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❛♥ ✉r❜❛♥ ❛r❡❛✱ ❝✉st♦♠❡rs ❝❛♥ t❛❦❡ ❛ ❝❛r ❛t ❛♥② t✐♠❡ ❛♥❞ st❛t✐♦♥ ❛♥❞ r❡t✉r♥ ✐t ❛t
❛♥② t✐♠❡ ❛♥❞ st❛t✐♦♥✱ ♣r♦✈✐❞❡❞ t❤❛t t❤❡r❡ ✐s ❛ ❝❛r ❛✈❛✐❧❛❜❧❡ ❛t t❤❡ st❛rt st❛t✐♦♥
❛♥❞ ❛ ❢r❡❡ ♣❧❛❝❡ ❛t t❤❡ ✜♥❛❧ st❛t✐♦♥✳ ❚♦ ❡♥s✉r❡ t❤❡ ❧❛tt❡r✱ ❝✉st♦♠❡rs ❤❛✈❡ t♦
❜♦♦❦ t❤❡✐r ❞❡♠❛♥❞s ✐♥ ❛❞✈❛♥❝❡✳

❋♦r ♦♣❡r❛t✐♥❣ s✉❝❤ ❛ s②st❡♠ ✐♥ ❛ s❛t✐s❢❛❝t♦r② ✇❛②✱ t❤❡ st❛t✐♦♥s ❤❛✈❡ t♦ ❦❡❡♣
❛ ❣♦♦❞ r❛t✐♦ ❜❡t✇❡❡♥ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ♣❧❛❝❡s ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❝❛rs ✐♥ ❡❛❝❤
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✇❛s ❢♦✉♥❞❡❞ ❜② t❤❡ ❋r❡♥❝❤ ◆❛t✐♦♥❛❧ ❘❡s❡❛r❝❤ ❆❣❡♥❝②✱ t❤❡ ❊✉r♦♣❡❛♥ ❈♦♠♠✐ss✐♦♥ ✭❋❡❞❡r
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st❛t✐♦♥✱ ✐♥ ♦r❞❡r t♦ r❡❢✉s❡ ❛s ❢❡✇ ❝✉st♦♠❡r r❡q✉❡sts ❛s ♣♦ss✐❜❧❡✳ ❚❤✐s ❧❡❛❞s t♦
t❤❡ ♣r♦❜❧❡♠ ♦❢ ❜❛❧❛♥❝✐♥❣ t❤❡ ❧♦❛❞ ♦❢ t❤❡ st❛t✐♦♥s✱ ❝❛❧❧❡❞ ❘❡❧♦❝❛t✐♦♥ Pr♦❜❧❡♠✿ ❛♥
♦♣❡r❛t♦r ❤❛s t♦ ♠♦♥✐t♦r t❤❡ ❧♦❛❞ s✐t✉❛t✐♦♥s ♦❢ t❤❡ st❛t✐♦♥s ❛♥❞ t♦ ❞❡❝✐❞❡ ✇❤❡♥
❛♥❞ ❤♦✇ t♦ ♠♦✈❡ ❝❛rs ❢r♦♠ ✏♦✈❡r❢✉❧❧✑ st❛t✐♦♥s t♦ ✏✉♥❞❡r❢✉❧❧✑ ♦♥❡s✳

❇❛❧❛♥❝✐♥❣ ♣r♦❜❧❡♠s ♦❢ t❤✐s t②♣❡ ♦❝❝✉r ❢♦r ❛♥② ❝❛r ♦r ❜✐❦❡ s❤❛r✐♥❣ s②st❡♠✱
❜✉t t❤❡ s❝❛❧❡ ♦❢ t❤❡ ✐♥st❛♥❝❡s✱ t❤❡ ❤♦♠♦❣❡♥❡✐t② ♦❢ t❤❡ ✢❡❡t✱ t❤❡ t✐♠❡ ❞❡❧❛②
❢♦r ♣r❡❜♦♦❦✐♥❣s ❛♥❞ t❤❡ ♣♦ss✐❜✐❧✐t② t♦ ♠♦✈❡ ♦♥❡ ♦r ♠♦r❡ ✈❡❤✐❝❧❡s ✐♥ ❜❛❧❛♥❝✐♥❣
st❡♣s ❞✐✛❡r✳ ❲❡ ❝♦♥s✐❞❡r ❛♥ ✐♥♥♦✈❛t✐✈❡ ❈❛rs❤❛r✐♥❣ ❙②st❡♠✱ ✇❤❡r❡ t❤❡ ❝❛rs ❛r❡
♣❛rt❧② ❛✉t♦♥♦♠♦✉s ✇❤✐❝❤ ❛❧❧♦✇s t♦ ❜✉✐❧❞ ❝♦♥✈♦②s ♦❢ ❝❛rs✱ ✇❤❡r❡ ❡❛❝❤ ❝♦♥✈♦② ✐s
♠♦✈❡❞ ❜② ♦♥❧② ♦♥❡ ❞r✐✈❡r✳ ❚❤✐s s❡tt✐♥❣ ✐s s✐♠✐❧❛r t♦ ❜✐❦❡s❤❛r✐♥❣✱ ✇❤❡r❡ tr✉❝❦s
❝❛♥ s✐♠✉❧t❛♥❡♦✉s❧② ♠♦✈❡ s❡✈❡r❛❧ ❜✐❦❡s ❞✉r✐♥❣ t❤❡ r❡❧♦❝❛t✐♦♥ ♣r♦❝❡ss ❬✸✱ ✺✱ ✹❪✳
❍♦✇❡✈❡r✱ t❤❡ ✉s❡rs ♦❢ ❇✐❦❡s❤❛r✐♥❣ ❙②st❡♠s ❞♦ ♥♦t ❜♦♦❦ t❤❡✐r r❡q✉❡sts ✐♥ ❛❞✈❛♥❝❡
s✉❝❤ t❤❛t t❤❡ ♠❛✐♥ ❣♦❛❧ ✐s t♦ ❣✉❛r❛♥t❡❡ ❛ ❜❛❧❛♥❝❡❞ s②st❡♠ ❞✉r✐♥❣ ✇♦r❦✐♥❣ ❤♦✉rs
✭❞②♥❛♠✐❝ s✐t✉❛t✐♦♥ ❛s ✐♥ ❬✺❪✮ ♦r t♦ s❡t ✉♣ ❛♥ ❛♣♣r♦♣r✐❛t❡ ✐♥✐t✐❛❧ st❛t❡ ❢♦r t❤❡
♠♦r♥✐♥❣ ✭st❛t✐❝ s✐t✉❛t✐♦♥ ❛s ✐♥ ❬✹❪✮✳ ■♥ ♦✉r ❝❛s❡✱ ❝✉st♦♠❡rs ❜♦♦❦ t❤❡✐r r❡q✉❡sts
✐♥ ❛❞✈❛♥❝❡ ❛♥❞ ✇❡ ❝❛♥ ❜❡♥❡✜t ❢r♦♠ t❤✐s ❢♦r❡❝❛st ♦❢ ❢✉t✉r❡ ✭✐♠✮❜❛❧❛♥❝❡s✳

❋♦r s✉❝❤ ❛ ❈❛rs❤❛r✐♥❣ ❙②st❡♠✱ t❤❡ ❧♦❛❞ s✐t✉❛t✐♦♥s ♦❢ t❤❡ st❛t✐♦♥s ♦✈❡r t✐♠❡
❝❛♥ ❜❡ ♠♦❞❡❧❡❞ ✐♥ t❡r♠s ♦❢ ❛ ❞✐s❝r❡t❡ ❡✈❡♥t✲❜❛s❡❞ s②st❡♠✱ ❛♥❞ t❤❡ ❘❡❧♦❝❛t✐♦♥
Pr♦❜❧❡♠ ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ❛s P✐❝❦✉♣ ❛♥❞ ❉❡❧✐✈❡r② Pr♦❜❧❡♠ ✭P❉P✮ ✐♥ ❛ ♠❡tr✐❝
s♣❛❝❡ ❡♥❝♦❞✐♥❣ t❤❡ ❝♦♥s✐❞❡r❡❞ ✉r❜❛♥ ❛r❡❛ ❬✻❪✳ ❍❡r❡❜②✱ ❛ s❡t ♦❢ r♦✉t❡s ❤❛s t♦ ❜❡
❝♦♥str✉❝t❡❞ ❢♦r t❤❡ ❝♦♥✈♦②s✱ ✐♥ ♦r❞❡r t♦ s❛t✐s❢② tr❛♥s♣♦rt❛t✐♦♥ r❡q✉❡sts ❜❡t✇❡❡♥
✏♦✈❡r❢✉❧❧✑ ❛♥❞ ✏✉♥❞❡r❢✉❧❧✑ st❛t✐♦♥s✱ s❡❡ ❙❡❝t✐♦♥ ✷ ❢♦r ❞❡t❛✐❧s✳ Pr♦❜❧❡♠s ♦❢ t❤✐s
t②♣❡ ❛r❡ ❦♥♦✇♥ t♦ ❜❡ ❤❛r❞✱ s❡❡ ❡✳❣✳ ❬✶✱ ✷✱ ✼❪✳ ■♥ ❬✻❪✱ ❛ ❤❡✉r✐st✐❝ ❛♣♣r♦❛❝❤ ✐s
♣r❡s❡♥t❡❞ ❢♦r t❤❡ st❛t✐❝ ✭♦✤✐♥❡✮ ✈❡rs✐♦♥ ♦❢ t❤❡ ❘❡❧♦❝❛t✐♦♥ Pr♦❜❧❡♠ t❤❛t ✜rst❧②
s♦❧✈❡s ❛ ♠❛t❝❤✐♥❣ ♣r♦❜❧❡♠ t♦ ❣❡♥❡r❛t❡ tr❛♥s♣♦rt r❡q✉❡sts✱ s✉❜s❡q✉❡♥t❧② s♦❧✈❡s
❛ P❉P✱ ❛♥❞ ✐t❡r❛t✐✈❡❧② ❛✉❣♠❡♥ts t❤❡ tr❛♥s♣♦rt r❡q✉❡sts ❛♥❞ r❡s✉❧t✐♥❣ r♦✉t❡s✳

❍❡r❡✱ ✇❡ tr❡❛t t❤❡ ♦♥❧✐♥❡ ✈❡rs✐♦♥ ♦❢ t❤❡ ❘❡❧♦❝❛t✐♦♥ Pr♦❜❧❡♠ ✐♥ ♦r❞❡r t♦
❝❛♣t✉r❡ ✐ts ❞②♥❛♠✐❝ ❡✈♦❧✉t✐♦♥ ♦✈❡r t✐♠❡✳ ■t ✐s ♥❛t✉r❛❧ t♦ ✐♥t❡r♣r❡t t❤❡ ❘❡❧♦❝❛t✐♦♥
Pr♦❜❧❡♠ ❜② ♠❡❛♥s ♦❢ ✢♦✇s ✐♥ ❛ t✐♠❡✲❡①♣❛♥❞❡❞ ♥❡t✇♦r❦✱ ❛s ❡✳❣✳✱ ♣r♦♣♦s❡❞ ❜②
❬✺❪ ❢♦r ❇✐❦❡s❤❛r✐♥❣ ❙②st❡♠s✳ ■♥ t❤✐s ✇♦r❦✱ ✇❡ ♠♦❞❡❧ t❤❡ ❘❡❧♦❝❛t✐♦♥ Pr♦❜❧❡♠ ❜②
❝♦✉♣❧❡❞ ✢♦✇s ♦❢ ❝❛rs ✐♥ ❝♦♥✈♦②s ✐♥ ❛ t✐♠❡✲❡①♣❛♥❞❡❞ ♥❡t✇♦r❦✱ t❛❦✐♥❣ ✐♥ ❛❞❞✐t✐♦♥
♣r❡❜♦♦❦❡❞ ❝✉st♦♠❡r r❡q✉❡sts ✐♥t♦ ❛❝❝♦✉♥t✱ s❡❡ ❙❡❝t✐♦♥ ✸ ❢♦r ❞❡t❛✐❧s✳ ❚❤✐s ❛❧❧♦✇s
✉s t♦ tr❡❛t t✇♦ ✈❛r✐❛♥ts ♦❢ t❤❡ ❘❡❧♦❝❛t✐♦♥ Pr♦❜❧❡♠✿

• ❛ ♠✐♥✲❝♦st ✢♦✇ ♣r♦❜❧❡♠ t♦ ❞❡t❡r♠✐♥❡ ❝♦♥✈♦② r♦✉t❡s ❛t ♠✐♥✐♠❛❧ ❝♦sts ❢✉❧✜❧❧✲
✐♥❣ ❛ ❣✐✈❡♥ s❡t ♦❢ ❝✉st♦♠❡r r❡q✉❡sts ✭q✉❛❧✐t② ♦❢ s❡r✈✐❝❡ ❛s♣❡❝t✱ ❙❡❝t✐♦♥ ✸✳✸✮✱

