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au¤YXdb^RVCYZdb^(W@dxTCun`��£[rutº}©@c°TCub`�s�V\W_^�mxTCW�YX[]o�kbpqT+WZprf�«¦V\WOS�ºal�o�TCprV\WZ[rs�^�YX^(W��vT3«¦kbp]p�f¡`b[r�\[rYXTCp

st^�YZdbV£`�UxTCh_^(`!V\u¡VCmnYX[rs´TCp ¸ prYX^�WZ[rub��YZdxT+Yo�V\ubh_[]`b^�WZhhZTCs�mnp]^(h"VC«xYZdb^M^�ugYZ[]W_^�hZ[r�\uxTCpv²MTCheTCmbmnp][]^�`�§
��db[rh�T+mbmbWZV\TCo d!TCprp]V�²M^�`�YZ[]st^)W_^(hZVCp]knYZ[]V\ubh"TCUKV\knYTR«¦^�²°YX^(unhVC«xmb[ro(V\h_^(o�V\ub`bh�«¦VCW%h_V\s�^Oo dxTCunub^(prh
VC«"YXdn^�pr[]jgkb[r`�TCWZ�CV\u2^(p]^�o�YZWZV\s�TC�\ub^�YX[roao�TCprV\WZ[rs�^�YX^�W$�¨z�y{Æ�3S�y�l�ÈoW�� §
��[rs�^�st^�TCh_kbWZ^�s�^�ugY}[]h_hZkb^�o�TCu¹UK^�TCuxTCp�f�U�^(`¹Uvf�YXdb^�hZ^�Y³²MV�`b[�¢;^�WZ^�ugY}TCmbmnWZVvTCo dn^(h(Ç�²)^¡o�T+u

o�V\ubhZ[r`b^(W&%_knh_Y2V\ub^¯mxT+W_Y�VC«�YXdn^®hZ[]�CuxTCp}«¦V\W�YXWZ[r�\�\^�WZ[]un� V\uDYXdb^ ¸ WZh_Y�mbdnVCYXVi^(pr^(o�YZWZV\unh p][r¼C^®[]u
o�V\uv�\^(uvYZ[]V\uxT+pist^�YZdbVi`bh�V\W"TRp]TCWZ�C^(W�mxT+W_Y"VC«nYZdb^@hZdxT+mF^�`&hZ[r�\uxTCp+«¦V\W�kbhZ[rub��V\mnYX[rs´T+p ¸ p�YX^(W_[]ub�n§"��dn^
¸ W_h_YOTCmnmbWZVvT+o dto(TCu¤UF^�h_V\kbW_o(^�VC«K`b^(TC`!YX[]st^�'\YZdb[]h�o�TCu¤UK^�WZ^(`nkbo(^�`t²�[�YXd¤T3mb[]mK^(pr[]ub^�`¡^(pr^(o�YXWZVCub[]o
VC«�YZdb^�hXTCstmbpr^(`°hZ[r�\uxTCpÁ§A��`n`b[rYZ[]V\uxT+p]prfC��V\m£YX[]s�TCp ¸ prYZ^(W_[]ub�¹st^�YZdbVi`°dxTCh¡YXdn^2TC`n�+TCuvY TC�C^ YXdxT+Y
[run«¦V\WZs�T+YZ[]V\u´TCUFVCknYRTCWZW_[r�+TCpKYX[]st^3TCun`PTCstmbpr[rYXkn`b^}VC«"YXdn^�h_[]�\ubTCp�[]h�h_[]s¡knprY T+ub^(V\knhZprf�WZ^�o(V��\^�WZ^�`�§
y³uP�R�w¶c@©@�.T+mbmbp][ro�T+YZ[]V\u;�nYXdb^�p][rs�[�Y T+YZ[]V\u�V\u±YZdb^¡TCUn[]p][�Y³f´YZV´p]Vio�T+p][ U�^}YXdn^&mKV\hZ[�YXWZVCuPTCunub[��

db[rpqT+YZ[]V\u¤mKV\[]uvYM[]hMs�TC[rubprf¤`bkn^}YXV&YZdb^akbuno(^(W�Y TC[ruvY³f V\u´YZdb^3st^�TCh_kbWZ^�` YX[]st^R`b[r¢F^(W_^(ubo�^
t
�£²�db[ro d

[rhaWZ^�pqT+YZ^(`¹YXV YZdb^!YX[rs�^�WZ^(h_V\p]k£YX[]VCu
∆t
VC«OYXdn^!o(V\[rubo([r`b^(ubo�^!h_fih_YZ^(s�§&��db[rh3kbubo�^(W_YXTC[]uvY³f®[rha[]s!�

mbpr^(st^(uvYX^�`P[ru�YZdb^�W_^(o�V\ubh_YZWZkbo�YX[rV\u¹TCpr�\V\W_[rYXdns
TCh�TtmnWZV\UxT+Ub[]pr[rY³f´«¦knubo�YZ[]V\u2«¦V\W�YXdb^�p]Vio�TCpr[ U(T+YX[rV\u
VC«�YZdb^ `b^�YX^�o�YX^�` T+ubub[]dn[]pqTIYX[]VCu�Ç�YZdb^�^��C^(uvYXhtTCW_^ p]Vio�T+YZ^(`°T+p]V\ub��YXdb^´p][]un^´VC«�W_^(hZmKV\ubh_^A¥ÁS"3�}ª
[r`b^(uvYX[ ¸ ^(`¯Uvf®YXdn^¤Y³²)V�`b^�YZ^(o�YZV\WZh���[�YXh3stV\h_Y�mbW_V\UxTCUnp]^!mKV\hZ[�YX[]VCu®[]h3hZ^�Y�YZV�YXdb^¤mKV\hZ[�YX[]VCu®o(V\W_WZ^��
h_mFV\un`b[]ub��YXV�YXdn^}st^�TCh_kbWZ^�`´�R3wÅ`n[r¢F^(WZ^�ubo(^

∆t
�nTCun`�YXdn^

fwhm
VC«;YXdb^RmbWZVCUxTCUb[rp][rY³f�«¦kbubo�YX[rV\u

[rh�YXdb^�p]Vio�T+p][ U(T+YX[rV\utkbubo(^�W_YXTC[]uvY³f
∆x(fwhm) = c∆t/2

§
��dn^2�+TCW_[qTCuno(^ W_^(`bkbo�YX[rV\u�[]h¡^�h_YX[rs´TIYX^(`°Uvf

2D/(c∆t)
�e²�db^(W_^

D
[rh¡YXdb^�`n[qTCst^�YZ^(W&V+«RYZdb^

V\U(%_^(o�Y}UF^�[]ub��[]s�TC�\^�`��
c
[rhRYZdb^&h_mF^�^(`¹V+«@p][]�CdgY(�9TCub`

∆t
[rhRYZdb^&o�V\[]uno([]`n^(ubo�^�YZ[]st[]ub�¤st^�TCh_kbWZ^��

st^(uvYRTCo�o(kbWZTCo�fC§O��dn[]h�st^�TCh_kbWZ^�s�^�ugYRT+p]p]V�²�h�knh�YZV¤p]Vio�TCpr[ U(^�YXdn^�T+ubub[]dn[]pqTIYX[]VCu�^��\^(uvY}TCp]VCub�&YXdn^
S"3�¾²�[rYZd�T¤h_mxT+YZ[qTCp�W_^(h_V\p]knYZ[]V\u2T+UFV\k£Y��)�7� ��|CÈ¡s�s��bT+hZhZkns�[rub�¤T¤YZ[]st^aWZ^�hZV\prknYX[rV\u�VC«*�CÈ\ÈI� J\È\È
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�R3w�c@©@�Äo�TCst^(WZTtT+WZ^3UxTCh_^(`±V\u�TCuxTCprV\�\[]o(TCp;l�wÃÀst^�YZdbVi`2«¦VCW�YX[]st[]un�¡s�^(TChZknWZ^(st^(uvY(§
y³uAYXdb[rh�mxT+mF^�W�²)^´mK^(W�«¦V\WZst^(` ¸ WZh�Y¡V\W_`b^(W�hZ[rs¡kbpqTIYX[]VCu®kbhZ[rub�¹T�hZ[]stmbpr[ ¸ ^�`AstV£`n^(peVC«�T�`b^��

YZ^(o�YZ[]V\u±Ubp]Vio ¼2s´T+`b^�V+«@T cO½±�.o(V\knmbp]^�`PYXV´Sg¿��n VCW}S�T\�MWZ~�o�W_fih_YXTCp §���[]st^�`b[rh_YZWZ[]UnknYX[rV\u2VC«
h_o([]uvYZ[]p]p]T+YX[rub�3mbdbV+YXV\ubh)dxT��\^3UK^(^�u o(V\unhZ[]`n^(WZ^�`�Uvf�YXTC¼g[]ub��[]uvYXV!T+o(o(VCkbuvY�V\ubp�fth_Y TIYX[]h�YX[ro�TCp �xkbo�YXk£�
T+YZ[]V\unh)«¦V\WMYZ[]st[]ub��WZ^�hZV\prknYX[rV\u�TCubTCprfihZ[rh)²�[�YXd�`b[�¢;^�WZ^(uvY�st^�YZdbV£`nh(Ç@l�wÃ��bV\mnYZ[]s�TCp ¸ prYZ^(WZ[rub�!TCun`
T!dbV\st^���s´T+`b^advfiUbWZ[r`±st^�YZdbV£`A¥=SOTCWZ[]TCUbp]^}wxWXTCo�YX[]VCu2Ã}[]h_o(WZ[rs�[ruxT+YZV\W ª�§
y³u2h_^(o�YZ[]V\u±|¡o(VCug�C^(uvYX[rV\uxTCp�YZ[]st^}st^�TCh_kbWZ^�s�^�uvY�s�^�YXdbVi`bh�²�[rYZd�`b^�YZ^(o�YX[]VCu�V+«%YZdb^ ¸ WZh�Y�mbdbV+�

YZV£^�p]^(o�YXW_V\ubh�²�[]p]pvUK^Mh_[]s¡knpqT+YZ^(`�§��£^(o�YX[rV\u¡~R[]h�`n^��\V+YX^(`¡YZV}V\m£YX[]s�TCp ¸ p�YX^�WZ[]un��st^�YZdbV£`;§%y³u¡h_^(o�YX[]VCu
W&T&dvf£UnWZ[]`´WZ^(o�V\ubh�YXWZkno�YX[rV\u�st^�YXdnV£`�[]hM`n^(hZo�WZ[rUF^�`�§e��db[]hMTCp]�CV\WZ[�YXdbs [rhMUxT+hZ^(`´V\u´YXdn^a`b^�YZ^(o�YX[]VCu
VC«�T��+TCW_[qTCUbpr^�«¦WXTCo�YX[rV\u�V+«�YXdb^�WZ[rhZ[]un��^�`b�\^�VC«�YXdn^�h_dxTCmK^(` h_[]�\uxT+p §c"^(W_hZmK^(o�YZ[r�C^(h�TCW_^�²�[�YXdb`bWZT�²�u
[ru YXdb^�pqT+h_Y�hZ^�o�YZ[]V\u�VC«"YXdb[rh�h_YXkn`nf\§
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[rug�CV\pr�C^(h�YXdb^t`b^�YX^(o�YX[rV\uAV+«�TCW_WZ[r�+TCpYZ[]st^!VC«MYZdb^ ¸ WZh�Y&mbdnVCYXVi^(pr^(o�YZWZV\unh(§��i^��\^�WXTCp)TCknYZdbV\W_h�dxT��C^
`b^�WZ[��\^(`�YXdb^3T+uxTCprfgYZ[]o�T+px^��£mbWZ^�hZh_[]V\ubh�V+«�YXdb^�mbWZV\UbTCUb[]pr[rY³f!`n[]h_YZWZ[rUbknYX[rV\utVC«�YXdn^

kth mbdbV+YXV\u ^�s�[rh��h_[]V\u®YX[rs�^�«¦WZV\s T�o�W_fih_YXTCp ��V\knY�V+«�T�YXVCYXTCpugkbs¡UK^(W
N
VC«)mbdbV+YXV\ubh��

N
UK^([rub�2^([�YXdb^�W ¸ �£^(`·VCW

c"V\[]h_hZV\u�`b[]h�YXW_[]UbknYZ^(`�²�[rYZd�T¤st^�T+u2�+TCprkb^
Nm

§

c%V\h�Y�TCub`®�£o db[r¢ �¨c)��£���+È���`n^(WZ[��\^�` ¸ WZh�Y3[]uA��L �CÈn�9YXdn^&kbp�YX[]s�T+YZ^�YZ[]st^�mF^�W_«¦V\W_s´TCuno(^(hR²�[rYZd
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mbdnVCYXV\u;�nYXdb^�h_o([]uvYZ[]p]p]T+YX[rV\u´h�Y TCW�YX[rub�tT+Y�YX[rs�^

t = 0

f(t) = 1/τ · e−t/τ = λ · e−λt ¥��7ª
y³u2YXdb[rh�`bV£o�kbst^(uvY�²M^�²�[]prp;kbh_^

λ = 1/τ
«¦V\W�^(jgkxTIYX[]VCubh�h_[]stmbp][ro([�Y³f\§��db^�«¦kbubo�YX[rV\u

f(t)
W_^(mbW_^��

h_^(uvYXh@YXdb^�^��\V\prknYX[rV\u![]u!YX[rs�^MVC«;h_o([rugYZ[]prpqT+YZ[]V\u�p][]�CdgY[]uvYX^�ubhZ[�Y³f\§e©est[]hZh_[]V\u¡YZ[]st^�VC«FmbdbVCYZV£o(T+YXdnV£`b^
mbdnVCYXVi^(pr^(o�YZWZV\unh�TCWZ^�hZknmbmFVChZ^(`�YXV¤UK^�`n[]h_YZWZ[rUbknYX^�`�TCo(o�V\WZ`b[rub�¡YXV¤YXdn^�hZTCst^3pqT�²�§
��dn^ YXVCYXTCp)ugkbs&UF^�W&VC«�mbdnVCYXVi^(pr^(o�YZWZV\unh¡^(st[rY_YX^(`AmF^�W¡^��C^(uvY±¥¬mndbVCYXVi^(pr^(o�YXWZ[ro TCUnhZV\W_mnYX[rV\u·V\W

lMV\stmnYZV\u®hZo(T+YZYZ^(WZ[rub�gª�[rh
N
§¡��db[]h}uikns¡UF^�W3o�TCu¯UK^ ¸ �£^(`¯YXV2T o�V\ubh_YXTCuvY��CT+p]kb^¡VCWaWXTCun`bV\stprf

`b[rh_YZWZ[]UnknYX^�`±T+o(o(VCWZ`b[rub�!YXVtT!`b[]h�YXWZ[rUbknYZ[]V\u «¦kbuno�YX[rV\u
p(n)

