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palavras-chave

resumo

codificacdo, redes, codigos convolucionais, distancia de caracteristica,
concatenagao.

Nesta tese, pretendemos mostrar uma visdo geral da area de cédigos multi-
shot na codificacdo em redes. Para o efeito, iremos rever as abordagens e
resultados propostos até agora e apresentar definicbes um pouco mais gerais
de cdédigos a blocos e codigos convolucionais que permitem uma ampliagdo
das definicdes de cddigos de métrica rank que j& existem na literatura.
Também apresentamos, dentro desta nova estrutura, a no¢éo de distancia de
coluna de um caodigo convolucional de métrica rank. Investigamos as suas
propriedades e derivamos um limite superior para o valor da mesma, que nos
permite estender as nocdes de MDP e Strongly MDS para os codigos de
métrica rank.

Iremos também focar-nos no desenvolvimento de codificadores de canal como
mecanismo que permite uma melhor recuperacéo dos dados perdidos durante
0 processo de transmissdo. Também nos concentramos na construgdo de
novas classes de cddigos convolucionais MRD. Em particular, pretendemos
estender as construcdes apresentadas por Napp, Pinto, Rosenthal e Vettori,
com o intuito de incrementar o grau do cddigo e, consequentemente, melhorar
a sua capacidade corretora.

Como alternativa aos cédigos convolucionais de métrica rank, apresentamos
um novo esquema usando concatenag¢do de um cédigo convolucional de
métrica Hamming (como codigo externo) e um cédigo a bloco de métrica rank
(como um cadigo interno). O cédigo concatenado proposto é definido sobre o
corpo finito base, com o intuito de reduzir a complexidade do processo de
codificacé@o e decodificacéo e, além disso, usa a definicdo mais geral de c6digo
de métrica rank, tornando o processo mais natural.
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In this thesis, we aim to provide a general overview of the area of multi-shot
codes for network coding. We will review the approaches and results proposed
so far and present slightly more general definitions of rank metric block and
convolutional codes that allows a wider set of rates than the definitions of rank
metric codes that exist in the literature. We also present, within this new
framework, the notion of column rank distance of a rank metric convolutional
code. We investigate it properties and derive an upper-bound that allows us to
extend the notions of Maximum Distance Profile and Strongly-Maximum
Distance Separable convolutional codes to some rank metric codes analogues.

We focused on the development of channel encoders as a mechanism that
allows the recovery of the data lost during the transmission. We also
concentrate on the construction of novel classes of MRD convolutional codes.
In particular we aim at extending the constructions presented by Napp, Pinto,
Rosenthal and Vettori, in order to increase the degree of the code and
consequently it error correction capability.

As alternative to rank metric convolutional codes, we present a novel scheme
by concatenation of a Hamming metric convolutional code (as outer code) and
a rank metric block code (as a inner code). The proposed concatenated code
is defined over the base finite field instead of over several extension finite fields
and pretend to reduce the complexity of encoding and decoding process and
moreover use the more general definition of rank metric code in order to be
more natural.
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Notation

the code

finite field

polynomials with coefficients in I,

extension field

polynomials with coefficients in Fym

internal degree of A(D)

external degree of A(D)

message

codeword

codeword in matrix form

encoder of a block code/convolutional code

parity-check matrix of a block code/convolutional code
truncated sliding generator matrices

truncated sliging parity check matrices

parameters of a convolutional code

parameters of a rank metric block code over extention fields
parameters of a rank metric block code over the base field
parameters of a rank metric convolutional code
parameters of the outer convolutional code

parameters of the inner rank metric block code

Hamming weight of v

Hamming distance between a and b

Hamming distance of a block code

the free Hamming distance of a convolutional code

the j-th column distance of a convolutional code

rank of the matrix A

rank distance between A and B

the rank distance of a rank metric block code

rank weight of a polynomial matrix A(D)

sum rank distance between A(D) and B(D)

the sum rank distance of a rank metric convolutional code
the j-th column sum rank distance of a rank metric convolutional code
Gabidulin codes encoder

deficiency channel matrix






Chapter 1
Introduction

In this chapter we present the general ideas of this thesis. We describe the context in
which these ideas have been developed and motivate the main research goals pursued
in this work. We first start introducing the area of coding theory as it has been
studied in the last decades. We then present a more modern subarea called network
coding that is devoted to investigate coding theory when the information is being sent
through a network. Within this context we describe the main research goal proposed
in this thesis, namely, the study of an algebraic framework for the use of convolutional
codes for network coding. We conclude this introductory chapter by providing a brief

description of each chapter and therefore outlining the structure of the thesis.

1.1 Classical Coding Theory

The information suffer specific transformations during its transmission process from
a source to the receiver. This process is represented in the Figure 1.1. When an
information source sends a message, a process, which we called source encoder, divides
the message into blocks. Each of these blocks is transformed into its digital form , i.e.,
into a set of symbols that we often call alphabet, forming an algebraic structure, which
usually corresponds to a field or a ring. By means of this process, the initial message
becomes a source message. After that, a certain amount of redundancy is added by
the channel encoder to each block in order to create a longer block that we will call

codeword . The set of all possible codewords will form the code.

A codeword is then transmitted over a transmission channel, or simply stored in
memory. During the transmission process or during the storage errors can occur. To
recover the original message, a channel decoder is activated. This decoder will use
the redundancy added to detect and correct the errors, wherever it is possible, and

retrieve the most likely codeword. Finalizing the process, a source decoder determines
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and reconstruct the source message and deliver it to the destination.

Information

Source

=Message

Source
Encoder

*Source

message
8 Channel

Encoder

Transmission
Channel
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Channel
Decoder

Source

Decoder

sNessage

reconstruction

Figure 1.1: Transmission process

In this thesis we focused on the development of channel encoders as a mechanism

that allows the recovery of the data against errors that occur during the transmission

and assume that the information is already given in terms of elements of a finite

field. The aim of coding theory is to develop the methods to detect and correct these

errors. For instance, CD players, computer hard drives or video streaming applications

would not be possible without the development of coding theory. Error correction

codes are used in everyday practical applications and have been the foundation of the

revolutionary growth in digital communications and storage.

When we refer to coding theory, we refer to the study of the codes properties and

their specific applications. Coding theory is the mathematical theory for algebraic and



1.1. Classical Coding Theory )

combinatorial codes that has emerged out of the need for better communication. Its
rich inter-dependency with other areas of mathematics and its applications to a number
of areas such as cryptography, electrical engineering, and theoretical computer science
have brought forward coding theory as a highly important area of applicable discrete

mathematics.

The study of error correcting codes started in the late 40’s by the hand of Shannon
and Hamming, and since then it became a very active area of research. Shannon,
Hamming and Golay were the pioneers in the area and developed the first studies
and ideas that are still used nowadays. Hamming’s codes [13] were the first codes,
but many other authors developed variations. The first followers of Hamming were
Hocquenghem [14], in 1959, and Bose and Ray-Chaudhari [5], in 1960. They introduced
the BCH codes, a generalization of the Hamming codes for multiple-error correction
over the binary field. Also in 1960, Reed and Solomon [33] built a class of codes
for nonbinary channels, named Reed-Solomon codes. Over the years new codes have
been discovered and a well-developed algebraic theory of linear block codes has been
developed [6, 15, 24, 35].

The encoding process depends heavily on the type of channel in which the inform-
ation is being sent. The most studied channel is the g-ary symmetric channel. In this
channel, the sender typically sends a vector of bits (zeros and ones) to the receiver. The
channel is noisy, i.e., each symbol can be exchanged by other symbol in the alphabet
with a probability of p or otherwise is received correctly. This type of channel appear
frequently in communication channels such as telephone lines or disk drive storage. In
this scenario we have one-sender and one-receiver. However, modern communications
often requires the transmission of data from multiple sources to multiple receivers or

computers.

There exists two types of error-correcting codes: block codes and convolutional
codes. Block codes provide the framework to encode and decode vectors of informa-
tion of fixed size. Convolutional codes were introduced around the mid-20th century
as an alternative to block codes [8]. The main difference between block codes and
convolutional codes is the way they encode the data. While block codes encode a
fixed number of bits, convolutional encoders of convolutional codes take the string of
information bits globally and process a continuous sequence of data. The data that is
being encoded at a certain time depends on previous information, i.e., the encoder has

memory. In other words, block codes are convolutional codes without memory.

In contrast to block codes which are limited to the transmission of codewords in

blocks, convolutional codes can naturally deal with streams of information. When the
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sender needs to encode a sequence of data, convolutional codes have the advantage
that they tend to be much easier to implement than comparable block codes [17]. For

this reason they have many practical and interesting applications [17].

1.2 Modern Coding Theory

Contemporary communication and computation environments are network communic-
ation channels, i.e., the transmission is sent through a network where there may be
many information sources and possibly many receivers. The internet, wireless network
communication, and cloud computing are examples of these new communication scen-
arios where a transmitter sends packets to several users through a series of intermediate

nodes.

These relatively new channels are based on certain mathematical models that pose
interesting challenges for researchers. Network communication models can be rep-
resented using a directed graph carrying an information flow with possibly several
information sources and sinks. The seminal paper [22] provided the mathematical
foundations for this communication scenario: an algebraic theory of network coding.
Network coding has since then became a very active are for research among researchers

in mathematics, coding theory, and cryptography.

Traditional approaches to the operation of packet networks treat the data in a very
simplistic way by just routing the information along network pathways. The channel
that can better illustrate this situation is the Internet. On the Internet, the inform-
ation is transmitted in the form of packets through a series of nodes or routers that
just forward the received packets. The packets have headers and number sequences
describing their position within a given stream. Moreover the integrity of the packets
is controlled via cyclic redundancy check (CRC) codes. So, the receiver knows exactly
when there are the missing or corrupted packets. In order to warrant reliable trans-
mission of data the TCP/IP protocol asks for the retransmission of lost or corrupted
packets. This ensures the reception of the correct information by the receiver, however
it enlarges the transmission time and has unsatisfactory performance when data need
to be transmitted from one server to multiple receivers or in real-time applications such

like video-calling.

Network coding challenges this conventional approach and is based on a simple, yet
far-reaching, idea: rather than simply routing packets, intermediate nodes are permit-
ted to combine packets in order to add redundancy that allows the error correction of

the transmitted packets. The award-winning paper [1] presented the butterfly network
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example that illustrates how linear network coding can outperform routing and we

explain next.

A B

A A

Figure 1.2: The butterfly example

Two source nodes, the senders, see Figure 1.2, have information A and B that must
be transmitted to two receivers, i.e., each receiver node must receive both A and B.
Each edge can carry only a single value. If only routing were allowed, then the central
link would be only able to carry A or B, but not both. Suppose we send A through
the center; then the left destination would receive A twice and not know B at all. No
routing scheme can transmit both A and B simultaneously to both destinations and
therefore it takes four time instances to transmit A and B to the receivers. However,
we can reduce this time if we can use a simple code: We just need to encode A and B
summing them up and send " A+B”. That is, A and B can be sent to both destinations
simultaneously by transmitting the sum of the symbols through the two relay nodes.
The left destination receives A and A + B, and can calculate B by subtracting the two

values. Similarly, the right destination will receive B and A + B, and will also be able
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to determine both A and B. Therefore, with network coding, it takes only three time

slots and improves the throughput.

The communication between transmitter and receiver occurs in a series of rounds or
"shots” during each generation where the transmitter injects a number of fixed-length
packets into the network, each of which may be regarded as a row vector over a finite
field F,. These packets propagate through the network, possibly passing through a
number of intermediate nodes between transmitter and receiver. Whenever an inter-
mediate node has an opportunity to send a packet, it creates an [ -linear combination
of the packets it has available and transmits this random linear combination. Finally,
the receiver collects such randomly generated packets and tries to infer the set of pack-

ets injected into the network.

Let us denote by {p1,p2,...,px} C IE'(JJVI the packets or vectors that are injected
into the network. If there are not errors during the transmission process, then the
receivers will obtain linear combinations of the p;, i.e., y; = Zfi 1 ajip; where a;,; € Fy
are coefficients generated by the nodes of the network. If we choose to consider the
injection of erroneous packets, denoted by ¢; € IF(]]” ,t=1,...T, this model is enlarged

to include error packets as

K T
Yi = E ajipi + E SjtCt
i=1 =1

with s,, € F,. In a matrix form, the transmission model may be written as
Y =PA+ES

where Y = (y1,...,ym), P = [pr---px] € F) K, E = [e1,...,er] , A € FIV and
S e FqTXN . Note that if no errors occur during the transmission, then the receiver gets a
linear combination of the packets (columns of P), i.e., the F-linear subspace generated
by the columns of P remains invariant over a noiseless transmission. Hence, in this
communication model, a projective geometry, i.e., the set of all subspaces of a finite
vector space, serves as communication alphabet. If these subspaces are represented
with matrices (which rows or columns represent a basis of such subspace), then the
code is equipped with the rank metric in order to correct the errors. This gives rise
to the so-called rank metric codes that will be formally defined in Chapter 2. More

details on network coding can be found in [12].
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1.3 Novel contributions of the Thesis

Most of the existing literature in the area of network coding is concerned with the
situation in which the network is used only once to propagate the information, i.e., a
fixed number of packets are encoded and sent via the network at one time instant. We
call the codes used in such a scenario one-shot network codes. To achieve a reliable
communication over network channels, matrix codes can be employed by the hand of
the so-called rank metric codes. Rank metric codes such as Gabidulin codes are known

to be able to protect packets in such a scenario.

The rank metric codes were introduced by Delsarte in [7] and were further developed
by Gabidulin, in 1985 [9], by Ruth, in 1991, and generated a vivid interest among
researchers (see for instance [4, 22, 28]) and became very popular in the last decade,

due mainly to their application to random network coding [22].

However, if one needs to transmit a lot of information and requires to use the net-
work several instants, then one can improve the error-correction capability of the code
by creating correlation among the transmitted data in the different shots. These codes
are referred as multi-shot network codes. This new class of codes has recently attrac-
ted much attention due to possible application in the fast-growing areas of distributed
storage and streaming communications [3, 4, 25, 31] (video traffic has had an explos-
ive growth and already accounts for over 50% of the traffic on networks). As coding
techniques for streaming are fundamentally different from the classical ones fascinating
new open problems have appeared in the design of multi-shot network codes. In this

thesis we propose the use of convolutional codes for this scenario.