• ❛ ♠❛①✲♣r♦✜t ✢♦✇ ♣r♦❜❧❡♠ t♦ ❞❡❝✐❞❡ ✇❤✐❝❤ ❝✉st♦♠❡r r❡q✉❡sts ❝❛♥ ❜❡ s❛t✲
✐s✜❡❞ ✇✐t❤♦✉t s♣❡♥❞✐♥❣ ♠♦r❡ ❝♦sts ✐♥ t❤❡ r❡❧♦❝❛t✐♦♥ ♣r♦❝❡ss t❤❛♥ ❣❛✐♥✐♥❣
♣r♦✜t ❜② s❛t✐s❢②✐♥❣ ❝✉st♦♠❡r r❡q✉❡sts ✭❡❝♦♥♦♠✐❝ ❛s♣❡❝t✱ ❙❡❝t✐♦♥ ✸✳✹✮✳

◆♦t❡ t❤❛t ❜♦t❤ ✈❡rs✐♦♥s ❝♦♥s✐❞❡r ✢♦✇s ♦❢ ❝❛rs ✐♥ ❝♦♥✈♦②s✱ ✐✳❡✳✱ s✐♠✉❧t❛♥❡♦✉s
✢♦✇s ♦❢ ❝❛rs ❛♥❞ ❝♦♥✈♦② ❞r✐✈❡rs ✐♥ t❤❡ s❛♠❡ ♥❡t✇♦r❦✳ ❍❡r❡❜②✱ t❤❡ t✇♦ ✢♦✇s
❛r❡ ♥♦t ✐♥❞❡♣❡♥❞❡♥t ♦r s❤❛r❡ ❛r❝ ❝❛♣❛❝✐t✐❡s ❛s ✐♥ t❤❡ ❝❛s❡ ♦❢ ♠✉❧t✐❝♦♠♠♦❞✐t②
✢♦✇s✱ ❜✉t ❛r❡ ❝♦✉♣❧❡❞ ✐♥ t❤✐s s❡♥s❡ t❤❛t t❤❡ ✢♦✇ ♦❢ ❝❛rs ✐s ❞❡♣❡♥❞❡♥t ❢r♦♠
t❤❡ ✢♦✇ ♦❢ ❞r✐✈❡rs ✭s✐♥❝❡ ❝❛rs ❝❛♥ ♦♥❧② ❜❡ ♠♦✈❡❞ ✐♥ ❝♦♥✈♦②s✮✳ ❚❤❡ ❝♦✉♣❧✐♥❣
❝♦♥str❛✐♥ts ❢♦r t❤❡ t✇♦ ✢♦✇s r❡✢❡❝t t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ st✉❞✐❡❞ ♣r♦❜❧❡♠ ✭❛♥❞
t❤❡ ❝♦♥str❛✐♥t ♠❛tr✐① ♦❢ t❤❡ r❡s✉❧t✐♥❣ ✐♥t❡❣❡r ♣r♦❣r❛♠♠✐♥❣ ❢♦r♠✉❧❛t✐♦♥s ✐s ♥♦t
t♦t❛❧❧② ✉♥✐♠♦❞✉❧❛r ❛s ✐♥ t❤❡ ❝❛s❡ ♦❢ ♥♦r♠❛❧ ✢♦✇s✮✳

❲❡ ❝❧♦s❡ ✇✐t❤ s♦♠❡ r❡♠❛r❦s ♦♥ t❤❡ ♣r♦s ❛♥❞ ❝♦♥s ♦❢ ♦✉r ❛♣♣r♦❛❝❤ ❛♥❞ ❢✉t✉r❡
❧✐♥❡s ♦❢ r❡s❡❛r❝❤✳

✷



✷ Pr♦❜❧❡♠ ❉❡s❝r✐♣t✐♦♥ ❛♥❞ ▼♦❞❡❧

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♠♦❞❡❧ t❤❡ ❘❡❧♦❝❛t✐♦♥ Pr♦❜❧❡♠ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❛ ♠❡tr✐❝
t❛s❦ s②st❡♠✳

❇② ❬✻❪✱ t❤❡ st✉❞✐❡❞ ❈❛rs❤❛r✐♥❣ ❙②st❡♠ ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ❛s ❛ ❞✐s❝r❡t❡ ❡✈❡♥t✲
❜❛s❡❞ s②st❡♠✱ ✇❤❡r❡

• t❤❡ s②st❡♠ ❝♦♠♣♦♥❡♥ts ❛r❡ t❤❡ st❛t✐♦♥s v1, ..., vn✱ ❡❛❝❤ ❤❛✈✐♥❣ ❛♥ ✐♥❞✐✈✐❞✲
✉❛❧ ❝❛♣❛❝✐t② ❝❛♣(vi)❀

• ❛ s②st❡♠ st❛t❡ zt ∈ Z
n s♣❡❝✐✜❡s ❢♦r ❡❛❝❤ st❛t✐♦♥ vi ✐ts ❧♦❛❞ zt

i ❛t ❛ t✐♠❡
♣♦✐♥t t ≤ T ✇✐t❤✐♥ ❛ t✐♠❡ ❤♦r✐③♦♥ [0, T ]❀

• ❛♥ ❛ttr✐❜✉t❡ ❛tt(vi, t) ♦❢ st❛t✐♦♥ vi ❛t t✐♠❡ t r❡✢❡❝ts t❤❡ r❛t✐♦ ❜❡t✇❡❡♥ ✐ts
❝❛♣❛❝✐t② ❝❛♣(vi) ❛♥❞ ✐ts ❝✉rr❡♥t ❧♦❛❞ zt

i ✱ ❡✳❣✳ ✏♦✈❡r❢✉❧❧✑ ♦r ✏✉♥❞❡r❢✉❧❧✑❀

• st❛t❡s ❛♥❞ ❛ttr✐❜✉t❡s ❝❛♥ ❜❡ ❝❤❛♥❣❡❞ ❜② ❡✈❡♥ts ✭❝✉st♦♠❡rs ♦r ❝♦♥✈♦②
❞r✐✈❡rs t❛❦❡ ♦r r❡t✉r♥ ❝❛rs ❛t ❛ st❛t✐♦♥✮ ♦r ❢♦r❡❝❛sts ✭❝✉st♦♠❡rs ❜♦♦❦ r❡✲
q✉❡sts ♦r t❤❡ ♦♣❡r❛t♦r ❣❡♥❡r❛t❡s tr❛♥s♣♦rt r❡q✉❡sts✮✳

❚♦ ❜❛❧❛♥❝❡ t❤❡ ❧♦❛❞ ♦❢ t❤❡ st❛t✐♦♥s✱ ❛♥ ♦♣❡r❛t♦r ❤❛s t♦ ♠♦♥✐t♦r t❤❡ s②st❡♠
st❛t❡s ❛♥❞ t♦ ❞❡❝✐❞❡ ✇❤❡♥ ❛♥❞ ❤♦✇ t♦ ♠♦✈❡ ❝❛rs ❢r♦♠ ✏♦✈❡r❢✉❧❧✑ st❛t✐♦♥s t♦
✏✉♥❞❡r❢✉❧❧✑ ♦♥❡s✱ ✐♥ ♦r❞❡r t♦ ❢✉❧✜❧❧ ❛❧❧ ♣r❡❜♦♦❦❡❞ ❞❡♠❛♥❞s ✭❘❡❧♦❝❛t✐♦♥ Pr♦❜❧❡♠✮✳

❋♦r t❤❛t✱ t❤❡ ♦♣❡r❛t♦r ♠♦♥✐t♦rs t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ s②st❡♠ st❛t❡s ♦✈❡r t✐♠❡✱
❞❡t❡❝ts ✐♠❜❛❧❛♥❝❡❞ st❛t✐♦♥s ❛♥❞ ❝r❡❛t❡s t❛s❦s t♦ ♠♦✈❡ ❝❛rs ♦✉t ♦❢ ✏♦✈❡r❢✉❧❧✑
st❛t✐♦♥s ❛♥❞ ✐♥t♦ ✏✉♥❞❡r❢✉❧❧✑ ♦♥❡s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❛ t❛s❦ ✐s ❞❡✜♥❡❞ ❜② τ =
(v, rel, due, x) ✇❤❡r❡ x ∈ Z \ {0} ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❝❛rs t♦ ♣✐❝❦✉♣ ✭✐❢ x > 0✮ ♦r
t♦ ❞❡❧✐✈❡r ✭✐❢ x < 0✮ ❛t st❛t✐♦♥ v ✇✐t❤✐♥ ❛ t✐♠❡✲✇✐♥❞♦✇ [rel, due] ⊆ [0, T ] ♦❢ t❤❡
r❡❧❡❛s❡ ❞❛t❡ rel ❛♥❞ t❤❡ ❞✉❡ ❞❛t❡ due✳ ❚♦ ❢✉❧✜❧❧ t❤❡s❡ t❛s❦s✱ r♦✉t❡s ❤❛✈❡ t♦ ❜❡
❝r❡❛t❡❞ ❢♦r t❤❡ ❝♦♥✈♦②s ✐♥ ♦r❞❡r t♦ ♣❡r❢♦r♠ t❤❡ ❞❡s✐r❡❞ r❡❧♦❝❛t✐♦♥ ♣r♦❝❡ss✳ ❋♦r
t❤❛t✱ ✐t ✐s s✉✐t❛❜❧❡ t♦ ❡♥❝♦❞❡ t❤❡ ✉r❜❛♥ ❛r❡❛ ✇❤❡r❡ t❤❡ ❈❛rs❤❛r✐♥❣ ❙②st❡♠ ✐s
r✉♥♥✐♥❣ ❛s ❛ ♠❡tr✐❝ s♣❛❝❡ M = (V, d) ✐♥❞✉❝❡❞ ❜② ❛ ✇❡✐❣❤t❡❞ ❣r❛♣❤ G = (V,E)
✇✐t❤ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ w : E → R+✱ ✇❤❡r❡ t❤❡ ♥♦❞❡s ❝♦rr❡s♣♦♥❞ t♦ st❛t✐♦♥s✱
❡❞❣❡s t♦ t❤❡✐r ♣❤②s✐❝❛❧ ❧✐♥❦s ✐♥ t❤❡ ✉r❜❛♥ ❛r❡❛✱ ❛♥❞ t❤❡ ❞✐st❛♥❝❡ d ❜❡t✇❡❡♥ t✇♦
♣♦✐♥ts vi, vj ∈ V ✐s t❤❡ ❧❡♥❣t❤ ♦❢ ❛ s❤♦rt❡st ♣❛t❤ ❢r♦♠ vi t♦ vj ✳ ■♥ V ✱ ✇❡ ❤❛✈❡ ❛
❞✐st✐♥❣✉✐s❤❡❞ ♦r✐❣✐♥ vo ∈ V ✱ t❤❡ ❞❡♣♦t ♦❢ t❤❡ s②st❡♠✳

❚❤✐s t♦❣❡t❤❡r ②✐❡❧❞s ❛ ♠❡tr✐❝ t❛s❦ s②st❡♠✱ ❛ ♣❛✐r (M, T ) ✇❤❡r❡ M = (V, d)
✐s t❤❡ ❛❜♦✈❡ ♠❡tr✐❝ s♣❛❝❡ ❛♥❞ T ❛ s❡t ♦❢ t❛s❦s✱ ❛s s✉✐t❛❜❧❡ ❢r❛♠❡✇♦r❦ t♦ ❡♠❜❡❞
t❤❡ r♦✉t❡s ❢♦r t❤❡ ❝♦♥✈♦②s✳

❆ tr✉❝❦ ❛❜❧❡ t♦ ❧❡❛❞ ❛ ❝♦♥✈♦② ♣❧❛②s t❤❡ r♦❧❡ ♦❢ ❛ s❡r✈❡r✱ t❤❡ ♥✉♠❜❡r ♦❢ ❛✈❛✐❧✲
❛❜❧❡ tr✉❝❦s ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② k✳ ❊❛❝❤ s❡r✈❡r ❤❛s ❝❛♣❛❝✐t② C✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦
t❤❡ ♠❛①✐♠✉♠ ♣♦ss✐❜❧❡ ♥✉♠❜❡r ♦❢ ❝❛rs ♣❡r ❝♦♥✈♦②❀ s❡✈❡r❛❧ s❡r✈❡rs ❛r❡ ♥❡❝❡ss❛r②
t♦ s❡r✈❡ ❛ t❛s❦ τ ✐❢ x(τ) > C ❤♦❧❞s✳

▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ▲❡t f : N → N ❜❡ ❛ ❢✉♥❝t✐♦♥ ✇✐t❤
f(0) = 0✳ ❆♥ ❛❝t✐♦♥ ❢♦r ❞r✐✈❡r j ✐s ❛ 4✲t✉♣❧❡ a = (j, v, f(x), x)✱ ✇❤❡r❡ v ∈ V
s♣❡❝✐✜❡s t❤❡ st❛t✐♦♥ loc(a)✱ f(x) ✐s t❤❡ t✐♠❡ dur(a) ♥❡❡❞❡❞ t♦ ✭✉♥✮❧♦❛❞ |x| ❝❛rs✱
❛♥❞ x ∈ Z t❤❡ ♥✉♠❜❡r ♦❢ ❝❛rs ∆x(a) t♦ ❜❡ ❧♦❛❞❡❞ ✭✐❢ x > 0✮ ♦r ✉♥❧♦❛❞❡❞ ✭✐❢
x < 0✮✳ ❍❡r❡❜②✱ t❤❡ ❝❛♣❛❝✐t② ♦❢ t❤❡ ❝♦♥✈♦② ♠✉st ♥♦t ❜❡ ❡①❝❡❡❞❡❞✱ ✐✳❡✳✱ ✇❡ ❤❛✈❡
|x| ≤ C✳ ❆♥ ❛❝t✐♦♥ ✐s ❡♠♣t② ✐❢ x = 0✳ ◆♦t❡ t❤❛t ❢♦r ❛♥ ❡♠♣t② ❛❝t✐♦♥✱ ❜②
❞❡✜♥✐t✐♦♥ ♦❢ f ✇❡ ❤❛✈❡ f(x) = 0✳ ❲❡ s❛② t❤❛t ❛♥ ❛❝t✐♦♥ ✐s ♣❡r❢♦r♠❡❞ ✭❜② ❛
❞r✐✈❡r✮ ✐❢ ❤❡ ❧♦❛❞s ✭r❡s♣✳ ✉♥❧♦❛❞s✮ |x| ❝❛rs ❛t v✳

