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Chapter

Existence, Uniqueness
and Stability of Fractional Order
Stochastic Delay System

Sathiyaraj Thambiayya, P. Balasubramaniam, K. Ratnavelu
and JinRong Wang

Abstract

This chapter deals with the problem of fractional higher-order stochastic delay
systems. A solution representation is given by using sin and cos matrix functions
for different delay intervals. Further, existence and uniqueness results are proved
through fixed point theorem. Moreover, finite-time stability criteria are obtained
using fractional Gronwall-Bellman inequality lemma. Finally, numerical simulation
is carried out to check the proposed theoretical results.

Keywords: existence and uniqueness of solution, fixed point theorem, fractional
differential equations (FDEs), stochastic differential system

1. Introduction

Fractional derivatives (FD) initiative concept is quite old and its history spans
three centuries. The variety of papers dedicated to FD is multiplied swiftly in the
mid-twentieth century and later decades. One of the motives for the full-size inter-
est within the discipline of FD is that it’s far feasible to describe the variety of
physical [1], synthetic [2], and organic [3] occurrence with fractional differential
equations (FDEs). As a new branch of applied mathematics, the field of FD
can be seen in many applications. Nevertheless, more and more compelling
implementations have been found in various engineering and science fields over the
past few decades (see [4]). It is noted that the existing theory of FDEs is committed
to a larger part of the research works (see [5-8]). While modeling functional
structures, ambient noise and time delays need to be taken into account, which
might be very beneficial in building extra sensible fashions of sciences, and so on
[9]. It is referred to as the pattern direction houses of the stochastic fractional
partial differential gadget powered by way of area time white noise [10].

The problems in a stochastic environment replicate the modeling of single-sever
m-mode random queues in computer networks [11], the spatial distribution of
mobile users in the telecommunications network coverage area [12], and other
anomalies that occurred naturally in many disciplines [13]. Authors in [14] investi-
gated the existence, uniqueness, and large deviation principle solutions to stochastic
evolution equations of jump type. Among the many meaningful properties of
stochastic stability results describe the maximum vital feature of fractional order
stochastic systems and have been investigated in Refs. [15-18]. The notion of
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finite-time stability for fractional stochastic delay systems occurs a matter of course
in stochastic control systems. Without any doubt that this type of fractional
stochastic stability is most important in both theory and applications.

However, only few introductions and discussions exist on the definition of
finite-time stability in stochastic finite space using fixed point theorem approach.
Burton [19] started to analyze the stability characters of dynamical systems broadly
using fixed point theorems. Subsequently, few authors applied fixed point approach
to establish sufficient conditions for stability of the differential systems (see
[20-24]). Based on the above discussions, this chapter provides finite-time stability
of the Caputo sense FDEs via fixed point theorems.

The primary contribution of this chapter is defined as follows:

i. A fractional higher-order stochastic delay system (FSDS) is considered in
finite-dimensional stochastic settings.

ii. Weaker hypothesis on nonlinear terms and appropriate fixed-point analysis
are utilized to obtain the existence and uniqueness of solution.

ili. A new set of generalized sufficient conditions for finite-time stability of a
certain FSDS is established by using Generalized Gronwall-Bellman inequality.

Novelties and challenges of this chapter are described through the subsequent
statements:

i. Finite-time stability analysis for FSDS is new in literature of finite-
dimensional fractional stochastic settings.

ii. It is a challenge to tackle the proposed system with a norm estimation on
nonlinear stochastic terms as described in this chapter.

iii. It is more complex to verify the weaker assumptions of the system and the
derived result is new, has not been analyzed with the existing literature.

iv. Obtained result is proved in stochastic nature with square norm settings.

Organization of this chapter is as follows: system description and preliminaries
are provided in Section 2. Existence and uniqueness of solution are provided in
Section 3. Finite-time stability result is proved in Section 4 and Section 5 consists of
a numerical example.