The work in [34] was pioneer in this direction by presenting the first class of con-
volutional codes for multi-shot network coding. However, the results were only valid
for unit memory codes and in [4] a new class of convolutional codes was introduced
but only for delay-free networks and restricted parameters, see also [3, 25]. In [28], a
general framework was proposed without restrictions on the parameters and in [2, 30]
a new metric was introduced to cope with delay networks. Also, In [29] some new ideas
regarding more efficient Viterbi decoding algorithms were proposed using the idea that
one can reduce the number of branch metrics to be calculated in the trellis. All these
ideas surely contribute to the maturity of the area of rank metric convolutional codes,
which is in its infancy. However, although some preliminary ideas have been developed
there is no general theory till date for this area. The main goal of this thesis is the de-
velopment of a new mathematical theory which will lead to improved design techniques

and more efficient convolutional codes in network environments.
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1.4 Structure of the Thesis

This thesis is divided into 5 chapters. Then we give a brief outline of the contents of

each chapter.

Chapter 2 - Hamming and rank block codes and convolutional codes

This chapter presents some preliminaries about both block and convolutional codes
and their Hamming distance properties. Most of the definitions and results were from
[9, 17, 19, 36]. Further, we explain that when these codes are used over channels, that
can be represented by networks, we need to introduce a different metric, called rank
metric. We presented novel definitions and properties of rank metric codes. Some of
these results have been already published in [28, 30] and presented in Fifth International
Castle Meeting on Coding Theory and Applications (5ICMCTA), Estonia, in 2017 [27].

In particular, we introduce slightly more general definitions of rank metric block
and convolutional codes that allows a wider set of rates than the definitions of rank
metric codes that exist in the literature. We also present, within this new framework,
the notion of column rank distance of a rank metric convolutional code. We investigate
their properties and derive new upper-bounds that allows us to extend the notions of
Maximum Distance Profile and Strongly-Maximum Distance Separable convolutional

codes to some rank metric codes analogues.

Chapter 3 - Constructions of MRD convolutional codes

In this chapter we concentrate on the construction of novel classes of MRD convo-
lutional codes. In particular we aim at extending the constructions presented by Napp,
Pinto, Rosenthal and Vettori [28] where the degree of the MRD convolutional codes

were restricted to one.

These constructions have been briefly presented by the author of this thesis in three
local conferences, namely: in the Systems and Control Group Workshop in Aveiro (Por-
tugal) in 2019, on the Annual meeting of the Center for Research and Development in
Mathematics and Applications (CIDMA) in Aveiro (Portugal) in 2020 and on Research
summit UA in Aveiro (Portugal) in 2021.

Chapter 4 - Concatenated code

In this chapter we address the problem of building multi-shot codes. We present
a concatenation of a convolutional code and a rank metric block code as a alternative

approach of rank metric convolutional codes. We present a novel scheme by concat-

enation of a Hamming metric convolutional code (as outer code) and a rank metric

block code (as a inner code). As opposed to the scheme presented in [32] the proposed
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concatenated code is defined over the base finite field instead of over several extension
finite fields. This will reduce the complexity of encoding and decoding process and

moreover use the more general definition of rank metric code as presented in Chapter
2.

Chapter 5 - Conclusions

In the last chapter we summarize the main results obtained in our work and discuss

some interesting avenues for future investigations.






Chapter 2

Hamming and rank metric block

and convolutional codes

In this chapter we introduce both block and convolutional codes and present their
basic properties. These codes could be equipped with different metrics depending on
the channel in which the information is being sent. In this chapter we study their

Hamming and rank distance properties.

The distance of a code measures its capability of error detection and error correc-
tion. In the context of the Hamming metric, the free distance is defined for block
and convolutional codes. As opposite to block codes, several types of distances can be
defined for convolutional codes. The column distance is another important notion of
distance of a convolutional code that will be considered. These distances have been
thoroughly investigated and their properties have been fully understood. This is not
the case within the context of the rank metric. In this chapter we introduce the novel
notion of column rank distance and study its properties. We show that it is also pos-
sible to derive upper bounds on the column rank distances in a similar way as it is

done for the Hamming distance case.

2.1 Hamming metric codes

When we want to transmit digital data over a noisy channel, errors may occur and
therefore we need to develop a mechanism allowing recovery against these errors. Nor-
mally, the data that we want to transmit is represented by a vector of bits or elements
in a finite field. This vector is encoded into a codeword, by adding redundancy. After
transmission of this codeword through a channel, the receiver attempts to reconstruct
the original sent codeword. It starts by examining the received word (a possibly cor-

rupted version of this codeword), and then makes a decision by selecting, in the set of

13
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all possible codewords, the codeword which is more similar to the received word. This

process is called the decoding.

The set of all possible codewords is called the code. When the encoding map is
linear, the obtained code is also said to be linear. In the case that the code is formed by
fixed vectors we are in the context of block codes, whereas when the set of information

data is formed by sequences of vectors we are in the context of convolutional codes.

Let IF, be the finite field constituted by ¢ elements. Next, we formally introduce
both block codes and convolutional codes. More details and properties of block codes
can be found in [16, 24] and of convolutional codes in [16, 17, 26].

2.1.1 Block codes

A linear block code of rate k/n is an F -subspace of I of dimension k. A full row rank
matrix G € Fi*" such that:

C:IquG:{uG:ueFfj}

is called an encoder of C. Two encoders of C differ by left multiplication by an invertible

matrix and are called equivalent encoders. The elements of C are called codewords.

Linear block codes can also be described by means of themparity-check matrices.
A parity-check matrix of a linear block code C is an (n — k) x k full row rank matrix
such that
C = kerp H = {UEIFZ:HUT:O}.

Parity-check matrices can be used in order to decide whether a specific vector is a
codeword of C, as a particular vector v is a codeword of C if and only if Hv? = 0. For

this reason they are commonly used in decoding algorithms.

If a codeword is sent over a noisy channel then some components of the codeword
may arrive corrupted. In order to allow a block code to correct such errors we need to
define a distance for C. The Hamming distance is a metric for comparing two vectors of
data a and b that measures the number of coordinates in which the two vectors differ,
denoted by dy(a,b). Hence,

dy(a,b) = wt(a —b),

where wt(a — b) is the Hamming weight of the vector a — b, i.e., the number of nonzero

components of a — b.
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The free Hamming distance of a block code C is given by

dy(C) = veInC,ivI;lrSOWt (v).

When the linear block code is equipped with the Hamming distance we shall refer
to it as simply Hamming metric codes. Moreover, if no confusion arises we refer to
the free Hamming distance of C simply as the Hamming distance of C. The Hamming
distance is keyed to the error-correcting capability of the code. In fact, after channel
transmission, a code can detect s errors in a received word w if the Hamming distance
of C is greater or equal than s+ 1, since this means that w cannot be a sent codeword.
Moreover, the code can always correct s errors if the Hamming distance is greater or
equal than 2s+ 1, because this means that there is a unique codeword that differ from

w in s positions. This is stated in the following theorem.

Theorem 2.1. [24, Theorem 2] Let C be a code with Hamming distance d. Then,
1. C can always detect d — 1 errors;
2. C can always correct |51 errors;

3. C can always correct d — 1 erasures, where erasures are errors whose location is

known.

Note that in an erasure we assume to know the location of the error but not its

exactly value.

In this way, the larger the distance the more errors and erasures the code can
correct. Hence, the main problem in coding theory is to build codes having the largest
possible distance for a given rate k/n together with the creation of an efficient decoding

algorithm.

The Hamming distance of a block code of rate k/n is upper bounded by

This bound is called the Singleton bound . A block code of rate k/n whose Hamming

distance attains the Singleton bound is called mazimum distance separable (MDS) code.
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2.1.2 Convolutional codes

In this section we consider a different class of linear Hamming codes, the convolutional
codes. These codes are constituted by polynomial vectors. Let F,[D] be the ring of
polynomials with coefficients in a finite field F,. We start this section by recalling
some notions and results on matrices over F,[D] that will be useful in the definition of

convolutional codes.

Definition 2.2. A matriz U(D) € F,[D}*** is said to be unimodular if it has a
polynomial inverse, i.e., if there exists V(D) € F,[D]*** such that U(D)V (D) =
V(D)U(D) = I.

A matrix U(D) € F,[D]*** is unimodular if and only if its determinant belongs to

Definition 2.3. Let A(D) € F [D]**™ be a full row rank matriz. A(D) is said to be
left prime if
X(D) € F,[D]*** and A(D) € F,[D]**", then X (D) is unimodular.

Next theorem gives some characterizations of left prime matrices.

Theorem 2.4. [20] Let A(D) € F,[D]**". The following statements are equivalent:
1. A(D) is left prime;
2. A(D) admits a polynomial right inverse;

3. the greatest common divisor of the k x k minors of A(D) is 1.
The following result follows immediately from the above theorem.

Corollary 2.5. Let A(D) € F,[D]**" be a left prime matriz and U (D) € F,[D]*** be
a unimodular matriz. Then U(D)A(D) is left prime.

Polynomial matrices that differ by left multiplication by unimodular matrices are
said to be (left) equivalent. Among equivalent polynomial matrices we will consider the
ones that have least sum of the its row degrees. The degree of a row of a polynomial

matrix is defined as the maximum degree of the entries of the row.

Definition 2.6. Let A(D) € F,[D]*".



2.1. Hamming metric codes 17

1. The internal degree of A(D) is the mazimum degree of all k x k minors of A(D)
and it is represented by intdeg (A(D));

2. The external degree of A(D) is the sum of the row degrees of A(D), and it is
represented by extdeg (A(D)).

It is clear that the internal degree of a polynomial matrix is smaller or equal than

its external degree.

Definition 2.7. Let A(D) € F [D]**™ be a full row rank matriz. A(D) is said to be
row reduced if intdeg (A(D)) =extdeg (A(D)).

The following theorem gives an efficient way to check if a matrix is row reduced.

Theorem 2.8. [20] Let A(D) € Fy[D]**" be a full row rank matriz and [A]" e Fr*"
be the matrix with the i-th row constituted by the coefficients of D", where v; is the
row degree of the i-th row of A(D). Then A(D) is row reduced if and only if [A]" is

full row rank.

Example 2.9. The matrix

1+4D+D? 1+D 1+ D?

AD) =
D 1+D 1

c ]FQ[D]QXB

has row degrees 2 and 1 and it is row reduced because

=10

is full row rank. In fact, extdeg A(D)) =2+ 1 =3 and intdeg A(D)) = 3 since the full

size minors of A(D) are

1+D+D? 1+D
det | - TP + =1+D+ D*+ D3,
D 1+D
1+D+D?* 1+ D?
det | -0 * =14+D?>+D?
D 1
1+D 1+ D? f
det | - T * = D? + D5
1+D 1
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Next theorems present some results about row reduced matrices.

Theorem 2.10. [20] Let A(D) € F,[D]**" be a full row rank matriz. Then there exists
a unimodular matriz U(D) € F,[D]** such that U(D)A(D) is row reduced.

Theorem 2.11. [20] Let A(D), B(D) € F,[D]*™ be two row reduced matrices such
that
A(D) = U(D)B(D),

for some unimodular matriz U(D) € F,[D]***. Then A(D) and B(D) have the same

row degrees, up to a permutation.

Next we define and give some results on convolutional codes. There are several
possible definitions of convolutional codes, however, in this work, we consider the one
provided in [19].

Definition 2.12. A convolutional code C of rate k/n is an F,[D]-submodule of F,[D]"
with rank k. If G(D) € F,[D]**" is a full row rank matriz such that

C = Imp,p)G(D) = {u(D)G(D) : u(D) € F,[D]*},
then G(D) is called an encoder of C.

Any other encoder G(D) of C differ from G(D) by left multiplication by a unimod-
ular matrix, i.e., G(D) = U(D)G(D), for some unimodular matrix U(D) € F,[D]***.
Therefore, if C admits a left prime convolutional encoder then all its encoders are left

prime (see Corollary 2.5). Such a code is called observable .

A convolutional code always admits a minimal encoder, an encoder in row reduced
form (see Theorem 2.10). The sum of the row degrees of a minimal encoder attains its
minimum among all the encoders of C. Such sum is usually denoted by 0 and called
the degree of C. A rate k/n convolutional code C of degree § is called an (n,k,J)

convolutional code [26].

As we mentioned above, the distance is the most important parameter to evaluate
the performance of a code and, for the case of convolutional codes the most important
distances are the free distance and the column distance [17]. Such distances are again
important measures of the capability of error detection and correction of the code: the
free distance allows the correction of errors when the complete sequence of information

is known and the column distance is used for correction per time intervals.
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The free Hamming distance, or simply the Hamming distance, of a convolutional

code C is given by

dfree(c) = v(D)E%I&D)#O wt (U(D))7

where wt (’U(D)) is the Hamming weight of a polynomial vector

v(D) =Y uD' €F,[D]",

defined as
wt (0(D)) = wt(v;).

1€EN

Rosenthal and Smarandache [18] showed that the free Hamming distance of an

(n, k, &) convolutional code is upper bounded by
5
dfree(C) < (n — k) QEJ + 1) +64+1.

This bound was called the generalized Singleton bound. An (n,k,d) convolutional
code whose free Hamming distance is equal to the generalized Singleton bound is called

mazimum distance separable (MDS) convolutional code [18].

Let us now introduce the notion of column distances of convolutional codes C. As
opposite to the block code case, not all convolutional codes admit a representation in
terms of the parity-check matrix. Next theorem characterizes the class of convolutional

codes that admit such representation.

Theorem 2.13. [19] Let C be a convolutional code of rate k/n. Then there exists a
full row rank matriz H(D) € F [D]"=8>" sych that:

C = ker H(D) = {w(D) € F,[D]" : w(D)"H(D) = 0},

if and only if C is observable.

A full row rank matrix H(D) € F,[D]®™®>*" guch that C = ker H(D) is called a
parity-check matriz of C. From the above theorem it follows that only the observable
codes admit parity-check matrices. We will see that these matrices have an important
role in the study of the column distances of a convolutional code. Thus, we will restrict

the study of column distances to observable convolutional codes.
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Let C be an observable convolutional code. The j-th column distanceof C, for j € Ny,
is given by
d;(C) = min{wt(v(D)ljo,) : v(D) € C, vy # 0},

J
where v(D) = ZviDi and v(D) ;= ZviDi.
ieN i=0
Let ,
G(D) =) G;D’ € Fy[DI*",G; e F¥" G, #0
=0

be an encoder of C and

w
H(D) =Y H;D’ € F,[D]" """ H, e F"" H, 0
=0

be a parity-check matrix of C. For every j € Ny, the truncated sliding generator

1 i+1)kx(j+1
matrices G € FUTDRX G

FY+D-Rx(+Dn

and the truncated sliding parity-check matrices HS €

are given by

Go Gi - G
G = Go G]fl
Go
and
Hy
He - ]‘-"1 ]1"0 |
Hj Hj—l ce HO

respectively. When j > v, we consider G; = 0 and when j > u, we define H; = 0.

