L] < e ©.91)
for some C > 0 and all j > 0, which implies (iv). ]

Lemma 6.9 Consider the setting of Proposition 6.6. There exists a constant K1 > 0 so that
forany 0 < § < &, the function V. defined in Lemma 6.8 satisfies the bound

Vil 2 < K1 (8). (6.92)
Proof Ttem (iv) of Proposition 6.1 implies that
LemplVil = TulYs + 8V, (6.93)
which we rewrite as
Lempl Vil = 0T Vil = ToYs. (6.94)

The lower-semicontinuity of the LZ2-norm under weak limits implies that

1Yol 2+ 87 (Wi, Ty | < (o), (6.95)

while Lemma 3.12 implies that
17Xl 2 + 67 (WY, TYs)| < Cluo). (6.96)
The desired bound hence follows directly from Corollary 3.2. O

Lemma 6.10 Consider the setting of Proposition 6.6. There exists a constant K1 > 0 so that
forany 0 < § < &, the function W, defined in Lemma 6.8 satisfies the bound

Wil g2 < K129 (8). (6.97)
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Proof Ttem (iv) of Proposition 6.1 implies that
W, = TYH, (6.98)

for some H, € H? that satisfies the identity

LoWIH = [Zy + 3W,] = [Z, + 3TV H, . (6.99)
In particular, we find
CoplH, — 8T H,] = Z.. (6.100)
The lower-semicontinuity of the LZ2-norm under weak limits implies that
1Zull o + 87 (WL, Z,)| < (o). (6.101)
Proposition 3.2 hence yields
| Hell g2 < Ca(8). (6.102)
The desired bound hence follows from (6.98) and Lemma 3.12. O

The next result controls the size of the derivatives (v’;, w;), which is crucial to rule out
the leaking of energy into oscillations that are not captured by the relevant weak limits. The
key novel element here compared to the setting in [1] is that one needs to include 9 v j in the
bound. Our preparatory work enables us to measure this contribution in a weighted norm,
which allows us to capture the bulk of the contribution on a compact interval.

Lemma 6.11 Consider the setting of Lemma 6.8 and pick a sufficiently small n > 0. There
exists a constant Ky > 1 that does not depend on 0 < § < 8¢ so that the inequalities

2
‘U/- EKz[ il + vilss + 8+v<2],

i, =KL bl + ol + 1ol .
s, = Kl + sl + o, 2 |

hold for all j > 0.

Proof Using the representation in item (i) of Proposition 6.1, we expand the identity

(La;vj = 8vj, vip V)2 = vy ¥ie Vi) 1 (6.104)
to obtain
c.*<y}3/v}, v})Lz +(yj, yhzjv;-)Lz = —8(vj, V;%/U})L22+(8(2)vj, v})L2+(ylfjg/(\IJ*)vj, U;-)Lz
/7
+(Lc;hj [vj], )/hj Uj)Lz.
(6.105)
Applying (4.24) together with item (iii) of Proposition 6.1, we note that
(Lean; i1, v2v 2] = |(e3, Lean; 1)1, €2y v 2|
—1 X 2.7
< [lea Len, o] L |72v, B (6.106)
< il fuslz + ool 1)

5"
Ly
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Using the identity (3®v;, v’/.) 12 = 0 together with the lower bound yhzj > [C5]7! we may
hence compute

leal (v 0712 < lewl Co(w V) vf»>Lz
< S5 Nuill 5]+ Dol o) o+ Dol 3]
1
+[o%oil3 |5 Lz]
(6.107)
Recalling the bound ||a||L% <llall;2 fora e L? and using ¢, # 0, we find
| ot (6.108)
i) s = il loilie + Il + Dot oils ) ). :
Dividing through by H v;. ’ 2 and squaring, we obtain
2
o], = s losle + s e + ooy 15 ) (6.109
The same procedure works for w;.. O

We are now almost ready to obtain lower bounds for || Vi || 1 and || W, || g1, exploiting the
fact that our nonlinearity is bistable. The next technical result is the analogue of the inequality
(B(Z)M, u);2 < 0 used in [1]. Due to the non-autonomous coefficient in front of the second
difference, we obtain localized correction terms that need to be controlled.

Lemma 6.12 Suppose that (Hg) and (H®..) are satisfied. There exists a constant K > 0 so
that for any v € H' and any 0 < h < 1, we have the one-sided inequality

(v, 20Pv,v)2 < K[ Ha*v\li% + ||v||i% ] (6.110)

Proof Using (A.2) we compute

—(y 2@, v) 0 = —(y —2a—a+v V)2
= (8+v [y v] 2
= (%0, 0% [y, 21T W) 2 + (3% v, y, 20T ) 12
5 n (6.111)
= (%0, 0T [y, 1T H vl 2 + (3 F v, (v, 2 — DdT) 12
+(0%v, 0% v),2
= (atv, a*[ygz]rﬂvmz + (00, (7,2 = DoY)
The result now follows from (4.24) together with the pointwise exponential bounds
i =1+ |o* )| = Clean. 6.112)
[}

Lemma 6.13 Consider the setting of Proposition 6.6. There exists constants Ko > 0 and
K3 > 0 so that for any 0 < § < 8o, the functions V, and W, defined in Lemma 6.8 satisfy
the bounds

IVl = K3 — Kap(8)?,

| Well K3 — Kqp29(5)2. (6.113)

Hl_
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Proof Pick m > 1 and @ > 0 in such a way that
Vi, (g (W(D)) < —«a (6.114)

holds for all |t| > m. This is possible on account of the uniform lower bound yhz > [Ci]’l
and the fact that g’(0) < 0 and g’(1) < 0.
We now expand the identity

(Lnjvj —8vj, ;)2 = (¥, vj) 2 (6.115)
to obtain the estimate
(vj,vj) 2 = =V, vj) 12 — 8(vj, vj) 2
0200 2 + (28 (Wvj v)) 2 (6.116)

H{Le;n; ()l vj) 2.

