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Abstract

Following the operator algebraic approach to Gabor analysis, we construct frames
of translates for the Hilbert space localisation of the Morita equivalence bimodule
arising from a groupoid equivalence between Hausdorff groupoids, where one of the
groupoids is étale and with a compact unit space. For finitely generated and projective
submodules, we show these frames are orthonormal bases if and only if the module
is free. We then apply this result to the study of localised Wannier bases of spectral
subspaces of Schrodinger operators with atomic potentials supported on (aperiodic)
Delone sets. The noncommutative Chern numbers provide a topological obstruction
to fast-decaying Wannier bases and we show this result is stable under deformations
of the underlying Delone set.

Keywords Operator algebras - Groupoid and Morita equivalence - Gabor analysis -
Wannier basis

Mathematics Subject Classification 46L08 - 46L55 - 81R60

1 Introduction

A key question in time-frequency analysis and related fields is the reconstruction of
elements in a Hilbert space f via a set of vectors {Tjwi, ..., Tjwy}jes spanning b
and where {T;} je; C B(h) is some canonically defined set of operators. An important
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example are (multi-window) Gabor frames, where given a locally compact and abelian
group G, a frame on L*(G) is constructed via translation and modulation operators
from a closed subset A C G x G on a window function. Morita equivalence bimodules
of C*-algebras, also called imprimitivity bimodules, have been shown to be a useful
tool in the construction of such Gabor frames [1,2,27]. One may also consider frames
generated from translations by elements of a discrete group or étale groupoid, which
we call frames of translates, cf. [14, Chap. 9] or [8].

Closely related to frames of translates and arising from physics are Wannier bases.
Given a Schrodinger-type operator H with periodic potential acting on L>(R?, C"), a
Wannier basis is an orthonormal basis of a spectral subspace of H constructed from a
finite set of functions along with their translations in Z¢. Because the operator H has
a periodic potential, such bases exist by the Bloch—Floquet transform. The regularity
of Wannier bases changes drastically depending on the topological properties of the
spectral band of the Schrodinger operator, where a delocalised Wannier basis can be
used as an indicator that the system has a non-trival topological phase, see [15,16,
24,29,32] for example. Wannier bases with exponential decay can be constructed for
periodic and aperiodic Hamiltonians such that the compression of a position operator
by the Fermi projection has uniform spectral gaps [40,41].

In the context of periodic systems with a space group translation symmetry G C R¢,
it was shown by Ludewig and Thiang that the existence of a fast-decaying Wannier
basis is equivalent to whether a finitely generated and projective C;(G)-module is
free or not [26].

The purpose of this paper is twofold. First, using a similar framework to [2], we study
the relation between frames of translates and Morita equivalence bimodules arising
from groupoid equivalences. We then use this relation to extend the results of Ludewig
and Thiang [26] on fast-decaying Wannier bases to étale groupoids. Regularity of
frames is examined using pre-Morita equivalence bimodules of algebras defined from
derivations and differential seminorms.

For both of our aims, our guiding example is the étale groupoid Gp.l constructed
from a Delone set A C R? and which is equivalent to the crossed product groupoid of
the translation action on the orbit space of A, Q5 x RY. In previous work [11,12], the
index theory of Gpe| and its application to aperiodic topological phases was studied.
In [23], Gabor frames of LZ(R?) were constructed from Delone subsets of R2¢ with
finite local complexity and the groupoid Gpe using results from [19]. Gabor duality
was shown for Gabor frames constructed from model sets in [31]. We do not consider
the important question of Gabor duality in this work.

Outline and Main Results

Because our results bring together constructions from time-frequency analysis,
groupoids, C*-modules and Morita equivalence, we give a brief overview of these con-
cepts in Sect. 2. In Sect. 2.3, using the framework of differential seminorms (cf. [10]),
we construct pre-Morita equivalence bimodules for pre-C*-subalgebras obtained from
a finite family of commuting unbounded -derivations.
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In Sect. 3 we consider a groupoid equivalence G < Z — H of Hausdorff, sec-
ond countable and locally compact groupoids G and H, where H is étale with a
compact unit space H?). By choosing the evaluation state for some x € H® we
obtain a translation action of the fibre r~!(x) on the Hilbert space localisation
of the Morita equivalence bimodule between C;(G) and C;f (). This allows us to
construct a normalised tight frame of translates for b, from the C*-module frame
of the Morita equivalence bimodule. Restricting to finitely generated and projective
C*(H)-submodules, we obtain a frame of translates with a finite generating set for a
subspace of the Hilbert space localisation f,. This frame is an orthonormal basis for
all x € H© if and only if the finitely generated and projective module is free, and
thus its class in the reduced K-theory of C;¥(H) is trivial. These results are extended
in Sect. 4 to the case of abstract transversals with a normalised 2-cocycle twist.

We apply these results to the étale Delone groupoid in Sect. 5. We consider a
magnet[ilc Schrodinger operator with an atomic potential v arranged on a Delone set
A CRY,

Xd:(—ta—A) +Zv(-—p),

PEA

where A is the magnetic potential. Results by Bellissard et al. show that for suffi-
ciently regular v, Hp and its magnetic translates are affiliated to the crossed product
C*-algebra C}(Q25 X R?, 0) with 6 a magnetic twist [5,6]. We show that for any
Delone set £ in the transversal subset o9 C €24, a gapped spectral subspace of Hp
has a normalised tight frame built from the magnetic translations {Uy } ¢ . This frame
is an orthonormal basis if and only if the corresponding finitely generated and pro-
jective C)(Gpel, 0)-module is free. Using derivations of the groupoid algebras and
differential seminorms, we show this normalised tight frame has faster than polyno-
mial decay. We therefore see that topological properties of spectral subspaces of the
Delone Schrodinger operator can be related to the regularity of (aperiodic) Wannier
bases.

The regularity of such Wannier basis is closely related to the Localisation
Dichotomy Conjecture for non-periodic insulators raised in [29, Section 5 (arXiv
version)] and further studied in [25,30]. We prove a weaker version of this conjecture
in Sect. 5.3 and show that the existence of Wannier bases with faster than polynomial
decay is equivalent to the existence of Wannier bases such that ) j (1+]x»)|w 7 (x) |2 e

L'(R?). This in turn is equivalent to the spectral projection defining a freely generated
C(Gpel, 6)-module. Our results are weaker than those posed in [29] as we consider a
family of Schrodinger operators and Hilbert spaces rather than a single Hamiltonian.
Similarly we do not consider Wannier bases with exponential decay.

By relating the existence of a localised Wannier basis to a K-theoretic property,
the noncommutative Chern numbers for C;(25 X R4, §) and C *(Opel, ) studied in
[11-13] give a topological obstruction to a Wannier basis with fast decay. We also
show that these Chern number formulas are continuous under deformations of the
magnetic field or Delone atomic potential provided the spectral gap stays open. This
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implies that a non-localised Wannier basis is stable under deformations of the atomic
potential (e.g. from a periodic lattice to an aperiodic point pattern).

2 Preliminaries
2.1 Hilbert Space Frames

Let us recall a few basic definitions from time-frequency analysis.

Definition 2.1 Let h be a Hilbert space and {g;} e, is a collection of elements in f.
We say that {g;}jes form a Hilbert space frame if there are constants C, D > 0 such
that

Clvl?> <Y (g v)|> < DIw|? forall € b.

jeJ

If C = D, then {g;} ey is called a tight frame. If C = D = 1, then {g;} jc is called
a normalised tight frame or Parseval frame.

Orthonormal bases are obvious examples of normalised tight frames. The restriction
of an orthonormal basis of a Hilbert space to a closed subspace yields a normalised
tight frame for the subspace. Normalised tight frames always arise as a compression
of an orthonormal basis.

Proposition 2.2 [20, Sect. 1] Let {g;}jes be a normalised tight frame of a Hilbert
space by1. Then there is Hilbert space by, and an orthonormal basis {e}jcy of h1 @ b2

such that g = pry(e;).

Any Hilbert space frame yields an invertible frame operator

S:h—>b,  SW) =) gilg V).

jelJ

We note that, in contrast to the Gabor analysis literature, we work with inner-products
that are linear on the right. This is to make our results more easily compatible with right
C*-modules and their Hilbert space localisations (Definition 2.11 below). Because S
is invertible, one obtains a reconstruction formula for elements in §.

Y=Y S'gilg;, V), V¥ eb.

jeJ
The elements {S~!g;} e/ are called the dual frame to {g;}je,.
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2.2 Pre-C*-Modules and Morita Equivalence

Following a similar framework to [2], we will use C*-modules and Morita equivalence
bimodules to study questions around frames of translates for their Hilbert space local-
isations. We now recall some basic definitions and establish notation. Further details
can be found in [9,35].

We will also be interested in the case where the C*-algebras A and B have dense
x-subalgebras .4 and 5.

Definition 2.3 Let B be a C*-algebra, B C B a dense *-subalgebra and £3 a vector
space that is also a right B-module. We say that £z is a right inner product B-module if
there is a sesquilinear pairing (e, ¢2) — (e1 | e2)B € B linear in the second variable
such that for ey, ey, e € £

(e1 | e)g = (e2 | e)p. (e1 | ex-b)p=(e1 | e2)Bb,
(ele)yp>0c¢€ B, (ele)yp=0=e=0.

An inner product module £3 is called full if span{(e| | e2) : e, e2 € Ep}is C*-norm
dense in B. If B is a C*-algebra, a C*-module is a right inner product B-module that
is complete in the norm ||e||? := ||(e | )| 5-

Given a C*-algebra A and dense *-subagebra .4, a left inner product .A-module
A€ can be analogously defined, where the sesquilinear pairing (e1, 2) — 4(e1 | €2)
is linear in the first variable and 4(a - e; | e2) = a 4(e1 | e2). In case the algebras
A and B and left/right inner product module structure are clear from context, we will
suppress subscripts and write £ for 4&R.

On an inner product module £z, the norm |le||* := ||(¢ | )| 5 is defined and
the completion of £p in this norm is a right C*-module Ep over B. For a right inner
product B-module, the x-algebra of finite rank operators Fing(Eg) is defined to be the

algebraic span of the finite-rank operators {® 2,62}61,6255, where

R R \* R
661’62(63) =e-(e2]e)s, <®€1,€2) = ®€2,€1’ e1, e, e €€&.

When Ep is a C*-module over a x-algebra B, the compact endomorphisms Kp (E)
are defined as the operator norm closure of Fing (E). It is a closed two-sided ideal in
the C*-algebra End7; (E) of adjointable operators on E.

