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EXTREMAL SEQUENCES FOR THE BELLMAN FUNCTION OF
THE DYADIC MAXIMAL OPERATOR

ELEFTHERIOS N. NIKOLIDAKIS

Abstract: We give a characterization of the extremal sequences for the Bellman func-
tion of the dyadic maximal operator. In fact we prove that they behave approximately
like eigenfunctions of this operator for a specific eigenvalue.

1. INTRODUCTION

The dyadic maximal operator on R"” is a usefull tool in analysis and is defined by

(1.1) Mgep(x) =sup {1/ lp(u)|du : z € Q, @ CR"is a dyadic cube}
Qf Jo

for every ¢ € L{ (R™) where |- | is the Lesbesgue measure on R™ and the dyadic cubes

are those formed by the grids 27¥Z", N =0,1,2,... .
It is well known that it satisfies the following weak type (1,1) inequality

(12) o €R": Mas(@) > <5 [ Jotwld
{Mad>A}

for every ¢ € L*(R™) and \ > 0.
From (1.2) it is not difficult to prove the following LP-inequality

(13) e L

for every p > 1 and ¢ € LP(R"), and this can be proved by using the well known Doob’s
method on the dyadic maximal operator.

It is also easy to see that (1.2) is best possible, while (1.3) is also best possible as
can be seen in [15]. (See [1] and [2] for general martingales).

Our aim is to study this maximal operator. One way to do this is to find certain
refinements of the inequalities satisfied by it such as (1.2) and (1.3). Concerning (1.2)
refinements have been done in [8], [10] and [12]. Refinements of (1.3) can be found in
[5] or even more general in [6].

In order to study (1.3) the following function has been introduced in [5]

(1.4) BY(f, F) :sup{ ! /Q (Mab) - 6> 0, Aug(6) = f, Avg(?) = F}

Q)
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where @ is a fixed dyadic cube in R", ¢ € LP(Q) and

Avg(h \Q|/ |h(u)|du,

for every h € L1(Q). This is the so-called Bellman function of two variables associated
to the dyadic maximal operator.

This function given has been explicitly computed. Actually this is done in a much
more general setting of a non-atomic probability measure space (X, i), where the dyadic
sets are now given in a family of sets T, (called tree), which satisfies conditions similar
to those that are satisfied by the dyadic cubes on [0, 1]™ (for details see section 2). Then
the associated dyadic maximal operator My is defined by

(1.5) Mo é(x) = sup {,411) /I Gldu:zele T},

for ¢ € LY(X, p).
The Bellman function of two variables for p > 1 associated to M is now given by

o) B =sw{ [(Mrorauozo. [ odu=s. [ vau=r},

where 0 < fP < F.
In [5], (1.6) has been found equal to BT(f F) = Fuw,(fP/F)P Where wp : [0,1] —

[1, Ll] is the inverse function H, ' of H, defined for z € [1 } by H,(z) =
p—

—(p — 1)2P + pzP~L. This gives us as a result that it is 1ndependent of the measure
space (X, ) and the tree structure 7.

For the evaluation of this function the author in [5] introduced a technique which
enabled him to compute it. This is based on an effective linearization of the dyadic
maximal operator that holds for an adequate set of functions, called 7-good. Certain
sharp inequalities were proved in [5] by using Holder’s inequality upon suitable subsets
of X in an effective way. After the evaluation of (1.6) he was also able to evaluate other
more general Bellman functions of M7 that involve three parameters. The evaluations
of these new Bellman functions, which are connected with the Dyadic Carleson Imbed-
ding Theorem and others, are based on the result of (1.6) entirely and are proved by
its application on certain elements of the tree 7.

The next step for studying the dyadic maximal operator is to investigate the opposite
problem for the Bellman function related to Kolmogorov’s inequality which has been
studied in [7]. More precisely the following function

(1.7) Bq<f,h>:sup{ /X (Mo 6)idp 6> 0, /X pdp = f, /X ¢qdu:h},

has been computed there, where 0 < h < f? and ¢ € (0,1) is a fixed constant.

In [7] the authors precisely evaluated the above function by using the linearization
technique introduced in [5]. The situation is now different and new methods were found
in order that (1.7) be evaluated.
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Additionally the following has been proved in [11]

Proposition: Let (¢,,), be a sequence of nonnegative functions in L'(X, ) such that

Jx ®ndp = f and [y ¢hdp = F for alln € N. If (¢n)n is extremal for (1.6), then for

1 1
every I € T we have that lim —— /qﬁndu = f and lim/qﬁﬁd,u = F. Moreover
nop(l) Jr nopu(l) Ji

1 o
117511/@/[(/\47’¢n)pd/ﬁ =B, (f,F).

This gives as an immediate result that there do not exist extremal functions for (1.7).
This is true because if T differentiates L' (X, ) we would have for any extremal ¢ that
it should be constant almost everywhere on X so that F' = fP which is a trivial case
that we do not consider.