Notations: “°D? . represent respectively the Caputo derivative with
g €(0,1); R" and R"*" represent the n—dimensional Euclidean space and 7 x » real
matrix; E(-) denotes the mathematical expectation with some probability measure;

Q= (L%O([O,b],R"), Il - ||); for any y € R”, we define the norm

IIy(n)H:\/ sup o2y ()P

€[—x,b|

define a column-wise matrix sum

J J J
IM]| = max {Z mials > mals s Y |mkjn|}.

k=1 k=1 =1
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Further, let as define the matrix norm

— — 2

max Loy ()} = I, max {2y ()} = lly/'I
n€[—«, 0] ne(—k,0]

2. System description and preliminaries

Consider the following system:

{CDqK+(CDqK+y)<n>+M2y<n K) = F(n,y(n)) + [IAGy(0))dw (), ne€[0,b], x>0,

ym) =wm), ym=vw'm), ne€l-x0], x>0,
(1)

where y(7) €R" is a state vector. Here, M € R**" is taken as a nonsingular matrix.
F is mapping from [0, 5] x R" to R" and A is a mapping from [0, b] x R" to R are
nonlinear continuous function and y € C*([—«, 0], R") is an initial value function. w

denotes d—dimensional Wiener process.
Definition 2.1. ([5]) The Caputo derivative for f : [—k, ) — R, is

1
I'1-9q)

Definition 2.2. (see [5]) Mittag-Leffler function is

(CDq_K+f)('7)— J (=81 (Od¢, qe€(0,1], n> —x, f’(q):i.

dn

In particular, forp =1,
Eg1(0u?) = E, (0uf) Z 0,ueC.

Definition 2.3. (see [25]) The 2kq degree of polynomial for delayed fractional cos
matrix is given at n = kx, k= 0,1, -

0, —oco << —K,
I, —k<n<0,
cos . ,Mn? =
% (n— (ke — D)™
-m— T 1)kme (b —Drk<n<k,
r2g+1) " +(=1) T(2kq + 1) (e = 1)< <kx

where ® and I represent the zero and identity matrices.
Definition 2.4. ([25]) The (2k + 1)q degree of polynomial for a delayed fractional
sin matrix is given at n = kk, k = 0,1, -
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(0, —co << — K,

(n+x)! B
T +1) k<n<O0,

sin . ;Mny? =

M (7 + x)* T + (- 1)kM2k+l (n— (k—1)x )(Zk+1)

(g +1) (2 + 1)g + 1] (k — 1)k <5 <kx.

bl

. -

We have the following square norm estimations:

2
: < (M)
i cos. M ? = (£ S < [ (0a1PPr) P, ek~ 1)

k=0,1,2,--m

ii.
: 2
I sin g Mo

2k
(1Ml (7 + x)7) 2’€+§: (”M” 1+ %)
o (kg +1) )? =0 ['(2%kq +1))°

= & (Ml + 0™ (”M”z(’”")zq)kz
+2k1§_:§_: Tlig +1) (g + 1)

< By (MG -+ )]+ [Eny (1M +0)]°

Il
[V]s

I
Il

+2E, (1Ml (1 + x)7)Ea, (||M||2(11 n K)Zq), nellk — x,ke), k=0,1,2,n.

Definition 2.5. System (1) satisfying y(n) = w(n) and y'(n) = w'(n) for -k <n<0is
finite-time stable in mean square with respect to {0, [0,b], 8, €,k }, if and only if
51<6 (8> 0) implies Elly(n)||> <e (¢>0), Y n€[0,b] where 5, =
max { lwll?, 1y’ ||2} denotes the initial time of observation of the system.
Lemma 2.1. [26] (Generalized Gronwall-Bellman inequality) Let v(n), b(n) be
nonnegative and locally integrable on 0 <n<b and let h(n) be a nonnegative,
nondecreasing continuous function defined on 0 <n<b, h(n) <M, and let M be a real

constant, q > 0 with

v(n) <b(n) + h<n>jZ<n (e

and then
IS @) ks
+ [ gy 0 e,

Moreover, if b(n) is a nondecreasing function on [0, b]. Then
v(n) <b(n)Eg1(h(n)T(q)n"), n€0,b],

where E, 1(-) is the one parameter Mittag-Leffler function.
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Assumption 1: Let x,y €R", then we take

sup e 2Mx(n) —y(n)* = Ellx(n) —y(m)lI*

n € [—x,b]
Lemma 2.2. For a nonsingular matrix M, the solution of the inhomogeneous system is

