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�ØÛ³ ÝÞØ ³±¶Ý²�±Þ ¶±ë�µ�Ø¶¶Ø â±ÝÛ ¶Ø³ âÛ±� ¶EÙØ³ ä øØ÷²Ûãµ²�±Þ äØ Ù±²�Ú³ �Þ²·´ÛØ³³ãÞ²³ s�F �� RHPOQOG�� Q� �Do�QMCC�N �FG �� EMQTGOMFE QMVOPO�QQ�E CMT� Q ��wG�HPGOMF ��NMGORE OFGD��EEHFGE U FMTE C�MCMEMFE TF� QOW�HO�O� WHED� ET� Q �TGOQOEHGOMF � �HQVM�OGuN �E �G ��EG�TPGT��E �� �MFFD�E VDFD�OST�E U �G CHEEHFG ~ Q �DPu�QQ� 	 ��E PH�HPGD�OEGOST�E �G MCGON OEHzGOMFE �� Q �HQVM�OGuN � EMFG G�HFECH��FG�E C MT� Q� C�MV�HNN�T� U �G E�TQ� Q �ONCQDN �FGHGOMF��E C�MC�ODGDE EC DPO�ST�E ~ EMF C�MWQ{N � �EG QHOEED� ~ EH PuH�V� 	 �� CQTE U FMTE C�DE�FGMFETF� NDGuM�MQMVO� CMT� VTO��� Q �TGOQOEHG�T� �HFE E�E PuMOw 	 ��GG� N DGuM�MQMVO� Q �HO�� ~��RM�NTQ�� �EO C MEEOWQ�� EMF C�MWQ{N � EMTE QH RM�N � � �TF C�MWQ{N � � ��wG�HPGOMF �� NMGOREOFGD��EEHFGE U �G Q �HEEOEG� HTEEO �HFE Q� �Do�QMCC�N �FG ��E �O� D��FGE PMNCMEHFGE 	��GG� QOW�HO�O� �EG �O��PG�N �FG OEET� �� FMG�� �wCD�O�FP� �HFE Q� �Do�QMCC�N �FG �G
Q �H�HCGHGOMF � �HQVM�OGuN �E �� �DPMTo��G� �� NMGORE R�DST�FGE CMT� �DEMT��� ��E C�MWQ{N �EG�QQ�E ST� � QH �DPMTo��G� �� ��C�DE�FGHGOMFE PMF��FED�E ��E NMGORE R�DST�FGE �VDFD�HG�T�ER�DST�FGE U �EE�FGO�QE R�DST�FGE�  Lr�ù¥ U Q ��wG�HPGOMF �� �DC�F�HFP�E � �OFPQTEOMF  r��¥�G QH �DEMQTGOMF �� P��GHOF�E CuHE�E �T C�MP�EETE �� �DDP�OGT�� �� ��ST�G�E �HFE TF EqEG{N �� �OFGDV�HGOMF �� EMT�P�E �� �MFFD�E uDGD�MV{F�E  |L�¥ 	 �H C�OFPOCHQ� FMTo�HTGD �� P�GG�PMFG�OWTGOMF �EG � �HWM���� Q� C�MWQ{N � �� QH VDFD�OPOGD �G �T G�NCE �� �Do�QMCC�N�FGFDP�EEHO�� CMT� MWG�FO� ��E C�MV�HNN�E �HWQ�E U �MWTEG�E �G CHEEHFG ~ Q �DPu�QQ� U C MT� GMTG
C�MWQ{N � PM���ECMF�HFG HT PH��� GuDM�OST� ��  ry¡�¥ 	 �MFG�HO��N �FG HTw HTG��E PMFG�OzWTGOMFE U P� G�HoHOQ C ��N �G �MFP �� �DEMT��� TF� V�HF�� RHN OQQ� �� C�MWQ{N �E 	��E C��N O{��E �wC D�ON �FGHGOMFE �DHQOED�E H- Pu�FG ��E C ��RM�N HFP�E G�{E OFGD��EEHFG�EHT ��VH�� �� QH �HCO�OGD �G QH EONCQOPOGD � �MWG�FGOMF � �TF C�MV�HNN� MCD�HGOMFF�Q 	 �H QOzW�HO�O� �F PMT�E �� �Do�QMCC�N�FG U ON CQHFGD� �F �¯¯ U �EG HPP�EEOW Q� ET� OFG��F�G �G QOW���� ��MOGE 	
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�� NDNMO�� RM�G �� POFS CH�GO�E �EG M�VHFOED �� QH RH3MF ETOoHFG� 	
�H CH�GO� ETOoHFG� OFG�M�TOG TF �FE�NWQ� �� �D�FOGOMFE �G �� C�MC�ODGDE HTGMT� ��ENMGORE R�DST�FGE �G � �HTG��E ��C�DE�FGHGOMFE PMF��FED�E ��E NMGORE R�DST�FGE �PuHCOG�� �� 	�� PH��� GuDM�OST� �� �DPMTo��G� �� PMFFHOEEHFP�E ��  ry¡�¥ C ��N �GGHFG �� RM�NTQ�� ��N HFO{�� VDFD�OST� Q�E C�MWQ{N �E � ��wG�HPGOMF �� NMGORE �HT E�FE QH�V�� OFGD��EEHFGE �EG

C�DE�FGD HT PuHCOG�� � 	 ��E C�OFPOCHQ�E EG�HGDVO�E � ��wCQM�HGOMF �� Q ��ECHP� �� ��Pu��Pu�
CMT� P�GG� RHN OQQ� �� C�MWQ{N � EMFG �FETOG� �DGHOQQD�E �PuHCOG�� �� 	

�H G�MOEO{N � CH�GO� E� RM PHQOE� ET� QH N OE� �F CQHP� � �TF HQVM�OGuN � H�HCGHGOR C MT� Q ��wzG�HPGOMF ��E NMGORE R�DST�FGE 	 �� PuHCOG�� ù ���EE� TF DGHG �� Q �H�G ��E C�OFPOCHQ�E PH�HPzGD�OEGOST�E ��E p �Tw �� �MFFD�E PMFFT�E U �G EMTQOVF� Q�T�E QON OG�E U FMGHNN�FG CH� �HCCM�GHTw C��RM�N HFP�E ��E HQVM�OGuN�E �E�PGOMF ù 	�� 	 �H E�PGOMF ù 	n �� P� PuHCOG�� C�DE�FG� Q�EC�OFPOCHQ�E EG�HGDVO�E H�HCGHGOo�E N OE�E �F CQHP� �HFE Q�E HQVM�OGuN �E �� �DPMTo��G� ��ENMGORE R�DST�FGE 	 �FETOG� U Q� PuHCOG�� � G�HOG� �T C�MWQ{N � �� QH PH�HPGD�OEHGOMF ��E �MFzFD�E 	 � �DGT�� �wCD�ON �FGHQ� ���PGTD� �G QH PQHEEO�PHGOMF ��E p �Tw �� �MFFD�E ��E N MGORER�DST�FGE STO �F �DPMTQ�FG EMFG C�DE�FGD�E �HFE P� PuHCOG�� 	 ��E �DETQGHGE MWG�FTE QM�E�� Q �DGT�� �wCD�ON �FGHQ� EMFG �DGHOQQDE �HFE QH E�PGOMF � 	�	 �FETOG� U QH E�PGOMF � 	n DGT�O�
Q �ONCHPG ET� Q�E HQVM�OGuN �E �� P��GHOF�E PH�HPGD�OEGOST�E O��FGO�D�E QM�E �� P�E �wC D�OzN �FGHGOMFE 	 L OFHQ�N �FG U QH E�PGOMF � 	� C�DE�FG� PMNN�FG Q�E �DETQGHGE MWG�FTE C ��N �GG�FG� �HWMTGO� ~ TF� FMTo�QQ� PQHEEO�PHGOMF ��E p �Tw �� �MFFD�E �G ��E C�MWQ{N �E 	 �� PuHCOG�� �OFG�M�TOG Q �HQVM�OGuN�

ABS
	 �� C�OFPOC � �� P�G HQVM�OGuN� �EG C�DE�FGD �HFE QH E�PGOMF � 	�U

Ho�P TF� HGG�FGOMF CQTE CH�GOPTQO{�� ET� Q�E HEC �PGE H�HCGHGORE �G QH FMTo�QQ� VDFD�HGOMF ��EPHF�O�HGE 	 � �HQVM�OGuN � �EG �FETOG� �DP�OG �HFE EMF �FE�NWQ� �F E�PGOMF � 	n 	 L OFHQ�N �FG U
Q�E E�PGOMFE � 	� �G � 	� C�DE�FG�FG Q�E �wC D�ON �FGHGOMFE �DHQOED�E �G �OEPTG�FG Q�E �DETQGHGEMWG�FTE 	

�H STHG�O{N � CH�GO� G�HOG� �T C�MWQ{N � �� Q �TGOQOEHGOMF �G �� Q �ONCQDN �FGHGOMF ��E HQzVM�OGuN �E � ��wG�HPGOMF �� NMGORE R�DST�FGE CMT� �DEMT��� ��E C�MWQ{N �E � ��wG�HPGOMF ��NMGORE �HT E�FE QH�V�� OFGD��EEHFGE ��EC �PGHFG Q� PH��� ��  ry¡�¥ 	 �� PuHCOG�� m DGT�O�PMNN�FG E� PMNCM�G� Q�E EMQTGOMFE HQVM�OGuN OST�E �G QMVOPO�QQ�E �w OEGHFG�E CMT� Q�E N MzGORE R�DST�FGE �HFE P� FMTo�HT PMFG�wG� 	 �H E�PGOMF m 	n N �G �F Do O��FP� Q�E QON OG�E �� QHN Hp �T�� CH�GO� ��E HQVM�OGuN�E � ��wG�HPGOMF �� NMGORE R�DST�FGE U �G EMTQOVF� Q �OFGD��G ��
Q �HQVM�OGuN�

ABS
	 �H E�PGOMF m 	� C�DE�FG� Q�E C�OFPOCHQ�E EMQTGOMFE QMVOPO�QQ�E �w OEGHFG�E 	�� PuHCOG�� ¡ C�DE�FG� FMG�� QOW�HO�O� RHPOQOGHFG Q� C�MGMGqCHV� �HCO�� �� P� GqC � � �HQzVM�OGuN �E 	 �� PH��� GuDM�OST� �� P�GG� QOW�HO�O� �EG HWM��D �F E�PGOMF ¡ 	�	 �H E�PGOMF ¡ 	n�DP�OG TF� NDGuM�MQMVO� C ��N �GGHFG �� oD�O��� ST �TF C�MWQ{N � PM���ECMF� ~ P� PH��� 	 �FzETOG� U Q �M�VHFOEHGOMF �G Q� RMFPGOMFF�N�FG �� QH QOW�HO�O� EMFG C�DE�FGDE �HFE QH E�PGOMF ¡ 	� 	tT�QST�E �DETQGHGE �wC D�ON �FGHTw EMFG OFG�M�TOGE �F E�PGOMF ¡ 	� 	

L OFHQ�N �FG U FMTE PMFPQT��MFE �G �MFF��MFE ST�QST�E C ��EC �PGOo�E ~ P� G�HoHOQ �HFE QH���FO{�� CH�GO� �� P� N DNMO�� 	
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�� C�MWQ{N � �� QH �DPMTo��G� ��E NMGORE R�DST�FGE H DGD OFG�M�TOG QH C��N O{�� RMOE CH�v 	 sV�HNHQ �G s Q 	  s ��¡�¥ �HFE Q� PH��� �� QH �DPMTo��G� ��E �{VQ�E � �HEEMPOHGOMF 	 ��GG�FMTo�QQ� FMGOMF �EG ~ Q �M�OVOF� QOD� HT W�EMOF � �HFHQqE�� ��E �MFFD�E �� GqC � ®G�HFEHPGOMFE� �TF ETC��N H�PuD ® H�F � ��F �D�TO�� Q� PMNCM�G�N �FG � �HPuHG ��E PQO�FGE 	 ��CTOE U P�
C�MWQ{N � p MT� TF �O Q� ONCM�GHFG �HFE W �HTPMTC �� G5Pu�E �G �� C�MWQ{N �E �� RMTOQQ��� �MFFD�E G�QQ�E ST� Q �DGT�� �� EDST�FP�E  s�¡ù¥ MT QH PQHEEO�PHGOMF  ��r¡m¥ 	 �HFE P�PuHCOG�� U FMTE HQQMFE OFG�M�TO�� Q�E C�OFPOCHQ�E FMGOMFE QOD�E HTw NMGORE R�DST�FGE 	

P �Q����'��

�MOG
R

TF �FE�NWQ� �FO �� EqNWMQ�E HCC�QDE �����¬�� 	 
F� ����������� �EG TF EMTEz�FE�NWQ� ��
R

	 
F� C�� � �� ���� ?�� �� ������������
r
ET�

R
�EG TF NTQGOz�FE�NWQ� ��G�HFEHPGOMFE 	

R ST UVWVXU YZ
[� ��� �� C¬� X = {i1, ..., ik} ⊆ R

��� ��� �¬? �� � ���\ �� ] «� ���\ � �̂¬ �������� ] �����¬�� �
�MTE FMGMFE

cover(r,X) = {t ∈ r _ X ⊆ t} Q� NTQGOz�FE�NWQ� �� G�HFEHPGOMFE PMFG�zFHFG Q� NMGOR ` 	
R ST UVWVXU a Z
b� ���� ��� � �̂� � ���\ ` ����

R
��� �?� ���� ¬� � �� C�� �� ������������ §�� �������� ��� ` c

support(r,X) = |cover(r,X)|


F NMGOR �EG �OG de fghij k EO EMF ETCCM�G �EG ETC D�O�T� ~ TF E�TOQ N OFONTN �� ETCCM�GHWEMQT minsup
U M�

minsup ∈ {0, ..., |r|}
	 �MGMFE ST� Q� ETCCM�G � �TF NMGOR �G Q� E�TOQ
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NOFONTF �� ETCCM�G C �To�FG �G�� HTEEO �D�FOE �� N HFO{�� ��QHGOo� U O 	� 	 �HFE [0, 1]

	
R ST UVWVXU q Z
b ^��� �� C¬� �� ���� ¬�� � ���\ �

minsup
«\ �?§� ���� ����

r
��� c

F = {X ⊆ R r support(r,X) ≥ minsup}

� ��FE�NWQ� ��E NMGORE R�DST�FGE �� GHOQQ� k
E��H FMGD

Fk

	 �H C�MC�ODGD ®�G�� NMGORR�DST�FG �HFE TF� WHE� �� �MFFD�E
r ® �EG HFGOzNMFMGMF� ��QHGOo�N �FG ~ QH ��QHGOMF ®⊆®UPMNN� OF�OSTD �HFE QH C�MC�ODGD ETOoHFG� 	

stXu tVSWS YZ� ���
X,Y ⊆ R

����
X ⊆ Y

�
Y

��� \ �?§����
⇒ X

��� \ �?§� ����
�QQTEG�MFE N HOFG�FHFG P�E �D�FOGOMFE CH� TF �w�NCQ� PQHEEOST� ��C�DE�FGHFG Q�E HPuHGE�� �PGTDE CH� ��E PQO�FGE �HFE TF NHVHEOF � �HQON �FGHGOMF 	

vwxyu zx YZ� ��� ¬� C�� � �� ���� ?�� �� ������������
r {��C¬��� | �|} � �~ ���§� � ����������� ��� �?� ����¬�� �����¬�� ��� ��?� � �� �� �¬����� b ^��� �� C¬� ��� �����¬�� ��� c

R = {����� ¬���� C������ ��� �� ��
}

y � �CHOF �
yn � QHOG U WO{��E U PMTPu�E�y� � WO{��E U PMTPu�E �
y� �CHOF U QHOG U W O{��E U PMTPu�E �
yù � WO{��E U PMTPu�E �

9`: 0 �	� 1 �w�NCQ� �� WHE� �� �MFFD�E �� G�HFEHPGOMFE r

b ^��� �� C¬� ��� � ���\ � ��
r

����� §� � ¬��� ���� ��� ��� ���� ? ���� ¬� ��C¬��� | �� �
� � ¬� � ���¬ � ������ �� ���� ��� ��� ��

2
� ¬ ^��� �� C¬� ��� � ���\ � \ �?§����� ��� ��� � c

F � � � ∅ � � ������ � �¬���� � �C������ � ������ ��� � �¬����C������ � �¬���� ��� �� ��� �
�C��������� �� ��� � �¬����C����������� ��� �

� j��g!#� J� ��#���#��

� ��wG�HPGOMF ��E NMGORE R�DST�FGE �EG TF� G5Pu� �O- POQ� � QH WHE� �� �MFFD�E C �TGPMFG�FO� ��E N OQQOMFE �� G�HFEHPGOMFE �G Q ��ECHP� �� ��Pu��Pu� �EG �wCMF�FGO�Q �HFE Q�
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rMGOR �TCCM�G rMGOR �TCCM�G
{∅}

ù �QHOG UW O{��E� n
�CHOF � n �QHOG UPMTPu�E� n
�QHOG� n �WO{��E UPMTPu�E� �
�WO{��E� � �CHOF UQHOG UW O{��E� �
�PMTPu�E� � �CHOF UQHOG UPMTPu�E� �
�CHOF UQHOG� � �CHOF UWO{��E UPMTPu�E� �
�CHOF UWO{��E� � �QHOG UW O{��E UPMTPu�E� n
�CHOF UPMTPu�E� � �CHOF UQHOG UW O{��E UPMTPu�E� �

9`: 0 �	n 1 rMGORE �G Q�T� ETCCM�G �HFE r

FMNW�� � �H�GOPQ�E C�DE�FGE �HFE QH WHE� �� �MFFD�E 	
� ��ECHP� �� ��Pu��Pu� ��E N MGORE C �TG �G�� ��C�DE�FGD CH� Q� G��OQQOE ��E CH�GO�E ��

R
UO 	� 	 PMNCMED ��

2|R| NMGORE 	 �H �VT�� �	� NMFG�� Q ��ECHP� �� ��Pu��Pu� �� Q ��w�NCQ� �	

. b/ 0 �	� 1 �w�NCQ� �� G��OQQOE ��E NMGORE

�H� PMFEDST�FG U QM�EST� R
�EG V�HF� U Q ��ECHP� �� ��Pu��Pu� ��oO�FG G�MC ONCM�GHFGCMT� CMToMO� VDFD��� �G PMNCG�� Q� ETCCM�G �� GMTE Q�E N MGORE 	

�HFE QH ETOG� �T NHFTEP�OG U FMTE HCC�Q��MFE j��i�h �i � �i�� ��i �i ei�� ie�� i Q ��FE�NWQ���E NMGORE �� N �N� GHOQQ� 	 �H� �w�NCQ� U Q ��wCQM�HGOMF �T
k
zO{N � FOo�HT �� Q ��ECHP� ����Pu��Pu� ��C�DE�FG��H Q �DGT�� �� Q ��FE�NWQ� ��E NMGORE �� GHOQQ� k
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�H FMGOMF �� W M��T��E  ry¡�¥ �EG PMT�HNN�FG DGT�OD� CMT� Q�E NMGORE R�DST�FGE 	�Q �w OEG� ��Tw WM��T��E � QH WM��T�� CMEOGOo� Bd+(F )
�G QH WM��T�� FDVHGOo� Bd−(F )

	�FGTOGOo�N �FG U QH WM��T�� CMEOGOo� �� Q ��FE�NWQ� ��E NMGORE R�DST�FGE
F

�EG PMFEGOGTD� ��EDQDN �FGE N HwON HTw CH� OFPQTEOMF ��
F

D EH WM��T�� FDVHGOo� �EG PMFEGOGTD� ��E DQDN �FGEN OFONHTw CH� OFPQTEOMF F �HCCH�G�FHFG CHE ~
F

	 �F H �MFP �
R ST UVWVXU � Z

Bd+(F ) = {X ∈ F r ∀Y ⊂ X
�
Y /∈ F}

Bd−(F ) =
{

X ∈ 2R\F r ∀Y ⊂ X,Y ∈ F
}

�H �VT�� �	n ��C�DE�FG� Q�E WM��T��E ��E NMGORE R�DST�FGE CMT� Q ��w�NCQ� � Ho�P TFE�TOQ N OFONTN �� ETCCM�G ��
2

�Q�E FMNW��E EMTE Q�E NMGORE EMFG Q�E ETCCM�GE� 	

. b/ 0 �	n 1 �w�NCQ� �� W M��T��E ��E NMGORE R�DST�FGE
��E WM��T��E CMEOGOo� �G FDVHGOo� ��E N MGORE R�DST�FGE C ��N �GG�FG PuHPTF� �� ��C�DzE�FG�� Q ��FE�NWQ� ��E N MGORE R�DST�FGE

F
	 �F �� �G U �� CH� Q �HFGOzNMFMGMFO� �� QH C�MC�ODGD®�G�� TF NMGOR R�DST�FG ®U FMTE HoMFE Q�E ��Tw C�MC�ODGDE ETOoHFG�E �

stXu tVSWS a Z

X ∈ F ⇔ ∃Z ∈ Bd+(F ) r X ⊆ Z

X ∈ F ⇔6 ∃Y ∈ Bd−(F ) r Y ⊆ X
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yMTG�RMOE U P�E WM��T��E F� C ��N �GG�FG CHE �� ��G�MTo�� Q� ETCCM�G ��E N MGORE N HOEE�TQ�N �FG �� �DG��N OF�� EO TF NMGOR �EG R�DST�FG MT FMF 	
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�H�HQQ{Q�N �FG HTw NMGORE R�DST�FGE U ��E ��C�DE�FGHGOMFE ������� ?�� MFG DGD DGT�OD�E ��y�¡¡ U ��v� U ���ù¥ 	 ��T� MWp �PGOR �EG �MTWQ� � HN DQOM��� Q ��- PHPOGD �� Q ��wG�HPGOMF��E N MGORE R�DST�FGE STHF� P�QH �EG CMEEOW Q� U �G PMNC��EE�� Q� EGM PxHV� �� P�E NMGORE CMT�TF TEHV� TQGD�O�T� 	
�� NHFO{�� RM�N �QQ� U TF� ��C�DE�FGHGOMF �EG �OG� PMF��FED� EO �QQ� �EG DSTOoHQ�FG� HTwNMGORE R�DST�FGE � OQ �EG CMEEOW Q� �� ��G�MTo�� PuHST� NMGOR R�DST�FG ����� §� � � �� ���� ���EHFE HPPD��� HTw �MFFD�E  �¤�¥ 	
�H ��C�DE�FGHGOMF PMF��FED� QH CQTE DGT�OD� �EG Q ��FE�NWQ� ��E � ���\ � \ ��� ?� \ �?§� ���� ��y�¡¡ U ��r U ¢�n¥ 	 �Q �w OEG� HTEEO � �HTG��E ��C�DE�FGHGOMFE PMF��FED�E ��E NMGORER�DST�FGE G�QQ�E ST� � Q�E NMGORE VDFD�HG�T�E R�DST�FGE  ��y�¡¡ U ��v�¥ �G Q�E NMGORE �EzE�FGO�QE R�DST�FGE  ���ù¥ 	 �MGMFE ST� P�E ��Tw ���FO��E �FE�NWQ�E F� EMFG CHE GMGHQ�N �FGET- EHFGE CMT� ��C�DE�FG�� Q ��FE�NWQ� ��E R�DST�FGE U CTOEST �OQE MFG W �EMOF ��E NMGORE � �TF���E ��Tw WM��T��E CMT� ��o�FO� TF� ��C�DE�FGHGOMF PMF��FED� 	
�MTE HoMFE PuMOEO � �OFG�M�TO�� P�E N MGORE PH� OQE PMTo��FG Q�E C�OFPOCHTw GqC�E ����C�DE�FGHGOMFE �w OEGHFG�E �G ��{G�FG ��E OFRM�N HGOMFE ON CM�GHFG�E ~ C�MCME ��E �MFFD�E 	

��� l��& ��

��GG� ��C�DE�FGHGOMF �EG OEET� �� QH FMGOMF �� \ ��� ����� TGOQOED� �F HFHQqE� RM�N �QQ� ��PMFP�CG  4 OQmn U ¤4 ¡¡¥ 	 � QQ� H DGD OF OGOHQ�N �FG HCCQOSTD� HT C�MWQ{N � �� QH �DPMTo��G���E NMGORE R�DST�FGE CH� Q �DSTOC � �� �MG� �HxuHQ �HFE  ��y�¡¡¥ 	
�MOG TF NMGOR

X
U QH \ ��� ����� ��

X
U FMGD�

Cl(X)
U �EG Q ��FE�NWQ� ��E H�GOPQ�E STO

Öå



���	n��p�ÿ� �l p� �lp��p�n�� ��� �l� �m� m 	no"�p��
HCCH�HOEE�FG �HFE GMTG�E Q�E G�HFEHPGOMFE M�

X HCCH�H2G 	 LM�N �QQ�N �FG U EMOG TF� WHE� ���MFFD�E �� G�HFEHPGOMFE r
�G TF NMGOR

X
�

R ST UVWVXU �Z

Cl(X) =
⋂

t∈r|X⊆t

{t}


F NMGOR
X

�EG \ ��� ? EO
Cl(X) = X

	
sTG��N �FG �OG U

X
�EG R��N D �HFE r

EO �G E�TQ�N �FG EO HTPTF ET�z�FE�NWQ� ��
X

F �H Q�N �N� ETCCM�G ST�
X

�HFE r
U O 	� 	 �

stXu tVSWS q Z

X
\ ��� ?

⇔ ∀Y ⊃ X, support(r,X) > support(r, Y )

�MGMFE
Closed Q ��FE�NWQ� ��E NMGORE R��N DE ��

r
	 �H �VT�� ETOoHFG� ��C�DE�FG� Q ��FzE�NWQ� ��E NMGORE R��N DE CMT� Q ��w�NCQ� �	

. b/ 0 n 	� 1 �w�NCQ� �� N MGORE R��N DE
�H WM��T�� CMEOGOo� ��E NMGORE R�DST�FGE

Bd+(F )
PMFGO�FG �MFP CH� �D�FOGOMF ��ENMGORE R��N DE 	 � QTE C�DPOEDN �FG U Q ��FE�NWQ� ��E NMGORE R��N DE R�DST�FGE N HwON HTw CH�OFPQTEOMF RM�N � QH WM��T�� CMEOGOo� 	

�� CQTE U � �HC�{E QH �D�FOGOMF �� QH R��N �GT�� � �TF NMGOR U MF H QH C�MC�ODGD ETOoHFG� �
à�



stXu tVSWS � Z

support(r,X) = support(r, Cl(X))

� �TF CMOFG �� oT� CQTE C�HGOST� U Q� ETCCM�G � �TF NMGOR �STO F ��EG CHE R��N D� �EG DVHQHT ETCCM�G �T CQTE C �GOG R��N D STO Q� PMFGO�FG 	
�MT� TF E�TOQ N OFONTN �� ETCCM�G �MFFD U OQ ET- G �MFP �� PMFFH2G�� Q ��FE�NWQ� ��N MGORE R��N DE R�DST�FGE �FMGD

FClosed
� C MT� CMToMO� VDFD��� GMTE Q�E NMGORE R�DST�FGE�G Q�T� ETCCM�G 	

vwxyu zx a Z
� �� ��� ��� ¬ ^�� ��� ¬� �� ¬� � ª��� � �|� � ��� �� � ���¬ � ������ �� ���� ��� �� ��
¬ ^��� �� C¬� ��� � ���\ � \ ��� ?� \ �?§�����

FClosed
��� � ������ � �C��������� �� ��� �

�¬����C��������� �� ���� � � ������ �� ��� � ���\ � �� �� ¬��� ���� ���� �¬ ��� � ����C¬� �� �?«���� �� �� �� �� � ���\ ��� \ �?§� ��� �� ¬� ��¬��� �� � �� ���� ����� ������� ��� �� ��� ¬� ¬�� � ���\ � ������ ¬���� �� �¬����C������ � b� � ���\ ������ ¬���� ��� � ��
\ �?§� ��� ���

{pain, lait} 6⊆ X,X ∈ FClosed
� b� � ���\ �¬����C������ ��� \ �?§���� ��� �¬��� �� �¬�� ���� ¬� � ���\ �¬����C����������� ��� ∈ FClosed

� � �� ���� ��� ��� ?ª �¬ �� ���� ����� � �� � ¬�� � ���� ���«��� �� C¬� ����
FClosed

� ���� �¬����C����������� ��� � � �� ���� ��� ������ � ?ª �¬ � � �

��� h����!��K��

�H FMGOMF �� ª ?� ?������ �HCC�QD ¬�C�� �HFE  ��v�¥� H DGD OFG�M�TOG� �HFE  ��y�¡¡¥ 	��GG� FMGOMF �EG �O��PG�N �FG QOD� ~ QH FMGOMF �� R��N D 	
�MO�FG

X
�G

Y
��Tw NMGORE �� Q ��ECHP� �� ��Pu��Pu� 	 �D�FOEEMFE

θ
TF� ��QHGOMF WOFHO��ET�

2R
G�Q ST�

X θ Y ⇔ cover(r,X) = cover(r, Y )
U O 	� 	

X
�G

Y
EMFG �HFE Q�E N �N �EG�HFEHPGOMFE 	 θ �EG TF� ��QHGOMF � �DSTOoHQ�FP� 	

��E NMGORE C �To�FG HQM�E �G�� ��V�MTCDE �F �¬��� �� � ^?§����¬�� �� CH� �HCCM�G ~
θ
	 � QTERM�N �QQ�N �FG U QH PQHEE� � �DSTOoHQ�FP� PMFG�FHFG TF NMGOR

X C�TG �G�� �D�FO� �� QH N HFO{��ETOoHFG� �
R ST UVWVXU �Z

[X] = {Y ⊆ R | X θ Y }

s CH�GO� �� P�GG� �D�FOGOMF U MF MWGO�FG �MFP Q�E C�MC�ODGDE ETOoHFG�E �
à Ö
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s tXu tVSWS �Z

X θ Y ⇒ support(r,X) = support(r, Y )

X ⊆ Y
��

support(r,X) = support(r, Y ) ⇒ X θ Y

�H� �D�FOGOMF U TF� PQHEE� � �DSTOoHQ�FP� �EG �MFP PMNCMED� �� Q ��FE�NWQ� ��E N MGORE
HqHFG QH N �N � R��N �GT�� 	

�HFE P� PMFG�wG� U TF NMGOR
X

�EG ª ?� ?������ EO
X HCCH�GO�FG HTw CQTE C �GOGE N MGORE

CH� �HCCM�G ~ Q �OFPQTEOMF �� EH PQHEE� � �DSTOoHQ�FP� 	
R ST UVWVXU  Z

X
��� �� ª ?� ?������ ��

X ∈ min
⊆

[X]

��E N MGORE VDFD�HG�T�E C �To�FG �G�� �DG�PGDE �- PHP�N �FG V�5P� ~ QH C�MC�ODGD ETOoHFG� �
stXu tVSWS �Z

X
��� ª ?� ?������

⇐⇒ ∀i ∈ X, support(r,X) < support(r,X − i)

�H �VT�� n 	n ��C�DE�FG� Q ��FE�NWQ� ��E VDFD�HG�T�E CMT� Q ��w�NCQ� �	 ��E NMGORE R��N DE
HCCH�HOEE�FG ET� P� EPuDN H ~ GOG�� � �OF�OPHGOMF 	 ��E PQHEE�E � �DSTOoHQ�FP� EMFG ��C�DE�FGD�ECH� ��E PMTQ�T�E �O� D��FG�E 	

�MGMFE
Gen Q ��FE�NWQ� ��E NMGORE VDFD�HG�T�E ��

r
	 �� ETCCM�G � �TF NMGOR

X C�TG�G�� �DG��N OFD ~ CH�GO� ��
Gen

�� QH N HFO{�� ETOoHFG� �
stXu tVSWS  Z

support(r,X) = min
∀Y ∈Gen,Y ⊆X

(support(r, Y ))

�MT� TF E�TOQ N OFONTN �� ETCCM�G �MFFD U Q�E NMGORE VDFD�HG�T�E R�DST�FGE C ��N �GG�FG�MFP �� ��G�MTo�� Q� ETCCM�G � �TF NMGOR R�DST�FG 	 yMTG�RMOE U OQE F� ET- E�FG CHE CMT��DG��N OF�� EO TF NMGOR ST�QPMFST� �EG R�DST�FG MT CHE 	 �MT� P�QH U OQ �EG FDP�EEHO�� ��PMFE��o�� �F CQTE QH WM��T�� CMEOGOo� MT QH W M��T�� FDVHGOo� 	
�MGMFE ST� PuHST� NMGOR R��N D �EG �MFP Q �DQDN �FG N HwON HQ � �TF� PQHEE� � �DSTOoHQ�FP� 	��E N MGORE VDFD�HG�T�E DGHFG Q�E CQTE C �GOGE DQDN �FGE ��E PQHEE�E � �DSTOoHQ�FP� U Q�T� FMNW���EG �MFP FDP�EEHO��N �FG CQTE V�HF� MT DVHQ HT FMNW�� �� N MGORE R��N DE 	 �H� �wG�FEOMF U OQ

àà



. b/ 0 n 	n 1 �w�NCQ� �� N MGORE VDFD�HG�T�E
�F �EG �� N �N � CMT� Q�E NMGORE VDFD�HG�T�E R�DST�FGE �G Q�E NMGORE R��N DE R�DST�FGE CMT�TF E�TOQ N OFONTN �� ETCCM�G �MFFD 	

��� �������� �

�H FMGOMF �� NMGOR �EE�FGO�Q H DGD OFG�M�TOG� �DP�NN�FG �HFE  ���ù¥ 	 � QQ� E �HCCTO� ET�
QH FMGOMF �� �{VQ� �OEp MFPGOo�  �v�U 8¤n¥ 	 �H� HOQQ�T�E U � �HTG��E ��C�DE�FGHGOMFE WHED�EET� QH FMGOMF �� �{VQ� �OEp MFPGOo� MFG DGD �D�FO�E �G C�DE�FGD�E �HFE Q� PH��� VDFD�HQC�MCMED �HFE  �¤�¥ 	


F� ��ª ¬� ���� �� ���� � �EG �� QH RM�N �
X → A1∨A2...∨An

	 
F� G�QQ� �{VQ� �EG EHGOERHOG�EO PuHST� G�HFEHPGOMF PMFG�FHFG X
PMFGO�FG HT NMOFE TF ��E DQDN �FGE

A1, ..., An

	
R ST UVWVXU ¡ Z
[� � ���\

X
��� ��� ��� �����¬ � �̂¬ � >̂ � ��� �� ��ª ¬� ���� �� ���� � �� ¬� \ ��� �

A1 → A2∨. . .∨Ak

��~
(Ai)i=1..k

� ��� ��� ?¬?� ���� ������ ��� ����
X

�
yMTG PMNN� Q�E N MGORE VDFD�HG�T�E U OQE C �To�FG �G�� �- PHP�N �FG G�EGDE �F �wCQMOGHFGQH C�MC�ODGD ETOoHFG� �

stXu tVSWS ¡ Z
àß
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X
��� �� � ���\ ��� �����¬ ⇐⇒ ∀x ∈ X, disj(r,X) > disj(r,X − x)�~

disj(r,X) = |{t ∈ r | t ∩ X 6= ∅}|

� ��FE�NWQ� ��E N MGORE �EE�FGO�QE ��
r CMT� Q ��w�NCQ� � �EG �MFFD �HFE Q� GHWQ�HT n 	�	

rMGOR �EE�FGO�Q X disj(r,X)
rMGOR �EE�FGO�Q X disj(r,X)

{∅}
ù �PMTPu�E� �

�CHOF � n �CHOF UWO{��E� ù
�QHOG� n �CHOF UPMTPu�E� ù
�WO{��E� � �CHOF UQHOG� �

9`: 0 n 	� 1 rMGORE �EE�FGO�QE �� Q ��w�NCQ� �
�MT� TF E�TOQ N OFONTN �� ETCCM�G �MFFD U Q ��FE�NWQ� ��E N MGORE �EE�FGO�QE R�DST�FGEF ��EG CHE ET- EHFG CMT� �DG��N OF�� EO TF NMGOR �EG R�DST�FG MT FMF 	 �MT� MWG�FO� TF���C�DE�FGHGOMF PMF��FED� U OQ RHTG PMFE��o�� HTEEO TF� ��E ��Tw WM��T��E 	

àê
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F V�HF� FMNW�� �� C�MWQ{N �E EMFG DSTOoHQ�FGE HT C�MWQ{N � �� Q ��wG�HPGOMF ��E NMGORER�DST�FGE  ry¡�¥ 	 �MTE C�DE�FGMFE �HFE P� PuHCOG�� Q� PH��� GuDM�OST� �D�FO �HFE  ry¡�¥�G VDFD�HQOEHFG Q�E C�MWQ{N �E �� �DPMTo��G� �� N MGORE OFGD��EEHFGE �N MGORE HT E�FE QH�V� UCHE TFOST�N�FG ��E �FE�NWQ�E� 	
�MOG

r
TF� WHE� �� �MFFD�E U TF QHFVHV� �FO

L CMT� �wC�ON �� ��E N MGORE �MT ®NMGE ®� MT�D�FO� ��E EMTEzV�MTC�E ��E �MFFD�E U �G TF C�D�OPHG Q C ��N �GGHFG � �DoHQT�� EO TF NMGOR
ϕ ∈ ¦L �EG o�HO U MT ®OFGD��EEHFG ® �HFE r

	
�MOG QH G5Pu� �� RMTOQQ� �� �MFFD�E PMFEOEGHFG ~ �wG�HO�� Q�E NMGORE OFGD��EEHFGE ��

r��QHGOo�N �FG ~
L

�G
Q

U HCC �QD� GuDM�O� ��
L

U
r

U
Q

�HFE  ry¡�¥ U �G �D�FO� CH� �
Th(L, r, Q) = {ϕ ∈ L|Q(r, ϕ)

�EG o�HO�}
�TCCMEMFE �F MTG�� ST �TF� ��¬����� �� �� ?���¬�������§ ª ?� ?��¬�������U FMGD� ¹ �EG �D�FO�ET� Q�E DQDN �FGE ��

L
	 �F �O�H ST�

ϕ
�EG CQTE VDFD�HQ ���EC 	 CQTE EC DPO�ST�� ST�

θ
U EO

ϕ ¹ θ
���EC 	 θ ¹ ϕ

� 	 �O Q� C�D�OPHG Q
�EG N MFMGMF� ���EC 	 HFGOzNMFMGMF�� CH� �HCCM�G ~

Q �M���� ¹
U HQM�E CMT� PuHST� θ, ϕ ∈ L

G�QE ST�
ϕ ¹ θ

U MF H �
Q(r, ϕ)

�EG o�HO ���EC 	 RHTw �
=⇒ Q(r, θ)

�EG o�HO ���EC 	 RHTw � 	
�MGMFE

rank(ϕ)Q� ���ª � �TF NMGOR
ϕ ∈ L

	 � �OQ F ��w OEG� CHE ��
θ ∈ L

G�Q ST�
θ ¹ ϕ

U
HQM�E rank(ϕ) = 0

U EOFMF
rank(ϕ) = 1 + max{rank(θ) | θ ≺ ϕ}

	 �MT�
T ⊂ L

U EMOG
TiQ ��FE�NWQ� ��E NMGORE ��

L
�� �HFV i

	
�M�EST� Q� C�D�OPHG �EG HFGOzNMFMGMF� U Q ��FE�NWQ� Th(L, r, Q)

�EG �OG ®R��N D CH� Q�WHE ®	 �HFE P� PHE U Q�E FMGOMFE �� WM��T��E OFG�M�TOG�E CMT� Q�E NMGORE R�DST�FGE �F E�PGOMF �
C�To�FG �G�� VDFD�HQOED�E ~ P� PH��� GuDM�OST� �

¨ ©ª«¬®¯ °±²®²©³ ´µ¶© ·¸¹º»¼ ½°¾ ¾¯½¾³©¯¶±¯¾ ® ¿µ½½µ¾±¯¶µ¶À¯ ´ ¿°¶ «±²Á µ° ®µ¶ÂµÂ¯ Ã
àé



Änpn 	ÿ ���ÿ� �l p Å "p �ÿ� 	� �Ænl	�o "� �� �n�l"Ç� 	�� �� �lppÿ ���ÿp���
1 �� C������ � ������ � �EG PMNCMED� ��E NMGORE OFGD��EEHFGE Q�E CQTE EC DPOHQOEDE CH��HCCM�G ~ QH ��QHGOMF � �M���� U �D�FO� CH�

Bd+(Th(L, r, Q)) = {σ ∈ Th(L, r, Q) |6 ∃ϕ ∈ Th(L, r, Q), σ ≺ ϕ}1 �� C������ � ?ª ���� � �EG PMNCMED� ��E NMGORE FMF OFGD��EEHFGE Q�E CQTE VDFD�HTw CH��HCCM�G ~ QH ��QHGOMF � �M���� U �D�FO� CH�
Bd−(Th(L, r, Q)) = {σ ∈ L \ Th(L, r, Q) |6 ∃ϕ ∈ L \ Th(L, r, Q), ϕ ≺ σ}yMTG PMNN� CMT� Q�E NMGORE R�DST�FGE U QH GuDM�O� ��

L C�TG HQM�E �G�� ��C�DE�FGD� ��RH3MF DSTOoHQ�FG� CH� E�E WM��T��E CMEOGOo� �G FDVHGOo� 	
�O Q� C�D�OPHG �EG NMFMGMF� U Q ��FE�NWQ� Th(L, r, Q)

�EG �OG ®R��N D CH� Q� uHTG ®U �G
QH FMGOMF �� WM��T��E �w OEG� HTEEO 	 �H WM��T�� CMEOGOo� �EG HQM�E PMNCMED� ��E N MGOREOFGD��EEHFGE Q�E CQTE VDFD�HTw U �G QH WM��T�� FDVHGOo� ��E NMGORE FMF OFGD��EEHFGE Q�E CQTEEC DPOHQOEDE 	

� �TFOMF �� P�E ��Tw WM��T��E CMEOGOo� �G FDVHGOo� PMFEGOGT� ¬� C������ ��
Th(L, r, Q)

	
�MGMFE ST� QM�EST �TF� N �ET�� �EG HEEMPOD� HTw NMGORE OFGD��EEHFGE U Q�E WM��T��E

C �To�FG F� CHE ET- �� CMT� ®��PMFEG�TO�� ® Q ��FE�NWQ� ��E NMGORE �G Q�T� N �ET�� HEEMPOD� UPMNN� FMTE Q �HoMFE oT CMT� Q�E NMGORE R�DST�FGE �G Q� ���� ���	
�MOG

(L,¹) Q ��FE�NWQ� M��MFFD PMNCMED ��E N MGE �T QHFVHV� L U �G � �TF M���� CH�GO�Q���QHGOMF �� VDFD�HQOEHGOMF � ¹ ET�
L

	 �MOG DVHQ�N �FG
R

TF �FE�NWQ� �FO � �DQDN �FGE �MT
HGMN�E� 	 �Q �EG CH�RMOE CMEEOW Q� �� �D�FO� TF OEMN M�CuOEN �

f
��

(L,¹)
o��E

(P(R),⊆)
U

HqHFG CMT� C�MC�ODGD �� PMFE��o�� Q �M���� ��E DQDN �FGE U O 	� 	
X ¹ Y ⇐⇒ f(X) ⊆ f(Y )

�O �� CQTE QH RMFPGOMF
f−1

�w OEG� �G �EG PHQPTQHWQ� U MF �OG HQM�E ST� (L,¹)
�MT EONCQ�N �FG

L
STHF� ¹

�EG ONCQOPOG� �HFE Q� PMFG�wG�� ��� �� �� � ��� �?� �������� ��� �� C¬�� ��	 �MGMFEST� Q ��ECHP� �� ��Pu��Pu� ��E NMGORE OFGD��EEHFGE C �TG HQM�E �G�� ��C�DE�FGD CH� Q� G��OQQOE��E CH�GO�E ��
R

U O 	� 	
P(R)

	
��GG� ��C�DE�FGHGOMF �FE�NWQOEG� C ��N �G �� ��QO�� P� GqC � �� C�MWQ{N � HTw G�HFEo��zEHTw N OFON HTw � �TF uqC��V�HCu� 	 �MT� �HCC �Q U EMOG È TF �FE�NWQ� �FO � �DQDN �FGE 	 
F�>� ��ª ��� � � ET�

V
�EG TF� RHN OQQ� H = {E1, E2, ...Em}

�� CH�GO�E ��
V

G�QQ� ST�
Ei 6= ∅

(i = 1, 2, ..m)
�G ⋃m

i=1
Ei = V

	 
F �>� ��ª ��� � � ���� ¬� �EG G�Q ST �HTPTF� H��G� F ��EG PMFG�zFT� �HFE TF� HTG�� H��G� 	 �F HCC�QQ� �>� ��ª ��� � � ���� ¬� ��� ���? ~
H Q �uqC ��V�HCu� H′PMNCMED ��E DQDN �FGE N OFON HTw CH� OFPQTEOMF ��

H
	 
F ����������¬ É ��

H
�EG TF EMTEz�FE�NWQ� �� È STO OFG��P�CG� GMTE Q�E DQDN �FGE ��

H
	 É �EG � ���� �¬ E �OQ F� PMFGO�FG

HTPTF HTG�� G�HFEo��EHQ ��
H

	 � ��FE�NWQ� �� GMTE Q�E G�HFEo��EHTw N OFONHTw ��
H

�EGFMGD
Tr

�
H

� 	 �O
H′ �EG Q �uqC ��V�HCu� EONCQ� HEEMPOD ~

H
U HQM�E Tr

�
H

� Ê
Tr

�
H′

� 	
�H PMNCQ�w OGD �� P� C�MWQ{N � ��EG� �FPM�� OFPMFFT� 	 
F HQVM�OGuN� ETWz�wCMF�FGO�QC MT� �DEMT��� P� C�MWQ{N � H DGD C�MCMED �HFE  L8 ¡�¥ U �G CQTEO�T�E PHE CH�GOPTQO��E C �To�FG�G�� �DEMQTE �F G�NCE CMQqFMN OHQ  �¤¡ù¥ 	

àú



�TCCMEMFE ST�
(f,R)

��C�DE�FG� L
EMTE EH RM�N � �FE�NWQOEG� 	 �MOG

S = Th(L, r, Q)
	�F H HQM�E Q� GuDM�{N � ETOoHFG �

ËÌSXtÍy x YZ ÎÏ ËÐ Ñ

Bd−(S) = f−1( Tr(f(Bd+(S))) )
� ����

f(Bd+(S)) = {R\f(ϕ) r ϕ ∈ Bd+(S)}

�� RH3MF ET�C��FHFG� U Q�E HTG�T�E ��  ry¡�¥ F �MFG CHE U ~ FMG�� PMFFHOEEHFP� U �wCQMOGDQH C�MC�ODGD �THQ� �HFE HTPTF� �� Q�T� CTWQOPHGOMF U O 	� 	 P�QQ� STO �wC�ON � QH WM��T�� CMEOGOo��F RMFPGOMF �� QH WM��T�� FDVHGOo� 	 ��GG� C�MC�ODGD �THQ� H DGD C�MCMED� �HFE  r��¥ CMT�QH C��N O{�� RMOE 	 �MTE ���MFFMFE OPO P� �DETQGHG N HOE Ho�P TF� C��To� �O� D��FG� 	
ËÌSXtÍy x a Z

Bd+(S) = f−1( Tr(f(Bd−(S))) )����
Tr(f(Bd−(S))) = {R\u r u ∈ Tr(f(Bd−(S)))}

���To�� �����
S = Th(L, r, Q)

��
(f,R) ¬� ��� �?� �������� ��� �� C¬�� �� ��

L
� 7 �̂� ��� Ò© ÓÔÕÖ � ��� c

Bd−(S) = f−1( Tr(f(Bd+(S))) )
� ����

f(Bd+(S)) = {R\f(ϕ) r ϕ ∈ Bd+(S)}
�

7 � � ¬��� �� �
Tr(Tr(H)) = H

� ����
H

�� �>� ��ª ��� � � ���� ¬� Ò× �� ÕØÖ �
6�

Tr(f(Bd−(S))) = Tr(Tr(f(Bd+(S))))

= f(Bd+(S))