Definition 2.4 Let i be a right inner product 5-module. A set {eq, ..., e,} is called
a finite module frame if

n
R
ldg = Z ef ..
k=1

If E is aright C*-module, a countable subset {e;};c; C Ep is a (right) C*-module
frame if )~ ; © fj-,e,- converges strictly to Id.
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We remark that any countably generated right C*-module over a o -unital algebra
B admits a C*-module frame [9,35]. If an inner product module £5 admits a finite

frame {v]}j |» then there is a projection p = p* = p* € M,(B) and right module
maps
S:&— B, R:B"— €&, )
S(e) = ((vj 1 9p)_,. R((b)}-1) Zv, s @)

that restrict to isomorphisms S : £ — pB" and R : pB" — &. In particular

n n
p=ilv)seMB), RoS=Idg, e=RoSe)=) vj-(jleas=) OFf (o
j=1 j=1

Similar formulas hold for left modules with a finite frame.

Definition 2.5 Let A and B be C*-algebras. An A-B Morita equivalence bimodule is
a full right-B C*-module and full left-A C*-module 4 E g such that

(a-erle)p=1C(er |a*-e)p, alerler-b)=ple1-b"|er), aler1l|er)-e3=er-(e2]e3)p

foralla € A,b € B and ey, e3, e3 € E. We say that A and B are Morita equivalent if
there is a Morita equivalence bimodule 4 Ep.

To distinguish left and right inner products, for e;, e> € E we use the notation

L R
Oy 0, (€3) = ales | e1) - e2, O ., (€3) =e1-(e2] €3)B.

A full right-B C*-module is a Morita equivalence bimodule between Kp(E) and
B with the Kpg(E)-valued inner product g(g)(e1 | e2) = el ¢,- Hence A is Morita
equivalent to B if and only if there is a full right- B C*-module E p and a *-isomorphism

¢ A— Kg(E).

Definition 2.6 Let .4 and B be dense *-subalgebras of C*-algebras A and B. A pre-
Morita equivalence bimodule is an A-B bimodule 4&3, equipped with a full left-.A
valued and a full right-B valued inner product such that for any @ € A, b € B and
e, eq, ez, e3 € &€ the compatibility conditions

Ale-ble-b)<|blPatele), (a-ela-e)p<lall*ele)s, alerle) es=ei-(er]e3)s,

are satisfied. Here || - || denotes the C*-norm on the algebras A and B3, and the inequal-
ities are in the C*-algebras A and B.
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As expected, a pre-Morita equivalence bimodule 4&p can be completed to a Morita
equivalence bimodule 4Ep, using either of the norms [le]|> := |(e | e)gllp or
lel> := lla(e | e)lla see [35, Sect. 3.1]. We proceed with some definitions and
results concerning frames in dense submodules of C*-modules. For this we need our
dense *x-subalgebras to be equipped with additional analytic structure.

We provide a definition of smooth subalgebra of a C*-algebra (see for instance [18,
Definitions 3.25 and 3.26]) that is flexible enough for our purposes.

Definition 2.7 We say that a *x-algebra A is a pre-C*-algebra if it is

(i) Fréchet, i.e. complete and metrizable such that the multiplication is jointly con-
tinuous;

(ii) Isomorphic to a proper dense *x-subalgebra ((A) of a C*-algebra A, where ¢ :
A — A is the inclusion map, and ¢ (.A) is stable under the holomorphic functional
calculus. That s, if f is aholomorphic function on a neighbourhood of the spectrum

of a € t(A), then f(a) € t(A).

Stability under the holomorphic functional calculus extends to nonunital algebras,
since the spectrum of an element in a nonunital algebra is defined to be the spectrum of
this element in the one-point unitization, though we must restrict to functions satisfying
f(0) = 0. Similarly, the definition of a Fréchet algebra does not require a unit.

The K-theory groups Ko(A) and K;(A) can be defined for a pre-C*-algebra A,
see [18, Sect. 3.8] or [9] for example. A useful feature of pre-C*-algebras is that they
contain all the K -theoretic information of their C*-completion.

Proposition 2.8 [37] If A is a pre-C*-algebra with C*-completion A, then the map
induced by the inclusion v : K ;j(A) — K;(A) is an isomorphism for j =0, 1.

Lemma 2.9 Let A and B be pre-C*-algebras with B unital and 4Ep a pre-Morita
equivalence bimodule.

1. There is a finite left module frame {g1, ..., gn} C E and 1g =Y ;_,(gk | &K)B-
2. Forany p = p* = p> € M,(A), pE®" is a finitely generated and projective
B-module and there exists a finite right module frame {v1, . .., v} C pEP".

Proof We write A and B for the C*-algebra closures of A and B and E for the C*-
module closure of £, which is a Morita equivalence bimodule for the C*-algebras A
and B.

(1) The *-algebra of finite rank operators span{@ﬁ‘l’ ey ter.eres 18 C *-norm dense in
AK(E). Thus for ¢ < 1 we can find {ey, ..., e,} C & such that the operator

n n
g:=» 0L, =Y (aler)seBb,
k=1 k=1

satisfies || 1 p — gl p < €. Hence the positive element g is invertible in B. Because the

spectrum of g is contained in the region of analycity of f(z) = z~! and Bis stable under

1
1 2 €&,

the holomorphic functional calculus, g~! and g~!/? € B. Define g; ‘= ex - g

for 1, ..., n so that
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n n n
D (@ lgs =2 O =2 0" |
k=1 k=1 k=1

ekg 2.ekg 2
1 " 1 1 1
_1 L _1 R |
=g (Z%,ek)g 1=y 2gg 2 =1p,
k=1

which proves the claim.

(2) Since p is a compact operator on E®" it is finite rank by [18, Corollary 3.10], so
the module W := p E®" is finitely generated and projective over B. Write W := pE®"
for the dense B-submodule defined by p € M, (A).

The x-algebra of finite rank operators span{@fl’ez}el,eﬁw is C*-norm dense in
Kp(W). Hence for ¢ < 1 there exist wy, ..., w, € W such that w := ) @5“‘%
satisfies ||p — wllk,zw) < e. It follows that w is invertible in the unital C*-algebra
Kp(W) = pM,(A)p and has spectrum contained in B(1; ¢). The spectrum of w in
M, (A) is thus contained in the disconnected set B(1; &) U {0}. By spectral invariance,
the same holds for the spectrum of w € M), (A). Thus there is a function f, holomor-
phic on a neighborhood of the spectrum of w such that f(0) = 0 and f(z) = 17%
for z € B(l;¢). Hence f(w) € M,(A) N pM,(A)p = pM,(A)p and satisfies
fw)wf(w) = p. Now put vg := f(w)wy so that, as above,

Z®5¢avk = f(w) (Z 65/{,11)/{) f(w) =P,
k=1 k=1

which proves the claim. O

2.3 Derivations, Pre-Morita Equivalence Bimodules and Localisation

We now describe a general method to construct pre-Morita equivalence bimodules and
pre-C*-algebras from a family of densely defined derivations on a given C*-algebra.
For instance, the algebra C*° (M), with M a compact manifold, can be constructed in
this way.

As a technical tool we will use the notion of differential seminorms introduced
in [10, Definition 3.1]. The space £'(N) is an algebra in the convolution product
fxgm) =Y ,_, f(k)g(n—k).The subspace £} (N) := ¢! (N, R;) C ¢!(N) inherits
the coordinatewise ordering from R and satisfies KL(N)@L(N) C EL(N). Following
[10], a differential seminorm on a subalgebra 24 C Aisamap T : A — KL(N)
such that 7(a)(0) < Clla|| and T'(Aa) = |X|T (a) and T (ab) < T(a) * T (b). The
functional [ : N - C, f =Y wen f (k), is positive and multiplicative, and if
T:A—1¢ L(N) isadifferential seminorm, then [ 7 : A — R isasubmulitiplicative
seminorm.

Proposition 2.10 (Cf. [10]) Let A be a C*-algebra with norm || - ||, & C A a dense
*-subalgebra and {9; : A — Ql}‘;zl a finite family of commuting *-derivations. Then
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fora € N a multi-index,
d

3 "
lall, = Z Ha—fl” 9 =3 .. 95, ol = Zak, al = ]_[(ak!),

la|<n k=1 k=1
is a sequence of submutliplicative seminorms on . Let A, denote the closure of U

in the seminorms || - ||k, k < n and Aso := lim A,, the Fréchet closure of 2 in all the
seminorms || - ||n. Then forn =0, ..., 00, A, is a pre-C*-algebra.

Proof Defining ( ) ]_[k | ( ) one proves that 8% (ab) = Zﬂ<a ( ) 3P (a)

ge—8 (b), by induction on «. Following [10], for n € N we consider the maps

— 10%all
St 10 @) = 0 for k>
o

T — L),  Ty(a)k) =

Indeed the T, satisfy 7;,(a)(0) = ||a| and T,,(Aa) = |A|T,(a) as well as

1
Lo = Y @) = ¥ Y g lo @l g o)

lo|=k ~" lae|= k,B<oz
= ) ﬁ,Ha‘%)H—Ha“@ll<T<a)*T(b>(k>
||+ Bl=k

which shows that T, is a differential algebra norm. Moreover for k > 1

nahw = Y glot@] e

|| +1Bl1=k

= llall( Y %Haﬁ(b)n) H(X @) el

1Bl=k © lor|=k
s Y @l gl

lof.|B=1

so that each 7, is of logarthmic order < 1 (see [10, Definition 3.4]). We then have
lall, = f T, (a) and the result for 4, follows from [10, Propositions 3.3 and 3.12].
The result for Ay then follows since As, = (),— An and the result holds for each
A, O

Now let 2l C A and B C B be dense x-subalgebras and & an A-B pre-Morita
equivalence bimodule. Suppose we are given a families of commuting *x-derivations

Pl - R B - ®,

Birkhauser
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as well as a commuting family of operators V; : € — € such that for each j and all
ae€C.(G),beC:(H), &, n € C.(Z) and b € B we have

Via-&-b)=0%(@)-E-b+a-V;E) -b+a-&-370b), )
OFE Ims = E|Vim)s — (Vi) | M. “)

It is worth noting that the identity

I m =aE | Vim) —a(V,;E&) ), (&)

is satisfied as well. By using Egs. (3), (4) and the compatibility of left and right inner
products, we find for &, n, e € &:

wE Vi) e —a(ViE) [m-e=E- (Vi) |e)s — Vi) - (n|e)m
=&-(|Vie)s —&-07(n e
— Vi) - (e
=& |Vie)s —VE- (] e)n)
=& [ n) Vi) = V& n)-e)
=dfaE | e,

so that (5) follows.
We write A, B, for the pre-C*-algebra completions obtained through Proposi-
tion 2.10. Similarly we write

a . gl a4 d L IVE@l
V=V Ve w e N el = ) —
|| <n

as well as &, for the completion of & in the seminorms up to degree n, and £ = £
for the completion of € in all these seminorms.

Definition 2.11 Suppose that Ep is a right C*-module with B a unital C*-algebra and
wp : B — C a state. The localisation §,, is the Hilbert space that comes from the
completion of E in the inner product

(e1.€2)0 = wp((e1 | €2)B).