Note that since any encoder G(D) = >-"_  G;D7 € Fy[D]**" of C is left prime, it
follows that there exists B(D) € F,[D]"* such that G(D)B(D) = I (see Theorem
2.4), and therefore G(0)B(0) = I, which means that Gy = G(0) is full row rank. Thus,
for every j € Ny, the j-th column distance of C is given by

d5(C) = min{wt([vovy -+ v;]) : [vovy -+ v;] = [uous - - - uj]GS, u; € FE, ug # 0}

= min{wt(v) : v = (vg,...,v;) € ]F((Ij“)”, v(H{)" =0,v9 # 0}
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It is clear that the column distances are invariants of the code, i.e., they do not
depend on the encoder that was selected. For the sake of simplicity we sometimes
write d instead of d(C). The following result provides an upper bound on the column
distances of an (n, k,d) convolutional code. Some other properties related to these

bounds are also presented.

Proposition 2.14. [19, Proposition 2.2] Let C be an (n,k,d) convolutional code. For
every j € Ny, we have
d;<(n—k)(j+1)+1

Corollary 2.15. [19, Corollary 2.5] Let C be an (n,k,d) convolutional code. If d§ =
(n—k)(G+1)+1 then di = (n — k)(i +1) + 1, for every i < j.

The following result shows the first possible time instant that an (n, k,d) convolu-

tional code can achieve the generalized Singleton bound for this class of codes.

Proposition 2.16. [19, Proposition 2.7] Let C be an MDS (n, k,d) convolutional code
with column distances d; and free distance dfye.. Let M = min{j € N, d; = dfrec}-

Then,
) )
> | = .
v i)+ 7]

These results leads to the following definitions.

Definition 2.17. [19, Definition 2.8 and 2.9] Let C be an (n,k,d) convolutional code
and M = \_%J + (n%w Then, C is called strongly-MDS, if

k
- (2] 1) oo

and is said to have a maximum distance profile (MDP) if

di=n—-k)(G+1)+1, forj=1,...,L,

b= EJ%nZJ

L:{ Mo (k)6

where

that is

M —1 otherwise
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MDP convolutional codes are very appealing for error correction as fast growth
of column distances is an attractive property for codes to be used with sequential
decoding. The maximal possible growth in the column distances implies that they can
correct the maximal number of errors and erasures per time interval. Strongly MDS
means that they achieve the maximum error correction capability as fast as possible.

This property is particularly useful for low-delay streaming applications.

2.2 Rank metric codes

In the previous section we considered codes that were equipped with the Hamming
distance as this is the appropriate distance in the context of one-sender to one-receiver
communication channels. In such a channel the Hamming distance characterizes the

error correction capabilities of the code.

However, network coding theory is concerned with multicast communications where
the data transmission is addressed to a group of destination computers simultaneously
and therefore there can be multiple receivers and even multiple senders. In this context
codes are not equipped with the Hamming distance anymore but rather with a different

metric: the rank metric, see [22] for more details.

This is a comparably fresh area of coding theory that differs from the classical
one in that a network takes the role of the traditional single-link communication. As
this specific area of coding theory is comparably new, many fundamental results that
have been fully understood in the context of the Hamming distance have not yet been

intensively investigated or even defined in the rank metric setting.

The theory of network coding developed so far is concerned to large extent with the
so-called one-shot network coding, where the coding is performed over one use of the
network. In this scenario linear block codes can be used to protect the information sent
through the network. However, coding can also be performed over multiple uses of the
network, giving rise to the multi-shot network coding. The potential of using multi-shot
network coding was already observed in the seminal paper [22]. The general idea stems
from the fact that creating dependencies among the transmitted codewords of different
shots can improve the error-correction capabilities. In this section we introduce rank
metric convolutional codes as a natural class of codes for multi-shot network coding.

We will base our work on the definition of rank metric codes developed by [28].
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2.2.1 Rank metric block codes

A rank metric code C'is defined as any nonempty subset of Fy*™. Let A, B € Fy*™.
Gabidulin [9] defines rank distance between A and B as

drank(A, B) = rank(A — B).

Then, any subset of Fy*™ equipped with this distance is a rank metric code.

Although rank metric codes in Fj*™ are usually constructed as block codes of length
n over the extension field Fi* (see Remark 2.19 below). We consider in this thesis a
more general construction as defined in [28]. An (n x m,k) linear rank metric code
C C Fp*™ of rate k/nm < 1 is the image of a monomorphism ¢ : F’; — Fy*™. We

write ¢ = 1) oy as a composition of an isomorphism v and a monomorphism ~:

.k Y Y X
p:F;— F™ — FT

u —v=uG—V =1¢(v),

where G € F’;X"m is full row rank and the rows of V are simply the n consecutive

blocks of v with m elements.

The rank distance of C, dyank(C), is defined as

dran = ‘ dran U-V)= ' dran V s
(0) = i, (U = V) = 2ui  dean (V)
or simply the minimum rank distance between two different codewords. In the follow-
ing, for the sake of simplicity we will assume that n < m (but analogous results can be
given for the other case). Linear rank metric codes also have a Singleton-like bound

which provides a limit for the value of the code distance.

Theorem 2.18. [28, Theorem 1] The rank distance of an (nx m, k) linear rank metric

code s upper bounded by

dranc(C) < m — {EJ e {ﬁw ey

m m

A code C that attains the Singleton-like bound is called mazimum rank distance
code (MRD code). The first MRD codes over a finite field F, have been constructed by
Delsarte and Gabidulin [7, 9]. In the literature these codes are often called (generalized)
Gabidulin codes.
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Remark 2.19. As mentioned above, linear rank metric codes are typically defined over
the extension field Fym using an isomorphism ¢ between Fym and F*. More concretely,

a linear rank metric code is typically defined via
C =ImgpG = {uG : u € Fin } CF,

with G € Fex™. Then, the rank metric code is ¢(C). Gabidulin MRD codes (and most
of the ezisting rank metric codes) are defined within this framework. Note that in this
setting the rate is km/nm whereas in the more general framework described above the

rate is k/mn.

Example 2.20. The so-called Gabidulin codes were introduced by Delsarte and Gabid-
ulin in [7, 9] and represent the first general constructions of MRD codes for any n and

k. Their generator matrices are defined via the Moore matrices:

0 0 0
q q q
aq Qy an
1 1 1
af as ... ol o
Gao = ] ] ] . SR
k—1 k—1 k—1
q q q
oy Qg ay
where oy, ..., a, € Fem are linearly independent over F,. This in particular implies

that m > n. The linear independence of the ois over F, is equivalent to the linear
independence of any k columns of the generator matriz Gge over Fym which guarantees
that the code i1s MRD. Note again that using the isomorphic matriz representation we

can interpret the codewords of C as matrices in Fy"™.

In this thesis, we will only focus on erasures occurrence. Similarly to the case of
Hamming metric codes, the analogue of an erasure in the context of network coding
is rank deficiency. Adapting the proposal of [2] to the rank metric code definition
presented by [28] this very especial type of errors in the network can be described as
follows: Let v € Fy™, or equivalently V' € F;*™, be called channel packet, then V
represents the n packets of length m to be sent through the network. Following the

approach of [4] and consider a rank-deficiency channel for one shot given by
z = AvT,

where x € IFj™ represents the received packets and A the deficiency channel matrix.

The channel matrix A corresponds to the overall linear transformations applied by the
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network over the base field Fj, and it is known by the receiver. For perfect communic-
ations we have that rank(A) = n, but channel interference may cause a rank deficient
channel matrix. We will call n — rank(A) the rank deficiency of the channel which, in

a practical way, represents the number of packets lost during the transmission.

2.2.2 Rank metric convolutional codes

In this section we will consider rank metric convolutional codes whose codewords are
polynomials matrices in F,[D]**™. These codes were introduced in [28] where it was
also defined the notion of sum rank distance. We will introduce the definition of column
sum rank distances of a rank metric convolutional code and derive an upper bound on

this distance.

A rank metric convolutional code C C F,[D]"*™ is the image of an homomorphism
¢ : F [D]* — F,[D]"*™. We write ¢ = 1 oy as a composition of a monomorphism -y

and an isomorphism :

¢ :F,[D}f 25 F,[DP™ - F,[DPm

u(D) —v(D)=u(D)G(D)— V(D),

(2.1)

where G(D) € F’;X”m is a full row rank polynomial matrix, called encoder of C. We
will consider that the isomorphism ¢ is such that V; ;(D) = v,,;4;(D), i.e., the rows of

V(D) are the n consecutive blocks of v(D) each one with m elements .

Again, two encoders of C differ by left multiplication by a unimodular matrix and

therefore C always admits minimal encoders (i.e., row reduced encoders).

The degree § of a rank metric convolutional code C is the sum of the row degrees
of a minimal encoder of C , i.e., the minimum value of the sum of the row degrees
of its encoders. A rank metric convolutional code C is said to be delay-free if it has
an encoder G(D) with constant term G(0) full row rank. Note that since any other
encoder of C, G(D), is such that G(D) = U(D)G(D) for some unimodular matrix
U(D), it follows that all encoders of C have constant term full row rank. This means
that if V(D) = @(u(D)) for some u(D) = >,y wiD?, with uy # 0 and u; = 0 for i < ¢,
then the same happens for V(D) = 37, .\ ViD', i.e., Vi # 0 and V; = 0 for 7 < .

A rank metric convolutional code C of degree ¢, defined as in (2.1), is called an

(n x m, k,d)-rank metric convolutional code.

When dealing with rank metric codes, a different measure of distance must be
considered. The rank weight of a polynomial matrix A(D) = >".  A;D" € F,[D]"™*™,
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is given by

rwt(A(D)) = Z rank(A;).

1€EN

If B(D) =3Y,cy BiD' € Fy[D]"™™, the sum rank distance between A(D) and B(D)

is defined as

dsp (A(D), B(D)) = rwt(A(D) — B(D))
= Zrank(Ai — Bz)

1€EN

Lemma 2.21. /28, Lemma 2] The sum rank distance dsg is a distance in F [D]"*™.

Next we will focus on two rank distances definitions for rank metric convolutional

codes: the sum rank distance [28] and the column rank distance [27].

The sum rank distance of a rank metric convolutional code C is defined as

d _ i d D).U(D)).
SRC) = ) 0 %, g 5y RV (D) ULD))

As C is linear, V(D) — U(D) € C for any V(D),U(D) € C, and therefore it follows
that
dsr(C) = i t(V(D)).
n(C) = min__rot(V(D)
Next theorem establishes an upper bound on the sum rank distance of a rank metric
convolutional code. Analogously, as for the free Hamming distance of a convolutional
code, this bound is referred as the generalized Singleton bound for rank metric convo-

lutional codes. We will assume that n < m for simplicity, but similar results can be

given for the case in which n > m.

Theorem 2.22. [28, Theorem 3] Let C be an (n x m,k,§) rank metric convolutional

code. Then, the sum rank distance of C is upper bounded by

dsr(C) < n (EJ + 1) - {k(L%J - ﬂ +1. (2.2)

m

This result can also be founded in [28, Theorem 3]. An (n x m,k,d) rank metric

convolutional code whose sum rank distance attains the generalized Singleton bound
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is called Mazimum Rank Distance (MRD) convolutional code . The minimal encoders
of MRD convolutional codes have a well-established set of row degrees as stated in the

following lemma.

Corollary 2.23. [28, Corollary 4]. Let C be an (nx m,k,§) rank metric convolutional
code and G(D) € Fy[D]¥*" be a minimal encoder of C. Then G(D) hask (|| +1) =0
rows of degree L%J and 0 — k L%J rows of degree L%j +1.

It is not known the existence of MRD (n x m, k, §) rank metric convolutional codes
for any given set of parameters n,m, k,§ € N. Napp, Pinto, Rosenthal and Vettori [28]
proposed the first construction of (n x m, k,d) MRD rank metric convolutional codes
for m > 6 + k. We will present first the particular case k = 1, n = m and m > 4, for

clarity, and after that the general case, for any value of k .

Let A € F7™™™ be a matrix with irreducible characteristic polynomial x (). Then

the matrices A’ i =0,1,...,m — 1 are F,-linearly independent and

m—1
Fq[A] = {Z%Aluz EFq,iZO,...7m—1} =Fm

i=0
is a field. Moreover, let § be an integer smaller than m and define the matrix

G(D)=> 4 '(A)D' € F,[D]"". (2.3)

=0

Then G(D) is an encoder of an MRD (m x m, 1, ) rank metric convolutional code [28].

Remark 2.24. An (n x m,1,8) MRD rank metric convolutional, with n < m, can be
easily constructed following the same idea as the construction above, by multiplying the
matrices A', i = 0,1,...,m — 1 by a full row rank matriz X € ™, in the definition

of the encoder G(D). More precisely, the rank metric convolutional code with encoder

4
G(D)=> ¢ (XA)D' € F,[D]"™,

i=0
with X € F2*™ a full row rank matriz, is an (n x m,1,8) MRD rank metric convolu-

tional.

The following example shows the construction of an (4 x 4, 1,3) MRD convolutional

code.



28 2. Hamming and rank metric block and convolutional codes

Example 2.25. Consider the companion matriz A of the irreducible polynomial x(\) =
)\4 + A+1le FQ[A], i.@.,

4x4
e Fy.

_ o O O
_ o O =
o O = O

_— o O

0

The rank metric convolutional code with encoder

G(D) = G() + GlD + G2D2 + G3D3

with
Go=v7'()=[1 0000 100f0010f0001]
G1=¢—1(A):[o 1 0000100001110 0},
G2:¢‘1(A2):[O 010/0001/1 100011 0},
and

G3=¢—1(A3):[0 00 1/t 100/0o1 10001 1},

is an (4 x 4,1,3) MRD convolutional code.

In the same paper [28], the authors show a more general construction of an (n x
m, k,0) MRD convolutional codes with m > 0+ k. For that they still consider a matrix
A € F™ with irreducible characteristic polynomial x(A) and a full row rank matrix
X € Fy™. The matrix

L&)+
G(D)= Y GiD’ €F,[D]>"™ (2.4)
1=0
with
(X AM)
—1 ki+1
Gi: ¢ (XA ) aOgiﬁ{%Ja

'l/fil (X/.llﬂ#kfl)
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and )
0 if k divides 6,
_¢_1(XAk L%J—i—k)-
Gls|y, = -1 k+6—1 (2.5)
Li]+ vTXA ) otherwise.
0
\ 0

is an encoder of and (nxm, k, §) MRD rank metric convolutional code, when m > §+k.