6� �C����� ��� � c
Bd+(S) = f−1( Tr(f(Bd−(S))) )����

Tr(f(Bd−(S))) = {R\u r u ∈ Tr(f(Bd−(S)))}


F V�HF� FMNW�� �G TF� V�HF�� oH�ODGD �� C�MWQ{N �E ��FG��FG �HFE P� PH���  ry¡�¥ ���E C�MWQ{N �E � ��wG�HPGOMF �� NMGORE R�DST�FGE MT �� Q�T� ��C�DE�FGHGOMFE PMF��FED�E U~ QH �DPMTo��G� �� PMFG�HOFG�E � �OFGDV�OGDE �HFE ��E WHE�E �� �MFFD�E ��QHGOMFF�QQ�E U �F
CHEEHFG CH� Q �DGT�� �� RMFPGOMFE WMMQD�FF�E MT ��E CuHE�E � �TF C�MP�EETE �� �DDP�OGT���� ��ST�G�E  |�v

+
ù¥ 	 ���GHOF�E �� P�E HCCQOPHGOMFE E��MFG CQTE HNCQ�N �FG C�DE�FGD�E �FE�PGOMF m 	�	

à�



Änpn 	ÿ ���ÿ� �l p Å "p �ÿ� 	� �Ænl	�o "� �� �n�l"Ç� 	�� �� �lppÿ ���ÿp���

à�



J'º) ÂÁÄ½ Ù

�½¿ )ÄÂ+, Â)º¼½¿ ¿ÁÄºÁL� Â½¿ ¾½ Ä½,'½Ä,'½

ÚÉÓÓÑÍÈÒ
Û ÜÝ Þßàáâãàä åßà æçèéßã Ü Ü Ü Ü Ü Ü Ü Ü Ü Ü Ü Ü Ü Ü Ü Ü Ü Ü Ü Ü Ü Ü Ü Ü Ü êë

ì íîíî ïðñòóôñõ öðñ ÷øùúðô òûðõõøüôú í í í í í í í í í í í í í í í í í í í ýþ
ì íîíÿ ïðñòóôñõ öðñ ÷øùúðô ðùúò �õðô�õ � �ð÷õ û �úõöðòú �ú ñúò�úñò�ú í í ý î

Û Ü� Þßàáâãàä éæ åàâ �âæ�éãà Ü Ü Ü Ü Ü Ü Ü Ü Ü Ü Ü Ü Ü Ü Ü Ü Ü Ü Ü Ü Ü Ü Ü ê�
ì íÿ íî ïðñòóôñõ ú÷ öñó�ó÷�úôñ òûðõõøüôúõ í í í í í í í í í í í í í í í í í ýý
ì íÿ íÿ 	ðõ öðñ�øòô ûøúñ �úõ 
 ó�ø�õ �ñ�üôú÷�õ í í í í í í í í í í í í í í í í ýì

Û Üê Þßàáâãàä ä �ßååãßæ� äãà �ß æâ� çâæ �é �ãß �çäß� çâæ Ü Ü Ü Ü Ü Ü Ü ê�

� ��wG�HPGOMF ��E NMGORE DGHFG TF� G5Pu� PMNCQ�w� U QH EG�HGDVO� �NCQMqD� CMT� CH�PMT�O�P�G �ECHP� H �MFP TF� G�{E V�HF�� ONCM�GHFP� � �MTE HQQMFE CQTE CH�GOPTQO{��N �FG FMTERM PHQOE�� ET� Q�E EG�HGDVO�E �NCQMqD�E CMT� Q ��wG�HPGOMF ��E NMGORE R�DST�FGE U P� C�MWQ{N �DGHFG Q� CQTE DGT� OD � yMTG�RMOE U P�E EG�HGDVO�E EMFG �HFE Q ��FE�NWQ� VDFD�OST�E �G C �To�FG�G�� HCCQOSTD�E ~ GMTG C�MWQ{N � ��RM�NTQHWQ� �HFE Q� PH��� C�DPD��NN �FG OFG�M�TOG �
��E HQVM�OGuN �E C�MCMEDE CMT� �DEMT��� P� C�MWQ{N � EMFG PMFEG�TOGE HTGMT� �� ��TwC�OFPOCHQ�E EG�HGDVO�E � ��wCQM�HGOMF �� Q ��ECHP� �� ��Pu��Pu� � P�Tw ���PGTHFG TF CH�PMT�ECH� FOo�HT  s �¡� U �Hq¡m U �8 ¡m¥ �G P�Tw ���PGTHFG TF CH�PMT�E �F C�MRMF��T� �� Q ��ECHP��� ��Pu��Pu�  ¢���¡� U ��£ �� U ��¤� � U ¤¢� �U  s s �!¥ �
" HFE P� PuHCOG�� U FMTE HQQMFE DGT� O�� P�E � O� D��FG�E EG�HGDVO�E HOFEO ST� Q�T�E C�OFPOzCHQ�E oH�OHFG�E � #F VDFD�HQ U Q�E HQVM�OGuN �E �� �DPMTo��G� �� NMGORE R�DST�FGE TGOQOE�FGHTEEO ��E C�MC�ODGDE EC DPO�ST�E HT ETCCM�G CMT� DQHVT�� Q ��ECHP� �� ��Pu��Pu� �G;MT DoOG����E HPP{E HTw �MFFD�E � �MG�� MWp �PGOR �HFE P� PuHCOG�� �EG �� ��EG�� VDFD�HQ �G �� FMTEOFGD��EE�� U OF�DC �F�HNN �FG �T C�D� OPHG U TFOST�N �FG HT CH�PMT�E ���PGTD CH� Q�E HQVMz�OGuN �E U O �� � ~ Q ��FE�NWQ� �� NMGORE G�EGDE CH� �HCCM�G HT C�D� OPHG DGT� OD � ��E G�PuFOST�E

C�MC��E HT ETCCM�G F� E��MFG �MFP CHE �DGHOQQD�E OPO �
àå



��� �	�p� ��ÿ ��� �� 	ÿ�n! ��� �� 	��Æ� 	�Æ�
$ %& '()*+K), g() -./0(1

ô 2Î 2Î 3ÑÈÌÉËÈÕ ðÑÈ ÆÍ�ÒÑË ÌíÑÕÕÍóËÒ
"456 7� ��68� �� 9�88� 8:;6� < 5=>6 6>??=6��=56 ?=>� 6@A ?7@B�� C>� 7�6 4�8@97�6 �4567�6 8�456498@=56 �8 �456 7�6 A=8@D6 6=58 =��=55E6 7�F @9=G�4?:@C>�A �58 � "� ?7>6 < >5 A=8@D

�H <I <� <" � 6��4 5=8E HI�" �
 5 ��6 47G=�@8:A�6 8J? � �� �98>458 >5 ?4�9=>�6 ?4� 5@K�4> �� 7 ��6?49� �� ��9:��9:��68
Apriori LH �M�N � � 7>6 ?�E9@6EA �58 < 9�8 47G=�@8:A � ���98>� >5 ?4�9=>�6 �5 74�G�>� ��6A=8@D6 7�6 ?7>6 ? �8@86 �� 7 ��6?49� �� ��9:��9:� 4>F ?7>6 G�45�6 < �8 >8@7@6� 74 ?�=?�@E8E � �458@OA=5=8=5@� �> ?�E�@948 ?=>� E74G>�� 7 ��6?49� �� ��9:��9:� < @ �� �

X 6∈ F ⇒ ∀Y ⊃ X,Y 6∈ F
�

P �47G=�@8:A � 9=AA�59� ?4� ��9:��9:�� 7�6 4�8@97�6 D�EC>�586 � �>@6 < ? =>� 9:4C>� @8E�4O8@=5
k
< @7 GE5;�� >5 �56�AQ7� �� A=8@D6 RSTUVUSWX �� 84@77�

k
< 5=8E

Ck

� ��6 A=8@D6 945�@�4866=58 ��6 A=8@D6 ?=8�58@�77�A �58 D�EC>�586 � �=>� E74G>�� 7 ��6?49� �� ��9:��9:� �8 7@A @8�� 7�5=AQ�� �� A =8@D6 945�@�486 GE5E�E6 < 7�6 A=8@D6 945�@�486 6� 7@A @8�58 Y 9�>F ?=>� 7�6C>�768=>6 7�>�6 6=>6O�56�AQ7�6 �� 84@77�
k − 1

6=58 D�EC>�586 �  5� D=@6 9�8 E74G>4G� ���98>E <7 �47G=�@8:A� 8�68� 9:49>5 ��6 A=8@D6 945�@�486 < �8 >8@7@6� 7�6
k
OA =8@D6 D�EC>�586 �E9=>K��86?=>� �EQ>8�� 7 �@8E�48@=5 6>@K458� � P �47G=�@8:A � 6 �4��Z8� 7=�6C>� 7 ��56�AQ7� ��6 A=8@D6 945O�@�486 �68 K @�� �

P ��F�A?7� 6>@K458 @77>68�� 7� D=598@=55�A �58 �� 9�8 47G=�@8:A � �
vwxyu zx q [\ ]VW ^S CSX _ U_ U]TT ?_X U_ W`STXSRWV]TX

r
XaVbSTW_ c ��× c7de ×7�de ×�de ×7de ×7� e

�de ce cde �de 7� e � ce c7 �
bS � fa`_ g h| `_i `?X _TW_ ^_ iS`R]a`X U_ ^ ^_XiSR_ U_ `_Rj _`Rj _ _k _RWa ? iS` aT S^f ]`VWjl _
iS` TVb_Sa W_^ ma �̂i `V]`V i ]a` U?R]ab`V` ^ ^_TX _l C^_ U_X l ]WV\ X \ `?ma _TWX i ]a` aT X _aV^l VTVlal U_ Xaii ]`W U_ | h b_X l ]WV\ X _T T]V` X ]TW ^_X l ]WV\ X \ `?ma _TWX f ?T ?`?Xe _W _T f`VX^_X l ]WV\ X U_ ^ ^_XiSR_ U_ `_Rj _`Rj _ T]T f ?T ?`?X h b_X l ]WV\ X

AE
_W

CE {jSRja`?X Xa` ^S� fa`_} X ]TW ^_X U_a� X _a^X l ]WV\ X T ]T \ `?ma_TWX f ?T ?`?X h
b Ŝ ^f ]`VWjl _ R]ll _TR_ iS` `_Rj _`Rj _` ^_X l ]WV\ X \ `?ma_TWX U_ WSV^ ^_ |e Vh_h

F1 = �� e × e ce7 e � e d� h n ^ aWV^VX _ _TXaVW_ R_X l ]WV\ X i ]a` f ?T ?`_` ^_X l ]WV\ X RSTUVUSWX U_ WSV^ ^_ � h Ó]aX^_X l ]WV\ X RSTUVUSWX U_ WSV^ ^_ � X ]TW \ `?ma_TWX � ^ ^_� R_i WV]T U_
AE

_W
CE

h bS W`]VXV�l _VW?`SWV]T aWV^VX _ ^_X l ]WV\ X \ `?ma_TWX U_ WSV^ ^_ � i ]a` f ?T ?`_` U_X l ]WV\ X RSTUVUSWX U_ WSV^ ^_Øe _T Xaii `Vl STW U_X l ]WV\ X RSTUVUSWX W]aX R_a� S>STW i ]a` X ]aXo_TX _l C^_
AE

_W
CE

h b_Xl ]WV\ X RSTUVUSWX X]TW _TXaVW_ W_XW?Xe _W ^_X \ `?ma_TWX XSab_f S`U?X h b Ŝ ^f ]`VWjl _ R]TWVTa_p aXma �̂ ^S U?R]ab_`W_ U_ ABCDF
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 5 G�45� 5=AQ�� � �47G=�@8:A �6 L¯��PM� < °�±�� < I����< �¯��<  H H�!N ���9O8>�58 >5 ?4�9=>�6 �5 ?�=D=5��>� �� 7 ��6?49� �� ��9:��9:� � �7 �F @68� ?7>6@�>�6 8J? �6 ��?4�9=>�6 �5 ?�=D=5��>� �
q²



s t³ vwx´µ|xy {¶ ·xµ¸µ¶¤{|x
� 2� 2� 3������� �� ���¹������ ������º���

"456 9� 8J? � �� ?4�9=>�6 < 7 ��6?49� �� ��9:��9:� �68 �F?7=�E 6>@K458 >5 ?4�9=>�6 �5?�=D=5��>� � �4?�;6 7� 6J68;A � � �E5>AE�48@=5 �� �JA=5 � P� ?��A @�� 47G=�@8:A � Y >8@7@6��>5� 68�48EG@� �� ?4�9=>�6 �5 ?�=D=5��>� �68 7 �47G=�@8:A �
Eclat L¯��PM� < ¯4»��N � �=8=56C> ��5 GE5E�47 7� ?4�9=>�6 ���98>E 5 ��68 ?46 >5 �?>� � ?4�9=>�6 �5 ?�=D=5��>� � #5 ���8 < 7�647G=�@8:A �6 �F?7=��58 Y 9:4C>� @8E�48@=5 8=>6 7�6 A =8@D6 4J458 7� A ZA � ?�EBF� < 4B5 �� 7�6�E=��=55�� �5 D=598@=5 �> 6>??=�8 � ��88� 8�9:5@C>� ? ��A �8 �� 6>??�@A �� ��6 A =8@D6 5=5D�EC>�586 4@56@ C>� 7�>�6 6>�O�56�AQ7�6 �8 �� 8�=>K�� ?7>6 �4?@��A �58 7�6 G�45�6 A=8@D6D�EC>�586 �

P4 BG>�� � �! A=58�� >5� ?4�8@� �> ?4�9=>�6 �5 ?�=D=5��>� ���98>E ?=>� 7 ��F�A?7� ! �P�6 A=8@D6 D�EC>�586 GE5E�E6 4??4�4@66�58 �5 5=@� < 7�6 A =8@D6 5=5 D�EC>�586 GE5E�E6 �5:49:>�E < �8 7�6 A =8@D6 �� 7 ��6?49� �� ��9:��9:� 5=5 GE5E�E6 �5 G�@6 � P�6 �56�AQ7�6 ��A =8@D6 �58=>�E6 9=���6?=5��58 4>F ?��A @;��6 @8E�48@=56 �� 7 �47G=�@8:A � � �=>� D49@7@8�� 747@6@Q @7@8E �> 69:EA 4 < 6�>7�6 7�6 ?��A @;��6 @8E�48@=56 6=58 ?�@6�6 �5 9=A?8� �

¥}¦ § � �! ¨ #F�A?7� �� ?4�9=>�6 �5 ?�=D=5��>�
�4� �4??=�8 Y >5� 4??�=9:� ?4� 5@K�4> �� 8J? �

Apriori
< >5� 4??�=9:� �5 ?�=D=5��>�GE5;�� �8 8�68� ?7>6 �� A =8@D6 945�@�486 � #5 ���8 < 7=�6 �> ?4�9=>�6 �5 ?�=D=5��>� < 7� A=8@D5=5 D�EC>�58

BCE
4 E8E GE5E�E < 47=�6 C>� 7� A=8@D

CE
�68 5=5 D�EC>�58 � ¼=>8�D=@6 < 7�64??�=9:�6 �5 ?�=D=5��>� =58 ��>F ?�@59@?4>F 4K4584G�6 ?4� �4??=�8 4>F 4??�=9:�6 ?4�5@K�4> �

¨ �77�6 8�4@8�58 Y 9:4C>� @8E�48@=5 A=@56 �� A=8@D6 �5 A EA=@�� ~7� 5=AQ�� �� A=8@D6 �5AEA=@�� �68 ?=7J5=A @47 �8 5=5 �F?=5�58@�7 9=AA� ?=>� 7�6 4??�=9:�6 ?4� 5@K�4>� ½¨ �77�6 8�=>K�58 ?7>6 �4?@��A �58 �� G�45�6 A=8@D6 D�EC>�586 �
HB5 � ��F?7=@8�� 9�6 4K4584G�6 < ��6 K4�@458�6 �� 9�88� 4??�=9:� =58 E8E �EK�7=??E�68�77�6 C>�

Mafia LI����N =>
GenMax L�¯��N � #5 ?7>6 � �=?8@A @6�� 7� 9=A?84G� �> 6>?O

qq



 {y ·xz¶´ z·w ¡{y y¢ xw¢¾£ z{y ¤{ x{´¿{ x´¿{
?=�8 < 9�6 47G=�@8:A �6 >8@7@6�58 7�6 A =8@D6 D�EC>�586 A 4F@A 4>F ?=>� E74G>�� 7 ��6?49� �� ��O9:��9:� �

Mafia
>8@7@6� �� ?7>6 >5� ?�=?�@E8E �> 6>??=�8 ?=>� 8�68�� A =@56 �� A=8@D6 � ��88�?�=?�@E8E < 4??�7E� À S`_TW Á maVbS^_TW À `aTVTf < ? ��A �8 Y 7 �47G=�@8:A � �� 5� ?46 8�68�� 8=>67�6 A=8@D6 D�EC>�586 � �>5� 97466� � �EC>@K47�59� � � 7>6 ?�E9@6�AA�58 < 7 �47G:=�@8:A� K4 >5@OC>�A �58 GE5E��� �8 8�68�� 7�6 A=8@D6

X
8�7 C>�

prefixi(Cl(X)) = X
<
∀i ∈ {1, .., |Cl(X)|}

<=�
prefixi(Z)

9=���6?=5� 4>F
i
?��A @��6 A=8@D6 ��

Z
� � ZA� 6@ 7�6 8�9:5@C>�6 �A?7=JE�66=58 �@�E��58�6 < �456 7 ��56�AQ7� 74 68�48EG@� �68 74 A ZA� � 6>??�@A �� 8=>8 6=>6O4�Q�� �=587� ?7>6 G�45� A=8@D �68 @597>6 �456 >5 A=8@D D�EC>�58 A 4F@A 47 �E© Y �E9=>K��8 �

� 2Â 2Â Ã�� ������� ���� ��� Ä���¹� ¹�Åº�����
ÆÇÈÉÊËÈÌ ÍÎ ÏÈÊÐÊÎÑÍËÈ Ò ÏÇÈÓÔÈ ÑÍÌ ÓÈÇÎÌÇÉÓÔÊÎÌ

P Õ47G=Ö@8:A ×
FP − Growth L°Ø± ��N ×8 6×6 K4Ö@458×6 D=58 4>66@ >5 ?4Ö9=>Ö6 ×5 ?Ö=OD=5Ù×>Ö Ù× 7 Õ×6?49× Ù× Ö×9:×Ö9:× Ú � 4@6 Y 74 Ù@�EÖ×59× Ù×6 47G=Ö@8:A ×6 ?ÖE9EÙ×586 < 9× 8J? ×Ù Õ47G=Ö@8:A ×6 5 Õ×�×98>× ?46 Ù× ?:46× Ù× GE5EÖ48@=5 Ù×6 A =8@D6 945Ù@Ù486 < 6> @K @× Ù Õ>5×?:46× Ù× KEÖ@B948@=5 Ù× 74 DÖEC>×59× Ú �76 GE5;Ö×58 Ù@Ö×98×A ×58 7×6 A =8@D6 ×8 7×>Ö 6>??=Ö8Y ?4Ö8@Ö Ù×6 8Ö456498@=56 < 9× C>@ Ö×68Ö×@58 7 Õ4??Ö=9:× Y 9×6 ?Ö=Q7;A ×6 Ú

Ø=>Ö J ?4ÖK×5@Ö < 7 Õ47G=Ö@8:A × 6 Õ4??>@× 6>Ö >5× 68Ö>98>Ö× Ù× Ù=55E×6 4??×7E×
FP − tree~d`_ma_TW À SWW_`T Û`__� Ú �×88× 68Ö>98>Ö× ×68 9=A?=6E× Ù Õ>5 4ÖQÖ× ?ÖEBFE ~=> W`V_� < ×8Ù Õ>5× 7@68× 8Ö456K×Ö647× Ù× ?=@58×>Ö D4@6458 7× 7@×5 ×58Ö× 7×6 4Ö8@97×6 ×8 7×6 8Ö456498@=56 ÚP×6 4Ö8@97×6 9=58×5>6 Ù456 74 7@68× ×8 Ù456 7 Õ4ÖQÖ× 6=58 7×6 4Ö8@97×6 DÖEC>×586 =ÖÙ=55E6?4Ö 6>??=Ö8 9Ö=@66458 < 9× C>@ ? ×ÖA ×8 Ù Õ4K=@Ö >5× Ö×?ÖE6×5848@=5 Ù×6 Ù=55E×6 9=A?498× ×5AEA=@Ö× Ú P4 BG>Ö× Ü ÚÜ A=58Ö× 7×

FP−tree
9ÖEE 4> ÙEQ>8 Ù× 7 Õ47G=Ö@8:A× ?=>Ö 7 Õ×F×A?7× ! Ú

¥}¦ § Ü ÚÜ ¨ #F×A?7× Ù×
FP − tree

P Õ47G=Ö@8:A × >8@7@6× 9×88× 68Ö>98>Ö× ?=>Ö ×�×98>×Ö Ù× A 45@;Ö× ÖE9>Ö6@K× Ù×6 ?Ö=© ×98@=566>Ö 74 Q46× Ù× Ù=55E×6 ×8 ×�×98>×Ö >5 ?4Ö9=>Ö6 ×5 ?Ö=D=5Ù×>Ö Ù×6 A =8@D6 4??4Ö4@66458Ù456 7×6 8Ö456498@=56 Ú �:4C>× @8EÖ48@=5 9=ÖÖ×6?=5Ù 47=Ö6 Y 74 9=568Ö>98@=5 Ù Õ>5
FP −

tree
Ú P4 BG>Ö× Ü ÚÝ A =58Ö× 7× ?4Ö9=>Ö6 Ù× 7 Õ×6?49× Ù× Ö×9:×Ö9:× ×�×98>E ?4Ö 7 Õ47G=Ö@8:A ×

FP − growth
6>Ö 7 Õ×F×A?7× ! Ú P×6 A=8@D6 ×5 5=@Ö 6=58 7×6 A=8@D6 DÖEC>×586 GE5EÖE6 Ú P×6

qÞ



s tß vwx´µ|xy {¶ ·xµ¸µ¶¤{|x
A=8@D6 ×5 GÖ@6 6=58 Ù×6 A=8@D6 5=5 DÖEC>×586 C>@ 5 Õ=58 ?46 E8E GE5EÖE6 ?4Ö 7 Õ47G=Ö@8:A × <A 4@6 C>@ 7 Õ4K4@×58 E8E ?4Ö >5 ?4Ö9=>Ö6 ×5 ?Ö=D=5Ù×>Ö 97466@C>× ~K=@Ö BG>Ö× Ü Ú!� Ú P×6 A=8@D6GE5EÖE6 Y 9:4C>× @8EÖ48@=5 Ù× 7 Õ47G=Ö@8:A × 4??4Ö4@66×58 Ù456 >5 94ÙÖ× ×5 ?=@58@77E 6>Ö 74BG>Ö× 4K×9 7× 5>A EÖ= Ù× 7 Õ@8EÖ48@=5 ×5 Ù×66=>6 Ú

¥}¦ § Ü ÚÝ ¨ Ø4Ö9=>Ö6 Ù× 7 Õ×6?49× Ù× Ö×9:×Ö9:× ×�×98>E ?4Ö
FP − Growth

à=AA× 7× A =58Ö× 74 BG>Ö× Ü ÚÝ < 7 Õ47G=Ö@8:A × 8Ö=>K× 7 Õ×56×AQ7× Ù×6 A =8@D6 DÖEC>×586 ×55×>D @8EÖ48@=56 Ú P× ?4Ö9=>Ö6 ×�×98>E 9=ÖÖ×6?=5Ù Ù456 7 Õ×56×AQ7× Y 9×7> @ ×�×98>E 7=Ö6 Ù Õ>5?4Ö9=>Ö6 ×5 ?Ö=D=5Ù×>Ö 97466@C>× Ú ¼=>8×D=@6 < 9×Ö84@5×6 @8EÖ48@=56 ? ×ÖA ×88×58 Ù× GE5EÖ×ÖÙ@Ö×98×A ×58 8=>8 >5 6=>6O4ÖQÖ× < 9 Õ×68 7× 946 Ù456 5=8Ö× ×F×A?7× Ù×6 @8EÖ48@=56 ! < Ý < á < â ×8� Ú # 77×6 9=ÖÖ×6?=5Ù×58 Y 74 9ÖE48@=5 Ù Õ>5
FP−tree

9=A?=6E >5@C>×A ×58 Ù Õ>5 6×>7 9:×A @5 Ú"456 9× 946 < 7 Õ47G=Ö@8:A × 4ÖÖZ8× 64 ÖE9>Ö6@=5 ×8 GE5;Ö× Ù@Ö×98×A ×58 7×6 A =8@D6 9=568@8>E6Ù> A=8@D E8>Ù@E ×8 Ù×6 4Ö8@97×6 Ù>
FP − tree

94Ö @76 6=58 ?4Ö 9=568Ö>98@=5 5E9×664@Ö×A ×58DÖEC>×586 Ú P4 BG>Ö× Ü Úá Ö×?ÖE6×58× 9× 8J? × Ù Õ@8EÖ48@=5 ?=>Ö 7 Õ×F×A?7× ã < 7=Ö6 Ù× 7 ÕE8>Ù× Ù>6=>6O4ÖQÖ× Ù× 7 Õ4Ö8@97×
A
Ú

"× ?7>6 < 7× ?4Ö9=>Ö6 ×�×98>E ?4Ö 9× 8J? × Ù Õ47G=Ö@8:A× EK@8× Ù× GE5EÖ×Ö Ù×6 A=8@D65 Õ4??4Ö4@66458 ?46 Ù456 7×6 8Ö456498@=56 Ú Ø4Ö ×F×A?7× < 7×6 A=8@D6
AE

<
BCE

×8
CE

5×6=58 © 4A 4@6 ×F?7=ÖE6 Ú
"×6 K4Ö@458×6 Ù× 9×8 47G=Ö@8:A× =58 E8E ÙEK×7=??E×6 5=84AA×58 ?=>Ö ÙE9=>KÖ@Ö 7×6A =8@D6 DÖEC>×586 A 4F @A 4>F Ú P Õ47G=Ö@8:A ×

FPmax∗
×68 >5 Ù× 9×6 47G=Ö@8:A ×6 L�¯äãN ÚP=Ö6C> Õ>5

FP − tree
×68 9=A?=6E Ù Õ>5 6×>7 9:×A @5 < 9×8 47G=Ö@8:A× GE5;Ö× Ù@Ö×98×A ×58>5 A=8@D DÖEC>×58 A 4F@A 47 ×5 D4@6458 8=>8 6@A?7×A ×58 7 Õ>5@=5 Ù> A=8@D ×5 9=>Ö6 Ù ÕE8>Ù×4K×9 7 Õ×56×AQ7× Ù×6 4Ö8@97×6 Ù>

FP − tree
Ú �7 ×�×98>× 4@56@ >5 �64>8 � Ù456 7 Õ×6?49× Ù×Ö×9:×Ö9:× ×8 EK@8× Ù× GE5EÖ×Ö Ù×6 A =8@D6 < 9=AA× 7× A =58Ö× 74 BG>Ö× Ü Úá =�

ABCDF
×68GE5EÖE Y ?4Ö8@Ö Ù× H ×8 Ù×6 4Ö8@97×6 Ù×

FP − treeA

Ú à×6 A=8@D6 DÖEC>×586 A 4F@A 4>F 6=5868=9»E6 ×8 ×56>@8× >8@7@6E6 ? =>Ö E74G>×Ö 7 Õ×6?49× Ù× Ö×9:×Ö9:× Ú
qå
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¥}¦ § Ü Úá ¨ #F×A?7× Ù Õ@8EÖ48@=5 Ù×
FP − growth

ÆÇÈÉÊËÈÌ ÍÎ ÏÈÊÐÊÎÑÍËÈ Ò ÏÇÈÓÔÈ ÑÍÌ æÊÓÔÐÌ ÐÍÈæçÌ

"×6 47G=Ö@8:A ×6 8×76 C>×
LCM LèHèHäãN 5 Õ×�×98>×58 ?46 >5 ?4Ö9=>Ö6 Ù× 7 Õ×6?49× Ù×Ö×9:×Ö9:× Y ?4Ö8@Ö Ù×6 A=8@D6 DÖEC>×586 Ú �76 ×F?7=@8×58 Y 74 ?749× 7×6 A =8@D6 D×ÖA E6 Ú

LCM
6 Õ4??>@× 6>Ö 74 5=8@=5 Ù Õ×F8×56@=5 Ù× D×ÖA ×8>Ö× ~R^]Xa`_ _é W_TXV]T � Ù Õ>5 A=8@D? =>Ö ?4Ö9=>Ö@Ö 7 Õ×6?49× Ù× Ö×9:×Ö9:× Ù Õ>5 A=8@D D×ÖA E Y 7 Õ4>8Ö× < EK @8458 4@56@ Ù× 8×68×Ö>5 GÖ45Ù 5=AQÖ× Ù× 945Ù@Ù486 Ú è5 A=8@D

Q
×68 >5× ×F8×56@=5 Ù× D×ÖA ×8>Ö× Ù Õ>5 A=8@D

P
6@

Q = Cl(P ∪ {i}), i 6∈ P
Ú à=AA× 7×6 4>8×>Ö6 7 Õ=58 ÙEA=58ÖE LèHèHäÜN < 8=>8 A=8@DD×ÖA E ~

6= ∅� ×68 7 Õ×F8×56@=5 Ù× D×ÖA ×8>Ö× Ù Õ>5 => Ù× ?7>6@×>Ö6 A=8@D6 D×ÖA E6 Ú Ø4Ö 9=56EOC>×58 < 7 Õ×56×AQ7× Ù× 9×6 A=8@D6 ? ×>8 Z8Ö× E5>AEÖE @8EÖ48@K×A ×58 ×5 >8@7@6458 >5@C>×A×587×6 D×ÖA E6 ÙE9=>K×Ö86 7=Ö6 Ù× 7 Õ@8EÖ48@=5 ?ÖE9EÙ×58× Ú
¼=>8×D=@6 < Y ?4Ö8@Ö Ù× 9×88× ?Ö=?Ö@E8E < >5 A=8@D D×ÖA E ?×>8 Z8Ö× GE5EÖE ?7>6@×>Ö6D=@6 Ú HB5 Ù ÕEK@8×Ö 9×74 < 74 5=8@=5 Ù Õ×F8×56@=5 Ù× D×ÖA ×8>Ö× 9=56×ÖK458 7× ?ÖEBF× ~i `_ê é oi `_X _`bVTf R^]Xa`_ _é W_TXV]T � < 5=8E ppc − extension

< 4 E8E @58Ö=Ù>@8× Ú Ø=>Ö 6@A ?7@B×Ö 7×65=848@=56 < 6>??=6=56 C>× 7 Õ×56×AQ7× Ù×6 4Ö8@97×6 ×68
R = {1, 2, ..., n}

Ú ë=@×58
P

>5 A=8@D×8
i
>5 4Ö8@97× Ù×

R
Ú ì=8=56

prefixi(P )
7× 6=>6O×56×AQ7× Ù×

P
9=A?=6E 6×>7×A ×58 Ù×6 4ÖO8@97×6 ?7>6 ? ×8@86 => EG4>F Y

i
Ù456

R
< @ Ú× Ú

prefixi(P ) = P∩{1, 2, ..., i}
Ú P4

ppc−extensionÙ Õ>5 A=8@D D×ÖA E
P

?×>8 47=Ö6 Z8Ö× ÙEB5@ Ù× 74 A 45@;Ö× 6>@K458× í
qî



s tß vwx´µ|xy {¶ ·xµ¸µ¶¤{|x
ï ðñ òóôóõò ö[÷T l ]WVø ø _`l ù

Q
_XW aT _

ppc − extension
U úaT l ]WVø ø _`l ù

P
XV û

ü Q = Cl(P ∪ {i}), i 6∈ P
e

ü i > coreýi(P )
e ]þ

coreýi(P )
_XW ^_ i ^aX i _WVW S`WVR^_ U_

P
W_^ ma _

Cl(P (i)) = P
e

ü prefixi−1(P ) = prefixi−1(Q)
e Vÿ_ÿ ^_ i `ùê é _ U_

P
_XW i `ùX _`bùÿ

�� ðõ��� � � [ � �	 �	 
��\ ]VW aT l ]WVø ø _`l ù
Q 6= ∅

ÿ  ^]`Xe V^ _é VXW_ aT �òó��� l ]WVø ø _`l ù
P

W_^ ma _
Q

_XW aT _
ppc − extension

U_
P

ÿ
H @56@ 7 Õ×56×AQ7× Ù×6 A=8@D6 D×ÖA E6 ? ×>8 Z8Ö× Ö×?ÖE6×58E 6=>6 D=ÖA × Ù Õ4ÖQÖ× < =� 9:4C>×5=×>Ù B76 ×68 74

ppc−extension
Ù× 6=5 5=×>Ù ?;Ö× Ú P Õ47G=Ö@8:A ×

LCM
ÙEK×7=??E ?4Ö9=>Ö89×8 4ÖQÖ× ×5 ?Ö=D=5Ù×>Ö ×5 E74G>458 7×6 6=>6O4ÖQÖ×6 @66>6 Ù Õ>5 A=8@D D×ÖA E 5=5 DÖEC>×58 <×8 ? ×ÖA ×8 4@56@ Ù Õ=Q8×5@Ö 7 Õ×56×AQ7× Ù×6 A =8@D6 D×ÖA E6 DÖEC>×586 Ú

¥}¦ § Ü Úâ ¨ �F×A?7× ?4Ö8@×7 Ù Õ×FE9>8@=5 Ù×
LCM

P4 BG>Ö× Ü Úâ A=58Ö× 7×6 A=8@D6 GE5EÖE6 7=Ö6 Ù×6 ?Ö×A @;Ö×6 @8EÖ48@=56 Ù× 7 Õ47G=Ö@8:A ×Y ?4Ö8@Ö Ù×6 Ù=55E×6 Ù× 7 Õ×F×A?7× ã Ú P Õ47G=Ö@8:A × ×68 @5 @8@47@6E 4K×9 7×6 D×ÖA E6 Ù× 9:4C>×4Ö8@97× Ú P× ?Ö×A @×Ö A =8@D GE5EÖE ×68 Ù=59
AC

~7× D×ÖA E Ù×
A� Ú à× A=8@D E8458 DÖEC>×58 <7 Õ47G=Ö@8:A × 9479>7× ×56>@8× 64

ppc − extension
@66>× Ù×

AC ∪ {B}
< @ Ú× Ú

ABCDF
Ú à×
q�
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A=8@D ×68 DÖEC>×58 < 64

ppc − extension ABCDEF
×68 Ù=59 9=568Ö>@8× Ú

ABCDEF
×685=5 DÖEC>×58 Ú P Õ47G=Ö@8:A × 4ÖÖZ8× Ù=59 7 Õ×F?7=Ö48@=5 Ù× 9×88× 6=>6OQÖ459:× < ×8 GE5;Ö× 74

ppc − extension
Ù×

ABCDF
6>@K458× Ú H>9>5× 4>8Ö×

ppc − extension
5× ?×>8 Z8Ö× 9ÖEE×?=>Ö 9× A=8@D Ú P Õ47G=Ö@8:A × E8>Ù@× Ù=59 7×6 4>8Ö×6

ppc− extension
Ù> A=8@D 4J458 ? ×ÖA @6Ù× 7× GE5EÖ×Ö < @ Ú× Ú

AC
Ú ¼=>8×D=@6 < 7×6 D×ÖA E6 =Q8×5>6 Y ?4Ö8@Ö Ù×6 4Ö8@97×6

D
<
E

×8
F

5× 6=58?46 Ù×6
ppc − extension

Ù×
AC

94Ö @76 5× Ö×6? ×98×58 ?46 74 9=5Ù@8@=5 6>Ö 7× ?ÖEBF× Ú Ø4Ö9=56EC>×58 < 7 Õ47G=Ö@8:A × 4 B5@ 7 ÕE8>Ù× Ù× 74 6=>6OQÖ459:× Ù×
A
< ×8 9=58@5>× 6=5 ×F?7=Ö48@=5Ù> Ö×68× Ù× 7 Õ4ÖQÖ× Ú P× ?4Ö9=>Ö6 ×�×98>E 4> B547 ?4Ö 9×8 47G=Ö@8:A × ×68 @77>68ÖE Ù456 74BG>Ö× Ü Ú� ~7×6 A=8@D6 :49:>ÖE6 6=58 7×6 A =8@D6 5=5 DÖEC>×586 GE5EÖE6� Ú

¥}¦ § Ü Ú� ¨ Ø4Ö9=>Ö6 Ù× 7 Õ×6?49× Ù× Ö×9:×Ö9:× ×�×98>E ?4Ö
LCM

H ?4Ö8@Ö Ù×6 A =8@D6 D×ÖA E6 DÖEC>×586 ÙE9=>K×Ö86 < @7 ×68 ×56>@8× ?=66@Q 7× Ù× GE5EÖ×Ö7 Õ×56×AQ7× Ù×6 A =8@D6 DÖEC>×586 4@56@ C>× 7×>Ö 6>??=Ö8 Ú Ø4Ö 4@77×>Ö6 < 9×Ö84@5×6 K4Ö@458×6 Ù×9×8 47G=Ö@8:A × ?×ÖA ×88×58 Ù× GE5EÖ×Ö ×� 949×A ×58 9×6 A =8@D6 ×8 7×>Ö 6>??=Ö8 Ú
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Apriori QGNRJIN QG LFMONKJ JL MQGRGRJ D SGNLKN TJU V OLKWU
QG XONTINJ PMRGLKYJ TJ QG XONTINJ PMRGLKYJ

MaxMiner QGNRJIN QJU XONTINJU SOUKLKYJ MQGRGRJ D SGNLKN TJU V OLKWU LJUL QJ S QIU RNGPT VOLKWJL PMRGLKYJ TJ QG XONTINJ PMRGLKYJ GSSGNGKUUGPL TGPU
QJ UOIUZGNXNJ TIVOLKW JP EOINU T [MLITJ

Pincer
Z
Search QGNRJIN QJU XONTINJU SOUKLKYJ MQGRGRJ D SGNLKN TJU V OLKWU LJUL QJU SQIU RNGPTU VOLKWUJL PMRGLKYJ TJ QG XONTINJ PMRGLKYJ POP KPYGQKTMU SGN IPVOLKW TJ QG XONTINJPMRGLKYJ TM\ D TMEOIYJNL

Eclat
SNOWOPTJIN QG LFMONKJ MQGRGRJ D SGNLKN TJU V OLKWUPOP WNMHIJPLU TMEOIYJNLU

GenMax
SNOWOPTJIN QG XONTINJ SOUKLKYJ MQGRGRJ D SGNLKN TJU V OLKWUPOP WNMHIJPLU JL TJU VOLKWUTJ QG XONTINJ S OUKL KYJTMEOIYJNLU

Mafia
SNOWOPTJIN QG XONTINJ SOUKLKYJ MQGRGRJ D SGNLKN TJU V OLKWUPOP WNMHIJPLU ] TJU V OLKWUTJ QG XONTINJ SOUKLKYJ ] JL TJUVOLKWU WJNV MU WNMHIJPLUTMEOIYJNLU

FP
Z
Growth

SNOWOPTJIN Q [JPUJVXQJ TJU MQGRGRJ D SGNLKN TJU V OLKWUV OLKWU WNMHIJPLU POP WNMHIJPLU TMEOIYJNLU
LCM

SNOWOPTJIN Q [JPUJVXQJ TJU MQGRGRJ D SGNLKN TJU UGILU JPLNJ QJU RMPMNGLJINUV OLKWU WJNV MU VOLKWU POP WJNV MU WNMHIJPLU JL QJINU WJNV MUWNMHIJPLU WNMHIJPLU TMEOIYJNLU
Dualize and

SNOWOPTJIN QJU XONTINJU SOUKLKYJ MQGRGRJ D SGNLKN TJU V OLKWU UGIL TJ QG XONTINJ SOUKLKYJ
Advance ^ TIGQKUGLKOP JL PMRGLKYJ POP WNMHIJPLU TMEOIYJNLU _JP EOPULNIELKOP `D QG XONTINJ PMRGLKYJ_JP EOPULNIELKOP `
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�dgf id f>@e× Ù× h× A dg>fhÖ@e k g=>f dii=gf dQ=ÖÙ×Ö i×f ?Ö=Q ilA×f f>@Kdgef í
m P ÕdÙd?ede @=g Ù×f diG=Ö@ejA×f Ù Õ×FeÖdhe @=g Ù× A=e@Df DÖEC>×gef d>F Ù=ggE×f Ú ªdh× Y

h× ?Ö=Q ilA× k g=>f Ee>Ù@×Ö=gf¨ i× ?Ö=Q ilA× Ù× id hdÖdheEÖ@fde @=g Ù×f © ×>F Ù× Ù=ggE×f k @ Ú× Ú @Ù×ge @B×Ö i×f hdÖdheEÖ@fO
e @C>×f Ù×f © ×>F Ù× Ù=ggE×f @gn>×godge i×f diGpÖ@ejA×f ½¨ ?q @f i×f i@A @e×f Ù×f diGpÖ@ejA×f dÙd?ede @Df ×F @fedgef Ú ìpqf diipgf ? iqf ?dÖe @hqO
i@lÖ×A ×ge dQpÖÙ×Ö i× ?ÖpQ ilA× Ù× id ÙEhpqK×Öe× dÙd?ede @K× Ù×f A pe @Df DÖECq×gefA dF @A dqF Ú

m Pd A@f× ×g ? idh× Ù× fpiqe @pgf GEgEÖ@Cq×f ×�hdh×f ?pqÖ i Õ×FeÖdhe@pg Ù× A pe @Df @geEOÖ×ffdgef Ú P ÕpQ© ×he @D @h @ ×fe Ù× e @Ö×Ö ?ÖpBe Ùq GÖdgÙ gpAQÖ× Ù ÕdiGpÖ@ejA×f ?Öp?pfEf?pqÖ i Õ×FeÖdhe @pg Ù× A pe @Df DÖECq×gef ?pqÖ ÖEfpqÙÖ× epqe× qg× DdA@ii× Ù× ?ÖpQ ilA×fÙ× ÙEhpqK×Öe× Ù× hpggd @ffdgh×f Ú ìpqf EeqÙ@×Öpgf¨ Ùdgf qg ?Ö×A @×Ö e×A?f k i Õd?? i@hde @pg Ù×f diGpÖ@ejA×f ×F @fedgef ?pqÖ id Ö×hj×Öhj×Ù× A pe @Df DÖECq×gef Ùdgf i× hdÙÖ× Ù× id ÙEhpqK×Öe× Ù× A pe @Df @geEÖ×ffdgef ½¨ ?q @f Ùdgf qg f×hpgÙ e×A?f k i× ?ÖpQ ilA× Ù× i Õqe@i@fde@pg Ù×f fpiqe@pgf ipG@h @×ii×f×F @fedge×f Ùdgf h× hdÙÖ× GEgEÖ@Cq× Ú
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ØpqÖ ÄdÅÖ× Ädh× Æ id ÇÖdgÙ× ÈdÖÅÉeÉ Ù× ÙpggÉ×f ×e Æ i ÕÅgnq×gh× Ù× h× ii×fÊhÅ fqÖ i×f
diÇpÖÅejË ×f k i×f diÇpÖÅejË ×f dÙdÌedeÅÄf fpge Ù×f fpiqeÅpgf ÌdÖeÅhqiÅlÖ×Ë ×ge ÌÖpË ×ee×qf×f Ú¼pqe×ÄpÅf k i×qÖ ËÅf× ×g Ìidh× ÅË ÌiÅÍq× qg× Îpgg× ËdÏeÖÅf× Ù×f feÖdeÉÇÅ×f ×Ð Åfedge×f k dÅgfÅ
Íq× id hpggdÅffdgh× Ù×f hdÖdheÉÖÅfeÅÍq×f Ù×f ÙpggÉ×f Ågnq×godge h×f feÖdeÉÇÅ×f Ú

�dgf h× hjdÌÅeÖ× k gpqf diipgf ÌÖÉf×ge×Ö i×f ÌÖÅghÅÌdi×f hdÖdheÉÖÅfeÅÍq×f ÉeqÙ ÅÉ×f Ù×f© ×qÐ Ù× ÙpggÉ×f ×e ÈpÅÖ hpËË ×ge h×ÖedÅg×f fpge qeÅiÅfÉ×f Ùdgf i×f diÇpÖÅejË ×f ÌpqÖ Ë ×eeÖ××g Ìidh× Ù×f feÖdeÉÇÅ×f dÙdÌedeÅÈ×f Ú

Ñ �Ò Ó���� Ô�#� #Õ!$� ®$� Ö $!× ®$ ®���Ô$�

Ø ÙÚÙÚ ÃÛÜÛÝÞÅÜßàÞ ßºáâà ãâà ÞÜÛäàÛÝÞßåäà

æ×f hdÖdheÉÖÅfeÅÍq×f Ù×f eÖdgfdheÅpgf pge gdeqÖ×ii×Ë ×ge qg ÄpÖe ÅËÌdhe fqÖ i×f diÇpÊÖÅejË ×f Ú ç h× gÅÈ×dq k i×f ÌÖÅghÅÌdi×f hdÖdheÉÖÅfeÅÍq×f ÅÙ×geÅèÉ×f fpge í
é i× gpËÎÖ× k id edÅii× k ×e i× eêÌ × Ù×f eÖdgfdheÅpgf ½é i× gpËÎÖ× Ù ÕdÖeÅhi×f Ú
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ëµ¶ìíîìí íì ¾ìïì ðí ñ'ïòì
� × ËdgÅlÖ× ÇÉgÉÖdi× k Ì iqf id edÅii× Ù× id Îdf× Ù× ÙpggÉ×f ×fe ÅËÌpÖedge× ×e f×f eÖdgfdhÊ

eÅpgf ipgÇq×f k Ìiqf i× e×ËÌf Ù Õdhhlf dqÐ ÙpggÉ×f Ì pqÖ ÙÉe×ÖËÅg×Ö i× fqÌÌpÖe Ù×f Ë peÅÄf
dqÖd e×gÙdgh× Æ óeÖ× Éi×ÈÉ Ú èg× ÇÖdgÙ× ÌdÖeÅ× Ùq e×ËÌf Ù Õ×ÐÉhqeÅpg Éedge iÅÉ dq hdihqiÙq fqÌÌpÖe k i× hpËÌpÖe×Ë ×ge Ù×f diÇpÖÅejË ×f f×Öd Ùpgh Ù ÅÖ×he×Ë ×ge Ågnq×ghÉ ÌdÖ h×f
hÖÅelÖ×f Ú �g Ìiqf Ùq e×ËÌf Ù Õ×ÐÉhqeÅpg k i ÕdqeÖ× Ö×ffpqÖh× hÖÅeÅÍq× ×fe id Ë ÉËpÅÖ× Ú ô Ö k i Õ×fÊ
Ìdh× ËÉËpÅÖ× phhqÌÉ ÙÉÌ ×gÙ dqffÅ Ù× h×f Ädhe×qÖf Ú �g ×õ ×e k i×f diÇpÖÅejË ×f hjdÖÇ×ge qg×
ÌdÖeÅ× Ìiqf pq ËpÅgf ÅË ÌpÖedge× Ù×f ÙpggÉ×f ×g Ë ÉËpÅÖ× Ú ödiÇÖÉ i ÕqeÅiÅfdeÅpg Ù× feÖqhÊ
eqÖ×f Ù× ÙpggÉ×f pÌeÅË Åfdge h×e ×fÌdh× phhqÌÉ k h× iq ÅÊhÅ Ì ×qe ÌdÖÄpÅf óeÖ× eÖpÌ ÅËÌpÖedge×e ÅËÌiÅÍq×Ö Ù×f dhhlf Ù ÅfÍq×f eÖlf hp÷e×qÐ ×g Ë ÉËpÅÖ× ÈÅÖeq×ii× k ÈpÅÖ× ËóË × id fdeqÖ×Ö×e ×geÖdÏg×Ö i ÕdÖÖóe Ù× i ÕdiÇpÖÅejË × Ú