Remark 2.12 1f 4 Ep is a Morita equivalence bimodule and the state t : B — C is
a trace, then there is a canonical dual tracial weight Tr; on Kp(E) = A such that
Tr, (92 ’ez) = 1((e2 | e1)p) foranyey, e» € E. We canlocalise 4 Ep with a left-linear
inner-product from Tr; to obtain the dual localisation space . Hence in this special
case, the localisation Hilbert space directly agrees with the Gabor analysis literature.

See [2] for more details.
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Given any state w : B — C, the seminorms || - ||, induce a family of seminorms
Il - lln.o on the Hilbert space localisation f,,,

VD(
8l = 3 Olbe -y,

o!
le|<n

Proposition 2.13 Forn =0, ..., 0o the space &, is a A,-B,, pre-Morita equivalence
bimodule. Moreover, for any state w : B — C, the image of &, in b, is bounded in
the seminorms || - ||k, for 0 < k < n.

Proof The space

C(@)::{(;l*i):aem, b e B, s,nee}

with multiplication and involution
ai &1\ (@2 &) _ (e +a@iln)  ab+&ib a£\"
U ny ba) T \(@n)* + (mb2)* (m | §2)w +bib2)” \n* b
a* 77*
= (E b*) )
is an associative x-algebra, the linking algebra of €. It is a dense *-subalgebra of the
linking C*-algebra L(E) of the C*-module closure E of &. Using the identities (3),

(4) and (5), one shows that the maps V; induce a family of commuting *-derivations
on the linking algebra via

A (a8 [ e v©
T\t b ~V;m* ofb |’

and the norms ||e||,, defined above are the restrictions of the norms obtained from the
derivations A ;. This proves that &, is an .A,,-B, bimodule. Since &, is a subspace of E,
the properties of Definition 2.6 will follow once we show that the left and right inner
products on 4 Ep take values in A, and B,, respectively, when restricted to &,. This
in turn follows since the inner products are realised as multiplications in the linking
algebra. Lastly we have |le||x.. < |le|lx for any state w, so the image of &, is bounded
in each of the seminorms |le||x o, With k < n. O

Remark 2.14 The pre-Morita equivalence bimodule 4 Eoop,, is the ‘smoothest’
bimodule over pre-C *-algebras that we can consider from the derivations {9 ]L }’j.:] and
{o JR }‘;:1. The lower-order pre-Morita equivalence bimodules 4, &5, for 1 <n < oo
will allow us to consider C*-module and Hilbert space frames of differing regularity.
This will be of use to us when considering the localisation dichotomy of Wannier
bases in Sect. 5.3.
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2.4 Groupoid C*-Algebras and Equivalence

Groupoids provide a useful generalisation of groups and group actions on spaces. A
standard reference for groupoid C*-algebras is [36].

Definition 2.15 A groupoid is a set G with a subset G® C G x G, a multiplication
map G® — G, (y,&) — y& and aninverse G — G, y — p~! such that

G (yH'=yforally € G,

Gi) if (y, &), (€, ) € GP, then (v&,n), (v, &n) € GP,
i) (y,y™ ") e GP® forall y € G,
(iv) forall (y,§) € G¥, (y&)§~ ! =y and y 7' (y§) = &.

Given a groupoid we denote by G = {yy~! : y e G} the space of units and

define the source and range maps r, s : G — G© by the equations

riy)=yy~ ", sy =y ly

for all y € G. The source and range maps allow us to characterise

GP ={(r.6)eGxG:s(y)=r@)}

Throughout this work, we will assume that G is equipped with second countable, locally
compact and Hausdorff topology such that the mulitplication, inversion, source and
range maps are all continuous. A groupoid G is étale if the range map r : G — G© isa
local homeomorphism. Etale groupoids have the useful property that for all x € G©,
the fibres 1 (x) and s~ (x) are discrete.

Examples 2.16 (i) Let G be a group, then it is also a groupoid such that G = {e}
with multiplication and inverse given by the group operation. If G is discrete, then
it is étale as a groupoid.

(i) Let X be a locally compact Hausdorff space, G a locally compact group and
suppose there is a continuous left-action G — Homeo(X) so that (g, x) +—
g - x is jointly continuous. We can define the locally compact and Hausdorff
trangformation groupoid X x G given by pairs (x, g) € X x G such that (X x
G =X,

1

o) t=@ " xgh, (x, ) (g " - x,h) = (x, gh),
1

s(x,g) =g  -x, r(x, g) = x.

Definition 2.17 Let G be a locally compact and Hausdorff groupoid. A continuous
map o : G@ — Tis a 2-cocycle if

o(y,&)o(yE,n) =o(y,Eno&, n)
for any (v, &), (§,n7) € G®, and
o(y,s(y)=1=0@(),y)
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for all y € G. We will call a groupoid 2-cocycle normalised if o (y, y =) = 1 for all
y €q.

The following result is well-known, though for completeness we provide a proof.

Lemma 2.18 If a groupoid 2-cocycle o : G® — T is normalised, then o (y, &) =
o(y&,E Yando(y, §) =o !, y~") forall (y, &) € G9.

Proof Using the 2-cocyle identity,
o(y.6)o(yE ) =0y, sE NoE ) =1
s0 o (y, &) = o(yE, £~ 1). Next we compute that
o(vE e Noves y D =owE ey ety T =0y Th

and using the first identity

oyE e Hoee L y™h
=o(y,&)o(yeEly L y) =0y, &)o(r(YE), y) =0 (v, &)

which gives that o (y, &) = o (671, ). O
We briefly review the construction of groupoid C*-algebras.

Definition 2.19 A Haar system on a locally compact Hausdorff groupoid G is a set of
measures {v* : x € G} on G such that supp(v¥) = r~!(x) and for all f € C.(G),

/g fE W DE) = /g F@me) v ™ E), gx) = /g fE) dvi(E) e C(G).

Etale groupoids always have a Haar system given by the counting measure on the
(discrete) fibres #~!(x). Given G with a 2-cocycle o and Haar system (v} iego, we
can define a x-algebra structure on C.(G, o),

(fl*fz)(n)=/gf(é)g(é‘ln)a(s,s—1n>dv’<"><s>, @ =oE N FED.

We will restrict ourselves to normalised cocycles, o (£,£!) = 1 as it covers all
examples of interest to us. See [36] for the general construction. The algebra C.(G, o)
has a right Co(G©)-module structure, where (f - g)(£) = f(£)g(s()) for f €
C.(G,0) and g € Co(G?). We can define a Co(G?)-valued inner-product

(il F)gox) = /gﬁ(s—l)fz(s—l)a(é,s—l)dw‘@

=[gf1(sl>fz<s—l>dv*(é>
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as o is normalised. Completing this space in the norm of Co(G®) gives a right-
Co(G®)-module, which we denote by LZ(Q , V)go . There is a canonical left-action
of C.(G, o) on L2(G, v)go by the (twisted) convolution product.

Definition 2.20 (cf. [22]) The reduced groupoid C*-algebra C) (G, o) is the com-
pletion of C.(G,o0) in the norm inherited from the embedding C.(G,o) —

Endy, s, (L3 (G, V).

If there is a topological space Z with (continuous) map p : Z — G, we denote by
Gx, Z and Z %, G the pullback with respect to the source and range maps respectively.

Definition 2.21 (G-space) A Hausdorff topological space Z is a left G-space if there is
a continuous map, called the anchor or moment map, p : Z — G and a continuous
map

Gx,Z—>272, (y,o)—y-z€Z
such that for (y,z) € G X, Z and (y1, y2) € G,
ply -2) =r(y), p(z)-z2=2, Wy -z=v1-02-2)

Unless otherwise stated, we will always assume that the moment map p : Z — G©
is open and surjective. One may also consider a right H-space from ¢ : Z — H©,
where the definition is analogous to the above but instead using amap Z x4 H — Z
such that p(z - n) = s(n). When the context is clear, we will write left/right-actions
as yz or z1).

We say that Z is a proper G-space (or that G acts properly) if the map

GX,Z—>ZxZ, W, 20—~ (y-z,2)

is proper. If the map (y, z) — (y -z, z) is injective, then we say that Z is a free G-space
or that G acts freely.

Definition 2.22 Let G and H be (locally compact, Hausdorff) groupoids and assume
that Z carries both a left-G and right-H action via moment maps p : Z — GO and
¢:Z— HO We say that Z is a G—H-bibundle if the actions commute, i.e.,

(1) forall(y,z) eGx, Zand (z,n) € ZxgH, (Y -2)-n=vy-(z-1n),
(2) forall (z,n) € Z xg H, p(z-n) = p(2),
(3) forall (y,2) e G X, Z,¢d(y - 2) = ¢(2).

A G—H bibundle is a groupoid equivalence if the maps

G Xy Z—> Zxyo Z, (y,2) = (v -z,2),
Z>4¢'H—>Z*g(0) Z, (z,n) = (z,2-n)

are homeomorphisms.
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At the level of operator algebras, groupoid equivalence implies Morita equivalence

of the (full or reduced) groupoid C*-algebras [34,38]. Let G Lz g 'H be a groupoid
equivalence such that G and H have Haar systems {v*}, g0 and {A” }yen o respec-
tively. Then there is a left (resp. right) action of C.(G) (resp. C.(H)) on C.(Z) given
by

(f-é)(z)=/gf(y)s(y—1z>dv*’<z>(y>, £ €Cu(2), feCf),
& 9)() = /H Eemgn YO, EeCu2) geCu(H).  (6)

There is also the C.(H)-valued inner product

E 1 E)n) = /g £y 16y ) dv@(y) (7

where z € Z is chosen such that ¢ (z) = r(n).

Proposition 2.23 [38, Theorem 4.1] Let Z be a G-H groupoid equivalence. Then
C.(Z) is a pre-Morita equivalence bimodule for C.(G) and C.(H). Consequently,
C(G) and C}(H) are Morita equivalent.

We denote by ng (Z)14 the Morita equivalence bimodule that links C(G) and
C’(H). Because we work with reduced groupoid C*-algebras, the Morita equivalence
bimodule completion of C.(Z) is constructed from the linking groupoid L = GuU Z U
Z°PLIH [38]. In Sect. 4.1 we discuss instances of twisted groupoid Morita equivalence.

3 Frames of Translates and Wannier Bases from Groupoid
Equivalences

We let G Lz f) ‘H be a G—H equivalence of locally compact, second countable
and Hausdorff groupoids such that H© is compact and 7 is étale. In particular, this
implies that C;"(H) is unital. We assume that G has a Haar system {v*}, .50 and so
c.6)Ce(Z) ¢, (1) 1s a pre-Morita equivalence bimodule described by Egs. (6) and (7).
Because H is étale, the right-action in Eq. (6) reduces to a sum over the discrete set

r~H(¢(2)).
3.1 C*-Module Frame

Because all C*-algebras are separable, there exists a countable right module frame
for gLZ(Z )7 . Furthermore, since C;f(H) is unital, ng(Z)H is finitely generated and
projective as a left C}*(G)-module and so has a finite left C*-module frame.