CDzK+ (CDZKJFy) (’7) + sz(n - K) :f(ﬂ), n € [O’b]s K> 03
y(n) =yn), (2)
y'(n) =vy'(n), ne€l-x,0],

for zero initial value has the below form:

y00) = || cos Ml —x — PFOE. ne0.b)

0

Proof. Consider
n
1) = | cos qMtn = = 0001

where C(¢) (unknown) ¢ €0, . By applying CDZW (CDZW) on both sides of the
above equation one can obtain

DT . (°D? .y)(n) = (cos . Mny?)C(n) — MZJZ cos . ;M(n — 2k — )1C($)d¢

Ul
= C(y) — MZL cos ,M(n — 2k — ¢)1C(8)d¢

+M2JZK cos g M(n — 2k — £)1C(L)d¢.

Substitute the above expression into (2), one can get

n n—K

cos oy M(n — 26 — IC(O)dL + M2J cos oy M(n — 2¢ — OICO)dL = F(n),

Clm O

0
since [1 cosyM(n — 2k — £)?C({)d¢ = 0. Hence the proof. O
Using [25] and Lemma 2.2, the solution of (1) is

0
(1) = (05 ey (=) + M (sin My = )0 (0) + | cosgMn = x = 0w/ (O1dg

+J” €0 oM — k — O)TF(L,y(C))de

0

¢

+JZ cos x M(n —x — )1 (JOA(A,y(/l))dw(,l)>dC
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Define the nonlinear operator P : R” — R" by
(Py)(n) = (cos oqMuf )y(—k) + M (sin o (M(n — ©)?)y'(0)

0 Ul
] con Ml = x=0)"/(©e + | cos cgMOn—x = OPF L p(0))de

+r cos M(n — k = {)* (JéA(ﬁ,y(i))dw(ﬁ))dé’, n € [0b].

0 0

3. Existence and uniqueness results

Theorem 3.1. Assume that Assumption 1 hold. Then the system (1) has a unique
solution and following inequality is satisfied

“Nb _ 9\ 2 —2Nb _
(e 7 1) +4b(e i 1)]<1.

Proof. Let x,y € R". From Assumption 1 for each # € [0, 5], we have

K =2 |y (IMIP(b + K)zqﬂz

2

|(Px)(n) — (Py)(n)|* <2

J ¢08 ogM(n — k — O F(&x()) — F(&y(0))de

2

r cos «gM(n — k = )* (ﬁ [A(4,x(4)) — A(ﬂ,y(ﬂ))]dW(ﬂ))dC —

0

+2

Multiply by e~2"" on both sides, we get

e V| (Px) (n) — (Py)(n)[?

J ' 08 gM(y — x — 0 MR, x(0)) — FGy(0))de

0

2
<2

2

JZ cos o M(n — k — {)le ™ (J‘; [A(4,x(4)) — A(ﬂ,y(ﬂ))]dw(z))dg o

0

+2 2[(i) + (i1)].