�g Ù×jpÖf Ù× h×f hpgfÅÙÉÖdeÅpgf k id Ù Å� hqieÉ Ù× i Õ×ÐeÖdheÅpg Ù×f ËpeÅÄf ÄÖÉÍq×gef ÙÉÌ ×gÙ×g ÇÖdgÙ× ÌdÖeÅ× Ù× id edÅii× Ù× i Õ×fÌdh× Ù× Ö×hj×Öhj× Æ ÌdÖhpqÖÅÖ ÌpqÖ eÖpqÈ×Ö id fpiqeÅpg Ú
ô Ö Ù Õqg ÌpÅge Ù× Èq× ejÉpÖÅÍq× k h×ee× edÅii× ×fe ÎpÖgÉ× ÌdÖ

2n
pø

n
×fe i× gpËÎÖ× Ù ÕdÖeÅhi×f Ú

æ ÕpÎf×ÖÈdeÅpg Ù× h× hÖÅelÖ× Ì ×ÖË ×e Ùpgh Ù× hpggdÏeÖ× i× gpËÎÖ× Ù× ËpeÅÄf Æ eÖdÅe×Ö ÌdÖ
i ÕdiÇpÖÅejË × Ùdgf i× ÌÅÖ× hdf Ú �dgf i× ËóË × ×fÌÖÅe k id edÅii× Ù× id Ìiqf ÇÖdgÙ× eÖdgfdheÅpg
Ì ×ÖË ×e Ù× ÎpÖg×Ö h× ii× Ù×f Ìiqf ÇÖdgÙf ËpeÅÄf ÄÖÉÍq×gef k ×e Ùpgh Ù ÕdÈpÅÖ qg× ÅÙÉ× Ù× i Õ×fÌdh×Ù× Ö×hj×Öhj× Æ ÌdÖhpqÖÅÖ Ú ØdÖ ×Ð×ËÌi× k fÅ qg× Îdf× Ù× ÙpggÉ×f ×fe hpËÌpfÉ× Ù× Ì ×eÅe×f
eÖdgfdheÅpgf k i×f ËpeÅÄf ÄÖÉÍq×gef hpÖÖ×fÌpgÙdgef f×Öpge Ì ×eÅef k ×e i Õ×fÌdh× Ù× Ö×hj×Öhj× Æ
ÌdÖhpqÖÅÖ Ì ×q ÅËÌpÖedge Ú

öóË × fÅ h×f hdÖdheÉÖÅfeÅÍq×f fpge ÎdfÅÍq×f k gpqf È×ÖÖpgf Ùdgf id f×heÅpg Ý Úù Íq Õqg
ÇÖdgÙ gpËÎÖ× Ù ÕdiÇpÖÅejË ×f i×f qeÅiÅf×ge dÈ×h fqhhlf ÌpqÖ ÙÉe×ÖË Åg×Ö Ù×f hjdgÇ×Ë ×gefÙ× feÖdeÉÇÅ×f ×g ÄpgheÅpg Ù×f ÙpggÉ×f Ú ¼pqe×ÄpÅf k h×f hdÖdheÉÖÅfeÅÍq×f Ù×f eÖdgfdheÅpgf g×
Ì ×ÖË ×ee×ge Ìdf Ù× hdÖdheÉÖÅf×Ö èg×Ë ×ge i Õ×fÌdh× Ù× Ö×hj×Öhj× Ú

Ø ÙÚÙÂ úåÞßåä ãâ ãâäàßÞÅ âÞ ÝûÛààßüÝÛÞßåä ãâà ý âáþ ãâ ãåääÅâà
�dgf i× hpge×Ðe× Ù×f Ë peÅÄf ÄÖÉÍq×gef k qg× ÙÉègÅeÅpg Ù× id Ù×gfÅeÉ Ù Õqg ÿ ×q Ù× ÙpggÉ×f

d ÉeÉ ÌÖpÌpfÉ× Ùdgf ��¯ä )� Ú èg ÿ ×q Ù× ÙpggÉ×f ×fe Ù Åe ���� � f ÕÅi ÌÖpÙqÅe qg ÇÖdgÙ gpËÎÖ×Ù× ipgÇf ËpeÅÄf ÄÖÉÍq×gef Ë óË × ÌpqÖ Ù×f Èdi×qÖf Éi×ÈÉ×f Ù× f×qÅi Ë ÅgÅËqË Ù× fqÌÌpÖe Ú¼pqf i×f fpqfÊ×gf×ËÎi×f Ù× h×f Ë peÅÄf Éedge ÄÖÉÍq×gef k id edÅii× Ù× i Õ×fÌdh× Ù× Ö×hj×Öhj× Ù×f
ËpeÅÄf ÄÖÉÍq×gef f×Öd ÅËÌpÖedge× Ú æ×f diÇpÖÅejË ×f ÌdÖhpqÖdge qg× ÌdÖeÅ× Ìiqf pq ËpÅgf ÅË Ê
ÌpÖedge× Ù× h×e ×fÌdh× Ù× Ö×hj×Öhj× �hjdÌÅeÖ× Ü� k i×qÖf Ì ×ÖÄpÖËdgh×f Èpge óeÖ× Ågnq×ghÉ×f
ÌdÖ h× hÖÅelÖ× Ú

�dgf ��¯ä )� k h×ee× Ù×gfÅeÉ ×fe Ö×ÌÖÉf×geÉ× ÌdÖ id Ù ÅfeÖÅÎqeÅpg Ù×f Ë peÅÄf ÄÖÉÍq×gef
Ë dÐÅË dqÐ k Å Ú× Ú i× gpËÎÖ× Ù× ËpeÅÄf ÄÖÉÍq×gef Ë dÐÅË dqÐ ÌdÖ gÅÈ×dq Ú à×ee× gpeÅpg Ù×Ù×gfÅeÉ d ÉeÉ ÉeqÙ ÅÉ× ×ÐÌÉÖÅË ×gedi×Ë ×ge fqÖ Ù×f ÿ ×qÐ Ù× ÙpggÉ×f ÖÉ× if ×e fêgejÉeÅÍq×f
Åffqf Ù× ��p ×Î � Ú ç ÌdÖeÅÖ Ù× h×ee× gpeÅpg Ù× Ù×gfÅeÉ k i×f dqe×qÖf Ùdgf ��¯ä )� pge ÌÖpÌpfÉ
qg× hidffÅèhdeÅpg Ù×f ÿ ×qÐ Ù× ÙpggÉ×f ×g ÍqdeÖ× eêÌ ×f í

é æ× ÌÖ×ËÅ×Ö eêÌ × Ù× ÿ ×qÐ Ù× ÙpggÉ×f �
Chess

×e
Pumsb

k èÇqÖ× Ý Ú)� ×fe hdÖdheÉÖÅfÉ ÌdÖ
qg× Ù ÅfeÖÅÎqeÅpg fêËÉeÖÅÍq× Ùq gpËÎÖ× Ù× ËpeÅÄf ÄÖÉÍq×gef Ë dÐÅË dqÐ ÌdÖ ÖdÌÌpÖe
Æ i×qÖ edÅii× Ú àpËË × i× ËpgeÖ× id èÇqÖ× Ý Ú)k qg× ÇÖdgÙ× ÌdÖeÅ× Ù×f Ë peÅÄf ÄÖÉÍq×gef

Þî
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ËdÐÅË dqÐ ×fe Ù× edÅii× )äÊ ))k i× Ìiqf ipgÇ g Õ×ÐhÉÙdge Ìdf ùÜ Ú

é æ×f ÿ ×qÐ Ù× ÙpggÉ×f e× if Íq×
Connect

×e
Pumsb∗

hpgfeÅeq×ge i× Ù×qÐÅlË × eêÌ × Ù×
ÿ ×qÐ Ù× ÙpggÉ×f �èÇqÖ× Ý Úù� Ú ØpqÖ h×f ÿ ×qÐ k i× gpËÎÖ× Ù× ËpeÅÄf ÄÖÉÍq×gef Ë dÐÅË dqÐ
dqÇË ×ge× ÌÖpÇÖ×ffÅÈ×Ë ×ge ÿ qfÍq ÕÆ qg ÌÅh k ÌqÅf ÙÉhÖpÏe ÎÖqedi×Ë ×ge Ú ØdÖ ÖdÌÌpÖe Æ id
èÇqÖ× Ý Ú)k id edÅii× Ù×f Ë peÅÄf ÄÖÉÍq×gef Ë dÐÅË dqÐ ×fe Ìiqf ipgÇq× k ×e Ì ×qe dee× ÅgÙÖ×Üä Ú ì ÉdgËpÅgf k id Ë dÿ ×qÖ× ÌdÖeÅ× Ù×f ËpeÅÄf ÄÖÉÍq×gef Ë dÐÅË dqÐ ×fe Ù× edÅii× )�Ê )� Ú

é æ× eÖpÅfÅlË × eêÌ × Ù× ÿ ×qÐ Ù× ÙpggÉ×f hpÖÖ×fÌpgÙ dqÐ ÿ ×qÐ Ù× ÙpggÉ×f gpg Ù×gf×f �pqù���� �� � Ú à×f ÿ ×qÐ Ù× ÙpggÉ×f fpge hdÖdheÉÖÅfÉf ÌdÖ Ù×f ËpeÅÄf ÄÖÉÍq×gef Ë dÐÅË dqÐÙ× Ì ×eÅe× edÅii× Ú æ×qÖ gpËÎÖ× ×fe Ùpgh eÖlf ÅË ÌpÖedge ÌpqÖ i×f ÌÖ×ËÅ×Öf gÅÈ×dqÐ ÌqÅf
hjqe× eÖlf ÖdÌÅÙ×Ë ×ge ÌdÖ id fqÅe× �èÇqÖ× Ý Úã� Ú

é æ× Ù×ÖgÅ×Ö eêÌ × Ù× ÿ ×qÐ Ù× ÙpggÉ×f ×fe qg Ì ×q ÌdÖeÅhqiÅ×Ö �èÇqÖ× Ý ÚÜ� Ú �i hpÖÖ×fÌpgÙ
dq ÿ ×q Ù× ÙpggÉ×f

Mushroom
Ú æ× gpËÎÖ× Ù× ËpeÅÄf ÄÖÉÍq×gef Ë dÐÅË dqÐ Ö×fe×

ÄdÅÎ i× ÿ qfÍq ÕÆ qg gÅÈ×dq Éi×ÈÉ Ú ØqÅf Åi ê d qg× ×ÐÌipfÅpg Ùq gpËÎÖ× Ù× eÖlf ÇÖdgÙf
ËpeÅÄf ÄÖÉÍq×gef Ë dÐÅË dqÐ k h×ee× ×ÐÌipfÅpg f ÕdÖÖóedge ÎÖqedi×Ë ×ge Ì ×q dÌÖlf Ú
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��� � Ý ÚÜ é �×qÐ Ù× ÙpggÉ×f Ù× eêÌ × Ü

æd hidffÅèhdeÅpg Ù×f ÿ ×qÐ Ù× ÙpggÉ×f Ù ÕdÌÖlf id ÎpÖÙqÖ× ÌpfÅeÅÈ× Ù×f Ë peÅÄf ÄÖÉÍq×gef×fe ÖÉfqËÉ Ùdgf i× edÎi×dq Ý Ú) Ú
à×Ì ×gÙdge k h×ee× ÙÉègÅeÅpg Ù× id Ù×gfÅeÉ Ìpf× ÌiqfÅ×qÖf ÌÖpÎilË ×f Ú
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Bd+(F )
�#)* 3.4+-5' 3� � �')'* % -')6* 3� '+7* $+"&3* %-')6*,+#'"2�%�&'�")22� 3�* %-')6* $+"&3* '+7* $+"&3* � �')'* '+7* $+"&3*3�

Bd+(F )81�%�2�* 3�
Chess 9:;<= Connect 9:;< = T10I4D100K Mushroom 9; >?< =@ �#1 3� 3-&&.�*
Pumsb 9A;< = Pumsb∗ 9?;< = 9; >; ??<=

abc � Ý Ú) é à idffÅèhdeÅpg Ù×f ÿ ×qÐ Ù× ÙpggÉ×f ÄpgÙÉ× fqÖ id ÎpÖÙqÖ× ÌpfÅeÅÈ× Ù×f Ë peÅÄf
ÄÖÉÍq×gef
B Ôæ ÔÓÍÌ ÑÍ ÉÍÓÓÍ ÑçCÎÔÓÔÊÎ ÑÍ DÇ ÑÍÎÌÔÓç ÍÓ ÑÍ DÇ É DÇÌÌÔCÉÇÓÔÊÎ

ç id Èq× Ù×f èÇqÖ×f Ý Ú) ×e Ý Úù k Åi dÌÌdÖdÏe Íq× id Ù Åõ ÉÖ×gh× ×geÖ× i×f Ù×qÐ ÌÖ×ËÅ×Öf
eêÌ ×f Ù× ÿ ×qÐ Ù× ÙpggÉ×f g Õ×fe Ìdf ÉÈÅÙ×ge× Ú �ii× ×fe ÌÖÅghÅÌdi×Ë ×ge Ùq× Æ qg× iÉÇlÖ×Ù Åõ ÉÖ×gh× Ù× edÅii× Ù×f Ë peÅÄf ÄÖÉÍq×gef Ë dÐÅË dqÐ Ú �i ×fe Ùpgh eÖlf Ù Å� hÅi× Ù ÕÅÙ×geÅè×Ö i×
eêÌ × Ù× ÿ ×q Ù× ÙpggÉ×f Ú
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Pumsb* minsup 10% (4905)
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Pumsb* minsup 25% (12262)

Bd+(F)

��� � Ý ÚÝ é EpÖÙqÖ× ÌpfÅeÅÈ× ÌpqÖ ØqË fÎm dÈ×h Ù×f Ë ÅgfqÌ Ù× )äF ×e Ù× ùÝF
� × Ìiqf k Ë óË × fÅ i× eêÌ × Ù× ÿ ×q Ù× ÙpggÉ×f ×fe ÅÙ×geÅèÉ ÌpqÖ qg f×qÅi Ù× fqÌÌpÖe Ë ÅÊ

gÅËqË ÙpggÉ k h×ee× hidffÅèhdeÅpg Ì ×qe hjdgÇ×Ö ÌpqÖ qg dqeÖ× f×qÅi Ë ÅgÅËqË Ù× fqÌÌpÖe Ú
�eqÙ Åpgf ÌdÖ ×Ð ×ËÌi× id Ù×gfÅeÉ k Å Ú× Ú id Ù ÅfeÖÅÎqeÅpg Ù× id ÎpÖÙqÖ× ÌpfÅeÅÈ× Ù×f ËpeÅÄf ÄÖÉÊ
Íq×gef k fqÖ i× ÿ ×q Ù× ÙpggÉ×f ÖÉÉif

Pumsb∗
ÌpqÖ Ù×qÐ f×qÅif Ë ÅgÅËqËf Ù× fqÌÌpÖe �èÇqÖ×Ý ÚÝ� Ú ØdÖ ×Ð×ËÌi× k Ì pqÖ qg f×qÅi Ë ÅgÅËqË Ù× fqÌÌpÖe �Ö× ideÅÄ � Ù× �F k i× gpËÎÖ× Ù× ËpeÅÄf

ÄÖÉÍq×gef Ë dÐÅË dqÐ dqÇË ×ge× ÌÖpÇÖ×ffÅÈ×Ë ×ge ÿ qfÍq ÕÆ qg ÌÅh ÌqÅf ÙÉhÖpÏe ÎÖqedi×Ë ×ge Ú
æd edÅii× Ù×f Ë peÅÄf ÄÖÉÍq×gef Ë dÐ ÅË dqÐ ×fe Ö× ideÅÈ×Ë ×ge Éi×ÈÉ× ×e Ì ×qe dee×ÅgÙÖ× Üä ÚçÈ×h id hidffÅèhdeÅpg Ù× ��Gä )� k h× ÿ ×q Ù× ÙpggÉ×f f×ÖdÅe Ùq Ù×qÐÅlË × eêÌ × Ú ëÅ pg ÉeqÙ Å×
h× ËóË × ÿ ×q Ù× ÙpggÉ×f ÌpqÖ qg f×qÅi Ù× fqÌÌpÖe Ù ÅõÉÖ×ge k ÌdÖ ×Ð×ËÌi× ùÝF k i× Ìiqf ÇÖdgÙ
ËpeÅÄ ÄÖÉÍq×ge ×fe Ù× edÅii× )� ×e id edÅii× Ëpê×gg× Ù×f Ë peÅÄf ×fe Ù× )ä Ú æd Ù ÅfeÖÅÎqeÅpgÙ× h× ÿ ×q ×fe dqffÅ hjdgÇÉ× k ×e Ù×ÈÅ×ge Ö× ideÅÈ×Ë ×ge fêË ÉeÖÅÍq× Ú çÅgfÅ k

Pumsb∗
ÌpqÖÖdÅe

dÌÌdÖe×gÅÖ dq ÌÖ×ËÅ×Ö eêÌ × Ù× �� Gä )� Ú
à×ee× Ö×ËdÖÍq× ×fe dqffÅ ÈÖdÅ× ÌpqÖ i× ÿ ×q Ù× ÙpggÉ×f

Mushroom
dÈ×h ÌdÖ ×Ð×ËÌi×

Þ%
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Mushroom minsup 0.1% (9)
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Taille des motifs

Mushroom minsup 10% (813)

Bd+(F)

��� � Ý Úá é EpÖÙqÖ× ÌpfÅeÅÈ× ÌpqÖ öqfjÖppË dÈ×h Ù×f Ë ÅgfqÌ Ù× ä Ú)F ×e Ù× )äF
Ù×f f×qÅif Ù× ä Ú)F ×e Ù× )äF �èÇqÖ× Ý Úá� Ú ØpqÖ i× f×qÅi Ù× ä Ú)F k h× ÿ ×q Ù× ÙpggÉ×f ×fe Ùq
eêÌ × Ü k dipÖf Íq ÕÅi ×fe Ù× eêÌ × ) ÌpqÖ qg f×qÅi Ù× )äF Ú �i ×fe Ùpgh gÉh×ffdÅÖ× Ù ÕpÎf×ÖÈ×Ö
h×f ÌdÖdËleÖ×f Æ ÌiqfÅ×qÖf Ì ×eÅef f×qÅif Ë ÅgÅËqËf Ù× fqÌÌpÖe ÌpqÖ ÌpqÈpÅÖ ËÅ×qÐ hidff×Ö
i×f ÿ ×qÐ Ù× ÙpggÉ×f Ú ô Ö ÌpqÖ h×f Èdi×qÖf Ù× f×qÅi k eÖpqÈ×Ö id Ù ÅfeÖÅÎqeÅpg Ù× id ÎpÖÙqÖ×
ÌpfÅeÅÈ× Ù×ÈÅ×ge eÖlf Ù Å� hÅi× Ú

K ÍÌ Ï ÍÈÐÊÈæÇÎÉÍÌ Ñ LÇ DMÊÈÔÓNæÍÌ ÍÎ ÉÊÎÓÈÇÑÔÉÓÔÊÎ ÇOÍÉ ÉÍÓÓÍ ÑÍÎÌÔÓç
à×ee× hidffÅèhdeÅpg g Õ×ÐÌiÅÍq× Ìdf epqÿ pqÖf i×f Ì ×ÖÄpÖËdgh×f Ù×f diÇpÖÅejË ×f pÎf×ÖÈÉ×f

ipÖf Ù×f Îdghf Ù Õ×ffdÅf ÖÉdiÅfÉf ipÖf Ù×f de× iÅ×Öf P�ö � �EGäã k E�GäÜ� k Å Ú× Ú i×f ÿ ×qÐ Ù× ÙpggÉ×f
i×f Ìiqf Ù×gf×f g× fpge Ìdf ÄpÖhÉË ×ge i×f Ìiqf Ù Å� hÅi×f Ú �eqÙ Åpgf ÌdÖ ×Ð×ËÌi× i×f ÖÉfqiedef
pÎe×gqf ÌpqÖ h×ÖedÅgf diÇpÖÅejË ×f Ù× ÙÉhpqÈ×Öe× Ù×f Ë peÅÄf ÄÖÉÍq×gef Ë dÐÅË dqÐ ipÖf Ù×
FIMI ′04

ÌpqÖ i×f ÿ ×qÐ Ù× ÙpggÉ×f ÉeqÙ ÅÉf Ùdgf ��Gä)� �èÇqÖ× Ý Úâ� Ú
æ× edÎi×dq Ý Úù Ö×ÌÖÉf×ge× dÌÌÖpÐ ÅË deÅÈ×Ë ×ge i× e×ËÌf Ù Õ×ÐÉhqeÅpg Ëpê×g Ù× h×f diÇpÊÖÅejË ×f ÌpqÖ qg f×qÅi Ë ÅgÅËqË Ù× fqÌÌpÖe èÐÉ k dÅgfÅ Íq× id hidffÅèhdeÅpg Ù× hjdÍq× ÿ ×qÙ× ÙpggÉ×f f×ipg ��Gä )� Ú

�×qÐ ë×qÅi Ë ÅgÅËqË ¼êÌ × ¼×ËÌf Ëpê×gÙ× ÙpggÉ×f Ù× fqÌÌpÖe Ù Õ×ÐÉhqeÅpg Ù×f diÇpÖÅejË ×fàj×ff ãäF ��Ý�� eêÌ × )
≈

) f×h Úàpgg×he ãäF �ùäùáâ� eêÌ × ù
≈

) f×h ÚØqË fÎ ÝäF �ùÜÝùã� eêÌ × ) ) Æ )ä f×h ÚØqË fÎm )äF �Ü�äÝ� eêÌ × ù ) Æ )ä f×h Ú
abc � Ý Úù é � ×gfÅeÉ ×e Ì ×ÖÄpÖËdgh× Ù×f diÇpÖÅejË ×f

æd hidffÅèhdeÅpg Ù× ��Gä)� ÌpqÖÖdÅe idÅff×Ö Ì ×gf×Ö Íq× i×f ÿ ×qÐ Ù× ÙpggÉ×f e×if Íq×
Connect

×e
Pumsb∗

fpge Ìiqf Ù Å� hÅi×f Ú �g ×õ×e k id edÅii× Ù× i×qÖf ËpeÅÄf ÄÖÉÍq×gef Ë dÐÅÊ
Ë dqÐ ×fe Ìiqf ÇÖdgÙ× �èÇqÖ× Ý Úù� Ú æ×qÖ Ù×gfÅeÉ ×fe Ùpgh Ìiqf ÅËÌpÖedge× Ú ØpqÖedge hpËË ×
i× ËpgeÖ× i× edÎi×dq Ý Úù k Åi f×ËÎi× g× Ìdf ê dÈpÅÖ Ù× hpÖÖÉideÅpg ×geÖ× id hidffÅèhdeÅpg Åffq×

Þ+
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Ùq hÖÅelÖ× Ù× Ù×gfÅeÉ ×e i×f Ì ×ÖÄpÖËdgh×f Ù×f diÇpÖÅejË ×f Ú

�g ×õ×e k i×f ÿ ×qÐ Ù× ÙpggÉ×f
Chess

×e
Connect

dÈ×h Ù×f f×qÅif Ù× fqÌÌpÖe Ù× ãäF fpgeÙ× eêÌ ×f Ù ÅõÉÖ×gef k Å Ú× Ú i×qÖ Ù×gfÅeÉ ×fe Ù ÅõÉÖ×ge× Ú ¼pqe×ÄpÅf k i×f diÇpÖÅejË ×f pge Ù×f Ì ×ÖÊ
ÄpÖËdgh×f hpËÌdÖdÎi×f ÌpqÖ h×f ÿ ×qÐ Ù× ÙpggÉ×f ×e h× f×qÅi Ë ÅgÅËqË Ù× fqÌÌpÖe Ú � × Ìiqf k
gpepgf Íq×

Connect
d Ìiqf Ù× eÖdgfdheÅpgf ×e Ù×f eÖdgfdheÅpgf Ìiqf ipgÇq×f Íq×

Chess�edÎi×dq )� Ú � × id Ë óË × ËdgÅlÖ× k
Pumsb∗

ÌpqÖ qg f×qÅi Ù× fqÌÌpÖe Ù× )äF ×fe Ìiqf Ù×gf×
Íq×

Pumsb
ÌpqÖ qg f×qÅi Ù× ãäF �èÇqÖ×f Ý Úù ×e Ý Ú)� Ú ödiÇÖÉ h× id k i×f Ì ×ÖÄpÖËdgh×f Ù×f

diÇpÖÅejË ×f fpge ×ghpÖ× hpËÌdÖdÎi×f Ú
� × ËdgÅlÖ× ÇÉgÉÖdi× k i× hpËÌpÖe×Ë ×ge Ù×f diÇpÖÅejË ×f fqÖ

Connect
×e

Pumsb∗
×feÖ× ideÅÈ×Ë ×ge ×�hdh× ×e fedÎi× Ú àpËË × i× ËpgeÖ× id èÇqÖ× Ý Úâ k i×qÖ e×ËÌf Ù Õ×ÐÉhqeÅpg ÌpqÖ

h×f ÿ ×qÐ Ù× ÙpggÉ×f dqÇË ×ge× eÖlf ÌÖpÇÖ×ffÅÈ×Ë ×ge k ×e Ö×fe× ÄdÅÎi× ÿ qfÍq ÕÆ Ù× Ì ×eÅef f×qÅifÙ× fqÌÌpÖe Ú çq hpgeÖdÅÖ× k Ù×f ÿ ×qÐ e× if Íq×
Pumsb

×e
Chess

f×ËÎi×ge óeÖ× Ìiqf Ù Å� hÅi×f Úà×ee× Ö×ËdÖÍq× ×fe dqffÅ ÈÖdÅ× ÌpqÖ Ù×f ÿ ×qÐ Ù× ÙpggÉ×f e× if Íq×
Mushroom

Ú æd Ëdÿ ×qÖ×
ÌdÖeÅ× Ù×f diÇpÖÅejË ×f g Õd Ìdf Ù× Ù Å� hqieÉ fqÖ h× ÿ ×q Ù× ÙpggÉ×f Ë óË × ÌpqÖ Ù×f f×qÅif
Ë ÅgÅËqËf Ù× fqÌÌpÖe eÖlf Ì ×eÅef �èÇqÖ× Ý Úâ� Ú �g hpËÌdÖdÅfpg

Chess
k ÍqÅ ×fe h×gfÉ óeÖ×

ËpÅgf Ù×gf× k ×fe Ìiqf Ù Å� hÅi× Ú

Ñ �X Y Ô��!Z$� $ [$� \ � #]� ]�ÔÕ!$� � \ �×#\ �!× $ � ��^
 Ô_ #$� �[�` � #Z$�

�i ×Ð Åfe× qg ÇÖdgÙ gpËÎÖ× Ù ÕdiÇpÖÅejË ×f Ù× ÙÉhpqÈ×Öe× Ù×f Ë peÅÄf ÄÖÉÍq×gef Ë dÐÅË dqÐ�Edê�� k æa�� k Eà�ä )k �Gä)k �Gäã k èaç äÜ� Ú à×f diÇpÖÅejË ×f pge ÌpqÖ pÎÿ ×heÅÄ Ù× ÙÉÊ
hpqÈÖÅÖ id ÎpÖÙqÖ× ÌpfÅeÅÈ× Ù×f Ë peÅÄf ÄÖÉÍq×gef ×g iÅË Åedge i Õ×fÌdh× Ù× Ö×hj×Öhj× ÌdÖhpqÖq
ÇÖbh× Æ i ÕdgeÅÊËpgpepgÅ× Ùq ÌÖÉÙ Åhde cóeÖ× ÄÖÉÍq×ge cÚ à×ÖedÅgf Ù× h×f diÇpÖÅejË ×f pge dqffÅ
Ë Åf ×g Ìidh× Ù×f feÖdeÉÇÅ×f dèg Ù ÕdÙdÌe×Ö id Ö×ÌÖÉf×gedeÅpg Ù×f ÙpggÉ×f ×e id Ë ÉejpÙ× Ù×
hpËÌedÇ× Ùq fqÌÌpÖe ×g ÄpgheÅpg Ù×f ÙpggÉ×f Ú

ØdÖ ×Ð×ËÌi× k i ÕdiÇpÖÅejË ×
Mafia

�EàP
+äã� hjpÅfÅe ÙêgdË ÅÍq×Ë ×ge id feÖqheqÖ× Ù×ÙpggÉ×f id Ìiqf dÙÌdeÉ× ÌpqÖ Ö×ÌÖÉf×ge×Ö i×f ÙpggÉ×f Ú æ ÕdiÇpÖÅejË × qeÅiÅf× qg× Ö×ÌÖÉf×gÊ

edeÅpg È×ÖeÅhdi× ÌpqÖ id Îdf× Ù× ÙpggÉ×f Ù× eÖdgfdheÅpgf Ú ëpg ÌÖÅghÅÌ × ×fe Ù ÕdffphÅ×Ö Æ
hjdÍq× dÖeÅhi× i Õ×gf×ËÎi× Ù×f eÖdgfdheÅpgf dqÍq× i Åi dÌÌdÖeÅ×ge Ú ØpqÖ ÄdÅÖ× h× id k Åi qeÅiÅf×Ù×qÐ eêÌ ×f Ù× feÖqheqÖ× Ù× ÙpggÉ×f í qg defg �� pq qg× iÅfe× Ù ÕÅÙ×geÅèdge Ù× eÖdgfdheÅpgf k
ÌpqÖ hjdÍq× dÖeÅhi× Ú �dgf i× defg �� k Åi ê d qg ÎÅe ÌpqÖ hjdÍq× eÖdgfdheÅpg Ù× id Îdf× Ù×ÙpggÉ×f Ú ë Å i ÕdÖeÅhi×

i
dÌÌdÖdÏe Ùdgf id

t
ÊÅlË × eÖdgfdheÅpg k dipÖf i× ÎÅe

t
Ùq defg �� Ù× i ÕdÖÊ

eÅhi×
i
×fe Ë Åf Æ qg h fÅgpg i× ÎÅe Ö×fe× Æ iÉÖp Ú à×ee× feÖqheqÖ× Ù× ÙpggÉ×f Ì ×ÖË ×e Ù ÕdÈpÅÖ

qg× ÌÖphÉÙqÖ× Ù× hpËÌedÇ× Ùq fqÌÌpÖe Ù×f ËpeÅÄf eÖlf ×�hdh× Ú jpqe×ÄpÅf k id feÖqheqÖ×
Ì ×qe óeÖ× hÖ×qf× ÌpqÖ h×ÖedÅgf eêÌ ×f Ù× ÙpggÉ×f Ú �dgf h×f hdf k id Ö×ÌÖÉf×gedeÅpg Ù×f ÙpgÊ
gÉ×f Æ ÌdÖeÅÖ Ù× iÅfe×f Ù ÕÅÙ×geÅèdge Ù× eÖdgfdheÅpgf f×Öd Ìiqf ÅgeÉÖ×ffdge× Ú æ ÕdiÇpÖÅejË ×
Mafia

ÄdÅe ÙêgdË ÅÍq×Ë ×ge h× hjpÅÐ Ù× feÖqheqÖ× Ù× ÙpggÉ×f ×e Ù× e×hjgÅÍq×f Ù× hpËÌÊ
edÇ× Ùq fqÌÌpÖe ×g ÄpgheÅpg Ù× id ÌÖpÌpÖeÅpg Ù ÕdÖeÅhi×f ×ghpÖ× qeÅiÅfÉf Æ hjdÍq× ÅeÉÖdeÅpg Ú
� × Ìiqf k ipÖfÍq Õqg hjdgÇ×Ë ×ge Ù× feÖdeÉÇÅ× ÙpÅe óeÖ× ×õ×heqÉ k i ÕdiÇpÖÅejË × Ö×hpgfeÖqÅe i×f

å k



ëIJìíîìí íì lìïì ðí ñ'ïòì
eÖdgfdheÅpgf Æ ÌdÖeÅÖ Ù×f dÖeÅhi×f ×ghpÖ× qeÅiÅfÉf Ú

LCM
�èçèç äã� f ÕdÌÌqÅ× dqffÅ fqÖ qg× Ö×ÌÖÉf×gedeÅpg È×ÖeÅhdi× Ù×f ÙpggÉ×f k ×e ×ÐÊ

ÌipÅe× Ù×qÐ e×hjgÅÍq×f ÌpqÖ i×f fep hm×Ö ×e hdihqi×Ö i× fqÌÌpÖe Ú ô Ö k i×f Ì ×ÖÄpÖËdgh×f Ù× h×f
e×hjgÅÍq×f ÙÉÌ ×gÙ×ge Ù× id edÅii× Ù×f ÙpggÉ×f Æ eÖdÅe×Ö Ú ØpqÖ h×e diÇpÖÅejË × k i ÕdÙdÌedeÅÈ ÅeÉ
f× eÖdÙqÅe dipÖf ÌdÖ i× hjpÅÐ Ù× id fpiqeÅpg id Ìiqf Ì ×ÖÄpÖËdge× ×g ÄpgheÅpg Ù× id edÅii× Ù×
id ÌÖpÿ ×heÅpg Ù× id Îdf× Ù× ÙpggÉ×f hpgfÅÙÉÖÉ× Ú

�i ×Ð Åfe× ÇipÎdi×Ë ×ge eÖpÅf eêÌ ×f Ù× ËÉejpÙ×f ÌpqÖ Ö×ÌÖÉf×ge×Ö i×f ÙpggÉ×f ×e eÖpqÈ×Ö
i× fqÌÌpÖe Ù×f ËpeÅÄf í

é i×f ÙpggÉ×f fpge fephmÉ×f jpÖÅipgedi×Ë ×ge k Å Ú× Ú hjdÍq× eÖdgfdheÅpg ×fe fep hmÉ× fpqf
id ÄpÖË × Ù Õqg ×gf×ËÎi× Ù ÕdÖeÅhi×f Ú æ× fqÌÌpÖe Ù Õqg ËpeÅÄ ×fe hpËÌeÉ ×g ÄdÅfdge Ù×f
e×fef Ù ÕÅghiqfÅpg Ùdgf i×f eÖdgfdheÅpgf h

é i×f ÙpggÉ×f fpge fephmÉ×f È×ÖeÅhdi×Ë ×ge k Å Ú× Ú Æ hjdÍq× dÖeÅhi× ×fe dffphÅÉ× id iÅfe× Ù×f
ÅÙ×geÅèdgef Ù×f eÖdgfdheÅpgf dqÐÍq× ii×f Åi dÌÌdÖeÅ×ge Ú æ× fqÌÌpÖe Ù Õqg ËpeÅÄ ×fe dipÖf
pÎe×gq ×g ÄdÅfdge i ÕÅge×Öf×heÅpg Ù×f iÅfe×f Ù ÕÅÙ×geÅèdgef Ù× eÖdgfdheÅpgf Ù×f dÖeÅhi×f
ÍqÅ i× hpËÌpf×ge h

é i×f ÙpggÉ×f fpge fephmÉ×f Ùdgf Ù×f feÖqheqÖ×f Ù× eêÌ ×
FP − tree

�f×heÅpg Ü Úù Úù� Ú
ØpqÖ hjdhqg× Ù× h×f dÌÌÖphj×f k Ù×f feÖqheqÖ×f Ù× ÙpggÉ×f Ù ÅõÉÖ×ge×f Ì ×qÈ×ge óeÖ×

qeÅiÅfÉ×f e× ii×f Íq× Ù×f È×he×qÖf Ù× ÎÅef k Ù×f iÅfe×f pq Ù×f dÖÎÖ×f Ú æ× hjpÅÐ Ù× id feÖqheqÖ×Ù× ÙpggÉ×f d qg ÄpÖe ÅË Ìdhe fqÖ id Ë ÉejpÙ× Ù× hpËÌedÇ× ×e fqÖ f×f Ì ×ÖÄpÖËdgh×f k ×eÙÉÌ ×gÙ ×g ÇÖdgÙ× ÌdÖeÅ× Ùq eêÌ × Ù× ÙpggÉ×f ÉeqÙ ÅÉ×f Ú ØdÖ ×Ð×ËÌi× k Ù×f feÖqheqÖ×f Ù×ÙpggÉ×f e× ii×f Íq× i×f È×he×qÖf Ù× ÎÅef f×Öpge eÖlf ×�hdh×f ipÖfÍq× i×f ÙpggÉ×f f×ÖpgeÙ×gf×f k Ë dÅf Î ×dqhpqÌ ËpÅgf Ùdgf i× hdf hpgeÖdÅÖ× Ú
�g ÌÖdeÅÍq× k id Ö×ÌÖÉf×gedeÅpg È×ÖeÅhdi× ×fe id Ìiqf ×�hdh× ÍqdgÙ × ii× ×fe hpËÎÅgÉ× dqÐ

diÇpÖÅejË ×f hpgf×ÖÈdge i×f ÌÖpÿ ×heÅpgf Ù× id Îdf× Ù× ÙpggÉ×f ÄdÅe×f Æ hjdÍq× ÅeÉÖdeÅpg Ú æ×
ÌÖpÎilË × Ù× h×ee× dÌÌÖphj× ×fe Íq Õ×ii× gÉh×ffÅe× Ìiqf Ù Õ×fÌdh× ËÉËpÅÖ× Ú

ØpqÖ h×ee× ÖdÅfpg k i ÕdiÇpÖÅejË ×
DCI

�ôØØëäù� �pq Ìiqf ÖÉh×ËË ×ge
k−DCI

�ôæØ
+äã��d Ë Åf ×g Ìidh× qg× feÖdeÉÇÅ× dÙdÌedeÅÈ× ÍqÅ die×Ög× h×f Ù Åõ ÉÖ×ge×f dÌÌÖphj×f ×g ÄpgheÅpg Ù×

id ÍqdgeÅeÉ Ù× ËÉËpÅÖ× Ù ÅfÌ pgÅÎi× ×e Ù×f hdÖdheÉÖÅfeÅÍq×f Ù×f ÙpggÉ×f eÖdÅeÉ×f Ú à×e diÇpÊÖÅejË × ÄdÅe qg× ×ÐÌipÖdeÅpg ÌdÖ gÅÈ×dq Ù× i Õ×fÌdh× Ù× Ö×hj×Öhj× Ú æ ÕdÌÌÖphj× qeÅiÅfÉ× ÌpqÖÖ×ÌÖÉf×ge×Ö i×f ÙpggÉ×f ×e hpËÌe×Ö i× fqÌÌpÖe ÙÉÌ ×gÙ epqe Ù ÕdÎpÖÙ Ù× id edÅii× Ù×f ÙpggÉ×f×e Ù× i Õ×fÌdh× ËÉËpÅÖ× Ù ÅfÌ pgÅÎi× Ú ë Å id edÅii× Ù×f ÙpggÉ×f ×fe eÖpÌ ÅËÌpÖedge× ÌpqÖ óeÖ× Ö×Ê
ÌÖÉf×geÉ× È×ÖeÅhdi×Ë ×ge k i ÕdiÇpÖÅejË × qeÅiÅf× qg× dÌÌÖphj× jpÖÅipgedi× Ú ç hjdÍq× ÅeÉÖdeÅpg k
i ÕdiÇpÖÅejË × ÖÉÙqÅe id edÅii× Ù×f ÙpggÉ×f Ú ØdÖ hpgfÉÍq×ge k ipÖfÍq Õ× ii×f fpge dff×i Ì ×eÅe×f
ÌpqÖ e×gÅÖ ×g Ë ÉËpÅÖ× k i ÕdiÇpÖÅejË × hjdgÇ× Ù× feÖdeÉÇÅ× k ×e qeÅiÅf× qg× dÌÌÖphj× È×ÖeÅhdi× Ú
�gfqÅe× k i ÕdiÇpÖÅejË × dÌÌiÅÍq× Ù ÅõÉÖ×ge×f pÌeÅË ÅfdeÅpgf ×g ÄpgheÅpg Ù× id cÙ×gfÅeÉ c Ù×fÙpggÉ×f ÉeqÙ ÅÉ×f Ú à×ee× Ù×gfÅeÉ Ë ×fqÖ× id hpÖÖÉideÅpg ×geÖ× i×f iÅfe×f Ù× eÖdgfdheÅpgf ×e i×f
dÖeÅhi×f i×f Ìiqf ÄÖÉÍq×gef Ú �ii× ×fe pÎe×gq× ×g Ö×hj×Öhjdge i× gpËÎÖ× ËdÐ ÅËqË Ù ÕdÖeÅhi×fÙpge i ÕÅge×Öf×heÅpg Ù× i×qÖ iÅfe× Ù× eÖdgfdheÅpgf ×fe fÅÇgÅèhdeÅÈ× Ú ØdÖ ×Ð×ËÌi× k fÅ

1/4
Ù×f

dÖeÅhi×f ÌdÖedÇ×ge
90%

Ù×f eÖdgfdheÅpgf k id Ù×gfÅeÉ f×Öd ÉÇdi× Æ
1/4 × 90% = 0.23

Ú ë Å
h×ee× Èdi×qÖ ×fe fqÌ ÉÖÅ×qÖ× Æ qg f×qÅi èÐÉ k id ÌÖpÿ ×heÅpg Ù× id Îdf× Ù× ÙpggÉ×f eÖdÅeÉ× f×Öd

ån
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hpgfÅÙÉÖÉ× hpËË × Ù×gf× Ú

ìpepgf Íq× i×f dfÌ ×hef dÙdÌeÅÄf fpge eÖlf ÙÉÈ× ipÌÌ Éf Ùdgf h×e diÇpÖÅejË × Ú �g ÇÉgÉÖdi k
qg× f×qi× Ö×ÌÖÉf×gedeÅpg Ù×f ÙpggÉ×f ×fe hpgfÅÙÉÖÉ× k f×qi×f i×f feÖqheqÖ×f Ù× ÙpggÉ×f ×e
e×hjgÅÍq×f Ù× hpËÌedÇ× fpge dÙdÌeÉ×f dq eêÌ × Ù× ÙpggÉ×f Ú ØdÖ ×Ð ×ËÌi× k

Mafia
�EàP

+äã�×e
LCM

�èçèç äã� qeÅiÅf×ge epqÿ pqÖf qg× Ö×ÌÖÉf×gedeÅpg È×ÖeÅhdi× Ù× id Îdf× Ù× ÙpggÉ×f k
Ë dÅf dÙdÌe×ge ÙêgdË ÅÍq×Ë ×ge i×qÖf e×hjgÅÍq×f Ù× hpËÌedÇ× Ùq fqÌÌpÖe ×e Ù× fep hmdÇ× Ù×fÙpggÉ×f Ú æ ÕdiÇpÖÅejË ×

Afopt
�ææp

+äã� ÍqÅ ×fe qg diÇpÖÅejË × Ùq eêÌ × c
FP − growth

ck
dÙdÌe× qgÅÍq×Ë ×ge i×f feÖqheqÖ×f Ù× ÙpggÉ×f qeÅiÅfÉ×f ÌpqÖ Ö×ÌÖÉf×ge×Ö i×

FP − tree�f×heÅpg Ü Úù Úù� Ú �g ×õ ×e k i×f Ì ×ÖÄpÖËdgh×f Ù× h× eêÌ × Ù ÕdiÇpÖÅejË × ÙÉÌ ×gÙ×ge ×g ÇÖdgÙ×
ÌdÖeÅ× Ùq hp÷e Ù× hpgfeÖqheÅpg ×e Ù× ÌdÖhpqÖf Ù× hjdhqg Ù×f

FP − tree
hpgfeÖqÅe ipÖfÙq ÌdÖhpqÖf ×g ÌÖpÄpgÙ×qÖ Ú

Afopt
ÙÉe×ÖËÅg× id Ö×ÌÖÉf×gedeÅpg Æ qeÅiÅf×Ö ×g ÄpgheÅpg Ùq

gpËÎÖ× Ù ÕdÖeÅhi×f ÄÖÉÍq×gef hpgfÅÙÉÖÉf Ùdgf i×
FP − tree

k Ù× i×qÖ fqÌÌpÖe Ëpê×g ×e Ùq
f×qÅi Ë ÅgÅËqË Ù× fqÌÌpÖe Ú

jpqe×ÄpÅf k i×f dfÌ ×hef dÙdÌedeÅÄf Ë Åf ×g Ìidh× fpge Äp hdiÅfÉf fqÖ id Ç×feÅpg Ù×f ÙpgÊ
gÉ×f k Å Ú× Ú eÖpqÈ×Ö id Ö×ÌÖÉf×gedeÅpg ×eqpq id e×hjgÅÍq× Ù× hpËÌedÇ× id Ìiqf dÌÌÖpÌÖÅÉ× dqÐÙpggÉ×f ×g hpqÖf Ù× eÖdÅe×Ë ×ge Ú ô Ö k h×f feÖdeÉÇÅ×f dÙdÌedeÅÈ×f Ù× Ç×feÅpg Ù×f ÙpggÉ×f g×
fq� f×ge Ìdf Ú æ×f ÖÉfqiedef pÎe×gqf ipÖf Ù×f de×iÅ×Öf P�ö � pge hpgè ÖËÉ h× id k hdÖ dqhqg× Ù×f
ÅËÌiÉË ×gedeÅpgf g ÕÉedÅe id Ë × Åii×qÖ× ÌpqÖ epqf i×f ÿ ×qÐ Ù× ÙpggÉ×f Ë diÇÖÉ h×f feÖdeÉÇÅ×f
dÙdÌedeÅÈ×f Ú Pdh× Æ h× ÌÖpÎilË × k i× ÙÉÈ× ipÌÌ ×Ë ×ge Ù× feÖdeÉÇÅ×f dÙdÌedge ÙêgdË ÅÍq×Ê
Ë ×ge i×qÖ ÌdÖhpqÖf Ù× i Õ×fÌdh× Ù× Ö×hj×Öhj× ×g ÄpgheÅpg Ù×f ÙpggÉ×f ×fe qg× die×ÖgdeÅÈ×
ÅgeÉÖ×ffdge× Ú

Ñ �� r! �$� �`` "#�� #��� [$� ����� Ô�#� #Õ!$� [$� Ö $!× [$
[���Ô$�

� ÕdqeÖ×f eÖdÈdqÐ e× if Íq× �söGäã k ØôØäÜ k sGö äÝ� pge ËpgeÖÉ Íq× i×f pÎf×ÖÈdeÅpgf
Åffq×f Ù× i ÕÉeqÙ× Ù×f ÿ ×qÐ Ù× ÙpggÉ×f ÌpqÈdÅ×ge óeÖ× dqffÅ qeÅi×f Ùdgf Î ×dqhpqÌ Ù ÕdqeÖ×fÙpËdÅg×f k Ù× id ÌÖÉÙ ÅheÅpg Ù× Ì ×ÖÄpÖËdgh× k id ÙÉe×ÖËÅgdeÅpg Ùq f×qÅi Ë ÅgÅËqË Ù× fqÌÌpÖe k
i ÕÉhjdgeÅiipggdÇ× k Æ id ÇÉgÉÖdeÅpg Ù× ÿ ×qÐ Ù× ÙpggÉ×f fêgejÉeÅÍq×f Ú

�dgf �söGäã k sGö äÝ� k id Ù ÅfeÖÅÎqeÅpg Ù× id ÎpÖÙqÖ× ÌpfÅeÅÈ× ×fe hpgfÅÙÉÖÉ× hpËË × qg
ÉiÉË ×ge hiÉ ÌpqÖ hdÖdheÉÖÅf×Ö i×f Îdf×f Ù× ÙpggÉ×f Ù× eÖdgfdheÅpgf Ú æ×f dqe×qÖf pge ÌÖpqÈÉ
Íq× epqe×f i×f Ù ÅfeÖÅÎqeÅpgf fpge ÌpffÅÎ i×f k ×e Ì ×qÈ×ge óeÖ× Ö×ghpgeÖÉ×f ×g ÌÖdeÅÍq× Ú � ×
Ìiqf k Åif ÌÖpÌpf×ge qg× ËÉejpÙ× ÌpqÖ ÇÉgÉÖ×Ö Ù×f Îdf×f Ù× ÙpggÉ×f fêgejÉeÅÍq×f Æ ÌdÖeÅÖÙ Õqg× Ù ÅfeÖÅÎqeÅpg Ù× ÎpÖÙqÖ× ÌpfÅeÅÈ× ×g ×geÖÉ× Ú

jpqÿ pqÖf Æ ÌdÖeÅÖ Ùq eÖdÈdÅi ×õ ×heqÉ Ùdgf ��Gä )� k �ØôØäÜ � d ÌÖpÌpfÉ qg× Ë ×fqÖ× ÌpqÖ
hdÖdheÉÖÅf×Ö id Ù×gfÅeÉ Ù×f ÿ ×qÐ Ù× ÙpggÉ×f Ú Ø iqf hpghÖle×Ë ×ge k Åif hpgfÅÙlÖ×ge id Îdf× Ù×ÙpggÉ×f Ù× eÖdgfdheÅpgf hpËË × qg× fpqÖh× Ù ÕÅgÄpÖËdeÅpg ×e Ë ×fqÖ× i Õ×geÖpÌÅ× Ùq fÅÇgdi k
Å Ú× Ú id ÍqdgeÅeÉ Ù ÕÅgÄpÖËdeÅpg ÌÖpÙqÅe× ÌdÖ h×ee× fpqÖh× Ú æ×f dqe×qÖf pge dqffÅ Ë pgeÖÉ hpËÊ
Ë ×ge qg× e× ii× hdÖdheÉÖÅfeÅÍq× ÌpqÈdÅe óeÖ× qeÅi× Ùdgf qg ÇÖdgÙ gpËÎÖ× Ù× ÙpËdÅg×f Ú ØdÖ