A right module frame for the submodule C,.(Z) is constructed in [34, Proposition
2.10]. We briefly review this construction. We say that a subset L C G is r-relatively
compact if L N r~1(K) is relatively compact for every compact K C G. We consider
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a triple (K, U, ¢) with K c G© compact with U C G an r-relatively compact
neighbourhood of G(? and ¢ > 0. Because G is paracompact and G acts properly
on Z, there are open, relatively compact sets {V; };f: | C Z suchthat {p( Vj)};f:1 cover
K and are such that (yz, z) € V; x V; implies that y € U. We take a partition of unity

{1//]-}’]1.=1 subordinate to the cover {p(Vj)}yzl. We can then find functions {1/3]-}’]1.:1
such that supp(¥;) C V; and

Do Ui =)
ner~1(¢ ()

Finally, we can approximate v ; with {g; }7’=1 such that supp(¢;) C V; and

¥ — 9 @) fg 0 DO = M= Y .
Z

CJ=lnerl(@ @)

The functions e, = Z?:l g(¢; | @;) are an approximate identity for the left action
of C¢(G) on C.(Z). The functions {¢;} C C.(Z) can then be used to construct a right
C*-module frame in the Morita equivalence bimodule gL2(Z)H [38].

3.2 Localisation and Hilbert Space Frame

For any x € H® we have a state w, given by the restriction of f € C.(H) to H©
and then evaluation at x € H(?), We see that

w(g* ) = Y gl

ner=!(x)

which shows that w is positive. There are other possible states on C;* () that one may
also consider such as integration with respect to a quasi-invariant measure [36]. The
reason we choose the evaluation state is because we would like to construct Parseval
frames that have a discrete labeling. By choosing x € H®, the discrete set r ! (x)
provides us with such a labeling.

Lemma3.1 Fix an element x € HO. Then there are real-valued functions
{8a}aer—1(x) C Cc(H) such that wx (8a, * 85,) = Say.a-

Proof Because H© is compact and r~1(x) is discrete, for each & € r~!(x) we take

8« a bump function supported on U, such that U, N r~1(x) = {a} and 84 () = 1.
Then we compute that

Wy ((Sal * 5:;2) = Z 8011 (,3)5012 B) = 80{2 (a1) = 8011,0(2
Ber=t)

as the sum vanishes everywhere except for at most one term. O
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Lemma3.2 Let Z, = ¢~ ' (x) and for z € Z, define the measure v°? on Z, by

fw)dv? @ (w) = f FordvP@(y).
g

Zyx

The Hilbert space localisation by ofng(Z)H in wy is L>(Zy, dvP@) with z € Z,
chosen arbitrarily.

Proof We consider the inner-product, where

(e1. e2)s = wu((er | e2)p) = (e1 | e2)px) = /g ey o) A (y)

_ /g e ey 26(2) dv* @ () = /g e Dea(y ) dvPO ()

Hence the Hilbert space is the Lz-completion of C.(Z,) with respect to the measure
v?@ _Since Z is an equivalence, for every z, w € Z, there exists y € r"!(p(z)) C G
such that w = y ~'z. The measure v*? is thus independent of the choice of z € Z,.

O

Given x € H® and ¢ € gLZ(Z)H, we let e, be the corresponding element in
the localisation L?(Z,). Given any @ € r~!(x), define a function ey € L*(Zy) by
(€D (y) =elya),y € Zy.

Lemma3.3 Lete € ng(Z)H, aeHO and o € r=x).

(i) There is an equality e$ = (e-8})x with 84 be the bump functions from Lemma 3.1.
(i) Ife € ng(Z)H is such that (e | €)p = 1, then {€f}ye,—1(y) is an orthonormal
system in LZ(ZX);
(iii) Giveney, ez, & € gL*(Z)3,

( el, ez(é:) Z (el)a (eZ)Xv";:x)x

aer—1(x)

Proof. We first note that e(y«) is well-defined as p(y) = x = r(«). For part (i) we
compute for y € Z,,

8= > eoPiBH= D e(Pu(p)=e(ya).
Ber~1(x) Ber~1(x)

Using part (i) and Lemma 3.1, we see that for e such that (e | e)y = 1,
(€', e)x = w((e- 85 | e85 )) = 0x(8ay (€] €)1 85,) = Sy
and so {e{},,~1(y) is an orthonormal system, which proves part (ii).
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For part (iii), we again compute for y € o 1(x)

©F @)= Y eabae|Hne™)

aer—!(x)

= 2 el(yoz)/gez(y‘z)é(y_lza_l)dvp“)(y)

aer—!(x)

We now let u = za !, where ua = zs(a) = z¢(z) = zand p(u) = p(za~") = p(2)
as Z is a groupoid equivalence. Hence

(®F ,,®)»)

> el(ya)/QMS(y—lu)dW)(,/)

aer—1(x)

Do (@i (e &

aer—1(x)

This completes the proof. o

For a countable set J and a C*-algebra B we denote by £>(J, B) the standard
Hilbert C*-module of sequences indexed by J. That is

CU B =10 B FGY () < ool
jeJ

where the series converges in B. We now come to our main result relating C*-module
frames to localised frames of translates.

Theorem3.4 Let {ej}jcy C ng(Z)H be a countable subset and E =
spany{e; : j € J} the closed C}(H) submodule generated by {e;} jcj. The following
are equivalent:

(1) The sequence {e}jcy is a right C*-module frame of E C ng(Z)H;
(2) For & € E the map j +— (e | &)y takes values in 2(J, C¥(H)) and for all
x € HO the set {(ej)ﬁ}jej!aerfl(x) is a normalised tight frame for E, C L*(Z,);

Proof (1) = (2): Using part (iii) of Lemma 3.3, we see that

DY @it Ede =) (08, ®), =&

Jj€J aer—1(x) jelJ
as (ej) jey is aright C*-module frame.
(2) = (1): In order to prove that {e;} ;s is a Hilbert C*-module frame for E, we
need to show that the map

viE — 0, CHH)),  Er (e | E)n,
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satisfies v*v = 1. Note that v is well-defined since we assume that j — (e; | )7y isan

element of €2(J, C¥(H)), and v is automatically adjointable with v*(b,) = > jejbj.

Since {(e;)§}jes aer1(x) Is @ normalised tight frame for E, C L*(Z,), the map

vy LA(Zy) = T xr7 ), e (e ¥y,

is an isometry, for

W =lviZ= > [(eph vl = @l

(j,o)ed xr=1(x)
= (U, V) 2 (T (1))»

and it follows that v}v, = 1. The map v} is given by

i () > Y (enias,

Jj.o
and we find from Lemma 3.3

£ = V() = D)% (€)% Edx = (X0 O, ) = 0@

a,j J

Therefore we can conclude that
1§ — v v(E)|l = sup [|E — v* v (€)|lx = sup [[&x — W v(E))xlx =0,
X X

and hence v*v = 1. O

Remark 3.5 Well-definedness of the map v : E — 02J, C¥(H)) entails that for all
e € & the series

Y elepn el e,
J

is norm convergent in C;(H). This is automatic when the index set J is finite but
poses a non-trivial restriction for infinite J.

3.3 Finitely Generated and Projective Modules

Using the left-action of C}(G) on L%(Z), we can define a representation of m, :
C}(9) — B(hy), where

(e =(f &), feCHG), & eL*(2).
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Concretely,
(T (e () = fg FOEG A W) feCG), & € Cul2).

We consider projections, p = p* = p? € M, (C}(G)), which act compactly on
L2(Z)€Bn_

Proposition3.6 Let p = p* = p*> € M,(C}(G)). There is a finite set {vj};f:1 -
pL*(Z)®" such that for any x € HO, {vf, ..., Ui Yaer—1(x) IS @ normalised tight
frame of 7. (p)HE".

Proof By Lemma 2.9 (2), there is a finite frame {v; }’}:1 of pL?(Z)®" Itis immediate

that the localisation of pL2(Z)®" in w, is 7, (p)h2". The result then follows by the
same proof as Theorem 3.4. O

Let us now consider the converse, i.e. given the Hilbert space frames {w‘f‘, el
Wy byer—1(x) forx € H©, we construct a finitely generated and projective module.

Proposition 3.7 Let W C ng(Z)H be a closed submodule and {wq, . .., wy,} a finite
subset of gL2(Z)H such that W := spancf(H){wl, ..., Wp}. Suppose that for all
x e HO, {wf,..., wf;,}aafl(x) is a normalised tight frame ofo C Lz(Zx, dvp<x)).
Then W is a finitely generated and projective module over C} (H). If, for eachx € HO,
{w, ..., wklye,~1(v) is an orthonormal basis, then W = C;(H)®".

Proof The first part of the Proposition follows immediately from Theorem 3.4 and the
fact that any C}(H)-module with a finite C*-module frame is finitely generated and
projective. Now suppose that {w{, ..., wy},e,~1(y) is an orthonormal basis and let

pjk = (w; | w)y € CF(H). Forany x € H®, we have that

o]

(Sj,k 50{],0(2 = <wj , w]iq)x = wx((sa] (wj I wk)'H 8;2) = Z (8011 * ij)(ﬁ)&xz(ﬁ)

Ber~'(x)
= Go *xpj)@) = Y Sapix(” @) = pjrle; ' e2)
ner~l(x)
for all oy, ap € r_l(x) and all j,k € {1,...,m}. Now, for any n € H, we can

find some x € H® and «, 8 € r~!(x) such that n = «~'B. Hence, pjr(n) =
Dk (@ ') = 8.k 8a,p- This implies that the matrix p € M,,(C;f(H)) is the identity

matrix. Hence W = Ci(H)®™m, ]
Theorem 3.8 Let p = p* = p* € M, (C}(G)). The finitely generated and projective
module pL*(Z)®" with frame {vj}j:1 is isomorphic to the free module C}(H)®™ if

and onlyifforallx € H?, ol v teer1 is an orthonormal basis of w (p)hP".
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Proof Suppose there is a unitary isomorphism of C*-modules ¢ : pL?(Z)®" =
C(H)®™ It is clear that {1 Y7y is right-frame of C7f (H)®™ and because ¢ respects
the inner-product structure {vj};'.’:1 is a frame of pL2(Z)®" with vj = ! (1;). We
know that {v;‘.‘} is a normalised tight frame by Proposition 3.6 and we see that

(HE, L)x = i (v -85, | vk 85)7) = @x (e (@7 (1) [ @7 (1)) 8)

= aj,k a)x((Sal * 5;2) = (3/,]( (Sal,az-

Hence the tight frame is orthonormal and so is an orthonormal basis. The converse
statement follows from Proposition 3.7. i

Remark 3.9 (K -theoretic interpretation) Theorem 3.8 has an interpretation via the K -
theory of the groupoid C*-algebras. Using the *-isomorphism C;(G) = K¢y (x) (L*(2)),
we can naturally consider any projection p € M, (C;(G)) as a finite-rank operator on
L2(Z);‘?[' . Therefore we can also consider p as a projection in M, (C;(H)) for some
m, with corresponding K -theory class [p] € Ko(C}(H)). If pL*(Z)y = C*(H)®™,
then [p] = m[1] € Ko(C}(H)) and the projection p is trivial in reduced K -theory.