✸



❋♦r t❡❝❤♥✐❝❛❧ r❡❛s♦♥s✱ t❤❡ ✈❡❝t♦r z
t ∈ N

|V | r❡♣r❡s❡♥ts t❤❡ ♥✉♠❜❡r ♦❢ ❝❛rs ✐♥
❛ st❛t✐♦♥ v ❛t t✐♠❡ t ❜❡❢♦r❡ ❛♥② ❛❝t✐♦♥ ✐s ♣❡r❢♦r♠❡❞✳

❆ ♠♦✈❡ ❢r♦♠ ♦♥❡ st❛t✐♦♥ t♦ ❛♥♦t❤❡r ✐s ❛ 7✲t✉♣❧❡ m = (j, v, tv, w, tw, P, xm)✱
✇❤❡r❡ j ∈ {1, . . . , k} s♣❡❝✐✜❡s t❤❡ ❞r✐✈❡r driv(m) t❤❛t ❤❛s t♦ ♠♦✈❡ ❢r♦♠ t❤❡
♦r✐❣✐♥ st❛t✐♦♥ orig(m) = v ∈ V st❛rt✐♥❣ ❛t t✐♠❡ dep(m) = tv t♦ ❞❡st✐♥❛t✐♦♥
st❛t✐♦♥ dest(m) = w ∈ V ❛rr✐✈✐♥❣ ❛t t✐♠❡ arr(m) = tw✱ ❛ ❧♦❛❞ ♦❢ ℓoad(m) = xm

❝❛rs ✐♥ t❤❡ ❝♦♥✈♦② ♠♦✈✐♥❣ ❛❧♦♥❣ t❤❡ ♣❛t❤ path(m) = P ✳ ❍❡r❡❜②✱ ✇❡ ❤❛✈❡ t❤❡
❢♦❧❧♦✇✐♥❣ ❝♦♥str❛✐♥ts✿

✭♠✳✐✮ P ✐s ❛ s❤♦rt❡st (v, w)✲♣❛t❤✱

✭♠✳✐✐✮ ❢r♦♠ orig(m) 6= dest(m) ❢♦❧❧♦✇s arr(m) = dep(m)+d(orig(m), dest(m))✳

❆ t♦✉r ❢♦r ❛ ❞r✐✈❡r j ✐s ❛ s❡q✉❡♥❝❡ tour = (m1, a1, m2, a2, . . . , an−1, mn) ♦❢
♠♦✈❡s ❛♥❞ ❛❝t✐♦♥s✱ ✇✐t❤

✭t✳✐✮ j = driv(m1) = driv(a1) = · · · = driv(an−1) = driv(mn)✱

✭t✳✐✐✮ dest(mi) = loc(ai) = orig(mi+1)✱

✭t✳✐✐✐✮ arr(mi) + dur(ai) = dep(mi+1)✱

✭t✳✐✈✮ 0 ≤ z
arr(mi)
dest(mi) − ∆x(ai) ≤ ❝❛♣(dest(mi))✱

✭t✳✈✮ ℓoad(mi+1) = ℓoad(mi) + ∆x(ai)✱ ❛♥❞✱

✭t✳✈✐✮ 0 ≤ ℓoad(mi) + ∆x(ai) ≤ C✳

❋♦r ❛ t♦✉r tour = (m1, a1, m2, a2, . . . , an−1, mn) ✇❡ ❞❡✜♥❡ t❤❡ s✉❝❝❡ss✐✈❡
❛❝t✐♦♥ ♦❢ ❛ ♠♦✈❡ mj ❜② succa(mj) = aj ✳ ❆ tr❛♥s♣♦rt❛t✐♦♥ s❝❤❡❞✉❧❡ ❢♦r ❛ ♠❡tr✐❝
t❛s❦ s②st❡♠ (M, T ) ✐s ❛ s❡t ♦❢ t♦✉rs {tour1, . . . , tourk}✱ s✉❝❤ t❤❛t

✭s✳✐✮ ❡✈❡r② ❞r✐✈❡r ❤❛s ❡①❛❝t❧② ♦♥❡ t♦✉r✱

✭s✳✐✐✮ ❧❡t A ❜❡ t❤❡ s❡t ♦❢ ❛❧❧ ❛❝t✐♦♥s t❤❡♥ ❢♦r ❡✈❡r② t❛s❦ τ = (v, rel, due, x) ∈ T
✇❡ ❤❛✈❡ ∑

a∈A′

∆x(a) = x,

✇❤❡r❡ A′ = {a ∈ A | a = succa(m) ∧ loc(a) = v ∧ rel ≤ arr(m) ≤
arr(m) + dur(a) ≤ due}✱

✭s✳✐✐✐✮ ❢♦r ❛❧❧ (v, t) ∈ {(v, t) ∈ V × T | (·, v, t, ·) ∈ A} ✇❡ ❤❛✈❡

0 ≤ zt
v −

∑

a∈A′′

∆x(a) ≤ ❝❛♣(v),

✇❤❡r❡ A′′ = {a ∈ A | a = succa(m) ∧ loc(a) = v ∧ arr(m) = t}✳

❍❡r❡❜②✱ ✭s✳✐✐✮ ❡♥s✉r❡s t❤❛t ❡✈❡r② t❛s❦ ✐♥ T ✐s ❢✉❧✜❧❧❡❞ ❜② ♦♥❡ ♦r ♠♦r❡ ❛❝t✐♦♥✭s✮✱
❛♥❞ ✭s✳✐✐✐✮ ❡♥s✉r❡s t❤❛t t❤❡ ❝❛♣❛❝✐t② ❝♦♥str❛✐♥ts ♦❢ ❛❧❧ st❛t✐♦♥s ❛r❡ r❡s♣❡❝t❡❞✱ ✐✳❡✳✱
t❤❡r❡ ❛r❡ ♥❡✈❡r ♠♦r❡ t❤❛♥ ❝❛♣(v) ❝❛rs ♣❛r❦❡❞ ✐♥ ❛♥② st❛t✐♦♥ v✳

✹



❊①❛♠♣❧❡ ✶ ❈♦♥s✐❞❡r ❛ ♠❡tr✐❝ s♣❛❝❡ M = (V, d) ✐♥❞✉❝❡❞ ❜② ❣r❛♣❤ G = (V,E)
❢r♦♠ ❋✐❣✉r❡ ✶✳ ❚❤❡ t❛s❦s ❛r❡ ✐♥❞✉❝❡❞ ❜② ❝✉st♦♠❡rs r❡q✉❡st✐♥❣ t♦ t❛❦❡ ❝❛rs
❢r♦♠ st❛t✐♦♥s ❛t ❛ s♣❡❝✐✜❝ t✐♠❡ ♣♦✐♥t ❛♥❞ r❡t✉r♥✐♥❣ t❤❡♠ ❛t ❛ ❧❛t❡r t✐♠❡ ♣♦✐♥t
t♦ ❛✭♥♦t❤❡r✮ st❛t✐♦♥✳ ■♥ t❤✐s ❡①❛♠♣❧❡✱ ❛ ❝✉st♦♠❡r r❡q✉❡sts t♦ t❛❦❡ ❛ ❝❛r ❢r♦♠
st❛t✐♦♥ E ❛t t✐♠❡ 1 ❛♥❞ r❡q✉❡sts t♦ ❞r♦♣ ✐t ❛t st❛t✐♦♥ D ❛t t✐♠❡ 7✱ ❛♥♦t❤❡r
❝✉st♦♠❡r ✇❛♥ts t♦ t❛❦❡ ❛ ❝❛r ❢r♦♠ C ❛t 1 ❛♥❞ t♦ ❞r♦♣ ✐t ❛t E ❛t t✐♠❡ 3✳ ❋✐♥❛❧❧②✱
t✇♦ ❝✉st♦♠❡rs r❡q✉❡st t♦ t❛❦❡ ❛ ❝❛r ❢r♦♠ B ❛t 6✱ ♦♥❡ ❞r♦♣♣✐♥❣ ✐ts ❝❛r ❛t A

❛t 7✱ t❤❡ ♦t❤❡r r❡q✉❡sts t♦ ❞r♦♣ t❤❡ ❝❛r ❛t C ❛t t✐♠❡ 8✳ ❚❤❡ ✜rst t✇♦ ❝✉st♦♠❡r
r❡q✉❡sts ❛r❡ ❢✉❧✜❧❧❡❞ ✇✐t❤♦✉t r❡❧♦❝❛t✐♥❣ ❝❛rs✳ ❍♦✇❡✈❡r✱ t♦ ❢✉❧✜❧❧ t❤❡ ♦t❤❡r t✇♦
r❡q✉❡sts✱ t✇♦ ❝❛rs ♠✉st ❜❡ tr❛♥s♣♦rt❡❞ t♦ t❤❡ st❛t✐♦♥ B✱ ❡✳❣✳✱ ❢r♦♠ E✳ ❚❤✐s ❧❡❛❞s
t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡t ♦❢ t❛s❦s T = {τ1 = (E, 0, 4, 2), τ2 = (B, 0, 6,−2)}✱ ✐✳❡✳✱ t✇♦
❝❛rs ❤❛✈❡ t♦ ❜❡ tr❛♥s♣♦rt❡❞ ❢r♦♠ E t♦ B✳ ❚❤❡ ❝♦♥✈♦②s ❤❛✈❡ ❛ ❝❛♣❛❝✐t② C = 2✳
❋♦r ✐♥✐t✐❛❧ ❞r✐✈❡r ♣♦s✐t✐♦♥s A ❛♥❞ D✱ ❛ ♣♦ss✐❜❧❡ tr❛♥s♣♦rt❛t✐♦♥ s❝❤❡❞✉❧❡ ❢♦r t❤❡
♠❡tr✐❝ t❛s❦ s②st❡♠ (M, T ) ✐s t❤❡♥ ❣✐✈❡♥ ❜②

(1,A, 0,E, 1, {A,E}, 0), % ♠♦✈❡ A → E

(1,E, 0, 1), % ♣✐❝❦✉♣ ✶ ❝❛r ✭t❛s❦ τ1✮

(1,E, 1,E, 3, ∅, 1), % ✇❛✐t ❛t E

(1,E, 0, 1), % ♣✐❝❦✉♣ ✶ ❝❛r ✭t❛s❦ τ1✮

(1,E, 3,E, 5, {E,A,B}, 2), % ♠♦✈❡ E → B ✇✐t❤ ✷ ❝❛rs

(1,B, 0,−2), % ❞❡❧✐✈❡r ✷ ❝❛rs ✭t❛s❦ τ2✮

(2,D, 0,D, 5, ∅, 0), % ✇❛✐t ❛t E.