Thus our interest is for those sequences of functions (¢, ), that are extremal for this
Bellman function. That is ¢, : (X, ) — RT, n € N must satisfy

/d)ndu:f, / ¢Pdp=F and lim/(MTqbn)pd,u:pr(fp/F)p.
X X mJXx

Our aim in this paper is to give a characterization of these extremal sequences of
functions. For this reason we restrict ourselves to the class of T-good functions, that
is enough to describe the problem as it was described in [5] (see Section 3). We give
now the statement of our main result

Theorem A: Let (¢n)n be a sequence of nonnegative, T-good functions such that
Jx ®ndp = f and [y ¢pdp = F. Then it is extremal for (1.6), if and only if

lim/ M7 — chdp|Pdu =0,
noJx

for ¢ = w,(fP/F).

For the proof of the above theorem we use the technique introduced in [5] for the
evaluation (1.6). In fact we generalize it in two directions (Theorem 3.1 and 3.2) and by
using these we prove Theorem 3.3 for the extremal sequences we are interested in. This
theorem is in fact a weak form of Theorem A. It is proved by producing two inequalities
that involve [,(M7¢)Pdu and [, #’dp on measurable subsets of A C X that have a
certain form with respect to the tree 7 and the function ¢. More precisely A is a union
of certain elements of S, or a complement of such a set, where Sy is a subtree of T
that depends on X and gives all the information we need for My¢ (for the definition
of Sy see section 2). Using these two inequalities we prove Theorem 3.3.

In order to prove Theorem A we need to apply Theorem 3.3 to a new extremal

sequence (gg,) which satisfies the following relation lim [ |g4, — ¢n|Pdp = 0. gg,, is
noJXxX

defined properly on suitable subsets of X where ¢,, is defined. The number of different

values of g4, on each of those subsets are at most two with the one being zero. Then

we prove that the measure of the set where g4, is zero tends to zero by using the fact
that (gg,) is extremal sequence for (1.6). Thus we can arrange everything so that this
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new extremal sequence is constant on those suitable sets. We rename this sequence as
(gfbn) Because of the just mentioned property that it satisfies and the certain form that

have these suitable subsets of X we can apply Theorem 3.3 to it and produce Lemma
3.5 . By using the last mentioned result and the fact that lim / |94, — gfbn [Pdp = 0, we
noJX

complete the proof for the characterization of the extremal sequences for the Bellman
function of the dyadic maximal operator.

We mention also that additional work concerning the Bellman functions and certain
symmetrization principles for the dyadic maximal operator can be seen in [6] and [13].
It is also worth saying that in [14] it has been given an alternative method for the
evaluation of the Bellman function (1.6). Also we need to say that the phenomenon
that the norm of a maximal operator is attained by a sequence of eigenfunctions of such
a maximal operator can be seen in [4] and [3] . So by considering the results of this
paper one might guess that it shouldn’t be rare and and may occur in other settings
such as square functions or other dyadic operators. Finally we need to mention that
the extremizers for the Bellman function of three variables related to Kolmogorov’s
inequality have been characterized in [9].

2. PRELIMINARIES

Let (X, ) be a non-atomic probability measure space. We now give the following
from [5].

Definition 2.1. A set T of measurable subsets of X will be called a tree if the following
are satisfied

i) X € T and for every I € T, u(I) > 0.
i) For every I € T there corresponds a finite or countable subset C(I) of T con-
taining at least two elements such that
a) the elements of C(I) are pairwise disjoint subsets of I
b) I =UC(I).
iii) 7= U Tm), where Ty = {X} and Ty = UIeT(m) c(I).

m>0
iv) The following holds

We state the following lemma as is given in [5].

Lemma 2.1. For every I € T and every a € (0,1) there exists a subfamily F(I) C T

consisting of pairwise disjoint subsets of I such that

(U 7)= X w0 == aum,

JeF(I) JeF(I)
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Given a tree 7 we define the maximal operator associated to it as follows
1
Mré(x) = sup {/|¢|d,u crxele T},
w(l) Jr
for every ¢ € LY(X, ). From [5] now we recall

Theorem 2.1. The following is true
sup {(MT@% 6>0, /X pdp = f, /X P = F} — Fu(f7/F),
for every f, F such that 0 < fP < F.
Additionally we give the notion of the extremal sequence as

Definition 2.2. Let (¢y,)y be a sequence of pu-measurable nonnegative functions defined
onX,p>1and0 < fP < F. Then (¢n)n is called (p, f, F') extremal or simply extremal
if the following hold:

/ Ondp = f, / Pdpy=F and lim/ (Mrdp)Pdp = Fuw,(fP/F)P.
X X noJx
3. CHARACTERIZATION OF THE EXTREMAL SEQUENCES

For the proof of Theorem 2.1 an effective linearization for the operator My was
introduced in [5] valid for certain functions ¢. We describe it as appears there and use
it in the sequel.