Let us now consider the case where there are dense pre-C*-algebras A C C}(G)
and B C C}(H), which will allow us to consider C*-modules and Hilbert space frames
with additional regularity as in Proposition 2.13. Thus suppose there are families of
commuting *-derivations

(071191 : Ce(H) > Ce(H), (0514, 1 Ce() — Co(Q),

as well as a family of maps V; : C.(Z) — C.(Z) such that for each j and all
a € C.(G9), beC.(H), & n e C:(2), Egs. (3) and (4) hold. Denote by S (G) and
Sk (H) the degree k Fréchet completions of C.(G) and C.(H) in these seminorms
(Proposition 2.10), and by S (Z) the degree k Fréchet completion of C.(Z). We often
write S for Sy in each of these cases. By Proposition 2.13, s,G)Sk(Z)s,(H) is a
pre-Morita equivalence bimodule for all k =0, .. ., co.

Theorem3.10 Letk = 0,...,00 and p = p* = p> € M,(Sx(G)). Then there is a
finite frame {v; ;’-;1 of pSk(Z)g:(H) such that for all x € HO the normalised tight
frame {v'lg, ey vf,}ﬁer_l(x) of x (p)h®" is finite with respect to the seminorms || - |1 x
on by for 0 <1 < k. There is an isomorphism pSy, (Z)j‘;k"(m = S (H)®™ if and only

if for all x € H, {v{}, cee vfl}lger—l(x) is an orthonormal basis.

Proof Because v; - 873‘ C Si(Z) forany x € H® and B € r~!(x), the first statement
then follows from Lemma 2.9 and Proposition 2.13. Lemma 2.9 and the fact that
Sk (H) is a pre-C*-algebra give that pSy (H)®" is a free Sy (H)-module if and only if
its C*-completion is a free C;f(H)-module.

prSk(Z)j';:(H) = Sy (H)®™, then there is a finite frame {vy, ..., v} C pSk(Z)®"
such that (v; | vj)B = &,j 1s,(1)- By part (ii) of Lemma 3.3 we therefore see that
{vi, ..., vy laer—1(x) i an orthonormal system and hence must be an orthonormal
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basis. For the converse, we can use Proposition 3.7 and the fact that the finite C*(H)-
module frame can be approximated arbitrarily well by a finite Sk (H)-module frame
of the same size. O

4 Frames of Translates and Wannier Bases from Twisted Transversals

Here we consider our framework in the case of groupoid equivalences that come from
abstract transversals with an additional twist by a normalised groupoid 2-cocycle. In
Sect. 5 we apply these results to the Delone transversal groupoid with twist coming
from a magnetic field.

4.1 Twisted Morita Equivalence

Definition 4.1 A topological groupoid G admits an abstract transversal if there is a
closed subset X C GO such that

(i) X meets every orbit of the G-action on G(©;
(ii) for the relative topologies on X and

gx ={yeg:s(y)eX}Cg,
the restrictions r : Gy — G© and s : Gy — X are open maps.

Given an abstract transversal X ¢ G©, G <& Gy > His a G-H groupoid
equivalence for H = {y € Gx : r(y) € X}, see [34, Example 2.7]. Examples of
abstract transversals include transitive groupoids and groupoids from foliations.

We now fix a locally compact, second countable and Hausdorff groupoid G such
that X ¢ G© is compact and admits an abstract transversal Gx with H étale. We also
fix a normalised groupoid 2-cocycle og on G, i.e. og(y, y’l) = 1forall y € G. The
restriction of o¢ then gives a groupoid 2-cocycle o7 for H. The 2-cocycle twists the
module structure

(f - )@ =/gf(y)e(y’IZ)0g(y, y 1 dv@(y), eeCuGx), feCe(G,0q),

e @= ) emgm Noginn™"), eeCe(Gx), g€ Cc(H, om),
ner=l(s(z)

(e1 | e2)m(n) = /g ey~ 1ery i og@y y T P i) rm) =5).
Proposition 2.23 can be extended to the case of such simple twists. The case of general

groupoid twists arising from S!-extensions is handled via equivalence of Fell bundles,
see [33,39].

Proposition 4.2 The module C.(Gx) is a pre-Morita equivalence bimodule for
Cc(G,0g) and C.(H, 074). Consequently, C}(G,og) and C}(H, on) are Morita
equivalent.
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4.2 Twisted Frames and Wannier Bases

We now outline the minor changes required to recover the results of Sect. 3 to the case
of twisted algebras. One advantage of restricting to normalised cocycles is that in the
Hilbert space localisation, the inner-product simplifies. Namely, for x € X = H®,

(€D (e2)x)x = (€2 | e (x) = /g ey ey ' og y, y T dvT @y

_— -1
=/gez(y“Z)el()/’lz)dV’°5 @ ).

Lemma4.3 Let x € X and a € r_l(x). For ex € by, define ef(y) =

e(ya) og(ya, a .

() Ife € L*(Gx, o) is such that (e | €)3; = 194, then {e¥}aer—1(x) is an orthonormal
system in by.

(ii) Given ey, e, & € gL*(Gx, o)1,

OF @), = D (N ()

aer—!(x)

Proof. Like in the untwisted case, we see that for y € s~L(w),

-85 = > e(Pu(B)ogyp.B") =e(ya)og(ya.a™ ).
Ber='(x)

Hence we can compute

(ef!, ei?)x = 0y (8ay * 8y,) = Z 8eey (B)3ar (B) 03 (B, B7) = 8ay un-
Ber='(x)

For part (ii), can follow the same argument as Lemma 3.3. For y € s~ 1(x) and
u = za~ ! with ua = zs(a) = zs(z) = zand r(u) = r(za™ ") = r(2),

(©F &)
> a(ya)ag(ya,a*l)/gez(y*lua)sw*‘u)ag(a*‘u*ly,y*‘u)dv“”(y)

aer—1(x)
S ebwaghea) /g ey Tue)y og (r e @ D) £~ ) dv @ )
aer~1(x)

D (i () &,

aer—1(x)

where we used the 2-cocycle identity
og(oz_l, u_ly)ag(ot_lu_ly, y_lu) = og(oz_l, s(y_lu))og(u_l)/, y_lu) =1
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which implies that og (¢~ 'u='y, y ~'u) = og(a~1, u~1y). Then using Lemma 2.18

ogla=l, u=ly) = og(y 'u, @) = og(y lua, a=1).
This completes the proof. i

. —1
Given elements w‘j)-”, w;? € by = L*(Gx, dv™ W), we can compute that

(Wi, W)y = x (8o (W | WS, ) = (Bay * (W | wi)3) (@2)

-1 -1
= (wj | wi)p (e, a2) oplag, o o).
Hence, if (w‘}”, wy?)x = 8k a1, for some oy, ar € r~!(x), the 2-cocycle term
will be 1.

At this point we can follow the same arguments as those in Theorem 3.4 and Sect.
3.3, so we summarise our results.

Proposition 4.4 If (¢;) jey is a right C*-module frame of gL*(Gx, o), then for all
x € X the set {(ej){} for j € J and o € r~Y(x) is a normalised tight frame of b.

We can again define a representation of my : C;(G, og) — B(hy), where

(T (ED () = /g FOEG ™ Wogly, y Iy v O y),
f € Cc(g)a SG Cc(gX)-

We consider the case of pre-C*-algebras Si(G, o) C C¥(G, og) and Sp(H, o) C
C}(H, o9y) defined from families of derivations with a pre-Morita equivalence bimod-
ule s5,(G.0)Sk(Gx, 0)S,(H,0) defined from a family of maps V; : C.(Z2) — C.(Z)
using the construction in Proposition 2.13.

Proposition4.5 Letk = 0,...,00 and p = p* = p2 € M,(Sx(G, 0)). There are
elements {vj};-"zl C pSk(Gx, U)?S}:(H,a) suchthatforall x € X, {vf, ey v,ﬁ}ﬁEr—l(x)
is a normalised tight frame of 7, (p)h®" that is finite under the seminorms || - ||;.x on
by for 0 <[ < k. This tight frame is an orthonormal basis for all x € H? if and only
if PSK(Gx. 0)§ (3 5y = Sk(H, )@,

5 Frames of Translates and Wannier Bases for the Delone Groupoid

5.1 Delone Sets and the Transversal Groupoid

We review some of the material from [6] as outlined in [11]. We denote by B(x; K) C
R? the open ball centered at x with radius K > 0.
Definition 5.1 Let £ C R? be discrete and infinite and fix 0 < r < R.

(1) L is r-uniformly discrete if |B(x; r) N L] < 1forall x € R4,
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(2) Lis R-relatively dense if |[B(x; R) N £| > 1 forall x € RY.
An r-uniformly discrete and R-relatively dense set £ is called an (r, R)-Delone set.

Proposition 5.2 [4, Sect. 3.2] The set of (r, R)-Delone sets is a compact and metriz-
able space. Let dy denote the Hausdorff distance between sets. A neighbourhood base
at L € Del(, gy is given by the sets

Uem(L) = {L €Delg,g) : du(LNBO; M), L' NBO; M)) <e}, M, e>0.

The set of Delone sets Del(, gy is clearly invariant under translations and rotations.

Definition 5.3 Let A be a an (r, R)-Delone subset of R4 The continuous hull of Ais
the dynamical system (24, R4, T), where Q5 C Del( gy is the closure of the orbit
of A under the translation action.

The continuous hull of A therefore gives a locally compact Hausdorff groupoid
Q4 x R?. This groupoid admits a transversal in the sense of Definition 4.1.

Definition 5.4 The transversal of A is given by the set
Q():{,CEQA : OE,C},

We see that 2 is a closed subset of 2 and so is compact.

Proposition 5.5 [21, Lemma 2] Given a Delone set A with transversal Q, define the
set

Gpel := {(E, x) € Qo x R? : x e E},
with maps

(L,x)' = (L —x,—x), (L,x)-(L—x,9) = (L, x+Y),
s(L,x)=L—x, r(L,x)=L

and unit space GO = Q. Then Gpe is a Hausdorff étale groupoid in the relative
topology inherited from Qg x RY.

Notation Following the previous proposition, we will let Gpe denote the étale
groupoid from a Delone set. We let 7 = Q4 x R¢ be the crossed product groupoid.