A(0/1) B(0/0)

C(1/0)

D(0/1)E(2/0)

2

67

6
8

1
3

1 7

❋✐❣✉r❡ ✶✿ ❚❤✐s ✜❣✉r❡ s❤♦✇s ❛ ❣r❛♣❤ G ❡♥❝♦❞✐♥❣ ❛ ❈❛rs❤❛r✐♥❣ ❙②st❡♠ ✐♥ ❛♥
✉r❜❛♥ ❛r❡❛✳ ❊❛❝❤ st❛t✐♦♥ ✐s ❞r❛✇♥ ✐♥ ❛ ❜♦①✳ ❚❤❡ ❜♦① ❝♦♥t❛✐♥s t❤❡ ♥❛♠❡ ♦❢ t❤❡
st❛t✐♦♥ ❢♦❧❧♦✇❡❞ ❜② t❤❡ ♥✉♠❜❡r ♦❢ ❝❛rs ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❞r✐✈❡rs ❧♦❝❛t❡❞ ❛t t❤❡
st❛t✐♦♥✳ ❈✉st♦♠❡r r❡q✉❡sts ❛r❡ ❞r❛✇♥ ❛s ❞❛s❤❡❞ ❛r❝s ❜❡t✇❡❡♥ t❤❡✐r ♣✐❝❦✉♣ ❛♥❞
❞r♦♣ st❛t✐♦♥s✳ ❚❤❡ ♥✉♠❜❡r ♥❡❛r t❤❡ r❡q✉❡st❡❞ ♣✐❝❦✉♣ st❛t✐♦♥ ❞❡♥♦t❡s t❤❡ t✐♠❡
♣♦✐♥t ✇❤❡♥ t❤❡ ❝✉st♦♠❡r ♣✐❝❦s ✉♣ t❤❡ ❝❛r✱ ❛♥❞ ❛♥❛❧♦❣♦✉s❧②✱ t❤❡ t✐♠❡ ♣♦✐♥t ✇❤❡♥
t❤❡ ❝✉st♦♠❡r ❞r♦♣s t❤❡ ❝❛r ✐s t❤❡ ♥✉♠❜❡r ♥❡❛r t❤❡ r❡q✉❡st❡❞ ❞r♦♣ st❛t✐♦♥✳ ❊❛❝❤
st❛t✐♦♥ ❤❛s ❛ ❝❛♣❛❝✐t② ♦❢ 3✳

❚❤❡ ❘❡❧♦❝❛t✐♦♥ Pr♦❜❧❡♠ ❝♦♥s✐sts ✐♥ ❝♦♥str✉❝t✐♥❣ ❛ tr❛♥s♣♦rt❛t✐♦♥ s❝❤❡❞✉❧❡
❢r♦♠ ❛ ❣✐✈❡♥ ♠❡tr✐❝ t❛s❦ s②st❡♠ (M, T )✳ ❚❤❡ ❛♣♣r♦❛❝❤ ✐♥ ❬✻❪ s♦❧✈❡s t❤✐s ♣r♦❜❧❡♠
✐♥ t✇♦ st❡♣s✿ ❣❡♥❡r❛t❡ ✜rst❧② tr❛♥s♣♦rt r❡q✉❡sts✱ s❡❝♦♥❞❧② s♦❧✈❡ ❛ P❉P✳ ■♥ t❤❡
♥❡①t s❡❝t✐♦♥ ✇❡ ♣r♦♣♦s❡ t♦ s♦❧✈❡ t❤❡ ❘❡❧♦❝❛t✐♦♥ Pr♦❜❧❡♠ ✐♥ ♦♥❡ st❡♣ ❜② ❛ ♠✐♥✲
❝♦st ✢♦✇ ♣r♦❜❧❡♠ ♦r ❛ ♠❛①✲♣r♦✜t ✢♦✇ ♣r♦❜❧❡♠ t♦ ✐♥t❡❣r❛t❡ t❤❡ ❞❡❝✐s✐♦♥ ♣r♦❜❧❡♠
♦❢ ❛❝❝❡♣t✐♥❣ ♦r r❡❥❡❝t✐♥❣ ❝✉st♦♠❡r r❡q✉❡sts✳

✺



✸ ❋❧♦✇s ✐♥ ❚✐♠❡✲❊①♣❛♥❞❡❞ ◆❡t✇♦r❦s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r♦♣♦s❡ ❛ ✇❛② t♦ s♦❧✈❡ t❤❡ ❘❡❧♦❝❛t✐♦♥ Pr♦❜❧❡♠ ✐♥ ♦♥❡ st❡♣ ❜②
❞❡✜♥✐♥❣ ❛ t✐♠❡✲❡①♣❛♥❞❡❞ ♥❡t✇♦r❦ ✇✐t❤ t✇♦ ❝♦✉♣❧❡❞ ✢♦✇s✿ ❛ ❝❛r ❛♥❞ ❛ ❞r✐✈❡r
✢♦✇✳ ❚❤❡ ✐♥♣✉t ❢♦r t❤❡ ❘❡❧♦❝❛t✐♦♥ Pr♦❜❧❡♠ ❝♦♥s✐sts ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❛t❛✿

• ❆ ♥❡t✇♦r❦ G = (V,E) r❡♣r❡s❡♥t✐♥❣ t❤❡ s❡t ♦❢ st❛t✐♦♥s V ❛♥❞ t❤❡ r♦❛❞ ✭♦r
❧♦❣✐❝❛❧✮ ❝♦♥♥❡❝t✐♦♥s E ❜❡t✇❡❡♥ t❤❡♠❀

• ❉r✐✈✐♥❣ t✐♠❡s w : E → N ❡♥❝♦❞❡❞ ❜② ✇❡✐❣❤ts ♦♥ t❤❡ ❡❞❣❡s ♦❢ t❤❡ ♥❡t✇♦r❦✱
❜✉t ♥♦ t✐♠❡ t♦ ❧♦❛❞✴✉♥❧♦❛❞ ❝❛rs ❢r♦♠ ❝♦♥✈♦②s ✭✐✳❡✳✱ ✇❡ s❡t f(x) = 0 ❢♦r ❛❧❧
x ✐♥ ❡❛❝❤ ❛❝t✐♦♥✮❀

• P❡r ✉♥✐t ❝♦sts ❝♦st❝❛r ❛♥❞ ❝♦st❞r✐✈❡r ❢♦r ♠♦✈✐♥❣ ❝❛rs ❛♥❞ ❞r✐✈❡rs ✇✐t❤✐♥ t❤❡
♥❡t✇♦r❦❀

• ❋♦r ❡❛❝❤ st❛t✐♦♥ v ∈ V ❛ ❝❛♣❛❝✐t② ❝❛♣(v) ∈ N ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ❝❛rs
✇❤✐❝❤ ❝❛♥ ❜❡ ♣r❡s❡♥t ❛t t❤✐s st❛t✐♦♥ ❛t ❛♥② ♠♦♠❡♥t ✐♥ t✐♠❡✱ t❤❡ q✉❛♥t✐t✐❡s
z❝❛r(v) ≤ ❝❛♣(v) ❛♥❞ z❞r✐✈❡r(v) ♦❢ ❝❛rs ❛♥❞ ❞r✐✈❡rs ❧♦❝❛t❡❞ ❛t v ❛t t❤❡ st❛rt
t✐♠❡ t = 0❀ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ❞r✐✈❡rs ✐s ❞❡♥♦t❡❞ ❜② k :=

∑
v∈V z❞r✐✈❡r(v)❀

• ❚❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡r C ∈ N ♦❢ ❝❛rs ✇❤✐❝❤ ❝❛♥ ❜❡ s✐♠✉❧t❛♥❡♦✉s❧② ♠♦✈❡❞
✐♥ ❛ ❝♦♥✈♦② ❜② ❛ s✐♥❣❧❡ ❞r✐✈❡r❀

• ❆ s❡q✉❡♥❝❡ R = {r1, . . . , rh} ♦❢ ❝✉st♦♠❡r r❡q✉❡sts ❛rr✐✈✐♥❣ ♦✈❡r t✐♠❡✱
✇❤❡r❡ ❡❛❝❤ r❡q✉❡st ❤❛s t❤❡ ❢♦r♠ rj = (pj , vj , qj , wj)❀ pj ∈ N ❞❡♥♦t❡s t❤❡
t✐♠❡ ✇❤❡♥ ❛ ❝❛r ✐s r❡q✉❡st❡❞ t♦ ❜❡ ♣✐❝❦❡❞ ✉♣ ❛t st❛t✐♦♥ vj ∈ VS ❛♥❞ ✇✐❧❧
❜❡ ❞r♦♣♣❡❞ ❛t t✐♠❡ qj ∈ N ❛t st❛t✐♦♥ wj ∈ VS ✳ ❚❤❡ t✐♠❡ pj ✐s ❝❛❧❧❡❞
r❡q✉❡st❡❞ ♣✐❝❦✉♣ t✐♠❡❀ qj ✐s ❝❛❧❧❡❞ r❡q✉❡st❡❞ ❞r♦♣ t✐♠❡✳

• P❡r ❝✉st♦♠❡r r❡q✉❡st ♣r♦✜t p(r) ❢♦r s❡r✈✐♥❣ ❛ ❝✉st♦♠❡r r❡q✉❡st r✳

❚❤❡ ♦✉t♣✉t ♦❢ t❤❡ ❘❡❧♦❝❛t✐♦♥ Pr♦❜❧❡♠ ✐s ❛ tr❛♥s♣♦rt❛t✐♦♥ s❝❤❡❞✉❧❡ ❢♦r ❛
♠❡tr✐❝ t❛s❦ s②st❡♠✱ ✇❤♦s❡ t❛s❦s ❛r❡ ❞✐r❡❝t❧② ✐♥❞✉❝❡❞ ❜② t❤❡ s❡q✉❡♥❝❡ ♦❢ ❝✉st♦♠❡r
r❡q✉❡sts✳ ❍❡r❡❜②✱ ✇❡ ❝♦♥s✐❞❡r t✇♦ ✈❛r✐❛♥ts✿ ✇❡ ❢♦r♠✉❧❛t❡ ❜♦t❤ ❛ ♠✐♥✲❝♦st ✢♦✇
♣r♦❜❧❡♠ t♦ s❡r✈❡ ❛❧❧ ❝✉st♦♠❡r r❡q✉❡sts ✐♥ R ❛♥❞ ❛ ♠❛①✲♣r♦✜t ✢♦✇ ♣r♦❜❧❡♠ ✇❤✐❝❤
r❡❥❡❝ts ❝✉st♦♠❡r r❡q✉❡sts ❢r♦♠ R ✇❤♦s❡ ♣r♦✜t ✐s s♠❛❧❧❡r t❤❛♥ t❤❡ r❡❧♦❝❛t✐♦♥ ❝♦st
t♦ s❛t✐s❢② t❤❡♠✳

❋♦r t❤❛t✱ ✇❡ ❜✉✐❧❞ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ GT = (VT , AT )✱ ✇✐t❤ AT = AH ∪ AL ∪
AR ∪ AS ❛s ❛ t✐♠❡✲❡①♣❛♥❞❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♥❡t✇♦r❦ G ✇❤✐❝❤ ✐♥❝❧✉❞❡s
❛r❝s AR ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❝✉st♦♠❡r r❡q✉❡sts ✐♥ R ✭s❡❡ ❙❡❝t✐♦♥ ✸✳✶✮✳

❚❤❡ ❝❛rs ❛♥❞ ❞r✐✈❡rs ✇✐❧❧ ❢♦r♠ t✇♦ ✢♦✇s f ❝❛r ❛♥❞ f❞r✐✈❡r t❤r♦✉❣❤ GT ✇❤✐❝❤
❛r❡ ❝♦✉♣❧❡❞ ✐♥ t❤❡ s❡♥s❡ t❤❛t ♦♥ ❛r❝s a ∈ AL ✭t❤❡ r❡❧♦❝❛t✐♦♥ ❛r❝s✮ ✇❡ ❤❛✈❡ t❤❡
❝♦♥❞✐t✐♦♥ f ❝❛r(a) ≤ C · f❞r✐✈❡r(a) r❡✢❡❝t✐♥❣ t❤❡ ❞❡♣❡♥❞❡♥❝✐❡s ❜❡t✇❡❡♥ t❤❡ t✇♦
✢♦✇s✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s❡tt✐♥❣✱ ✇❡ ❡♥❢♦r❝❡ ❛ ❝❛r ✢♦✇ ♦♥ ❛❧❧ ❛r❝s ✐♥ AR ❢♦r t❤❡
♠✐♥✲❝♦st ✢♦✇ ♣r♦❜❧❡♠ ✭t♦ ❣✉❛r❛♥t❡❡ q✉❛❧✐t② ♦❢ s❡r✈✐❝❡✱ s❡❡ ❙❡❝t✐♦♥ ✸✳✸✮ ♦r ♦♥❧②
♦♥ s♦♠❡ ❛r❝s ✐♥ AR ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ s✉❜s❡t ♦❢ ♣r❡✈✐♦✉s❧② ❛❝❝❡♣t❡❞ r❡q✉❡sts✮
❢♦r t❤❡ ♠❛①✲♣r♦✜t ✢♦✇ ♣r♦❜❧❡♠ ✭❢♦r ❡❝♦♥♦♠✐❝ r❡❛s♦♥s✱ s❡❡ ❙❡❝t✐♦♥ ✸✳✹✮✳ ■♥ ❜♦t❤
❝❛s❡s✱ t❤❡ t❛s❦s ❛r❡ ❞✐r❡❝t❧② ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ s❡q✉❡♥❝❡ R ♦❢ ❝✉st♦♠❡r r❡q✉❡sts✳

✻



✸✳✶ ❚✐♠❡✲❊①♣❛♥❞❡❞ ◆❡t✇♦r❦s

❲❡ ❜✉✐❧❞ ❛ t✐♠❡✲❡①♣❛♥❞❡❞ ✈❡rs✐♦♥ GT = (VT , AT ) ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♥❡t✇♦r❦ G✳
❚❤❡ ♥♦❞❡ s❡t VT ✐s ❝♦♥str✉❝t❡❞ ❛s ❢♦❧❧♦✇s✳ ▲❡t T = {0, . . . , T} ❜❡ ❛ ✜♥✐t❡

s❡t ♦❢ ♣♦✐♥ts ✐♥ t✐♠❡✱ ✇❤❡r❡ t❤❡ t✐♠❡ ❤♦r✐③♦♥ T ✐s t❤❡ ♠❛①✐♠✉♠ ❞r♦♣ t✐♠❡ ♦❢ ❛
✭②❡t ❦♥♦✇♥✮ r❡q✉❡st ✐♥ R✳ ❋♦r ❡❛❝❤ st❛t✐♦♥ v ∈ V ❛♥❞ ❡❛❝❤ t✐♠❡ ♣♦✐♥t t ∈ T✱
t❤❡r❡ ✐s ❛ ♥♦❞❡ (v, t) ∈ VT ✇❤✐❝❤ r❡♣r❡s❡♥ts st❛t✐♦♥ v ❛t t✐♠❡ t ❛s ❛ ❝❛♣❛❝✐t❛t❡❞
st❛t✐♦♥ ✇❤❡r❡ ❝❛rs ❝❛♥ ❜❡ ♣✐❝❦❡❞ ✉♣✱ ❞❡❧✐✈❡r❡❞ ❛♥❞ ❡①❝❤❛♥❣❡❞ ❜② ❞r✐✈❡rs✳ ❋✉r✲
t❤❡r♠♦r❡✱ ✐t r❡♣r❡s❡♥ts t❤❡ st❛t✐♦♥ ❛t t✐♠❡ t ❛s ❛ ✭❣❡♦❣r❛♣❤✐❝❛❧✮ tr❛♥s✐t ♥♦❞❡ ❢♦r
t❤❡ ❞r✐✈❡rs✴❝♦♥✈♦②s✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡r❡ ✐s ❛ s✐♥❦ D✳