¥¬�C^(ub^�WXTCprprf�T¤c"V\[]h_hZV\u�pqT�²�ª�§

w�[]�CkbWZ^t�¡hZdnV7²�h3h_[]s¡knpqT+YZ^(`�^��\^�uvYXh3²�db^(W_^&YXdn^&ugkbs¡UK^(WaV+«embdbVCYZV£^�p]^�o�YXW_V\ubh�[]h ¸ �n^�`¹YXV¹��È\Èn�
|�JCÈ\ÈPTCun` �C�\È\È£§±��db^��CT+p]kb^´|�J\È\È�[]h�WZV\kb�Cdbprf¯^�jikbTCp)YZVPYXdb^�^(st[]h_hZ[]VCuA«¦WZVCs T �7���7�F�!�±sts´~
S"�b o�W_fih_YXTCp"«¦VCp]p]V�²�[rub�¤`b^�YZ^(o�YZ[]V\uPVC«@T �i�\�¡Æ3^BS �vTCsts´Tn§M��db^¡p][rub^�WZ^�mbWZ^�hZ^(uvYZhaYXdb^�«¦kbubo�YX[]VCu
f(t) = 1/τ ·e−t/τ ²�[�YXd τ = 40ns

§%y�Y[rh%V\Uv�i[]VCkbh%YZdxT+Y"YXdb^)h_Y TIYX[]h�YX[ro�TCp �xkbo�YXkxTIYX[]VCubhTCW_^)W_^(`bkno(^(`
²�db^�u�YZdb^�ugkbs¡UK^(W�VC«%mbdbVCYZV£^�p]^(o�YXW_V\ubh�[]h�db[r�\d�§

��db^3`b^�Y TC[rp]^(`�o(TCp]o�kbpqTIYX[]VCu�VC«"^�s�[rhZhZ[rV\u´YZ[]st^}`b[rh_YXW_[]Ubk£YX[]VCu�«¦kbubo�YX[rV\ubh�«¦V\WOYXdb^
kth mbdbV+YXVi^(p]^�o��YZWZV\u¯¥

k
«¦WZVCs �}YZV

N
ª��n[]hM`b^(h_o(WZ[rUF^�`�[]u ��mbmK^(ub`b[ ��©�§b��dn^a[]uvYX^��\WXTIYX^(` «¦knubo�YZ[]V\u V+«

f(t)
[]h)YZdb^

o�kbs¡kbp]T+YX^�`�`n[]h_YZWZ[rUbknYX[rV\u

F (t) =

∫ t

0

f(u)du = (1 − exp(−λt))
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f(t) = λ exp(−λt)
: ����(
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f(t)
%���# � ����"�# L

��dn^�pr[]st[rYXhOVC«
f(t)

«¦knubo�YZ[]V\u2TCW_^CÇ

• F (0) = 0
�b[rs�mbp�fi[]ub�&YZdxT+Y�ubVtp][r�\dvY�[rh�^(st[rYZYZ^(`�«¦V\W

t < 0

• F (∞) = 1
�n²�db[ro d±[rh�YXdb^3YXV+Y TCp�^�s�[rhZh_[]V\u�mbW_V\UxTCUn[]p][�Y³f´V+«�^(TCo d±mndbVCYXVCu

��db^�mbWZVCUxTCUb[rp][rY³f�`b[rh_YZWZ[]UnknYX[rV\u�«¦V\WYZdb^�TCW_WZ[r�+TCpgYX[rs�^MVC«9YXdb^
1st mbdbVCYZV£^�p]^(o�YXW_V\u¤TCstV\ub��T}YXV+Y TCpVC«

N
^(st[rY_YX^�`�mbdbVCYZV£^�p]^(o�YXW_V\ubh�[]h

p1(t/N) = N F (t) [1 − F (t)]N−1 ¥Á~vª

��db^�mbW_V\UxTCUb[rp][�Y³f�`b[]h�YXWZ[rUbknYZ[]V\u�«¦V\W�YZdb^�TCW_WZ[r�+TCpvYZ[]st^MVC«xYZdb^
kth mbdbV+YXVi^(p]^�o�YZWZV\u!T+s�V\un�3T�YXV+Y TCpVC«

N
^(st[rY_YX^�`�mbdbVCYZV£^�p]^(o�YXW_V\ubh�[]h

pk(t/N) =
N !