The next example illustrates the above construction.

Example 2.26. [28] Let us consider the same matrix

4x4
e Fy*

— o o o
—_ o O =
o o = o
o = o o

as in Example 2.25, and the full row rank matrix

1000
X=1010 0| eFy4
0010

Let 6 = 2 (note that m = 4 > § +k = 2+ 2). Note that the X A" is the matriz

constituted by the first 3 rows of A*. The rank metric convolutional code with encoder

G(D) = Gy + G1D where

o _[ereo] _[rooo0fotoofoo 1o
°T ly(xA) 0100l0010/000T1]"
o [ertexan] _Too 1 ofo oo 1[0
leixayl looo {1 100/011 0]

is a (3 x4,2,2) MRD convolutional code.

Next we will define a new notion of sum rank distance, called column rank distance,
which can be seen as the analog of column distance for the rank metric case. We will

restrict to (n x m, k,0) delay-free rank metric convolutional codes.
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Definition 2.27. Let C be an (n x m,k,d) delay-free rank metric convolutional code.

For j € N we define the j-th column rank distance of C as

dj"(C) = min{rwt(V(D)jj0,41) : V(D) € C and V # 0},

J
where V(D) = Z ViD" and V(D)o = Z V;D".
ieN i=0

Similarly to the Hamming case, the column rank distances are upper bounded at

each time instant j as the following result shows. Again when no confusion arises we
write d§" for di"(C).

Theorem 2.28. Let C be an (n x m, k,d) delay-free rank metric convolutional code.

Then, the j-th column rank distance of C is upper bounded by

a7 (C) < j (n— {%D T {%J

Proof. Let G(D) = Z G;D" be an encoder of C. Since Gy is full row rank (because C
ieN

is delay-free) it contains an invertible k£ x k submatrix. We will assume, without loss

of generality, that the & x k submatrix of G is constituted by the first k£ columns.

We will prove the theorem by induction on j. For j = 0 let uy € F* be such
that vg = ugGyo has the first £ — 1 entries equal to zero, i.e., wt(vg) < nm — k + 1,
and let Vo = ¢(vg). Then, the first L%J rows of Vj are equal to zero and therefore
rwt(Vp) <n— |EL] and so d§” < n— [E2L].

Let us suppose now that dj" < j (n — L%J) +n — L%J and let us prove that
Ay < (G+ 1) (n—|£]) +n— |22 Let u(D) € F[DJ*, v(D) = u(D)G(D) and
V(D) = ¢(v(D)) = ZVZ-Di € C be such that rwt(V(D)j0,5) = d§". Moreover, since

ieN
the k£ x k submatrix of G constituted by the first £ columns is invertible, we can

consider u;41 such that vy = uj1Go + uj—1G1 + - - - + uoGj41 has the first k entries

equal to zero. Then,

diy < rwt((VI(D))jo,j+11)
= di +rwt(Vjs1)

<) e[ el
= G (n- [E]) e 2.

This concludes the proof. n
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With a similar reasoning as in the proof of the above theorem we can prove that
if the j-th column rank distance of a rank metric convolutional code achieves the
corresponding bound then the same happens for all the i-th column rank distance, for

1< 7.

Theorem 2.29. Let C be an (n x m, k,d) delay-free rank metric convolutional code. If
di’(C) =j (n—|L£])+n— =L for some j €N, then

- o [£]) -5

Proof. 1t is enough to prove that d" = j (n — \_ﬁj) +n— \_uj implies that df”; =
)

for all i < 7.

(j—1)(n—|£])+n—[E2L]. Let us assume that diry < (J —ml (n - —) — |2
and let u(D) € F[D]*, v(D) = u(D)G(D) and V(D) = rmat,,x,,(v(D Z V;D' e C

1€EN
be such rwt(V(D))jjo-11 = dj" . Let u; be such that v; = ueG; + u1Gjq + -+ +

uj_1G1 + u;Gy has the first k entries equal to zero. Then, rank(V;) < n — |£] and,
therefore, rwt(V (D)) < J ( L j)—l—n \_ J Consequently, df" < j (n — \_%j)—i—
n— |21 O

m

It is obvious that the sequence of column rank distances of the code is nondecreasing
and that they cannot grow over the Singleton bound for rank metric convolutional codes
given in (2.2). This implies that there exists an integer M such that dy; = df", for
j > M. If the code is MRD then M is precisely determined as stated in the next

proposition.

Proposition 2.30. Let C be an (nxm, k,d) MRD delay-free rank metric convolutional
code with column rank distances djr, for j € Ny and sum rank distance dsg. Let

M =min{j € N,d{" = dsr}. Then,

Proof. M is such that

oo [ 2L 2 o[£ -2
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Let M = E] J We will show that M(n— L%J) +n — L%J = dsr and
therefore M > [M].
We will consider two cases, when m | k and when m { k.

Case 1: m | k. In this case it holds that

N R e e
- o(l5)- 2[5

Then, since Lk—rzlj = % — 1, we have that

(=l o= 15 = (o) = ([ o)+ 5]

Case 2: m 1 k. In this case it follows that
O e R (N
(][

because (%1 = L%J — 1 and L%J = L%J Hence, in both cases we obtain that
M = [M]. O

Definition 2.31. Let C be an (n x m, k,d)-rank metric convolutional code. C is called
Strongly MRD (sMRD) if
diy; (C) = dsr(C),
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where

Thus, sMRD codes are MRD codes. For (n x m,k,J) rank metric convolutional
codes such that £k =1 or m > 0 + k the above definition has the following form.

Definition 2.32. Let C be an (n x m, k,d)-rank metric convolutional code. Then
1. if k=1, C s Strongly MRD if

dy(C) = n(d +1),

where M = 4.

2. ifm>d+k, C is Strongly MRD if

@ =n(|2] 1)

The rank metric convolutional codes defined in (2.3) and (2.4) are sSMRD codes as

shown in the next theorems.

where M = L%J

Theorem 2.33. Let A € F"*™ be a matriz with irreducible characteristic polynomial

X(A), and C the (m x m,1,9) rank metric convolutional code with encoder
0
G(D) =Y ¢ ' (A)D' € F,[D]">™.
i=0

Then C is an sMRD rank metric convolutional code.

Proof. Note that since Gy # 0, G(D) is delay-free. To show that C is sMRD we have
to prove that d§;(C) = m(0 + 1), for M = §. Let us consider a message u(D) =
> ien, WiD" € Fy[D] with ug # 0 and V(D) = ¢(u(D)). Then

5
V(D)josy = > ViD',
i=0

where

i
Vi= E u—j A,
j=0
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i =0,1,...,9. Thus V; is a nonzero element of F,[A] (since it is a nontrivial linear
combination of I, A, ..., A™~1) and therefore is invertible, which means that rank(V;) =

m and therefore rwt(V|jp5) = m(d + 1). So we conclude that df;(C) = m(d + 1), for
M = ¢ and therefore C is sMRD. O

Next we will show that the rank metric convolutional code with encoder defined in

(2.4) is an sMRD code. First we prove that such code is delay-free.

Lemma 2.34. Let A € F;”*™ be a matriz with irreducible characteristic polynomial
X(A), X € F,[D]"™™ a full row rank matriz and C the (n x m, k,§) rank metric convo-

lutional code (where m > 0 + k) with encoder

| £]+1
G(D)= Y GD' €F,[D>",
=0

with
PHXAM)
-1 XAki-i—l
G — v | )
Qﬁfl(XAkz#kfl)
( 0 if k divides 9,

w—l(XAkL%J -Hc)-

G'_éJJrl = < w—l(XAk-i-é—l)

k otherwise.
0

0

\

Then C is a delay-free rank metric convolutional code.

Proof. Let us assume that Gq is not full row rank. Then there exists a nonzero vector
[ao a; - ak_l] € [, such that

»HX)
[ao a; - ak_l] v <XA) = 0.

YA
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Consequently,
(loX + CLlXA —I— e —f- ak_lXAk_l = O,
which implies that
CL()] —|— alA + s+ CLk_lAk_l = O,
and so we conclude that I, A, ..., A*~! are not F,-linearly independent, which is not
true. So, we conclude that G is full row rank and therefore C is delay-free. O

Theorem 2.35. Let A € F"*™ be a matriz with irreducible characteristic polyno-
mial x(\), X € F,[D]"™™ a full row rank matriz and C the (n x m,k,d) rank metric

convolutional code (where m > 6 + k) with encoder

[£]+1
G(D)= Y GD'€F,[D>",

i=0
with
v (X A")
—1( x Akit+1
Gi: w ( ) ,OSZS\‘%J,Gnd
w_l(XAkH_k_l)
( 0 if k divides 6,
_@ijl(XAkL%J Jrk)-
G s = -1 k+6—1
[#]+1 vT(XA ) otherwise.
0
0

\

Then C is an sMRD rank metric convolutional code.

Proof. Let M = [£|. We have to show that d§;(C) = n([2]+1). Let u(D)
D ien, WiD' € Fy[D]* with ug # 0. Let us represent u; = [Uz’,o Ui

and

let v(D) = u(D)G(D) and V(D) = @(u(D)) = ¥ (v(D)). Then v(D) = 37, v:D" and
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V(D) = >"en, ViD' are such that

h=0
i k-1
= Zzui—hW 1(XAkh+l)
h=0 1=0
i kh+k-1
- Z Z Uipg—rnt) (XA
h=0 I=kh
i kh+k—1
= 2 2 ey XA
h=0 l=kh
kit+k—1
= Z u, le_kL%J@D_l(XAZ)
1=0
kitk—1
_ ¢—1(X Z ui*L%J’lkaéJAl)
1=0
= w_l(XBi),

where Bi = Zf:(;k_l U,;_ Lﬂ’l_ktﬂ Al, and

V; = XB,.
Note that fori =0,1,..., L%J , B; is a nontrivial linear combination of some matrices of
the form A7, j € {0,1,...,m—1}, since ug # 0. This means that fori € {0,1,..., L%J 1

B; is a nonzero element of the field F,[A] and therefore is full rank, and consequently
X B; is full row rank, i.e. rank(X B;) = n. Thus

rwt (Vi LéJ]) = Zrank(%)

'Lk

So we conclude that d§;(C) =n (2] + 1) and therefore C is sSMRD. O

Let C be an (n x m, k,d) sMRD rank metric convolutional code. From the proof of

o)+ e

the above theorem we have that if M = o [Z] is an integer, i.e., if M = M,
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amtwn (o [E]) o[£

and therefore, by Theorem 2.28, we conclude that all column rank distances attain the

then

optimal value, i.e.,

dqr:{ﬂn—tﬁwn—{%ﬁl for j < M
’ Mmn—|E)+n—[2]+1 forj>M

In case M is not an integer we have that d§, < M (n — L%J) +n — L%J +1
and therefore the i-th column distances, for © < M, may not attain their optimal
value. Next we consider rank metric convolutional codes that have optimal column

rank distance as long as it is possible.

Definition 2.36. Let C be an (n x m, k,d)-rank metric convolutional code. C is called
Maximum Rank Profile (MRP) if

&(0) = j (n— {%J) e {%J

forj=1,2,..., L where

Note that L = M or L = M —1. The following lemma is an immediate consequence
of Definitions 2.32 and 2.36.

Lemma 2.37. Let C be an (n x m, k,d)-rank metric convolutional code such that L =
M. The C is is sMRD if and only if it is MRP.

The next result in an immediate consequence of the above lemma.

Corollary 2.38. Let C be an (n X m, k,0)-rank metric convolutional code. If k=1 or
m > 6 + k, then C is sSMRD if and only if it is MRD.

Proof. If § = 0, M = L = 0 (this is the trivial situation in that C is a rank metric
code).

Let us assume that 6 > 0. If k=1, then M = L =nd. If m > § + k we have that
| £] = 0. On the other hand, § = k | 2| +r where 0 < r < k implies that 0 < 6—[ 2| < k
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m

5—k| 2| L ~
and consequently = 0. This yields M =
and therefore M = L =n L%J ]
We immediately conclude that the rank metric convolutional codes defined in (2.3)

and (2.4) are also MRP.

Although general decoding algorithms are not analyzed in this thesis, for the case
of rank metric convolutional codes, that it is an interesting topic of research that is left

for future work.



Chapter 3

Constructions of MRD

convolutional codes

In this chapter we will present novel constructions of MRD rank metric convolutional
codes. As referred in Chapter 2, the only known constructions of (n x m,k,d) MRD
convolutional codes are the ones defined in (2.4) (and in (2.3) for the particular case
k = 1). These constructions were proposed by Napp, Pinto, Rosenthal and Vettori [28],
and are restricted to codes such that 6 < m — k. Inspired by their work, we define new
constructions of (n x m, k, 5) MRD convolutional codes with larger values for the code
degree. The proposed constructions are based on the idea of extending the encoders of
the constructions defined in (2.4) by adding terms of higher degree which coefficients
are obtained from coefficients of lower degree. We will first consider the case k = 1 for

clarity and after that present the more general case.

As we saw in previous chapters the degree ¢ of the code has influence on the distance
that a code can achieve. Therefore, larger values of the code degree may lead to larger

distances and, consequently, to the increase of the correcting capability of the code.

3.1 Construction 1

In this section we propose a new construction of an (m x m,1,d) MRD rank metric
convolutional code that fulfills the condition 6 < 2m — 1. For the purpose, we will
define an encoder of the code which can be seen as an extension of the encoder of an

(m x m,k,0) MRD convolutional as defined in (2.3), which is presented next.

Let A € F"*™ be a matrix with irreducible characteristic polynomial. Recall that

m—1
F,[A] = {ZU’ZAZ : uiEFq,i:O,l,...,m—l}
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is a field. Moreover, since I, A, ..., A™! are linearly independent, any nontrivial linear

combination of I, A, ..., A™ ! is full rank.

Theorem 3.1. Let A € F;"™™ be a matriz with irreducible characteristic polynomial

and § be an integer smaller than 2m. The (m x m,1,d) convolutional code C with

encoder
m—1 —m
G(D)=> ¢ HAND + > g (A" D™ € F,[D]™ m <6 < 2m— 1. (3.1)
i=0 i=0
1s MRD.

Proof. 1t is clear that G(D) is row reduced since G5 # 0, and therefore C has degree
. To prove that C is MRD we have to show that dsg(C) = m(J + 1).

Let u(D) = Y\, u;D* € F[D]¥,1 € N, be a nonzero vector and V(D) = ¢(u(D)) €
F,[D]™*™. Let us see that rank(V (D)) > m(d + 1).