❚❤❡ ❛r❝ s❡t AT = AH ∪AL ∪AR ∪AS ♦❢ GT ✐s ❝♦♠♣♦s❡❞ ♦❢ s❡✈❡r❛❧ s✉❜s❡ts✿

• ❋♦r ❡❛❝❤ st❛t✐♦♥ v ∈ V ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♥❡t✇♦r❦ ❛♥❞ ❡❛❝❤ t ∈ {0, 1, . . . , T−1}
t❤❡r❡ ✐s ❛ ❤♦❧❞♦✈❡r ❛r❝ ❝♦♥♥❡❝t✐♥❣ (v, t) t♦ (v, t+1)✳ ❚❤❡ s❡t ♦❢ ❛❧❧ ❤♦❧❞♦✈❡r
❛r❝s ✐s ❞❡♥♦t❡❞ ❜② AH ✳

• ❋♦r ❡❛❝❤ ❡❞❣❡ (u, v) ♦❢ G ❛♥❞ ❡❛❝❤ ♣♦✐♥t ✐♥ t✐♠❡ t ∈ T s✉❝❤ t❤❛t t +
d(u, v) ≤ T ✱ t❤❡r❡ ❛r❡ r❡❧♦❝❛t✐♦♥ ❛r❝s ❢r♦♠ (u, t) t♦ (v, t + d(u, v))❀ t❤❡ s❡t
♦❢ ❛❧❧ r❡❧♦❝❛t✐♦♥ ❛r❝s ✐s ❞❡♥♦t❡❞ ❜② AL✳

• ❋♦r ❡❛❝❤ ❝✉st♦♠❡r r❡q✉❡st r = (v, t, w, t′) ∈ R ✇❡ ❛❞❞ ❛♥ ❛r❝ ❢r♦♠ (v, t)
t♦ (w, t′)❀ t❤❡ s❡t ♦❢ ❛❧❧ ❝✉st♦♠❡r r❡q✉❡st ❛r❝s ✐s ❞❡♥♦t❡❞ ❜② AR✳

• ❚❤❡r❡ ❛r❡ s✐♥❦ ❛r❝s ✭❞❡♥♦t❡❞ ❜② AS✮ ❝♦♥♥❡❝t✐♥❣ ❛❧❧ ♥♦❞❡s (v, T ) ∈ VT t♦
t❤❡ s✐♥❦ D✳

◆♦t❡✱ t❤❛t ❜② ❝♦♥str✉❝t✐♦♥ t❤❡ t✐♠❡✲❡①♣❛♥❞❡❞ ♥❡t✇♦r❦ ✐s ❛❝②❝❧✐❝✳

✸✳✷ ❋❧♦✇ ▼♦❞❡❧

❖♥ t❤❡ t✐♠❡✲❡①♣❛♥❞❡❞ ♥❡t✇♦r❦ GT ✱ ✇❡ ❞❡✜♥❡ t✇♦ ❞✐✛❡r❡♥t ✢♦✇s✱ t❤❡ ❝❛r ✢♦✇
f ❝❛r ❛♥❞ t❤❡ ❞r✐✈❡r ✢♦✇ f❞r✐✈❡r✱ ❛♥❞ s♣❡❝✐❢② t❤❡ ❝❛♣❛❝✐t✐❡s ❛s ✇❡❧❧ ❛s t❤❡ ❝♦sts
❢♦r ❡❛❝❤ ❛r❝ ✇✐t❤ r❡s♣❡❝t t♦ ❜♦t❤ ✢♦✇s✳

❆ ✢♦✇ ♦♥ ❛ r❡❧♦❝❛t✐♦♥ ❛r❝ ❝♦rr❡s♣♦♥❞s t♦ ❛ ✭s✉❜✮♠♦✈❡ ✐♥ ❛ t♦✉r✱ ✐✳❡✳✱ s♦♠❡
❝❛rs ❛r❡ ♠♦✈❡❞ ❜② ❞r✐✈❡rs ✐♥ ❛ ❝♦♥✈♦② ❢r♦♠ st❛t✐♦♥ u t♦ ❛♥♦t❤❡r st❛t✐♦♥ v✳
❍❡r❡❜②✱ t❤❡ st❛t✐♦♥s ❝❛♥ ❜❡ ✉s❡❞ t♦ ♣✐❝❦ ✉♣ ♦r t♦ ❞r♦♣ ❝❛rs✱ ♦r s✐♠♣❧② t♦ tr❛♥s✐t ❛
♥♦❞❡ ✭✇❤❡♥ ❛ ❞r✐✈❡r✴❝♦♥✈♦② ♣❛ss❡s t❤❡ st❛t✐♦♥✭s✮ ♦♥ ✐ts ✇❛② t♦ ❛♥♦t❤❡r st❛t✐♦♥✮✳
❆ r❡❧♦❝❛t✐♦♥ ❛r❝ ❢r♦♠ (u, t) t♦ (v, t+d(u, v)) ❤❛s ✐♥✜♥✐t❡ ❝❛♣❛❝✐t② ❢♦r t❤❡ ❞r✐✈❡rs✳
❍♦✇❡✈❡r✱ ✐♥ ♦r❞❡r t♦ ❡♥s✉r❡ t❤❛t ❡❛❝❤ ❞r✐✈❡r ♠♦✈❡s ❛t ♠♦st C ❝❛rs ✐♥ ❛ ❝♦♥✈♦②
❛♥❞ t❤❛t ❝❛rs ❞♦ ♥♦t ♠♦✈❡ ❜② t❤❡♠s❡❧✈❡s ♦♥ s✉❝❤ ❛r❝s✱ ✇❡ r❡q✉✐r❡ t❤❛t ❢♦r ❛❧❧
r❡❧♦❝❛t✐♦♥ ❛r❝s a t❤❡ ✐♥❡q✉❛❧✐t②

f ❝❛r(a) ≤ C · f❞r✐✈❡r(a) ❢♦r ❛❧❧ a ∈ AR

❤♦❧❞s✳ ❚❤✉s✱ t❤❡ ❝❛♣❛❝✐t✐❡s ❢♦r f ❝❛r ♦♥ t❤❡ r❡❧♦❝❛t✐♦♥ ❛r❝s ❛r❡ ♥♦t ❣✐✈❡♥ ❜②
❝♦♥st❛♥ts ❜✉t ❜② ❛ ❢✉♥❝t✐♦♥✳ ◆♦t❡ t❤❛t ❞✉❡ t♦ t❤❡s❡ ✢♦✇ ❝♦✉♣❧✐♥❣ ❝♦♥str❛✐♥ts✱
t❤❡ ❝♦♥str❛✐♥t ♠❛tr✐① ♦❢ t❤❡ ♥❡t✇♦r❦ ✐s ♥♦t t♦t❛❧❧② ✉♥✐♠♦❞✉❧❛r ✭❛s ✐♥ t❤❡ ❝❛s❡
♦❢ ✉♥❝♦✉♣❧❡❞ ✢♦✇s✮ ❛♥❞ t❤❡r❡❢♦r❡ s♦❧✈✐♥❣ s✉❝❤ ♣r♦❜❧❡♠s ❜❡❝♦♠❡s ❤❛r❞✳ ❊❛❝❤
r❡❧♦❝❛t✐♦♥ ❛r❝ a = ((u, t), (v, t + d(u, v))) ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❡❞❣❡ (u, v) ❤❛s ❝♦st

c❝❛r(a) := ❝♦st❝❛r · d(u, v) ❛♥❞ c❞r✐✈❡r(a) := ❝♦st❞r✐✈❡r · d(u, v).

❆ ✢♦✇ ♦♥ ❛ ❤♦❧❞♦✈❡r ❛r❝ ❝♦rr❡s♣♦♥❞s t♦ ❝❛rs✴❞r✐✈❡rs r❡♠❛✐♥✐♥❣ ❛t t❤❡ st❛t✐♦♥
✐♥ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ [t, t + 1]✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❝❛♣❛❝✐t② ♦❢ ❛❧❧ ❤♦❧❞♦✈❡r ❛r❝s ✇✐t❤

✼
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❋✐❣✉r❡ ✷✿ ❚❤✐s ✜❣✉r❡ s❤♦✇s ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛ t✐♠❡✲❡①♣❛♥❞❡❞ ♥❡t✇♦r❦ GT ❢♦r
t❤❡ ❣r❛♣❤ G ❢r♦♠ ❋✐❣✉r❡ ✶✳ ❈✉st♦♠❡r r❡q✉❡st ❛r❝s ❛r❡ s❤♦✇♥ ❛s ❞❛s❤❡❞ ❛r❝s✳
❊✈❡r② ♥♦❞❡ ♦❢ t❤❡ ❢♦r♠ vt r❡♣r❡s❡♥ts ❛ st❛t✐♦♥ v ❛t t✐♠❡ t✳ ❚❤❡ ✈❛❧✉❡s b❝❛r(v, 0)
❛♥❞ b❝❛r(D) ❛r❡ s✉♣❡rs❝r✐♣t❡❞ ❜❡❢♦r❡ t❤❡ ♥❛♠❡ ♦❢ t❤❡ st❛t✐♦♥✱ ❛♥❞ t❤❡ ✈❛❧✉❡s
b❞r✐✈❡r(v, 0) ❛♥❞ b❞r✐✈❡r(D) ❛r❡ s✉❜s❝r✐♣t❡❞✳ ❚❤❡ ❞r✐✈❡r ✢♦✇ f❞r✐✈❡r ❝♦rr❡s♣♦♥❞✐♥❣
t♦ tr❛♥s♣♦rt❛t✐♦♥ s❝❤❡❞✉❧❡ ❢r♦♠ ❊①❛♠♣❧❡ ✶ ✐s ✐♥❞✐❝❛t❡❞ ❜② ❞♦tt❡❞ ❛r❝s✱ ❛♥❞ t❤❡
❝❛r ✢♦✇ f ❝❛r ❜② ❞❛s❤✲❞♦tt❡❞ ❛r❝s✳ ❚❤❡ ♥✉♠❜❡rs ❛t t❤❡ ❛r❝s ❝♦rr❡s♣♦♥❞ t♦ t❤❡
✈❛❧✉❡s ♦❢ t❤❡ ✢♦✇s✱ ✇❤❡r❡ t❤❡ ✈❛❧✉❡ f ❝❛r(a) ✐s s❤♦✇♥ ♥❡❛r t❤❡ st❛rt ♥♦❞❡ ♦❢ t❤❡
❛r❝ a✱ ❛♥❞ t❤❡ ✈❛❧✉❡ f❞r✐✈❡r(a) ♥❡❛r t❤❡ ❡♥❞ ♥♦❞❡✳

r❡s♣❡❝t t♦ ✢♦✇ f ❝❛r ✐s s❡t t♦ ❝❛♣(v)✱ ✇❤❡r❡❛s t❤❡r❡ ✐s ♥♦ ❝❛♣❛❝✐t② ❝♦♥str❛✐♥t
❢♦r f❞r✐✈❡r ♦♥ s✉❝❤ ❛r❝s✳ ▼♦r❡♦✈❡r✱ t❤❡ ❝♦st ❢♦r ❜♦t❤ ✢♦✇s ♦♥ s✉❝❤ ❛r❝s ✐s ③❡r♦✳

■♥ ♦r❞❡r t♦ r❡✢❡❝t ❝✉st♦♠❡r r❡q✉❡sts✱ ✇❡ ❡♥s✉r❡ t❤❛t ♥♦ ❞r✐✈❡r ✉s❡s ❛♥ ❛r❝
✐♥ AR ✭❜② s❡tt✐♥❣ ✐ts ❝❛♣❛❝✐t② t♦ ③❡r♦ ❢♦r t❤❡ ❞r✐✈❡r ✢♦✇ f❞r✐✈❡r✮ ❜✉t s❡t ❛♥
✉♣♣❡r ❜♦✉♥❞ ♦❢ ✶ ❢♦r t❤❡ ❝❛r ✢♦✇ f ❝❛r ✭❛♥❞ ❡✈❡♥t✉❛❧❧② ❛❧s♦ ❛ ❧♦✇❡r ❜♦✉♥❞ ♦❢ ✶✮✳
❘❡q✉❡st ❛r❝s ❤❛✈❡ ♥♦ ❝♦sts ❢♦r ❜♦t❤ ✢♦✇s ✭❜✉t ❛ ♣r♦✜t ❢♦r t❤❡ ♠❛①✲♣r♦✜t ✢♦✇
♣r♦❜❧❡♠✮✳

❚❤❡ s✐♥❦ ❛r❝s ❤❛✈❡ ✐♥✜♥✐t❡ ❝❛♣❛❝✐t✐❡s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✢♦✇ f ❝❛r ❛♥❞ t♦
t❤❡ ✢♦✇ f❞r✐✈❡r ❛♥❞ ♥♦ ❝♦sts✳

❚♦ ❝♦rr❡❝t❧② ✐♥✐t✐❛❧✐③❡ t❤❡ s②st❡♠✱ ✇❡ ✉s❡ t❤❡ ♥♦❞❡s (v, 0) ∈ VT ❛s s♦✉r❝❡s
❢♦r ❜♦t❤ ✢♦✇s ❛♥❞ s❡t t❤❡✐r ❜❛❧❛♥❝❡s ❛❝❝♦r❞✐♥❣❧② t♦ t❤❡ ✐♥✐t✐❛❧ ♥✉♠❜❡rs ♦❢ ❝❛rs
❛♥❞ ❞r✐✈❡rs ❛t st❛t✐♦♥ v ❛♥❞ t✐♠❡ 0✱ ✐✳❡✳✱

b❝❛r(v, 0) := z❝❛r(v) ❛♥❞ b❞r✐✈❡r(v, 0) := z❞r✐✈❡r(v).