åt



ëIJìíîìí íì lìïì ðí ñ'ïòì
×Ð ×ËÌi× k h×ee× Ë ×fqÖ× Ì ×qe óeÖ× qeÅiÅfÉ× ÌpqÖ ÌÖÉÙ ÅÖ× i× gpËÎÖ× Ù× ËpeÅÄf ÄÖÉÍq×gef Æ qg
f×qÅi Ë ÅgÅËqË Ù× fqÌÌpÖe ÙpggÉ k h× ÍqÅ Ì ×ÖË ×e Ù Õ×feÅË ×Ö i× e×ËÌf Ù Õ×ÐÉhqeÅpg Ù×f diÇpÊÖÅejË ×f Æ Ù× Ì ×eÅef f×qÅif Ù× fqÌÌpÖe fdgf dÈpÅÖ Æ i×f ×ÐÉhqe×Ö Ú �ii× Ì ×qe dqffÅ óeÖ× qeÅiÅfÉ×
ÌpqÖ ×feÅË ×Ö fÅ qg ÉhjdgeÅiipg Ù Õqg ÿ ×q Ù× ÙpggÉ×f hpgeÅ×ge id Ë óË × ÍqdgeÅeÉ Ù ÕÅgÄpÖËdÊ
eÅpgf Íq× i× ÿ ×q Ù× ÙpggÉ×f Åg ÅeÅdi Ú ë Å h Õ×fe i× hdf k i ÕÉhjdgeÅiipg ÌpqÖÖd óeÖ× qeÅiÅfÉ ÌdÖ qg
diÇpÖÅejË × Æ id Ìidh× Ùq ÿ ×q Ù× ÙpggÉ×f Åg ÅeÅdi k ×e Ì ×ÖË ×eeÖd Ù ÕpÎe×gÅÖ qg× dÌÌÖpÐ ÅË deÅpgÙq ÖÉfqiede Ú

à×Ì ×gÙdge k h×f eÖdÈdqÐ f× Äp hdiÅf×ge ÌÖÅghÅÌdi×Ë ×ge fqÖ id ÎpÖÙqÖ× ÌpfÅeÅÈ× Ú ô Ö k hpËË ×
gpqf È×gpgf Ù× i× ÈpÅÖ k h× hÖÅelÖ× g× fq� e Ìdf ÌpqÖ hdÖdheÉÖÅf×Ö qg ÿ ×q Ù× ÙpggÉ×f Ú

åÞ
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�åÄÄ ÛßÜâ
z �� { ���� ��À�| �½ ���� Ã� ��� � ��� �� ������� � � � � � � � � � � � � �z

¹ ¢£¢£ } ¦±¨±§±µ® ®¸~ ©¦ª� ®°¨¥µ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¡¹
¹ ¢£¢³ � ©«µ¨¥¨« ®¸~ ©¦ª� ®°¨¥¸ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¡¹

z �º �½À��� ��� ��|��|�� ��| Ã�� �Ã¿�| ���½�� � � � � � � � � � � � � � zº
¹ ¢³ ¢£ }®¦�±¦� ¥°§®« ®¨ � ±¦¯¦®« ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¹³
¹ ¢³ ¢³ �°¥µ� «® ¯®« ¦©«µ¨¥¨« ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¹²

z �Á ��|� ��� ���¼�ÃÃ� � Ã����������� ��� � ��� �� ������� � � � � � � z�

�qfÍq �Æ Ì�Éf�ge k id hd�dheÉ�ÅfdeÅpg � �qg ÿ �q �� �pggÉ�f ÉedÅe ÄdÅe� Æ Ìd�eÅ� ��f hd�dhÊ
eÉ�ÅfeÅÍq�f ��f e�dgfdheÅpgf �e Ìd�ÄpÅf �� id � Åfe�ÅÎqeÅpg �� id Îp��q�� ÌpfÅeÅÈ� � �pËË �
gpqf È�gpgf �� i� ÈpÅ� k h�f h�Åel��f fpge gÉh�ffdÅ��f Ë dÅf g� Ì ��Ë �ee�ge Ìdf epqÿ pq�f ��
ÎÅ�g hd�dheÉ�Åf�� i� eêÌ � �� ÿ �qÐ �� �pggÉ�f Éeq� ÅÉf Ìd� i�f diÇp�ÅejË �f �

�dgf h�ee� Ìd�eÅ� k gpqf diipgf Ì�Éf�ge�� qg� Éeq�� �ÐÌÉ�ÅË �gedi� ÌpqffÉ� ��f ÿ �qÐ�� �pggÉ�f �� P�ö � � æd gpqÈ�dqeÉ �ÉfÅ�� �dgf i �Éeq�� �� id Îp��q�� gÉÇdeÅÈ� ÍqÅ k �g
hpËÌiÉË �ge �� id Îp��q�� ÌpfÅeÅÈ� k Ì ��Ë �e � �dÈpÅ� qg� hd�dheÉ�ÅfdeÅpg Ìiqf èg� ��f ÿ �qÐ�� �pggÉ�f � �pqf Ì�Éf�ge��pgf dqffÅ hpËË �ge h�ee� hd�dheÉ�ÅfeÅÍq� Ì ��Ë �e � ��ÐÌiÅÍq���g Ç�dg�� Ìd�eÅ� i�f Ì ��Äp�Ëdgh�f ��f diÇp�ÅejË �f k �e hpËË �ge � ii� Ì ��Ë �e � �pÎe�gÅ� qg�
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Pumsb minsup 50% (24523)
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£¢ÌÌ¦�§ É§¢� ÅÉ£

� Ù Ù üäÛûýàâ ãâà Ü�àá ûÞÛÞà

ÛÐÌÉ�ÅË �¨§¡¤�Ë �¨§ ¥ ¨¦¢£ ¡È¦¨£ �¦¨£§¡§É ¤ �Å¨ò¢�¨�� ��£ Î¦��¢��£ ��£ Ë ¦§ ÅÄ£ Ä�ÉÍ¢�¨§££¢� ¤�£ ¡¤Ç¦�Å§ Ë �£ � �¦¢£ ¡¤¤¦¨£ Ë ¡ Å¨§�¨¡¨§ É§¢� Å�� ¤�£ £§�¡§ÉÇÅ�£ �ËÌ ¤¦êÉ�£ Ì¡� ��£ ¡¤Ç¦Ê�Å§ Ë �£ �§ ¤ �Å¨ò¢�¨�� �� ¤¡ � Å£§¡¨�� �¨§�� ¤�£ Î¦��¢��£ £¢� ��£ £§�¡§ÉÇÅ�£ �
�¦¢� ¤�£ ¡¤Ç¦�Å§ Ë �£ c�¤¡££ÅÍ¢�£ c §�¤£ Í¢�

Apriori
¦¢

Eclat
¥ ¤�£ Ì ��Ä¦�Ë ¡¨��£ £¦¨§�¦¨� Å§ Å¦¨¨É�£ �¨ Ç�¡¨�� Ì¡�§Å� Ì¡� ¤¡ � Å£§�ÅÎ¢§ Å¦¨ �� ¤¡ Î¦��¢�� Ì¦£Å§ ÅÈ� � Û¨ �õ�§ ¥ ��£¡¤Ç¦�Å§ Ë �£ �¦ ÅÈ�¨§ Ì¡��¦¢�Å� ¤ ��¨£�ËÎ ¤� ��£ Ë ¦§ÅÄ£ �¦¢È��§£ Ì¡� ¤¡ Î¦��¢�� Ì¦£Å§ ÅÈ� ¥ Å ��Å¨�¤¢£ �¡¨£ ¢¨ Ë ¦§ ÅÄ �� ¤¡ Î¦��¢�� Ì¦£Å§ ÅÈ� � ª¦¨� Ì ¤¢£ ¤�£ Ë ¦§ ÅÄ£ �� ¤¡ Î¦��¢�� Ì¦£Å§ ÅÈ�£¦¨§ Ç�¡¨�£ ¥ Ì ¤¢£ ��£ ¡¤Ç¦�Å§ Ë �£ ¦¨§ ��£ � Åõ�¢¤§É£ � j¦¢§�Ä¦ Å£ ¥ �¦ËË � ¨¦¢£ ¤ �¡È¦¨£ ¦Î£��ÈÉÌ�É�É��ËË �¨§ ¥ ��£ ¡¤Ç¦�Å§ Ë �£ £¦¨§ ¡¢££Å Å¨ò¢�¨�É£ Ì¡� ¤¡ � Å£§�ÅÎ¢§ Å¦¨ �� ¤¡ Î ¦��¢��¨ÉÇ¡§ÅÈ� � æ�£ Ë ¦§ÅÄ£ �� ��§§� Î¦��¢�� £¦¨§ ¢§ Å¤Å£É£ Ì¦¢� É ¤¡Ç¢�� ¤ ��£Ì¡�� �� ��� ��� � � �¡��¦¨£ÉÍ¢�¨§ ¥ ¤�£ �É�¦¢È�Å� �¡ÌÅ��Ë �¨§ £ÅÇ¨ Åè� É¤¡Ç¢�� �¡ÌÅ��Ë �¨§ �� Ç�¡¨��£ Ì¡�§ Å�£ ��¤ ��£Ì¡�� �� ��� ��� � �

æ�£ ¡¢§��£ ¡¤Ç¦�Å§ Ë �£ �ÐÌ ¤¦ Å§�¨§ �¨ Ì ¤¢£ ¤�£ Ë ¦§ÅÄ£ Ä�ÉÍ¢�¨§£ Ë ¡Ð ÅË ¡¢Ð Ì¦¢� É ¤¡Ç¢��¤ ��£Ì¡�� �� ��� ��� � ¥ �§ �¦ËË � ¨¦¢£ ¤ �¡È¦¨£ È¢ ¥ £¦¨§ Ì ¤¢£ Ì¡�§ Å�¢¤ÅÜ��Ë �¨§ Å¨ò¢�¨�É£ Ì¡�¤¡ � Å£§¡¨�� �¨§�� ¤�£ ��¢Ð Î¦��¢��£ � �¦¢� �¨ �¦ËÌ��¨��� ¤¡ �¡Å£¦¨ ¥ ��Ì��¨¦¨£ ¤ ��Ð�ËÌ ¤� ¬ �
æ¡ Î¦��¢�� Ì¦£Å§ÅÈ� ��£ Ë ¦§ ÅÄ£ Ä�ÉÍ¢�¨§£ �£§ �¦ËÌ¦£É� ��

{ABCDF,BDEF}
�§ ¤¡ Î¦�Ê�¢�� ¨ÉÇ¡§ÅÈ� �¦���£Ì ¦¨�¡¨§� ��

{AE,CE}
� æ�£ Î¦��¢��£ £¦¨§ �¦¨� É¤¦ ÅÇ¨É�£ � Û§¢� Å¦¨£

³þ
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Ë ¡ Å¨§�¨¡¨§ ¤� �¦ËÌ¦�§�Ë �¨§ ��£ ¡¤Ç¦�Å§ Ë �£ Mafia

¥
FPmax∗

�§
LCM

¤¦�£ �� ¤¡ �É�¦¢Ê
È��§� ��£ Ë ¦§ÅÄ£ Ä�ÉÍ¢�¨§£ Ë ¡Ð ÅË ¡¢Ð � æ�£ èÇ¢��£ ± �± ¥ ± �û ¥ �§ ± �� £¢ ÅÈ¡¨§�£ ��Ì�É£�¨§�¨§ ��
Ì¡��¦¢�£ � æ�£ Ë ¦§ ÅÄ£ ¨¦ Å�£ £¦¨§ ¤�£ Ë ¦§ÅÄ£ Ä�ÉÍ¢�¨§£ §�£§É£ ¥ �¨ Ç�¡£ �� £¦¨§ ¤�£ Ë ¦§ ÅÄ£ Ä�ÉÊ
Í¢�¨§£ Ë ¡Ð ÅË ¡¢Ð � æ�£ Ë ¦§ ÅÄ£  ¡� ¢�É£ £¦¨§ ¤�£ Ë ¦§ÅÄ£ ¨¦¨ Ä�ÉÍ¢�¨§£ §�£§É£ � æ�£ Ë ¦§ÅÄ£ �¨
Ç�Å£ £¦¨§ ��¢Ð Í¢ Å ¨ �¦¨§ Ì¡£ É§É ÇÉ¨É�É£ Ç�b�� ¡¢Ð Ë ¦§ ÅÄ£ Ä�ÉÍ¢�¨§£ Ë ¡Ð ÅË ¡¢Ð �É�¦¢È��§£ �

��� � ± �± é �¡��¦¢�£ �� ¤ ��£Ì¡�� �� ��� ��� � �õ ��§¢É Ì¡�
Mafia

��� � ± �û é �¡��¦¢�£ �� ¤ ��£Ì¡�� �� ��� ��� � �õ��§¢É Ì¡�
FPmax∗

ª �¡Ì�Ü£ ��£ èÇ¢��£ ¥ ¤¡ � Åõ É��¨�� �� §¡ Å¤¤� �¨§�� ¤�£ Ë ¦§ ÅÄ£ �� ¤¡ Î¦��¢�� Ì¦£Å§ ÅÈ� �§ ��¢Ð�� ¤¡ Î¦��¢�� ¨ÉÇ¡§ ÅÈ� £� §�¡�¢ Å§ Ì¡� ¤ �É¤¡Ç¡Ç� Ì¡� ¤�£ ¡¤Ç¦�Å§ Ë �£ �� Ç�¡¨��£ Ì¡�§ Å�£ ��¤ ��£Ì¡�� �� ��� ��� � � �¡� �Ð�ËÌ ¤� ¥ Ì¦¢�
Mafia

�èÇ¢�� ± �±� ¥ ¤¡ �É�¦¢È��§� ��
ABCDFÌ ��Ë �§ � �É ¤¡Ç¢�� ¤�£ Ë ¦§ÅÄ£ {ABDF,ACDF,BCDF,ABDF,ACD,ACF,ADF,CDF}

�§¤¡ �É�¦¢È��§� ��
BDEF

Ì ��Ë �§ � �É¤¡Ç¢�� ¤�£ Ë ¦§ ÅÄ£ {BEF,DEF,DE,DF,EF}
� �¦§¦¨£Í¢�

FPmax∗
�èÇ¢�� ± �û� É ¤¡Ç¢� �¨�¦�� Ì ¤¢£ �� Ë ¦§ÅÄ£ Ç�b�� ¡¢Ð £¡¢§£ �¡¨£ ¤ ��£Ì¡�� ����� ��� � Í¢ �Å¤ �õ��§¢� �

���¨¦¨£ Ì¡� �Ð�ËÌ ¤� ¥ ¤� �¡£ �Ð§�óË � ¦ø ¢¨� Ç�¡¨�� Ì¡�§ Å� ��£ Ë ¦Ê§ ÅÄ£ �� ¤¡ Î¦��¢�� ¨ÉÇ¡§ÅÈ� £¦¨§ ¢¨ ¨ ÅÈ�¡¢ ¡Ì�Ü£ ��¢Ð �� ¤¡ Î¦�Ê�¢�� Ì¦£Å§ ÅÈ� � ÿ¢ÌÌ¦£¦¨£ Í¢� ¤¡ Î¦��¢�� Ì¦£Å§ ÅÈ� £¦ Å§ �¦ËÌ¦£É� ��
{ABCD,ABCE,ABCF,ABDE,ABDF,ABEF,ACDE,ACDF,ACEF,ADEF,

³�
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��� � ± �� é �¡��¦¢�£ �� ¤ ��£Ì¡�� �� ��� ��� � �õ ��§¢É Ì¡�
LCM

BCDE,BCDF,BCEF,BDEF}
¥ �§ ¤¡ Î¦��¢�� ¨ÉÇ¡§ ÅÈ� ��

{ABCDE,ABCDF,
ABCEF,ABDEF,CDEF}

� Û¨ �¦¨£��È¡¨§ ¤�£ ËóË �£ ¨¦§¡§ Å¦¨£ Í¢� Ì�É�É��ËË �¨§ ¥
Mafia

�õ��§¢��¡ �¦¨� ¤� Ì¡��¦¢�£ Å¤¤¢£§�É Ì¡� ¤¡ èÇ¢�� ± �� �

��� � ± �� é �¡��¦¢�£ �� ¤ ��£Ì¡�� �� ��� ��� � �õ��§¢É Ì¡�
Mafia

Ì ¦¢� ��£ Î¦��¢��£ Ì�¦ � �£
�¦ËË � ¦¨ Ì �¢§ ¤� �¦¨£§¡§�� £¢� ��§§� èÇ¢�� ¥ ¤� ¨¦ËÎ�� �� Ë ¦§ ÅÄ£ ÇÉ¨É�É£ �§ §�£§É£�£§ Î �¡¢�¦¢Ì Ì ¤¢£ ÅËÌ¦�§¡¨§ Í¢� ¤¦�£Í¢� ¤�£ Î¦��¢��£ £¦¨§ É¤¦ ÅÇ¨É�£ �èÇ¢�� ± �±� � Û¨ �õ�§ ¥¤¦�£Í¢� ¤¡ Î¦��¢�� ¨ÉÇ¡§ÅÈ� �£§ �É�¦¢È��§� ¥ ¤ ��£Ì¡�� �� ��� ��� � ��£ Ä�ÉÍ¢�¨§£ �£§ ¡¤¦�£�¡�¡�§É�Å£É ¥ �§ ¤¡ Î¦��¢�� Ì¦£Å§ÅÈ� Ì �¢§ § É¦�ÅÍ¢�Ë �¨§ ó§�� �É�¢ Å§� � Å���§�Ë �¨§ �� �¡Ì�Ü£¤� § É¦�ÜË � ù Å¨§�¦�¢ Å§ �¨ £��§ Å¦¨ ¬� � �¡� �¦¨£ÉÍ¢�¨§ ¥ Ì ¤¢£ ¤¡ Î¦��¢�� ¨ÉÇ¡§ ÅÈ� �£§ �ÉÊ�¦¢È��§� ¥ Ì ¤¢£ ¤ ��£Ì¡�� �� ��� ��� � ��£ Ä�ÉÍ¢�¨§£ �£§ �¡�¡�§É�Å£É �§ Ì ¤¢£ ¤�£ Ë ¦§ ÅÄ£ �� ¤¡

Î¦��¢�� Ì¦£Å§ÅÈ� Ì¦¢��¦¨§ ó§�� �É�¢ Å§£ �
æ �¡¤Ç¦�Å§ Ë �

LCM
�£§ � Åõ É��¨§ ��£ ¡¢§��£ ¡¤Ç¦�Å§ Ë �£ �¡� Å¤ �õ��§¢� £¦¨ Ì¡��¦¢�£�� ¤ ��£Ì¡�� �� ��� ��� � �¨ £ �¡ÌÌ¢ê¡¨§ £¢� ¤�£ Ë ¦§ÅÄ£ Ä��ËÉ£ � ª� Ì¡� ��§§� £§�¡§ÉÇÅ� ¥ ��

³³
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§êÌ � � �¡¤Ç¦�Å§ Ë � ¨� §�£§� �¦¨� Ì¡£ ¤�£ Ë ¦§ÅÄ£ � �¢¨� ËóË � �¤¡££� � �ÉÍ¢ ÅÈ¡¤�¨�� ¥ Ë ¡Å£¢¨ ÅÍ¢�Ë �¨§ ¤�¢� Ä��ËÉ � �¨§¢ Å§ÅÈ�Ë �¨§ ¥ ¤ �¡¤Ç¦�Å§ Ë � £� �¦ËÌ¦�§� �¦ËË � £ �Å¤ Ä¡ Å£¡ Å§ ��£c£¡¢§£ c �¨§�� ¤�£ Ä��ËÉ£ ��£ � Åõ É��¨§�£ �¤¡££�£ � �ÉÍ¢ ÅÈ¡¤�¨�� � ��§§� £§�¡§ÉÇÅ� £��¡ �¦¨�
Ì ¤¢£ Ì¡�§ Å�¢¤ÅÜ��Ë �¨§ �õ �¡�� ¤¦�£Í¢ �Å¤ ê ¡¢�¡ �� Ç�¡¨��£ �¤¡££�£ � �ÉÍ¢ ÅÈ¡¤�¨�� � ô � � �¢¨
Ì¦ Å¨§ �� È¢� § É¦�ÅÍ¢� ¥ ¢¨� Ç�¡¨�� � Å£§¡¨�� �¨§�� ¤�£ Î¦��¢��£ ��£ Ë ¦§ ÅÄ£ Ä�ÉÍ¢�¨§£ ¨�
£ÅÇ¨ Åè� Ì¡£ ¨É��££¡ Å��Ë �¨§ Í¢ �Å¤ ê ¡¢�¡ �� Ç�¡¨��£ �¤¡££�£ � �ÉÍ¢ ÅÈ¡¤�¨�� � ���¨¦¨£ Ì¡��Ð�ËÌ ¤� ¤� �¡£ ¦ø ¤¡ Î¡£� �� �¦¨¨É�£ �£§ �¦ËÌ¦£É� �� ¤ ��¨£�ËÎ ¤� ��£ Ì¡�§Å�£ ��£ Ë ¦§ ÅÄ£�� ¤¡ Î¦��¢�� Ì¦£Å§ÅÈ� ¥ ¤�£ �¤¡££�£ � �ÉÍ¢ ÅÈ¡¤�¨�� £��¦¨§ §¦¢§�£ �¦ËÌ¦£É�£ � �¢¨ £�¢¤ Ë ¦§ÅÄ ¥�§ ¤ �¡¤Ç¦�Å§ Ë � ��È �¡ �¦¨� Ì¦§�¨§ Å�¤¤�Ë �¨§ Ì¡��¦¢�Å� ¤ ��¨£�ËÎ ¤� ��£ Ë ¦§ ÅÄ£ Ä�ÉÍ¢�¨§£ �

j¦¢§�Ä¦ Å£ � �¡Ì�Ü£ ¤�£ �ÐÌÉ�ÅË �¨§¡§ Å¦¨£ ¥ Å¤ ¡ÌÌ¡�¡Ï§ Í¢� ¤¦�£Í¢� ¤¡ � Å£§¡¨�� �¨§�� ¤�£Î¦��¢��£ ��£ Ë ¦§ÅÄ£ Ä�ÉÍ¢�¨§£ �£§ ÅËÌ¦�§¡¨§� ¥ Å¤ ê ¡ �� Ç�¡¨��£ �¤¡££�£ � �ÉÍ¢ ÅÈ¡¤�¨�� � �¦¢�¦Î£��È�� ��¤¡ ¥ ¨¦¢£ É§¢� Å¦¨£ ¤�£ � Å£§�ÅÎ¢§ Å¦¨£ ��£ Ë ¦§ ÅÄ£ Ä��ËÉ£ Ä�ÉÍ¢�¨§£ Ì¡� �¡ÌÌ¦�§¡¢Ð Ë ¦§ ÅÄ£ ÇÉ¨É�¡§�¢�£ Ä�ÉÍ¢�¨§£ � �¦¢� �¡ÌÌ �¤ ¥ ��£ ���¨ Å��£ £¦¨§ ¤�£ Ì ¤¢£ Ì �§ Å§£ Ë ¦§ ÅÄ£��£ �¤¡££�£ � �ÉÍ¢ ÅÈ¡¤�¨�� É§¢� ÅÉ�£ � �¡� �¦¨£ÉÍ¢�¨§ ¥ ¤ �É§¢�� �� ¤¡ � Å£§¡¨�� �¨§�� ��£ ��¢Ð� Å£§�ÅÎ¢§Å¦¨£ Ì ��Ë �§§�¡ �� �É§��§�� ¤ ��Ð Å£§�¨�� �� Ç�¡¨��£ �¤¡££�£ � �ÉÍ¢ ÅÈ¡¤�¨�� �
æ¡ èÇ¢�� ± �©« ��Ì�É£�¨§� ¤¡ � Å£§�ÅÎ¢§Å¦¨ ��£ Ë ¦§ ÅÄ£ ÇÉ¨É�¡§�¢�£ Ä�ÉÍ¢�¨§£ �§ Ä��ËÉ£Ä�ÉÍ¢�¨§£ Ì¦¢� ¤�£ ÿ �¢Ð �� �¦¨¨É�£ É§¢� ÅÉ£ Ì�É�É��ËË �¨§ � �¦ËË � ¦¨ Ì �¢§ ¤� �¦¨£§¡§�� ¥Ì¦¢� ��£ ÿ �¢Ð �� �¦¨¨É�£ §�¤£ Í¢�

Connect
¥ ¤¡ � Å£§¡¨�� �¨§�� ¤�£ � Å£§�ÅÎ¢§ Å¦¨£ ��£ Ë ¦§ ÅÄ£ÇÉ¨É�¡§�¢�£ Ä�ÉÍ¢�¨§£ �§ ��£ Ä��ËÉ£ Ä�ÉÍ¢�¨§£ �£§ ¡¢££Å ��¤¡§ ÅÈ�Ë �¨§ ÅË Ì¦�§¡¨§� � �¦§¦¨£§¦¢§�Ä¦ Å£ Í¢ ��¤¤� �£§ Ë ¦ Å¨£ Ç�¡¨�� Í¢� Ì¦¢� ¤�£ � Å£§�ÅÎ¢§Å¦¨£ ��£ Î¦��¢��£ ��£ Ë ¦§ ÅÄ£Ä�ÉÍ¢�¨§£ �

æ�£ ¦Î£��È¡§Å¦¨£ �É��Å§�£ �¡¨£ ��§§� £��§ Å¦¨ ¨¦¢£ �¦¨�¢ Å£�¨§ Æ �É§��ËÅ¨�� ¢¨� ¨¦¢È�¤¤��¤¡££Åè�¡§ Å¦¨ ��£ ÿ �¢Ð �� �¦¨¨É�£ Ì¡� �¡ÌÌ¦�§ Æ ¤¡ � Å£§�ÅÎ¢§ Å¦¨ ��£ Î ¦��¢��£ �

� �� �éíê î�é �ìîZéïïé çïæêêð�çæèðì� [éê Ö éî× [é [ì��Ôéê

�¦§�� ¨¦¢È�¤¤� �¤¡££Åè�¡§ Å¦¨ ��£ ÿ �¢Ð �� �¦¨¨É�£ � ÅõÜ�� �� ��¤¤� Ì�¦Ì¦£É� �¡¨£ ��G«©��¡� �¤¤� Ì��¨� �¨ �¦ËÌ§� ¤¡ Î¦��¢�� ¨ÉÇ¡§ ÅÈ� ��£ Ë ¦§ ÅÄ£ Ä�ÉÍ¢�¨§£ �¨ Ì ¤¢£ �� ¤¡ Î¦��¢��
Ì¦£Å§ ÅÈ� �

Û¨ ¨¦¢£ ¡ÌÌ¢ê¡¨§ £¢� ¤�£ � Å£§�ÅÎ¢§ Å¦¨£ ��£ ��¢Ð Î ¦��¢��£ ��£ Ë ¦§ÅÄ£ Ä�ÉÍ¢�¨§£ �§ £¢�¤¡ c� Å£§¡¨�� c �¨§�� ��¤¤�£Ê� Å ¥ ¨¦¢£ ¡È¦¨£ �¤¡££É ¤�£ ÿ �¢Ð �� �¦¨¨É�£ �¨ §�¦ Å£ §êÌ �£ °
é jêÌ � � ° ÿ �¢Ð �� �¦¨¨É�£ ¦ø ¤�£ � Å£§�ÅÎ¢§ Å¦¨£ ��£ Î¦��¢��£ £¦¨§ §�Ü£ Ì�¦ � �£ ¥ Å �� �¤¡ �¦¢�Î � �� ¤¡ Î¦��¢�� ¨ÉÇ¡§ ÅÈ� ¨ ��£§ Ì¡£ É¤¦ ÅÇ¨É� �� ��¤¤� �� ¤¡ Î¦��¢�� Ì¦£Å§ ÅÈ� �ç¢§��Ë �¨§ � Å§ ¥ ¤¡ Ë ¡ÿ �¢�� Ì¡�§Å� ��£ Ë ¦§ ÅÄ£ �¡¨£ ¤�£ ��¢Ð Î¦��¢��£ ¦¨§ ¡ÌÌ�¦Ð ÅÊ

Ë ¡§ ÅÈ�Ë �¨§ ¤¡ ËóË � §¡ Å¤¤� �
Chess

�§
Pumsb £¦¨§ Ì¡� �Ð�ËÌ ¤� �� §êÌ � �� ÿ �¢Ð�� �¦¨¨É�£ � ª� §�¤£ ÿ �¢Ð �� �¦¨¨É�£ È¦¨§ Ì¦£�� ��£ � Åõ�¢¤§É£ ¡¢Ð ¡¤Ç¦�Å§ Ë �£ ���É�¦¢È��§� ��£ Ë ¦§ÅÄ£ Ä�ÉÍ¢�¨§£ �

é jêÌ � �� ° ÿ �¢Ð �� �¦¨¨É�£ ¦ø ¢¨� Ç�¡¨�� � Å£§¡¨�� £ÉÌ¡�� ¤�£ ��¢Ð Î¦��¢��£ � æ�£Ë ¦§ ÅÄ£ �� ¤¡ Î¦��¢�� ¨ÉÇ¡§ ÅÈ� £¦¨§ Î �¡¢�¦¢Ì Ì ¤¢£ Ì �§ Å§£ Í¢� ��¢Ð �� ¤¡ Î¦��¢��
³Ý
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Pumsb minsup 50% (24523)
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Pumsb* minsup 10% (4905)
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Connect minsup 30% (20268)
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Mushroom minsup 0.1% (9)
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s tuvwxv yz { |}w~yz yz� � z~� yz y���}z� z�z�w~}z � ��~� u{{��� tv}�z�wzv yu�� �z ��u�txwvz ~� u{��vxw�� z uyutwuwx� t �~v {u y}��~�zvwz yz� ��vy~vz� yz� ��wx�� �v}�~z�w� � �zwu{��vxw�� z � uttz{}

ABS �Adaptive Borders Search� ������� � z�w y}vx�} yz { |u{��vxw�� z
ZigZag ������ y}�z{�tt} u~ �zx� yz { |}�~xt z t�~v {u y}��~�zvwz yz� � � �uwx��uxwz� yu��~�z �u�z yz y���}z� �

� ��  ¡¢�£¢¤ ¥¦ §¥ ¨ ©ª¨«¬¡¢®¯¥

ABS
z�w ~�z uttv���z �°�vxyz �~x ��u��z yz �wvuw}�xz u~ ��~v� yz { |z�t{�vuwx�� yz{ |z�tu�z yz vz��zv��z � �{ z�z�w~z yu�� ~� tvz� xzv wz�t� ~� tuv��~v� tuv �x�zu~ � t~x�
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u{wzv�z yz� �u~w� �~ y~u{x�uwx��� z�wvz {z� yz~� ��vy~vz� � �z ��u��z� z�w yz �wvuw}�xz �z�uxw y°�u� x�~z� z�w z� ����wx�� yz� y���}z� �

É ÊË ÊË ÌÍ ÎÏÐÑÒ Î2 Ó/1Ô-Ñ1Õ Ó/1 Í0Ö2/Ñ
×u tvz� xØvz t�u�z yz { |u{��vxw�� z ����x�wz Ù ~wx{x�zv { |u{��vxw�� z

Apriori �s ÚÛ�� ��z��wx�� � �Ü� t�~v z�t{�vzv tuv �x�zu~ { |z�tu�z yz vz��zv��z � yz� ��wx�� {z� t{~� t zwxw� u~�t{~� �vu�y� � � ~�~ |Ù ~� �x�zu~
k Ý�} y°�u� x�~z�z�w Ù tuvwxv yz� y���}z� � �zwwz uttv���zt zv� zw ux��x yz wv�~�zv {z� ��wx�� yz {u ��vy~vz t��xwx�z yz wux{{z �wvx�wz� z�w x��}vxz~vzÙ

k
� ��w}z

Bd+

≤ k−1
(F )

� ux��x �~z {z� ��wx�� yz {u ��vy~vz �}�uwx�z yz wux{{z x��}vxz~vz �~}�u{z Ù
k
� ��w}z

Bd−
≤ k(F )

�
Þ� �u�wz~v � ~�wxÝz tvx��xtu{z� z�w �z y}�~w yz tuv��~v� yz { |z�tu�z yz vz��zv��z � ß�tvuwx�~z � {z ����vz yz ��wx�� ��� �v}�~z�w� yz t zwxwz wux{{z t z~w àwvz wvØ� }{z�} � �uvz�z�t{z � {z � z~ yz y���}z�

T10I4D100K �Ý�~vz á �Ü� t z~w u��xv tvØ� yz yx� � x{{x��� yz��wx�� ��� �v}�~z�w� � x�x�u~� yz wux{{z x��}vxz~vz Ù wv�x� � �u�� �z �u� � ~�z uttv���z tuv�x�zu~ tzv� zw y��� y |}{u�~zv wvØ� vutxyz� z�w ~�z �vu�yz tuvwxz yz { |z�tu�z yz vz��zv��z �
�z t{~� � {z� �u��� y |z��ux� v}u{x�}� {�v� yz� uwz{xzv� ��� � �âã�� � âäã��� ��w � ��wv}�~ |~�z uttv���z tuv �x�zu~ }wuxw wvØ� zå �u�z {�v��~z {z� ��wx�� �v}�~z�w� }wuxz�w yz t zwxwzwux{{z � ×z� t zv��v� u��z� yz { |x�t{}� z�wuwx�� y |

Apriori
wz�w}z �â�v��� }�u{uxz�w � à�z {z�� zx{{z~vz� x� t{}� z�wuwx��� �~v �z w°t z yz � z~� yz y���}z� �

æ�wvz ��� z�wx� z�w y��� y |z�t{�xwzv { |zå �u�xw} y |
Apriori

� zw yz ��u��zv yz �wvuw}�xz{�v��~z �z{~x��x z�w � x� z� yxå �~{w} � ß��~xwz � {u ����ux��u��z y}��~�zvwz {�v� yz �z tuv��~v�z�w z�t{�xw}z t�~v y}�~wzv ~�z �wvuw}�xz yx�}vz�wz �u�}z �~v {u ��wx�� yz y~u{x�uwx��
��z�wx�� � ��� �

É ÊË Êç è2 é/ Ð-1ÎÑ12 ÍÏê/Ò0Ö2 ë é/ Ð-1ÎÑ12 Ó -Õ0Ò0Ö2
Þ�z ��x� { |uttv���z tuv �x�zu~ �w�tt}z � { |u{��vxw�� z ��u��z yz �wvuw}�xz � zw z�z�w~zyz� ì�u~w� ì yu�� { |z�tu�z yz vz��zv��z � �z� �u~w� � |utt~xz�w �~v {z� x���v� uwx��� y}� Ù����~z� t�~v z�wx� zv {u ��vy~vz t��xwx�z � � {~� tv}�x�}� z�w � {z� � �wx�� ��wz�~� tuv �z��u~w� ���w {z� t{~� �vu�y� ��wx�� ��� x��u{xy}� tuv ~� ��wx� ��� �v}�~z�w y}� Ù y}��~�zvw �x �z � ~� ��wx� yz

Bd−(F )
�

íîïðñ òóðôñõ
×z� v}�~{wuw� zw y}Ý�xwx��� �~x�u�w� ���w x��~� yz� wvu�u~� tv}u{u�{z� z�w z�z�w~}� u~�zx� yz { ö}�~xt z t�~v { öu{��vxw�� z

ZigZag ������ � Ú�xw
P(R)

{ öz�tu�z yz vz��zv��z yz���wx�� �v}�~z�w� zw �~tt����� �~ ö~�z tuvwxz
E

yz �zw z�tu�z uxw }w} z�t{�v}z � Ú�xw
NF ⊆ E
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{ öz��z��{z yz� ��wx�� ��� �v}�~z�w� yz �z ��~��z��z��{z � s tuvwxv yz �zw z��z��{z

NF
��� t z~w y}Ý�xv tuv u�wx�����w��xz yz~� w°tz� yz ��wx�� yu��

P(R) ûü �z~� �~x ���w x��u{xy}� tuv u�wx�����w��xz tuv u~ ��x�� ~� ��wx� ��� �v}�~z�w yz
NF

�
ü �z~� �~x vz�wz�w �u{xyz� � x �z � w�~� {z~v� ��~��z��z��{z� ���w yz� � �wx�� �v}�~z�w� yz

E
�

Ú�xw
Fopt(NF )

{ öz��z��{z �twx� x�wz yz � �wx�� �v}�~z�w� yz
P(R)

� y}Ý�x ����z �~xw û
Fopt(NF ) = {X ∈ P(R)| 6 ∃Y ∈ NF, Y ⊆ X}

×u ��vy~vz t��xwx�z yz
Fopt(NF )

z�w uttz{}z ýþÿ��ÿ� � þ����� � þ� ��� ���� u����x}z Ù
NF

�Ú�xw
X

~� ��wx� yz {u ��vy~vz t��xwx�z Ý�u{z � u{�v� X
uttuvwxz�w Ù {u ��vy~vz t��xwx�z�twx� x�wz � �	 x{ z� x�wz ~� ��wx�

Y
yz {u ��vy~vz t��xwx�z �twx� x�wz wz{ �~z

X ⊂ Y
� x �z �

∀X ∈ Bd+(F )
�
∃Y ∈ Bd+(Fopt(NF ))

wz{ �~z
X ⊆ Y

s tuvwxv y~ w�}�vØ� z 
 �z�wx�� � � {u ��vy~vz t��xwx�z �twx� x�wz u����x}z Ù
NF

z�wy���}z tuv û
Bd+(Fopt(NF )) = Tr(Fopt(NF ))u�z�

Tr(Fopt(NF )) = {R\Z � Z ∈ Tr(Fopt(NF ))}

�� u yz t{~� {u tv�tvx}w} �~x�u�wz û
��� ����� ��

� �
X ∈ Bd+(Fopt(NF ))

��
X ∈ F ⇒ X ∈ Bd+(F )

×u ��vy~vz t��xwx�z �twx� x�wz �z ��u��z tu� �x { ö�� vz�wvzx�w { öz��z��{z
NF

Ù �z�� �wx�� {z� t{~� t zwxw� � t~x��~z {z� wvu���zv�u~� � x�x�u~� y ö~� �°tzv�vut�z ���w {z� � à� z��~z �z~� yz { ö�°tzv�vut�z �x�t{z u����x} � �uv ����}�~z�w � ��u�~z �u~w yu�� { öz�tu�z yzvz��zv��z �~ ìy~u{x�uwx�� ì� z�w ~� �u{�~{ yz {u ��vy~vz t��xwx�z �twx� x�wz u����x}z u~���wx�� ��� �v}�~z�w� y}��~�zvw� zw uttuvwz�u�w Ù {u ��vy~vz �}�uwx�z �
� öutvØ� {z w�}�vØ� z 
 �z�wx�� � � {�v��~z

NF� Bd−(F )
� �� u

Bd+(F ) =
Bd+(Fopt(NF ))

� �uv ����}�~z�w � Ù ��u�~z xw}vuwx�� {z� ��~�zu~� ��wx�� ��� �v}�~z�w�wv�~�}� tuv { öu{��vxw�� z ���w t zv� zwwvz y öu� }{x�vzv {u ��vy~vz t��xwx�z �twx� x�wz � zw yz�z vuttv���zv yz t{~� z� t{~� yz {u ��vy~vz t��xwx�z Ý�u{z � ×�v�~z {u ��vy~vz �}�uwx�z z�wy}��~�zvwz � {u y~u{x�uwx�� �}�Øvz {u ��vy~vz t��xwx�z Ý�u{z � zw { öu{��vxw�� z � öuvvàwz �

�������î��ó� ïñ �ñ��ñ î  ðó �!ñ
��~v { öu{��vxw��z

ZigZag
zw { öz�wvu�wx�� yz� �� {z� t{~� �t }�xu{x�}z� � ~�z tv�tvx}w}t zv� zwwuxw yz � ~�wxÝzv { öuttv���z �twx� x�wz ������ � s ��wvz ����ux��u��z � {z� ��wx�� �v}��~z�w� � ö��w tu� ~�z wz{{z tv�tvx}w} � "�~wz��x� � { ö}w~yz yz� � z~� yz y���}z� y~ ��� � �ä�z��
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Pumsb minsup 60% (29428)
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Connect minsup 30% (20268)
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Pumsb* minsup 10% (4905)
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Mushroom minsup 0.1% (9)

'() * & �Ü ü �v��u�x{xw} y ö~� ��wx� yz wux{{z $ y öàwvz �v}�~z�w �u��u�w �~z w�~� �z� ��~��z��z��{z� ���w �v}�~z�w�

�zwwz tv��u�x{xw} � ��w}z
p(X ∈ Fk | ∀Y ⊂ X,Y ∈ F )

� u }w} ��wz�~z Ù tuvwxv yz�v}�~{wuw� yz� z�t }vx� z�wuwx��� tv}�z�w}� yu�� {u tuvwxz tv}�}yz�wz � �zwwz � z�~vz u }w}�u{�~{}z yz {u � u�xØvz �~x�u�wz û
+ �, -����- ./�
±0
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p(X ∈ Fk | ∀Y ⊂ X,Y ∈ F ) =
|Fk|

|Fk| + |Bd−
k (F )|1��2 |X| = k 3 Fk 4 5�6� �� ý4� ��� � þ��7 � 7 ÿ89��6�� �� �1�4 4� k 3 ��

Bd−
k (F ) 4 5�6� �� ý4� ���� þ��7 � 6þ6 7 ÿ89� �6�� � �6�� 1�: �� �1�4 4� k ;

×u ����z
|Fk| + |Bd−

k (F )|
��vvz�t��y u~ ����vz yz � �wx�� yz wux{{z

k
yz { öz�tu�z yzvz��zv��z u°u�w w�~� {z~v� ��~��z��z��{z� �v}�~z�w� � æ�w��� �~z � öz�w u~��x {z ����vz yz� �wx�� �u�yxyuw�

Ck

�}�}v}� Ù ��u�~z xw}vuwx�� tuv
Apriori �s ÚÛ�� �

����z {z � ��wvz {u Ý�~vz & �Ü� �zwwz � z�~vz u~�� z�wz tv��vz��x�z� z�w u�z� {u wux{{zyz� ��wx�� � �zwwz vz� uv�~z z�w �vuxz t�~v { öz��z��{z yz� � z~� yz y���}z� }w~yx}� � s~wvz�� z�w yxw � �x w�~� {z� ��~��z��z��{z� yz wux{{z
k
y ö~� ��wx�

X
���w �v}�~z�w� � u{�v�

X
u t{~�yz ��u��z� y öàwvz �v}�~z�w {�v��~z

k
u~�� z�wz � �uv ����}�~z�w � {u tv�t�vwx�� yz ��wx���v}�~z�w� �}�}v}� tuv ~� u{��vxw�� z wz{ �~ ö

Apriori
u~vu wz�yu��z Ù yz�z�xv yz t{~� z�t{~� x�t�vwu�wz u~ ��~v� yz� xw}vuwx��� � × öu{��vxw��z }{u�~zvu y��� yz ��x�� z� ��x��{ öz�tu�z yz vz��zv��z � �uv z�z�t{z � t�~v

Connect
u�z� ~� �z~x{ yz ��< =Ý�~vz & �Ü� � Ù tuv�wxv y~ �x�zu~ � � {z� � �wx�� �}�}v}� tuv

Apriori
�zv��w z� �vu�yz � u� �vxw} �v}�~z�w� =t{~�yz ÛÛ< � � Apriori

�z �zvu y��� �~z �}�}vzv yz� ��wx�� �v}�~z�w� � ~��~ öu~ �x�zu~ 
> =wux{{zy~ t{~� �vu�y ��wx� �v}�~z�w� � �z �~x �z wvuy~xw t�~v �zw z�z�t{z tuv t{~� y ö~� � x{{xuvyyz ��wx�� Ù wz�wzv ? �z v}�~{wuw � ~�wxÝz ux��x { öx�w}vàw yz �uxvz yz� �u~w� yu�� { öz�tu�z yzvz��zv��z Ù tuvwxv y ö~� �zvwux� �x�zu~ �

É ÊËÊ@ è2 é/ Ð-1ÎÑ12 Ó -Õ0Ò 0Ö2 ë é/ Ð -1ÎÑ12 ÍÏê/Ò0Ö2
stvØ� ~�z uttv���z tuv �x�zu~ � { öu{��vxw�� z u{wzv�z yz� �u~w� �~ y~u{x�uwx��� z�wvz{z� yz~� ��vy~vz� z� ����wv~�wx�� � ����z ��~� �z���� yz {z ��xv � {z� y~u{x�uwx��� yz {u��vy~vz �}�uwx�z Ù {u ��vy~vz t ��xwx�z t zv� zwwz�w yz �}�}vzv {z� t{~� �vu�y� � �wx�� ���x��u{xy}� tuv ~� ��wx� yz {u ��vy~vz �}�uwx�z y}� Ù y}��~�zvw � ×z� � �wx�� ��wz�~� �zv��w��xw �v}�~z�w� zw uttuvwxz�yv��w Ù {u ��vy~vz t��xwx�z Ý�u{z � ��xw x{� �zv��w ��� �v}�~z�w�zw yu�� �z �u� { öu{��vxw�� z yz�vu ��vvx�zv { özvvz~v �uxwz �
��~v ��vvx�zv �zwwz zvvz~v �

ABS
� öutt~xz �~v {z w�}�vØ� z Ü �z�wx�� � zw �~v {z� y~u{x�u�wx��� z�z�w~}z� yu��

Dualize and Advance
=�z�wx�� � ��� t�~v z�wx� zv {u ��vy~vz �}�uwx�zz� ����wx�� yz {u ��vy~vz t��xwx�z z� ��~v� � ��w~xwx�z� z�w � {z� ��wx�� �u�yxyuw� �}�}v}� �z�v��w {z� t{~� t zwxw� ��wx�� ��� x��{~� yu�� ~� ��wx� yz {u ��vy~vz t��xwx�z � ×z� ��~�zu~���wx�� yz {u ��vy~vz �}�uwx�z ux��x y}��~�zvw� �zv��w ~wx{x�}� t�~v ��vvx�zv {u ��vy~vzt��xwx�z �twx� x�wz {�v� yz {u y~u{x�uwx�� �~x�u�wz �

æ�w���
Bd+

i

=vz�t �
Bd−

i � {z ��~��z��z��{z yz {u ��vy~vz t��xwx�z
Bd+(F )

=vz�t �
Bd−(F )� y}��~�zvw� Ù { öxw}vuwx��

i
� �� u

∀i < j,Bd+

i ⊆ Bd+

j

zw
Bd−

i ⊆ Bd−
j

� ×z� ���wx�� yz
Bd+

i

���w ��wz�~� Ù tuvwxv yz� � �wx�� yz
Bd−

i

� zw {z� � �wx�� yz
Bd−

i+1

���w ��wz�~� Ùtuvwxv yz� ��wx��
Bd+

i

� Ú�xw
C≤ i

{ öz��z��{z yz� ��wx�� �u�yxyuw� �}�}v}� u�u�w zw t z�yu�w{ öxw}vuwx��
i
�

±A
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s {öxw}vuwx��

i + 1
� {z� ��wx�� �u�yxyuw� �}�}v}� t�~v ��vvx�zv {z� ��wx�� ��� �v}�~z�w�yz {u ��vy~vz t��xwx�z �twx� x�wz t z~�z�w àwvz ��wz�~� Ù tuvwxv yz {u ��v�~{z �~x�u�wz �

+ �, -����- ..�
Ci+1 = Tr(Bd+

i ) − C≤ i

�z {u �à�z �u�xØvz �~z t�~v {u y~u{x�uwx�� yz {u ��vy~vz �}�uwx�z �zv� {u � �vy~vzt��xwx�z �twx� x�wz � {z� ��wx�� ��� �v}�~z�w� �}�}v}� tuv �zwwz y~u{x�uwx�� uttuvwxz��z�w Ù{u ��vy~vz �}�uwx�z Ý�u{z �äB�
+
��� � x �z �

��� ����� ./�
� �

X ∈ Ci+1

��
X 6∈ F ⇒ X ∈ Bd−(F )

×u yx�}vz��z � u� z~vz u�z� ~�z � }w��yz tuv �x�zu~ �~ z� tv����yz~v z�w �~z {z� � �wx���u�yxyuw� �}�}v}� tuv �zwwz y~u{x�uwx�� tz~�z�w àwvz yz wux{{z �~t }vxz~vz Ù
i + 1

� �	
i
z�w{u wux{{z yz� ��wx�� yz { öxw}vuwx�� tv}�}yz�wz � × öz�z�t{z �~x�u�w x{{~�wvz �z{u �

CDEF� GE H �� þ��
r 41 ý1� � �� �þ66 8�� �� �ÿ16�12��þ6� ��ÿ

R = {A,B,C,D,E, F,G,H, I}
����16�� I

r = {ABCHI,ABDGI,ABGHI, ACDFI,ACFHI,ADFGI,AFGHI,BCDEI,

BCEHI,BDEGI,BEGHI, CDEFI,CEFHI,DEFGI,EFGHI,ABCD}

J þ�ÿ �6 � ���4 � �6���� �� ���� þÿ� 1ý�þ4� �� �63 4�� ýþÿ��ÿ�� ��� � þ��7 � 7 ÿ89��6�� ��
r�þ6� 8K 14�� L

Bd−(F ) = {AE,BF,CG,DH,ABCDI}

Bd+(F ) = {ABCHI,BCEHI,ABDGI, BDEGI,ABGHI,BEGHI,ACDFI,CDEFI,

ACFHI,CEFHI,ADFGI, DEFGI,AFGHI,EFGHI,BCDEI,ABCD}

M� ÿN� �6 �1ÿ2þ�ÿ� �1ÿ 6���1� O ��9� 51� 6���1� ���: 3 9�1�ÿ� � þ��7 � 6þ6 7 ÿ89��6�� � �6�P� 1�: �� �1�4 4� ���: þ6� 8�8 �82þ���ÿ��3 �;�; Bd−
≤ 2

(F ) = {AE,BF,CG,DH} ; ���� þ�þ6�9�� 4 514K þÿ��Q� � ��þ�� � �þ6 1�� ÿþ2Q � �1ÿ 6���1� ; M 4þÿ�3 2�� � þ��7 � 6þ6 7 ÿ89��6���þ6� ���4�� 8� � þ�ÿ 41 � ÿ�� �Nÿ� ��14��1��þ6 ; R1 ýþÿ��ÿ� � þ����� � þ� ��� ���� þý��6�� ���
{ABCHI,ABDGI,ABGHI,ACDFI,ACFHI,ADFGI,AFGHI,BCDEI,BCEHI,
BDEGI,BEGHI,CDEFI,CEFHI,DEFGI,EFGHI} ; R1 ��14��1��þ6 �� 41 ýþÿ��ÿ�� þ����� � �6 2þ6��ÿ�2��þ6 L 41 ýþÿ��ÿ� 6 8K 1��� � K 86 Nÿ� 4� � þ��7 216���1� ABCD

�� �1�4 4�S 3 �� 1� 2�6 � þ��7 �� �1�4 4� T 6 5��� 2þ6��ÿ���;
Ú~xwz Ù �zw z�z�t{z � ��~� �~�t z�w��� { öu{��vxw�� z

Pincer − Search �×B ÛU� yz �z tu�àwvz ���t{zw � ×z~v �wvuw}�xz z�w tv���z yz {u �Vwvz w�~w z� }wu�w z�wxØvz� z�w z�txvx�~z �
±W
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��wu��z�w {�v� yz {u �}�}vuwx�� yz� ��wx�� �u�yxyuw� � ×z� � �wx�� �u�yxyuw� yz

Pincer −
Search

��vvz�t��yz�w ~�x�~z� z�w Ù �z~� yz wux{{z
i + 1

yu��
Ci+1

t�~v
ABS

� �~x��~z�zw u{��vxw�� z uvvàwz ��� z�t{�vuwx�� {�v��~ öx{ � ö° u t{~� yz ��wx�� �u�yxyuw� �}�}v}� ��zvwux�� � �wx�� t z~�z�w àwvz � u��~}� � Ú~v { öz�z�t{z � � utvØ� {z �x�zu~ 
 u~�~� ��wx��u�yxyuw � öz�w �}�}v} � zw tuv ����}�~z�w {z � �wx� �v}�~z�w � u� x� u{
ABCD

�z��{z �z� u� ux� àwvz wv�~�} tuv
Pincer − Search

�

É ÊËÊ\ ]2Õ /ÕÓ 2ÔÒÕ /Î/ÓÒ/Ò0^Õ
_�� ïñ õ `î  ðó �!ñ  îð ��añî� ñ�  ðñô �bðñ ï�îõ��î��ó�

× ö~� yz� u�t z�w� uyutwuwx�� {z� t{~� x�t�vwu�w� z�w yz y}wzv� x�zv Ù �~z{ �x�zu~ { öut�tv���z tuv �x�zu~ y�xw àwvz uvvàw}z � zw y��� Ù �~z{ � �� z�w {z� �u~w� y�x�z�w y}�~wzv �× ö��� z�wx� z�w y öz�wx� zv � öx{ z�w x�w}vz��u�w yz y~u{x�zv {u ��vy~vz �}�uwx�z z� ��~v� t�~v��wz�xv {u ��vy~vz t��xwx�z �twx� x�wz �
æ�~� u���� xyz�wxÝ} �~uwvz tuvu� Øwvz� �t }�xÝ�~z� y ö~�z xw}vuwx�� yz { öuttv���z tuv�x�zu~ � zw �~x t z~�z�w àwvz ��wz�~� y°�u� x�~z�z�w �u�� �~v��cw ûü {z �x�zu~ u�w~z{

i dü |Bd−
≤ i(F )|

� {z ����vz yz � �wx�� yz {u ��vy~vz �}�uwx�z yz wux{{z x��}vxz~vz �~ }�u{zÙ
i
zw �~x ��w y}� Ù }w} y}��~�zvw� dü |Fi|
� {z ����vz yz ��wx�� �v}�~z�w� y}��~�zvw� u~ �x�zu~

i dü |Ci|
� {z ����vz yz � �wx�� �u�yxyuw� �}�}v}� u~ �x�zu~

i
�

"�~w y öu��vy � u~�~� �u~w � öz�w u~w�vx�} u�u�w ~� �zvwux� �x�zu~ � ß� z�zw � { öuttv���ztuv �x�zu~ z�w wvØ� zå �u�z z� tvuwx�~z t�~v z�t{�vzv {z� tvz� xzv� �x�zu~� yz { öz�tu�zyz vz��zv��z � �u�� ��� z�t}vx� z�wuwx��� � y~u{x�zv u�u�w {z �x�zu~ �~uwvz tuv z�z�t{z� öutt�vwz u~�~�z u�}{x�vuwx�� �
���tuv��� � ux�wz�u�w

|Fi|
zw

|Ci|
� �uv ����wv~�wx�� � {z� ��wx�� �u�yxyuw� �}�}v}�tuv

Apriori
���w ��xw yz� � �wx�� �v}�~z�w� � ��xw yz� � �wx�� ��� �v}�~z�w� � x�x�u~� � x �z �

Ci = Fi ∪ Bd−
i (F )

� ×z vuwx�
|Fi|/|Ci|

vztv}�z�wz y��� {u tv�t�vwx�� yz ��wx�� �v}�~z�w��}�}v}� � �~ ����z ��~� { öu���� x�wv�y~xw tv}�}yz��z�w {u tv��u�x{xw} �~ öu ~� ��wx� yzwux{{z
i
y öàwvz �v}�~z�w �u��u�w �~z w�~� �z� ��~��z��z��{z� {z ���w � � v ����z ��~� { öu��������wuw} � �zwwz tv��u�x{xw} wz�y Ù àwvz �wvx�wz� z�w �v�x��u�wz yu�� ~�z �vu�yz tuvwxz yz��u� � Ú~tt����� �~ öÙ ~� �x�zu~ y���} �zwwz tv��u�x{xw} ��xw tv���z yz ~� � �uv ����}�~z�w �{ öz�tu�z yz vz��zv��z vz�wu�w Ù }w~yxzv �zvu tvx��xtu{z� z�w ���t��} yz � �wx�� �v}�~z�w� ��z w°tz yz ���Ý�~vuwx�� � öz�w tu� �u��vu�{z Ù ~�z uttv���z tuv �x�zu~ wz{{z �~ ö

Apriori
�y��w { özå �u�xw} v}�xyz tvx��xtu{z� z�w yu�� { öz�t{�xwuwx�� yz� � �wx�� ��� �v}�~z�w� � x�x�� u~� t�~v }{u�~zv { öz�tu�z yz vz��zv��z � s { ö�tt��} � {z� �wvuw}�xz� yz �u~w� ���w � zu~��~tt{~� zå �u�z� � ×z� z�t }vx� z�wuwx��� tv}�z�w}z� yu�� {z ��utxwvz á ��w � ��wv} �z{u {�v��~z{u yx�wu��z z�wvz {z� yz~� ��vy~vz� }wuxw x� t�vwu�wz � �u�� �z �u� x{ z�w t���x� {z � z� ~wx{x��u�w {u tv�tvx}w} y öu�wx�����w��xz y~ tv}yx�uw � yz y}y~xvz {u ��vy~vz t��xwx�z yz� ��wx��
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�v}�~z�w� � ×�v��~z

|Fi|/|Ci|
z�w tv���z yz ~� � x{ z�w y��� tv}�}vu�{z yz �w�ttzv { öuttv���ztuv �x�zu~ zw y öz�z�w~zv {u t�u�z yz y~u{x�uwx�� �

fñ� gðî�ï� ôó��ò� h ðñ�i�ñ òðji�ñ��� h
����xy}v��� � ux�wz�u�w {z� ��wx�� ��wz�~� tuv ~�z y~u{x�uwx�� Ù tuvwxv yz {u � �vy~vz�}�uwx�z z� ����wv~�wx�� � Ú�xw

X
~� yz �z� ��wx�� � �z~� �u� ���w t���x�{z� û X z�w �v}�~z�w�~

X
z�w ��� �v}�~z�w � �u�� �z yzv�xzv �u� � ��~� tv�t����� y öz�wx� zv { özvvz~v �uxwz tuv {z�u~w uÝ� yz ���x�xv {u �wvuw}�xz {u t{~� uyutw}z t�~v {u ��vvx�zv �

ß� z�zw � �x ~� ��wx� z�w ��� �v}�~z�w � ux� ìtv���z ì yz {u ��vy~vz t��xwx�z Ý�u{z � ~�tuv��~v� yz { öz�tu�z yz vz��zv��z yz� ��wx�� {z� t{~� �vu�y� u~� t{~� t zwxw� �zvu tuvwx�~�{xØvz� z�w uyutw} � �u�� {z �u� ���wvuxvz � �x {z ��wx� z�w ì}{�x��} ì yz {u ��vy~vz t��xwx�z � x{�zvu t{~� x�w}vz��u�w y ö}w~yxzv {z� � �wx�� ìtuv {z �u� ì� x �z yz� t{~� t zwxw� u~� t{~� �vu�y� �uÝ� yz y}��~�vxv yz ��~�zu~� ��wx�� yz {u ��vy~vz �}�uwx�z zw yz ��vvx�zv {z �u~w �
��~v z�wx� zv {u yx�wu��z z�wvz ~� ��wx� ��� �v}�~z�w zw {u ��vy~vz t��xwx�z � { öu{���vxw�� z ~wx{x�z {u � z�~vz y özvvz~v �~x�u�wz � Ú�xw

δ
~� �z~x{ Ý�} tuv { ö~wx{x�uwz~v zw ~� �z~x{� x�x�~� yz �~tt�vw

minsup
� ~�z � z�~vz y özvvz~v t�~v ~� ��wx� ��� �v}�~z�w

X
� ��w}z

error(X,minsup)
� t z~w àwvz y}Ý�xz yz {u � u�xØvz �~x�u�wz û

+ �, -����- .k �

error(X,minsup) = 1 −
support(r,X)

minsup

�zwwz � z�~vz vzlØwz {u yx�}vz��z z�wvz {z �~tt�vw yz
X

zw {z �z~x{ � x�x�~� yz �~tt�vw �� {~� {z �~tt�vw y ö~� ��wx� z�w tv���z y~ �z~x{ � x�x�~� yz �~tt�vw � t {~� {u � z�~vz y özvvz~vwz�y �zv� m}v� �
s tuvwxv yz �zwwz � z�~vz � yz~� ��~���u� y�x�z�w àwvz ����xy}v}� t�~v {z� ��wx�� ����v}�~z�w� y}��~�zvw� tuv y~u{x�uwx�� ûü error(X,minsup) ≤ δ û {z ��wx�

X
�}�}v} tuv y~u{x�uwx�� z�w �u~� � � ux� yz� ��{~wx���y�x�z�w z� x�wzv yu�� {z� ��~��z��z��{z� tv���z� yz

X dü error(X,minsup) > δ û {z �u~w u }w} wv�t �twx� x�wz � u~�~�z ��{~wx�� � öz� x�wz yu��{z� ��~��z��z��{z� tv���z� �
�z t{~� � ��~� u���� {u tv�tvx}w} �~x�u�wz �

��� ����� ..�

X ⊂ Y ⇒ error(X,minsup) ≤ error(Y,minsup)

±n
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�zwwz � z�~vz z�w y��� y}�v�x��u�wz � � ux� tu� �wvx�wz� z�w y}�v�x��u�wz �uv {z �~tt�vwt z~w vz�wzv ����wu�w {�v��~z
X

uttuvwxz�w Ù ~�z �{u��z y ö}�~x�u{z��z ���wz�u�w t{~�xz~v�� �wx�� �
æ�w���

N earBd+

i

{ öz��z��{z yz� ��wx�� ìtvz��~z �v}�~z�w� ì y}��~�zvw� Ù { öxw}vuwx��
i û

+ �, -����- .q �
N earBd+

i = {X ∈ Bd+

i r X /∈ F
��

error(X,minsup) ≤ δ}

� �s t ©ª¨«¬¡¢®¯¥

× öu{��vxw�� z
ABS

tzv� zw yz y}��~�vxv {u ��vy~vz t��xwx�z zw {u ��vy~vz �}�uwx�zyz� ��wx�� �v}�~z�w� � �{ tvz�y ~�x�~z�z�w z� tuvu� Øwvz y öz�wv}z {u �u�z yz y���}z� yzwvu��u�wx��� zw {z �z~x{ � x�x�~� yz �~tt�vw � {z� tuvu� Øwvz� uyutwuwx�� ��w }w} Ý�}� z��t }vx� z�wu{z� z�w �
× öu{��vxw�� z ����z��z tuv z�t{�vzv { öz�tu�z yz vz��zv��z tuv �x�zu~ z� ~wx{x�u�w

Apriori
={x��z� Ü�& zw 
��
>� � s ��u�~z xw}vuwx�� � {u ����wx��

IsDualisationRelevant
={x��zU� }w~yxz �x { öuttv���z tuv �x�zu~ y�xw àwvz �w�tt}z � Úx � öz�w {z �u� � { öu{��vxw�� z u{wzv�zyz� y~u{x�uwx��� z�wvz {z� yz~� ��vy~vz� ={x��z� U� ÜÛ� � ×z� ����wx���

GenPosBorder
zw

GenNegBorder
�u{�~{z�w ��u�~�z ~�z yz� yz~� y~u{x�uwx��� �

GenPosBorder
tzv� zw yz�}�}vzv {u ��vy~vz t��xwx�z �twx� x�wz � zw

GenNegBorder
{z� ��wx�� �u�yxyuw� ~wx{x�}� t�~v��vvx�zv {z� ��wx�� ��� �v}�~z�w� wvØ� }{�x��}� yz {u ��vy~vz t��xwx�z � �z� �u{�~{� ���w �uxw�yz � u�xØvz x��v}� z�wu{z � �{� ~wx{x�z�w y��� ~�x�~z�z�w {z� ��wx�� wv�~�}� yu�� { öxw}vuwx��z� ��~v� �

æ�w��� �~ öÙ {u {x��z Ü
 �
GenNegBorder

tvz�y z� tuvu�Øwvz {z� ��wx�� yz {u ��vy~vzt��xwx�z zw {z� ��wx�� ìtvz��~z �v}�~z�w� ì y}��~�zvw� yu�� {u ��vy~vz t��xwx�z �twx� x�wz �×z� ��wx�� ìtvz��~z� �v}�~z�w� ì ���w ux��x ����xy}v}� ����z yz� ��wx�� yz {u ��vy~vzt��xwx�z � zw ���w y��� ~wx{x�}� t�~v }{u�~zv { öz�tu�z yz vz��zv��z � �z� � �wx�� �zv��w wvuxw}�Ù {u Ý� � {x��z ÜU � tuv {u � }w��yz
ProcessNearPosBorder

�~x z�z�w~zvu ~� tuv��~v� tuv�x�zu~ yz ì�u~w z� �u� ì yz { öz�tu�z yz vz��zv��z � x �z � yz� ��wx�� {z� t{~� �vu�y� u~� t{~�t zwxw� � uÝ� yz y}��~�vxv {z� ��wx�� �v}�~z�w� � u�x� u~� �u��~u�w� �
Ú�xz�w

n′
{u wux{{z y~ t{~� �vu�y ��wx� yz {u ��vy~vz �}�uwx�z � zw

k
{z yzv�xzv �x�zu~z�t{�v} tuv

Apriori
� × öu{��vxw�� z �zvu y��� yu�� {z txvz �u�

2× (n′ − k) + 1
y~u{x�uwx���u�u�w yz y}��~�vxv {z� ��vy~vz� � ß� z�zw � { öu{��vxw�� z �zvu

n′ − k + 1
y~u{x�uwx��� yz {u��vy~vz �}�uwx�z �zv� {u ��vy~vz t��xwx�z � zw

n′ − k
yz {u ��vy~vz t��xwx�z �zv� {u ��vy~vz�}�uwx�z �

±u
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ABS û syutwx�z â�vyzv� Úzuv��w��ðjñ x ~�z �u�z yz y���}z� yz wvu��u�wx���
r

� ~� z�wxzv
minsupyóð��ñ x

Bd+(F )
u�y

Bd−(F )z{
F1 = {A ∈ r | support(r, A) ≥ minsup}| {
C2 �stvx�vxäz� =

F1 �} {
i = 2 d Bd−

1 = R − F1 d Bd+

0 = ∅ d N earBd+

0 = ∅~ { � !�õñ
Ci 6= ∅

ïó
� {

Fi = {X ∈ Ci | support(r,X) ≥ minsup}� {
Bd−

i = Bd−
i−1

∪ (Ci − Fi)� {
Bd+

i−1
= Bd+

i−2
∪ {X ∈ Fi−1 | ∀Y ∈ Fi, X 6⊆ Y }� { �ò ���~u{xmuwx��� z{z�u�w =x � �Bd−

i �� �Fi �� �Ci ���"�Þß �!ñ�
� {

Bd+

i = {X ∈ GenPosBorder(Bd−
i ) | support(r,X) ≥ minsup}z� {

N earBd+

i = {X ∈ GenPosBorder(Bd−
i ) | error(X,minsup) ≤ δ}zz{ � !�õñ

Bd+

i 6= Bd+

i−1

ïó
z| {

Bd−
i = {X ∈ GenNegBorder(Bd+

i ∪N earBd+

i ) | support(r,X) < minsup}z} {
Bd+

i+1 = {X ∈ GenPosBorder(Bd−
i ) | support(r,X) ≥ minsup}z~ {

N earBd+

i+1 = {X ∈ GenPosBorder(Bd−
i ) | error(X,minsup) ≤ δ}z� {

N earBd+

i+1 = N earBd+

i ∪N earBd+

i+1z� {
i = i + 1z� { ñ�ï �!�õñ

z� { �v��z��æzuv���â�vyzv =
N earBd+

i+1

�
Bd+

i

�
Bd−

i−1
�z� { � ñ��ð�

Bd+

i

u�y
Bd−

i−1

u�y ñ� ��
|� { ñ�ï �ò
|z{

Ci+1 �stvx�vxäz� =
Fi �|| {

i = i + 1|} { ñ�ï �!�õñ
|~ {

Bd+

i−1 = Bd+

i−2 ∪ Fi−1|� { � ñ��ð�
Bd+

i−1

u�y
Bd−

i−1

� utt z{��� �~ öz� ���tuvux��� { öu{��vxw�� z
Dualize and advance

=�z�wx�� � ��� �uxw
|Bd+(F )|

y~u{x�uwx��� �

íîõ�� õ ïñ� �ðî��añð�î�� ô �� �ôî��
×z �u{�~{ yz� wvu���zv�u~� � x�x�u~� z�w ~�z }wut z x�t�vwu�wz yz ��wvz u{��vxw�� z � zw���yxwx����z z� tuvwxz {z� t zv��v� u��z� yz { öx�t{}� z�wuwx�� � �u�� ��wvz �u� � {z� wvu���zv��u~� � x�x� u~� }wu�w �u{�~{}� Ù tuvwxv yz { ö�°tzv�vut�z ����wxw~} yz� ��wx�� yz� ��vy~vz�z� ����wv~�wx�� � ~�z uttv���z x��v}� z�wu{z z�w tv}�}vu�{z �
�z �u{�~{ t z~w � t�~v ��wvz tv��{Ø� z � àwvz u� }{x�v} z� tvz�u�w z� ���twz t{~�xz~v��u�wz~v� ûü "�~w y öu��vy � {z� ��wx�� yz {u ��vy~vz t��xwx�z �twx� x�wz ��wz�~� z� ���t{}� z�wu�w{z� wvu���zv�u~� � x�x� u~� �z y�x�z�w tu� àwvz yz wux{{z x��}vxz~vz �~ }�u{z Ù

k
� �	

n�
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k
z�w {z �x�zu~ u�w~z{ ìtuv {z �u� ì� ß� z�zw � w�~� {z� � �wx�� �v}�~z�w� � u�x� u~�� ~��~ öÙ �z �x�zu~ ��w y}� Ù }w} wv�~�}� tuv

Apriori
�

ü ß��~xwz � w�~w wvu���zv�u{ � x�x�~� ��wz�~ Ù { ö}wut z
i

zw �~x u y���} ~� ��wx��v}�~z�w yu�� {u ��vy~vz t��xwx�z �twx� x�wz � vz�wzvu wvu���zv�u{ � x�x�~� �~z{{z��~z ��xz�w {z� ��~�z{{z� uvàwz� yz { ö�°tzv�vut�z �
� {~� ��v� z{{z� z�w � ��xw

Bd−(F ) = {A1, ..., Ai, Ai+1, ..., Am}
� æ�w���

Tri(Bd−(F ))
{ öz���z��{z yz wvu���zv�u~� � x�x�u~� ��wz�~� tuv ~�z �}w��yz x��v}� z�wu{z utvØ� u� �~wyz�

i
tvz� xzv� ��wx�� yz

Bd−(F )
� Ú�xz�w

Si = {X ∈ Tri(Bd−(F )) | X ∩ Ai+1 6= ∅}
zw

Bi = {X ∈ Tri(Bd−(F )) | X ∩ Ai+1 = ∅}
� Þ� �vu�y ����vz yz �}w��yz� x��v}� z�wu{z�~wx{x�z {u �uvu�w}vx�uwx�� �}�}vx�~z �~x�u�wz t�~v z�tvx� zv

Tri(Bd−(F ))
z� ����wx�� yz

Tri+1(Bd−(F )) û
Tri+1(Bd−(F )) = Si ∪ {X ∪ {a} | X ∈ Bi, a ∈ Ai+1

wz{ �~z íó�ï
}

u�z� íó�ï yz� ���yxwx��� �~z y�x�z�w vz�t z�wzv
X

zw
a
� t �~v �~z

X ∪ {a}
��xw ~� wvu����zv�u{ � x�x�~� y~ ��~�z{ �°tzv�vut�z � �z� ���yxwx��� y}t z�yz�w yz {u � }w��yz ~wx{x�}z �

s tuvwxv yz� vz� uv�~z� tv}�}yz�wz� zw yz �z� y}Ý�xwx��� � �� ��wxz�w {z� tv�tvx}w}��~x�u�wz� �
��� ����� .k �

Tri+1(Bd−(F )) = Si ∪ {X ∪ {a} | X ∈ Bi, a ∈ Ai+1

��4 9� � �þ6� �� �� �
≤

-���.
}

⇔ Trm(Bd−(F )) = {Z ∈ Bd+(F ) | |Z| ≥ k}

1��2 m = |Bd−(F )|
��

i < m ;
s~wvz� z�w yxw � Ù ��u�~z �u{�~{ yz

Tri(Bd−(F ))
� �z~{� {z� wvu���zv�u~� � x�x�u~� y��w{u wux{{z z�w x��}vxz~vz �~ }�u{z Ù

n− k
���w ����zv�}� � {z� u~wvz� t z~�z�w àwvz yxvz�wz� z�w�~ttvx� }� �

��� ����� .q �

X ∈ Tri(Bd−(F ))
��

X ∈ Bd+(F ) ⇔ X ∈ Trm(Bd−(F ))

1��2 m = |Bd−(F )|
��

i ≤ m ;
��~v �u{�~{zv

Tri+1(Bd−(F ))
� �z w°t z yz � }w��yz tuv��~vw { öz��z��{z yz� wvu���zv�u~�� x�x� u~� yz

Tri(Bd−(F ))
uÝ� yz wz�wzv �x ��u�~z z��z��{z vz�wz ~� wvu���zv�u{ � x�x�~�utvØ� { öu� �~w yz { öuvàwz

Ai+1

� � u�� ��wvz ���wz�wz � x{ � öz�w y��� tu� �}�z��uxvz yz w�~� {z�wz�wzv �uv �� �uxw y}� Ù �~z {z� wvu���zv�u~� � x�x� u~� y��w {z ���t{}� z�wuxvz uttuvwxz�wÙ
Bd+(F )

vz�wzv��w wvu���zv�u~� � x�x�u~� utvØ� { öu� �~w yz w�~� {z� ��wx�� yz
Bd−(F )

�
n ²
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É Ê@ ÊË �.ÓéÏ.2ÍÒ/Ò0-Í
× öu{��vxw�� z u }w} y}�z{�tt} z� ��� z� ~wx{x�u�w {u Ú"× � × öx� t{}� z�wuwx�� yz { öu{���vxw�� z

Apriori
yz � � â�v�z{w �â�v��� u }w} ���x�xz t�~v z�z�w~zv {z tuv��~v� tuv �x�zu~�uv z{{z z�w { öx�t{}� z�wuwx�� y ö

Apriori
{u t{~� t zv��v� u�wz u�w~z{{z� z�w �âã��� � ß {{z u}w} � �yxÝ}z t�~v �w��$zv {u ��vy~vz �}�uwx�z zw � öuvvàwzv u~ ��~w y ö~� �zvwux� ����vzy öxw}vuwx��� z� ����wx�� yz {u �wvuw}�xz uyutwuwx�z y}Ý�xz tv}�}yz��z�w � ��~v {z �u{�~{x��v}� z�wu{ yz� wvu���zv�u~� � x�x� u~� � { öuttv���z yz �z� zwv��x�� zw "�x ��" Û>� u }w}~wx{x�}z � × öx�t{}� z�wuwx�� y ö

ABS
~wx{x�z yz� uv�vz� tv}Ý�}� �~ �ÿ�� t�~v �w��$zv {z� wvu���u�wx��� zw {z� ��wx�� �

É Ê@ Êç ��Ó Ï10. 2ÍÒ/Ò0-ÍÕ
×z� z�t}vx� z�wuwx��� ��w }w} v}u{x�}z� z� yz~� wz�t� � �u�� ~� tvz� xzv wz�t� � ��~�u���� v}u{x�} ~�z }w~yz z�t }vx� z�wu{z yz { öu{��vxw��z Ù tuvwxv yz� � z~� yz y���}z�yx�t��x�{z� �~v {z �xwz y~ ���� �ä�z�� � æ�~� u���� }w~yx} { öx�l~z��z y~ �x�zu~ y öuv�vàw yz { öuttv���z tuv �x�zu~ �~v {z� t zv��v� u��z� y ö

ABS
� �~x� { öx�tu�w yz� � �wx��ìtvz��~z �v}�~z�w� ì z�w }w~yx} t�~v yx�}vz�w� �z~x{� yz � z�~vz y özvvz~v � æ�~� u���� Ý�u�{z� z�w ���tuv}

ABS
u�z� �~uwvz u{��vxw�� z� vztv}�z�wuwx�� û Apriori

zw
Eclat �â�v��� �

FPmax∗ �äã��� zw IBE �ÚÞ��� �
æ�w��� �~z { öu{��vxw��z

IBE
z�w y}vx�} yz { öu{��vxw�� z ��14�� � 16� M�P�16 2� �äB�

+
��� tv}�z�w} z� �z�wx�� � �� � zw z�t{�xwz y��� {~x u~��x {u ��wx�� yz y~u{x�uwx��t�~v z�z�w~zv yz� �u~w� yu�� { öz�tu�z yz vz��zv��z �

�u�� ~� yz~� xØ� z wz�t� � { öx�t{}� z�wuwx�� y ö
ABS

u tuvwx�xt } u~ �u�� y öz��ux� yz��� � ö�� �âäã��� � �z� z�t}vx� z�wuwx��� ��w t zv� x� yz ���tuvzv {z� t zv��v� u��z� y ö
ABSu�z� ~� t{~� �vu�y ����vz y öu{��vxw�� z� yz y}��~�zvwz yz� ��wx�� �v}�~z�w� � u�x� u~� �y��w {z� t{~� t zv��v� u�w� u�w~z{{z� z�w � zw �~v yu�u�wu�z yz � z~� yz y���}z� �

w��ïñ ñ� jð �ôñ��îõñ ïñ� î� ñ��� îïî �î��ò� ñ�  ðñô �bðñ� ñ� jð �ôñ��î��ó��
�zwwz tvz� xØvz tuvwxz yz� z�t }vx� z�wuwx��� u }w} v}u{x�}z �~v ~� tz�wx~� � ��ä�m u�z�Üä� yz � }��xvz � ×z �°�wØ� z y öz�t{�xwuwx�� z�w ×x�~� � zy�uw & �� � zw {z ���tx{uwz~v z�w��� � �Ûá �
�u�� {u Ý�~vz & �
 � ��~� u���� ��v�} { öuvvàw yz { öuttv���z tuv �x�zu~ � zw {z y}�~w yz {ut�u�z yz y~u{x�uwx�� � Ù yx�}vz�w� �x�zu~� =yz � Ù U� �~v {z� � z~� yz y���}z�

Connect
zw

Pumsb∗
t�~v yz� �z~x{� � x�x�~�� yz �~tt�vw vz�t z�wx�z� z�w yz á�< zw ��< � ����z {z���wvz�w {z� v}�~{wuw� ��wz�~� t�~v �z� � z~� yz y���}z� � {z �x�zu~ u~�~z{ u {xz~ {z ��u��z�

n÷
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 ü �vz� xØvz y~u{x�uwx�� u~ �x�zu~
k

t�~v ����z�w =�u~��z� zw t~� �� � =yv�xwz�
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k−DCI ��×�

+
��� tuv vutt�vw Ù �z{{z� y ö

Apriori �â�v�����wz�~z� t z�yu�w {z� z�t }vx� z�wuwx��� yz ��� � �ä�z�� �
k−DCI

utt{x�~z {u � à�z �wvuw}��xz �~ ö
Apriori

z� �twx� x�u�w z� t{~� {z ���twu�z y~ �~tt�vw � ��~vwu�w � {z� t zv��v� u��z�yz
k − DCI

���w w�~� �~v� �xz� �zx{{z~vz� �~z �z{{z� y ö
Apriori

� � u�� ��wvz �u� � { ö��� z�wx�� ö}wuxw tu� y ö�twx� x�zv {z ���twu�z y~ �~tt�vw � ux� yz y}�z{�ttzv ~�z �wvuw}�xz uyut�wuwx�z zw �}�}vx�~z y öz�t{�vuwx�� yz { öz�tu�z yz vz��zv��z � �uv ����}�~z�w � ��~� � öu����tu� �twx� x�} �zwwz �t }vuwx�� � �z �~x z�t{x�~z {u yx�}vz��z yz t zv��v� u��z u�z� {z� u~wvz�x� t{}� z�wuwx��� �
�z t{~� � {z� y~u{x�uwx��� �uxwz� tuv

ABS
vz�xz��z�w Ù �u{�~{zv yz � u�xØvz x��v}� z�wu{z{z� wvu���zv�u~� � x�x� u~� y ö~� �°tzv�vut�z ���t��} yz� � �wx�� yz {u ��vy~vz �}�uwx�z �� v ����z ��~� { öu���� �~ � �zwwz �t }vuwx�� tz~w àwvz wvØ� ��cwz~�z � "�~wz��x� � ����z�z{u u }w} tv}�x�} yu�� �äB�

+
��� � {z �u{�~{ yz� wvu���zv�u~� � öu��Øyz tu� u~� y���}z� ��uv ����}�~z�w � �x {u �~u�wxw} yz y���}z� z�w wvØ� x�t�vwu�wz � ~� �u{�~{ yz wvu���zv�u~�� x�x�u~� t�~vvu àwvz ��x�� ��cwz~� �~z �x� t{z� z�w {xvz {z� y���}z� �

��~v ����{~vz � �zw u{��vxw�� z z�w Ù ��wvz ����ux��u��z {u tvz� xØvz uttv���z Ù uyutwzv�§61� �9� �� �6� �u �wvuw}�xz yz tuv��~v� yz { öz�tu�z yz vz��zv��z � �zwwz �wvuw}�xz uyut�wuwx�z ����x�wz yu�� ~� tvz� xzv wz�t� Ù y}wzv� x�zv y°�u� x�~z�z�w Ù �~z{ ���z�w { öu{���vxw�� z y�xw tu��zv y ö~�z z�t{�vuwx�� tuv �x�zu~ � Ù ~�z uttv���z z�z�w~u�w yz� ì�u~w� ìyu�� { öz�tu�z yz vz��zv��z � �u�� ~� �z���y wz�t� � {u �wvuw}�xz uyutwuwx�z t zv� zw y öz�t{�x�wzv {z� � �wx�� ìtvz��~z �vux� ì y}��~�zvw� t z�yu�w �z� �u~w� t�~v z�t{�vzv yx�}vz��z�w�zvwux�z� tuvwxz� yz { öz�tu�z yz vz��zv��z � ×z� z�t }vx� z�wuwx��� ��w ���wv} { öx�w}vàw yz �zw°t z yz �}w��yz � � à� z �x {z� v}�~{wuw� z�t }vx� z�wu~� ���w � xwx�}� � y~� Ù { öx�t�vwu��zyz� wz���x�~z� yz ���twu�z t�~v �z tv��{Ø� z � �uv ux{{z~v� � { özå �u�xw} y ö
ABS

t�~vvuxwàwvz �vu�yz� z�w u� }{x�v}z z� utt{x�~u�w z� t{~� ~�z �wvuw}�xz uyutwuwx�z yz ���twu�zy~ �~tt�vw wz{{z �~z �z{{z ~wx{x�}z yu��
k − DCI ��×�

+
��� �

Þ� u~wvz x�w}vàw yz �zwwz �wvuw}�xz uyutwuwx�z z�w yz t�~��xv àwvz utt{x�~}z z� w�}�vxzÙ w�~w tv��{Ø� z y öz�wvu�wx�� yz ��wx�� x�w}vz��u�w� �����v� z u~ �uyvz w�}�vx�~z tv}�z�w}yu�� {z ��utxwvz � � � {~� �}�}vu{z� z�w � �z�x ��~{Ø�z {z tv��{Ø� z yz {u v}~wx{x�uwx�� yz�u{��vxw��z� y öz�wvu�wx�� yz ��wx�� �v}�~z�w� t�~v v}��~yvz w�~w u~wvz tv��{Ø� z }�~x�u{z�w ��zw u�t z�w �u àwvz y}�z{�tt} yu�� {u tuvwxz �~x�u�wz �
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Þ� �vu�y ����vz yz tv��{Ø� z� ��w }w} xyz�wxÝ}� ����z ì}�~x�u{z�w� ì Ù ~� tv��{Ø� zy öz�wvu�wx�� yz ��wx�� �v}�~z�w� � ×z �uyvz w�}�vx�~z tv}�z�w} yu�� {z ��utxwvz � {z� ��v�� u{x�z ��~� {u ��v� z yz tv��{Ø� z� ìy öz�wvu�wx�� yz ��wx�� x�w}vz��u�w� ì =��wx� u~ �z��{uv�z� �
�zwwz ��wx�� y ö}�~x�u{z��z vz�wz �}u���x�� w�}�vx�~z � {z~v v}��{~wx�� Ù tuvwxv yz�wvu�u~� v}u{x�}� t�~v { öz�wvu�wx�� yz� ��wx�� �v}�~z�w� ��~{Ø�z t{~�xz~v� �~z�wx��� ûü �z~w��� utt{x�~zv {z� u{��vxw�� z� y öz�wvu�wx�� yz ��wx�� �v}�~z�w� Ù y öu~wvz� tv���{Ø� z� ì}�~x�u{z�w� ì� �x �~x Ù �~z{ tvx� ¾
ü �z~w��� ~wx{x�zv �~ uyutwzv {z� ��{~wx��� {��x�xz{{z� z� x�wu�wz� t�~v {z� ��wx���v}�~z�w� yu�� {z ���wz�wz �}�}vx�~z yz { öz�wvu�wx�� yz ��wx�� x�w}vz��u�w� ¾
æ�wvz }�~xt z u ��wu��z�w }w} ����v��w}z Ù �z� tv��{Ø� z� {�v� yz { ö~wx{x�uwx�� y öu{���vxw�� z� y öz�wvu�wx�� yz ��wx�� �v}�~z�w� t�~v v}��~yvz yz� tv��{Ø� z� w�wu{z� z�w yx�}vz�w�wz{� �~z { öz�wvu�wx�� yz� �� �×�×��� � yz� � � ��×��
 � ����� zw {u v}��{~wx�� yz �zvwux�z�t�u�z� y~ tv��z��~� yz v}}�vxw~vz yz vz�~àwz� yu�� ~� �°�wØ� z y öx�w}�vuwx�� yz ��~v�z�yz y���}z� �}w}v��Ø�z� �¿��+

�> � ¿��á� �
�u�� {u �~xwz yz �z ��utxwvz � ��~� u{{��� tv}�z�wzv yz� tv��{Ø� z� yz y}��~�zvwz yz����ux��u��z� vz�wvu�w yu�� {z �uyvz w�}�vx�~z ����xy}v} zw }w~yxzv ����z�w �z �xw~z�w

u ²
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{z� ��{~wx��� z� x�wu�wz� tuv vutt�vw u~� yz~� �~z�wx��� u��vy}z� x�x �

Á �� Â�¥ «¡ª�§¥ Ãª¡¢�� § ©ª¤¤¨¢£ª¢¬�¦

�u�� �zwwz �z�wx�� � ��~� y������ �~z{�~z� z�z�t{z� yz tv��{Ø� z� y öz�wvu�wx�� yz��wx�� x�w}vz��u�w� z�wvu�w yu�� {z �uyvz tv}�z�w} u~ ��utxwvz � zw �~x ��w }w} }w~yx}� tuv��wvz }�~xt z �

Ä ÊË ÊË ]2Õ .-Ò0^Õ ^1ÏÅÑ2ÍÒÕ
Ú�xw

r
~�z �u�z yz y���}z� yz wvu��u�wx��� �~v

R
� ×z tv��{Ø� z yz y}��~�vxv { öz��z��{zyz� ��wx�� �v}�~z�w� yu��

r
tuv vutt�vw Ù ~� �z~x{ � x�x�~� yz �~tt�vw y���} tz~w àwvzvz��v�~{} yu�� {z �uyvz tv}�}yz�w �

×z {u��u�z
L

z�w ���t��} yz { öz��z��{z yz� tuvwxz� yz
R

� x �z �
P(R)

� ×u �u�z yz y���}z�����xy}v}z z�w {u �u�z yz y���}z� yz wvu��u�wx��� � ×z tv}yx�uw ìàwvz �v}�~z�w ì� ��w}
freq

�z�w y}Ý�x yz {u �uÆ�� �~x�u�wz û Ú�xw X ∈ L, freq(r,X,minsup)
z�w �vux �x

support(r,X) ≥
minsup

� ×u vz{uwx�� y ö�vyvz z�w { öx��{~�x��
⊆
� ×u w�}v�vxz

Th
=
r
�
P(R)

�
freq � z�w { öz��z��{zyz� � �wx�� �v}�~z�w� �

×z �~tt�vw }wu�w y}�v�x��u�w tuv vutt�vw Ù { öx��{~�x�� � �z tv}yx�uw z�w u�wx�����w��z ��uv ����}�~z�w � {u ��wx�� yz ��vy~vz z� x�wz û {u ��vy~vz t��xwx�z z�w { öz��z��{z yz� � �wx���v}�~z�w� � u�x� u~� tuv vutt�vw Ù { öx��{~�x�� � u{�v� �~z {u ��vy~vz �}�uwx�z z�w { öz��z��{zyz� � �wx�� ��� �v}�~z�w� � x�x� u~� tuv vutt�vw Ù { öx��{~�x�� �
Þ� �vu�y ����vz yz tv��{Ø� z� {x}� u~� �v}�~z�w� vz�wvz�w yu�� �z �uyvz wz{� �~z {z�tv��{Ø� z� yz y}��~�zvwz yz vztv}�z�wuwx��� ���yz��}z� yz� � �wx�� �v}�~z�w� � ß� z�zw �x{� �z ��vvz�t��yz�w ��~�z�w �~ öÙ { öu� �~w y ö~�z ���wvux�wz u�wx�����w��z u~ tv}yx�uwìàwvz �v}�~z�w ì� {z w�~w vz�wu�w y��� u�wx�����w��z � "�~wz��x� � t �~v �zvwux�� tv��{Ø� z� �{z tv}yx�uw � öz�w t{~� u�wx�����w��z � zw y��� {u ��wx�� yz ��vy~vz � öz�w tu� utt{x�u�{z �×z� � �wx�� �zv� }� �v}�~z�w� z� ���w { öz�z�t{z w°tx�~z �

Ä ÊË Êç ]2Õ ÎÏÓ 2ÍÎ/ÍÔ2Õ ^-ÍÔÒ0-ÍÍ2éé2Õ
�z �uyvz t z~w u~��x àwvz utt{x�~} yu�� ~� ���wz�wz yx�}vz�w yz� � �wx�� �v}�~z�w� � wz{�~z {u y}��~�zvwz yz y}t z�yu��z� ����wx���z{{z� =��� y ö~�z �u�z yz y���}z� vz{uwx���z{{z �×u y}��~�zvwz yz {u ��~�zvw~vz �u���x�~z yz� �� =z��z��{z yz� �� u�z� ~� �z~{ uwwvx�~wz� tuvwxz yv�xwz zw tuvwxz �u~��z � x�x�u{z� z�w ~� z�z�t{z yz tv��{Ø� z uttuvwz�u�w Ù �z�uyvz w�}�vx�~z �

u÷
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Ú�xw ~�z vz{uwx��
r
y}Ý�xz �~v ~� ���}� u yz vz{uwx��

R
� ×z� uwwvx�~w� u����x}� Ù

R
���w��w}�

schema(R)
� Ú�xw ~�z y}t z�yu��z ����wx���z{{z

X −→ B
� u�z�

X ⊆ schema(R)
zw

B ∈ schema(R) Ý�} � Þ�z wz{{z y}t z�yu��z z�w �vuxz yu��
r
� �x t �~v w�~w w~t{z

u, v ∈ r
��� u û �x u

zw
v

��w {u � à�z �u{z~v t�~v {z� uwwvx�~w� yz
X

� u{�v� x{� ��w {u � à�z �u{z~vt�~v { öuwwvx�~w
B

� x �z �
u[X] = v[X] ⇒ u[B] = v[B]

�
�z tv��{Ø� z tz~w àwvz vz��v�~{} yu�� {z �uyvz w�}�vx�~z yz {u � u�xØvz �~x��u�wz ��" Û&� û ×z {u��u�z

L
z�w ���t��} yz { öz��z��{z yz� tuvwxz� yz

schema(R)\{B}
� x �z �

P(schema(R)\{B})
� ×u �u�z yz y���}z� ����xy}v}z z�w {u vz{uwx��

r
� ×z tv}yx�uw yz �}{z��wx��

q(r,X)
z�w �vux �x zw �z~{z� z�w �x

X −→ B
z�w �vux yu��

r
� u�z�

X ⊆ schema(R)\{B}
�×u vz{uwx�� y ö�vyvz z�w { öx��{~�x��

⊆
� ×u w�}�vxz

Th
= v �

P(schema(R)\{B})
� � �z�w { öz��z��{z yz� tuvwxz� �u~��z� yz� y}t z�yu��z� ����wx���z{{z�

X −→ B
�

X ⊆
schema(R)\{B}

� �uwx��uxwz� yu��
r
�

��� ����� .H �� þ��6�
r

�6 � ÿ�41��þ6 ��ÿ
R

��
B

�6 1��ÿ�ý�� ��
R ; �þ6���8ÿþ6�

q(r,X) 4� � ÿ8��21� 9������� �� 41 �Ê
X −→ B

��� �ÿ1�� �16� r 3 1��2 X ⊆ schema(R)\{B} ;
q(r,X)

��� � þ6þ�þ6 � �1ÿ ÿ1�� þÿ� L 4 5�6 24���þ6 ;
×u ��vy~vz t��xwx�z z�w y��� ���t��}z yz� t{~� t zwxwz� tuvwxz� �u~��z� �}vxÝu�w {uy}t z�yu��z ����wx���z{{z � ×u ��vy~vz �}�uwx�z z�w ���t��}z yz� t{~� �vu�yz� tuvwxz��u~��z� �z �}vxÝu�w tu� {u y}t z�yu��z ����wx���z{{z �

Éj�ó�añð�ñ ïñ� � õj� ô �� �ôîõñ� ï `��ñ ðñõî��ó�
× öz�wvu�wx�� yz� �{}� � x�x�u{z� y ö~�z vz{uwx�� z�w ~� u~wvz z�z�t{z y öutt{x�uwx�� yz�z �uyvz {x}z u~� �� � � uttz{��� w�~w y öu��vy {u y}Ý�xwx�� yz� �{}� zw �~t zv �{}� �

+ �, -����- .H �� þ��
r

�6 � ÿ�41��þ6 ��ÿ
R3 ��

X ⊆ schema(R) ; X
��� �6� �~t zv �{} ��

r
�� þ6 1 � þ�ÿ �þ��

u, v ∈ r, u[X] 6= v[X] ; X
��� �6 � �{} � x�x� u{z ��

r Ëþ� ���� 4�� �6� �{}Ì ��
X

��� �6 ���� �ÿ 248 ��
r

��
∀Y ⊂ X,∃u, v ∈ r, u[Y ] = v[Y ] ;

�u�� {u �~xwz � �� ��wz vz�t z�wx�z� z�w
SCle(r)

zw
Cle(r)