(3)

First, we estimate (i):

2

J" €08 M — x — £)e N [F(,x(0)) — F(&,p(E))dL

0

Ul
(ot w o)
0

X(Jne M e (G, x(0)) - (Cay(é))lzdé)

0

<[ By (M1 + 17 ) | ( g
X(Jze—w—@dc) 2Ry, x(m)) — F( )

< [Bsy (IMIP(b + &) )ﬂjz Ner- ‘dc) Ellx() = y(n) 1

< [ By (1M1 + K)Zqﬂz <e‘1ji’[b— 1) 2E||x(;1) IR
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By Burkholder-Davis-Gundy inequality and Assumption 1, the estimate for (ii)
is given by

2

J” cos gM(n — k — §)Te™¢ (Jg

0 0

A x(4)) — Au,yu»]dwm)dc:

<4b Z\ cos o M(b — x = )" N0 VYA, x(¢)) — AG,y(0)) AL

<4b :Ezq <||M||2(b + K)Zq)] ’ (J

b

Oemwdg) 21| A (n,x(n)) — A, y(n))

e 2Nb _ 1

2
2 2q _ 2
<4b By (IMIP(5 + 1) ) | ( i )Ellx(fv) Y
From the above two estimates of (i) and (ii), Eq. (3) becomes

E||(Px)(n) — (Py)(n)II?

—Nb_l

SZ[EZq(||M||2(b+K)2q>]2(€ i )zEnx(n) —y)I?

e—2Nh -1

+8b | Ex, (IMIP(b + x)”)]z(W)Enx(n) —yn)I?

<2[E, (M7 + )| [(eljf,b‘ 1)2 +4b (%)] S ORSTOIR

This implies that

E||(Px)(n) — (Py)(mI* <KEllx(n) —y(n)II>

Hence, from statement of the Theorem 3.1, the nonlinear operator (P) is a
contraction. Hence the nonlinear operator () has a unique solution y(-) €R",
which is nothing but solution of Eq. (1). Hence the proof. O

4. Finite-time stability

Theorem 4.1. If Assumption 1 hold and provided that

2—q

5K + M (K3 + Kz = 2V VG ) + KK By |5 2b

ST

Kzr(@)'?q] <

Then the system (1) is finite-time stable in mean square.
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Proof. By multiplying e~2"" on both sides of the solution of system (1), we derive

e My (n)|?

()

<5[(cos oM )e Ny (—k) ‘2 + 5|M ! (sin (;M(n — x)*)e Ny’ (0) }2

0 2

+5||  cosM(n —k — &)le Ny (0)d¢

—K

2
n

+5|| cosgM(n —xk—)1e NF (8, y(¢))d¢
JO

n 2

e
+5|| cos o M(n — Kk — ¢)le N NE (JOA(/L y(ﬂ))dw(l))d(

JOo

<5](cos M) e 2y (—x)

+5[M 1| (sin o M(n — <)1) e 2]y (0))

Ul
0

+5¢| cos o M(n + )7 'e Ny ()" +5 (J (n—=¢ )qldC)

n
XJO (1= 0)"1| cos ouM(n — k — )1 e V4R (L, 3(0))

rofac+20( [ - or-tae)

x|} = 0] cos .yl — k= 0 e |Gy 0)-86, 00

<5 [y (M52 WP + 5JM (B, (1M 6 + 1))

By (IMIPB 4+ 00%) | — 28, (1M (b + %) Eag (1M + 6 /|

+5¢ By (MG + )| I/

2—q

b
—|—52

s (117 + 2] ([ - 0 e P )

2—q

+20 7 [os, (10176 +07)] ([ - 07yt

<5 {K151 + M <1<3 Ky — 2¢/Ksn /K2> 51 + K81

2—q

s [ - o poPac) +4 fz'; o[- o brolPa }

+

< 5{ K+ M (K3 + Ko = 2K VG ) + KK 6

2—q

g = (JZ(n - c>q‘1|w<c>r|2dc)

rar 16 [l o) }
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According to Lemma 2.1, let as take
b(n) =5 [K1 + M <K3 1K, — 2\/K3\/K2> n K21<2} 5

and

b* 1

h(n) 252_q

K.

Moreover, b(n) is a nondecreasing function on [0, b], then

v(n) <b(n)Eg1[h(n)T(q)n?]
2—q

()1 <5 [Kl + M1 <K3 YK, —2Ks \/172) + KZKZ} S, [5 2b I(zr(q)nq]

Then from the statement of Theorem 4.1, we get

ly()II* <e.