Using (v;, vj);2 =0, Lemma 6.12 and item (iii) of Proposition 6.1, we find

i oz < LI v 7 + lojlli 1+ 078 (v 0.2

< &l lato; g + vz ] (6.117)
—a v |2 + €3 [, [ dr.
Using the basic inequality
1
xy = (Vo) (/Va) = 562 4 232, 6.118)

we arrive at
Cy [0 i@ de = a o 72 = (v, 02
=G5t | + sl ]
= a ;72 = Iyl vl 2
3l oo+ Josla ]
= § vl — g Iz
3l ol + sl 1

(6.119)

Multiplying the first inequality in (6.103) by ﬁ, we find

a 2 K> 2 2 2
02 s 1Yl ~ 3 iy 1971 = Ca o™il = Clile - 6:120)
Adding (6.119) and (6.120), we may use the identity
o ok @ (6.121)
2 2(1+Ky 2(1+K>»)
to obtain
2
3 0 [ dr = g [ lvillze + o5 21— €5 il
2
_Cg[ ”8+vj ”L% + ”Uj HL% ] (6.122)

2
= 31Ky —Céﬂyf”LZ ,
Zeilla* ol + oyl )
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Forany M > 0 and a € L? we may compute

lall7, = [ e 2""la(r)? de
n

e M a2, + [, e 2 la(e)? dr (6.123)
e M a2, + (M, a(@)? dr.

IA

IA

/
vj

Exploiting [0 v, | > < ‘ , and [vj| ;1 = 1. we hence see

L
2 _
lvs HL% + 8% v; HL,27 < e M 4 M i) de + [M 01 v1(0)2de. (6.124)
In particular, by choosing M > m to be sufficiently large, we find

C; fin |v.,'(r)|2 dr = ¢} [ |v.,-(7:)|2 d'L'2
arigs — Cs il (6.125)
—ci[ [t u@2 e + 1M, 02 dr|

‘We hence obtain
2
cg[fyM[aw,-](r)z dr + M vj(‘[)zd‘[] > i — G lyilr.. 6.126)

In view of the bound

li
J

sup [[y;]72 < n@?, (6.127)
—00

the strong convergences v; — Vi € L2([—M, M]) and 8+vj — Ve L2([—M, M]) imply
that

Vil = [C1 [ — CLu(8)?], 6.128
I *”Hl > [Cel [4(1+K2) 51(3) ] ( )
as desired. The bound for W, follows in a very similar fashion. O

Proof of Proposition 6.6 Forany 0 < § < 1, Lemma’s 6.9 and 6.13 show that the function V,
defined in Lemma 6.8 satisfies

KT = Vel = K3 — Kapu(8)°, (6.129)

2
”H]

which gives (K7 + K4)(8)* > K3 > 0, as desired. The same computation works for 2%,
but now one uses Lemma’s 6.10 and 6.13. m]
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A Auxiliary results

In this short appendix we collect several useful results from [4] that are used throughout this
paper. In particular, we recall a number of basic identities related to discrete differentiation
and integration in Sect. A.1. In addition, we formulate some useful bounds for the gridpoint
spacing function yy in Sect. A.2.

A.1 Discrete calculus

Recalling the notation introduced at the start of Sect. 5, a short computation yields the basic
identities

0%a=9%70"a, 0879% = S5T[0Pal, (A.1)
together with the product rules

dt[abl = 0TaTth +ad™h,
3lab] = 8%T*b + T~adb, (A2)
9 [ab] = [0~ alb + [T—a]a—b,

which hold fora, b € Zzo. As in [4, Sect. 3.1], these can subsequently be used to derive the
second-order product rule

3@[ab] = (0Pa)b+ 0tadth +9-ad~ b+ ad@b. (A3)

Recalling the discrete summation operators (2.25), one can read-off the identities

8+[Za]jh =ajp, 37[Za]jh = —ajj (A4)

—h +;h
for a € £'(hZ; R). In addition, the discrete summation-by-parts identity

> bota=aT b—) adb (A.5)
—h —h
holds whenever a, b € E%; see [4, Eq. (3.13)].

A.2 Bounds for yy

For any U@, U® ¢ ., the gridspace function yy defined in (5.1) admits the identity
Yoo — Yy =~y + vyl 1 @U@ + 00U P)@U® - 8°U@);  (A6)

see [4, Eq. (C.4)]. This can be used [4, Cor. D.2] to obtain the Lipschitz bound

[vue = vooll < K |a7U® — 5t U@ (A7)

q
Zh

for ¢ € {2, oo}, where K depends on k but not on &. In addition, it can be exploited to
compute the following bounds concerning discrete differences of powers of yy .
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LemmaA.1 ([4,Lem.D.4]) Fix0 <« < 11—2 Then there exists K > 0 so that for any h > 0
and any U € Qp., we have the pointwise estimates

|0+ [y21+23°U ST U < Kh[ DU 4T+ |3<2>U|2]
ot 1+ g 0usT@u)| < Ka[ [p@U + T [s U] |
‘8+[y51] — U ST P U] ‘ < Kh[|a(2)U| LTt |8(2)U|2], (A.8)
‘3+[VU 1—2y;*%U S+[8(2)U]’ < Kh[‘a(z)U‘ LT ‘3<2>U‘2]
‘3+[)’U 1—4y;%8UstpB®u] ‘ < Kh[|a<2>U| + Tt |3(2)U|2]
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