{ öz��z��{z yz� �~tzv �{}� zw �{}�yz
R

� ×z tv��{Ø� z �~x ��~� x�w}vz��z z�w � Ù tuvwxv y ö~�z vz{uwx��
r
�~v

R
� y öz�wvuxvz w�~wz�{z� �{}� � x�x� u{z� yz

r
� æ�w��� �~z {z tv��{Ø� z yz y}�x�x�� � �~x ����x�wz Ù �u��xv � öx{ z� x�wz �yu�� ~�z vz{uwx�� y���}z � ~�z �{} yz wux{{z x��}vxz~vz Ù

k
y���} � z�w æ�����t{zw �â��ÚU�� �

�u�� �z ���wz�wz � {z� ��w� y~ {u��u�z ���w {z� ��~��z��z��{z� y öuwwvx�~w� yz
schema(R)

� x �z �
P(schema(R))

� × ö�vyvz tuvwxz{
¹

z�w wvx� xu{z�z�w { öx��{~�x�� z��z��{x�wz
⊆

�
u#
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×z tv}yx�uw ìàwvz ~�z �{} � x�x�u{z ì � ö}wu�w tu� � ���w��z �~ u�wx�����w��z � }w~yx���{z tv}yx�uw ìàwvz ~�z �~tzv �{} ì� "vØ� vutxyz� z�w � �� � öut zvÆ�xw �~z �zwwz ��wx�� yz �~tzv�{} z�w � ���w��z �

��� ����� .Í�� þ��6�
r

�6 � ÿ�41��þ6 ��
X

�6 �6� �� ý4� � 51��ÿ�ý��� ��
schema(R) ; Î þ�þ6�

P (X, r) 4�� ÿ8��21� 9�� ����� �� Ï ��� �6 � ��� �ÿ 248 �16� r ;
P (X, r)

��� � þ6þ�þ6 � �1ÿ ÿ1�� þÿ� L
⊆ ;

�vz~�z
Î þ�� ���þ6� � þ6�ÿ�ÿ 9�� � þ�ÿ �þ�� Ï 3 Ð ��4 9� � X ⊂ Y 3 þ6 1 J ËÏ 3ÿÌ �ÿ1� ⇒ J ËÐ3ÿÌ �ÿ1�;���� þ�þ6� 9�� J ËÏ 3ÿÌ ��� �ÿ1� ⇒ ∀u, v ∈ r, u[X] 6= v[X] ;
⇒ ∀u, v ∈ r, u[X ∪ Y \X] 6= v[X ∪ Y \X] ;� þ6 2 J ËÐ3ÿÌ ��� �ÿ1�3 297 �;

×z� �{}� � x�x� u{z� y ö~�z vz{uwx�� ���w {z� �~t zv �{}� � x�x� u{z� tuv x��{~�x�� � �z t{~� �
SCle(r)

z�w �{�� tuv {z �u~w �
Cle(r)

tz~w u{�v� àwvz �uvu�w}vx�} Ù tuvwxv yz {u � �vy~vzt��xwx�z yz� �~tzv �{}� � x �z � {z� t{~� t zwxwz� �~t zv �{}� tuv vutt�vw Ù { öx��{~�x�� ={z tv}yx�uw}wu�w � ���w��z� �
��� ����� .Ñ�

Cle(r) = Bd+(SCle(r))

Ä ÊË Ê@ ]2Õ ÎÏÓ 2ÍÎ/ÍÔ2Õ Î Ò0ÍÔéÑÕ0-Í
×z� y}t z�yu��z� y öx��{~�x�� =��� ���w yz� ���wvux�wz� �}� u�wx�~z� ���yu�z�wu{z� t�~v{z� �u�z� yz y���}z� vz{uwx���z{{z� ���Û� � sÓÔ Û> � ××ÛÛ� � � u{�v} {u ��wx�� y ö�vyvz x��}�vz�wz u~� �� � �z tv��{Ø� z z�w vztv}�z�wu�{z tuv yz� z��z��{z� �����>� �
Ú�xz�w

r
zw

s
yz~� vz{uwx��� � vz�t z�wx�z� z�w yz ���}� u

R
zw

S
� Þ�z y}tz�yu��z y öx��{~��x�� z�w ~�z z�tvz��x�� yz {u ��v� z

R[X] ⊆ S[Y ]
� �	

X
zw

Y
���w yz� �}�~z��z� y öuwwvx�~w�yz

schema(R)
zw

schema(S)
vz�t z�wx�z� z�w wz{� �~z

|X| = |Y |
� ×u ��

R[X] ⊆ S[Y ]
z�w�uwx��uxwz yu��

(r, s)
�x w�~wz� {z� �u{z~v� yz�

X
yu��

r
���w u~��x yz� �u{z~v� yz

Y
yu��

s
��zwwz ��wx�� �}�}vu{x�z {z� ���wvux�wz� yz �{}� }wvu��Øvz� �

�z tv��{Ø� z tz~w àwvz vz��v�~{} yu�� {z �uyvz yz y}��~�zvwz yz ����ux��u��z� x�wv�y~xwtv}�}yz��z�w ��" Û&� � ×z {u��u�z
L

z�w ����wxw~} yz w�~wz� {z� y}t z�yu��z� y öx��{~�x����� wvx� xu{z� � Þ� �vyvz tuvwxz{ �~v {z� �� t z~w àwvz y}Ý�x yz {u � u�xØvz �~x�u�wz û �x
izw

j
���w yz~� �� �

j ¹ i
�x

j
tz~w àwvz ��wz�~ z� z�z�w~u�w {u � à� z tv�� z�wx�� �~v {z�yz~� tuvwxz� yz

i
� �uv z�z�t{z �

R[AB] ⊆ S[EF ] ¹ R[ABC] ⊆ S[EFG]
� ×z tv}yx�uwyz �}{z�wx��

P (r, s, R[X] ⊆ S[Y ])
z�w �vux �x {u y}t z�yu��z

R[X] ⊆ S[Y ]
z�w �uwx��uxwz

u0
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yu��

(r, s)
� ×z tv��{Ø� z yz ��~x{{z yz y���}z� ��~��� u�z�w t z~w àwvz ��v�~{} yz {u � u�xØvz�~x�u�wz û ìÚ�xw ~�z �u�z yz y���}z� � wv�~�zv w�~wz� {z� y}t z�yu��z� y öx��{~�x�� �uwx��uxwz�yu�� �zwwz �u�z yz y���}z� ì �B��ÚÛ
 � B��� � ����� �

��� ����� .Õ�� þ��6�
r

��
s

���: ÿ�41��þ6� ; �þ6���8ÿþ6�
X

��
Y

��� �þ��P�6� �� ý4�� � 51��ÿ�ý��� ��
R��

S
ÿ��� �2��� �� �6� ËrÏ rÖr ÐrÌ ; Î þ�þ6�

P ( r, s, R[X] ⊆ S[Y ] ) 4� � ÿ8��21� 9�� ����� ��
R[X] ⊆ S[Y ]

��� �1���7 1��� �16� (r, s) ;
P (r, s, R[X] ⊆ S[Y ])

��� 16��P� þ6þ�þ6 � �1ÿ ÿ1�� þÿ� L
¹ ;

×z tv}yx�uw }wu�w u�wx�����w��z vz{uwx�z� z�w Ù { ö�vyvz ~wx{x�} � {u ��wx�� yz ��vy~vzt z~w àwvz utt{x�~}z t�~v �z tv��{Ø� z � ×u ��vy~vz t��xwx�z
Bd+(I)

z�w { öz��z��{z yz�y}t z�yu��z� y öx��{~�x�� �uwx��uxwz� {z� t{~� �t }�xu{x�}z� � ×u ��vy~vz �}�uwx�z
Bd−(I)

z�w{ öz��z��{z yz� y}t z�yu��z� y öx��{~�x�� ��� �uwx��uxwz� {z� t{~� �}�}vu{z� tuv vutt�vw Ù{ ö�vyvz ~wx{x�} �
× ö��wz�wx�� y ö~�z vztv}�z�wuwx�� z��z��{x�wz yz �z tv��{Ø� z �z �uxw y öutvØ� { öx�w~x�wx�� �~x�u�wz û Ú�xw

I1

{ öz��z��{z yz� y}t z�yu��z� y öx��{~�x�� �uwx��uxwz� yz wux{{z Ü� ×u����wx��
ens

tzv� zw y öu����xzv Ù ��u�~z y}tz�yu��z y öx��{~�x�� yz
L

� ~� z��z��{z yzy}t z�yu��z� y öx��{~�x�� ~�uxvz� yz {u � u�xØvz �~x�u�wz û ens(i) = {j ∈ I1|j ¹ i}
��uv z�z�t{z � ����xy}v��� {u y}t z�yu��z y öx��{~�x��

R[ABC] ⊆ S[FGH]
� u�z�

{A,B,C} ∈ schema(R)
zw

{F,G,H} ∈ schema(S)
� �� u u{�v�

ens(R[ABC] ⊆
S[FGH]) = {R[A] ⊆ S[F ], R[B] ⊆ S[G], R[C] ⊆ S[H]}

�
ß� ����xy}vu�w ~�x�~z� z�w {z� �� y��w {u tuvwxz �u~��z vz�t z�wz ~� �vyvz Ý�} � ����wxz�w �~z {u ����wx��

ens
z�w �x� z�wx�z zw uy�zw ~�z ����wx�� x��zv�z

ens−1
� � u��{z �u� ���wvuxvz � {u ����wx��

ens
�z �zvuxw tu� x�� z�wx�z � �uv z�z�t{z � x{ �zvuxw t���x� {zy öu��xv

ens(R[AA] ⊆ S[DE]) = ens(R[AA] ⊆ S[ED])
� t �~v ���z� u =� �� ×s �â �� Ø zw���z� u =Ú��×� �ß �� Ø � �zwwz wvu����v� uwx�� z�w �x�t{z � ux� �}�z��xwz yz vz�wvzx�yvz {z� � �tvx�z� z� ���twz Ù { öz��z��{z

C
y}Ý�x yz {u � u�xØvz �~x�u�wz �����>� û

C = {i = R[A1...An] ⊆ S[B1...Bn] | ∀k, l, 1 ≤ k < l ≤ n,

(Ak < Al) ∨ (Ak = Al ∧ Bk < Bl)
zw x ��� wvx� xu{z

}

æ�w��� �~z �zwwz vz�wvx�wx�� � öx�t{x�~z u~�~�z tzvwz yz ����ux��u��z � �vÙ�z u~ �°�wØ� zy öx��}vz��z yz � xw��z{{ �� xwU�� �

Ä ÊËÊ\ Ú ÏÏÔ10ÒÑ12 Î2 12ÅÑÛÒ2Õ
×u v}}�vxw~vz yz vz�~àwz� Ù tuvwxv yz �~z� z�w ~�z tv��{}� uwx�~z x�t�vwu�wz � y��w{z� utt{x�uwx��� ���w yz { ö�twx� x�uwx�� yz vz�~àwz� Ù { öx�w}�vuwx�� yz ��~v�z� �}w}v��Ø�z� ��u�� �¿��

+
�>� � {z� u~wz~v� ��w t{~� tuvwx�~{xØvz� z�w }w~yx} �z tv��{Ø� z z� tv}�z��z yz

uA
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���wvux�wz� yz �u{z~v� � zw ��w � ��wv} �~z �zvwux�z� }wut z� yz {u v}}�vxw~vz t�~�uxz�w �z��v�~{zv yu�� {z �uyvz yz ��~x{{z yz y���}z� �~z ��~� u��vy��� x�x �

×z tv��{Ø� z yz {u v}}�vxw~vz yz vz�~àwz� z� wzv� z� yz �~z� t z~w � ö}����zv yz {u �uÆ���~x�u�wz û Ú�xz�w Q
~�z vz�~àwz zw

V
~� z��z��{z yz �~z� � {z tv��{Ø� z ����x�wz Ù vz��v�~{zv~�z vz�~àwz

Q
z� ~�z z�tvz��x�� � uttz{}z v}}�vxw~vz � �~x ~wx{x�z ~�x�~z� z�w {z� �~z� yz

Vzw �~x z�w � u�x� u{z� z�w ���wz�~z yu��
Q �Óu{� Ü� Þ {{��� � ×u v}}�vxw~vz yz vz�~àwz t z~wàwvz �~z ����z ~�z wz���x�~z t�~v �u{�~{zv {z� v}t���z� Ù ~�z vz�~àwz yu�� ~� �°�wØ� zyz � }yxuwx�� �~x�u�w ~�z uttv���z ×sÔ =×��u{ s � Ô xzÜ � � �u�� �z w°t z y öuttv���z � {z��~z� � t �x�w y öu��Ø� u~� ��~v�z� yz y���}z� � ���w y}�vxwz� ����z yz� vz�~àwz� z� wzv� z�y~ ���}� u �{��u{ y~ �}yxuwz~v �

�u�� �zvwux�� �u� � { öz�tvz��x�� yz ���wvux�wz� yz �u{z~v� t zv� zw y ö��wz�xv yz� yz���vxtwx��� yz vz�~àwz� zw yz �~z� wvØ� Ý�z� � �uv z�z�t{z � ~�z vz�~àwz t z~w yz� u�yzv {z�tuv�z{{z� �~{w~vu{z� yz� �~�}v�� yz ����~�z
23200

�~
23400

�~x ��w vzÆ~ yz� t z�wx�xyz�y~vu�w {z� u��}z�
2001

�~
2002

� ×z� ���wvux�wz� yz �u{z~v� ��w x�x t zv� x� yz �t }�xÝzv {z��u{z~v� t���x�{z� yz� uwwvx�~w� �~�}v�� yz ����~�z zw u��}z� �
��~v v}��~yvz {z tv��{Ø� z yz {u v}}�vxw~vz yz vz�~àwz� z� wzv� z� yz �~z� z� tv}�z��zyz ���wvux�wz� yz �u{z~v� � {z� u~wz~v� yu�� �¿��+

�>� � öutt~xz�w yu�� ~� tvz� xzv wz�t��~v {z �uyvz ��v� z{ yz� {��x�~z� yz yz��vxtwx�� �â��
+
��� zw uytuwz�w ~� u{��vxw�� z yzv}}�vxw~vz yu�� {z �uyvz yz {u {��x�~z }w~yx}z � ß��~xwz � �zvwux�z� }wut z� ��cwz~�z� yz �zwu{��vxw��z ���w vz��v�~{}z� z� tv��{Ø� z� y öz�wvu�wx�� yz ��wx�� x�w}vz��u�w� � t zv� zwwu�wux��x y öz�t{�xwzv {z� u{��vxw�� z� z� x�wu�w� yu�� �z y��ux�z zw y ö�twx� x�zv �z� }wut z� �

æ�w��� �~z t�~v �zw z�z�t{z {z �x�zu~ yz �vu�~{uvxw} z�w yx�}vz�w yz� z�z�t{z� tv}��}yz�w� � Úz~{z� �zvwux�z� }wut z� yz {u � }w��yz yz v}��{~wx�� tz~�z�w àwvz vz��v�~{}z� z�tv��{Ø� z� y öz�wvu�wx�� yz ��wx�� x�w}vz��u�w� � zw ��� { öz��z��{z y~ tv��{Ø� z ����z �z{uz�w {z �u� t�~v {z� �v}�~z�w� � {z� �� �~ {z� � � � "�~wz��x� � �z� }wut z� ����wxw~z�w ~� t�x�wyxå �x{z yz {u � }w��yz z� wzv� z� yz tu��u�z Ù { ö}��z{{z � ×z~v vz��v�~{uwx�� yu�� �z �uyvzw�}�vx�~z t zv� zw y��� y öz�t{�xwzv {z� � }w��yz� zå �u�z� y}�z{�tt}z� t�~v { öz�wvu�wx�� yz��wx�� �

Á �s Ý¤¤¨¢£ª¢¬� §¥¦ ª¨«¬¡¢®¯¥¦ ¥� ¢¦ª�¦ Þ ¨ ©¥�¡ª£¢¬�
§¥ ¯¬¢ß¦ ¢��¡¥¦¦ª�¦

�u�� �zwwz �z�wx�� � ��~� u{{��� ��~� x�w}vz��zv Ù {u �~z�wx�� yz { öutt{x�uwx�� yz� u{���vxw�� z� z� x�wu�w� y öz�wvu�wx�� yz ��wx�� �v}�~z�w� yu�� {z �uyvz w�}�vx�~z yz ��" Û&� �"�~w y öu��vy � ��~� u{{��� �x�t{z� z�w }w~yxzv � öx{ z�w t���x� {z y ö~wx{x�zv �z� u{��vxw�� z�yu�� �z ��~�zu~ ���wz�wz � zw ��~� �~z{{z� ���yxwx��� � ß��~xwz � ��~� �zvv��� { öx�tu�w �~z�z{u u �~v {z� u{��vxw��z� �
����z ��~� { öu���� �~ tv}�}yz��z�w � {u � u� �vxw} yz� u{��vxw�� z� ~wx{x�z�w yz� tv��

uW
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tvx}w}� {x}z� u~ �~tt�vw t �~v u� }{x�vzv {z~v zå �u�xw} � æ}u���x� � x{ z�w ��~�z�w t���x�{z yz{z� �~ttvx� zv zw y ö~wx{x�zv ~�x�~z� z�w {u �wvuw}�xz ì�u�x�~z ì y öz�t{�vuwx�� yz { öz�tu�z yzvz��zv��z yz { öu{��vxw�� z � ×z� u{��vxw��z�

Mafia �â�ä�Ü� zw
GenMax �äã�Ü� ���w tuvz�z�t{z yu�� �z �u� � �{� ~wx{x�z�w yz� �twx� x�uwx��� tv�tvz� u~� �v}�~z�w� � � ux� t z~�z�wàwvz v}y~xw� u~ tuv��~v� yz { öz�tu�z yz vz��zv��z �~ öx{� z�z�w~z�w � x �z � ~� tuv��~v� z� tv�����yz~v u�z� }{u�u�z Ù tuvwxv yz� ��wx�� yz {u ��vy~vz t��xwx�z y}��~�zvw� =�z�wx�� � �
 �Ü� �"�~wz��x� � �z � öz�w tu� w�~� �~v� {z �u� � Þ�z �wvuw}�xz wz{{z �~z �z{{z ~wx{x�}z tuv

FP − growth �Ó�á ��� z�w w�wu{z� z�w y}t z�yu�wz y~ tv��{Ø� z yz� � �wx�� �v}�~z�w� =�z��wx�� � �
 �
� � �z {u � à� z �u�xØvz �
LCM �ÞsÞs��� �z t z~w àwvz utt{x�~} �~z �x {u ��wx��yz �zv� zw~vz z� x�wz =�z�wx�� � �
 �
� �

�z t{~� � �z� uyutwuwx��� vx��~z�w yz � zu~��~t u�z�wzv {z� t zv��v� u��z� yz� u{���vxw�� z� � zw t z~�z�w � à�z x�l~z��zv {u �wvuw}�xz y öz�t{�vuwx�� yz { öz�tu�z yz vz��zv��z �ß� z�zw � {z~v� t zv��v� u��z� y}t z�yz�w ��vwz� z�w y ö�twx� x�uwx��� �t }�xÝ�~z� u~ tv}yx��uw ìàwvz �v}�~z�w ì� ��wu��z�w t�~v u�}{x�vzv {z �u{�~{ y~ �~tt�vw =�z�wx��� > �
 zw & �� � ��uv ����}�~z�w � {z~v zå �u�xw} t�~v ~� u~wvz tv}yx�uw z�w t{~� �~ öx��zvwux�z � ×z� u{���vxw�� z� {z� t{~� t zv��v� u�w� t�~v { öz�wvu�wx�� yz� � �wx�� �v}�~z�w� �z {z ���w y��� tu��}�z��uxvz� z�w t�~v ~� tv��{Ø� z }�~x�u{z�w �×z� �wvuw}�xz� y öz�t{�vuwx�� yz { öz�tu�z yz vz��zv��z t z~�z�w u~��x àwvz u�z�w}z� � �uvz�z�t{z � {z� �u~w� z�z�w~}� tuv ~�z �vu�yz tuvwxz yz �z� u{��vxw��z� ���w �}�}vu{z� z�wuttv�� x� uwx�� zw y}t z�yz�w yz { ö�vyvz yu�� {z�~z{ {z� ��wx�� ���w ����xy}v}� � ��~v {z tv���{Ø� z yz { öz�wvu�wx�� yz� ��wx�� �v}�~z�w� � {z� � �wx�� ���w ��~�z�w �vy���}� tuv �~tt�vw�v�x��u�w � ����z { ö��w � ��wv} yx�}vz�w� wvu�u~� �ss��Ü� â�v�� � â�y��� � �zw �vyvz t zv�� zw z� tvuwx�~z y öu� }{x�vzv ��vwz� z�w {z� t zv��v� u��z� yz� u{��vxw�� z� � "�~wz��x� � �zwwz�z~vx�wx�~z z�w tv�tvz u~ tv��{Ø� z yz� �v}�~z�w� � zw t z~w yxå �x{z� z�w àwvz utt{x�~}z yu��~� u~wvz ���wz�wz �
�z �u�xØvz �}�}vu{z � t z~ y öu{��vxw�� z� � öutt~xz�w �~v ~�z �wvuw}�xz w�wu{z� z�w �}�}�vx�~z t�~�u�w àwvz utt{x�~}z yxvz�wz� z�w Ù � öx�t�vwz �~z{ tv��{Ø� z y öz�wvu�wx�� yz ��wx��x�w}vz��u�w� � s wxwvz y öz�z�t{z � yz� u{��vxw�� z� wz{� �~ ö

Apriori �s ÚÛ�� �
Eclat �ã��×Û&��~

Dualize and Advance �äB�
+
��� ���w yu�� �z �u� � ����z ��~� u{{��� {z ��xv � ux�wz��u�w � { öu{��vxw�� z

ABS ������� �~z ��~� u���� tv�t��} �uxw u~��x tuvwxz yz �zwwz �u� x{{zy öu{��vxw��z� w�wu{z� z�w �}�}vx�~z� �

âj�jð ����j ï `vãy × öu{��vxw�� z
ABS

� öutt~xz �~v yz~� w°tz� yz �wvuw}�xz û {u tvz�� xØvz z�w ~� tuv��~v� tuv �x�zu~ xyz�wx�~z Ù �z{~x ~wx{x�} yu��
Apriori

=�z�wx�� � �Ü�Ü� �zw {u yz~� xØ� z z�w �u�}z �~v {u ��wx�� yz y~u{x�uwx�� =�z�wx�� � ��� � � v ����z �z{u u }w}� ��wv} yu�� ��" Û&� �
Apriori

tz~w àwvz �}�}vu{x�} Ù w�~w tv��{Ø� z y öz�wvu�wx�� yz ���wx�� x�w}vz��u�w� � �u�� ��yxÝ�uwx�� yz �u �wvuw}�xz � �z � à� z � {z� y~u{x�uwx��� z�z�w~}z�z��~xwz tuv
ABS

� öutt~xz�w �~v {z� w�}�vØ� z� y}Ý�x� z� �z�wx�� � t�~v { öz��z��{z yz�tv��{Ø� z� y öz�wvu�wx�� yz ��wx�� x�w}vz��u�w� vztv}�z�wu�{z� tuv yz� z��z��{z� �
ABS

z�w u~��x ���y} �~v yz~� u�t z�w� uyutwuwx�� =�z�wx�� & �Ü �� � � ×z tvz� xzv � zw {zt{~� x� t�vwu�w � t zv� zw yz y}wzv� x�zv {u Ý� yz { öuttv���z tuv �x�zu~ zw {z y}�~w yz {u
u±
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t�u�z yz y~u{x�uwx�� z�wvz {z� yz~� ��vy~vz� � ��~v {z tv��{Ø� z yz� ��wx�� �v}�~z�w� � �z��u��z�z�w yz �wvuw}�xz z�w y}wzv� x�} y öutvØ� {u tv�t�vwx�� yz ��wx�� �v}�~z�w� �}�}v}�{�v� yz {u yzv�xØvz xw}vuwx�� y ö

Apriori
=�z�wx�� & �Ü �� � � �zwwz �wvuw}�xz uyutwuwx�z t z~w y����x�t{z� z�w àwvz �}�}vu{x�}z z� }w~yxu�w {u tv�t�vwx�� yz ��wx�� x�w}vz��u�w� �}�}v}� tuv{ öuttv���z tuv �x�zu~ �×z �z���y u�t z�w uyutwuwx� z�t{�xwz { ö}{�x��z� z�w y ö~� ��wx� tuv vutt�vw Ù {u � �vy~vzt��xwx�z =�z�wx�� & �Ü�� � � â xz� �~z {u y}Ý�xwx�� yz {u � z�~vz ��xw ��vwz� z�w y}t z�yu�wzy~ tv��{Ø� z }w~yx} � �zwwz ��wx�� z�w �}�}vx�~z zw t z~w àwvz vzy}Ý�xz t�~v w�~w tv��{Ø� zy öz�wvu�wx�� yz ��wx�� x�w}vz��u�w� � �uv z�z�t{z � yu�� {z �uyvz yz { ö}w~yz yz� � � {z� t{~��t }�xu{x�}z� � ~�z �z�~vz u }w} y}Ý�xz yu�� �×�" �
� zw t zv� zw ux��x y öz�wx� zv {u yx�wu��zz�wvz ~�z �� ��� �uwx��uxwz zw {u ��vy~vz t��xwx�z �

��~v Ý�xv � ��w��� �~z { ö��� z�wx� yz �zw u{��vxw�� z z�w yz {x� xwzv {z ����vz yz � �wx���u�yxyuw� wz�w}� tuv vutt�vw u~ tv}yx�uw � zw ��� y ö�twx� x�zv {z wvuxwz� z�w y~ tv}yx�uw �Ú�� zå �u�xw} z�w y��� w�wu{z� z�w x�y}t z�yu�wz y~ tv}yx�uw ����xy}v} � ���wvuxvz� z�w u~��zx{{z~v� u{��vxw�� z� y öz�wvu�wx�� yz ��wx�� �v}�~z�w� �
× özå �u�xw} yz �z w°t z yz �wvuw}�xz u }w} y}���wv}z yu�� ������ t �~v {z tv��{Ø� zyz { öz�wvu�wx�� yz� �� � ��~v �z tv��{Ø� z � {z ��cw y~ wz�w y~ tv}yx�uw z�w x� t�vwu�w � �z�~x z�t{x�~z { öx�w}vàw yz ��wvz uttv���z y��w { ö��� z�wx� z�w yz {x� xwzv {z ����vz yz � �wx��wz�w}� � �zw x�w}vàw z�w u~��x z� tuvwxz {x} Ù ~�z tv�tvx}w} w�}�vx�~z yz� �� �~x �z wvuy~xwtuv yz� yx�wvx�~wx��� yz� ��vy~vz� tuvwx�~{xØvz� � ��vvz�t��yu�w u~ w°tz �� =�vu�yz yx�wu��zz�wvz {z� ��vy~vz�� zw u~ w°tz ��� =��vy~vz� tv���z� � ux� ���t��}z� yz t zwxw� }{}� z�w��yz {u �{u��xÝ�uwx�� tv�t��}z yu�� {z ��utxwvz á �
æ�w��� �~z {z� v}�~{wuw� y~ ��utxwvz á t z~�z�w ux��x àwvz �}�}vu{x�}� u~� tv��{Ø� z�y öz�wvu�wx�� yz ��wx�� x�w}vz��u�w� � ��~v �z w°t z yz tv��{Ø� z� � { ö}w~yz yz {u � �vy~vzt��xwx�z zw yz {u ��vy~vz �}�uwx�z y ö~� tv}yx�uw u�wx�����w��z =�~ ����w��z� y���}tz~w ��~� t zv� zwwvz y öu��xv yz� x���v� uwx��� wvØ� �}�}vu{z� �~v �z tv}yx�uw � �zwwz }w~yztz~w ��wu��z�w ��~� t zv� zwwvz yz � xz~� uttv}�z�yzv {z ���t�vwz� z�w yz� yx�}vz�wz��wvuw}�xz� z� x�wu�wz� � zw y���zv yz� x�yx�uwx��� �~v { öz� x�wz��z yz tv�tvx}w}� u����x}z� u~tv}yx�uw }w~yx} �

Á �� t¥¦ ¦¬¨¦¢¬�¦ ¨¬«¢£¢¥¨¨¥¦ ¥� ¢¦ª�¥¦ ¤ ¬¦¡ ¨ ©¥�¡ª£¢¬�
§¥ ¯¬¢ß¦

Þ�z �vu�yz tuvwxz yz� x�t{}� z�wuwx��� yz� u{��vxw�� z� y öz�wvu�wx�� yz ��wx�� �v}��~z�w� �z tv}�z�wz ��~� {u ��v� z yz tv��vu��z� x�y}t z�yu�w� � y}�z{�tt}� tvx��xtu{z� z�wt�~v }�u{~zv { özå �u�xw} yz { öu{��vxw�� z � � öz�w ��wu��z�w {z �u� yz w�~wz� {z� x�t{}� z��wuwx��� vz�y~z� yx�t��x�{z� tuv {z� uwz{xzv� ���� �
� öu~wvz� wvu�u~� wz{� �~z

Illimine �Óä�>� �~
Weka �ä ��>� � tv�t��z�w yz� �~wx{� yz��~x{{z yz y���}z� zw y öuttvz�wx��u�z {x�vz� yz yv�xw� x�w}�vu�w yz� u{��vxw�� z� y öz�wvu�wx��

un
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yz ��wx�� �v}�~z�w� �×z tv�� zw

Illimine
z�w ~�z {x�vuxvxz �å��� y}�z{�tt}z tuv { ö}�~xt z yz vz��zv��z y~tv��z��z~v ¿ � Óu� � zw vz�v�~tu�w {z� x�t{}� z�wuwx��� yz� u{��vxw�� z� tv�t��}� tuv �z{{z��x �×z� y��ux�z� u�w~z{{z� z�w u��vy}� tuv �z tv�� zw ���w {z �~�z yz y���}z� � {u y}��~�zvwzyz� vØ�{z� y öu����xuwx��� � { öz�wvu�wx�� yz� ��wx�� �}�~z�wxz{� � {u ��~x{{z yz �vut�z� zw {u�{u��xÝ�uwx�� � �z t{~� � yz� �~wx{� ��w }w} y}�z{�tt}� u~ �zx� yz �z tv�� zw uÝ� yz �u�x{xwzv{ ö~wx{x�uwx�� yz� z�}�~wu�{z� ��z ��� �Vw} �

Weka
z�w ~� {��x�xz{ �vuw~xw y öuttvz�wx��u�z zw yz ��~x{{z yz y���}z� tuv� x{z� t{~� ~wx{x�}� � �z {��x�xz{ � y}�z{�tt} z� ¿u�u zw ����wxw~} y ö~�z x�wzv�u�z �vut�x�~z �vz�v�~tz ~�z ��{{z�wx�� y öu{��vxw�� z� y öuttvz�wx��u�z zw yz ��~x{{z yz y���}z� � �{ ���wxz�wyz� �~wx{� t�~v {z tv}�wvuxwz� z�w yz� y���}z� � {u �{u��xÝ�uwx�� � {u v}�vz��x�� � {u y}��~�zvwzyz vØ�{z� y öu����xuwx��� zw {u � x�~u{x�uwx�� � s tuvwxv yz { öx�wzv�u�z �vut�x�~z � �z {��x�xz{t zv� zw u~��x yz y}�z{�ttzv yz ��~�zu~� tv��z��~� y öz�wvu�wx�� yz ����ux��u��z� � � {~��u�x�~z�z�w �

Weka
tz~w u~��x àwvz ~wx{x�} wz{{z ~�z {x�vuxvxz yz ���t��u�w� ¿u�u �

"�~wz��x� � �z� wvu�u~� �z ���w �~z vz�v�~tzv yz� x�t{}�z�wuwx��� y öu{��vxw�� z� y}yx}z�zw �twx� x�}z� t�~v {u v}��{~wx�� yz tv��{Ø� z� tv}�x� � �z� tv��vu��z� �z tz~�z�w y���tu� àwvz ~wx{x�}� t�~v v}��~yvz y öu~wvz� tv��{Ø� z� � à� z � öx{� ���w }�~x�u{z�w� � ×z� ��yz���~v�z� �z ���w tu� w�~� �~v� yx�t��x�{z� � zw {�v��~ öx{� {z ���w {z~v ��yxÝ�uwx�� � öu�Øvzyxå �x{z ��xvz x� t���x� {z yz tuv {u ���t{z� xw} yz { öx�t{}� z�wuwx�� �
æ�w��� �~z yz� ��{~wx��� ����zv�xu{z� z� x�wz�w u~��x � �uv z�z�t{z �

SAS Enterprise Miner
tzv� zw y öutt{x�~zv yx�}vz�w� wvuxwz� z�w� yz ��~x{{z yzy���}z� � y��w { öz�wvu�wx�� yz ��wx�� �v}�~z�w� � � ux� { ö~wx{x�uwx�� yz� u{��vxw�� z� x�w}�v}�u~ {��x�xz{ t �~v v}��~yvz w�~w u~wvz tv��{Ø� z �~z �z{~ x tv}�~ x�xwxu{z� z�w z�w x�t���x�{z �y öu~wu�w t{~� �~z {z ��yz ��~v�z � öz�w tu� yx�t��x�{z �

s ��wvz ����ux��u��z � ~� �z~{ wvu�ux{ wz�y Ù tv�t ��zv ~�z ��{~wx�� ì�}�}vx�~z ì �x�u�wÙ �x�t{xÝzv {u v}~wx{x�uwx�� yz� u{��vxw�� z� y öz�wvu�wx�� yz ��wx�� �v}�~z�w� û {u {x�vuxvxz��"× =�uwu � x�x�� "z�t{uwz ×x�vuv° � �Ó�Ú
+
�>� � ß {{z t zv� zw Ù { ö~wx{x�uwz~v y öuyutwzv{z� u{��vxw�� z� x�t{}� z�w}� tuv { ö}�~xt z yz � �¿ � ãu$ x uÝ� yz v}��~yvz yz� tv��{Ø� z� yzy}��~�zvwz yz ��wx�� =u~ �z�� {uv�z� �v}�~z�w� �

fî õ��ðî �ð�ñ É¡æf ��"× z�w ~�z ��{{z�wx�� y öu{��vxw��z� zw yz �wv~�w~vz� yz y����}z� � ×z� �wv~�w~vz� yz y���}z� �}�}vx�~z� y}Ý�xz� t zv� zwwz�w yz wvuxwzv yz� ��wx�� �uvx}� �zw yz ����z��xv yz� u{��vxw�� z� �}�}vx�~z� y öz�wvu�wx�� yz ��wx�� �v}�~z�w� � ×u {x�vuxvxzt zv� zw y öu��}yzv Ù yx�}vz�w� w°t z� yz �u�z yz y���}z� z� �}��xvz �~ �~v {z yx��~z � zw yz{z� �}vzv yz � u�xØvz ��vxm��wu{z �~ �zvwx�u{z =�z�wx�� > �
� �
�u�� {z~v {x�vuxvxz � {z� u~wz~v� vztv}�z�wz�w {z� yx�}vz�w� w°t z� yz ��wx�� ��~� ��v� z yz�vut�z� � ×u Ý�~vz U �Ü x{{~�wvz yz� � �wx�� wz{� �~z {z� z��z��{z� � {z� �}�~z��z� � {z� uv�vz�zw {z� �vut�z� � s x��x � {z� z��z��{z� y öuvwx�{z� ���w tuv z�z�t{z yz� �vut�z� u°u�w t�~v��z~y� {z� uvwx�{z� zw u~�~�z uvàwz �
����vØwz� z�w � ~�z �à�z �wv~�w~vz yz y���}z� z�w ~wx{x�}z t�~v vztv}�z�wzv w�~� {z�

uu
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'() * U �Ü ü � ztv}�z�wuwx�� yz� ��wx�� yu�� {u {x�vuxvxz ��"× �ã��
+
�>�

� �wx�� ��~� ��v� z yz �vut�z � zw ��u�~z w°tz yz ��wx�� z�w yx�}vz��x} tuv ~� z��z��{z yztv�tvx}w}� zw yz � }w��yz� ûü tv�tvx}w}� �~v {u �wv~�w~vz yz� ��wx�� � ß {{z� t zv� zwwz�w yz y}Ý�xv �~z{ w°t z yz �vut�z�u vztv}�z�wzv {z� ��wx�� � x �z � {z� tv�tvx}w}� �~v {z� uvàwz� zw {z� ��z~y� � �uv z�z�t{z �{z� uv�vz� ���w �uvu�w}vx�}� tuv {z� tv�tvx}w}� ì����z�z ì zw ìu�°�{x�~z ì� �uv tuvy}Ý�xwx�� �z ���w yz� �vut�z� ����z�z� zw u�°�{x�~z� �
ü � }w��yz� ~wx{x�}z� {�v� yz { öz�wvu�wx�� � � ux� tv�tvz� u~ ��wx� }w~yx} � �uv z�z�t{z �x{ z�w �}�z��uxvz yz y}Ý�xv {z� � }w��yz� yz �}�}vuwx�� yz� �u�yxyuw� =�z�wx�� � �Ü� zwyz ���twu�z y~ �~tt�vw � ß� z�zw � �z{{z���x ���w w�wu{z� z�w yx�}vz�wz� y ö~� w°t z yz��wx� Ù ~� u~wvz � tuv z�z�t{z z�wvz {z� z��z��{z� zw {z� �vut�z� ��u�� �z ���wz�wz � { öu� �~w y ö~� ��~�zu~ w°tz yz ��wx� Ù {u {x�vuxvxz ��vvz�t��y �x�t{z� z�wÙ { öu� �~w yz ��~�z{{z� tv�tvx}w}� zw � }w��yz� �
� ö~� t�x�w yz �~z ����ztw~z{ � {z� u~wz~v� ~wx{x�z�w {z �uyvz w�}�vx�~z yz { ö1614§� �7 þÿ� �4 4� �� 2þ6 2�� �� �ää ÛÛ� t�~v ��y}{x�zv {u �x}vuv��xz yz� yx�}vz�w� w°t z� yz��wx�� � � {~� ����vØwz� z�w � {z� ��wx�� zw {z~v� tv�tvx}w}� ���w vztv}�z�w}� tuv yz�����ztw� ��v� z{�

(A,B)
� �	

A
z�w ~�z ��{{z�wx�� yz yx�}vz�w� w°t z� yz � �wx�� zw

B~� z��z��{z yz tv�tvx}w}� ����~�z� Ù w�~� {z� ��wx�� yz
A
� ×u �x}vuv��xz z�wvz{z� yx�}vz�wz� �{u��z� yz ��wx�� zw {z~v tv�tvx}w}� z�w ��y}{x�}z tuv {z wvzx{{x� yz�����ztw� � ×u Ý�~vz U �
 z�w {u vztv}�z�wuwx�� �x� t{xÝ}z yz �z wvzx{{x� � �	 �z~{ uttu�vux��z�w yz �u� z� �u~w {z� ��~�zu~� ��wx�� zw yz �u~w z� �u� {z� ��~�z{{z� tv��tvx}w}� � �uv z�z�t{z � {z ��z~y ���wz�u�w

{{ävut�z u�°�{x�~z �vxz�w}
}, {∅}}

vztv}�z�wz{z ����ztw
{{ävut�z u�°�{x�~z �vxz�w} � Ú}�~z��z � s v�vz �vy���} � s v�vz ��� �vy���}

},
{
s�°�{x�~z �s vàwz� �vxz�w}z�

}}
� ×z� u~wz~v� �z ���w utt~°}� �~v �zwwz �x}vuv��xz t�~v y}��z{�ttzv yz� ���t��u�w� �}�}vx�~z� t�~�u�w wvuxwzv yx�}vz�w� w°t z� yz ��wx�� � ß� z�zw �w�~w ���t��u�w ����wx���u�w t�~v ~� ��wx� uttuvwz�u�w Ù ~� ����ztw yz {u �x}vuv��xzy�xw u~��x ����wx���zv u~w��uwx�~z� z�w t�~v w�~� ��wx�� yz� ��~������ztw� � �uv z�z�t{z �{z� ���t��u�w� y}�z{�tt}� t�~v {z� �vut�z� �vxz�w}� u�°�{x�~z� y�x�z�w ����wx���zv t�~v{z� uv�vz� ��� �vy���}� � {z� uv�vz� �vy���}� zw {z� �}�~z��z� � �uv ���wvz � x{� �z �zv��w tu��}�z��uxvz� z�w wvØ� zå �u�z� � y ö�	 { öx�w}vàw yz vzy}Ý�xv w�~w yz �à�z �zvwux�� ���t��u�w�t�~v �z� ì��~����wx�� ì�

×u {x�vuxvxz ���wxz�w u�w~z{{z� z�w yz~� w°tz� yz �wvuw}�xz� y öz�t{�vuwx�� yz { öz�tu�z
²��
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'() * U �
 ü Ó x}vuv��xz yz� ��wx���tv�tvx}w}� yu��
DMTL

yz vz��zv��z û ~�z �wvuw}�xz z�z�w~u�w ~� tuv��~v� z� {uv�z~v =�~ tuv �x�zu~� yz w°t z
Apriori

zw ~�z �wvuw}�xz z�z�w~u�w ~� tuv��~v� z� tv����yz~v � �z� �wvuw}�xz� t zv� zwwz�wyz wv�~�zv { öz��z��{z yz � �wx�� �v}�~z�w� yz {u �u�z yz y���}z� }w~yx}z �
s ��� °z~� � {z� x�����}�xz�w� yz �zwwz {x�vuxvxz yu�� ��� }wuw u�w~z{ yz y}�z{�ttz�z�w���w ûü �z~{ {z tv}yx�uw yz {u �v}�~z��z t z~w àwvz tvx� z� ���twz �

DMTL
�z �z��{z tu�wxvzv tv�Ýw yz {u �uvu�w}vx�uwx�� yz� tv��{Ø� z� vztv}�z�wu�{z� tuv yz� z��z��{z�yz ��" Û&� �

ü �z~{z { ö}�~�}vuwx�� yz w�~� {z� ��wx�� �v}�~z�w� z�w t���x� {z � ×z� ��vy~vz� �z t z~�z�wtu� àwvz vz��zv��}z� �
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9 :;< => =?:@ABC> D ;EBC> EFG >=BAH ><B I> @CE@ E<>C J; EJBAK H:=AKAB:;B K> ILM>KE@@ >N >;B I>
<EKJBAE;< KEOA=A>KK>< >å =:=>< JBAKA<:;B K>< :KOECAB?N >< I ö>PBC:=BAE; I> N EBAH< HCLQJ>;B< @ EJC
CL<EJIC> I>< @CEFKØN >< LQJAM:K>;B< I ö>PBC:=BAE; I> N EBAH< =:J <>;< K:CO>R A;BLC><<:;B< D
C>@CL<>;B:FK>< @:C I>< >;<>N FK>< ST" Û&U V

æEJ< @CE@ E<E;< IE;= J;> KAFC:ACA> SW T X YáU H:=AKAB:;B K: CL<EKJBAE; I> B>K< @CEFKØN >< D
F:<L> <JC K öJBAKA<:BAE; I ö:KOECAB?N >< >B I> <BCJ=BJC>< I> IE;;L>< OL;LCAQJ>< D >B @:<<:;BÙ K öL=?>KK> V ×>< =:C:=BLCA<BAQJ>< >B E@BAN A<:BAE;< I> K öAN @KLN >;B:BAE; <E;B BC:;<@:C>;B><
@ EJC K> @CEOC:N N >JC D >B <>JK>< K>< @CE@CALBL< <@ L=AÝQJ>< Ù <E; @CEFKØN > <E;B K:A<<L>< Ù
<: =?:CO> V

9 > @KJ< D ;EJ< @CE@ E<E;< J;> LF:J=?> I> N LB?E IEKEOA> @ EJC OJAI>C K öJBAKA<:B>JC I:;<
<>< =?EAP V ß KK> :AI> K öJBAKA<:B>JC Ù C>HECN JK>C =<A @ E<<AF K>R <E; @CEFKØN > <EJ< K: HECN > I öJ;
@CEFKØN > I ö>PBC:=BAE; I> N EBAH< A;BLC><<:;B< D >B K ö:<<A<B> :J<<A I:;< K> ILM>KE@@ >N >;B I><
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}> =:IC> B?LECAQJ> JBAKA<L ><B =>KJ A I>< @CEFK~N >< D ��� ��� �������� ��� ��� ��� �� ����D
I �>PBC:=BAE; I> NEBAH< A;BLC><<:;B< I:;< K>< F:<>< I> IE;;L>< ST���U @CL<>;BL I:;< K>
=?:@ABC> � V

�> =:IC> ;EJ< : ;EB:NN>;B ILG � @ >CN A< I �:@@KAQJ>C I>< :KOECAB?N>< A<<J< I> K �>PBC:=�
BAE; I> NEBAH< HCLQJ>;B< � I �:JBC>< @CEFK~N >< LQJAM:K>;B< D B>K< QJ> @EJC K: IL=EJM>CB> I><
9W S}X}YYU D K: IL=EJM>CB> I>< 9 � K>< @KJ< <@ L=A:KA<L>< ST}XY� D TXY�U >B K: CL<EKJBAE;
I> =>CB:A;>< @?:<>< I �J; @CEFK~N > I> CLL=CABJC> I> C>QJ�B>< S�X�

+
Y�U V 9:;< => I>C;A>C D

K �AN@KLN >;B:BAE; ILM>KE@@L> : :A;<A @ >CN A< K> @:<<:O> � K �L=?>KK> >; HE;=BAE; IJ ;ENFC>
I> MJ>< BC:ABL>< S�WY�U V
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N :A< >KK> : F >:J=EJ@ I �:M:;B:O>< >B @ >CN >B I �>;MA<:O>C J;> OL;LCA=ABL AN @ECB:;B> V X:C
>P>N@K> D KEC< I �J; @:C=EJC< �@:C ;AM>:J � I> K �><@:=> I> C>=?>C=?> D K: OL;LC:BAE; I>< =:;�
IAI:B< IJ ;AM>:J

k
� @:CBAC I>< NEBAH< MC:A< I> ;AM>:J

k − 1
@>JB �BC> H:AB> >� =:=>N >;B

>; JBAKA<:;B J; =:IC> >;<>NFKA<B> D IE;B K �:C=?LB�@ > ><B
AprioriGen

S� ���U V �MEAC J; @CE�
FK~N > C>@CL<>;B:FK> @:C I>< >;<>NFK>< @ >CN >B IE;= I> H:=BE I �JBAKA<>C =>BB> OL;LC:BAE; I><
=:;IAI:B< D I �E  J;> OC:;I> OL;LCA=ABL V X:C =E;<LQJ>;B D K �JBAKA<:B>JC IEAB <>JK>N >;B IL¡;AC
K> @CLIA=:B D K>< IE;;L>< >; >;BCL>¢<ECBA> >B LM>;BJ>KK>N >;B J;> HE;=BAE; I> BC:;<HECN :BAE;
I>< NEBAH< M>C< K> BC>AKKA< I>< @:CBA>< I �J; >;<>NFK> V �K ; �: IE;= @:< � AN@KLN >;B>C K>< @:C�
BA>< K>< @KJ< =EN@K>P>< D B>K< K �:KOECAB?N> I �L;JN LC:BAE; JBAKA<L EJ K: O><BAE; I>< =:;IAI:B<
>; NLNEAC> V

9> @KJ< D F >:J=EJ@ I �:KOECAB?N >< < �:@@JA>;B <JC I>< N LB?EI>< ;L=><<AB:;B J;> C>@CL�
<>;B:BAE; >;<>NFKA<B> IJ @CEFK~N > =ENN> @:C >P>N@K> K �:KOECAB?N >

Dualize and Advance£<>=BAE; � V�R EJ
ABS

£=?:@ABC> �R V

n o¤ ¥ ¦§u¨v¦ ©xvwysyªy«z{|u¦

�>BB> <>=BAE; :@@ECB> I>< LKLN >;B< N LB?EIEKEOAQJ>< @EJC @ >CN >BBC> � J; :;:K�<B>
I �JBAKA<>C =E;=C~B>N >;B => QJ> ;EJ< @CE@E<E;< V
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9:;< =>BB> <>=BAE; D ;EJ< :KKE;< N E;BC>C J; =?>N A;>N>;B @E<<AF K> � >m>=BJ>C @EJC