1
For every ¢ € L'(X, i) nonnegative and I € T we define Avy(¢) = o) 7 édp.
1
We will say that ¢ is T-good if the set

Ay ={z e X : Myp(x) > Avi(¢) forall I €T such that = € I}

has p-measure zero.
Let now ¢ be T-good and z € X \ A,. We define I4(x) to be the largest in the
nonempty set

{IeT: zeland Myo(z) = Avi(o)}.
Now given I € T let

Ap,I) ={r e X\ Ay : Iy(x) =1} C I and

Se={1€T: pnlApI))>0tuU{X}.
Obviously then My¢ = > Avi(¢)Ja,1), p-a.e. where Jg is the characteristic func-

IES¢
tion of E.

We define also the following correspondence I — I* by: I* is the smallest element
of {J € Sy : I C J}. It is defined for every I € Sy except X. It is obvious
that the A(¢,I)’s are then pairwise disjoint and that ,u( U (A(e, I))) = 0, so that

1¢S5,

U A(¢,I) = X, where by A~ B we mean that u(A\ B) = u(B\ A) =0.
IeSy
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Now the following is a consequence of the above.

Lemma 3.1. Let ¢ be T-good and I € T, I # X. Then I € Sy if and only if for every
J € T that contains properly I we have that Avj(p) < Av(d).

Proof. Suppose that I € Sy. Then p(A(¢,I)) > 0. Thus A(¢,I) # 0, so there exists
x € A(¢,I). By the definition of A(¢, I) we have that I4(x) = I, that is I is the largest
element of T such that My¢(x) = Av(¢). As a consequence the implication stated in
our Lemma holds.

Conversely suppose that I € T and for every J € T that contains properly I we
have that Avs(¢) < Avr(¢). Then since ¢ is T — good, for every x € I\ Ay there exists
Jy = I4(x) in Sy such that M7¢(x) = Avy, (¢) and x € J,. By our hypothesis we must
have that J, C I. Consider the family S = (Jz)zer\4,- This has the property that

U Jz =~ I. Choose a pairwise disjoint subfamily S? = (J;); with X ~ U.J;. We just
zel\ A
need io consider those J, € S' maximal under C relation. Then by our construction
Avg,(¢) > Avi(¢). Suppose now that I ¢ Sy. This means that p(A(¢, 1)) = 0, that is
we must have for every x € I\ A, that J, C I. Since J, belongs to Sy for every such
x, by the first part of the proof of this Lemma we conclude that Av;, (¢) > Avr(¢) and
as a consequence Avy, (¢) > Avy(¢) for every i. Since S? is a decomposition of X and
because of the last inequality we reach to a contradiction. In this way we derive the

proof of our Lemma. O
Now the following is true (see [5]).

Lemma 3.2. Let ¢ be T -good

i) If I, J € Sy then either A(¢,J)NI =0 or JC 1.
ii) If I € Sy then there exists J € C(I) such that J ¢ Se.
iii) For every I € Sy we have that

I~ | A(¢,J).
JESy
JCI

iv) For every I € Sy we have that

A(p,I) =1\ U J, so that

ool
p(A(G, 1) = p(I) = > ulJ).
J€S¢

From the above we see that

1
A = — E =:
vr(9) (1) /A(¢,J) pap = a1

JESy
JCI
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where I € S, and for these I's we also define

—14+1
X1 =a; ”/ ¢du, where ay = u(A(o,1)).
A(e,1)

We prove now the following

Theorem 3.1. Let ¢ be T-good function such that [ ¢du = f. Let also B = {I;} be a
X

family of pairwise disjoint elements of Sy, which is maximal on Sy under C relation.
That is if I € Sy then I N (UIL;) # 0.
Then the following inequality holds:

7= uL)yh, (v 1)
] B
/X\u N RSV R CES VI A

(Mro)Pdu

for every B >0, where y;, = Avr, ().
Proof. We follow [5]. We have that

DI, — p
(3.1) o, #ln= 3 o

IDpiece(B)
IES¢

where by writing I D piece(B) we mean that I 2 I; for some j. Of course (3.1) is true
since X \UULj~ U A(¢,I)in view of the maximality of B and Lemma 3.2.
J ®

Jes
IDpiece(B)

Now from (3.1) we have by Holder’s inequality that

)
(3.2) / Fdp> Y ah= Yy
X\U 1 Ies, Ies, ay
J IDpiece(B) IDpiece(B)

It is true that

p()yr = Z ,u(J)yJ—i-/A ¢dpu, for every I € Sy.