Without loss of generality, we can assume that ug # 0. If u(D) has degree zero, i.e.,
if 1 =0, then V; = ugA7, for 0 < j <m —1and V; = ygA** 7! form — 1 < j <4,
and therefore Vj is full rank for 0 < j < §, which means that rwt(V(D)) = m(d + 1).

Let us now assume that [ > 0. It follows that V; = Zg:o uj,iAi with0<j<m-1

is a nonzero element of F,[A], i.e., V; is full rank. So, we have that

,_.

m—
rank(V;) =
Jj=0

Let us now consider V;, m < j < 4. Note that V; = 0 or V; is full row rank for
j =m,...,0, since they are elements of F,[A]. Thus, if V; # 0 for m < j < 4, then
rwt(V (D)) > ijo rank(V;) = m(d + 1). If this is not the case, let V;, with j = m+r
and 0 <r <9 —m — 1, be the first V; equal to zero. Then,

m—1
1— i
m+r E U 4-r— zAZ + E Uy — zAm f= E uiAz =0,
=0

where
U; = Um4r—i,
fort=0,1,...,m —r — 2 and
Ui = Umpr—i T Up—m+it1,
fori =m—r—1m—r,...,m — 1. In particular, @, 1, = uyp + ug,+1. Then it

follows that @; = 0, for i = 0,1,...,m — 1 because I, A, A% ..., A"~ ! are linearly
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independent and therefore, us., 1 = —ug is nonzero, since uy # 0. Moreover u; = 0, for
1=2r+2,...,m+r.

Consequently, if we consider any V;, with j = m+r+sand s < — (m+r), we
have that

m—1 r+s m—1

% m—1—1 ~ At

Vm—i—r-‘,—s = § um+r+s—iA + E ur+s—iA = UZA )
=0 =0 1=0

where U, 1,5 = Up + Ugpry140s. SINCE Ugri112s = 0 it follows that 4, 1, s # 0 and
therefore V,,, 1,11 is full rank.

Therefore, V; is also full rank, for m +r 41 < j <4, and consequently

5
Z rank(V;) = m* +m(s —m) = mé.

J=0

Moreover, Vs = ;A% is full rank, since u; # 0.

Then,
5+l
rwt(V(D)) =Y rank(V;) > m(5 +1).
§=0
Consequently, C is MRD. O

Example 3.2. Consider the companion matriz

4x4
€ Fy~

_ o O O
_ o O
o O = O
o = O O

of the irreducible polynomial x(A) = A+ X + 1 € Fy[\].

The rank metric convolutional code with encoder
G(D) = Gy + G1D + Gy D* + G3D? 4+ G3D* + GoD® + G, D® + Gy D’,

where
Go=v'()=[1 00 0[0 10 0f0010f000 1],

G =v¢1(A)

[0100\0010\0001\1100},

ngw‘l(AQ):[O 01 0/0001/1 100011 0},
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and
G3=¢—1(A3):[0001110001100011},

is an (4 x 4,1,7) MRD rank metric convolutional code.

Note that the construction defined in (2.3) only allowed to obtain (m x m,1,J)
MRD rank metric convolutional codes for § < m — 1. The construction proposed in
this section allows to obtain (m x m,1,6) MRD rank metric convolutional codes for
5 <2m — 1.

Remark 3.3. An (n x m,1,6) MRD rank metric convolutional, with n < m and
§ < 2m — 1, can be constructed by multiplying the matrices A*, i = 0,1,...,m — 1, in
the definition of the encoder G(D) in (3.1) by a full row rank matriz X € Fp*™, i.e.,

the rank metric convolutional code with encoder

m—1 o—m
G(D)=> v {(XA)D' + > ¢ (XA D™ e F (D]
1=0 =0

is an (n x m,1,0) MRD rank metric convolutional.

3.2 Construction 2

In this section and in the following one we present more general constructions of (n x
m, k,9) MRD convolutional codes for larger values of k than the one presented in
Section 3.1. In this section we will consider the case k| and in the next section we will

present the opposite case.

Let us consider an (n x m,k,0) MRD convoltutional code as defined in 2.4, with
n <m, k <nm, m >0+ k and such that k|J.

Let A € F"*™ be a matrix with irreducible characteristic polynomial and X € Fy*™

a full row rank matrix.

Let
U (XAR)
—1 XAki+1

Y

wfl (XAkiJrk‘fl)
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and

for 2+1<i<2241.
Let us define the polynomial matrix

)
2841

G(D) = Y GiD' € F D], (3.2)

and let C be the rank metric convolutional code with encoder G(D). Next lemma shows
that C has degree 2§ + k.

Lemma 3.4. Let m,n, k and § be integers such that n < m, k <nm, m >0+ k and
such that k|o. Let A € F"*™ be a matriz with irreducible characteristic polynomial
and X € Fy*™ a full row rank matriz. Let C be the rank metric convolutional code
with encoder G(D) as defined in (3.2). Then C is an (n x m,k,20 + k) rank metric

convolutional code.

Proof. Let us see that G(D) is row reduced. Note that:

0 1
[G]" = G2%+1 - Go
1 0
Let lag a1 -+ g ] € [, such that:
[Oé() Q1 - Op_q GO =0.
Then,

OéoXAO + OqXAl + e+ OékleAkil = 0,

which implies that
A’ + g A 4 e AV =0,

k=1 are linearly independ-

because X is full row rank, and therefore, since A%, A!,... A
ent, we have that ag = a3 = -+ = ax_1 = 0 and consequently G is full row rank and
so it is [G] = G2%+1' This means that G(D) is row reduced (see Theorem 2.8). Thus

the degree of C is equal to the external degree of G(D) which is k (22 + 1) = 25+k. O
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Next theorem shows that C is an (n x m, k, 20 + k) MRD rank metric convolutional

code.

Theorem 3.5. Let m,n, k and 6 be integers such thatn < m, k <nm, m > d+k and
such that k|6. Let A € F™™ be a matrix with irreducible characteristic polynomial and
X € Fy*™ a full row rank matriz. Let C be the rank metric convolutional code with
encoder G(D) as defined in (3.2). Then C is an (n x m,k,20 + k) MRD rank metric

convolutional code.

Proof. In order to make the statement holds true, we have to prove that

2
b€ < (25 1) <o (201).

(see Theorem 2.2). For that, we will show that dsg(V (D)) > 2n (2 4 1) for any nonzero
V(D) € C. Let w(D) = Y._, u;D* € Fy[D]* be a nonzero vector, v(D) = u(D)G(D) €
F,[D]™ and V(D) = ¢(v(D)) € C. We can assume, without loss of generality, that
ug # 0.

We will first consider the case in which (D) has degree zero, i.e., u(D) = ug. Then

2841
v(D) = :E: ugG; D",
i=0
and
2841
V(D) = ¢(Z uoG;D")
i=0
2841

I

g
=
g
Q
<

_ (ngAkz + u(l)XAk’i-i-l RN ulg—lXAkH-k—l)Di_'_

1=0

)
&
+ Z(USXA(S—ki+k—1 + u(l)XA6+ki+k—2 et ulg—lXAé—k:)D%-i-i—&—l
=0

)

k
= X(Z(ugAki Fub AR L gl ARy Dy
=0
3
+ Z(ugAd—ki-Hc—l + u(l)A5+ki+k—2 et ulg—lAd_k)D%+i+1>’
i=0
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2841
ie, V(D)= > ViD'withV; = XB;andi=0,1,...,2¢ + 1, where
i=0
= Ak‘l 1Aki+1 _|_ 1Ak‘l+k2 1 7/ — 0 1 é
0 0 ) )yttt k"
and
‘ ‘ 5
Bé+2+1 OA(S—kH-k—l + u(l)AtH—kz-‘rk:—Z I ulg—lA(S—k i=0, 1’ . E
Since u§ # 0 for some s € {0,1,...,k — 1}, then B, is a nontrivial linear combination

of I,A, ..., A" 1. Therefore B; is full rank, i € {0,1,... ,2% + 1}, and consequently
V; = X B; is full row rank for i € {0,1,..., 2% + 1}. Thus,

Let us now consider any message u(D) = Zizo u; D', with uy # 0 and u; # 0, with
[ > 1. Let us represent u; = [uo ul - u’?_l] and let v(D) = w(D)G(D) =

2 7 (2

Y ien, D' € Fy[D]"™ and V(D) = (v(D)) = Yo, ViD'. Then,

i
)
v = Zui—jGja 0<:1< X
7=0
and, consequently, using the same reasoning as in the proof of Theorem 2.35,

Vi = (vi)

ki+k—1
_ ( Z thLJJXAh>

h=0

:XB’H

for 0 <4 <2, where B; = 37! ? fLJJAh

Note that B; is a nontrivial linear combination of I, A, A%, ... A™~1 because u # 0

for some s € {0,1,...,k — 1}. Thus, B; is full rank and consequently V; = X B; is full

row rank, because X is a full row rank matrix, for e = 0,1, ..., %.
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The next ¢ + 1 vector coefficients of v(D) are defined as

L+
vs ;= E u%JerGj
7—1 k—H
= E m G + E UJ_H JG + E U6
:7—1—1—1 j= k+1
7—1 k—&—z

:ZULS_H jG + Z U5+z ]G + Z u‘s+z J 2 ((2—j+1)—1

]:771+1 ]_7+1
2 24 0 1
= E U5 G + E U5 G + E U6 G2%—J+1
7=0 j=f it =g+ 1 0
$_j 0
f—y k+2 ]G + E u5+2 ]G + E u‘]+2777 G]
Jj=0 ]:**H»l ]27714*1 1
2 —i i—1 i—1 0 1
— U%Jﬂi]G] + E UH_]‘G% j —+ E uz—]-{-l G%,J
j=0 j=0 J=0 1 0
%_i 1—1
= Uy G+ E (Wigs + Qi jH)G
7=0 7=0
0 1
~ _ . _ k—1 k—2 0 R ;
where Ui—j+1 = Ui—j+1 . = |:ui7j+1 Ui ui_jﬂ], J= O, 1; syt 1
1 0

and ¢ =1,2,.... Thus,

Vo= (uh,, XA fub XA 4ol X AR
° k

g ti—d rti—J

+§: Uy ) XAT - (ud T )X AT 4

+ (ui;j Fup_ )X AR
= XBs,,

+

(3.3)



3.2. Construction 2 47

where

Bs .:Z(U%H Ak +uk+z ]Ak]+1+ +u%+1_ Akitk— 1)+

+Z z+]+uz —J— 1) Aa_kj"i_( z—i—J—’—uiC j2 1) Ag_kj+1+"'+
+ (ul;] + Ui—j—l)Aé_kj+k_1-

If B%ﬂ. #0,1=1,2,..., % + 1, then B5+' is full rank because it is an element of
F,[A], and therefore Vi, =XBs,,is full row rank and " 2+ rank(V;) = n(2 +1).

5+1
So, we have that

rwt(V (D)) > Z rank(V;) = Qn(% +1).

Let us assume that there exists V5 ;, as defined in (3.3) equal to zero, for some
i € {172""’E+1}' Let ¢ be such that V%H- =0 and V%H #0,for j=1,...,1—1.
Then

i—1

M

rank( Vaﬂ = ni.

J=1
Moreover,
Us ;= Usyy g = = ug; =0,
and for j =0,1,...,7—1,
_ k-2 _ .k
Z+J+uzj1 uﬂ—l—u = Ui U =10
In particular,
0 k—1 k—2 k-1 0_
Ups oy F UG = Uy g g D= = us A+ ug =0,
which means that
0 1
Ugi—1 = —Ug # 0,
1 0

since ug # 0.

Let us now consider one of the coefficients of degree % + i + r, for some r €
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{1,2,..., % —i}. Then, it follows that,

% (i+r) i+r—1 i+r—1

+z+r: § : u‘s+z+r JG + z :UZ+T+JG5 j E :ui""r_l_jG%*ﬁ
J=0

where Ui1r—1-j = Ujgr_1—; ,for 0 < j <i+4r—1. Thus,

2—(i+r) /k—1 itr—1 [k—1
_ ¢ kjt+e k—1-¢ 5—kj+e
Ve yiyr = E : § :ug+i+r—jXA + § : Uirj T Uik 1) XA

z—(+r) k-1 itr—1 [k—1
_ 2: 2: ¢ kj+e Z Z k—1—f S—kj+0
B%+i+r - u%+i+r_jA z+r+] + Wiy p1— ])A .

7=0 =0

Since ug; 1 # 0, Bs 5 igr is a nontrivial linear combination of I, A,..., A™~! then,

Bs is full rank and consequently X Bs is full row rank.

7 Hitr 7 Hitr

So, we conclude that all V; for %4—@'—1— 1<5< 2% are full row rank and consequently,

28 4+1 2 24i-1 28
Z rank(V;) = Zrank(Vj) + Z rank(V;) + Z rank(V;)
J=0 J=0 j=2+1 J=2+i+1

Moreover,
V42241 = UlegH

=W G()
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and, therefore,
k-1

— i k—1-j _
Visas 1 = E i XA = X Byt 1,

j=0

with By 55 4 = Z?;& ] A*=1=Jwhich is full rank since u; # 0 and therefore V., 54
is full row rank. Thus,

)
2241

)
rWt(V(D>) > ];0 rank(%) + rank(V}H%H) =N (E + 1) .
Consequently, C is MRD. .

Next example illustrates the above theorem.

Example 3.6. Consider the companion matrix

4x4
e Fy.

_ o O O
_ o O =
o O = O
o = O O

of the irreducible polynomial x(\) = A + X + 1 € Fo[\]. and the full row rank matrix

1000
X=1010 0| eFy
0010

Let § =2 and k = 2 (note that m > 6 + k and k| ).

The rank metric convolutional code with encoder G(D) = Go+ G D +GyD? + G5 D3
with

v Mx)| |1 000[0100[0010

Y (XA) 0100/0010[0001]|
G_w—l(XA2)_oo1000011100
Pl (x A% 0001/1100/0110]"
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[0 1
G=| - |&
1 0
(X A% 0001[/1 1000110
T eix Ay :[00100001 1 100]
and
o -
Go=| - |G
1 0
Y Y(XA)] 0100[0oo010[00071
:¢1(X):[100001000010]’

is a (3 x4,2,6) MRD convolutional code.

The construction presented in this section allows to obtain an (n x m,k,2§ + k)
MRD convolutional code for m > § + k and such that k|0. In the next section we

generalize this construction for the case in which k1 4.

3.3 Construction 3

Let us consider an (nxm, k,§) MRD convolutional code as defined in (2.4) with n < m,
k < mnm, m > 6+ k and such that k1 0.