❋♦r ❛❧❧ ✐♥t❡r♥❛❧ ♥♦❞❡s (v, t) ∈ VT ✇✐t❤ t > 0✱ ✇❡ ✉s❡ ♥♦r♠❛❧ ✢♦✇ ❝♦♥s❡r✈❛t✐♦♥
❝♦♥str❛✐♥ts ✭✇❤✐❝❤ ✐s ♣♦ss✐❜❧❡ ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ ❡♥t✐r❡ ✢♦✇ ♦❢ ❝❛rs ✐s ♠♦❞✲
❡❧❡❞ ❜② t❛❦✐♥❣ ❜♦t❤ ❝♦♥✈♦② ♠♦✈❡s ❛♥❞ ❝✉st♦♠❡r ❛❝t✐♦♥s ✐♥t♦ ❛❝❝♦✉♥t✮✳ ❋✐♥♥❛❧②✱
t❤❡ s✐♥❦ D ❤❛s

b❝❛r(D) := −
∑

v∈V

z❝❛r(v) ❛♥❞ b❞r✐✈❡r(D) := −
∑

v∈V

z❞r✐✈❡r(v).

❋✐❣✉r❡ ✷ ✐❧❧✉str❛t❡s ❛ t✐♠❡✲❡①♣❛♥❞❡❞ ♥❡t✇♦r❦ ✇✐t❤ ❝❛♣❛❝✐t✐❡s ♦♥ t❤❡ ❛r❝s ❛s
✇❡❧❧ ❛s t❤❡ ❜❛❧❛♥❝❡s ❢♦r t❤❡ ♥♦❞❡s (v, 0), D✳ ❋✉rt❤❡r♠♦r❡✱ ❜♦t❤ ✢♦✇s f ❝❛r ❛♥❞
f ❝❛r ❢r♦♠ ❊①❛♠♣❧❡ ✶ ❛r❡ s❤♦✇♥ ✐♥ t❤✐s ✜❣✉r❡✳ ❍❡r❡❜②✱ ❡✈❡r② ❝✉st♦♠❡r r❡q✉❡st
✐s ❢✉❧✜❧❧❡❞✱ ❛♥❞ t❤✉s✱ t❤❡ ✜❣✉r❡ s❤♦✇s ❛ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥ ❢♦r t❤❡ ❘❡❧♦❝❛t✐♦♥
Pr♦❜❧❡♠✳
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✸✳✸ ■♥t❡❣❡r ▲✐♥❡❛r Pr♦❣r❛♠ ❢♦r ▼✐♥✲❈♦st✲❋❧♦✇

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ✈❡rs✐♦♥ ♦❢ t❤❡ ❘❡❧♦❝❛t✐♦♥ Pr♦❜❧❡♠ t❤❛t ❛✐♠s
❛t ❞❡t❡r♠✐♥✐♥❣ ❝♦♥✈♦② r♦✉t❡s ❛t ♠✐♥✐♠❛❧ ❝♦sts t♦ ❢✉❧✜❧❧ ❛❧❧ ②❡t ❦♥♦✇♥ ❝✉st♦♠❡r
r❡q✉❡sts ❢r♦♠ R✱ ✐✳❡✳✱ t❤❛t ❢♦❝✉s❡s ♦♥ t❤❡ q✉❛❧✐t② ♦❢ s❡r✈✐❝❡ ❛s♣❡❝t✮✳ ❋♦r t❤❛t✱
✇❡ ♣r❡s❡♥t ❛♥ ✐♥t❡❣❡r ❧✐♥❡❛r ♣r♦❣r❛♠ ❢♦r♠✉❧❛t✐♦♥ ❢♦r ❛ ♠✐♥✲❝♦st ✢♦✇ ♣r♦❜❧❡♠
✐♥ t❤❡ t✐♠❡✲❡①♣❛♥❞❡❞ ♥❡t✇♦r❦ GT = (VT , AT ) ❛s ❢♦❧❧♦✇s✿

min
∑

a∈AL

c❝❛r(a)f ❝❛r(a) +
∑

a∈AL

c❞r✐✈❡r(a)f❞r✐✈❡r(a) ✭✶❛✮

∑

a∈δ−(v,0)

f ❝❛r(a) = b❝❛r(v, 0) ∀ (v, 0) ∈ VT ✭✶❜✮

∑

a∈δ−(v,0)

f❞r✐✈❡r(a) = b❞r✐✈❡r(v, 0) ∀ (v, 0) ∈ VT ✭✶❝✮

∑

a∈δ−(v,t)

f ❝❛r(a) −
∑

a∈δ+(v,t)

f ❝❛r(a) = 0 ∀ (v, t) ∈ VT , t > 0 ✭✶❞✮

∑

a∈δ−(v,t)

f❞r✐✈❡r(a) −
∑

a∈δ+(v,t)

f❞r✐✈❡r(a) = 0 ∀ (v, t) ∈ VT , t > 0 ✭✶❡✮

∑

a∈AS

f ❝❛r(a) = b❝❛r(D) (v, T ) ∈ VT ✭✶❢✮

∑

a∈AS

f❞r✐✈❡r(a) = b❞r✐✈❡r(D) (v, T ) ∈ VT ✭✶❣✮

0 ≤ f ❝❛r(a) ≤ ❝❛♣(v) ∀ a = [(v, t), (v, t + 1)] ∈ AH

✭✶❤✮

f ❝❛r(a) ≤ C · f❞r✐✈❡r(a) ∀ a ∈ AL ✭✶✐✮

f ❝❛r(a) = 1 ∀ a ∈ AR ✭✶❥✮

f❞r✐✈❡r(a) = 0 ∀ a ∈ AR ✭✶❦✮

f ❝❛r, f❞r✐✈❡r ✐♥t❡❣❡r, ✭✶❧✮

✇❤❡r❡ δ−(v, t) ❞❡♥♦t❡s t❤❡ s❡t ♦❢ ♦✉t❣♦✐♥❣ ❛r❝s ♦❢ (v, t)✱ ❛♥❞ δ+(v, t) ❞❡♥♦t❡s t❤❡
s❡t ♦❢ ✐♥❝♦♠✐♥❣ ❛r❝s ♦❢ (v, t)✳

❚❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✭✶❛✮ ♠❡❛s✉r❡s ❛♥❞ ♠✐♥✐♠✐③❡s t❤❡ ❝♦sts ♦❢ tr❛♥s♣♦rt✲
✐♥❣ ❝❛rs ✐♥ ❝♦♥✈♦②s ❜❡t✇❡❡♥ t❤❡ st❛t✐♦♥s✳ ❊q✉❛❧✐t✐❡s ✭✶❜✮ ✭r❡s♣✳ ✭✶❝✮✮ ❣✐✈❡ t❤❡
♥✉♠❜❡r ♦❢ ❝❛rs ✭r❡s♣✳ ❞r✐✈❡rs✮ ❛t t✐♠❡ 0 ❢♦r ❡❛❝❤ st❛t✐♦♥✳ ❚❤❡ ❝♦♥❞✐t✐♦♥s ✭✶❞✮
❛♥❞ ✭✶❡✮ ❛r❡ t❤❡ ✢♦✇ ❝♦♥s❡r✈❛t✐♦♥ ❝♦♥str❛✐♥ts ❢♦r t❤❡ ✢♦✇s f ❝❛r ❛♥❞ f❞r✐✈❡r✳ ❚❤❡
❡q✉❛❧✐t✐❡s ✭✶❢✮ ❛♥❞ ✭✶❣✮ ❡♥s✉r❡ t❤❛t ❛❧❧ ❞r✐✈❡rs ❛♥❞ ❝❛rs r❡❛❝❤ t❤❡ s✐♥❦ ♥♦❞❡ D✳
❚❤❡ ❝♦♥str❛✐♥ts ✭✶❤✮ ❣✐✈❡ t❤❡ ❝❛♣❛❝✐t✐❡s ❢♦r f ❝❛r ♦♥ ❤♦❧❞♦✈❡r ❛r❝s ✇❤✐❝❤ ✐s ❡q✉❛❧
t♦ t❤❡ ❝❛♣❛❝✐t② ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ st❛t✐♦♥❀ ❛♥❞ t❤❡ ❝♦♥str❛✐♥ts ✭✶✐✮ ❝♦✉♣❧❡ t❤❡
t✇♦ ✢♦✇s f ❝❛r ❛♥❞ f❞r✐✈❡r s♦ t❤❛t ❝❛rs ♦♥ r❡❧♦❝❛t✐♦♥ ❛r❝s ❝❛♥♥♦t ♠♦✈❡ ✇✐t❤♦✉t
❞r✐✈❡rs✳ ❚❤❡ ❝❛♣❛❝✐t✐❡s ❢♦r t❤❡ ❝✉st♦♠❡r r❡q✉❡st ❛r❝s ❛r❡ ♠♦❞❡❧❡❞ ❜② ❡q✉❛❧✐✲
t✐❡s ✭✶❥✮ ❛♥❞ ✭✶❦✮✳ ❊q✉❛❧✐t✐❡s ✭✶❥✮ ❡♥s✉r❡ t❤❛t ❡❛❝❤ ❝✉st♦♠❡r r❡q✉❡st ✐s s❡r✈❡❞✱
✇❤✐❧❡ ❡q✉❛❧✐t✐❡s ✭✶❞✮ ❡♥s✉r❡ t❤❛t ❞r✐✈❡rs ❞♦ ♥♦t ✉s❡ ✏s❤♦rt❝✉ts✑ ✇✐t❤✐♥ t❤❡ ♥❡t✲
✇♦r❦✳

❚❤❡♦r❡♠ ✷ ▲❡t (M, T ) ❜❡ ❛ ♠❡tr✐❝ t❛s❦ s②st❡♠✳ ❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡
st❛t❡♠❡♥ts ❛r❡ ❡q✉✐✈❛❧❡♥t

✾



✭✐✮ ❚❤❡r❡ ❡①✐sts ❛ s♦❧✉t✐♦♥ ❢♦r t❤❡ ❘❡❧♦❝❛t✐♦♥ Pr♦❜❧❡♠✳

✭✐✐✮ ❚❤❡r❡ ❡①✐st ✢♦✇s f❞r✐✈❡r ❛♥❞ f❝❛r s❛t✐s❢②✐♥❣ t❤❡ ✭✐♥✮❡q✉❛❧✐t✐❡s ✭✶❜✮ t♦ ✭✶❧✮✳

✸✳✹ ■♥t❡❣❡r ▲✐♥❡❛r Pr♦❣r❛♠ ▼❛①✲❋❧♦✇✲Pr♦❜❧❡♠

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❝♦♥s✐❞❡r ❛ ♠❛①✲♣r♦✜t ✢♦✇ ♣r♦❜❧❡♠ t♦ ❞❡❝✐❞❡ ✇❤✐❝❤ ❝✉st♦♠❡r
r❡q✉❡sts ❝❛♥ ❜❡ s❛t✐s✜❡❞ ✇✐t❤♦✉t s♣❡♥❞✐♥❣ ♠♦r❡ ❝♦sts ✐♥ t❤❡ r❡❧♦❝❛t✐♦♥ ♣r♦❝❡ss
t❤❛♥ ❣❛✐♥✐♥❣ ♣r♦✜t ❜② s❛t✐s❢②✐♥❣ ❝✉st♦♠❡r r❡q✉❡sts✳ ❚❤✐s ❧❡❛❞s t♦ ❛ ▼❛①✲Pr♦✜t
❘❡❧♦❝❛t✐♦♥ Pr♦❜❧❡♠✱ ✇❤❡r❡ t❤❡ ✐♥♣✉t ❞❛t❛ s♣❡❝✐✜❡s✱ ❜❡s✐❞❡s ❛❧❧ ✐♥♣✉t ❞❛t❛ ❢r♦♠
t❤❡ ❘❡❧♦❝❛t✐♦♥ Pr♦❜❧❡♠✱ ❛❧s♦ ❛ ♣r♦✜t p(r) ❢♦r ❡❛❝❤ ❝✉st♦♠❡r r❡q✉❡st r ∈ R✳