JES (¢,1)
J*=T

So by using Holder’s inequality in the form

Moot A )P Y A A

(M + + Am) < i + E _+_..._|_%, we have
p—1 p—1 p—1 p-1

(0-1 —+ o+ O'm) o1 b Om

(u(Dyr = 5> w(Hws)”

JES¢
VRS
X\ i (uh) = % wl)
IDpiece(B) JES,
J*=I

(3:3) > ¥ {WW’_Z (u(J)ys)P }

e sl (B+Du(n)

IDpiece(B) J*=I
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a
where 77 = (8 + 1) — Bpr, pr = Wj_), 8> 0.
Thus by (3.3) we have because of the maximality of B that

pD)yy p)yy

T L

(38.4) xX\U1 fesy Pt - (B+1)p—1
J IDpiece(B)

where the summation in (%) is extended to:
(a) I € Sy: I D piece(B) with I # X and (b)I € Sy is a piece of B (I = I, for some
7)-

So we can write:

D
Yz 1 1 1 »

X\UI, % Ies, PI 7'1?
I#X
I D piece(B)
1
o /P
(3.5) RCETE Z N(Iﬂy[j'
J

It is easy now to see that
(3.6) 1 B 1 S (p—1)Bz

(B+1—=pxp-t  (B+1p-t = (B+1)p

for any x € [0, 1], in view of the mean value theorem on derivatives.
Then (3.5) becomes

D -1 1
PPdp > y_l + (b —1)5 Z aryy — Bript ZM(Ij)yi
J

X\UI; % (B+1)p
I#X
Ie S¢
I 2 piece(B)
1 (p— 1)6%] p, (P—1)B p
= — +— a
[((5 +1) = Bp)P~t  (B+1)P / (B+1)P % 1
IDpiece(B)
1 P
(3.7) - W ZJ: M(Ij)yjj,
On the other hand Y  aryf = > (M7¢)Pdu, so in view of (3.6) we must have
I€Sy X\UI,
I1Dpiece(B)
that
fP=ul)yi  (p-1)8
o> Lt Mré)Pdu,
X\UI, (8+1)p—t (B+1)p X\ulj( )
for every 8 > 0, and the proof of the theorem is now complete. O

If we follow the same proof as above but now work inside any of the I; we obtain
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Theorem 3.2. Let ¢ be T-good and A = {I;} be a pairwise disjoint family of elements
of S4. Then for every B > 0 we have that:

)y, (p-1)B )
G CET =Rl Whatddies

We have now the following generalization of Theorern 3.1

Corollary 3.1. ¢ be a T-good and A = {I;} be a pairwise disjoint family of elements
of Sg. Then for every B> 0

P _ TP
fP =32 nl3)yy, (v 1)

Pd J Mro)Pdpu,
/X\uzfS BTG Ty g, T

where f = [ ¢dpu.
X

Proof. This is true since there exist families B, I" of pairwise disjoint elements of Sy
with B as in the statement of Theorem 3.1, such that B = UIJ’, I = JJ; with
j i

U I = (U Ij) U (U Ji) and the additional property that I; is disjoint to J; for every
J j i

j,t. Applying Theorem 3.1 for B and Theorem 3.2 for I" we obtain, by summing the
respective inequalities, the proof of Corollary 3.1. U

As a consequence of the above we have

Theorem 3.3. Let (¢,), an extremal sequence consisting of T -good functions. Con-
sider for every n € N a pairwise disjoint family A, = {Ij”} of elements of Sy, such

that the following limit exists

lim Z ,u(I)yf’n, where yr, = Avi(ppn), I € A,.
IeA,

Then

lim [ (Méu)Pdp = wp(fP/FPlim [ Rdp

" JUAR " JUAR
meaning that if one of the limits on the above relation exists then the other also does
and we have the stated equality.

Proof. In view of Theorem 3.2 and Corollary 3.1 we have that

r=> M(I)y[,n (p—1)8

. d TeAn Pd d
(3:8) /X\UAW% e T NN ) Tl SR S

ZIeAn /’L(I)y?,n (p—1)B
(3.9) /UAn Pdu > B+ 1)1 + (B 1y /uAn(MT%)PdM?

for every > 0 and n € N.
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Summing relations (3.8) and (3.9) for every n € N we obtain

_ f? (p—1)8 »
(3.10) F_/qufld,u > CESE + Bl /X(MT%) dp,

Since (¢n), is extremal we have equality in the limit in (3.10) for § = w,(fP/F) — 1
(see [5], relation (4.24)).
So we must have equality on (3.8) and (3.9) in the limit for this value of 5. Suppose

now that h, = Y p(I)y}, and that h, — h. (3.9) now can be written in the form
IEA, '

B+ [ dhdp — hy

(3.11) /U (M7én)Pdp < <1 - ;) puj‘”l :

(see [5], relations (4.24) and (4.25)), for every 8 > 0. The right hand side of (3.11),
n € N, is minimized for 8 = 8, = w, (hn/ S gbﬁd,u) — 1, as can be seen at the end of
UA,

n

the proof of Lemma 9 in [5], or by making the related simple calculations.
Since, we have equality in the limit in (3.11) we must have that
h P
(3.12) lim - /

n [ ¢hdu T
UA,

Thus (3.12) and (3.11) give
i [ (Mr6,)Pdn = (/PP lim [
n UA, n UA,

and this holds in the sense stated above. This completes the proof of Theorem 3.3. U

We need now some additional Lemmas that we are going to state and prove below.
First we prove the following.