MLCA¡>C QJ �J; @CEFK~N > :@@:CBA>;B � K: H:N AKK> I> @CEFK~N >< BC:ABL< @:C ;EBC> KAFC:ACA> V �>
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=?>N A;>N >;B ><B =EN@E<L I>< QJ:BC> LB:@ >< <JAM:;B>< Ç
È IL¡;AC K �><@:=> I> C>=?>C=?> D
È IL¡;AC K> @CLIA=:B D
È AI>;BA¡>C K: <ECBA> D
È >P?AF >C J;> C>@CL<>;B:BAE; >;<>NFKA<B> V

} �>P>N@K> I> K �>PBC:=BAE; I>< 9� <:BA<H:AB>< >;BC> I>JP C>K:BAE;< C >B < D MJ <>=BAE; É VÊV� D
><B C>@CA< =ENN> >P>N@K> I:;< =>BB> <>=BAE; V

Ë ÌÍÎÏÐ Ñ ÒÓÔÕÖ×Ó ØÓ ÐÓ×ÙÓÐ×ÙÓ

9:;< J; @C>N A>C B>N@< D AK H:JB ILB>CN A;>C K> K:;O:O> QJA @ >CN >B I �>P@CAN >C K>< NEBAH<
@JA< J;> C>K:BAE; I �ECIC> @:CBA>K D @ EJC IL¡;AC K �><@:=> I> C>=?>C=?> V

ÚÛ ÜÝÞ ßÜ àá
âã� � ä�å ��� �� ��� æçè ��� � é�êë � �ã ���ì �ì � � é�� ��� æç

R[X] ⊆ S[Y ]
�ã� ��� �����êé�� �

�� � �� � íî �� � ï �� âè éð
X ⊆ schema(R)

è
Y ⊆ schema(S)

è ��
|X| = |Y | ñ

ò äé���� ����ê�� ¹ ��� ��ó �ê �� �� � ��êô�� �ãêõ���� ö �ê
i
��

j
� é�� ��ãå æçè

j ¹ i
�ê

j � �ã�
÷��� é����ã �� �ø �í�ã��� �� � ÷� � � �éù �í�êé� �ã� ��� ��ãå ����ê�� ��

i ñ

Ë ÌÍÎÏÐ ÑÓ ÕÐÌØÏ×Öú

�I>;BA¡>C K> @CLIA=:B ><B <EJM>;B :A<L D AK <J� B I �L=CAC> HECN >KK>N >;B => QJ> �A;BLC><<:;B �
<AO;A¡> I:;< K> =E;B>PB> V XEJC J; NEBAH >B J;> F:<> I> IE;;L>< D AK H:JB L=CAC> K: =E;IABAE;
QJA C>;I => N EBAH A;BLC><<:;B I:;< =>BB> F:<> I> IE;;L>< V

ÚÛ ÜÝÞ ßÜ ûá
ü éã� �é��� � �é��ô� �è �� � ���êí�� � ��� ����� �� ��� é���� éãê éã �é� ý �� þã ���êé� �ãêõ���� ö
R[X] ⊆ S[Y ]

���ÿ�� �� ã� � æç ���ê�ë �ê�� ���� � �� � �
} �JBAKA<:B>JC IEAB :KEC< ILN E;BC>C K: @CE@CALBL I �:;BA�NE;EBE;A> �EJ I> NE;EBE;A>R

KA:;B K: <:BA<H:=BAE; IJ @CLIA=:B >B K �ECIC> @:CBA>K >;BC> K>< N EBAH< V

ÚÛ ÜÝÞ ßÜ �á
ç � � éã� ë �ã� ��� é����� þã � �� � ���êí�� �÷��� ã� � æç ���ê�ë �ê�� � ��� � é�é�é� � éã ���êÿ
� é�é�é� �ñ �é�� � �éã� � ä�õé�� õã �� � �í�êé� � ñ� ñ�è í� � ���êí�� ��� ���êÿ� é�é�é� �ñ
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K >;<>NFK> I>< N EBAH< A;BLC><<:;B< V �EJ< M>CCE;< @KJ< KEA; QJ> =>BB> =:C:=BLCA<:BAE; ><B
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ÚÛ ÜÝÞ ßÜ � á
â ��é� ��� ��� éê�� �� � ä��������è �� � é�ã�êé� �� � ä�å ���í�êé� ��� æç ���ê�ë �ê��� ����

r
��

s� éã��� �ê�� ��� ��� ÷��� �� �î �é�ê�ñ â ê � äã �ê�ê����ã� � éãî�ê�� ã� � íéãõ���ã�� ��� æç ���ê�ë �ê���
����

r
��

s
è �� �é��ã�� � é�ê�êõ � �� �� �î �é�ê� � ��� ��é�� �� � é��ê� �� � ä��ì é�ê�î� �ñ
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9> ;ENFC>JP @CEFK~N >< < >P@CAN >;B ILG � ;:BJC>KK>N >;B I> H:�E; >;<>NFKA<B> D >B @EJC
>JP =>BB> LB:@ > ><B BCAM A:K> V � ;EBC> =E;;:A<<:;=> D K> <>JK @CEFK~N > @EJC K>QJ>K J;> BC:;<�
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I:;< K>< F:<>< I> IE;;L>< V �EJ< @ >;<E;< QJ> D KEC<QJ >KK> ; ><B @:< BCAM A:K> D =>BB> LB:@ >
@ >JB < :MLC>C BC~< ILKA=:B> V

ÚÛ ÜÝÞ ßÜ � á
�é�� � �éã� � ä�õé�� õã �� � �í�êé� � ñ� ñ�è �� ë é� í�êé� � ��� ������ �� �����ë é�� �� ã� � æç
�� ��� �� ��� ��� �� �ãêõ���� ö

ens(i) = {j ∈ I1|j ¹ i}
è �õ�í

I1

� ä��� �� ��� ��� ��� ����� í��
� äê� í�ã�êé� ���ê�ë �ê��� �� ��ê� �� � ñ
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�;> HEA< K> @CEFK~N > @K:=L I:;< => =:IC> D K> ILM>KE@@>JC IEAB =?EA<AC J;> <BC:BLOA>
I >P@KEC:BAE; I> K ><@:=> I> C>=?>C=?> V �=BJ>KK>N >;B D I>JP E@BAE;< <E;B IA<@E;AFK>< Ç

È J; :KOECAB?N> @:C ;AM>:J I> B�@>
Apriori
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SWTXY�U �=?:@ABC> �R QJA @ >CN >B J;AQJ>N>;B I> BCEJM>C K>< I>JP
FECIJC>< V

�>< :KOECAB?N>< @ >JM>;B BC:AB>C I>< @CLIA=:B< :;BA�NE;EBE;>< EJ NE;EBE;>< V �> I>C�
;A>C =:< ><B @E<<AF K> � =E;IABAE; I LBJIA>C K> @CLIA=:B A;M>C<> >B I> C>=?>C=?>C J;AQJ>N>;B
K>< FECIJC>< V �; >m>B D <A J; @CLIA=:B

P
><B N E;EBE;> :KEC< K> @CLIA=:B A;M>C<>
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><B :;BA�

NE;EBE;> D >B K: FECIJC> @E<ABAM> �C><@ V FECIJC> ;LO:BAM>R I>
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�¡; I> NE;BC>C K >PL=JBAE; I> =>< :KOECAB?N >< KEC<QJ> K> @CLIA=:B LBJIAL ><B NE;EBE;> D
K>< >P>N@K>< <JAM:;B< @CL<>;B>;B K>< IAmLC>;B>< <BC:BLOA>< IA<@E;AFK>< I:;< K> =:IC> I>
K >PBC:=BAE; I>< =KL< N A;AN :K>< I J;> C>K:BAE; �<>=BAE; É VÊV R V

ÚÛ ÜÝÞ ßÜ !" á
ü éã� ��íéãõ�ê� �� �é��ã�� � é�ê�êõ � ��� �ã� �� í��� #êñ�ñ ��� í��� � ê�ê� ����$ è ê� ë �ã� �é� í
��ã�ê�� �� � ���êí�� �� � ��� ÷��� ã� � �ã� �� í�� �è ��ó �ê � �� ¬P (X, d)

��� õ��ê �ê �� � �ã��� ���
�ê
|πX(r)| 6= |r|

è �� ��íî ��íî �� �� �é��ã�� � �ì ��êõ � �ê�� ý í� � ���êí��ñ
ü éã� ë �ê�� í���è � éã� �õé�� �� íî éêå ����� ��� ��ãå ��� �� �� ���íéã�� � ��� ����� � ��í���� ÿ
� ���ñ
�é��ê���é�� �� �����êé�

r
�ãêõ���� ö

� % � 9 �
Y Ê F  >
Ê  F Ê H
Ê Ê : � :
Ê Ê : � >
Ê Ê : � :
Y Ê : � :
Ê  F � :

&'( ) � VÊ È �>K:BAE; C

ò� ó ìã�� * ñ� � é���� �� ���íéã�� ��� �êõ��ã �ø �í�ã � ��� � ä��ì é�ê�î� �
Apriori ñ ò�� ���� ����

ë é� í�� � é�� ��� ���� ���� ì �� ���� �� ������ ��� � ä��ì é�ê�î� �ñ ò�� íî êø ��� �� ���� éã� � é��
��� í���ê���ê��� ��� � �éù �í�êé�� í��íã���� � �� � ä��ì é�ê�î� � �é�� �ã ���� �ã � ���êí��ñ ò��
���� ���� ì �� ���� �� ������ � é�� �éã� ��é� �ã� �� í��� � ý � ä�å í�� �êé� ��

{AD,CD,BD} ñ ò�����ê� �� í��ê� íé����� é�� ý � ä��� �í� �� ��íî ��íî � þãê � ä� ��� ��� �å� �é�� ��� � ä��ì é�ê�î� �ñò ä��ì é�ê�î� � ��éãõ� �� �é��ã�� � é�ê�êõ �è êñ�ñ {ABCE,DE}
è �� þã���� ê�����êé�� ñ ò�� í���

� ê�ê� ���� � é�� �é� í
{AD,CD,BD} ñ

ò� ó ìã�� * ñ+ � é���� �� ���íéã�� �ø �í�ã � ��� ABS ñ âã�� é�é�� þã� � ä��ì é�ê�î� � �å� �é��
��� ��ãå � ��� ê��� �êõ��ãå �é�� �� �� � î�� � � äê�ê�ê��ê���êé� ñ ,� � ä��� ã���� �ã� ��� � �ãõ�ê�
���� ���� ��íéãõ����è êíê

{AD,CD,BD}
è � ä��ì é�ê�î� � �ø �í�ã � ã� � �ã��ê���êé� �� ��éãõ�

�ê��í��� ��� �� �é��ã�� � é�ê�êõ � #
{ABCE,DE}

$ ñ
�ENN> ;EJ< K :ME;< MJ @CL=LI>NN>;B D K A;BLC�B I> =>< :KOECAB?N >< ><B I> @EJMEAC
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} AILB CDJEFJ AM AB IGHF IB JEGMGAK BFJ LB MDNEHAE NHB ODPJB � DNJAKF QNA C BEQ BJJB LB
LRSBKDCCBE EGCALBQ BHJ NH IDLB B� IGIB BJ EDONFJB BH NJAKAFGHJ JBK DN JBK GKODEAJTQB CERG�
KGOKBQ BHJ ITDAFA V

¬ U ¯ VW�Xµ Y»X´ YZµ

}G KAOEGAEAB BFJ IDHFJAJNRB L GK[DEAJTQ BF BJ LB IDQCDFGHJF NJAKAFRF CGE KBF GK[DEAJTQ BF
CDNE CDNSDAE MDHIJADHHBE \ � KKB Q BJ GNFFA � LAFCDFAJADH LB K NJAKAFGJBNE LBF FJENIJNEBF LB
LDHHRBF BJ L GNJEBF IDQCDFGHJF C DNE MGIAKAJBE FDH NJAKAFGJADH \

�TG]NB GK[DEAJTQ B BFJ EBCERFBHJR CGE NHB IKGFFB ]NA IDHJABHJ KG FJEGJR[AB LB K G[DEAJTQ B
AHLRCBHLGQQBHJ LN CERLAIGJ RJNLAR \ ^DNE K NJAKAFGJBNE _ IBJJB IKGFFB BFJ NHB �ODPJB HDAEB �\
�K AHJBEG[AJ NHA]NBQBHJ GSBI KBF IDQCDFGHJF KARF GN` CERLAIGJF \ �BKDH KB CEDOK~QB RJNLAR _
K NJAKAFGJBNE LBSEG LRSBKDCCBE IBEJGAHBF LB IBF IKGFFBF _ DN CDNEEG CKNF FAQ CKBQ BHJ NJAKAFBE
KBF IKGFFBF LRa � LRSBKDCCRBF CDNE NH GNJEB CEDOK~QB \

}G ¡[NEB � \� EBCERFBHJB KB LAG[EGQQB LB IKGFFB L NH GK[DEAJTQ B GN FBAH LB KG KAOEGAEAB \
�B LAG[EGQQB LB IKGFFB BFJ LAEBIJBQ BHJ AFFN LN IGLEB JTRDEA]NB NJAKAFR BJ LBF GCCKAIGJADHF
RJNLARBF \ �K C BNJ HDJGQQBHJ �JEB NJAKAFR CDNE LRSBKDCCBE BJ AHJR[EBE LB HDNSBKKBF FJEGJR[ABF
LGHF KG KAOEGAEAB \

�BKDH KB CEDOK~QB RJNLAR _ a NF]N � IAH] J�CBF LB IKGFFBF FDHJ � EBLR¡HAE CGE K NJAKAFGJBNE Ç
KBF LDHHRBF BH BHJERB LB K GK[DEAJTQ B _ KG MDHIJADH L AH AJAGKAFGJADH LN KGH[G[B _ KB CERLAIGJ _ KBF
LDHHRBF BH FDEJAB LB K GK[DEAJTQ B BJ KG MDHIJADH LB JEGHFMDEQ GJADH LBF QDJAMF LN KGH[G[B \
�BEJGAHBF LB IBF IKGFFBF LDASBHJ HRIBFFGAEBQ BHJ �JEB LR¡HABF _ JBKKBF ]NB KB CERLAIGJ BJ KG
MDHIJADH L AHAJAGKAFGJADH LN KGH[G[B _ KBF GNJEBF LRC BHLBHJ LN CEDOK~QB RJNLAR \
bb½
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/01 ) � \� È hAG[EGQQB LB IKGFFB L NH GK[DEAJTQ B LGHF KG KAOEGAEAB

¬ U ® iZµ ²´ Y³Y»X´ YZµ

}G FNAJB LRIEAJ KB MDHIJADHHBQBHJ LB HDJEB KAOEGAEAB BH CERFBHJGHJ KBF IKGFFBF � EBLR�
¡HAE �A \B \ � AQ CKRQ BHJBE DN � ERNJAKAFBEj CDNE ITG]NB CEDOK~QB BJ IDQQBHJ NJAKAFBE KBF
GK[DEAJTQ BF AQCKRQ BHJRF G¡H LB ERFDNLEB NH HDNSBGN CEDOK~QB \

�ÓÔ ×��Õ �ÔÖÎúÔ k ÐÓØÌÍÎÏÐ

�DNJ L GODEL _ K NJAKAFGJBNE LDAJ EBLR¡HAE KBF LDHHRBF BH BHJERB LB K GK[DEAJTQ B _ A \B \ IBKKBF
NJAKAFRBF CGE KB CERLAIGJ CDNE LRJBEQ AHBE KBF QDJAMF �AHJREBFFGHJF �\ �DQQB KB QDHJEB KG
¡[NEB � \� _ IB IDQCDFGHJ BFJ NHA]NBQBHJ NJAKAFR LGHF KB JBFJ LN CERLAIGJ _ AK BFJ JDJGKBQ BHJ
AHLRC BHLGHJ LB K GK[DEAJTQ B \ } NJAKAFGJBNE C BNJ LDHI LRSBKDCCBE LB HDNSBGN` IDQCDFGHJF _
NJAKAFBE IBN` LB KG KAOEGAEAB _ DN IBN` LB KG ��} _ FGHF GNINHB EBFJEAIJADH \ �N LBK� LB K AQCKR�
QBHJGJADH _ IBJJB DE[GHAFGJADH CBEQ BJ LB [REBE JDNJ J�CB LB LDHHRBF JBKF ]NB LBF LDHHRBF
BH Q RQDAEB _ NH ¡ITABE JB`JB _ DN NHB OGFB LB LDHHRBF \

�HFNAJB _ AK MGNJ LR¡HAE KG IKGFFB �AH AJAGKAFGHJ KB KGH[G[B � LDHJ K DOa BIJAM BFJ L AH AJAGKAFBE
�K GKCTGOBJ � LN KGH[G[B _ A \B \ KBF QDJAMF LB EGH[ Ê \ ^GE B`BQCKB _ FA KB CEDOK~QB RJNLAR BFJ KG
LRIDNSBEJB LBF IKRF Q AHAQ GKBF _ IBJJB CTGFB IDEEBFCDHL FAQCKBQ BHJ � KG KBIJNEB LN FITRQ G
LB KG EBKGJADH \ ^DNE KB CEDOK~QB LB K B`JEGIJADH LBF h � FGJAFMGAJBF BHJEB LBN` EBKGJADHF _
IBJJB CTGFB IDEEBFCDHL � KG KBIJNEB LN FITRQ G LBF LBN` EBKGJADHF _ BJ � KG [RHREGJADH LBF
h � NHGAEBF LN KGH[G[B \

} NJAKAFGJBNE LDAJ BHFNAJB AQ CKRQ BHJBE KG IKGFFB CERLAIGJ �¡[NEB � \�j _ NJAKAFRB LGHF K GK�
[DEAJTQ B CDNE JBFJBE FA NH QDJAM EBFC BIJB KB CERLAIGJ \ �BJJB IKGFFB C BNJ Q GHACNKBE CKNFABNEF
LDHHRBF BH BHJERB \ ^GE B`BQCKB _ LGHF KB IGLEB LB KG LRIDNSBEJB LBF h � BHJEB LBN` EBKG�
JADHF _ KB CERLAIGJ ERMREBHIBEG KBF LBN` EBKGJADHF IDHIBEHRBF \

hGHF IBEJGAHF IGF _ KBF QDJAMF FDHJ GFFDIARF � NHB QBFNEB L AHJRE�J JBK ]NB KB FNCCDEJ
CDNE KBF QDJAMF MER]NBHJF \ }B CERLAIGJ C BNJ GKDEF �JEB NJAKAFR CDNE IGKINKBE IBJJB Q BFNEB BJ
K GFFD IABE GN` QDJAMF \

bbb
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lAHGKBQ BHJ _ HDJDHF ]N AK BFJ CDFFAO KB LB LR¡HAE LBF CERLAIGJF AFFNF LB KG IDHa DHIJADH
LB CKNFABNEF CERLAIGJF _ JBKF ]NB KBF CERLAIGJF LBF EBCERFBHJGJADHF IDHLBHFRBF LBF Q DJAMF
MER]NBHJF \ hGHF IB IGF _ K DE[GHAFGJADH LB HDJEB KAOEGAEAB C BEQ BJ LB ERNJAKAFBE KBF CERLAIGJF
LRa � LRSBKDCCRF _ BJ LB KBF GFFDIABE JE~F FAQCKBQ BHJ LGHF NH HDNSBGN CERLAIGJ \ ^GE B`BQCKB
CDNE KBF Q DJAMF [RHREGJBNEF MER]NBHJF _ FA KB CERLAIGJ ��JEB MER]NBHJ � BFJ LRa � LR¡HA _ AK FN� J
L AQCKRQ BHJBE IBKN A LR¡HAFFGHJ KBF QDJAMF [RHREGJBNEF _ CNAF LB KBF AHJR[EBE JDNF LBN` LGHF
NH HDNSBGN CERLAIGJ ��JEB [RHREGJBNE MER]NBHJ �\

} NJAKAFGJBNE LDAJ GNFFA LRSBKDCCBE DN NJAKAFBE LBF IKGFFBF CDNE FJDImBE BJ¢DN BHEB[AFJEBE
KBF FDKNJADHF LRIDNSBEJBF CGE K GK[DEAJTQ B �KG JTRDEAB _ KG ODELNEB CDFAJASB BJ¢DN KG O DELNEB
HR[GJASBj \ �BF IKGFFBF C BNSBHJ �JEB NJAKAFRBF CDNE FJDImBE KBF FDKNJADHF BH QRQDAEB _ C DNE
KBF BHEB[AFJEBE LGHF NH ¡ITABE LGHF NH MDEQ GJ LDHHR DN FNE NH GNJEB FNCCDEJ \ }G LR¡HAJADH
LB IB IDQCDFGHJ C BEQ BJ R[GKBQ BHJ L BmBIJNBE NH RSBHJNBK CDFJ�JEGAJBQ BHJ FNE KG FDEJAB
JBKF ]NB KB ¡ KJEG[B LB IBEJGAHF RKRQ BHJF _ K GCCKAIGJADH L NH IEAJ~EB LB Q G`AQ GKAJR DN L NH
DELEB LB FDEJAB CGEJAINKABE \

l AHGKBQ BHJ _ CDNE JDNJ CEDOK~QB HB F B`CEAQ GHJ CGF HGJNEBKKBQ BHJ LB MG�DH BHFBQ �
OKAFJB _ AK BFJ HRIBFFGAEB LB LR¡HAE NHB MDHIJADH CBEQ BJJGHJ LB JEGHFMDEQ BE ITG]NB QDJAM
LN KGH[G[B BH BHFBQOKB \ ^GE B`BQCKB _ LGHF KB IGF LB K B`JEGIJADH LBF h � FGJAFMGAJBF BHJEB
LBN` EBKGJADHF _ IBJJB MDHIJADH SG IDEEBFCDHLEB � KG MDHIJADH

ens
LR¡HAB BH FBIJADH É \Ê \� \

� KKB CEBHLEG BH CGEGQ ~JEB NHB h � BJ EBJDNEHBEG K BHFBQOKB LBF h � NHGAEBF IDEEBFCDHLGHJ \

n�ÓÑo�ÓÔ ÕÐ�� Ñp� ÓÔ ØÌq k Ï�ÕÑÖÎúÌÔ

hGHF FG SBEFADH GIJNBKKB _ HDJEB KAOEGAEAB IDHJABHJ LBF IDQCDFGHJF CDNE KG LRIDNSBEJB LBF
QDJAMF MER]NBHJF _ LBF QDJAMF BFFBHJABKF MER]NBHJF _ KG LRIDNSBEJB LBF IKRF Q AHAQGKBF L NHB
EBKGJADH _ BJ KG LRIDNSBEJB LBF h � FGJAFMGAJBF BHJEB LBN` EBKGJADHF \ �KF IDHFJAJNBHJ NHB O DPJB
� DNJAKF Q BJJGHJ � KG LAFCDFAJADH LB K GHGK�FJB Ç

È hBF IDQCDFGHJF C BEQ BJJGHJ L GIIRLBE � LBF LDHHRBF FJDImRBF LGHF LBF ¡ITABEF Ç
OGFB LB LDHHRBF LB JEGHFGIJADHF GN MDEQ GJ LB l �r � s%tu� _ %3tu�v _ DN LDHHRBF
JGONKGAEBF GN MDEQ GJ ��w L �`IBK \

È hBF FJENIJNEBF LB LDHHRBF LB J�CB ���ê� �_ CGEJAINKA~EBQ BHJ GLGCJRBF CDNE EBCERFBHJBE
LBF BHFBQOKBF \

È }BF CERLAIGJF ��JEB NHB FNCBE IKR �_ ��JEB NHB h � FGJAMGAJB �_ ��JEB MER]NBHJ �_ BJ ��JEB
BFFBHJABK MER]NBHJ �\

xÕÕ ÓÑ Ø Ò�Î ÖÑ��ÐÏúÙ� Ó

^DNE NJAKAFBE NH GK[DEAJTQB _ AK FN� J L AHFJGHIABE KG IKGFFB IDEEBFCDHLGHJB BH KNA CGFFGHJ
BH CGEGQ ~JEB KBF IDQCDFGHJF HRIBFFGAEBF � KG ERFDKNJADH LN CEDOK~QB �CGEQ A IBN` CERFBHJRF
CERIRLBQQBHJj \ �H DNJEB _ FA O BFDAH BFJ _ KG KAOEGAEAB AHJ~[EB NH IDQCDFGHJ C BEQ BJJGHJ
L AHSBEFBE FAQCKBQ BHJ NH CERLAIGJ \
bby
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}BF C BEMDEQ GHIBF LBF IDQCDFGHJF NJAKAFGJBNEF LRC BHLBHJ LAEBIJBQ BHJ LB KG MG�DH LDHJ
AKF DHJ RJR AQCKRQ BHJRF \ �DNJBMDAF _ NH IBEJGAH HDQOEB LB IDQCDFGHJF FDHJ LAFCDHAOKBF G¡H
LB MGIAKAJBE K DOJBHJADH L NHB AQCKRQ BHJGJADH B� IGIB \ ^GE B`BQCKB _ KG KAOEGAEAB IDQCEBHL
LBN` FJENIJNEBF LB ���ê� � Ç KG CEBQ A~EB MGSDEAFB KG IDQCEBFFADH LBF LDHHRBF _ GKDEF ]NB KG
LBN` A~QB MGSDEAFB KBF JBQCF L GII~F GN` LDHHRBF \

^GE GAKKBNEF _ KB LRSBKDCCBQBHJ L GK[DEAJTQ BF QDLNKGAEBF BJ [RHREA]NBF AQCKA]NB HRIBF�
FGAEBQ BHJ NH FNEID;J � K B`RINJADH CGE EGCCDEJ � LBF FDKNJADHF LRLARBF _ BFFBHJABKKBQ BHJ L;
� LBF CGFFG[BF LB CGEGQ ~JEBF FNCCKRQ BHJGAEBF _ BJ � K NJAKAFGJADH L AJREGJBNEF \

�H IBEJGAH HDQOEB LB JBITHA]NBF L DCJAQ AFGJADHF LRLARBF C BNSBHJ BH DNJEB AH�NBE
MDEJBQ BHJ FNE KBF C BEMDEQ GHIBF \ }G LRIDNSBEJB LBF Q DJAMF MER]NBHJF BFJ NH B`BQCKB J�CA]NB _
D  JDNF KBF GK[DEAJTQ BF NJAKAFBHJ LBF JBITHA]NBF GFJNIABNFBF LB IDQCJG[B \ �H [RHREGK _ IBF
DCJAQ AFGJADHF FDHJ KARBF GN JBFJ LN CERLAIGJ _ BJ C BNSBHJ �JEB C BE�NBF IDQQB LBF CER�
JEGAJBQ BHJF DN LBF CDFJ�JEGAJBQ BHJF LN CERLAIGJ \ ^DNE IBJJB EGAFDH _ LBN` QRJTDLBF DHJ
RJR Ga DNJRBF GN CERLAIGJ Ç �CEB^EDIBFFAH[ � BJ �CDFJ^EDIBFFAH[ �\ �BF LBN` Q RJTDLBF FDHJ
B`RINJRBF LGHF KBF GK[DEAJTQ BF GSGHJ BJ GCE~F KG CTGFB LB JBFJ LBF IGHLALGJF \ � KKBF CEBHHBHJ
BH CGEGQ ~JEB K BHFBQOKB LBF IGHLALGJF _ GAHFA ]NB KG MDHIJADH LB JEGHFMDEQ GJADH LBF QDJAMF
LN KGH[G[B \ ^GE B`BQCKB _ IDHFALREDHF KG LRIDNSBEJB LBF Q DJAMF MER]NBHJF Ç

È KG Q RJTDLB �CEB^EDIBFFAH[ � CBNJ CGE B`BQCKB FBES AE � QBJJEB � a DNE KB FNCCDEJ
LBF IGHLALGJF GSGHJ L Bm BIJNBE KB JBFJ LN CERLAIGJ \ � AHFA AK BFJ CDFFAOKB LB MGAEB
NH CGEIDNEF LB KG OGFB LB LDHHRBF � ITG]NB AJREGJADH LB K GK[DEAJTQB GN KABN L NH
CGEIDNEF CDNE ITG]NB QDJAM JBFJR �IDQQB IBKG BFJ MGAJ LGHF K GLGCJGJADH � IB IGLEB
LB K GK[DEAJTQ B

Apriori
sr���vj \

È KG Q RJTDLB �CDFJ^EDIBFFAH[ � CBNJ �JEB NJAKAFRB CDNE EBIDHFJENAEB KG OGFB LB LDHHRBF
BH FNCCEAQ GHJ LBF GEJAIKBF DN LBF JEGHFGIJADHF ]NA HB FDHJ CKNF NJAKAFRF \

/01 ) � \� È �`BQCKB L AQCKRQ BHJGJADH LN CERLAIGJ ��JEB MER]NBHJ � IDHJBHGHJ NHB QRJTDLB
[RHREA]NB CDNE KB IDQCJG[B LN FNCCDEJ BJ NHB FC RIA¡]NB KDEF]NB KBF LDHHRBF FDHJ FJDImRBF
LGHF NH JEAB

bb�
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�K BFJ R[GKBQ BHJ CDFFAO KB L GQ RKADEBE IDHFALREGOKBQ BHJ KBF C BEMDEQ GHIBF LBF AQ CKR�

QBHJGJADHF BH JAEGHJ CGEJAB LBF FC RIA¡IAJRF LB IBEJGAHBF FJENIJNEBF LB LDHHRBF _ IDQQB KBF
���ê�� � LGHF KB IGF LBF Q DJAMF MER]NBHJF \ �DQQB KB Q DHJEB KG ¡[NEB � \� _ AK BFJ CDFFAO KB
LB LRSBKDCCBE GN FBAH L NHB Q �QB IKGFFB CKNFABNEF SBEFADHF L NHB Q �QB QRJTDLB Ç NHB
SBEFADH [RHREA]NB BJ LBF SBEFADHF FC RIAGKAFRBF \ }G QRJTDLB [RHREA]NB BFJ GNJDQ GJA]NBQBHJ
NJAKAFRB FA GNINHB QRJTDLB FC RIAGKAFRB HB IDEEBFCDHL � KG FJENIJNEB LB LDHHRBF JEGAJRB \

n o� ��§xtz© u>vrvzy>¦

} RSGKNGJADH DOa BIJASB LN JBQCF LB LRSBKDCCBQBHJ BFJ JE~F LA� IAKB \ }B FBNK EBINK ]NB
HDNF GSDHF CGE EGCCDEJ � IBJ GFC BIJ CEDSABHJ LB HDF CEDCEBF JEGSGN` slr^u� _ �lu�v \ hB
QGHA~EB [RHREGKB _ HDNF GSDHF IDHFJGJR ]NB K GLGCJGJADH LBF AQCKRQ BHJGJADHF B` AFJGHJBF
RJGAJ B`JE�QBQBHJ MGFJAL ABNFB \ � JAJEB L AHLAIGJADH _ K NJAKAFGJADH LB HDJEB KAOEGAEAB CDNE
ERFDNLEB KB CEDOK~QB LB KG LRIDNSBEJB LBF IKRF Q AHAQ GKBF L NHB EBKGJADH G RJR MGAJB BH
]NBK]NBF TBNEBF \

hGHF KG FNAJB LB IBJJB FBIJADH _ HDNF GKKDHF CERFBHJBE ]NBK]NBF B`CREAQ BHJGJADHF ERGKA�
FRBF � CGEJAE LB HDJEB KAOEGAEAB CDNE KG LRIDNSBEJB LBF QDJAMF MER]NBHJF \ }BF IDQCDFGHJF
HRIBFFGAEBF � KG ERFDKNJADH LB IB CEDOK~QB DHJ RJR AQ CKRQ BHJRF _ GSBI NHB SBEFADH DCJAQ AFRB
LN JBFJ LN CERLAIGJ \ }BF B`C REAQ BHJGJADHF DHJ RJR MGAJBF GSBI K GK[DEAJTQ B

Apriori
FNE LBF

a BN` LB LDHHRBF LB l �r � s%tu� _ %3tu�v \
�DNF GSDHF IDQCGER K B� IGIAJR LB HDJEB CED[EGQQB GSBI LBN` GNJEBF AQ CKRQ BHJGJADHF

L 
Apriori

FC RIAGKBQ BHJ LRLARBF � IB CEDOK~QB Ç K AQCKRQ BHJGJADH LB % \ 3DBJTGKF s3DBGv BJ
K AQCKRQ BHJGJADH LB � \ %DE[BKJ s%DEu�v \ }G CEBQ A~EB BFJ NHB AQCKRQ BHJGJADH IKGFFA]NB LB
K GK[DEAJTQB

Apriori
_ KG LBN` A~QB BFJ KG Q BAKKBNEB AQ CKRQ BHJGJADH L 

Apriori
IDHHNB � IB

a DNE \ � KKB BFJ LRSBKDCCRB BH � BJ BFJ MDEJBQ BHJ DCJAQ AFRB \ �DNKA[HDHF ]NB K AQCKRQ BHJGJADH
LRSBKDCCRB � CGEJAE LB KG KAOEGAEAB HB IDHJABHJ CGF JDNJBF KBF DCJAQ AFGJADHF LB IBF LBN`
GNJEBF CED[EGQQBF \

} DOa BIJAM LB IBF B`C REAQ BHJGJADHF BFJ LB QDHJEBE ]N NHB AQCKRQ BHJGJADH AFFNB LB KG
KAOEGAEAB C BEQ BJ KB CGFFG[B � K RITBKKB _ BJ EBFJB IDQCGEGOKB GN` QBAKKBNEBF AQCKRQ BHJGJADHF _
JDNJ BH RJGHJ [RHREA]NB BJ QDLNKGAEB \

}G ¡[NEB � \� QDHJEB KBF JBQCF L B`RINJADH DOJBHNF CDNE LBF FBNAKF LB FNCCDEJ LDHHRF
�BHJEB CGEBHJT~FBF FNE KG ¡[NEBj CDNE KBF a BN` LB LDHHRBF

Connect
_
Pumsb

BJ
Pumsb∗

\
} AQCKRQ BHJGJADH AFFNB LB KG KAOEGAEAB BFJ IBKKB HDJRB ��CEADEA [RHREA]NB �\ }BF ERFNKJGJF
DOJBHNF QDHJEBHJ ]NB KBF C BEMDEQ GHIBF L ��CEADEA [RHREA]NB � FB FAJNBHJ BHJEB IBN` LBF
AQ CKRQ BHJGJADHF LB % \ 3DBJTGKF BJ LB � \ %DE[BKJ \ �BF ERFNKJGJF FDHJ LDHI JE~F BHIDNEG�
[BGHJF GN EB[GEL LB KG EGCALAJR BJ KG FAQCKAIAJR L DOJBHJADH L NH CED[EGQQB DCREGJADHHBK \

hB CKNF _ KDEF LBF LAm REBHJBF B`C REAQ BHJGJADHF ERGKAFRBF _ AK BFJ GCCGEN ]NB KG Q Ga BNEB
CGEJAB LN JBQCF L B`RINJADH RJGAJ KARB � LBF IDQCDFGHJF LRSBKDCCRF �DN ERNJAKAFRFj CGE K NJA�
KAFGJBNE \ }G ¡[NEB � \É QDHJEB KG ERCGEJAJADH LN JBQCF L B`RINJADH L 

Apriori
LRSBKDCCRB �

bb¾
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/01 ) � \� È �`CREAQ BHJGJADH LB JEDAF AQCKRQ BHJGJADHF L �CEADEA FNE JEDAF a BN` LB LDHHRBF \

CGEJAE LB KG KAOEGAEAB CDNE KB a BN LB LDHHRBF
Connect

JBFJR CERIRLBQQBHJ \ ^GE IDHFR]NBHJ _
NHB AQCKRQ BHJGJADH CKNF DCJAQ AFRB LB IBF IDQCDFGHJF C BEQ BJJEGAJ L GQ RKADEBE IDHFALREG�
OKBQ BHJ KBF C BEMDEQ GHIBF [KDOGKBF LB K AQCKRQ BHJGJADH CDNE IB CEDOK~QB \ �E _ [E�IB � KG
Q DLNKGEAJR LB KG KAOEGAEAB _ IBF IDQCDFGHJF CDNEEGABHJ CGE KG FNAJB �JEB LAEBIJBQ BHJ ERNJAKA�
FRF CDNE KG ERFDKNJADH LB HDNSBGN` CEDOK~QBF _ C BEQ BJJGHJ GAHFA GN` NJAKAFGJBNEF L DOJBHAE
EGCALBQ BHJ LBF FDKNJADHF C BEMDEQ GHJBF \

/01 ) � \É È � RCGEJAJADH LN JBQCF L B`RINJADH L ��CEADEA [RHREA]NB � CDNE �DHHBIJ ��u� j \

�DNF GSDHF RJNLAR LGHF IBJJB CGEJAB K NJAKAFGJADH L GK[DEAJTQ BF L B`JEGIJADH LB QDJAMF MER�
]NBHJF CDNE ERFDNLEB JDNJ CEDOK~QB L B`JEGIJADH LB QDJAMF AHJREBFFGHJF _ IDHMDEQ B GN IGLEB
JTRDEA]NB LB sr���v \ �K BFJ GCCGEN ]NB KG Q Ga BNEB CGEJAB LBF GK[DEAJTQ BF L B`JEGIJADH LB
QDJAMF MER]NBHJF RJGABHJ MDEJBQ BHJ KARF � IB CEDOK~QB BJ CDNSGABHJ LDHI LA� IAKBQ BHJ �JEB
GCCKA]NRF � NH GNJEB \ hGHF IB IDHJB`JB _ HDNF GSDHF CERFBHJR IDQQBHJ

ABS
F GCCN�GAJ FNE

NHB FJEGJR[AB [RHREA]NB L B`CKDEGJADH LB K BFCGIB LB EBITBEITB AHLRC BHLGHJB LN CERLAIGJ _
bb	
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LDHJ K DOa BIJAM BFJ LB KAQ AJBE KB HDQOEB LB Q DJAMF JBFJRF \ �DNF GSDHF GNFFA SN ]NB IB J�CB
L GK[DEAJTQ B RJGAJ HDJGQQBHJ B� IGIB CDNE ERFDNLEB KB CEDOK~QB LB KG LRIDNSBEJB LBF h �
KBF CKNF FGJAFMGAJBF \

�HFNAJB _ HDNF GSDHF CERFBHJR NH JEGSGAK BH IDNEF C BEQ BJJGHJ KB CEDJDJ�CG[B EGCALB
L GK[DEAJTQ BF L B`JEGIJADH LB QDJAMF AHJREBFFGHJF \ �B JEGSGAK IDHIBEHB LB JE~F HDQOEBN`
CEDOK~QBF QGAF GSBI NH CDAHJ LB SNB HDNSBGN Ç IBKN A LB KG [RHREAIAJR BJ LN JBQCF LB
LRSBKDCCBQBHJ HRIBFFGAEB CDNE DOJBHAE LBF CED[EGQQBF ¡GOKBF _ EDONFJBF BJ CGFFGHJ �
K RITBKKB \

� HDJEB IDHHGAFFGHIB _ KG FBNKB IDHJEAONJADH JBHLGHJ SBEF KBF Q �QBF DOa BIJAMF BFJ hr�} \
�NDA]NB FAQ AKGAEB LGHF K BFCEAJ _ HDJEB CEDCDFAJADH FB LRQ GE]NB LB hr�} BH LAmREBHJF
CDAHJF Ç

È KB IGLEB JTRDEA]NB BFJ LAm REBHJ �
È JDNJ CERLAIGJ Q DHDJDHB DN GHJA�QDHDJDHB CBNJ �JEB CEAF BH IDQCJB GKDEF ]NB hr�}

FB MD IGKAFB FNE KB CERLAIGJ ��JEB MER]NBHJ � �
È CKNF LB FJEGJR[ABF LB CGEIDNEF LAFC DHAOKBF \ }G KAOEGAEAB Q BJ HDJGQQBHJ � LAFCDFAJADH

NHB SBEFADH �[RHREA]NB � L 
ABS

CBEQ BJJGHJ LB JEDNSBE B� IGIBQ BHJ KBF ODELNEBF
L NHB JTRDEAB �

È CDFFAO AKAJR LB LRIDNSEAE KG JTRDEAB GAHFA ]NB KBF ODELNEBF CDFAJASB BJ HR[GJASB \
�RGHQDAHF _ HDJEB KAOEGAEAB BFJ LGHF FG MDEQ B GIJNBKKB QDAHF GITBSRB ]NB hr�} FNE

IBEJGAHF GFC BIJF JBKF ]NB K GII~F GN` LDHHRBF \

bb�
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hBCNAF FDH AHJEDLNIJADH AK � G CKNF LB LA` GHF _ KG LRIDNSBEJB LB QDJAMF MER]NBHJF _ BJ
CKNF [RHREGKBQ BHJ KG LRIDNSBEJB LB QDJAMF AHJREBFFGHJF _ G RJR NH LBF CEDOK~QBF LB MDNAKKB
LB LDHHRBF KBF CKNF RJNLARF \ }B HDQOEB LB CEDOK~QBF LB IBJJB MGQ AKKB BFJ AQ CDEJGHJ _ BJ KBF
LDQGAHBF GODELRF SGEARF \ �DNJBMDAF _ � HDJEB IDHHGAFFGHIB _ K GLGCJGJAS AJR BJ KG [RHREAIAJR
LBF GK[DEAJTQBF DHJ RJR C BN RJNLARBF Q BHGHJ � NH [EGHL HDQOEB LB EBFFDNEIBF BJ LB
IDHJEAONJADHF TRJRED[~HBF \ �¡H L NHA¡BE KB CG� FG[B _ LBF GJBKABEF JBKF ]NB l �r � s%tu� _
%3tu�v DHJ BN CDNE DOa BIJAMF LB IDQCGEBE BJ L RJNLABE KB IDQCDEJBQ BHJ LBF GK[DEAJTQ BF
LB LRIDNSBEJB LBF QDJAMF MER]NBHJF _ BJ FNEJDNJ LB EBHLEB LAFC DHAOKBF KBNEF AQ CKRQ BHJGJADHF \

hGHF IB IDHJB`JB _ HDNF GSDHF Q AF BH DBNSEB NHB GCCEDITB D  K GLGCJGJAS AJR BJ KG [RHR�
EAIAJR RJGABHJ LBF CER�EB]NAF _ IB ]NA RJGAJ IKGAEBQ BHJ BH ENCJNEB GSBI KG JBHLGHIB GIJNBKKB \

�DNJ L GODEL _ HDNF GSDHF B¥BIJNR NHB RJNLB B`CREAQ BHJGKB GCCEDMDHLAB LBF a BN` LB
LDHHRBF NJAKAFRF CDNE K B`JEGIJADH LBF QDJAMF MER]NBHJF slr^u�v \ � K AFFNB LB IBF B`C R�
EAQ BHJGJADHF _ AK BFJ GCCGEN ]NB KG LAFJEAONJADH LB KG ODELNEB HR[GJASB BJ LB KG ODELNEB
CDFAJASB GSGAJ NH AQCGIJ AQ CDEJGHJ FNE KBF GK[DEAJTQ BF _ BJ HDNF G QBHR � LR¡HAE NHB HDN�
SBKKB BJ Q BAKKBNEB IKGFFA¡IGJADH LBF a BN` LB LDHHRBF \

�BJJB IKGFFA¡IGJADH BFJ CKNF FAQ CKB ]NB IBKKB CERFBHJRB LGHF s3tuÊv JDNJ BH RJGHJ
FJGOKB CGE EGCCDEJ GN ITGH[BQ BHJ LB FBNAK Q AHAQNQ LB FNCCDEJ BJ BH GIIDEL GSBI KBF
C BEMDEQ GHIBF LBF GK[DEAJTQ BF \ �H CKNF LBF IGEGIJREAFJA]NBF TGOAJNBKKBQ BHJ RJNLARBF _ KG
�LAFJGHIB � BHJEB KBF LAFJEAONJADHF LB KG ODELNEB HR[GJASB BJ LB KG ODELNEB CDFAJASB C BEQ BJ
LB Q ABN` RSGKNBE KG LA� INKJR L NH a BN LB LDHHRBF \

^GE KG FNAJB _ HDNF HDNF FDQQBF GCCN�RF FNE IBF ERFNKJGJF B`C REAQ BHJGN` CDNE CED�
CDFBE NH GK[DEAJTQ B LB LRIDNSBEJB LBF ODELNEBF LBF Q DJAMF MER]NBHJF _ GCCBKR

ABS�
Adaptive Borders Search

j slr^u� v _ GLGCJGHJ L�HGQ A]NBQBHJ FG FJEGJR[AB L B`CKDEG�
JADH LB K BFCGIB LB EBITBEITB BH MDHIJADH LBF LDHHRBF \ �BJ GK[DEAJTQB F GCCNAB FNE NH
CGEIDNEF CGE HASBGN LB K BFCGIB LB EBITBEITB LB J�CB

Apriori
s���� v _ CNAF FNE NHB GKJBE�

HGHIB LB �FGNJF � DN LNGKAFGJADHF BHJEB KBF LBN` ODELNEBF a NF]N � KBNE LRIDNSBEJB \
}G FJEGJR[AB GLGCJGJASB NJAKAFRB LGHF

ABS
IDHFAFJB � LRJBEQ AHBE L�HGQ A]NBQBHJ �

]NBK QDQBHJ K GK[DEAJTQB LDAJ CGFFBE L NHB B`CKDEGJADH CGE HASBGN _ � NHB GCCEDITB GKJBE�
HGHJ KBF LNGKAFGJADHF \ �B ITDA` BFJ MGAJ KDEF]NB K RKG[G[B MGAJ CGE

Apriori
H BFJ CKNF B� IGIB _

A \B \ KDEF]NB KG CEDCDEJADH LB QDJAMF IGHLALGJF HDH MER]NBHJF [RHRERF BFJ JE~F MGAO KB \ hGHF
IB IGF _ BH B`CKDAJGHJ KBF QDJAMF LBF ODELNEBF LRa � LRIDNSBEJF _ KBF LNGKAFGJADHF C BEQ BJJBHJ
LB MGAEB LB [EGHLF FGNJF LGHF K BFCGIB LB EBITBEITB _ BJ RSAJBHJ GAHFA LB JBFJBE NH [EGHL
HDQOEB LB Q DJAMF \ }G FJEGJR[AB GLGCJGJASB B`CKDAJB GNFFA NHB Q BFNEB L BEEBNE CDNE BFJAQ BE
KG LAFJGHIB BHJEB NH QDJAM HDH MER]NBHJ LRIDNSBEJ CGE LNGKAFGJADH BJ KG ODELNEB CDFAJASB \
}BF Q DJAMF ALBHJA¡RF IDQQB RJGHJ �CEDITBF � LB KG ODELNEB CDFAJASB FDHJ BHFNAJB NJAKAFRF
IDQQB CDAHJ LB LRCGEJ CDNE LRIDNSEAE KBF Q DJAMF LB KG ODELNEB CDFAJASB FDNF�a GIBHJF \

�SBI KG [RHREAIAJR BH J�JB _ HDNF GSDHF BHFNAJB RJNLAR KBF CEDOK~QBF L B`JEGIJADH LB QD�
JAMF AHJREBFFGHJF _ EBCERFBHJGOKBF CGE LBF BHFBQOKBF _ JBKF ]N AKF DHJ RJR LR¡HAF LGHF sr���v \
�H B¥BJ _ NH LBF AHJRE�JF L 

ABS
BFJ LB F GCCN�BE FNE NHB FJEGJR[AB JDJGKBQ BHJ [RHREA]NB _

bb8



LDHJ K B� IGIAJR BFJ AHLRC BHLGHJB LN CERLAIGJ RJNLAR \ }BF FGNJF B¥BIJNRF HB FDHJ CGF MDH�
LRF FNE LBF TBNEAFJA]NBF DN LBF CEDCEARJRF KARBF GN CEDOK~QB RJNLAR _ Q GAF NHA]NBQ BHJ FNE
K GHJA�QDHDJDHAB LN CERLAIGJ \ }BF C BEMDEQ GHIBF LB IB J�CB L GCCEDITB DHJ HDJGQQBHJ RJR
Q AFBF BH RS ALBHIB CDNE KB CEDOK~QB _ IDQCK~JBQ BHJ LA¥REBHJ LBF MER]NBHJF _ LB KG LRIDNSBEJB
LB h � sr^u�v \