Let A € F"*™ be a matrix with irreducible characteristic polynomial and X € Fg*™

a full row rank matrix.

Let
(X AN
w—l (XAki—i-l)

G; = : , 0<1 < {—J (3.4)
(X AR
¢—1(XAkL%J+k)

B ZZJ_I(X:AR—H;_l)
s N (XT)

iAo
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and
0 1
Gi = GQL%J‘*‘?’—Z” (3.6)
1 0
for 2] +2<i<2[2]+3.
Let C be the rank metric convolutional code with encoder
2| 2]+3
G(D)= ) G D' eF[D" (3.7)
i=0

Next lemma states that C has degree k (2 L%j + 3).

Lemma 3.7. Let m,n, k and § be integers such that n < m, k <nm, m >0+ k and
such that k 1 6. Let A € F**™ be a matriz with irreducible characteristic polynomial
and X € Fg™™ a full row rank matriz. Let C be the rank metric convolutional code with
encoder G(D) as defined in (3.7). Then C is an (n x m,k,k (2 |2] +3)) rank metric

convolutional code.

Proof. By a similar reasoning as in the proof of Lemma 3.4 we show that [G]"¢ =
0 1

Gy is full row rank and so we conclude that G(D) is row reduced and

1 0
therefore the degrre of the code is equal to extdeg(G(D)) =k (2|2] + 3). O

Next theorem shows that C is an (n xm,k,k (2 L%J + 3)) MRD rank metric con-

volutional code.

Theorem 3.8. Let m,n, k and 6 be integers such thatn < m, k <nm, m > é+k and
such that k1 6. Let A € F”*™ be a matriz with irreducible characteristic polynomial
and X € Fy*™ a full row rank matriz. Let C be the rank metric convolutional code with
encoder G(D) as defined in (3.7). Then C is an (n x m,k,k (22| +3)) MRD rank

metric convolutional code.

Proof. C is an MRD rank metric convolutional code if dsg(C) = 2n (|2] +2) (see
Theorem 2.2). Thus we have to prove that rank(V (D)) > 2n (| 2| +2) for all nonzero
V(D) eC.

Let us consider u(D) = Y>'_ w; D?, with ug # 0, v(D) = u(D)G(D) € F[D]"™ and
V(D) =4 (v(D)) €C.
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If u(D) = up has degree zero then,

2| ¢ J+9

=0

and
2|2 ]+3
V(D) = (uG:)D' = > XB,
i=0
where

B; = ud AP 4 ud AR gt AR
fori=0,1,...,[2],

k|2 — s
BL J+1:ugAkL%J+k+uéAkL%J+k+l—0—.-._|_ug k2] 1A’“+‘S*1+u§ kLkJ[—i—

s
k

k| e
+ug kLkJ+1A+”'+ug_1AkLngl

and

B; = ugAk(QL%J-H%—i)-l-k—l 4 u(l]Ak(QL%J+3—i)+k—2 NI ulg—lAk(2L%J+3—i)

2] +1<i<2|g|+3.

B; is a nontrivial linear combination of the matrices I, A, ..., A™ ! fori =0,1,...,2 L%J +
3 since uf # 0 for some s € {0,1,...,k — 1}, and therefore V; = X B; is full row rank
fori=0,1,...,2 L%J + 3. So, we conclude that

EI S

2|2]+3
rwt(V (D)) = rank(V;)

1=0

(g9

Let us consider u(D) = Zi:o u; D' with ug # 0, w; # 0 and [ > 1. Then,

: 5
7=0
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and V; = ¢(v;) will be given by

ki+k—1 h kL |
- h
Vi ; i n) XA

and since k L%J — 1 < ¢ and, by hypothesis, § + k¥ < m, then k L%J +k—-1<d+k.
Therefore, V; is full row rank because it is a nontrivial linear combination of elements

of F[A], for all i < [ 2|

Let us now consider VL which is given by,

e

>

o=k |1 [2] pa-1
VL%JH: Z UJXAkL J+kﬂ+ Z XAk 4+ Z ZaijrkXAk(L%JH*JHh

=0 j=s-k| 2 J j=1 Lh=0
k—d+k| 2|1 1
D ey XA D gy XA
J=0 j=k—o+k| 2|

where g4 = ul.
This vector can be written as

—k[Z]-1 HEes )
Vg = > i, X AL JHWJ“Z > gy s X ARLESF1=0 0

Jj=0 j=1 Lh=0
b1 k—o+k| 2] -1
| Y axatlil g |5 oy XA | +
j=s-k[¢]
k—1
+ Z ak(L%JH)HXAJ
j=k—d+k| 2 |
[#]-1 12]) e , .
_ Z Ak[ i) Z ﬁ j+kXAk(LEJ+1—J)+h
=0 j=1 Lh=0

k—1-(5-k|2])) k-1-(3-k[ %))
£ I D D DR FT IR

h=0 §=0

k—1

+ Z U L%J+1)+jXAJ>

j=k—d+k| 2 |
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and, therefore,

L) £

k-1
é i
VL%JH: Z UJXAk J+k+]+z Z J+kXAk R J)—f—h]
j=0 =1 Lh=0
—1-(-k| 2 ]))
X B ey XA |+
=0
k-1
+ Z (| 3 41X A
j=k—d+k| 2 |

Because we know that uy # 0 then, at least, one of the 4., for r € {0,...,k — 1}
is nonzero. Therefore, if r < § — k L J 1, VL ]
possible to VPJH to be equal zero.

k

41 is full row rank. Otherwise it is

The next | 2| + 2 vector coefficients of v(D) are represented by
V08414 = UL%J—H—HGO +-t u2iGL |1 + ugi- 1GL | +2-i +-ot uiGL%JH

+ui_1é|_%J+1 +ui_QGl_%J + "'—f-uOé'_%JJJﬂ.,
for1 <i< L J + 2.

Let us consider the transformation ] = ;. Then

VL%J 14 (ak(L%J+1+i)+j 5, | £ ]+ + ﬂk(i—l)ﬂ) XA
=0
L2 )+1=i rea
< kj+h
+ [ uk(LgJ+1+i—j)+hXA a
j=1  Ln=0
k-1

R . 5 g ires

+ (Uk(2i71)+j + qufj) XAk(LkJ” )+i
R R 5 _
ot (tinitg + Wr(i—1)+5-1-5) X AFLR ]+

4144 = 0, it follows that:

Then if VL o
k

o U5y =0 foralljefl. 18] +1—14}
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e if 4, is the first element of the vector ug different from zero (i.e., uf # 0 for t < s

and u§ = 0), then topi—(s41) # 0

® Upirj+ Up(i—1)+k—1—j = 0

~

® Uk(| & |+1+i)+d + akH&kL%J 4 T UkG-1)+; =0

Now, if we choose any Vj, with j = [%J +1l+i+rforl1 <r< L%J + 2 — 1, then it
follows that,

k=1-(5—k| 2 )

VL%J Flitr Z (ﬂk(L%J+1+i+r)+j + ﬂk(i+r)+5ka%J 5t ﬂk(iﬂ’—l)ﬂ') XA+
=0

|2 |+1-(itr) rl

XAkj+h +

+ (5

(| & ] +14i+r—5)+h

j=1 h=0

N

-1
U U 2 —(i+r j
+ (“k(2(i+r)fl)+j + uk—l—j) X AR ]2t N+

<.
Il
o

o—k

|1

7 A s
Tt (“k(i+7“)+j + uk(i+r—1)+k—1_j) XAkLkJ

ESISY

+htj

<.
I
o

Note that
(ﬂs+@2k(i+r)—(s+1))XAk(L%J +2—(i+r)+h—1—j _ X((ﬁs+ft2k(i+r)—(s+1))f4k(L%J +27(i+r))+szlfj)

is a term of VL%J and since 2k(i+7) — (s+1) > k(2i — 1) + k — 1 it follows that

+1+i+r
Uok(i+r)—(s+1) = 0 and therefore X ((d; + ﬁzk(iw)f(sﬂ))z‘lk(L%J+2_(i+r))+k_l_j) is full row

rank and consequently VL ] is also full row rank.

S| f1ditr

Therefore, all V; for L%J +14+2<757<2 L%J +3and 1 <7< L%J 4+ 2 are full row

rank and consequently,
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Moreover,
0 1 o1
Vz+2L%J+3 = w(vl+2|_%J+3) =P | w Go | = ZﬂszXAk_l_j
1 0 7=
and
0 1 0 1
Vz+2L%J+3—1 = w(vl+2L%J+3—1) =9 | w G1+ w1 Go
1 0 1 0
are full row rank matrices since u; # 0. Then,
2| £ ]+3+ 5 5
rank(V;) > 2n ({EJ + 1) +2n =2n ({EJ + 2) :
=0
Consequently, C is MRD. O]

Next example presents an MRD rank metric convolutional code that it is not pos-

sible to build using the construction of Section 3.2.

Example 3.9. Consider the companion matrix

4x4
e Fy.

_ o O O
_ o O =
o O = O
o = O O

of the irreducible polynomial x(\) = X*+ X+ 1 € Fo[\] and the full row rank matriz

€ Fax4.

S
I

o O =

o = O

= O O

o o O

Let 6 =1 and k =3 (note that m > 6 + k and that k 19).

The rank metric convolutional code with encoder G(D) = Go+G1 D+ GyD? +G3D?
with
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Y H(X) 1 000/0100/00T10
Go= | (XA) | = 0 7
Y1 X A?) 0010[00O0T1[1 100
YH(X A3) 0001[1 100[01 1
Gi=|psi(X)|=|1000[0100[0O0T1F0]|,
psi~H (X A) 01 00[0010[000

0 1
GQ— Gl
1 0
[~ (X A) 0 0 0
= | X)) | = :
(X AP 0 1 1
and
[0 1
G3: G(0
1 0
(=1 (X A?) 01 0/000 0
= |y (XA | = 1 00[00 :
Y H(X) 000[0 10 0

is a (3 x4,1,6) MRD convolutional code.

3.4 Construction of a (5x5,1,19) MRD rank metric

convolutional code

In this section we consider (5 x 5,1, ) rank metric convolutional codes. The above con-
structions only allowed to obtain (5 x 5,1,d) MRD rank metric convolutional codes for
d <9. Next we present a construction of a (5x5,1,19) MRD rank metric convolutional

code.

Let A € F;*® be a matrix with irreducible characteristic polynomial, consider the
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polynomial matrix

YD) + 9 A)D + g (AR)D? 444D 4y (A D

v 1<1>D YU A)D® 4 (AN DT g (A)DE + 4 (4D

w 1(I)D10 + w (AS)DH + w_l(A)D12 + ¢_1(A4)D13 + ¢—1<A2)D14+

YU DDY 4y (AYD'S 4 (ADDY + 4 (ADDS g ()P (38)

G(D) =

+ o+ o+

and the rank metric convolutional code C with encoder G(D).

Since [G]" = ¢~1(A) # 0 (and k = 1), G(D) is row reduced and therefore the
)) = 19. Thus, to prove that C is an MRD rank metric

convolutional code we have to show that

degree of C is extdeg( (D

Without loss of generality, let us consider u(D) = ug+u; D +- - - +u; D' ;with ug # 0
and u; # 0, v(D) = u(D)G(D) and V(D) = ¢(v(D)) = .17 VD'

If 1 =0, V; =uA’, for some t € {0,1,2,3,4},i=0,1,...,19, and therefore all the
coefficients of V/(D), V;, 1 =0,1,...,19, are full rank and we have that

rwt(V(D)) = 20 x 5 = 100.

Let us consider the case | < 5. Then

Vo = uol

Vi=uil +ugA

Vo = sl + ug A + upA?

Vs = usl + ugA + ug A? + ugA®

Vi = ugd + usA + us A% + ug A3 + ug A

Since ug # 0, each V;, for 0 < i < 4 is full rank,and then

4
Zrank(‘/;) =5x5H=25.

=0
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Moreover,

Vi = uol + ugA + us A% + ug A® + ug A*
Vo = urd + (ug + ug) A? + uz A 4 ug A*
Vo = uol + ug A2 + uy A3 + (uo + u3)A4
Vi = usl + ugA + ug A% + (ug + uy) A*

Vo = ugl + ug A + usA? + ugA® + uy A*.

Note that V3, Vg and V4 are full rank because they are a nontrivial linear combination
of I, A, A%, A3, A* since ug # 0. However Vg and V7 can be zero. In these cases we have

the following:

o If V5 =0 then uy = uy = us = ug + uy = 0, which means that u; = upy = u3 =0
and uy = —ug # 0. This implies that V7 is full rank.

o If V2 =0 then uy = uy = ugy = ug + uz = 0, and therefore u; = us = uy = 0 and
uz = —ug # 0. Thus Vg is full rank.

So, we conclude that

irank(%) > 20.

i=5

The next five coefficients of V(D) are,
Vio = uol + us A + ug A% + ug A% + uz A
Vii = urd 4+ usA + (ug + ug) A + uy A*
Vig = uol + (ug + ug) A+ (ug + US)A3
Vis = usl 4+ u1 A + (ug + ug) A + ug A*
Via = ugl + us A + ug A% + ug A + uy A*.

Using the same reasoning as before we conclude that Vg, Vi3 and V4 are full rank
and that

e V11 = 0 implies that u; = us = uy = ug + ug = 0, and therefore u; = us = uy =0
and uy = —ug # 0. Thus Vis is full rank.

e Vo = 0 implies that us = ug + u4 = uy + uz = 0, and therefore uy = 0,

ug = —ug # 0 and ug = —uy. Thus Vp; is full rank.

This means that u

Z rank(V;) > 20.

=10
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By reasoning in a similar way we prove that

19
Z rank (Vi) > 20.

i=15

Let us now analyze in more detail the cases [ =1, =2, [ =3 and [ = 4.

If [ =1, it is easy to see that

4 9 14 19
Zrank(‘/;-) = Zrank(\/;) = Z rank(V;) = Z = rank(V;) = 25,
i=0 i=5 i=10 i=15

and therefore
rwt(V(D)) > 100.

If | = 2, we have that

19

Zrank(%) = Zrank(vi) = Z = rank(V;) = 25,

i=0 i=5 1=15

Z rank(V;) > 20

=10
and
rank (V) = 5.

So we conclude that
rwt(V (D)) > 100.

If [ = 3, then
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and since

and ug # 0, it follows that

and therefore

Finally, if [ = 4 then

and since

and uy # 0, we have that

and therefore

= ulA + U2A2 + U3A3
= UQA + U3A2
= U3A

rank(Vao) + rank(Va;) + rank(Vay) = 15,

rwt(V(D)) > 100.