Lemma 3.3. Let ¢ be T-good. Then we can associate to ¢, a measurable function
defined on X, g4, which attains two at most values (c? or 0) on certain subsets of
A(¢,J), that decompose it, for every J € Sy, and which is defined in a way that for
every I € T which contains an element of Sy (that is it is not contained in any of the
Ay ) we must have that f[ gpdp = f] ¢dp. Additionally for any I € Sy we will have that

Ja, 95du = [, #Pdp and p({¢ =0} N Ar) < u({gs = 0} N Aj).

Proof. We define g4 inductively using Lemma 3.2. Note that A(¢, X) = Ax = X \
Ures, rr=x1. We define first a function gél) : X — RT such that the integral

relation mentioned above holds for this function and additionally gf;) /Ax attains at
most two values on certain subsets of Ax, which are in fact unions of elements of T,
and which decompose Ax. For this proof we proceed as follows. We set g((;)(:z:) = ¢(x),
for v € X \ Ax. We write Ax = U;l; x, where (I x); is a family of elements of
7T, maximal with respect to the relation I; x C Ax. For every I; x there exists an
integer k; > 0, such that I; x € T(kj). Then we consider the unique I;X such that
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I x € C(I;}X), that is I;',X € T(r;—1) and I;7X 2 I; x. By the maximality of I; x for
any j we have that I],-,X N (X \ Ax) # 0, thus by Lemma 3.2 iv) there exists I € Sy
such that I* = X and I;X N1 # (. Since I;X N Ax # 0, we conclude that I]/.’X 21,
for any such I € S;. We consider now a maximal disjoint subfamily of (IJI +)j, denoted
by (IJ/-N, )N, which still covers UjIJ/-’ - By the above discussion we have that for every
N, we can write Ig/‘N,X = Dj, U Bj,, where B, = Ig/‘N,X N Ax and Dj, is a union of
some of the elements J, of S, for which J* = X. Obviously we have Uy Bj, = Ax and
each Bj, is a union of elements of certain elements of the family (/; x);. Now fix a jn.
For any a € (0,1) which will be chosen later, using Lemma 2.1, we construct a family

Aé‘: ;- Of elements of T, all of which are contained in Bj,, and such that
(3.13) > () = ap(Bjy).

JEAS

N

Define the function gy 4 x : Bjy — RT by setting

— P X
IN$.X = Cy x, ON U'AGZJ'N

=0, on Bj, \ UAéij

(3.14)

where the constants c‘ﬁ[’ x and fyf\s,’ x = M(UAg’ jN) satisfy

fBjN gN,¢,xdp = C%,XV%’X = [ ¢dp and

(315) p " s BjN ’
I gNexdn=(cyx)Prvx = [ oPdu,
IN BjN

It is easy to see that such choices for cﬁ,  and ﬁff y are possible.
In fact (3.15) give

p11/(p—1)
(] en)
B.
'yf\),’ x = W < u(Bjy), by Holder’s inequality
Bjy
so we just need to set
¢
_ TN, X
M(szv)
| bdp
B.
Then we set C(ﬁ/,x = J;VT Define now gél) on Ax = UnBj, by g((;)(t) =
N,X

N x(t) = cﬁ,’X, for t € Bj,, for any N. Note now that gél)may attain more than

one positive values on Ax. It is easy then to see that there exists a common positive

value, denoted by c?( and measurable sets Ly C Bj, , such that if we define g4(t) = cff(

for t € Ly, and g4(t) = 0, for t € Bj, \ Ly and for any N, we still have that
[ gedp = [ ¢dp = c?(u(LN) and [ ggdu = [ ¢Pdu. For the construction of Ly
i Ax Ax

iN Bijy
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and c?(, we just need to find first the subsets Ly of Bj, such that the first of the
integral equalities mentioned right above are true, and this can be done for arbitrary
c?(, since the space (X, ) is nonatomic. Then we just need to find the constant cg’(
for which the second integral equality is also true. Note that for these choices of Ly

and c?( we may not have f ggdu = [ ¢Pdu, for every N, but the respective equality
Bjn Bjy

with Ay in place of Bj, should be true.