(k − 1)!(N − k)!
[1 − F (t)]N−k [F (t)]k−1 F (t)

¥%Wvª

��db^ ¸ uxTCp�mnWZV\UxT+Ub[]pr[rY³ft`b[]h�YXW_[]UbknYZ[]V\unh�TCW_^3V\UnY T+[]ub^�`�Uvf YZdb^3hZknUbh_YZ[rYXk£YX[]VCu�V+«�^��nmnWZ^(h_hZ[rV\ubh�¥��7ª
TCun`·¥Á|\ªM[]uA¥¬~vª�TCub`·¥%Wgª��

p1(t/N) = N λ e−λt [1 − 1 + e−λt]N−1 = N λ e−λt [e−λt]N−1 ¥��\ª
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pk(t/N) =
N ! λ (1 − e−λt)k−1

(k − 1)! (N − k)!
e−λ(N−k+1) ¥Á�vª
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√
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y³ub`n^(^(`;�£T+h«¦V\WYXdb^�YZ[]st^�T+YeYZdb^�UxTCW�f£o�^(uvYX^�W)V+«KYZdb^�hZ[r�\uxTCpÁ�+YXdn^�YZ[]st^MW_^(o(VCubh_YZWZkbo�YX^(`�Uvf!V\mnYZ[]s�TCp
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N
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t
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P1
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N ∈ [t,∞]
)

) =
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∞

t

f(u)du
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P1

(

N ∈ [t, t + ∆t]
)
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∫

∞

t

f(u)du

)N

−
(

∫

∞

t+∆t

f(u)du
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F (t) =
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f(u)du
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N
∑

k=0

(

N

k

)
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− F (t)
)k −

N
∑
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(

N

k

)

(

− F (t + ∆t)
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N

k

)

(−1)k+1{
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F (t)
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UF^�[]ub�´Èn�KYZdb^&h_kbs�h_Y T+W_YXhR«¦V\W
k = 1

§ A^&W_^�²�W_[rYX^�YXdb^�YX^�WZsth�VC«�YXdb^
h_kbs

(

F (t + ∆t)
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[t, t + ∆t]/N
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−→ p1(t/N)
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p1(t/N) =

N
∑

k=1

(

N

k
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(−1)k+1 d

dt
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F (t)
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p1(t/N) =

N
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(

N

k

)
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F ′(t)
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(
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(
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∞
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W_^(s�TC[]ub[rub��mbdbVCYZV£^�p]^�o�YXW_V\ubh

[]u�YXdn^�[ruvYX^(W��+TCp
[t, t + dt]
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A^�o�TCu�YXdgkbh�²�WZ[�YX^

pk(t/N)dt =

(

N

k − 1

)

P{(k − 1) ∈ [0, t]}p1

(

t/(N − (k − 1))
)

dt
¥Á~n�7ª

A^&o�V\ubhZ[r`b^(WaTCp]p�YXdn^&mKV\hZh_[]Ubpr^�o�V\u ¸ �\knWXT+YZ[]V\ubh�VC«@^��C^(uvYXh3[ru±²�db[ro d
k − 1

mbdbVCYZV£^�p]^(o�YXW_V\ubh}VCknY
VC«

N
TCW_^3^(st[rYZYZ^(`2UK^�«¦V\W_^aYX[]st^

t
§

��dn^ ¸ W_h_Y�YX^�WZs
V+«�^�jK§�¥{��JvªM[]h�^(TCh_f�YZV¤o�TCpro(kbp]T+YX^

P{(k − 1) ∈ [0, t]} =

(
∫ t

0

f(u)du

)k−1

= [F (t)]k−1 ¥¬~v|\ª

��dn^PhZ^�o(V\un`ÂYX^(W_s VC«3^�jK§ ¥{��Jvª¡[]htWZ^�mbpqTCo�^(`»²�[rYXd¶[rYZh�^��nmnWZ^(h_hZ[rV\u.¥��jWgª&²�[rYXd
N − k + 1[rubh_YZ^�TC`¯VC«

N
§¨��db^�WZ^�«¦VCWZ^C�"YXdb^!mnWZV\UxT+Ub[]pr[rY³f±`b^(ubh_[rY³f¹«¦knubo�YZ[]V\u¯VC«OYXdb^!YZ[]st^¡VC«)^(st[]hZh_[]V\u®V+«)YZdb^

kth mbdbVCYZV£^�p]^�o�YXW_V\u2V\knY�VC« N []h�Ç

pk(t/N) =

(

N

k − 1

)

[F (t)]k−1(N − k + 1)F ′(t)[1 − F (t)]N−k ¥¬~\~vª

aW��

pk(t/N)dt =
N !

(k − 1)!(N − k)!
[1 − F (t)]N−k[F (t)]k−1F ′(t)

¥Á~�Wgª
A^¡T+�vTC[]u2�\^�WZ[�«=f�YZdb^&unV\WZs�VC«�YXdb[rhR«¦kbuno�YX[rV\u�§���db^�WZ^(o�kbWZh_[r�C^¡[]uvYX^��\WXTIYX[]VCu±Uvf�mxTCW�YXh}V+«�YXdn^

W_[]�\dvY�st^(s¡UK^(W��
k − 1

YX[rs�^�h(�b�C[r�\^�h�YXdb^3«¦V\prp]V�²�[]ub�&^(jgkxTCpr[rY³fKÇ
∫

∞

0

N !