❚♦ t❛❦❡ t❤❡ ❞②♥❛♠✐❝ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❝✉st♦♠❡r r❡q✉❡sts ✐♥t♦ ❛❝❝♦✉♥t✱ ✇❡
♣❛rt✐t✐♦♥ R ✐♥t♦ t✇♦ s✉❜s❡ts✿ RA ♦❢ ♣r❡✈✐♦✉s❧② ❛❝❝❡♣t❡❞ ❝✉st♦♠❡r r❡q✉❡sts ❛♥❞
RN ♦❢ ♥❡✇❧② r❡❧❡❛s❡❞ ❝✉st♦♠❡r r❡q✉❡sts✳

❚❤❡ ♦✉t♣✉t ♦❢ t❤❡ ▼❛①✲Pr♦✜t ❘❡❧♦❝❛t✐♦♥ Pr♦❜❧❡♠ ✐s ❛ ❛ s✉❜s❡t ♦❢ ❛❝❝❡♣t❡❞
❝✉st♦♠❡r r❡q✉❡sts R′ ⊆ R ❛♥❞ ❛ tr❛♥s♣♦rt❛t✐♦♥ s❝❤❡❞✉❧❡ ❢♦r ❛ ♠❡tr✐❝ t❛s❦
s②st❡♠✱ ✇❤❡r❡ t❤❡ t❛s❦s ❛r❡ ✐♥❞✉❝❡❞ ❜②

• t❤❡ s❡t ♦❢ ♣r❡✈✐♦✉s❧② ❛❝❝❡♣t❡❞ ❝✉st♦♠❡r r❡q✉❡sts✱

• t❤❡ s❡t ♦❢ ♥❡✇❧② r❡❧❡❛s❡❞ ❝✉st♦♠❡r r❡q✉❡sts✱

• ❛♥❞ t❤❡ ❞❡❝✐s✐♦♥ ✇❤✐❝❤ ♥❡✇❧② r❡❧❡❛s❡❞ ❝✉st♦♠❡r r❡q✉❡st ✐s ❛❝❝❡♣t❡❞ ❛♥❞
t❤✉s ❢✉❧✜❧❧❡❞✳

❆ ❝✉st♦♠❡r r❡q✉❡st ♠✉st ❜❡ ❡✐t❤❡r ❝♦♠♣❧❡t❡❧② ❢✉❧✜❧❧❡❞ ♦r ❝♦♠♣❧❡t❡❧② r❡❥❡❝t❡❞✳
■♥ ♦r❞❡r t♦ ❛❝❤✐❡✈❡ t❤✐s✱ ✇❡ ❛❞❥✉st t❤❡ t✐♠❡✲❡①♣❛♥❞❡❞ ♥❡t✇♦r❦ GT = (VT , AH ∪
AL ∪ AR ∪ AS) ❜② ❝♦♥s✐❞❡r✐♥❣ t✇♦ s✉❜s❡ts ARA ∪ ARN ❛❝❝♦r❞✐♥❣ t♦ t❤❡ t✇♦
r❡q✉❡st s✉❜s❡ts RA ❛♥❞ RN ✳

❚❤❡ ✐♥t❡❣❡r ❧✐♥❡❛r ♣r♦❣r❛♠ ✇❡ ♣r❡s❡♥t ❢♦r t❤❡ ▼❛①✲Pr♦✜t ❘❡❧♦❝❛t✐♦♥ Pr♦❜✲
❧❡♠ ✐s ✈❡r② s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ s♦❧✈✐♥❣ t❤❡ ❘❡❧♦❝❛t✐♦♥ Pr♦❜❧❡♠ ✭✭✶❛✮ ✕ ✭✶❧✮✮✳ ❇❡✲
s✐❞❡s t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥✱ ✇❡ ♦♥❧② ❛❞❥✉st ❡q✉❛❧✐t✐❡s ✭✶❥✮✳ ■♥st❡❛❞ ♦❢ f ❝❛r(a) = 1
❢♦r ❛❧❧ ❝✉st♦♠❡r r❡q✉❡st ❛r❝s✱ ✇❡ s❡t f ❝❛r(a) = 1 ❢♦r ❛❧❧ a ∈ ARA ✱ t♦ ❡♥s✉r❡ t❤❛t
♣r❡✈✐♦✉s❧② ❛❝❝❡♣t❡❞ ❝✉st♦♠❡r r❡q✉❡sts ❛r❡ ❢✉❧✜❧❧❡❞✳ ❋♦r ❡✈❡r② ♥❡✇❧② r❡❧❡❛s❡❞
❝✉st♦♠❡r r❡q✉❡st✱ ✇❡ ❜♦✉♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛r❝ a ∈ ARN ❜② f ❝❛r(a) ≤ 1✳
❚❤❡s❡ ✐♥❡q✉❛❧✐t✐❡s ❡♥s✉r❡ t❤❛t ❝✉st♦♠❡r r❡q✉❡sts ❝❛♥ ❜❡ r❡❥❡❝t❡❞ ✇❤❡♥❡✈❡r t❤❡②
❤❛✈❡ ♥♦t ❜❡❡♥ ❛❝❝❡♣t❡❞ ❛ ♣r✐♦r✐✱ ❡✳❣✳✱ ✐❢ t❤❡ ❝♦sts ❢♦r s❡r✈✐♥❣ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❝✉st♦♠❡r r❡q✉❡st ✐s ♠♦r❡ ❡①♣❡♥s✐✈❡ t❤❛♥ t❤❡ ♣r♦✜t✳

❆♥ ✐♥t❡❣❡r ❧✐♥❡❛r ♣r♦❣r❛♠ ❢♦r t❤❡ ▼❛①✲Pr♦✜t ❘❡❧♦❝❛t✐♦♥ Pr♦❜❧❡♠ ❝❛♥ ❜❡
❣✐✈❡♥ ❛s ❢♦❧❧♦✇s✿

max
∑

a∈AR

p(a)f ❝❛r(a) −
∑

a∈AL

c❝❛r(a)f ❝❛r(a) −
∑

a∈AL

c❞r✐✈❡r(a)f❞r✐✈❡r(a) ✭✷❛✮

∑

a∈δ−(v,0)

f ❝❛r(a) = b❝❛r(v, 0) ∀ (v, 0) ∈ VT ✭✷❜✮

∑

a∈δ−(v,0)

f❞r✐✈❡r(a) = b❞r✐✈❡r(v, 0) ∀ (v, 0) ∈ VT ✭✷❝✮

∑

a∈δ−(v,T )

f ❝❛r(a) = b❝❛r(D) ✭✷❞✮

∑

a∈δ−(v,T )

f❞r✐✈❡r(a) = b❞r✐✈❡r(D) ✭✷❡✮

✶✵



∑

a∈δ−(v,t)

f ❝❛r(a) −
∑

a∈δ+(v,t)

f ❝❛r(a) = 0 ∀ (v, t) ∈ VT , t > 0 ✭✷❢✮

∑

a∈δ−(v,t)

f❞r✐✈❡r(a) −
∑

a∈δ+(v,t)

f❞r✐✈❡r(a) = 0 ∀ (v, t) ∈ VT , t > 0 ✭✷❣✮

0 ≤ f ❝❛r(a) ≤ ❝❛♣(v) ∀ a = [(v, t), (v, t + 1)] ∈ AH

✭✷❤✮

f ❝❛r(a) ≤ C · f❞r✐✈❡r(a) ∀ a ∈ AL ✭✷✐✮

f ❝❛r(a) ≤ 1 ∀ a ∈ ARN ✭✷❥✮

f ❝❛r(a) = 1 ∀ a ∈ ARA ✭✷❦✮

f❞r✐✈❡r(a) = 0 ∀ a ∈ ARA ∪ ARN ✭✷❧✮

f ❝❛r, f❞r✐✈❡r ✐♥t❡❣❡r, ✭✷♠✮

✇❤❡r❡ δ−(v, t) ❞❡♥♦t❡s t❤❡ s❡t ♦❢ ♦✉t❣♦✐♥❣ ❛r❝s ♦❢ (v, t)✱ ❛♥❞ δ+(v, t) ❞❡♥♦t❡s t❤❡
s❡t ♦❢ ✐♥❝♦♠✐♥❣ ❛r❝s ♦❢ (v, t)✳

❚❤❡♦r❡♠ ✸ ❚❤❡ ▼❛①✲Pr♦✜t ❘❡❧♦❝❛t✐♦♥ Pr♦❜❧❡♠ ❤❛s ❛ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥ ✐❢ ❛♥❞
♦♥❧② ✐❢ t❤❡ ❘❡❧♦❝❛t✐♦♥ Pr♦❜❧❡♠ ❤❛s ❛ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥ ✇✐t❤ RA ❛s t❤❡ ✐♥♣✉t
s❡q✉❡♥❝❡ ♦❢ ❝✉st♦♠❡r r❡q✉❡sts✳

❊①❛♠♣❧❡ ✹ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❣r❛♣❤ G ❢r♦♠ ❋✐❣✉r❡ ✶ ❛♥❞ t❤❡ t✐♠❡✲❡①♣❛♥❞❡❞
♥❡t✇♦r❦ ❢r♦♠ ❋✐❣✉r❡ ✷✱ r❡s♣❡❝t✐✈❡❧②✳ ■♥ t❤✐s ❡①❛♠♣❧❡✱ ♥♦ ❝✉st♦♠❡r r❡q✉❡st ✐s
♣r❡✈✐♦✉s❧② ❛❝❝❡♣t❡❞✱ ✐✳❡✳✱ RA = ∅✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♣r♦✜t ❣✐✈❡♥ ❜② s❡r✈✐♥❣
t❤❡ ❝✉st♦♠❡r r❡q✉❡sts r3 = (6,B, 7,A) ❛♥❞✴♦r r4 = (6,B, 8,C) ❛♥❞ t❤❡ ❝♦sts ♦❢
♠♦✈✐♥❣ ❝❛rs t♦ st❛t✐♦♥ B✱ ❡✳❣✳✱ ❢r♦♠ E✱ t❤❡ r❡q✉❡sts ❛r❡ ❡✐t❤❡r s❡r✈❡❞ ♦r r❡❥❡❝t❡❞✳

▲❡t ✉s ❛ss✉♠❡ t❤❛t t❤❡ ❝♦sts ❛r❡ ❝♦st❝❛r = 1 ❛♥❞ ❝♦st❞r✐✈❡r = 2✳ ❚❤❡♥
t❤❡ ❝♦sts ❢♦r ♠♦✈✐♥❣ ♦♥❡ ❝❛r ❜② ❞r✐✈❡r 1 ✭♦r ❜② ❞r✐✈❡r 2✮ ❢r♦♠ E t♦ B ✐s 8✱ ❛♥❞
♠♦✈✐♥❣ t✇♦ ❝❛rs ✐s 10✳ ❇② ❛ss✉♠✐♥❣ ♣r♦✜ts p(r3) = 1 ❛♥❞ p(r4) = 9✱ t❤❡ ♣r♦✜t ✐s
♠❛①✐♠✐③❡❞ ✇❤❡♥ r4 ✐s s❡r✈❡❞ ❛♥❞ r3 ✐s r❡❥❡❝t❡❞ ✭s❡❡ ❋✐❣✉r❡ ✸✮✳ ❙❡tt✐♥❣ p(r4) = 7
r❡s✉❧ts ✐♥ ❛ r❡❥❡❝t✐♦♥ ♦❢ ❜♦t❤ ❝✉st♦♠❡r r❡q✉❡sts✱ ✇❤✐❧❡ ❝❤❛♥❣✐♥❣ ♦♥❧② p(r3) = 3
❡♥s✉r❡s t❤❛t ❜♦t❤ ❛r❡ s❡r✈❡❞✳ ❖❜✈✐♦✉s❧②✱ s✐♠✐❧❛r r❡s✉❧ts ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜②
❝❤❛♥❣✐♥❣ t❤❡ ❝♦sts ❢♦r t❤❡ ❞r✐✈❡rs ❛♥❞✴♦r ❝❛rs✳

✹ ❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❝♦♥s✐❞❡r❡❞ t❤❡ ❘❡❧♦❝❛t✐♦♥ Pr♦❜❧❡♠ ❢♦r ❈❛rs❤❛r✐♥❣ ❙②st❡♠s
✇✐t❤ s❡♠✐✲❛✉t♦♥♦♠♦✉s ❝❛rs✳ Pr♦❜❧❡♠s ♦❢ t❤✐s t②♣❡ ❝❛♥ ❜❡ ♠♦❞❡❧❡❞ ❛s P✐❝❦✉♣
❛♥❞ ❉❡❧✐✈❡r② Pr♦❜❧❡♠ ✐♥ ❛ ♠❡tr✐❝ s♣❛❝❡ ✐♥❞✉❝❡❞ ❜② t❤❡ ✉r❜❛♥ ❛r❡❛ ❬✻❪ ♦r✱ ❛❧✲
t❡r♥❛t✐✈❡❧②✱ ❜② ♠❡❛♥s ♦❢ ❝♦✉♣❧❡❞ ✢♦✇s ♦❢ ❝❛rs ✐♥ ❝♦♥✈♦②s ✐♥ ❛ t✐♠❡✲❡①♣❛♥❞❡❞
♥❡t✇♦r❦✳ ❚❤❡ ❤❡r❡ ❞✐s❝✉ss❡❞ s❡tt✐♥❣ ✐s s✐♠✐❧❛r t♦ t❤❡ ❜❛❧❛♥❝✐♥❣ ♣r♦❜❧❡♠ ✐♥ ❇✐❦❡✲
s❤❛r✐♥❣ ❙②st❡♠s ✭✇❤❡r❡ tr✉❝❦s ❛r❡ ✉s❡❞ t♦ ♠♦✈❡ s❡✈❡r❛❧ ❜✐❦❡s✮ ❛s ✐♥ ❬✸✲✺❪✱ ❜✉t
❞✐✛❡rs ✐♥ ❛♥ ✐♠♣♦rt❛♥t ❛s♣❡❝t✿ ♣r❡❜♦♦❦✐♥❣ ♦❢ ❝✉st♦♠❡r r❡q✉❡sts✳