Proposition 5.6 [11, Proposition 2.16] Let L C R? be an (r, R)-Delone set with
transversal Q2 and associated groupoid Gpel. For U C Q0 an open set, the sets

Viw.ye) = (U x B(y;€)) NGpel = {(£L,x) € QxR : LU, x e LN B(;e)},

Sform a base for the topology on Gpe|. For 0 < & < r /2, the restriction s : Vi y.¢) —
Qo is a homeomorphism onto its image. Moreover, the set Q29 C Q2 is an abstract
transversal and the groupoid Gpel C Qa x RY, with the subspace topology, is equiv-
alent to Qp x R4,
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Let us now fix a normalised 2-cocycle o : (2x x R)® — T, o (y,y~ ) =1 for
all y € Qp x R4, which also restricts to a 2-cocycle on Gpej. Our main motivation to
consider such twists comes from the following example.

Example 5.7 (Magnetic twists, Sect. 2.2 of [7]) Working with the continuous hull
QA XN Rd, we can define a 2-cocycle, o : F @ _ T as follows. We first define a
parametrised magnetic field as a continuous map B : Q5 — /\2 R¢. Then we define

a((ﬁ,x),(ﬁ—x,y)):exp(—il"[;(O,x,x—i—y)), Ie(x,y,2) =/ B(L)

(x,.2)

and (x,y,z) C R24 is the triangle with corners x, y, z € R9. Hence 'e0,x,x+y)
measures the magnetic flux through the triangle defined by the points 0, x, x +y € R,
It is shown in [7] that o is a well-defined 2-cocycle. We remark that o will always be
trivial for d = 1 and is normalised because

o((L,x), (L—x,—x)) =exp ( — 1o, x, O)) = 1.

If the magnetic field is constant over €24, then our general flux equation can be
described using a real-valued and skew-symmetric matrix B with

o((L,x), (L—x,y)) =exp ( —i(x,B(x + y))) = exp ( —i{x, By)).

The 2-cocycle o on Q5 X R4 also restricts to a normalised 2-cocycle on Gpel, where
we note that if ((£,x), (L — x,y)) € g]()zg]’ the points 0, x, x + y € L and so
I'£(0, x, x + y) gives a flux through the triangle with points in L.

Remark 5.8 Given a groupoid 2-cocycle o : (24 xR?)? — T, the twisted groupoid
C*-algebra C; (25 % R¢, o) is canonically isomorphic to the twisted crossed product
C(Qp) ¥o R?, where

o 1R xR - UC(Q), o' (x,y) =0 (L, x), (L —x,y)).

Regularity, smoothness and decay properties of functions on 2, x R? and Gpy are
encoded via the groupoid 1-cocycles

QAR SR, o(Lox)=xk, ke{l,....d).

and their restrictions to Gpe. It is shown in [11, Proposition 2.17] that the groupoid
cycles are exact, in that ck_1 (0) has a Haar system and ¢ is a quotient map onto its
image.

Given the cocycles ¢ : Q4 % R? — R?, we obtain families of commuting deriva-
tions {81-}7:1 on both C.(24 x R?, o) and C.(Gpe, o) given by 0; L, x) =
xjf(L,x). For k = 0,...,00, we obtain pre-C*-algebra completions A; of
Ce(Qp x R?, o) and By of C.(Gpel, ) using Proposition 2.10.
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5.2 The Transversal Gpg-Space and Its Localisation

Following Sect. 4, we consider the space
Fo, == {([,,x) eQa xR xe E}, s:Fqy = Qo, s(L,x)=L—x,

which implements a groupoid equivalence between F = Q4 x RY and Gp. Thus
C.(Fgq,) is a pre-Morita equivalence bimodule for C. (25 > R4, o) and C.(Gpel, 0)
and can be completed into the Morita equivalence bimodule #L?(Fg,, 0)g,,, between
C (A x R4, o) and C}(Gpel, 0).

Lemma 5.9 The restrictions of the cocycles cj : Qp X R? — R to Fq, define maps
Vi Co(Fay) = Ce(Fay),  Vi(HIL, x)=x;f(L, x).
Foralla € C.(F,0), b € Cc(Gpel, 0) and &, n € Co(Fq,) we have

Via-&-b)y=20dj(a)-£-b+a-Vi&) -b+a-&-3;b),
3 [Mgpa = & [ ViM)gpg — (ViE) | Mgpy-

Consequently, for all k = 0, ..., 00, the space C.(Fgq,) can be completed into a
pre-Morita equivalence bimodule A, Si(Fq,, o), for the pre-C*-algebras Ay C
CH(QA X RY, o) and By C C’(Gpet, 0).

Proof As Fgq, and Gpe are subspaces of Q5 x R4 and the bimodule structure and
inner product are induced by the convolution product in C.(2, xR?, o), the required
identities follow from the fact that multiplication by x; is a derivation of C.(24 X
RY, o). The result now follows from Propositions 2.10 and 2.13. O

For every L € o, there is a state wz on C;(Gpel, o) such that ws(f) = f(L, 0)
for f € C.(Gpel, o). Note that

wp(f =D IfL=y. =P orlcsgp) =1
veLl

and so w, is faithful. From this point, all results from Sect. 4 apply to the Delone
groupoid setting. Though for concreteness, we highlight some key aspects of this
example.

Lemma5.10 For every L € Q, the localised Hilbert space by = L*(RY).

Proof We define a map B, — L*(R?) that agrees with the localised Hilbert space
inner product. Namely, we consider B : L?(Fq,) — L*(RY), givenby [B,(£)](x) =
&E(L—x, —x) for almost all x. To see why this is true, we first note that for any £ € o,
sTHL) = {((L—x, —x) }rerde and the measure on s~1(L) is just the Lebesgue measure
on R¥. We also see that

(1,620 = G1 1 82z (Gpen (£, 0) = /Rdél(ﬁ =y, =»&((L -y, —y)dy.
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Hence we see there is a canonical identification of f with 8 £[L2(_7-'QO)] = L2(RY).
|

For any & € sz(]:QO)gDel, let &£ € b be its localisation. Because V¥E(L, x) =
x¥E(L, x) fora e NY and & € C.(Fgq,), Proposition 2.13 gives the following.

Lemma5.11 Forany k = 0,...,00 and L € Q, every element in dense subspace
BrlSk(Fay)] C b has polynomial decay of at least degree k,

Ix%clly, < C, & € Si(Fa,), @ € NI, |a| <k

Lemma5.12 Let x be a smooth and real-valued bump-function such that supp(x) C
B(0;r/2), x(x) = x(=x), x(0) = Land | x|2 = L.
(i) Extend x to a function x € C.(Fgq,) such that x(L,x) = x(x). Then (x |

X)Gper = 1Gper-
(ii) Given p € R?, define the function Xp € Ce(Gpel, 0) by xp(L,x) = x(x — p).
Then for any L € Qo and p,q € L, o£(Xp * Xg) = Sp.g-

Proof For part (i) we compute

1 0 Gpe (L, y) = /Rdx(ﬁ—z, —)x(L—2z,y—2)0((L,2),(L—2z,y—2)dz.

The integral will be zero unless —z, y —z € £L — z N B(0; r/2). But because y € L,

L € Qqand L is uniformly r-discrete, this will only happen when y = 0. Then, because

the 2-cocycleis I wheny = Oand | xl2 = 1, (x | X)gpy (£, ¥) = 8y,0 = 1gp, (£, ).
For part (ii) we compute that

Op * XL 0) =Y xp(L, 1 xg (L, ) o (L, ), (L =y, =)

yel
=) XO=—PXG - =Xx(p—q)=8p4
yel
where we have used that supp(x) C B(0, r/2) and L is r-discrete. ]

Given (L, y) € Gpel, define the action
EEN) =E(L —x,y —x)0(L—x,y —x), (L —y,—y) € he, &€ L*(Fay).

In the case that o is comes from a magnetic twist that is constant over the unit space 25,

we see that £ (59 (x) = e IBY (L — x, y — x) with B a real-valued skew-adjoint

matrix describing the magnetic field. Lemmas 4.3 and 5.12 now give the following.

Lemma5.13 (i) Recall the functions {x,} from Lemma 5.12. Then for any & €
L*(Fay) and (L, p) € Gpet, §5P = G - 1)

(i) Let e € sz(fQO, 0)Gpe be such that (e | €)cx(Gpa) = lcy(Gpe)- Then for any
L € Qq the set {e(ﬁ’y)}yeg is an orthonormal system in b .
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Proposition 5.14 Let (e;) jey be a (countable) right frame of]:Lz(}'QO, 0)Gpy- Then
forall L € Qq, the set {e;ﬁ’y)}jej’yeﬁ is a normalised tight frame for bz = L*(R?).
If (ej)jes C ASk(Fay,0)B, for k =0, ..., 00, then the normalised tight frame
{eﬁ.ﬁ’y )} has polynomial decay of at least order k.

Proof The first statement is a special case of Proposition 4.4. Lemma 5.11 ensures

that the elements e )(x) = ¢; (L —x, —x) have polynomial decay of at least degree

k. The translation e] ))(x) =ej(L—x,y—x)0o((L—x,y—x),(L—y,—y)) will
have the same decay properties for ally € L. O

We can define an action 77 : C(Q4) x R? on the localisation Hilbert space
he = L*(RY) by

(e(HED ) = (f-§) ) = (f - (L — x, —x).

Explicitly, we can compute that
(f-EL—-x,—x) = /Rd fL—x,u—x)épw)yc((L—x,u—x),(L—u,—u))du.

Let us now consider the localisation n[;(p)b?” for p € M, (C*(Qp x RY,0)) a
projection.

Theorem5.15 Letk = 0,...,00 and p = p* = p> € M,(Ay). Then there are
elements {ej} ., C pSk(}"QO, a) " such that for all L € Q, {e(L }), e (E })})eﬁ
is a normalised tight frame of mp (p)Lz(Rd, C™) with polynomial decay of at least
degree k. The normalised tight frame {e ’ ), ceh ,(nﬁ y)}yEL is an orthonormal basis

for all L € Qq if and only if pSi(Fgy. o)ean ~ B@m

For concreteness, we note that the case p € M, (A) with A = A, gives a nor-
malised tight frame with faster than polynomial decay.

Remark 5.16 (Invariance under homotopies of 2-cocycles) Let us briefly consider
the stability of Theorem 5.15 under deformations of the groupoid 2-cocycle o using
results from Gillaspy [17]. Given the groupoid F = Q4 x R, we can consider the
trivial bundle of groupoids F x [0, 1] equipped with the product topology so that
groupoid operations preserve the fibres and such that F x [0, 1] is a locally compact
Hausdorff groupoid. A homotopy of groupoid 2-cocycles is a groupoid 2-cocycle
w: (F x [0, 1])(2) — T, which will give rise to a family of 2-cocycles {w;};¢[0,1] on
F that is continuous in ¢.