(k − 1)!(N − k)!
[1 − F (t)]N−k[F (t)]k−1F ′(t)dt

=

∫

∞

0

N [1 − F (t)]N−1F ′(t)dt

=
[

− (1 − F (t))N ]∞0 = F (1) − F (0) = 1
¥¬~ �\ª

��dn^&^(st[]h_hZ[rV\u�YZ[]st^�mbWZV\UbTCUb[]pr[rY³f´`b[]h�YXWZ[rUbknYZ[]V\u�«¦V\W�YXdn^
kth mndbVCYXVi^(pr^(o�YXWZVCuPV\knYRVC« N [rhRo(TCp��

o�kbpqT+YZ^(`!«¦V\W@TCu¤^��nmKV\ub^�uvYX[qT+pb`b^(o(T�f!«¦kbubo�YZ[]V\u¤Uvf!h_kbUbh_YZ[rYZknYX[rub��¥ |C~vª%TCub`P¥ |oWgª"[]u!YXdb^�^��nmnWZ^(h_hZ[rV\u
¥Á|£�7ª�Ç

f(t) = λ · e−λt ¥¬~\�vª

F (t) =

∫ t

0

f(u)du = (1 − exp(−λt))
¥Á~v�\ª

A^3YXdb^�u±V\U£Y TC[ru�Ç

pk(t/N) =
N !λ(1 − e−λt)k−1

(k − 1)!(N − k)!
e−λ(N−k+1) ¥¬~?Jvª
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P�]$?^T�YRg��RV4?�P�YR]

amnYZ[]s�TCp ¸ prYX^�WZ[rub� o(VCubhZ[rh_YXh�[ru¯T±|��³mxTCWZTCst^�YX^�W ¸ Y�VC«)T�hZ^�Y�V+«Mu¯hXT+s�mbpr^(h
Si = S(ti)

²�[rYZd
T¤WZ^�«¦^(WZ^�ubo(^�hZ[r�\uxTCp

g(t)
§O��db^&mbTCWXTCst^�YZ^(W_h(�

u
TCun`

v
�KTCW_^�o(TCp]o�kbpqTIYX^(`�T+YR^(TCo dPo�p]Vio ¼�h_YX^�mPUvf�T

pr[]ub^(TCW%o�V\s¡Ub[ruxT+YZ[]V\u�VC«9YXdb^
n
mbW_^��i[]VCkbhhXT+s�mbpr^(hh�YXV\W_^(`¤[]u¤Tamn[]mK^(p][rub^Os�^�s�V\W�f\§%��db^�jgkxTCp][�Y³f�VC«

YZdb^ ¸ YM[rh)^��CT+p]kxT+YZ^(`�Ugf�T
χ2 mxTCWZTCs�^�YX^�W(§  db^�u u

[rhMTCUKV��\^}T�YXdnWZ^(h_dbV\pr` TCub`
χ2 []h@st[]ub[rs¡kbs��YZdb^ ¸ Y�[rhM�\ViVi`�TCub` YZdb^amxTCWZTCst^�YX^�WZh�dbT��C^�T¡mbdvfihZ[]o(TCp;h_^(ubh_^CÇO[r«

A
T+ub`

τ
TCW_^aWZ^�hZmK^(o�YX[r�C^(p�f�YZdb^

TCstmbpr[rYXkn`b^}VC«�YZdb^3hXTCstmbpr^(`�hZ[r�\uxTCpe¥¬mbW_V\mFVCW_YX[rV\uxTCp9YXV¡YZdb^�^(ub^�WZ�Cfnª�TCun`�[�YXh�mbdbTChZ^�WZ^�pqT+YZ[r�C^(prf¤YZV
YZdb^�WZ^�«¦^�WZ^�ubo(^�«¦kbubo�YX[]VCu��nYXdn^(u

Si ≈ Ag(ti − τ)

u ≈ A

v ≈ Aτ

g4,/DXP�]JP ?�P YR]wYRD ?^m , ?�P��<, TK,[Dj,[T6,[]#Vk,

��dn^!hXTCstmbp]^�haTCW_^&²�WZ[�YZYZ^(u
Si = S(ti)

§$·^!unVCYX^
ta
YXdb^&mbkbp]h_^!TCW_WZ[r�+TCp�YZ[]st^C�;`n^ ¸ ub^�`¯db^(W_^

Uvf´YZdb^a[rubh_YXTCuvY�²�db^(u�YZdb^3hZ[r�\uxTCpKWZ^(TCo db^(h���È'&#VC«�[�YXh�s�TI�£[]s&kbs
S(ta) = 0.1Smax

§e��db^3mbknp]hZ^
[rh�`b^(h_o(WZ[rUF^�`±Uvf2T!«¦kbubo�YX[rV\u2VC«%YZdb^3�+TCWZ[]TCUbp]^

t′
�b²�dbV\h_^�V\WZ[r�\[]u�[rh�`b^ ¸ un^(`Ph_[]st[]p]TCWZp�f�Ç

g(t′ = 0) = 0.1
^�Y

max(g) = 1

��db^�h_[]�\uxT+p�[]h�YZdiknhR²�W_[rYZYZ^(u�Ç
S(t) = Ag(t − ta) + n(t),

¥Á~?L\ª
²�db^�WZ^�u�[]h�TCu±TC`b`b[�YX[rV\uxTCpKubV\[rhZ^C§
��dn^�hZTCs�mnp][]un�¡[]h�ubV+Y�h_fiubo dbW_V\ub[ U�^(`P²�[�YXd�YXdn^�UK^(�C[]ubub[rub�!VC«"YXdb^�mbknp]hZ^+Ç