❲❡ ❞✐s❝✉ss t✇♦ ✈❛r✐❛♥ts ♦❢ t❤❡ ❘❡❧♦❝❛t✐♦♥ Pr♦❜❧❡♠✿ ❛ ♠✐♥✲❝♦st ✢♦✇ ♣r♦❜❧❡♠
❛♥❞ ❛ ♠❛①✲♣r♦✜t ✢♦✇ ♣r♦❜❧❡♠✳ ■♥ t❤❡ ♠✐♥✲❝♦st ✢♦✇ ♣r♦❜❧❡♠ ✇❡ ❞❡t❡r♠✐♥❡
❝♦♥✈♦② r♦✉t❡s ❛t ♠✐♥✐♠❛❧ ❝♦sts t♦ ❢✉❧✜❧❧ ❛❧❧ ❣✐✈❡♥ ❝✉st♦♠❡r r❡q✉❡sts ✭✇✐t❤ ❢♦❝✉s
♦♥ t❤❡ ❛s♣❡❝t ♦❢ ◗✉❛❧✐t② ♦❢ ❙❡r✈✐❝❡✮✱ ✇❤✐❧❡ ✐♥ t❤❡ ♠❛①✲❝♦st ✢♦✇ ♣r♦❜❧❡♠ ✇❡
❞❡❝✐❞❡ ✐♥ ❛❞❞✐t✐♦♥ ✇❤✐❝❤ ❝✉st♦♠❡r r❡q✉❡sts ❝❛♥ ❜❡ s❛t✐s✜❡❞ ✇✐t❤♦✉t s♣❡♥❞✐♥❣

✶✶
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❋✐❣✉r❡ ✸✿ ❚❤✐s ✜❣✉r❡ ✐❧❧✉str❛t❡s t❤❡ ▼❛①✲Pr♦✜t ❘❡❧♦❝❛t✐♦♥ Pr♦❜❧❡♠✳ ❍❡r❡❜②✱ ✐t
s❤♦✇s ❛ t✐♠❡✲❡①♣❛♥❞❡❞ ♥❡t✇♦r❦ GT ❢♦r t❤❡ ❣r❛♣❤ G ❢r♦♠ ❋✐❣✉r❡ ✶✳ ❈✉st♦♠❡r
r❡q✉❡st ❛r❝s ❛r❡ s❤♦✇♥ ❛s ❞❛s❤❡❞ ❛r❝s✳ ❊✈❡r② ♥♦❞❡ ♦❢ t❤❡ ❢♦r♠ vt r❡♣r❡s❡♥ts ❛
st❛t✐♦♥ v ❛t t✐♠❡ t✳ ❚❤❡ ✈❛❧✉❡s b❝❛r(v, 0) ❛♥❞ b❝❛r(D) ❛r❡ s✉♣❡rs❝r✐♣t❡❞ ❜❡❢♦r❡ t❤❡
♥❛♠❡ ♦❢ t❤❡ st❛t✐♦♥✱ ❛♥❞ t❤❡ ✈❛❧✉❡s b❞r✐✈❡r(v, 0) ❛♥❞ b❞r✐✈❡r(D) ❛r❡ s✉❜s❝r✐♣t❡❞✳
❚❤❡ ❞r✐✈❡r ✢♦✇ f❞r✐✈❡r ❝♦rr❡s♣♦♥❞✐♥❣ t♦ tr❛♥s♣♦rt❛t✐♦♥ s❝❤❡❞✉❧❡ ❢r♦♠ ❊①❛♠♣❧❡ ✶
✐s ✐♥❞✐❝❛t❡❞ ❜② ❞♦tt❡❞ ❛r❝s✱ ❛♥❞ t❤❡ ❝❛r ✢♦✇ f ❝❛r ❜② ❞❛s❤✲❞♦tt❡❞ ❛r❝s✳ ❚❤❡
♥✉♠❜❡rs ❛t t❤❡ ❛r❝s ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ✢♦✇s✱ ✇❤❡r❡ t❤❡ ✈❛❧✉❡
f ❝❛r(a) ✐s s❤♦✇♥ ♥❡❛r t❤❡ st❛rt ♥♦❞❡ ♦❢ t❤❡ ❛r❝ a✱ ❛♥❞ t❤❡ ✈❛❧✉❡ f❞r✐✈❡r(a) ♥❡❛r
t❤❡ ❡♥❞ ♥♦❞❡✳ ❚❤❡ ✈❛❧✉❡ ♦♥ ❛ ❝✉st♦♠❡r r❡q✉❡st ❛r❝ ❝♦rr❡s♣♦♥❞s t♦ ✇❤❡t❤❡r ♦r
♥♦t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡q✉❡st ✐s ❛❝❝❡♣t❡❞ 1 ♦r r❡❥❡❝t❡❞ 0✳

♠♦r❡ ❝♦sts ✐♥ t❤❡ r❡❧♦❝❛t✐♦♥ ♣r♦❝❡ss t❤❛♥ ❣❛✐♥✐♥❣ ♣r♦✜t ❜② s❛t✐s❢②✐♥❣ ❝✉st♦♠❡r
r❡q✉❡sts ✭✇✐t❤ ❢♦❝✉s ♦♥ t❤❡ ❡❝♦♥♦♠✐❝ ❛s♣❡❝t✮✳

❯♥❧✐❦❡ ✐♥ t❤❡ ❝❛s❡ ♦❢ ✉♥❝♦✉♣❧❡❞ ✢♦✇s✱ t❤❡ ❝♦♥str❛✐♥t ♠❛tr✐① ♦❢ t❤❡ t✐♠❡✲
❡①♣❛♥❞❡❞ ♥❡t✇♦r❦ ✐s ♥♦ ❧♦♥❣❡r t♦t❛❧❧② ✉♥✐♠♦❞✉❧❛r✱ ❛♥❞ r❡✢❡❝ts t❤❡ ❝♦♠♣❧❡①✐t②
♦❢ t❤❡ ❘❡❧♦❝❛t✐♦♥ Pr♦❜❧❡♠✳

❋♦r ❜♦t❤ ✈❛r✐❛♥ts ♦❢ t❤❡ ❘❡❧♦❝❛t✐♦♥ Pr♦❜❧❡♠✱ s♦❧✈✐♥❣ t❤❡ ♣r♦♣♦s❡❞ ✐♥t❡❣❡r
♣r♦❣r❛♠♠✐♥❣ ❢♦r♠✉❧❛t✐♦♥s ②✐❡❧❞s ❛♥ ❡①❛❝t s♦❧✉t✐♦♥ ❢♦r t❤❡ ♦✤✐♥❡ s✐t✉❛t✐♦♥✿ ❛
❢❡❛s✐❜❧❡ tr❛♥s♣♦rt❛t✐♦♥ s❝❤❡❞✉❧❡ ❡✐t❤❡r s❡r✈✐♥❣ ❛❧❧ ❝✉st♦♠❡r r❡q✉❡sts ❛t ♠✐♥✐✲
♠❛❧ ❝♦st ✭✐❢ ✐t ❡①✐sts✮ ♦r ♠❛①✐♠✐③✐♥❣ t❤❡ ♣r♦✜t ✭❜✉t ❡✈❡♥t✉❛❧❧② r❡❥❡❝t✐♥❣ ❝❡rt❛✐♥
r❡q✉❡sts✮✳ ❚❤✐s ✐s ✐♥ ❝♦♥tr❛st t♦ t❤❡ ✢♦✇ ❢♦r♠✉❧❛t✐♦♥ ♣r♦♣♦s❡❞ ✐♥ ❬✹❪ ❢♦r ❜✐❦❡✲
s❤❛r✐♥❣✳ ❚❤❡r❡✱ ❝✉st♦♠❡rs ❞♦ ♥♦t ❜♦♦❦ t❤❡✐r r❡q✉❡sts ✐♥ ❛❞✈❛♥❝❡ ❛♥❞ t❤❡ ❣♦❛❧
✐s t♦ ❛✈♦✐❞ ✐♠❜❛❧❛♥❝❡✳ ❋♦r t❤❛t✱ t✇♦ ✈❛r✐❛❜❧❡s ♣❡r st❛t✐♦♥ ❛r❡ ❝♦♥s✐❞❡r❡❞ t♦
r❡✢❡❝t t❤❡✐r ✐♠❜❛❧❛♥❝❡ ❛♥❞ t❤❡ ♦❜❥❡❝t✐✈❡ ✐s t♦ ♠✐♥✐♠✐③❡ t❤❡ t♦t❛❧ ✐♠❜❛❧❛♥❝❡✳ ❆s
r❡♣♦rt❡❞ ✐♥ ❬✹❪✱ ❛ s♦❧✉t✐♦♥ r❡t✉r♥❡❞ ❜② t❤✐s ✢♦✇ ♠♦❞❡❧ ♠❛② r❡q✉✐r❡ t♦ ❝r❡❛t❡ ♦r
❞❡str♦② ❜✐❦❡s ❛t ❛ st❛t✐♦♥✱ ✇❤✐❝❤ ❧❡❛❞s t♦ ❛♥ ✐♥❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥✳ ■♥ ❝♦♥tr❛r②✱
♦✉r ♠♦❞❡❧s ❦❡❡♣ ❝♦rr❡❝t❧② tr❛❝❦ ♦❢ t❤❡ ❡♥t✐r❡ ✢♦✇ ♦❢ ❝❛rs ✭❛♥❞ ❞r✐✈❡rs✮ ✐♥ t❤❡
t✐♠❡✲❡①♣❛♥❞❡❞ ♥❡t✇♦r❦ s✉❝❤ t❤❛t ❛♥② s♦❧✉t✐♦♥ ✐♥❞❡❡❞ ❝♦rr❡s♣♦♥❞s t♦ ❛ ❢❡❛s✐❜❧❡
tr❛♥s♣♦rt❛t✐♦♥ s❝❤❡❞✉❧❡ ✭s❡❡ ❚❤❡♦r❡♠ ✷ ❛♥❞ ❚❤❡♦r❡♠ ✸✮✳

■♥ ♦r❞❡r t♦ ❤❛♥❞❧❡ t❤❡ ♦♥❧✐♥❡ s✐t✉❛t✐♦♥✱ ✇❡ ❡①♣❡❝t t❤❛t ❤❡✉r✐st✐❝s ❜❛s❡❞ ♦♥
t❤❡ t✇♦ ✢♦✇ ❢♦r♠✉❧❛t✐♦♥s ❝❛♥ ❜❡ ✉s❡❞✳ ❋♦r t❤❛t✱ ✇❡ ♣r♦♣♦s❡ t♦ ✐❞❡♥t✐❢② s✉✐t❛❜❧❡
s✉❜♣r♦❜❧❡♠s ❛♥❞ t♦ r❡❞✉❝❡ t❤❡ t✐♠❡✲❡①♣❛♥❞❡❞ ♥❡t✇♦r❦ ✐♥ t✇♦ ❞✐r❡❝t✐♦♥s✿

• ♦♠✐t st❛t✐♦♥s ✭✇❤✐❝❤ ❛r❡ ✐♥ ❜❛❧❛♥❝❡✮ ❛♥❞ r❡❧♦❝❛t✐♦♥ ❛r❝s ✇❤✐❝❤ ❞♦ ♥♦t ❝❛rr②
✢♦✇s ✇✐t❤ ❛ ❝❡rt❛✐♥ ♣r♦❜❛❜✐❧✐t②❀

• ✐❞❡♥t✐❢② ❛♥ ❛♣♣r♦♣r✐❛t❡ t✐♠❡ ✐♥t❡r✈❛❧ ✇✐t❤✐♥ t❤❡ ❝♦♥s✐❞❡r❡❞ t✐♠❡ ❤♦r✐③♦♥ t♦
♣❡r❢♦r♠ t❤❡ r❡❧♦❝❛t✐♦♥ ♣r♦❝❡ss ❛♥❞✴♦r ✉s❡ ❛ ♠♦r❡ ❝♦❛rs❡ t✐♠❡ ❞✐s❝r❡t✐③❛✲
t✐♦♥✳

✶✷



❚❤❡ ❣♦❛❧ ✐s t♦ ❞❡❝r❡❛s❡ t❤❡ ❡①♣❡❝t❡❞ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡s ♦❢ t❤❡ ❤❡✉r✐st✐❝s ✐♥ s✉❝❤
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