Hence the system (1) is finite-time stable in mean square. Hence the proof. []
Remark 4.1. By using fixed-point rule, existence and uniqueness of solution, and
controllability results have been investigated in [27]. Some well-known results on relative

controllability of semilinear delay differential system with linear parts defined by
permutable matrices are studied in [28]. In this chapter, we proved some new results of
finite-time stability criteria in finite-dimensional space by employing Generalized
Gronwall-Bellman inequality and suitable assumption on nonlinear terms.

5. An example

Consider Eq. (1) in the below matrix form:

( 2 y
D% 55+ (°D%3 55:31) () + 0.01y;(n — 0.75) = —(3 — n)y1(’7) + JO(CJH(C)AldBl(C),

y,(n) =2,9,(n) =2, ne[-0.75,0];
2 7
CDO3 .. (CD%3 15.3,) () + 0.01y, (5 — 0.75) = —(3 — )~ ) JO(C)’z(C)Ades(C),

whereq = 0.5, k =0.75,A1 =03, A, =05

—(3 - n)mem”

01 O 1—7n
A=<O 01), F(n,y(n)) = )

' y\n 2Nn
—(3—’7)12—_”6

—ny;(n)e*No1dB, 2 , 2
A(n,y(n) = ( ) w(n) = ( ) w'(n) = ( )
—1y,(n)e*N"62dB, 4n 4
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Further, we have the following fractional delayed cos matrices:

(O, —oco<n< — 0.75,
I, -0.75<1<0,
1.3
cos o.75,0.65(Mn* %) = ¢ I —M? F’(72.3) s 0<1n<0.75,
13 —0.75)%°
- M YR . 0.75<7<15.
\ r23) " I'(3.6) pEn<ls
(5)

2
From Eq.(5) and using basic calculation, one can get [Ezq (||M 1°(b + K‘)Zq)} =

NI 2 —2NI
0.9712, (%) = 0.2683 and 4b (" e 1) = —1.9004. Using the above-obtained
values, one can easily verify that

2[E211(||M||2(b+:<)2‘1)]2 (‘3_737[0—1)1410(&) <1

Fractional Order g=0.5
15
T T T T T T

f —
0
Stochastic Nature for the States y (t) & y,(t)

= 0005
=
>
- 0
> _0.005|

tisec

Delay Response of the States y1(t) & yz(()

¥,(0) &y, (1)

0 10 20 30 40 50 60 70 80 90 100
tisec

Figure 1.
The system (4) is stable at q = 0.5.

Fractional Order q=0.7
T

bA Gl
Delay Response

¥,

¥, & y,(t)

Stochastic Nature of the State ¥, (0 &y,()

¥, &y,

-0.005

=0.01
50 505 51 515 52 52.5 53 535 54 54.5 55
tisec

|
0 5 10 15 20
tisec

Figure 2.
The system (4) is stable at ¢ = o.7.
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Hence we verified Theorem 3.1. Further, it is easy to verify that for any
x(n),y(n) R’

e NM1F(n,x(n)) — F(n,y(n))* < — (3 — n)Ellx(n) — y(n)|I*
e M| A(n,x(n)) — Aln,y(n))|> < — 0.5 Ellx(n) — y(n)II?

Hence, F and A satisfies Assumption 1. In Figures 1 and 2, we showed the stable
response of the system (4) with fractional order g = 0.5 and ¢ = 0.7, respectively.
From the above verification, one can conclude that the system (4) is finite-time
stable in mean square.

6. Conclusion

In this chapter, we have derived some meaningful and general results for finite-
time stability of nonlinear fractional stochastic delay systems. Existence, uniqueness
of solution and stability analysis of FSDS have been proved in finite-dimensional
stochastic fractional higher-order differential system. Finally, a numerical simula-
tion test is carried out to validate the obtained theoretical results. Derived result
generalizes many existing results with integer and fractional-order systems.
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