�DNF HDNF FDQQBF GKDEF GJJG]NRF � KG Q AFB BH CKGIB LBF GK[DEAJTQ BF GN HASBGN KD[AIABK
CGEJGHJ LN IDHFJGJ ]NB K DOJBHJADH L NHB AQCKRQ BHJGJADH CBEMDEQ GHJB LB IBF GK[DEAJTQ BF
BFJ KDH[NB BJ IDQCKB`B _ BJ EBFJB IDH¡HRB � KG LAFIERJADH LB ]NBK]NBF CED[EGQQBNEF FC R�
IAGKAFJBF \ r �QB K GLGCJGJADH LBF AQCKRQ BHJGJADHF B` AFJGHJBF F GS~EB LA� IAKB _ BJ EB]NABEJ
NHB IDHHGAFFGHIB GCCEDMDHLAB LBF JBITHA]NBF BJ DCJAQ AFGJADHF Q AFBF BH DBNSEB \ hB CKNF _
KB IDLB FDNEIB _ Q �QB KAOEB BJ �CGEMDAFj IDQQBHJR _ BFJ BH [RHREGK IDQCKB`B BJ AHJAQ BQBHJ
KAR GN CEDOK~QB LBF QDJAMF MER]NBHJF \

} DOa BIJAM RJGAJ LDHI LB MGIAKAJBE KB JEGSGAK LBF CED[EGQQBNEF CDNE KBNE C BEQ BJJEB L DO�
JBHAE NH CED[EGQQB CGFFGHJ � K RITBKKB CDNE NHB GCCKAIGJADH LDHHRB \ hGHF IB IDHJB`JB _
HDNF GSDHF CEDCDFR NHB KAOEGAEAB C BEQ BJJGHJ KB CEDJDJ�CG[B EGCALB LB CED[EGQQBF L B` �
JEGIJADH LB QDJAMF AHJREBFFGHJF LGHF LBF LDHHRBF \ �DNF GSDHF GNFFA CEDCDFR NHB QRJTDLD�
KD[AB CDNE SREA¡BE ]NB KB CEDOK~QB RJNLAR IDEEBFCDHL GN IGLEB IDHFALRER LGHF IB Q RQDAEB _
BJ CDNE [NALBE K NJAKAFGJBNE LGHF KB LRSBKDCC BQBHJ LBF LA¥REBHJF IDQCDFGHJF \

�BJJB KAOEGAEAB Q BJ � LAFCDFAJADH LB K NJAKAFGJBNE LBF FJEGJR[ABF [RHREA]NBF JBKKBF ]N NH
CGEIDNEF CGE HASBGN DN K GK[DEAJTQB

ABS
_ C DNE ERFDNLEB JDNJ CEDOK~QB L B`JEGIJADH LB

QDJAMF AHJREBFFGHJF EBMDEQNKGOKB LGHF KB IGLEB JTRDEA]NB LB sr���v \ �BF GK[DEAJTQ BF C BE�
QBJJBHJ LB LRIDNSEAE KG JTRDEAB _ BJ¢DN KG ODELNEB CDFAJASB _ BJ¢DN KG ODELNEB HR[GJASB \
}BF FJEGJR[ABF LAFCDHAOKBF LGHF KG KAOEGAEAB FDHJ LBF ODPJBF HDAEBF CDNE KBF NJAKAFGJBNEF _ ]NA
LDASBHJ NHA]NBQBHJ LRSBKDCCBE DN ERNJAKAFBE KBF IDQCDFGHJF FC RIA¡]NBF GN CEDOK~QB RJN�
LAR \

�DJEB JEGSGAK IDHIBEHB LDHI KG MGQ AKKB LBF CEDOK~QBF L B`JEGIJADH LB QDJAMF AHJREBFFGHJF
GSBI NH CDAHJ LB SNB HDNSBGN Ç IBKNA LB KG [RHREAIAJR BJ LN JBQCF LB LRSBKDCCBQ BHJ HRIBF�
FGAEB CDNE DOJBHAE LBF CED[EGQQBF ¡GOKBF _ EDONFJBF BJ CGFFGHJ � K RITBKKB \ �DNF GSDHF Q AF
BH DBNSEB IBJJB GCCEDITB CDNE ERFDNLEB LBF CEDOK~QBF JDJGKBQ BHJ LA¥REBHJF LB IBKNA LBF
MER]NBHJF JBKF ]NB K B`JEGIJADH LB LRCBHLGHIBF L AHIKNFADH sr}^u _ r^u�v BJ KG ERFDKNJADH
LB IBEJGAHBF CTGFBF LN CEDIBFFNF LB ERRIEAJNEB LB EB]N�JBF LGHF NH F�FJ~QB L AHJR[EGJADH
LB FDNEIBF LB LDHHRBF TRJRED[~HBF s�^�

+
u� _ �lu�v \ }BF ERFNKJGJF DOJBHNF DHJ QDHJER ]N AK

RJGAJ CDFFAO KB L DOJBHAE EGCALBQ BHJ NHB AQCKRQ BHJGJADH NJAKAFGOKB _ JDNJ BH C BEQ BJJGHJ KB
CGFFG[B � K RITBKKB \ }G KAOEGAEAB _ BHIDEB BH IDNEF LB LRSBKDCCBQ BHJ _ BFJ KAOEBQ BHJ GIIBFFAOKB
FNE AHJBEHBJ \

¦ut¦§ u¨vz§u¦

}BF C BEFC BIJASBF FNFIAJRBF CGE IBF JEGSGN` FDHJ QNKJAC KBF \ }BF B`C REAQ BHJGJADHF ERGKA�
FRBF FNE KBF a BN` LB LDHHRBF DHJ C BEQ AF L RJNLABE LA¥REBHJF J�CBF LB QDJAMF �MER]NBHJF BJ
EBCERFBHJGJADHF IDHLBHFRBF LBF MER]NBHJFj \ hBF CEDCEARJRF HDH a NFJA¡RBF L NH CDAHJ LB SNB
by½



JTRDEA]NB DHJ GAHFA RJR DOFBESRBF _ JBKKBF ]N NH [EGHL HDQOEB LB LAFJEAONJADHF FDNF MDEQ B LB
�IDNEO BF BH IKD ITB �_ BJ KG �FJGOAKAJR � LBF LAFJEAONJADHF CGE EGCCDEJ GN ITGH[BQBHJ LB FBNAK
Q AHAQNQ LB FNCCDEJ \ ^GE KG FNAJB _ HDJEB RJNLB F BFJ CEAHIACGKBQ BHJ MD IGKAFRB FNE KBF QDJAMF
MER]NBHJF BJ KBNE ODELNEB \ % ABH ]N G�GHJ DOJBHN NHB [EGHLB ]NGHJAJR L AHMDEQ GJADHF FNE
KBF EBCERFBHJGJADHF IDHLBHFRBF LBF MER]NBHJF _ IBKKBF�IA DHJ RJR C BN B`CKDAJRBF BH CEGJA]NB \
�K FBEGAJ LDHI CGEJAINKA~EBQ BHJ AHJREBFFGHJ L RJNLABE BH LRJGAK IBF LA¥REBHJF GFC BIJF \ hB
HDNSBKKBF FJEGJR[ABF CDNEEGABHJ RSBHJNBKKBQ BHJ HGPJEB \

�DQQB HDNF K GSDHF SN BH FBIJADH � \� _ IBJJB RJNLB FBEGAJ GNFFA NJAKB CDNE L GNJEBF
GCCKAIGJADHF JBKKB ]NB KG IDHFJENIJADH LB a BN` LB LDHHRBF F�HJTRJA]NBF CKNF ERGKAFJBF \ hBF
JEGSGN` JBKF ]NB s�� _ �rtu� _ �tru� _ hru�v DHJ CEDCDFR LBF Q RJTDLBF CDNE [RHREBE
LBF a BN` LB LDHHRBF F�HJTRJA]NBF \ �DNJBMDAF _ GN EB[GEL LBF B`CREAQ BHJGJADHF ERGKAFRBF _ AK
BFJ GCCGEN ]NB IBF Q RJTDLBF HB C BEQ BJJGABHJ CGF LB EB�RJBE KG IDQCKB` AJR BJ KG LASBEFAJR
ERBKKBF LBF a BN` LB LDHHRBF \

^DNE ¡HAE _ HDF JEGSGN` FNE KB CEDJDJ�CG[B EGCALB L GK[DEAJTQ BF L B`JEGIJADH LB QDJAMF
AHJREBFFGHJF C BEQ BJJBHJ L BHSAFG[BE LB HDNSBKKBF C BEFC BIJASBF \ } Ga DNJ LB HDNSBGN` IDQ �
CDFGHJF LGHF KG KAOEGAEAB MGIAKAJBEGAJ FDH NJAKAFGJADH \ }G ERFDKNJADH LB HDNSBGN` CEDOK~QBF FB
MBEGAJ CKNF EGCALBQ BHJ BJ FAQ CKA¡BEGAJ KB JEGSGAK LB K NJAKAFGJBNE \ }BF IDQCDFGHJF � LRSBKDC�
CBE FDHJ J�CA]NBQ BHJ LB HDNSBKKBF FJENIJNEBF LB LDHHRBF _ DN LBF IDQCDFGHJF C BEQ BJJGHJ
LB FJDImBE BJ LB [REBE LB HDNSBGN` MDEQ GJF BJ FDNEIBF LB LDHHRBF \ �K FBEGAJ GNFFA AHJREBF�
FGHJ L AHIKNEB LB HDNSBGN` GK[DEAJTQBF � KG KAOEGAEAB _ JBKF ]NB LBF GK[DEAJTQ BF MGAFGHJ NH
CGEIDNEF BH CEDMDHLBNE \ �DNF CDNSDHF GNFFA BFFG�BE LB EBKG`BE IBEJGAHBF IDHJEGAHJBF CDNE
BHSAFG[BE LB JEGAJBE CKNF LB CEDOK~QBF _ IDQQB KG LRIDNSBEJB LB FR]NBHIBF MER]NBHJBF \

�H CBNJ AQ G[AHBE KB LRSBKDCCBQBHJ L NHB GCCEDITB CKNF LRIKGEGJASB LB IBF CEDOK~QBF
LB MDNAKKBF LB LDHHRBF BH LR¡HAFFGHJ NH KGH[G[B LB EB]N�JBF ]NA _ GFFDIAR � NH QDL~ KB
LB ID;J _ C BEQ BJJEGAJ � NH DCJAQ AFBNE LB ITDAFAE GNJDQ GJA]NBQ BHJ KB CGEIDNEF � NJAKAFBE _
KAO REGHJ KB LRSBKDCCBNE LB IBJJB J�ITB LA� IAKB \
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s��^u Êv �GQBFT � \ � [GE¬GK _ �TGEN � \ �[[GE¬GK _ GHL w \ w \ w \ ^EGFGL \ � JEBB CED�
a BIJADH GK[DEAJTQ MDE [BHBEGJADH DM MEB]NBHJ AJBQ FBJF \  ñ ü ���� ��� æ ê���ê�ñ
�é�� ã�ñ_ �Ê ��j Ç��uÈ��Ê _  uu Ê \

s�4w ��v �BE[B �OAJBODNK _ � AITGEL 4NKK _ GHL w AIJDE w AGHN \ ®éã����êé�� éë æ ������ �� ñ�LLAFDH�¯BFKB�_ Ê��� \
s�����v �GmBFT � [EG¬GK _ �DQGF° �Q ABKAHFmA _ GHL � ENH � \ �¬GQ A\ r AHAH[ GFFDIAGJADH

ENKBF O BJ¬BBH FBJF DM AJBQ F AH KGE[B LGJGOGFBF \ �H ^BJBE %NHBQGH GHL �NFTAK
�Ga DLAG _ BLAJDEF _ âç±² ³æ �é�ë ���� í�_ CG[BF  u�È  Ê� \ ��r ^EBFF _ Ê��� \

s���� v �GmBFT � [EG¬GK GHL �GQGmEAFTHGH �EAmGHJ \ lGFJ GK[DEAJTQF MDE Q AHAH[ GFFD�
IAGJADH ENKBF AH KGE[B LGJGOGFBF \ �H �DE[B % \ %DIIG _ r GJJTAGF �GEmB _ GHL �GEKD
tGHADKD _ BLAJDEF _ ´òæµ _ CG[BF �É�È��� \ rDE[GH ¶GNMQ GHH _ Ê��� \

s����v �GmBFT �[EG¬GK GHL �GQGmEAFTHGH �EAmGHJ \ r AHAH[ FB]NBHJAGK CGJJBEHF \ �H
^TAKAC � \ ·N GHL � EO BB } \ ^\ �TBH _ BLAJDEF _ ç�æ, _ CG[BF �È Ê� \ ���� �DQ �
CNJBE �DIABJ�_ Ê��� \

s%G��Év �DOBEJD � \ %G�GELD �E \ �� IABHJK� Q AHAH[ KDH[ CGJJBEHF MEDQ LGJGOGFBF \ �H
}GNEG r \ 4GGF GHL � FTNJDFT � A¬GE�_ BL AJDEF _ âç±² ³æ �é�ë ���� í�_ CG[BF
É�È�� \ ��r ^EBFF _ Ê��É \

s%%� u�v �BGH�lEGH�DAF %DNKAIGNJ _ � EJNE %�mD¬ FmA _ GHL �TEAFJDCTB � A[DJJA \ lEBB�FBJF Ç
� IDHLBHFBL EBCEBFBHJGJADH DM ODDKBGH LGJG MDE JTB GCCED` AQ GJADH DM MEB�
]NBHI� ]NBEABF \ æ ��� ² ê� ñ ¸ �é¹ �ñ æ ê� íéõñ_ � �Êj Ç�È   _  uu� \

s%�l
+
u�v hDN[KGF %NELAIm _ r GHNBK �GKAQ KAQ _ �GFDH lKGHHAIm _ �DTGHHBF 3BTEmB _ GHL

�DQ A · AN \ r G¡G Ç � CBEMDEQ GHIB FJNL� DM Q AHAH[ QG`AQ GK MEB]NBHJ AJBQ FBJF \
�H %G�GELD �E \ GHL tGmA s%tu�v \

s%�3u Êv hDN[KGF %NELAIm _ r GHNBK �GKAQ KAQ _ GHL �DTGHHBF 3BTEmB \ r G¡G Ç � QG`AQ GK
MEB]NBHJ AJBQ FBJ GK[DEAJTQ MDE JEGHFGIJADHGK LGJGOGFBF \ �H ç�æ, _ CG[BF ���È�� \ ���� �DQCNJBE �DIABJ�_  uu Ê \

s%�r
+
u�v lEGH° %GGLBE _ h AB[D �GKSGHBFB _ hBODEGT } \ r I3NAHHBFF _ hGHABKB �GELA _ GHL

^BJBE l \ ^GJBK��ITHBALBE _ BLAJDEF \ ºî � æ �� í�ê� �êé� òéì êí » ����éé¼ ö ºî �é��è
ç�� ��� �����êé�è ��� ½�� �êí��êé�� \ �GQOEAL[B �HASBEFAJ� ^EBFF _  uu� \

s%hl�É� v �GJEABK %BBEA _ rGEJAH hD¬L _ �DHGKL lG[AH _ GHL � AITGEL �JGJQ GH \ �H
JTB FJENIJNEB DM GEQ FJEDH[ EBKGJADHF MDE MNHIJADHGK LBC BHLBHIABF \  ñ ½ �² _
� Ê�Êj Ç�uÈ�� _ Ê�É� \
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s%BE��v � KGNLB %BE[B \ ±��� î� ��� »�� ��ì ��� î� \ �DEJT 4DKKGHL _ �QFJBELGQ _ Ê��� \
s%3tu� v �DOBEJD � \ %G�GELD �E \_ %GEJ 3DBJTGKF _ GHL rDTGQQBL �GSBBL tGmA _ BLAJDEF \

®ç² ç ä:7 è ü �éí���ê�ì� éë �î � ç,,, ç�æ² Àé�¼�î é� é� ®��þã ��� ç ������ ² êÿ
�ê�ì ç�� ��� �����êé��è µ �êìî �é�è Á¸ è Â éõ�� ��� �è +::7 _ SDKNQB Ê � DM �, Áï
Àé�¼�î é� ü �éí���ê�ì� \ �����¯ � \DE[ _  uu� \

s%DLu�v lBEBHI %DLDH \ � MGFJ GCEADEA AQCKBQ BHJGJADH \ �H %G�GELD �E \ GHL tGmA s%tu�v \
s%DLu�v lBEBHI %DLDH \ �NECEAFAH[ EBFNKJF DM JEAB�OGFBL ¡Q GK[DEAJTQ F \ �H %G�GELD �E \

BJ GK \ s%3tu�v \
s%DEu�v �TEAFJAGH %DE[BKJ \ �� IABHJ AQCKBQ BHJGJADHF DM �CEADEA GHL �IKGJ \ �H %G�GELD

�E \ GHL tGmA s%tu�v \
s%DEu� v �TEAFJAGH %DE[BKJ \ � BINEFADH CENHAH[ MDE JTB GCEADEA GK[DEAJTQ \ �H %G�GELD

�E \ BJ GK \ s%3tu�v \
s%� uÊv � EJNE %�mD¬ FmA GHL �TEAFJDCTB � A[DJJA \ � IDHLBHFBL EBCEBFBHJGJADH JD ¡HL

MEB]NBHJ CGJJBEHF \ �H ü³æâ \ ��r _  uu Ê \
s%tu�v �DOBEJD � \ %G�GELD �E \ GHL rDTGQQBL �GSBBL tGmA _ BLAJDEF \ ®ç² ç ä:�èü �éí���ê�ì� éë �î � ç,,, ç�æ² Àé�¼�î é� é� ®��þã ��� ç ������ ² ê� ê�ì ç� ÿ

� ��� �����êé��è ² ���éã�� �è ® �é�ê��è Áâ½ è Â éõ�� ��� �*è +::�_ SDKNQB �u DM
�, Áï Àé�¼�î é� ü �éí���ê�ì� \ �����¯ � \DE[ _  uu� \

s��}u�v � KGAH �GFGKA _ �DFAHB � AIITBJJA _ GHL }DJ¡ }GmTGK \ �FFBHJAGK CGJJBEHF Ç � CBEMBIJ
IDSBE DM MEB]NBHJ CGJJBEHF \ �H � \ r AH �a DG GHL �NGH �ENa AKKD _ BLAJDEF _ æ �À�¸ _
SDKNQ B ��É� DM ò�í�ã�� Â é��� ê� �é�� ã��� â íê�� í�_ CG[BF � ÉÈ��� \ �CEAH[BE _ uu� \

s�3u�v �DDH �GKLBEF GHL %GEJ 3DBJTGKF \ r AHAQ GK ¼�MEBB EBCEBFBHJGJADHF DM MEB]NBHJ
FBJF \ �H �GLG }GSEGI _ h EG[GH 3GQOBE[BE _ ÃBHLEAm % KDImBBK _ GHL }a NC ID �D�
LDEDSFmA _ BLAJDEF _ ü¸ææ _ SDKNQ B  É�É DM ò�í�ã�� Â é��� ê� �é�� ã��� â íê�� í�_
CG[BF �ÊÈÉ \ �CEAH[BE _  uu� \

sh%}u v ü�éí���ê�ì� éë �î � +::+ ç,,, ç�������êé��� �é�ë ���� í� é� æ ��� ² ê� ê�ì
#ç�æ² +::+$ è *ÿ�+ æ �í�� ��� +::+è ² �����î ê �ê��è ���� \ ���� �DQCNJBE
�DIABJ�_  uu \

shru�v h ALABE hBSGNEF GHL lGOABH hB rGEITA \ 3RHREGJADH LB OGFBF LB JEGHFGIJADHF
F�HJTRJA]NBF Ç SBEF KG CEAFB BH IDQCJB LBF ODELNEBF \ �H wREDHA]NB %BH°GmBH _
BLAJDE _ µæ½ _  uu� \

sh���v �ÄHDF hBQ BJEDSAIF GHL wN hNI �TA \ �DQ B EBQ GEmF DH [BHBEGJAH[ GEQ FJEDH[
GHL AHMBEEAH[ MNHIJADHGK LBC BHLBHIABF EBKGJADH \ ½ í�� ������ ñ_ Ê � j ÇÊ��È ÊÉu _Ê��� \

s�3��v �TDQGF � AJBE GHL 3BDE[ 3DJJKDO \ �LBHJAM� AH[ JTB Q AHAQ GK JEGHFSBEFGKF DM G
T�CBE[EGCT GHL EBKGJBL CEDOKBQ F \ âç½²  ñ �é�� ã�ñ_  � ��j ÇÊ �ÉÈ Ê�u� _ Ê��� \sl¶ ��v r AITGBK } \ lEBLQ GH GHL }BDHAL ¶TGITA�GH \ �H JTB IDQCKB` AJ� DM LNGKA°GJADH
DM QDHDJDHB LAFa NHIJASB HDEQ GK MDEQ F \  ñ ½ �ì é�ê�î�� _  Ê ��j Ç� ÊÉÈ� É _ Ê��� \sl KDu�v lERLREAI l KDNSGJ \ �`CBEAQ BHJGK FJNL� DM MEB]NBHJ AJBQ FBJF LGJGFBJF \ �BIT�
HAIGK EBC DEJ _ }�r�� _ lEGHIB _ TJJC Ç¢¢¬¬¬ \AFAQ G \ME¢�DNSGJ¢CGCBEF¢EEu��
�`C�JNL�hGJGFBJF \CLM _ a NHB  uu� \
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slr^u� v lERLREAI l KDNSGJ _ lGOABH hB rGEITA _ GHL �BGH�rGEI ^BJAJ \ �%� Ç �LGCJASB

%DELBEF �BGEIT DM MEB]NBHJ AJBQ FBJF \ �H %G�GELD �E \ BJ GK \ s%3tu�v \
slr^u�v lERLREAI l KDNSGJ _ lGOABH hB rGEITA _ GHL �BGH�rGEI ^BJAJ \ � JTDEDN[T B` �

CBEAQ BHJGK FJNL� DM LGJGFBJF MDE MEB]NBHJ AJBQ FBJF \ �H ç�æ² _ CG[BF Ê� È Ê�� \���� �DQCNJBE �DIABJ�_  uu� \
slr^u�v lERLREAI l KDNSGJ _ lGOABH hB rGEITA _ GHL �BGH�rGEI ^BJAJ \ wBEF KB CEDJDJ�CG[B

EGCALB LB CED[EGQQBF LB MDNAKKB LB LDHHRBF \ �H hDQ AHA]NB }GNEBHJ _ BLAJDE _
µæ½ _  uu� \

sl^����v �FGQG r \ lG��GL _ 3EB[DE� ^AGJBJFm���TGCAED _ GHL ^GLTEGAI �Q�JT \ lEDQ
LGJG Q AHAH[ JD mHD¬ KBL[B LAFIDSBE� AH LGJGOGFBF \ ½ ç ² �ì �Å ê� �_ Ê� ��j Ç��È �� _Ê��� \

s3¶r
+
u�v h AQ AJEADF 3NHDCNKDF _ �DHA ¶TGELDH _ ÃBAmmA rGHHAKG _ �GHa BBS �GKNa G _ ÃGHHN

�DASDHBH _ GHL �GQ �B¬Gm �TGEQ \ hAFIDSBEAH[ GKK Q DFJ FC BIA¡I FBHJBHIBF \
½ �² º���� ñ æ ������ � â���ñ_  É � j ÇÊ�uÈ Ê�� _  uu� \

s3�tu�v %GEJ 3DBJTGKF _ �AB[MEABL � Aa FFBH _ GHL rDTGQQBL �GSBBL tGmA \ �CBH FDNEIB
LGJG Q AHAH[ Ç ¯DEmFTDC EBCDEJ \ �H ³âæ² ä:Æè ü �éí���ê�ì éë �î � ½ �²
âç±¸ææ ³� �� â éã�í� æ ��� ² ê� ê�ì Àé�¼�î é� è �îêí�ì éèÁâ½ _  uu� \

s3DBGv %GEJ 3DBJTGKF \ �CEADEA AQCKBQ BHJGJADH \ �HASBEFAJ� DM �HJ¬BEC \
TJJC Ç¢¢¬¬¬ \GLEBQ \NG \GI \O B¢Ç[DBJTGKF¢ \

s3DBOv %GEJ 3DBJTGKF \ lEB]NBHJ AJBQ FBJ Q AHAH[ AQCKBQ BHJGJADHF EBCDFAJDE�_
TJJC Ç¢¢¡Q A\IF \TBKFAHmA \¡¢ \

s3¯ ��v %BEHTGEL 3GHJBE GHL �NLDKM ¯ AKKB \ ®é�� �� �é� í�� � ½�����ê� \ �CEAH[BE�SBEKG[ _
Ê��� \

s3tu Êv ¶GEGQ 3DNLG GHL rDTGQQBL �GSBBL tGmA \ �� IABHJK� Q AHAH[ QG`AQ GK
MEB]NBHJ AJBQ FBJF \ �H �AIm �BEIDHB _ �FGN ·DNH[ } AH _ GHL È AHLDH[ ¯N _ BLAJDEF _
ç�æ² _ CG[BF Ê��È Ê�u \ ���� �DQCNJBE �DIABJ�_  uu Ê \

s3tu�v 3ÉFJG 3EGTHB GHL �AGHMBA tTN \ �� IABHJK� NFAH[ CEB¡` �JEBBF AH Q AHAH[ MEB]NBHJ
AJBQ FBJF \ �H %G�GELD �E \ GHL tGmA s%tu�v \

sÃGKuÊv � KDH · \ ÃGKBS�\ �HF¬BEAH[ ]NBEABF NFAH[ SAB¬ F Ç � FNESB�\ ´òæµ  ñ_Êu �� j Ç �uÈ  �� _  uuÊ \
sÃ��

+
u�v rDTGQQGL ÃGFGH _ w AHBBJ �TGDa A _ �GBBL �GKBQ _ �G[BHLBE ^GEAQ A _ GHL rD�

TGQQBL tGmA \ hr�} Ç � [BHBEAI LGJG Q AHAH[ JBQCKGJB KAOEGE�\ �H Àé�¼�î é�
é� ò ê�����ÿ�����êí â éë �¹��� æ ��êì� #ò�âæ ä:Æ$ è ¹ ê�î ³�ù �í�ÿ³�ê����� ü �éÿ
ì ���� ê�ìè â������è ò��ìã�ì �� ��� ½�� �êí��êé�� #³³üâò½ ä:Æ$ íé�ë ���� í�è
â�� æ ê�ì éè ���êë é��ê�_  uu� \

sÃ3u�v �AG¬BA ÃGH GHL hGJG r AHAH[ 3EDNC \ �KKAr AHB CEDa BIJ \ �HASBEFAJ� DM �KKA�
HDAF �EOGHG��TGQCGA[H hGJGOGFB GHL �HMDEQ GJADH ��FJBQ F }GODEGJDE�\
TJJC Ç¢¢AKKAQ AHB \IF \N ANI \BLN¢ _  uu� \

sÃr �u Êv h GSAL � \ Ã GHL _ ÃBAmmA rGHHAKG _ GHL ^GLTEGAI �Q�JT \ ü�ê� íê� ��� éë æ ���
² ê� ê�ì \ r �� ^EBFF _  uuÊ \
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sÃ^· uuv �AG¬BA ÃGH _ �AGH ^BA _ GHL · A¬BH · AH \ r AHAH[ MEB]NBHJ CGJJBEHF ¬ AJTDNJ IGH�

LALGJB [BHBEGJADH \ �H ¯BALDH[ �TBH _ �B¥EB� l \ �GN[TJDH _ GHL ^TAKAC � \
%BEHFJBAH _ BLAJDEF _ âç±² ³æ �é�ë ���� í�_ CG[BF ÊÈ Ê \ ��r _  uuu \

s�¯ruuv �mATAED �HDmNITA _ �GmGFTA ¯GFTAD _ GHL Ã AEDFTA rDJDLG \ �H GCEADEA�OGFBL
GK[DEAJTQ MDE Q AHAH[ MEB]NBHJ FNOFJENIJNEBF MEDQ [EGCT LGJG \ �H ha GQBK � \
tA[TBL _ ÃBHE�m �GH ¶DQDED¬ FmA _ GHL �GH r \ t�JmD¬ _ BLAJDEF _ ü¸ææ _ SDKNQ B
Ê� Êu DM ò�í�ã�� Â é��� ê� �é�� ã��� â íê�� í�_ CG[BF Ê�È  � \ �CEAH[BE _  uuu \

s�lu�v Ã RK~HB �GNLDAH GHL lERLREAI l KDNSGJ \ �BITHA]NBF LB MDNAKKB LB LDHHRBF CDNE
KG ERRIEAJNEB LB EB]N�JBF BH CERFBHIB LB IDHJEGAHJBF LB SGKBNEF \ �H 3AKO BEJ
� AJFITGEL GHL �TGOGHB ha BEGOG _ BLAJDEF _ , ±�_ SDKNQB ������ �� DM ï�õã �
��� Â éãõ�� ��� º�íî�é�éì ê�� �� � äç�ë é�� ��êé� _ CG[BF ��ÈÉÉ \ �RCGLN~F�ÊLAJADHF _
 uu� \

s�^�
+
u�v Ã RK~HB �GNLDAH _ �BGH�rGEI ^BJAJ _ �TEAFJDCTB � B�_ r AITBK �ITHBALBE _ GHL lG�

EDNm �DNQGHA \ �NBE� EB¬ EAJAH[ NFAH[ S AB¬ F AH CEBFBHIB DM SGKNB IDHFJEGAHJF \
�H �GH ÃDEEDImF _ � KEAmB �GJJKBE _ GHL lEGHm ¯DKJBE _ BLAJDEF _ æ ��í�ê� �êé� òéì êí� _
SDKNQ B Ê�� DM �, Áï Àé�¼�î é� ü �éí���ê�ì� \ �����¯ � \DE[ _  uu� \

s¶3u v rGE°BHG ¶E�F°mAB¬ AI° GHL rGEIAH 3Ga Bm \ �DHIAFB EBCEBFBHJGJADH DM MEB]NBHJ
CGJJBEHF OGFBL DH [BHBEGKA°BL LAFa NHIJADH�MEBB [BHBEGJDEF \ �H r AH[��TGH
�TBH[ _ ^TAKAC � \ ·N _ GHL %AH[ } AN _ BLAJDEF _ ü½¸ææ _ SDKNQ B  ��� DM ò�íÿ
�ã�� Â é��� ê� �é�� ã��� â íê�� í�_ CG[BF Ê��È Ê�Ê \ �CEAH[BE _  uu \

s¶r��� v r GEJJA ¶GHJDKG _ ÃBAmmA r GHHAKG _ ¶ GEA��DNmD �ËATË _ GHL ÃGEEA � AAEJDKG \ h AF�
IDSBEAH[ MNHIJADHGK GHL AHIKNFADH LBCBHLBHIABF AH EBKGJADHGK LGJGOGFBF \ ç����ÿ
���êé��� éã���� éë ç���� �êì ��� â������ _ � Ç�� ÊÈ�u� _ Ê�� \

s¶� u�v �HLEBGF ¶DBKKBE GHL �KmB � \ �NHLBHFJBAHBE \ h AFIDSBE� DM TA[T�LAQ BHFADHGK \
�H �QBFT¬GE hG�GK _ ¶ EAJTA �GQGQEAJTGQ _ GHL � \ r \ w Aa G�GEGQ GH _ BLAJDEF _
ç�æ, _ CG[BF �É�È�É� \ ���� �DQCNJBE �DIABJ�_  uu� \

s}Ãr �Év % AH[ } AN _ ¯�HHB ÃFN _ GHL · AQ AH[ rG \ �HJB[EGJAH[ IKGFFA¡IGJADH GHL GFFDIAG�
JADH ENKB Q AHAH[ \ �H ¸ææ _ CG[BF ÉuÈÉ� _ Ê��É \

s}¶ �Év h GD�� } AH GHL tSA r \ ¶BLBQ \ ^AHIBE FBGEIT Ç � HB¬ GK[DEAJTQ MDE LAFID�
SBEAH[ JTB Q G`AQNQ MEB]NBHJ FBJ \ �H ÃGHF��ÉE[ �ITBm _ l~ KA` �GKJDE _ �FALED
� GQDF _ GHL 3NFJGSD � KDHFD _ BLAJDEF _ ,æµ º_ SDKNQB Ê��� DM ò�í�ã�� Â é���
ê� �é�� ã��� â íê�� í�_ CG[BF Êu�È ÊÊ� \ �CEAH[BE _ Ê��É \

s}}��v r GEm }BSBHB GHL 3BDE[B }DA°DN \ ½ ±ãê��� ºéã� éë ï����êé��� æ ������ �� ���
µ ��é��\ �CEAH[BE�SBEKG[ _ Ê��� \

s}}·
+
u�v 3NAQ BA } AN _ ÃDH[a NH }N _ �B¥EB� ÈN ·N _ ¯GH[ ¯BA _ GHL È AGH[�B È AGD \ � MDCJ Ç

�H B� IABHJ AQ CKBQ BHJGJADH DM CGJJBEH [ED¬JT GCCEDGIT \ �H %G�GELD �E \ GHL
tGmA s%tu�v \

s}^}uuv �JRCTGHB }DCBF _ �BGH�rGEI ^BJAJ _ GHL }DJ¡ }GmTGK \ �� IABHJ LAFIDSBE� DM
MNHIJADHGK LBC BHLBHIABF GHL GEQ FJEDH[ EBKGJADHF \ �H �GEKD tGHADKD _ ^BJBE � \
}DImBQ GHH _ rGEI Ã \ �ITDKK _ GHL �DEFJBH 3ENFJ _ BLAJDEF _ ,æµ º_ SDKNQB Ê���
DM ò�í�ã�� Â é��� ê� �é�� ã��� â íê�� í�_ CG[BF ��uÈ��� \ �CEAH[BE _  uuu \
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s}^� u v �JRCTGHB }DCBF _ �BGH�rGEI ^BJAJ _ GHL lGEDNm �DNQ GHA \ h AFIDSBEAH[ AHJBEBF�

JAH[ AHIKNFADH LBCBHLBHIABF Ç GCCKAIGJADH JD KD[AIGK LGJGOGFB JNHAH[ \ ç�ë ñ â���ñ_ � �Êj ÇÊÈ Ê� _  uu \
sr�^�Év l KDEBHJ rGFFB[KAG _ lGOABHHB �GJTGKG _ GHL ^GFIGK ^DHIBKBJ \ �TB CFC GCCEDGIT

MDE Q AHAH[ FB]NBHJAGK CGJJBEHF \ �H �GH r \ t�JmD¬ GHL rDTGQ BL �NGMGMDN _
BLAJDEF _ ü¸ææ _ SDKNQ B Ê�Êu DM ò�í�ã�� Â é��� ê� �é�� ã��� â íê�� í�_ CG[BF
Ê��È ÊÉ� \ �CEAH[BE _ Ê��É \

srl^u�v lGOABH hB rGEITA _ lERLREAI l KDNSGJ _ GHL �BGH�rGEI ^BJAJ \ �LGCJASB FJEGJB[ABF
MDE Q AHAH[ JTB CDFAJASB ODELBE DM AHJBEBFJAH[ CGJJBEHF Ç �CCKAIGJADH JD AHIKNFADH
LBCBHLBHIABF AH LGJGOGFBF \ �H �BGH�lEGH�DAF %DNKAIGNJ _ }NI hB �GBLJ _ GHL
ÃBAmmA r GHHAKG _ BLAJDEF _ �é�����ê��ÿµ �� �� ² ê� ê�ì ��� ç��ãí�êõ � æ ������ �� _
SDKNQ B �É�É DM ò�í�ã�� Â é��� ê� �é�� ã��� â íê�� í�_ CG[BF É ÊÈ Êu Ê \ �CEAH[BE _ uu� \

sr AJÉ�v �DTH � \ r AJITBKK \ �TB AQCKAIGJADH CEDOKBQ MDE MNHIJADHGK GHL AHIKNFADH LB�
CBHLBHIABF \ ç�ë é�� ��êé� ��� �é���é�_ �� ��j ÇÊ��È Ê�� _ Ê�É� \

sr}^u v lGOABH hB rGEITA _ �JRCTGHB }DCBF _ GHL �BGH�rGEI ^BJAJ \ �� IABHJ GK[DEAJTQ F
MDE Q AHAH[ AHIKNFADH LBCBHLBHIABF \ �H �TEAFJAGH � \ �BHFBH _ ¶BAJT 3 \ �B¥BE�_ �G�
EDFKGS ^DmDEHÌ_ � AQ DHGF �GKJBHAF _ � KAFG %BEJAHD _ ¶ KBQ BHF %ÉTQ _ GHL rGJJTAGF
�GEmB _ BLAJDEF _ ,æµ º_ SDKNQ B   É� DM ò�í�ã�� Â é��� ê� �é�� ã��� â íê�� í�_
CG[BF ���È��� \ �CEAH[BE _  uu \

sr^u�v lGOABH hB rGEITA GHL �BGH�rGEI ^BJAJ \ tA[°G[ Ç G HB¬ GK[DEAJTQ MDE Q A�
HAH[ KGE[B AHIKNFADH LBC BHLBHIABF AH LGJGOGFB \ �H ç�æ² _ CG[BF  �È�� \ ����
�DQCNJBE �DIABJ�_  uu� \

sr��� v ÃBAmmA r GHHAKG GHL ¶GEA��DNmD �ËATË \ ºî � æ ��êì� éë ï����êé��� æ ������ �� \
�LLAFDH�¯BFKB�_ FBIDHL BLAJADH _ Ê��� \

sr �uuv �TAHAITA rDEAFTAJG GHL �NH �BFB \ �EGSBEFAH[ AJBQ FBJ KGJJAIB ¬ AJT FJGJAFJAIGK
Q BJEAI CENHAH[ \ �H ü³æâ _ CG[BF   �È  �� \ ��r _  uuu \

sr���v ÃBAmmA r GHHAKG GHL ÃGHHN �DASDHBH \ rNKJAC KB NFBF DM MEB]NBHJ FBJF GHL
IDHLBHFBL EBCEBFBHJGJADHF �B`JBHLBL GOFJEGIJj \ �H ¸ææ _ CG[BF ÊÉ�È Ê�� _ Ê��� \

sr���v ÃBAmmA rGHHAKG GHL ÃGHHN �DASDHBH \ }BSBK¬ AFB FBGEIT GHL ODELBEF DM JTBDEABF
AH mHD¬ KBL[B LAFIDSBE�\ æ ��� ² ê� ñ ¸ �é¹ �ñ æ ê� íéõñ_ Ê ��j Ç � ÊÈ  �É _ Ê��� \

s�}^
+
u�v �GKSGJDEB �EKGHLD _ � KGNLAD }NIITBFB _ ^GDKD ^GKQ BEAH A _ �G¥GBKB ^BEB[D _ GHL

lGOEA°AD � AKSBFJEA \ mLIA Ç G QNKJA�FJEGJB[� GK[DEAJTQ MDE Q AHAH[ MEB]NBHJ FBJF \
�H %G�GELD �E \ GHL tGmA s%tu�v \

s�^^�u v �GKSGJDEB �EKGHLD _ ^GDKD ^GKQ BEAHA _ �G¥GBKB ^BEB[D _ GHL lGOEA°AD � AKSBFJEA \
�LGCJASB GHL EBFDNEIB�G¬GEB Q AHAH[ DM MEB]NBHJ FBJF \ �H ç�æ² sh%}u v _
CG[BF ��ÉÈ��� \

s^%�}��v � AIDKGF ^GF]NABE _ ·SBF %GFJALB _ � G¡m �GDNAK _ GHL }DJ¡ }GmTGK \ h AFIDSBEAH[
MEB]NBHJ IKDFBL AJBQ FBJF MDE GFFDIAGJADH ENKBF \ �H �GJEABK %BBEA GHL ^BJBE
%NHBQGH _ BLAJDEF _ ç�æ º_ SDKNQ B Ê��u DM ò�í�ã�� Â é��� ê� �é�� ã��� â íê�� í�_
CG[BF ��ÉÈ� Ê� \ �CEAH[BE _ Ê��� \
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s^Ãruuv �AGH ^BA _ �AG¬BA ÃGH _ GHL �NH� AH[ rGD \ � KDFBJ Ç �H B� IABHJ GK[DEAJTQ MDE

Q AHAH[ MEB]NBHJ IKDFBL AJBQ FBJF \ �H ½ �² âç±² ³æ Àé�¼�î é� é� ï�� ���íî
ç��ã �� ê� æ ��� ² ê� ê�ì ��� ¸ �é¹ ���ì � æ ê�íéõ���_ CG[BF  ÊÈ�u _  uuu \

s^�^u�v ^GDKD ^GKQ BEAH A _ �GKSGJDEB �EKGHLD _ GHL � G¥GBKB ^BEB[D \ �JGJAFJAIGK CEDC BE�
JABF DM JEGHFGIJADHGK LGJGOGFBF \ �H ÃAFTGQ ÃGLLGL _ �HLEBG �Q AIAHA _ �D[BE } \
¯GAH¬EA[TJ _ GHL }DEAB r \ } ABOEDIm _ BLAJDEF _ â½ �_ CG[BF �Ê�È �Ê� \ ��r _  uu� \

s�� v �TB �NBFJ � BGQ \ ��HJTBJAI LGJG [BHBEGJADH IDLB MDE GFFDIAGJADHF GHL FB]NBH�
JAGK CGJJBEHF \ �HJBKKA[BHJ AHMDEQ GJADH F�FJBQ F _ �%r GKQ GLBH EBFBGEIT IBHJBE \
TJJC Ç¢¢¬¬¬ \GKQ GLBH \AOQ \IDQ ¢FDMJ¬GEB¢]NBFJ¢� BFDNEIBF¢ \

s�rtu�v 3GHBFT �GQBFT _ ¯ AKKAGQ rGHAGJJ�_ GHL rDTGQQBL �GSBBL tGmA \ lBGFAOKB
AJBQ FBJ LAFJEAONJADHF AH LGJG Q AHAH[ Ç JTBDE� GHL GCCKAIGJADH \ �H ü ³æâ _ CG[BF
 É�È �� \ ��r _  uu� \

s��Q � v �DH ��QDH \ �BGEIT JTEDN[T F�FJBQ GJAI FBJ BHNQBEGJADH \ �H ¸ï _ CG[BF ���È��u _ Ê�� \
s�tru�v 3GHBFT � GQ BFT _ rDTGQQBL �GSBBL tGmA _ GHL ¯ AKKAGQ rGHAGJJ�\

h AFJEAONJADH�OGFBL F�HJTBJAI LGJGOGFB [BHBEGJADH JBITHA]NBF MDE AJBQ FBJ Q A�
HAH[ \ �H çæ,½ â _ CG[BF �u�È� Ê� \ ���� �DQCNJBE �DIABJ�_  uu� \

s��u�v ¶ BH �GJDT GHL �GmBGmA �HD \ �HNQ BEGJAH[ QG`AQ GK MEB]NBHJ FBJF NFAH[ AEEB�
LNHLGHJ LNGKA°GJADH \ �H 3NHJBE 3EABFBE _ ·N°NEN �GHGmG _ GHL �mATAED ·GQ G�
QDJD _ BLAJDEF _ æ ê� íéõ��� â íê�� í�_ SDKNQ B  É�� DM ò�í�ã�� Â é��� ê� �é�� ã���
â íê�� í�_ CG[BF  ��È  �É \ �CEAH[BE _  uu� \

s���u v � KB`GHLEB �BEQ ABE _ r GEAB��TEAFJAHB �DNFFBJ _ GHL r AIT~ KB �BOG[ \ �EBB¡HLBE Ç
G ¡ EFJ FJBC JD¬GELF `Q K LGJG Q AHAH[ \ �H ç�æ² sh%}u v _ CG[BF ��uÈ��� \

s���� u�v �GmBGmA �HD _ �GJFN�G � FGA _ ·N°D �ITALG _ GHL Ã AEDmA � EAQNEG \ }IQ Ç �H
B� IABHJ GK[DEAJTQ MDE BHNQBEGJAH[ MEB]NBHJ IKDFBL AJBQ FBJF \ �H %G�GELD �E \
GHL tGmA s%tu�v \

s���� u� v �GmBGmA �HD _ �GJFN�G � FGA _ ·N°D �ITALG _ GHL Ã AEDmA � EAQNEG \ �H B� IABHJ
GK[DEAJTQ MDE BHNQBEGJAH[ IKDFBL CGJJBEHF AH JEGHFGIJADH LGJGOGFBF \ �H �AHD�
FTAH �N°NmA GHL �BJFND � EAmG¬G _ BLAJDEF _ æ ê� íéõ��� â íê�� í�_ SDKNQ B � �� DM
ò�í�ã�� Â é��� ê� �é�� ã��� â íê�� í�_ CG[BF Ê�È� Ê \ �CEAH[BE _  uu� \

s�¶� u� v �GmBGmA �HD _ r GFGFTA ¶ A�DQ A_ GHL Ã AEDmA � EAQNEG \ }IQ SBE \  Ç �� IABHJ
Q AHAH[ GK[DEAJTQF MDE MEB]NBHJ¢IKDFBL¢QG`AQ GK AJBQ FBJF \ �H %G�GELD �E \ BJ GK \
s%3tu�v \

s� KKuuv �B¥EB� h \ � KKQ GH \ �HMDEQ GJADH AHJB[EGJADH NFAH[ KD[AIGK S AB¬ F \ ºî �é�ñ �é� ÿ
� ã�ñ â íêñ_  �� � j ÇÊÉ�È  Êu _  uuu \

s¯ lu�v �GH Ã \ ¯ AJJBH GHL �AO B lEGHm \ æ ��� ² ê� ê�ì ö ü ��í�êí�� � �íî ê� � �����ê�ì
�éé�� ��� ��íî�êþã ��è +�� , �ê�êé� \ rDE[GH ¶GNMQ GHH _ �GH lEGHIAFID _  uu� \

s¯ AKÉ v �NLDKM ¯ AKKB \ ï����ã í�ã�ê�ì ����êí� �î �é�� ö ½� ��� �é�íî ��� �� é� îê����íî ê��
éë íé� í�� �� _ CG[BF ���È��u \ �ELBEBL �BJF \ � BALBK _hDELEBITJ�%DFJDH _ Ê�É \

stGmuuv rDTGQQBL �GSBBL tGmA \ �IGKGOKB GK[DEAJTQ F MDE GFFDIAGJADH Q AHAH[ \ ç,,,º���� ñ ¸ �é¹ �ñ æ ��� ,�ì ñ_ Ê � j Ç�� È��u _  uuu \
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stGmu v rDTGQQBL �GSBBL tGmA \ �� IABHJK� Q AHAH[ MEB]NBHJ JEBBF AH G MDEBFJ \ �H

¸ææ _ CG[BF �ÊÈÉu \ ��r _  uu \
stÃu v rDTGQQBL �GSBBL tGmA GHL �TAH[��AN ÃFAGD \ �TGEQ Ç �H B� IABHJ GK[DEAJTQ

MDE IKDFBL AJBQ FBJ Q AHAH[ \ �H �DOBEJ } \ 3EDFFQ GH _ �AG¬BA ÃGH _ w ACAH ¶NQGE _
ÃBAmmA r GHHAKG _ GHL �Ga BBS rDJ¬GHA _ BLAJDEF _ âæ² \ ���r _  uu \

st^h+
u�v rDTGQQBL �GSBBL tGmA _ �G[BHLBE ^GEAQ A _ � AKGHa GHG hB _ lBH[ 3GD _ %BH�

a GEGJT ^TDDCTGmLBB _ �DB �EOGH _ w AHBBJ �TGDa A _ rDTGQQGL � K ÃGFGH _ GHL
�GBBL �GKBQ \ �D¬GELF [BHBEAI CGJJBEH Q AHAH[ \ �H %BEHTGEL 3GHJBE GHL �DOBEJ
3DLAH _ BLAJDEF _ ç�®�½ _ SDKNQB ��u� DM ò�í�ã�� Â é��� ê� �é�� ã��� â íê�� í�_
CG[BF ÊÈ  u \ �CEAH[BE _  uu� \

st^�}��v rDTGQQBL �GSBBL tGmA _ �EAH ASGFGH ^GEJTGFGEGJT�_ r AJFNHDEA �[ATGEG _ GHL
¯BA } A \ � B¬ GK[DEAJTQ F MDE MGFJ LAFIDSBE� DM GFFDIAGJADH ENKBF \ �H ¸ææ _ CG[BF
 É�È  É� _ Ê��� \
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