‘/21 = UQA + U3A2 + U4A3
Voo = uzA + uy A
Voz = ug A

rank(Vay) + rank (Vo) + rank(Va3) = 15,

rwt(V(D)) > 100.

Let us now examine the case [ > 5.

Let V(D) = Zﬁiég V;D'. Using the same reasoning as before we conclude that
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S rank(V;) = 25.

Let us consider the next five coefficients of V' (D),
= (ug + us 1 + U4A + U3A2 + UQAS + U1A4
uy + ug)l + usA + (ug + ug) A% + ug A3 + up A*

Vs = ( )

Vs = ( )

Vi = (ug + ur)I + ugA + (uy + us) A* + ug A® 4 (ug + us) A*

Ve = (uz +ug)I + (uo + ur) A+ (ug + ug) A* + us A® + (uy + uy) A*
Vo = ( )

Uy + ug) I + (ug +ug) A+ (us + ur) A% + (ug + ug) A® + (ug + us) A*

It is quite simple to see that we can have one of the Vs equal to zero. However,
we will see that we cannot have two null V/s. In fact, the u;, i = 0,1,...,9, such that,
for instance,

Vs =0AVz =0,

are such that
Uy + Us = 0

us =0
uz =0
Uy =0
u; =0

U2+U7:O

ug = 0
U+ us =0
us =0
ug +uz =0

\
which is a system with unique solution, the trivial solution. However, this is not

possible since ug # 0. So we conclude that it is not possible that V5 = V7 = 0.

Using the same reasoning we conclude that it is not true that

for r,s € {5,6,...,9}, with r # s.

Therefore,
9

Z rank (Vi) > 20.

1=5

Let us now analyze the rank of the following coefficients of V(D) by considering

the cases [ > 5 and [ = 5, separately.
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IfI > 6, following the same reasoning we can observe that in the next five coefficients
Vio, Vi1, Via, Vis, Via we see that we can have two Vs equal zero but not three and in
the following five coefficients, Vis, Vig, Vi7, Vis, Vig we can have three coefficients equal

to zero but not four. Thus,

19
> rank(Vi) > 25+ 20 + 15 4 10 = 70

1=0

Since

Vigws = w6 A+ (w1 +w5)A* + w4 A® + (up +wp_3) A* + wy_ol
Vigra = w5 A+ (u + U174)A2 + w3 A + w0 A* + uy ol

Vitts = g A+ w3 A% + w2 A* + 1 A + gl

Vigis = w—3A + u_o A? + w1 A® + w A*

Visir = oA+ up 1 A* + A

Vigis = w1 A + w A?

Vit1g = wA,

and u; # 0, it follows that
1+19

Z rank(V;) > 30

i=l+13
because V)13 and V14 cannot be simultaneously equal o zero and V;y15,Vi116,Vie17,Vit1s

and V19 are nonzero. Therefore,

19 +19
rwt(V(D)) > ) rank(Vi) + ) rank(V;) > 100.
=0 i=l+14

To finalize, it remains to analyze the case [ = 5 and the case [ = 6. Considering

first the case [ =5 , we already saw that

rank (Vi) > 25 4 20 = 45.

9
1=0

The coefficients V;, for ¢« = 10,11, ..., 14, are

Vio = (ug + us) I + us A + ugA* +uy A3 + ug A*
Vii = urd 4+ usA + us A® + (ug + ug) A> + ug A*
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‘/12 = UQI + (UQ + U4)A + (Ul + U3)A3 + U5A4
‘/13 = Ugf + (Ul + U5)A + (Ug + U4)A3 -+ UOA4
‘/14 = U4I + UQA + U0A2 + (U,g + U5)A3 + U1A4.

Using the same reasoning as before we can have one of the above coefficients equal
to zero, but it is not possible to have two of these coefficients equal to zero. The same

happens if we consider the coefficients Vis, ..., Vig. Thus,

19

> “rank(Vi) > 25 + 20 + 20 + 20 = 85.
i=0

However, the last V;'s with i taking values between 20 and 24, will compensate for
the possible rank loss in the previous V/'s, because we will have 5 full row rank matrices

V!s. Finally, it means

24

> “rank(Vi) > 25 + 20 + 20 + 20 + 25 > 100.
=0

The case [ = 6 is similar to [ = 5. So, we conclude that C is MRD.

This constructions allows to obtain a (5 x 5,1,4) MRD rank metric convolutional

code for & < 19. For that we have to consider the corresponding encoder

where Gy, i = 0,1,...,9, are the first §41 coefficients of the matrix G(D) = 317 G; D’
defined in (3.8).

Generalizing, we believe that the statement holds true for all m, with m a prime

number, as it is stated as the following conjecture.

Conjecture 3.10. An (m x m,1,m* —m — 1) rank metric convolutional code C with

m a prime number and with encoder

m—1 [m—1

Z Z modm (i—1)m+k 7 (39)

i=1 | k=0
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1.e.,

G(D)=1+AD+ A’D* 4 .-+ A, D™+
+ ID™ + A2D™T 4 AYD™T2 L AT DAl
4 ID¥ 4 ABD2mHl 4 A3 p3mel
ot
L [Dm=Dm | gm—lpm=m+l L g p(m—lm—1

is MRD and dsg(C) = m?*(m — 1).

As above, for the cases in which the above result is true, the matrix

where G, 1 = 0,1, ...,0, are the first +1 coefficients of the matrix G(D) = ZZ(Z[)_l)m_l G; D"

defined in (3.9) is an encoder of an (m x m, 1,5) MRD rank metric convolutional code

foro <m?—m—1.






Chapter 4
Concatenated code

In this chapter we address the problem of concatenation of a convolutional code and a
rank metric code as an alternative approach for building multi-shot codes. In particular,
we present a novel scheme of a concatenation of a Hamming metric convolutional code

and a rank metric block code.

The work presented in this chapter is inspired by the work done by Napp, Pinto
and Sidorenko [32]. There are however important differences between these two coding
schemes that will be described in detail in this chapter. The main difference is in
the way the information is concatenated. The novel scheme presented here is able
to encode vectors with no restrictions on the length and requires vectors over smaller
finite fields which lead to a reduction in the complexity of the encoding and decoding
process. Moreover, we will show that the inner code (the rank metric) is able to recover
lost packets that remain lost in the concatenation scheme introduced in [32]. We will
illustrate the nuances of each coding procedure by presenting several examples for

different parameters and erasure patterns.

4.1 Concatenation scheme over extension fields

In [32] the authors Napp, Pinto and Sidorenko proposed a concatenation scheme with
a Hamming metric convolutional code as an outer code and a rank metric block code

as an inner code. The way these two are concatenated is described below.

Let Co be an (ngo, ko, d) convolutional code over an extension field of F e, with
encoder G, (Hamming) free distance dy,..(Co), (Hamming) column distance d5(Co).
Using the framework described in Remark 2.19 we consider an (ng, k) rank metric
block code C; with rank distance d;.nk(Cr) and encoder G also over an extension field

Of ]qu .

67
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Consider u(D) = ug + u1D + usD* + - - - € F i, [D]*© be the information vector.
Then, the information vector we will be encoded through Go(D) € Fm, [D]*0*"0 in
order to obtain v(D) € Co defined as:

v(D) = vy + 0D +v3D* + --- = u(D)Go(D) € Co C F i, [ D]

and we write v; = (v0,...,v/*"") with v € Fms,.

For a given basis of F nr, over Fym we can represent each vl € F,me; with a vector
j k
v] € Fyh and

vi= (0], ) € (Fhh).

With this identification

v(D) = vy + v1D + vaD* - - - € Fib[D]™.

Finally, the codewords x(D) of the concatenated code C are obtained by concaten-
ating at each time instant Uf with the rank metric code C; through G in the following
way,

J_ .7 ny
;i =v;Gr € Fyn

which yields
ey € (FIE)™

and, therefore, the codewords are given by

x(D) = xg+ 21D + 2,D* + -+ € C C Fyh[D]™.

It is important to note that within this setting in each shot (time instant) we encode
v! € Fymy,, and send to the network z} = v/ G € [Fy%. Again the vector 7 can be seen
as a matrix X7 € [F,7*™. Then, the rows of X7 can be regarded as the packets that

are being introduced into the network at each shot.

Notice that in this scheme vf must have length multiple of m, considering Uf over
F,, which is restrictive, and to transmit each v; we need no = k; shots. Hence, for
instance, we need 3no shots instants to completely send v(D) = vo+ vy D +wv3D?. This
is a bit counter-intuitive in the context of convolutional codes, because D is typically

used as a delay operator of one instant.

Next, we illustrate how this concatenated scheme processes the data with a simple

example.
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Example 4.1. Suppose we want to send a file with 18 elements of F,. If we want to

apply the scheme of [32] we can divide the information as follows:
U(D) = Up + ulD + UQDQ - Fqﬁ [D]
Then, we have m = 3 and ky = 2.

Suppose that to encode it we have a machine (the convolutional encoder) with the
capacity of storing 2 elements of Fys, i.e., 6 = 2. Then, we can consider the following

encoder

G(D) =Go+GD+ G2D2 € IF;?“[D]

In other words, we use an (n, = 4,k, = 1,6 = 2) convolutional code C, over Fus as

outer code, and obtain:
(D) = v + 1D + v D? + v3D° + v,D* = u(D)Go (D) € Fu[D]

as a codeword of C,. We now apply the inner code in each Uf € Fgp where v; =

(09,0}, v2,03), for 0 <i <4 and 0 < j < 3. To this end, we regard v} as an element
of Fgg. If we use an (n; = 3,k; = 2) rank metric block code over F, with encoder

G € ]F;SX?’ we obtain:
Zlfg = "UgG[ S ng

We identify (via an isomorphism between Fzg and ngs ) these vectors to matrices
J 3x3
X; € F,7,

where each row represent a packet with 3 elements in F, and we send 3 packets at each

shot. As we require 4 shots to send each v; and we have 5 vis, we need 20 shots to send
the encoded file.

In the following subsection we propose a new framework in which we consider an
encoder machine which will operate over a smaller finite field and the concatenation is
performed via the v; instead of vf . Hence, for instance, we need i + 1 instants (shots)
to completely send v(D) = vg+v; D+ --+v;D" € Co and therefore, in this regard, one
can say that such concatenation scheme is very natural since D is now used as delay

operator of one time instant and v; has no restrictions on the length.
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4.2 Novel concatenation scheme over the base field

In this section we shall consider the general definition of rank metric block codes as

described in Subsection 2.2.1 and operate over the base field F, instead of the extension
fields of IF,.

Let us now consider Co an (no, ko,d) Hamming metric convolutional code with
encoder Go, free distance df,..(Co), column distance d5(Co) and Cr an (ny x m, kr)

rank metric block code with rank distance d,.,x(C;) and encoder Gj.

As in the previous scheme, the concatenated code C is obtained by using the Ham-
ming metric convolutional code Cp as an outer code and the rank metric block code C;

as an inner code.

Let u(D) = up + uy D + usD* + - - - € F [D]*o be the information vector. Then, we
encode it through Go(D) € F,[D]*0*"0 in order to obtain v(D) € Co as:

v(D) = vo+ v D +v;D* + -+ = u(D)Go(D) € Co C Fy[D]".

The codewords of the concatenated code C will be obtained through the composition
of an isomorphism 1 and a monomorphism v (see Chapter 2) with G; € IF’;’ *nrmand

kr = no in the following way:

z; =v(v;) =v,Gr € Fm
which is transformed into a matrix by

X; =(x;) € Cr € Fr™™.
Finally, the codewords of the concatenation code C are

X (D) = Xo+ X1D + 23D* + ... € C C F [D]"*™.

Again, the rows of the matrix X; can be seen as the packets that are injected into

the network at time instant i.

Of course, for a given basis of Fym over F,, we can identify each matrix X; € Fg=™
with a vector z; € Fii and X (D) € F,[D]™*™ with a polynomial z(D) in Fgm[D]™.

Next we illustrate how this novel concatenated scheme processes the data.
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Example 4.2. In Fxample 4.1 we have illustrated how to send a file of 18 elements in
[F, using the scheme in [32] with an (4,1,2) outer convolutional code C, over Fys and

a (3,2) inner rank metric block code C; over F .

We now show how can we use the concatenation scheme described in this section to
send the same file using now a (2,1,12) as outer convolutional code and a (3 % 3,2) as

inner rank metric block code both over Fy instead of over Fye and Fs.

Note that both convolutional codes have the same memory, namely, the encoder can
store 2 elements of Fys or, equivalently, 12 elements of F, which means that 0 is, in

this case, equal to 12.

The data can be divided as

U(D) = Ug + u D + UQDZ + 4 u17D17 < Fq[D]

An encoder of C, can be taken to be of the following form
G(D) = Go+ G1D + GyD* 4 - - - + G12D? € F*?[ D]
and then
v(D) =vg+ v D+ vD* 4 -+ - + 039D = u(D)G(D) € C, C F2[D).
In this setting we now encode each v; € ]Fg via an encoder of Cr, G € F?IX&?’, to obtain
;=) =vG € Fg

and

X; =¢(x;) € szs.
The rows of X; represent the packets that are sent at each shot. Hence, again, each

packet has 3 elements of F, and we send 3 packets at each shot.

Within this framework and this selection of parameters we need 29 shots to transmit

the file.

4.3 Distance properties

In this section we will present the distance properties of the proposed concatenated
code C described in the previous subsection. Without loss of generality we will assume

throughout the chapter that m > n;.
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Let X (D) € C. Recall that

rwt(X(D)) = rank(X;),

i€Np

and the sum rank distance of C is defined as
dsr(C) = min{rwt(X (D)), X(D) € C, X(D) # 0}.

Theorem 4.3. The sum rank distance of the concatenated code C satisfies:

dfree (CO )
no

dsr(C) > { —‘ X drank(Cr).

Proof. The sum rank distance dgg(C) is the minimum sum rank of a nonzero codeword
X(D) of C. To take a nonzero codeword X (D) we should take a nonzero codeword
v(D) = vo+v1D+vsD*+- - - of the outer code Co, which has a at least dfye.(Co) nonzero
components vf . So there are at least {d“e;—(ocm—‘ nonzero v;’s. After inner encoding each
of these nonzero v; we obtain the corresponding X; that have rank of at least dpan(Cz).

This concludes the proof. O

Let X(D)|p ) = Xo + -+ + X;D? be the j-th truncation of the codeword X (D),
then
j
1wt (X (D)lj0,5) Z rank (X
1=0

The column rank distance of C is defined as
d;"(C) = min{rwt(X (D)|p,), X (D) € C A X, # 0}.