Because 2, x R satisfies the Baum—Connes conjecture with coefficients, [17,
Theorem 5.1] applies, which says that the evaluation map

gr - CH((QA X RY) x [0, 1], w) — CF(Q2p xR, ;)

induces an isomorphism of K -theory groups. Composing this isomorphism with the
Morita equivalence of Q5 x RY with Gpe|, given a homotopy of 2-cocycles o, on
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F x [0, 1] (and so on Gpe] X [0, 1] by restriction), we can consider finitely generated
and projective modules P, over C;(Gper X [0, 1], 0,). Composing with the evaluation
map, Py is a free C)(Gpel, 0p)-module if and only if Pj is a free C*(Gpel, 01)-module.

Considering the magnetic twists of Example 5.7, we can easily construct homo-
topies of 2-cocycles via a continuous map B, : 2, X [0, 1] — /\2 R¢ which restricts
to a continuous path {B;};¢[0,1] of magnetic fields.

5.3 The Localisation Dichotomy

Decay properties of the normalised tight frame in Theorem 5.15 come from the
seminorms on the dense submodules Si(Fg,, o) over the pre-C*-algebras Ay C
CH(Q2p « R? o) and By C C}(Gper, 0) for k = 0, ..., 0o. Because each Ay is a
pre-C*-algebra, given p = p* = p?> € M,(C}(Qx x R¥, o)) and 0 < ¢ < 1,
there is some py = p; = p,% € M,(Ax) C M,(CH(Q2p X R4, o)) such that
lp — prll < & in C*-norm as well as a unitary uy in M,(C}(Qp X R4, o)) such
that py = u} puy (see [9, Sect. 4]). Consequently the finitely generated and projective
C*(Gpel, 0)-modules pL*(Fq,, 0)81;181 and pyL*(Fay, a)ggel are isomorphic. The
module pyL%(Fq,, 0)81’)1el contains the dense submodule py S (Fg,, o)g’ . Note that
we can choose py = poo forall k > 1.

By comparing C*-module frames for Soo (Fo,, 0) C Si(Fgy,0) C LZ(FQO, o),
we can prove a weak version of the localisation dichotomy considered in [29, Sect. 5
(arXiv version)].

Proposition 5.17 (Weak localisation dichotomy) Let p = p* = p2 € M,(C} (25 »
R?, 0)) and py = ;= p,% € M, (Ax) be equivalent projections as above. The
following statements are equivalent.

(1) There is a C*-module isomorphism pLz(}"QO, (7)6‘5];’el = C*(Gpel, 0)®.

(i) There are elements {wj}’;;1 C p1S1(Fgp. a)gln such that for all L € Q, the

collection {wiﬁ’y), .
and forall y € L,

, w,(,,ﬁ’y)}yeg is an orthonormal basis of t £ (p) L*(R?, C")

Z/Rd(l + |x — ylz)}w;c’y)(x)fdx < oo. ®)
j=1

(iii) There exists {ej};-"=1 C PooSoo(Feyps U)%Zo where for all L € Q, {e%c’y), ey

e,(,,L’y)}yel; is an orthonormal basis of 7z (p)L*(RY, C") with faster than poly-
nomial decay.

Proof All statements except for Eq. (8) immediately follow from Theorem 5.15. To
see Eq. (8), we note that the frame elements are such that |w; - X;”l < oo for

jell,...,m}, peRyand ]| - ||; the seminorm on S| (Fq,, o),

d
IElh =161+ D IVEL.

=1
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Passing to the localisation, the functions wg.["y) and [V;(w; - X;f le(x) = (x; —

yl)w;ﬁ’y)(x) are in o (p)L>(RY,C") forany y € £, j € {l,...,m}and [ €
{1, ..., d}. We can combine these cases to obtain Eq. (8). ]

Proposition 5.17 should be compared to the Localisation Dichotomy Conjecture
in [29, Sect. 5 (arXiv version)]. We have shown that an s,-localised Wannier basis
for s, = 1 is equivalent to a Wannier basis with faster than polynomial decay, which
in turn is equivalent to a free finitely generated and projective module. To improve
condition (iii) to an exponentially localised Wannier basis will require more analytic
arguments that fall outside the framework of pre-C*-algebras we have considered. In
Sect. 5.5, we show that conditions (i)-(iii) of Proposition 5.17 imply that the (even)
noncommutative Chern numbers vanish.

Since the submission of this manuscript, the preprints [25,30] have appeared
that further develop the Localisation Dichotomy Conjecture for generalised Wannier
bases in dimension 2. In particular, [25, Theorem 1] shows that for gapped spec-
tral projections of a magnetic Schrodinger operator on L%(R?) (with mild regularity
assumptions), an exponentially localised Wannier basis is equivalent to an s,.-localised
Wannier basis with s, > 5/2. Hence, for projections p € C;(Q2p % R?, o) that fall
into the framework of [25], we can improve condition (iii) of Proposition 5.17 to expo-
nential decay. The magnetic Schrodinger operator with Delone atomic potential we
consider below (see Equation (9)) satisfies the regularity assumptions of [25] when
d=2.

Remark 5.18 (Connections to the Balian—-Low Theorem) Theorem 5.15 and Proposi-
tion 5.17 plays a similar role to the Balian—-Low Theorem in time-frequency analysis.
Brieflly, the theorem states that if a Gabor system {e2Timtg(t — n)}m nez forms an
orthonormal basis of L2(R), then either g or the Fourier transform g is such that the
sum in Equation (8) with m = 1 diverges. By the work of Luef [28], the Balian—Low
Theorem can also be interpreted using finitely generated and projective modules over
C*(Z?) and the fact that C (T?) has no non-trivial projections. See [28] for more details
and a generalisation to the rotation algebra Ag ~ C*(Z?, 0).

5.4 Wannier Bases for Hamiltonians on L2(R9, C") with Delone Potentials

We model a particle in R? subject to a uniform magnetic field perpendicular to the
sample. We take a magnetic potential A = (Ay, ..., Ag) such that A; € leoc_(Rd)
and differentiable with

0 0
— A — —Aj = const.
ij Bxk
forall j, k € {1, ..., d}. For simplicity, we consider constant magnetic field strength

but more general fields are possible (cf. Example 5.7). The magnetic Schrodinger
operator is given by
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d 9 2
Hy = ———A;) ,
0 Z( lax/ )
j=1
d
We choose the symmetric gauge and define A; = —% 3 Ojkxi forj =1,...,d,
k=1

where 6;  is antisymmetric and real. Our choice of gauge gives the magnetic transla-
tions {Uy },ca, Where for any a € R,

[Ho, Ul =0,  (Ug)(x) = e "0 (x —a), ¢ e L2(RY).

Given a compact space  with action 7 : R — Homeo(£2), we can define the
groupoid 2-cocycle

6:(QxRHPD ST, 6((w,x), (T_xw,y)) = e *0),

which is normalised, 6 ((w, x), (T_yw, —x)) = 1, and constant over the unit space.
We wish to relate spectral properties of aperiodic Schrodinger operators to the
Delone groupoid. We do this by considering atomic potentials on point sets,

d
Hp = Ho+ Y v(-— p), Z(—z——A)2 ©)

ox
pel J

where v an atomic potential function. Provided the potential Vpr = > per V(- —p)
is essentially bounded, real valued and measurable, Hr is essentially self-adjoint on
the dense core C2° (R9). We assume T is r-discrete and restrict our potentials to the
K -subharmonic functions on R4,

Lk, @) = |7 el @) s irwi =& [

£ ()] dy fora.e.x}.
lx—yl<r/2
Theorem 5.19 [5] Let A be an (r, R)-Delone set and v € L}(,V(Rd) be a uni-
formly continuous and R-valued atomic potential. Then the family of operators
h = {Hglceq, with Hp as in Eq. (9) is affiliated to the groupoid C*-algebra
CH(Q2p x RY,9).

Remark 5.20 Theorem 5.19 is proved by showing that h = {Hz},cq, is affiliated
to a crossed product groupoid constructed from the continuous hull of the potential
Va=Y pea V(- — p). In general the continuous hull of a Delone set is topologically
semi-conjugate to the continuous hull of a Delone potential via a surjective map
Qp — Qy,. If supp(v) C B(0, r,) for some r,, < r, then the map is injective, see [6,
Sect. 2.7].

Let us now fix an (r, R)-Delone set A and Hamiltonian of the form Eq. (9) such
that the family of Schrodinger operators h = {Hp},cq, is affiliated to the twisted
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groupoid C*-algebra C*(Q25 x R?, 0). With the choice of twist 6, we see that for
wp s CHQA x RY0) — BIL2(RY)],

(e (HY)x) = /R T L = x =0 du, Uame(HUF = 72-a(f)-

The twisted groupoid algebra C*(2 x R?, #) is Morita equivalent to C*(Gpel, 6)
and for every (L, y) € Gpel, we have a twisted translation action

w(z:,w(x) — e_i<x*BY)1p(x —y) = Uy¥)(x).

Hence, the discrete groupoid translations are just the magnetic translations restricted
to L € Q.

Recall the pre-C*-algebra A = Ay C CF(Q2p X R?, §) that comes from the
Fréchet completion of C. (25 X R4, 9) in the seminorms defined from the derivations
{81-}‘/?:1 (Proposition 2.10).

Lemma 5.21 Let h be a self-adjoint element affiliated to M, (C} (2 X R, 0)). Sup-
posethat A C o (h) is a bounded spectral region separated from o (h)\ A with positive
distance. Then pa(h) = xa(h) € M, (A).

Proof Because A is an isolated spectral region, pa (%) can be approximated arbitrarily
well by ¢(h) with ¢ € C°(R) such that ¢(x) = 1 for x € A and ¢(x) = 0 for
x € o(h) \ A. Hence ¢p(h) € M,(A). O

Hence, we can adapt Theorem 5.15 to the case of Schrodinger operators on
L*(R?, C") with Delone atomic potentials.

Theorem 5.22 Let A be a (r, R)-Delone set and let Hp be a magnetic Schrodinger
operator on L*(R?, C") with Delone atomic potential as in Eq. (9) withv € L}< p (RY)
and uniformly continuous. Suppose that A is an isolated and bounded spectral ’region
of o (Hp) for all L € Q. Then there are elements wi, ..., Wy € paSso(Fa,, 0)"
such that for all L € Qg the magnetic translates {Uywlﬁ, e Uyw,ﬁ}yec give a
normalised tight frame of pa(Hz)L*(R?, C") with faster than polynomial decay.

The frame {Uwa:, Uy w,ﬁ}yeg is an orthonormal basis of pa(Hp)L*(R?, C")
for all L € Qo if and only if the finitely generated and projective C*-module
paL?(Fay, )@, = C} (Gper, 0)°".

Proof By the spectral gap assumption, the family of spectral projections { pa (H)} e,
give anelement pa (h) € M, (A). As such, we can apply Theorem 5.15 which gives the
faster than polynomially decaying tight frame or orthonormal basis of the localisation
nL(pa)hE" = pa(Hp)L*R?, C"). O

Remarks 5.23 (i) The existence of anisomorphism pAL (Fao- 9)€Bml = C}(9pel, 0)om
is a K -theoretic statement and implies that [pa] = m[1] € Ko(C} (QDel, 0)).