Si = Ag(ti − ta) + n(ti) ; ta 6= ti
��dn^)V\m£YX[]s�TCp ¸ prYX^�W�[]h"T�p][]un^�TCW�h_kbmK^(WZmKV\h_[rYX[rV\u�VC«£YZdb^Ou�mbW_^��i[]VCkbh%hZTCstmbp]^�h�«¦W_V\s

Sc

YXV
Sc+n−1

§
A^3²�WZ[rYZ^

s1 = Sd ; si = Sc+i−1��dgkbh
si = Ag(tc+i−1 − ta) + ni

¥�WvÈvª
YZdb^2ubV\[]h_^2[]h¤o(V\unhZ[]`n^(WZ^�` h�Y T+YZ[]V\uxT+W_f\�@²�db[ro d¶st^�TCunh¤YZdxT+Yt[rY¤`nV£^�h�ubV+Y�`n^(mK^(ub`¶V\u»YZdb^�YX[rs�^
V\W_[]�\[ru�§"��Y�^�T+o d�o(p]Vio ¼!h_YZ^(m��£YXdb^�hZdb[�«=YMVC«;YXdb^ahZTCstmbp]^�h)[ru�YXdn^}mb[rmF^�p][]un^(`ts�^�s�V\W_[]^�hO[rh)«¦V\W_s´T+p]prf
^�jikn[r�+TCp]^�uvY�YXV!YXdb^�[rubo(W_^(st^(uvY T+YZ[]V\u�V+«%YZdb^�[]ub`b^��

c
§

�R«=YX^�W�YZdb^tTCWZW_[r�+TCpVC«�T�mnkbp]h_^C�%YZdb^(W_^�[rh�T±h�YX^(mÅ«¦V\W3²�db[]o d¯YXdn^�mbdbTChZ^
t′ = tc − ta = −τ

[rh
st[]ub[rs¡kbs [ru�TCUbh_V\p]knYZ^´�+TCp]kn^C��²�db[ro d�s�^(TCubh&YZdxT+Y¡YZdb^�hXTCstmbpr^

s1

[]h¡o�p]V\h_^´YXV¹YZdb^ W_^�«¦^(W_^(ubo�^
mKV\[]uvY(Ç

s1 = Ag(−τ) + n1��Y�YZdb[]h�h_YZ^(m��bYZdb^�mxTCWZTCs�^�YX^�W

χ2 =

n
∑

i=1

(si − ugi)
2

[rhMst[]ub[rs¡kbs�§"��h
td+1 = td + ∆t

�n²�db^�WZ^
∆t = 1/Fe

[]h)YZdb^ahZTCs�mnp][]un�&mK^(WZ[rV£`;�£[�Y�[]h)o(pr^�TCWOYXdxT+Y
«¦V\W�YXdb[rh3h_YX^�m�� −∆t/2 < τ < ∆t/2

§!y³ub`b^(^�`��%TCuvf®[]uvYX^�W_�+TCp
[ta − ∆t/2, ta + ∆t/2]

o�V\uvY TC[rubh
V\un^3hXTCstmbp]^+§

� +



VJYR] �G?^T �/V4?�P YR]wYRD{?^m6, Z c T c ��,%?^,[T6�

A^�o(V\unhZ[]`n^(W�YXdb[rh�o(V\u ¸ �\kbWZT+YX[rV\u2VC«�st[]un[]s¡kbs#mbdbTChZ^3YXVto(VCubh_YZWZkbo�Y
u
TCub`

v
§

��dn^�`b^�o(V\stmKV\hZ[�YX[]VCu VC«"YXdb^�hZ[r�\uxTCpÁÇ

s1 = Ag(−τ) + n0 ; si = Ag
(

(i − 1).∆t − τ
)

+ ni

[rh�²�WZ[rY_YX^�u�h_[]stmbprfKÇ
si = Ag(t′i − τ) + ni

¥�Wb�7ª
A^3²�WZ[�YX^aYXdn^ ¸ WZh_YRV\W_`b^(W�pr[]st[rYX^�`´`b^��\^�p]V\mbst^(uvY�VC«

g(t)
TCW_V\kbub`2^�T+o d

t′i
Ç

si = Ag(t′i) − Aτg′(t′i) + ni

V\W�h_[]stmbprf
si = Agi − Aτg′

i + ni

¥�Wg|\ª

A
TCun`

τ
T+WZ^�^(h�YX[]s�T+YZ^(`�«¦WZV\sµp][rub^�TCWMo(V\s¡Un[]uxT+YZ[]V\unh�VC«

si

Ç

u =
n

∑

i=1

aisi ; 〈u〉 = A
¥%Wv~\ª

v =

n
∑

i=1

bisi ; 〈v〉 = Aτ
¥%W?Wvª

��db^�hZ^�WZ^�pqT+YZ[]V\ubhM[]stmFV\h_^ao(VCubh_YZWXTC[rugYZh�V\u�YZdb^�o(Vi^��to([r^(uvYXh�Ç