Until now we have defined g4 on Ax. We set now g4 = ¢ on X \ Ax. It is immediate
then, by the construction of g4, that if I € T is such that INAyx # (), and IN(X\ Ax) #
0, we must have that [ gsdu = [ ¢du. This is true since then I can be written as a

T T

certain union of some subfamily of I;M + and of some class of J's, where J is such that
J* = X. We continue then inductively and change the values of g, on the sets Ay, for
I is such that I* = X, in the same way as was done before, but now working inside
those I’s. In the limit we have defined the function g4 in all X, which obviously has
the desired properties. Moreover the inequality p({¢ = 0} N A;) < p({gy = 0} N Aj)
is easily verified if we work as above in Bj, N {¢ > 0} instead of Bj,. In this way by
passing from ¢ to g4 we increase or leave unchanged the measure of the set where the
corresponding function is zero.

Let now (¢n,)n be an extremal sequence consisting of 7-good functions and let g, =
9¢,- We are now ready to prove the following

Lemma 3.4. With the above notation for an extremal (¢y)n sequence of T -good func-
tions we have that limy, p({¢, = 0}) = 0.

Proof. Fix n € N and let ¢ = ¢, and g4 = g¢, and S = Sy the respective subtree of
o.
We consider two cases:
i)yp>2
J Pdu
We set Pr = AIT, for every I € Sy.

I
We obviously have > a;Pr = F. We consider then the sum ¥y = > ~;Pr, where

IES¢ I€S¢
= 7? as above. We must have
[ P = 2y
E¢>:Z’W’ :ZW IZE 717122:%
ar ar ar aP
IeS, IeSy IcS, IeS, I

5 ey 5 (f )

1eS, I 1es, %1
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From the first inequality in (4.20) in [5], and since ¢,, is extremal we have that the last
sum in the last inequality tends to F', as ¢ moves along (¢y),. We conclude

(3.16) > uPixF
IES¢

since Xy < F'. Consider now for every R > 0 and every ¢ the following set
Se.r = U{A; = A(o,I): 1€ Sy, Pr< R}.

For every I € Sy such that Py < R we have that f ¢P < Ray. Summing for all such [

Ar
we obtain
(3.17) Fdu < Bu(Sy.p).
S¢7R
Additionally we have that
(3.18) Z arPr—F| = ¢Pdu, and
Tesy S¢.r
Pr>R
(3.19) Z viPr < Z arPr < PPdp.
IeS, I€S, Se.r
Pi<R Pi<R
From (3.15) and (3.19) we have that
(3.20) lim sup Z v Pr — F| <lim PPdu,
¢ Ies, ¢ JSynr

P;>R

where we have supposed that the last limit exists (in the opposite case we just pass to
a subsequence of (¢y,),). From (3.18) and (3.20) we conclude that

(3.21) lim sup g (ay — 1) Pr <2lim PPdu.
¢ Iesy ¢ JSor
Pr>R

By using now Theorem 3.3 we have that
lim [ (MréPdn = (77 /FPlim [ o
¢ JK, ¢ JK
whenever the limits exist, where Ky is a union of pairwise disjoint elements of S,. (The
conditions of Theorem 3.3 are satisfied because of the boundedness of the sequences
mentioned there).
Now for a fixed R > 0, Sy g is a union of sets of the form Ay, for certain I € Sy.

Each A can be written in view of Lemma 3.2 as Ay = I\ |J J. Using then a diagonal
J€S¢,
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argument and passing if necessary to a subsequence we can suppose that

(3.22) lim (Mro)Pdp = wy(fP/F)P lim P
¢ JSy g ¢ JSy

Since M7¢(t) > f, for every t € X, we have that

(3.23) lim (Mr¢)Pdp > (limsupu(Syr)) f7,
¢ JSon ¢

and because of (3.17) we have that

(3.24) lim @Pdp < limsupRu(Sy r),
¢ JSyr ¢

for any R > 0. Combining the last two relations (in view of (3.22)) we obtain that
(3.25) fp(lim;upu(5¢,3)) < Rwy(f?/F)P - (lim;upu(5¢,R)),

so by choosing R > 0 suitable small depending only on f, F' we have that

(3.26) lim;upu(5¢,R) = 0.

Using now (3.21) and (3.24) we obtain, for this R that

Rlim su ar — < 2lim du < 2RIim u(S =0
p > (ar—) < ! Prdp < ¢N(¢,R)

¢ Ies, So.R
Pr>R
Thus
(3.27) lim Y " (a; —7s) = 0.
¢ I€S¢
Pr>R

Since now Y ar =1, u(Sgr) = > a we easily obtain from (3.27) that:

IeSy I€Sy
Pr<R

hqrﬁn 1 — u(Se,r) — Z | =0 =

I€S,
Pr>R

lim Z ~vr = 1, which gives of course:

IES¢
P;>R
lim Z (ar —vr) = 0. But then we have that
IES¢
¢
p({e=0}) < p({gs =0}) = > (ar — 1) =0,