(ii) If we take a deformation of the magnetic field {6;};¢(0,1; such that the R-valued
2-cocycle w;(x,y) = (x,0;y) is continuous in #, we obtain a homotopy of 2-
cocycles in the sense of Remark 5.16. Therefore, Theorem 5.22 is stable under
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deformations of the magnetic field provided that the spectral gap remains open
throughout the deformation.

5.5 Obstruction to Localised Wannier Basis by (Noncommutative) Chern Numbers

Let us briefly recall the periodic setting. If the atomic potential Vo = 3 pea VC—D)is
such that A is a periodic and co-compact group G, then H) is affiliated to the algebra

CHQp xR, 0) = CH(RY/G) x RY,0) = C/(G,0) ® K.

In the case G = Z<, the the non-triviality of finitely generated and projective
Ccr (Z%, 6)-modules with 6 rational can be examined by studying the Chern classes of
the spectral subspaces of the Hamiltonian viewed as a complex vector bundle over the
Brillouin torus, Z¢. In the aperiodic setting, we can use tools from noncommutative
geometry to carry out an analogous argument. Indeed, noncommutative Chern num-
bers for Hamiltonians affiliated to C(2) xg R¢ and C’(Gpel, 0) have already been
studied [11-13].

Throughout this section, we will regularly take advantage of the equivalence
between the continuous hull Q4 x R? and Gpe, which gives an isomorphism
Ko(CF(Qa @ R?,0)) = Ko(C}(Gpet, 0)).

We first recall the top degree noncommutative Chern numbers for aperiodic or
disordered magnetic Schrodinger Hamiltonians with a spectral gap. To do this, we
recall the trace per unit volume on LZ(R%). Let A j be an increasing sequence of
sets that converge to R in an appropriate sense, e.g. A ji=1=j.J 1. Then for any
a € B(L*(RY)),

: 1 .72 /md 2
Trvoi(a) = ,li?;o WA])TY(HA,-Q), [a; : L7(RY) — L7(A)).

Proposition 5.24 [13] Fix a probability measure P on Q2 5 that is invariant and ergodic
under the R -action and let Sg denote the permutation group of {1, ...,d}. Ifd > 0
is even and p = p* = p?> € M, (A), then for almost all L € Q5 the functional

(—2mi)d/? . d
Calp) = — = YD (Tren ® Trvol)(m(p) [ [X, mp)]> (10)

TeSy j=1
is integer valued and almost surely constant in Q2.

The number C; almost surely defines a homomorphism Ko (C," (24 x R4, 0)) — 7,
which we can also consider as a homomorphism Ko(C}f(Gpel, 6)) — Z. In particular
Ca(p) = Ca(p") if [p] = [p'] € Ko(C}(Gpel, 0)) and Cy(p) = 0if [p] = m[1] €
Ko(C) (Gpel» 0)).

For systems withd > 3, we may also wish to consider lower-dimensional invariants.
These invariants are not integer-valued in general, but can still be used to study the
topology of gapped spectral projections. We fix a probability measure P on €2 that
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is invariant and under the R9-action. Then we recall the noncommutative calculus for
ACCHQp xR 0),

'T(f):/Q f(L£,0)dP, O NHLx)=x;f(L,x), feA jell,....d}.
A

Proposition 5.25 [13] Let p = p* = p*> € M, (A) and P a probability measure on
Q4 that is invariant and under the R?-action. Then for any k < d an even integer, the
functional

(—27i)k/2 . K
Cr(p) = NN TEXS:k(—l) (Tren ®7) <le:[1 3r(j)17>, (11)

defines a homomorphism Ko(C; (25 % R? 0)) > R. If P is ergodic under the R4-
action and k = d, then Cy(p) = C4(p) € Z from Eq. (10) almost surely.

We againnote thatif [ p] = m[1] € Ko(C}(Gpel, 0)),then Cx(p) = Oforany k > 2.
Combining our results on the noncommuative Chern numbers with Theorem 5.15 and
the weak localisation dichotomy (Proposition 5.17), we have the following.

Corollary 5.26 Let p = p* = p> € M, (A) and P a probability measure on Q5 that
is invariant under the R%-action. If Cx(p) from Eq. (11) is non-zero for some k > 2,
then for any L € Qq there can not be Wannier basis of w o (p) L>(R?, C") constructed
from magnetic translations in L of elements {w j}’/’.’: | C pS1(Faq. 9)27 such that for
anyy € L

Z[I‘gd(l +hx- y|2)|(Uywj£)(x)i2dx < 00.
Jj=1

5.6 Deformation of the Delone Atomic Potential

We would like to consider the stability of our results on aperiodic Schrodinger operators
Hp when the Delone set A is deformed (e.g. from an aperiodic set to a periodic
lattice). Deforming a Delone set A will change the crossed product groupoid and
the K-theory may change substantially as the Delone set changes. However, we will
show the pairings in cyclic cohomology considered in Sect. 5.5 are unaffected by such
deformations.

Lemma5.27 Letv € C.(R?) be a continuous atomic potential with compact support.
If {As}iero,1) is continuous path of (r, R)-Delone sets in Del(, gy, then the path of
Schrodinger operators {H, }i<[0,1] is norm-continuous in the resolvent topology.
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Proof 1t is straightforward to see that for any v € C.(R, v e L}( r(Rd) and the
function vp (x) = > peA v(p —x) is real-valued, measurable and esseﬁtially bounded
for any (r, R)-Delone set A. Because Dom(Hy ) is constant for any A € Del(, gy, we
can use the resolvent identity to bound

Iz — Ha) ™' — (2 — Hay) 7l = 1z = Hay) 7' (Ha, — Hay)(z — Hay) 7'l

<ess. sup|va, — v, | 1z — Ha) Ml Iz — Hay) 7'l

for any z € C \ R. The result will therefore follow if we can show that the essential
supremum is controlled by the topology on Del, r). Suppose that supp(v) C B(0; M)
for some M > 0. Recalling the topology of Del( gy (Proposition 5.2) with dy the
Hausdorff metric, we take x € R? and suppose that dy (A1 —x N B(0; M), Ao —x N
B(0; M)) <& < r/2. Taking § small enough, we can ensure that |[A1 —x N B(0; M +
r/2)] = |A2 — x N B(0; M + r/2)| and, furthermore, we can decompose the sets
A1 —xNBO;M+r/2)and Ay —x N B(O; M + r/2) as pairs (p,q) € Ay =
A1TNBx; M+r/2) x AN B(x; M +r/2)suchthat || p —¢g| < §. We can therefore
estimate

ay = va) @] = | 3 v —0 = Y vig )|
PEA] qeN?
= Y wp-n- > v(q—X)‘
peANB(x; M) geANB(x; M)
=| > vp-m-vig-
(p.9)EAM
Ip—qll<s
< Y - —vg-nl|
(p.@)EAM
lp—qli<s

By continuity of v, given any ¢ > 0 we can choose a small enough § so that |v( p—

x) —v(g —x)| < m forall [p —¢qll <. Hence [(va, —vp,)(X)| <€
and the essential supremum is also bounded by ¢. i

Definition 5.28 Let {A;};c0,17 be a continuous path in Del( ). We say that
{HA, }ief0,1] 1s a gapped path if there exists a bounded interval A C R such that
forallt € [0,1] and £; € Q4,, AN o (Hg,) is non-empty and A is separated from
the rest of the spectrum of H., by a positive distance.

The conditions to obtain a gapped path are quite strong, but if satisfied give a path of
operators {/;}:c[0,17 such that &, is affiliated to C;(Q25, » R4, 0) and pr = xa(hy) €
Ay C CH(S2p, X R?, 0), a dense pre-C*-algebra.

Proposition 5.29 Let {A;};c(0,1) be a continuous path in Del(, gy and fix an atomic
potentialv € C.(RY). Suppose that { H A, Jie[0,1] is a gapped path with isolated spectral
region A C R. Then for p; = {xa(Hg,)}z,cq,, € A; and any even integer k < d,
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the function

(—2mi)*/?
[&Hamck(pf):W;( DT (Tres ®T>(pt]1_[laf<;>pz) €R

is continuous, where Ci(p) is the weak Chern number from Eq. (11).

Proof The assumption on the spectral gap implies that C¢ (p;) is well-defined for all 7.
Because we have a uniform isolated spectral region A, we can write for all ¢ € [0, 1],

Pt = 27_” %(Z —hy)” ldzy hy ={(z — HL‘,) }L,eQA,

with C a contour enclosing A and not intersecting any other part of the spectrum. If
{At}ief0,1] 1s a continuous path in Del(, g), then there is a corresponding continuous
path {£;};¢[0,1] with £; in the orbit space of A;. Because t +— (z — Hgt)_1 is norm-
continuous by Lemma 5.27, so is  — ||(z — h;)™'||. By the integral formula for the
spectral projections, ¢ +— || p;|| is continuous. Because the functional Cj induces a
weaker topology than the norm topology, t — Ci(p;) is also continuous. O

Continuity of the function [0, 1] 3 t — |[(z — hy) ! || € R for all z in the resolvent
set implies that the spectral edges of o (h;) are continuous away from gap closing
points, see [3].

Continuity of the Chern numbers under deformations of Delone sets means that if
the range of the pairing is quantised, then it is constant under deformations.

Corollary 5.30 Let{A;};c[0,1] be a continuous path in Del, gy and fix an atomic poten-
tial v € C.(RY). Suppose that {H A, Jrel0,1] IS a gapped path with isolated spectral
region A C R. Let Py be an invariant and ergodic probability measure on Q2 5,. Then
for almost all Ly € Q24,,

Ca(p)) = Calpg,)
_(=2mi)?)?
T (d)2)

d

Z( N (Trcnmrv@l)(xA(HcO)H (i) XA(HLO)]>

j=1

is integer valued and constant for all t € [0, 1].

Corollaries 5.30 and 5.26 then give us the following stability result on delocalised
Wannier bases.

Corollary 5.31 (Stability of delocalised Wannier basis under atomic deformations) Let
Ao be an (r, R)-Delone set and consider Hp,, with atomic potential v € C, (RY). Fix
an invariant and ergodic probability measure on Q2 , and suppose that Cy(pr,) # 0
Sforalmost all Lo € Q. Then for any gapped path { Hp, }ic[o,1] with isolated spectral
region A C R and any L; in the transversal Qq,, there can not be a faster than
polynomially decaying Wannier basis of XA(HLt)Lz(Rd , C™) built from magnetic
translates in L;.
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We again note that by Proposition 5.17 the non-existence of a faster than polyno-

mially decaying Wannier basis also implies that the weaker localisation bound of Eq.
(8) diverges,

Z/Rd(l + |x|2)|wj4(x)‘2dx = 0.
j=1
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