u =

n
∑

i=1

ai(Agi − Aτg′

i + ni) = A +
∑

i

aini

[rs�mbpr[]^�h
n

∑

i=1

aigi = 1
¥%W(�\ª

n
∑

i=1

aig
′

i = 0
¥%Wv�vª

�i[]st[]pqT+WZprfC�v«¦V\W�YXdb^�VCYZdb^(W�h_^�Y�VC«%o(Vi^��to([r^(uvYXh�Ç
n

∑

i=1

bigi = 0
¥%Wg�\ª

n
∑

i=1

big
′

i = −1
¥%W#J\ª

��Y�YZdb[]h�mKV\[]uvY���²)^tdxT��\^tUbkb[]p�Y�^(h�YX[]s�T+YZV\WZh}«¦VCW
A
TCun`

τ
§ty³ub`b^(^�`���[�«)²)^to(V\ubh_[]`b^�W�T2�CWZ^�TIY

ugkbs¡UK^(W@VC«;s�^(TChZknWZ^(st^(uvYZhO«¦V\We²�db[ro d
A
TCub`

τ
TCWZ^�W_^(mbW_V£`bkno(^(`´TCub`�V\ubprf&YXdb^�ubV\[rhZ^

ni
`b[r¢F^(W_h(�

YZdb^�s�^(TCu2k�[rh(Ç
〈u〉 = 〈A +

∑

aini〉 = A +
∑

ai〈ni〉 = A
YZdb^�s�^(TCu2ubV\[]h_^3[]heU�^(WZVn�xmF^�WR`n^ ¸ ub[�YX[rV\u�§@�£[rs�[rpqTCW_prfC� 〈v〉 = Aτ

§

� �



VJYR,[DjDXP V@P�,[] ?t�sYRZ�?�P �IP�� c ?�P�YR] DOYRT c � Z[,4V@P�DkP�VB]#Y[P7� ,

��dn^ o dbV\[ro(^´V+«�YXdb^�o(Vi^��to([r^(uvYXh¡o(TCu UK^´V\m£YX[]st[ U�^(`�§2y³ub`n^(^(`;�YXdb^�u o(Vi^��to([r^(uvYXh¡TCWZ^�o(V\u£�
h�YXWXT+[]ub^�`¹UvfPV\unprfP|�^(jgkxTIYX[]VCubh(§�A^¡kbh_^&YXdn^¡`b^(�CWZ^(^&VC«e«¦WZ^�^(`bV\s YXV´s�[rub[]st[ U�^aYXdb^¡h�Y T+YZ[]h�YX[]o(TCp
^�WZWZVCW�[]ub`bkno(^(`�Uvf2ubV\[rhZ^CÇ

var(u) = var
(

A +
∑

aini

)

= var
(

∑

aini

)

=

〈

(

∑

aini

)2
〉

−
〈

∑

aini

〉2

=

〈

(

∑

aini

)2
〉

(

〈ni〉 = 0
)

=
〈

∑

ninjaiaj

〉

=
∑

i,j

〈ninj〉aiaj

=
∑

i,j

Rijaiaj

Rij = 〈ninj〉 = ρ(ti − tj)
o dxTCWXT+o�YX^�WZ[ U(^(h�YXdb^´ubV\[]h_^´T+knYXVio(V\W_WZ^�pqT+YZ[]V\u�§���dn^´�+TCp]kb^�h�`n^ ¸ ub^ T

h�f£stst^�YXW_[]oas�T+YZWZ[��F§
��dn^!s�[rub[]st[ U(T+YX[rV\u�VC«eYXdn^(hZ^¡�+TCW_[qTCuno(^(h�s¡kbh�Y3UF^&WZ^�T+p][ U�^(`P²�dn[]p]^�«¦kbp ¸ p]pr[]ub�¤YXdb^&o(V\ubh�YXWZTC[]uvYXh

¥�W(�\ªYXV�¥%W?Jvª�§ A^}YZdiknh�[]uvYXW_V£`nkbo(^}YZ^(W_s�h)mFV\un`b^(W_^(`�Uvf�S�TC�\WZTCub�\^Rs¡kbp�YX[rmbp][r^(WZh@[ru´YXdb^R«¦kbubo�YX[]VCu
YZVtst[]un[]st[ U(^

Iu = var(u) − λa

(

∑

aigi − 1
)

− µa

∑

aig
′

i

¥�W#Lvª
��Y�YZdb^�s�[rub[]s¡kns V+«%YZdb[]h�«¦kbuno�YX[rV\u

Iu

�x^(TCo d±mbTCW_YZ[qTCp�`n^(WZ[��+T+YX[��\^3[]h�^�jgkxTCp�YXV U�^(WZVnÇ






2
∑

i Rikai − λagk − µag
′

k = 0 k = 1, 2..n
∑

i aigi = 1
∑

i aig
′

i = 0V\W��b[]u�YZ^(WZsth�VC«%s´TIYXWZ[ro(^�h(Ç
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