IeSy
Lemma 3.2 is proved in the first case.
ii) The case 1 < p < 2 is treated in a similar way:
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o

A
Here we define P; = Ip,l

ay

and prove in the same manner that

lim a? P P hp = 0.
P IZ( I v )P
ES¢

Using then the inequality 29 —y? > q(x —y), for 1 > 2 > y and 0 < ¢ < 1, we conclude
that:

lim Z (ar —vr) =0, that is
I€S¢

liqrsn 1({gs =0}) =0, and so
liglu({cb =0}) =0,
and by this we end the proof of Lemma 3.4. U

Suppose now that (¢,), is extremal. For every ¢ € {¢,, n = 1,2,...} we define
gp T — R* by gut) = c?, t € Ay for I € Sy, that is we ignore the zero values of gy .
Then we easily see because of Lemma 3.2 that

lim/ godp = f, lim/(g;)pd,u:F and
¢ Jx ¢ Jx

(3.28) lim/ 196 — gg|Pdp = 0.
¢ Jx

Additionally because of [ gedp = [ ¢dp, I € Sy and I =~ |J A(¢,J) we have that
Ar

Ar J€S¢
JCI

for every I € Sy

(3.29) Avi(gg) = Avr().
From (3.29) we have that M7gs > M7¢$ on X = ligl/(./\/ngqs)pdu = Fuw,(fP/F)P,
X

in view of (3.15) and Theorem 2.1.
Since [ ggdn = f, [(94)Pdp = F we have that (g4)s is an extremal sequence.
X X

Suppose now that we have proved the following

(3.30) lim/ g — ¢IPdp = 0,
¢ Jx
and that

(3.31) lim [ [Mrgs = caolPdu= 0. for ¢ =, (/)
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Then because of (3.28) we would have that

lim/ |¢—g¢|pduzo(3§’>1)
¢ Jx

lim/ IMrp — coplPdu =0
¢ Jx

that is the result we need to prove. We proceed to the proof of (3.30) and (3.31).

Lemma 3.5. With the above notation
lim/ (M7gs — cgg|?dp = 0.
¢ Jx
Proof. We recall that ¢ = w,(f?/F). We set for each ¢ € {¢,, n =1,2,...}
Ay ={t € X : MT1ge(t) > cge(t)}

It is obvious by passing if necessary to a subsequence that
(3.32) lim/ (M7ge)Pdu > wy(fP/F)P lim/ ghdp.
o Ja, ¢ Ja,

We consider now for every I € Sy the set (X \ Ag) N Ar. We distinguish now two cases:

(1) Avr(¢p) = yr > cc?, where c? is the positive value of g, on A; (if it exists). Then
because of Lemma 3.3 we have that Mg, (t) > Avi(ge) = Avi(¢) > cc? > cgy(t), for
each t € A;. Thus (X \ Ag) N A; = 0 in this case. We study now the second one.

(il)yr < cc?. Let now t € Ay with g4(t) > 0, that is gg(t) = c?. We prove that for
such ¢t we have M7gy(t) < cgg(t) = cc? Suppose now that for some ¢ we have the
opposite inequality. Then there exists J; such that t € J; and Avy,(g4) > cc?. Then
one of the following hold

(a)J; € Aj. Then by the form of g4/A; (equals 0 or c?), we have that Avy,(gs) <
c? < cc?, which is a contradiction. Thus this case is excluded.

(b)J; is not a subset of A;. Then two subcases can occur.

bi1) Jy C I and contains properly an element of Sy, J', for which (J')* = I. Since
now (ii) holds, ¢ € J; and Avy,(g4) > cc?, we must have that J' C J; C I. We choose
now an element of 7, J; C I, which contains .J;, with maximum value on the average
Avji(¢). Then by it’s choice we have that for each K € 7 such that J; C K C I the
following holds Avg(¢) < Avj(¢). Since now I € Sy and Avr(¢) < cc? by Lemma
3.1 and the choice of J; we have that Avk(¢) < Avj(¢) for every K € T such that
J{ € K. So again by Lemma 3.1 we conclude that J; € Sg. But this is impossible since
J CJ <, JIeSyand (J)* = 1. We turn now to the last subcase.

ba) I C Ji. Then by an application of Lemma 3.3 we have that Avy,(¢) = Avy,(g¢) >
cc}'b > yr = Avr(¢) which is impossible by Lemma 3.1, since I € Sy.