Theorem 4.4. The column sum rank distance of the concatenated code C satisfies:

d5(Co)

no

dr(C) > [ w X dranc(Cr).-

Proof. For any v(D) € Co, with vy # 0 we have that v(D)|(; has at least d5(Co)

nonzero components. Then, v(D)|j; has at least [dié_io)"‘ nonzero v;’s. Bach v; dif-
ferent from zero results into a x;, or equivalently, into X; that has rank of at least

dyank(Cz). Then, the theorem follows. O

As explained before, Rosenthal and Smarandache [18] showed that the free distance
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of an (n, k, §) convolutional code is upper bounded by the generalized Singleton bound,

)
ielC) < (0 — F) QEJ n 1) )
and the column distance, see [11], is upper bounded by

d;<(n—k)(j+1)+1

Note that the rank distance is upper bounded by the Hamming distance, i.e., for all
z € F. and a corresponding X € Fp*™ we have that rwt(X) < wt(x). Note that this
fact is independent of the basis chosen when identifying x to X. Using this obvious

fact, we derive the following results.

Theorem 4.5. The sum rank distance of the concatenated code C satisfies

dsr(C) < ng Q%J + 1) )

Proof. Let G(D) be a row reduced encoder of C,. Let us consider a row of G,(D) with

degree L%J, which is a codeword of C,.That means that exists a codeword v(D) =

Zizo v; D' € Cp with maximum number of nonzero coefficients equal to {%J +1. Each

nonzero coefficient of v(D), v;, is encoded by the (n;, kr) inner code C; which obviously

yields a codeword with rank < n;. Thus, dsg(C) < n; ({%J + 1) ) O

Analogously, we can derive an upper bound on the column rank distance of the

concatenated code as we show in the next result.

Theorem 4.6. The column sum rank distance of the concatenated code C satisfies

d;T(C) S ny (] + 1) .
Proof. Following the same reasoning as in the previous theorem, we know that the
maximun number of nonzero coefficients of a truncated codeword of C, is equal to j+1.
In other words, there are at most j 4 1 nonzero v;s in v(D)|jo ;. Since each nonzero v;
leads to a nonzero X; with rank(X;) < n;, we can conclude that d§" < (j +1)n;. O
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4.4 Performance of the concatenated code

In this section we will evaluate the performance of the proposed concatenation scheme
and then compare it to the one presented in [32] in terms of performance during the

encoding and decoding process.

Consider packet loss only (no erroneous packets) in the network. As explained in
[21] the inner (nr,k;) code with rank distance df = n; — kr + 1 is able to correct
up to d; — 1 lost packets. If the number ¢ of lost packets is more, then the inner
decoder gives to the outer code the symbol of erasure. Assume that we transmit via
network n; linearly independent packets, and each packet can be lost with probability

p independently on other packets. Then probability p, of symbol erasure of the outer

Po = i (Zl)pf(l —p)m (4.1)

l=dj

code is

After decoding sufficient inner codes, we decode outer convolutional code. Assume
that blocks of the outer convolutional code are correctly decoded up to instance t—1 and
there are erasures in the block ¢. At this stage we need to use the results of Napp, Pinto
and Sidorenko [32] on the decoding of convolutional codes over the erasure channel that

will help us to evaluate the performance of our code. This is presented next.

Let C, be an (n,, k,, §) convolutional code, d3.(Cp) be its T-th column distance and
let H(D) = Hy+ H;D + HyD? + -+ + H,D" be a parity-check matrix of Co.

Assume that we have been able to correctly decode up to an instant ¢ — 1. Then,
for each received codeword v(D) = vy + v1 D + vaD? 4 - -+ € Co C F[D]"™ consider the

system of linear equations

/Ut_,y
H, - - H, | H, :
Hy B M o (42
: : : v ’
H, Hy Hr_y --- Hj
N -— VetT
HS, - -

where v;, t < i < t+ T may contain some erasures on it and v;, t — v < 7 < t are

assumed to be correct.

If we consider the columns of HS that correspond to the coefficients of the erased
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elements to form a new matrix, which will be denoted by }A[%, then the remaining
columns of HE., denoted by H , can help us to compute the independent terms of a
system, i.e., if v is the sub-vector of vy ;17 corresponding to H , which are assumed to
be the known coefficients in (4.2), then we will be able to obtain the non-homogeneous

linear system with (7" + 1)(n — k) equations,
HSY = —H7, (4.3)

where Y corresponds to the vector with the erasures in vy, 7).
Note that this system has always a solution since v(D) € ker H(D). Therefore, it will
be possible to recover all the existing erasures in vy .47 if and only if the system (4.3)

has a unique solution.

Lemma 4.7. [32, Lemma 2] Let C, be an (n,,k,,0) Hamming metric convolutional
code and let d3-(C,) be its T-th column distance, T < L and L has defined in Definition
2.17. Assume that we have been able to correctly decode up to an instant t — 1. Let
E(t,t +T) be the number of erasures occurring in the time interval [t,t + T]. Then,
we can recover vy if

E(t,t+T) <dy(C,) — 1.

The authors in [32] presented a necessary conditions to recover all the erasures
within an interval in case we have information about the number of erasures per time

mstant.

Lemma 4.8. [32, Lemma 3] Let d§(C,), d5(C,), . ..,d5(C,) be the distance profile of an
(no, ko, &) Hamming metric convolutional code C,. Let E; be the number of erasures at
a time instant i. Assume that we have been able to correctly decode up to an instant

t — 1. Then, we can completely decode up to an instant t +T" where T' < L if

ZET%H < di(Cy) —1 fors=0,1,...,T.
i=0

Of course the best convolutional codes in this scenario is when they have the largest
possible column distances, ¢.e., is an MDP convolutional code, see Definition 2.17.
According to the authors, the conditions of the previous results become also sufficient

when considering MDP convolutional codes as we will show in the following theorem.

Theorem 4.9. [32, Theorem 6] Let C, be an MDP (n,, k,,0) convolutional code. As-

sume that we have been able to correctly decode up to an instant t — 1. Let E; be the
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number of erasures at time instant i. Then, we can completely decode up to an instant
t+1T where T < L if and only if

ZET—ith < (n,—ky)(s+1) fors=0,1,...,T.
i=0

We will now consider the concatenated codes proposed above and show the condi-
tions necessary, in both cases, to fully recover from the missing packets. The error-
correcting capabilities of the concatenated code will depend on how the packet losses

are distributed along (X, ..., X;17) and we will illustrate by showing some examples.

For the sake of simplicity, in order to measure the performance of the two concat-
enation schemes presented above we shall consider only lost packets over the network.
If the inner rank metric code fails to recover the packets at a time instant, then it will
deliver an erasure to the outer convolutional code. Then, using Lemma 4.7 and 4.8
and Theorem 4.9, the convolutional code will try to correct these erasures to recover

the lost packets that the inner code could not recover.

As explained above, after decoding sufficient inner codes, we decode outer convolu-
tional code. Assume that blocks of the outer convolutional code are correctly decoded
up to instance t — 1 and there are erasures in the block ¢t. According to Lemma 4.7,
we can recover tth block v; using window of size T'+ 1 of blocks vy, vyy1, ...vsp if nUM-
ber of erasures in the window is less than d = D%(C,), otherwise the decoder fails.
Hence, the failure probability Pf is the probability to have at least d erasures in the
T + 1-window given by (4.4), where at least one erasure should be in the block v; (see
correction (4.5)). Since every symbol of the outer code can be independently erased

with probability p,, we obtain the failure probability

no(T+1)
Pip) = Z <no(T + 1))%(1 )T (4.4)

. 14
t=d

5 (”;T)pﬁa —po)T (45)

=d

In order to analyze the performance of the concatenation schemes, a model, such
as the one described by the Elliot channel, would help to understand better the error
correction capabilities of the code. This is left for future research. Next We illustrate

the decoding process of both schemes in the following semple example.
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Example 4.10. Let us consider Example 4.1 and 4.2 and see how these two different

concatenation schemes perform when we have lost packets during the transmission of
a file over a network.

Suppose that the lost packets pattern at each shot is the one represented in Figure
4.1. For the sake of simplicity we just analyze the situation after the first eight shots.
Suppose that both C; and Co are, respectively, MRD and MDP, in both examples.

1st 3rd 5th 7th
shot shot shot shot
Packet loss
e L 0 3 0 2 3 @ @
2nd 4th 6th 8th
shot shot shot shot

Figure 4.1: Lost packets at each shot

The concatenated code in Example 4.1 using [32] can recover, with Cr, at most
n; —k; =3 —2 =1 lost packets at each shot whereas the inner rank metric code in

Example 4.2 can correct up to ny — (%ﬂ =3 — %1 = 2 packets each shot.

Hence, the first scheme can fully recover X{, X3, X¢ and fails to retrieve X2, X7, X{, X?
and X3. Then, the outer code receives vy with one erasure and vy with 4 erasures, as

represented in the following figure,

t=0 t=1

ONONORONONORONO)

Figure 4.2: Erasure pattern

Taking into account that dy = 3 and using Theorem 4.9 witht = 0 and T" = 0

(consequently s = 0) we have that vy can be fully recovered as

Fo=1<(no—ko)(s+1)=(4—1)(0+1) = 3.
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Next, using again Theorem 4.9 witht =1 and T =0 (again s = 0) we have that
Ei=4>(no—ko)(s+1)=4-1)(0+1)=3

and therefore vy cannot be recovered at time instant 8 (4 shots to receive vy and 4 shots

to receive vy ).

In the other hand, for the scheme in Section 4.2 we have that X, X1, X3, X4, Xg
and X7 can be recovered and so vy, vq,vs, Vs, Vg and vy are received without erasures.

The vectors vy and vs are considered by the outer code as erasures, as we can see in
the Figure 4.53. Hence, By = F, =FE3=FE,=FEs=FE; =0 and £y = F5 = 1.

t=0 t=2 t=4 t=6

ONORORORONONORO

t=1 t=3 t=5 t=7
Figure 4.3: Erasure pattern

So, we have recewwed the first erasure at time t = 2. Now the conditions of Theorem
4.9 witht =2 and T = 2 are verified:
For s =0,

Ei=0<(no—ko)(s+1)=(2-1)(0+1)=1x1=1,
fors=1,
Es+E,=0+40=0<(no—ko)(s+1)=2-1)(1+1)=1x2=2,
and for s = 2,

Ey4+ Es+E=14040=1<(no—ko)(s+1)=(2-1)2+1)=1x3=3.

This means that we can correct vs.

So, we can now assume we have no erasures up to time instant t = 5. Finally,

sliding the correction window we now take t =5 and T = 2 in Theorem 4.9 and verify
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that the conditions are satisfied:

For s =0,
E:=0<(no—ko)(s+1)=2-1)(0+1)=1x1=1,
fors=1,
E:+Es=040=0<(no—ko)(s+1)=02-1)1+1)=2,
and for s = 2,

E:4+Es+E;=0+0+1=1<(no—ko)(s+1)=2-1)(1+2)=3.

This implies that we can recover vs and therefore we can decode everything in the first

eight instants of the transmission.






Chapter 5
Conclusions

A great part of the existing literature about network coding is concerned with the situ-
ation in which the network is used only once to propagate the information, i.e., a fixed
number of packets are encoded and sent via the network at one time instant (one-shot
network codes). In order to achieve a reliable communication over network channels,
one-shot matrix codes called rank metric codes were constructed. However, if one needs
to transmit a lot of information and needs to use the network several instants, then one
can improve the error-correction capability of the code by creating correlation among
the transmitted data in the different shots (Multi-shot network codes). This new class
of codes has recently attracted much attention due to their application streaming com-

munications.

In this thesis a number of problems regarding codes for multi-shot networks have
been investigated. In particular, the thesis focus is twofold. The first one has to do
with the rank metric analogues of Hamming metric convolutional codes. We first intro-
duce a novel definition of rank metric convolutional codes and then we study their rank
distance properties within this new setting. Several upper bounds are derived which
allowed us to define define Strongly Maximum Rank Distance (sMRD) and Maximum
Rank Distance Profile (MRP) convolutional codes.

Despite of the fact that the distance of a code is the most important single para-
meter of a code, very little was known about the rank distance properties of these
codes. In this dissertation we have focused on the two distances that are considered
the most relevant in the context of rank metric convolutional codes, namely, the free

sum rank distance and the column rank distance.

Once we have established the proper notions in Chapter 2, we aim to derive con-
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crete constructions of MRD convolutional codes in Chapter 3. Extending the previous
constructions of these codes, we present novel and more general constructions for a
wider set of parameters. More specifically, we intend to build codes with higher degree

and, consequently, better error-correcting capability.

The second part of this dissertation propose a new coding framework for multi-shot
networks as alternative to rank metric convolutional codes. The novel scheme presented
here consists on using concatenation and requires vectors over smaller finite fields which
reduce the complexity of the encoding and decoding process. This novel scheme is built

by concatenating of a rank metric code as an inner code to an outer convolutional code.

We showed that our new concatenation scheme have some advantages with respect
to previous coding solutions for sequential transmission over networks in multiple shots.
In fact, we showed that the inner code (the rank metric) is able to recover lost packets

that remain lost in other concatenation schemes.

The thesis raises several interesting follow-up questions. Is it possible to derive
MRD and MRP convolutional code over more general set of parameters and smaller
fields? This question remains widely open. Another challenging avenue of future re-
search is to analyze the distance properties of the proposed codes in terms of different
metrics, for instance, the injection metric [23]. Also it would be interesting to investig-
ate the performance of the proposed concatenation scheme considering not only rank
deficiencies but also other type of errors, such as the situation when injected error pack-
ets occur. For that a nontrivial decoding algorithm needs to be developed to deal with
such errors. Some preliminary ideas and results regarding fast decoding algorithms
have been presented in [29]. In this work the authors presented a new construction
of maximum rank distance systematic rank metric convolutional codes was presented
that allows to reduce the computational complexity of the decoding Viterbi algorithm.
This result is achieved by lowering the number of branch metrics to be calculated and

by setting to the highest value the metric of the remaining edges in the trellis.

Finally, another open issue that one can naturally raises is to investigate how would
be the performance of the concatenation scheme of Chapter 4 in more real situations.
For this purpose, one should develop a statistical model, e.g., one may consider the
Gilbert-Elliott channel, to simulate burst error patterns in transmission channels like
the Internet. As the proposed scheme is very general, we would expect that a statistical

analysis will allow us to derive more concrete parameters of the inner and outer codes
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in order to achieve a good performance in these channels. This is left as an interesting

open problem.
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