In any of the two cases b;) and by) we have proved that we have (X \ Ay) N A; =

A1\ (g4 = 0), while we showed that in case (i), (X \ Ay) N Ar = 0.
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We remind that > (ar —r) 25 0. Since UIeS Ar = X we conclude by the above
IeSy

discussion that X \ A, ~ (UIGSW Ap) \ Eg, where (Eg) — 0 and Sy 4 is a subset
of the subtree Sy4. Since now each A;, I € 514 C Sy is written by Lemma 3.2 as a
set difference of unions of elements of Sy and Theorem 3.3 holds for such unions, we
conclude by a diagonal argument and by passing if necessary to a subsequence, that

hm/ MT¢ Pdp = w,(fP/F)P hm/ gbpd,u, S0 since

W(Es) —» 0=lim | (Myo)Pdu=w,(f*/F)’lim [ ¢"du.
¢ Jx\A, ¢ JX\Ay

Because now of the relation Mgy > M@ ,which holds p-almost everywhere on X
we have as a result that

(3.33) lim (MTge)Pdp > wy(fP/F)P lim/ ggdu.
X\A, o Jx\A,4

Adding the relations (3.32) and (3.33) we have obtain lién /(MT9¢)pdu > wy(fP/F)F

which in fact is an equality since (gg) is an extremal sequence. So we must have equality
in both (3.32) and (3.33). By using then the elementary inequality =P — y? > (z — y)?
which holds for every z > y > 0 and p > 1, in view of the inequality M7gys > cgs on
Ay we must have that

(3.34) lim/ (M7 — cgp|Pdp =0
o Ja,

Similarly for X \ A,. That is

(3.35) lim/ (M7 — cgp|Pdp =0
¢ Ja,

Adding (3.34) and (3.35) we derive limgy||M7gs — cge||zr = 0, and by this we end the
proof of our Lemma. O

We now proceed to
Lemma 3.6. Under the above notation (3.30) is true.

Proof. We just need to prove that
(3.36) lim (9P — (g3)P)dp = 0.
{gg<s}
Then since
i [ (07~ (g )dn=tim [ (g = &%), and p>1
g¢<¢} ¢ d)gg;’
we have the desired result, in view of the inequality (x —y)P < aP —yP, for 0 <y < x
and p > 1.
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We use the inequality

P 1 1 1
(3.37) t< — —|— —, for every t > 0 where p,q > 1 such that — + — =1,
p P q

We set,
AN = (g, < YN A6, 1)
AP) = {¢ < gh} N A9, ]).

Because of (3.37) if we write ¢ 4 instead of c}b and suppose that cr 4 > 0, we have that

1 1
@qb( )<7T P(x) 4+ 7 for every z € A; = A(¢,I).

Integrating over Agl(?b, and A%ﬁ we have that

1 11 1 :
gl BN~ PPdp + M(A(i,), for j=1,2, T€S,
Lo JaP) PCry JaP)

which gives
1 1 j
it [ ez [ ddus ouald,

Note that the last inequality is satisfied even if ¢ , = 0. Summing the above for I € S

we obtain
(339 [ g 00 / RCaSPILC AR
IES IES
for j = 1,2 = (by adding the above to inequalities)
(3.39) > c’;#}/ pdu < F+ Z D),
I€S¢ A(¢’ q I€S¢

The left hand side of (3.39) is equal to

> e Zﬁcqu—/

IES¢ I€S¢

1 1
while the right hand side is equal to ~F + = [ (g;))pd/i. In the limit we have equality in
p qx

the limit on (3.39), because of (3.28). This gives equality on (3.38) for j = 1,2 in the
limit. Thus for j = 1 we have that

S [ o= 3 [ Pt 3 Gl >

I€S¢ I€S¢ IGS

1 1
(3.40) / d(gg)"dp ~ = / PPy + ~ / (g5)Pdyp.
{9<¢} P J{g,<s} {g;,<¢}
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We set
1/p 1/p
ty = / Pdu |, Sp= / (g5)Pdp
{g;,<¢} {95<¢}
Then
/ d(gl)P~dp <ty - Sg_l, so (3.40) gives:
{9,<¢}

1, 1, p—1

];t¢+ ;de % t¢-S¢
so as a result we have because of (3.37) that

1. 1 )
—th 4+ =S ~ty - SET
Since now in (3.37) we have equality only for t = 1, and t4, Sy are bounded we conclude
that
tg é é
%—>1, Slo) tZ—S£—>0:> (97 — (g})Fldp — 0,
Sy ¢ (g, <6}
which is (3.36). O

We have thus proved Theorem A. We mention it as

Theorem 3.4. Let (¢n)n be a sequence of T-good functions such that [y ¢pdp = f
and [y ¢ndp = F. Then (¢n)n is extremal if and only if

liyrln/ IM1dn — copn|Pdu =0, where ¢ = w,(fP/F).

At last we mention)ghat since T-good functions include 7 -step functions, in the case
of R™, where the Bellman function is given by (1.4) for a fixed dyadic cube @, we obtain
the result in Theorem 3.4 for every sequence of Lesbesgue measurable functions (¢ ).
In general in all interesting cases we do not need the hypothesis for ¢, to be T-good
since T-simple functions are dense on LP(X, u).
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