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A key goal in synthetic biology is the construction of molecular circuits that robustly adapt to perturbations.
Although many natural systems display perfect adaptation, whereby stationary molecular concentrations
are insensitive to perturbations, its de novo engineering has proven elusive. The discovery of the antithetic
control motif was a significant step toward a universal mechanism for engineering perfect adaptation. Anti-
thetic control provides perfect adaptation in a wide range of systems, but it can lead to oscillatory dynamics
due to loss of stability, and moreover, it can lose perfect adaptation in fast growing cultures. Here, we in-
troduce an extended antithetic control motif that resolves these limitations. We show that molecular buffer-
ing, a widely conserved mechanism for homeostatic control in nature, stabilises oscillations and allows for
near-perfect adaptation during rapid growth. We study multiple buffering topologies and compare their
performance in terms of their stability and adaptation properties. We illustrate the benefits of our proposed
strategy in exemplar models for biofuel production and growth rate control in bacterial cultures. Our results
provide an improved circuit for robust control of biomolecular systems.

I. INTRODUCTION

Synthetic biology promises to revolutionise many
sectors such as healthcare, chemical manufacture and
materials engineering7. A number of such appli-
cations require precise control of biomolecular pro-
cesses in face of environmental perturbations and
process variability22. An important requirement in
such control systems is perfect adaptation, a property
whereby chemical concentrations remain insensitive to
perturbations20,23. The molecular mechanisms that can
produce perfect adaptation has been extensively stud-
ied in natural systems3,14,20,23. In these systems, per-
fect adaptation can be produced by a range of feedfor-
ward and feedback mechanisms3,20. Such natural sys-
tems have been shaped by evolutionary processes, but it
remains unclear if they are sufficiently robust and tune-
able for de novo engineering of perfect adaptation in syn-
thetic circuits.

One approach to engineer perfect adaptation relies
on the use of feedback control. As illustrated in Fig-
ure 1A, this strategy requires circuits that sense the out-
put and act upon the inputs of a biomolecular process.
The groundbreaking work by Briat and colleagues1,4

identified antithetic feedback as a promising candidate
for engineering perfect adaptation in living systems.
Antithetic control involves a feedback mechanism with
two molecular components that sequester and annihi-
late each other (see Figure 1B). It enables a system out-
put to robustly follow an input signal and remain in-
sensitive to various types of perturbations, akin to what
integral feedback achieves in classic control engineering
strategies2.

The original antithetic control motif, however, has
two weaknesses that can limit its applicability: it is of-

ten not effective when cells are growing rapidly, and
the feedback mechanism can cause unwanted oscilla-
tions under a range of conditions27. Specifically, dilu-
tion effects caused by cell growth cause “leaky integra-
tion” - so called because integration is a form of mem-
ory and dilution causes that memory to leak over time29.
This prevents perfect adaptation from occurring dur-
ing rapid growth. Although in some motif configura-
tions, the loss of perfect adaptation can be partly miti-
gated with a stronger feedback29, in general the use of
strong feedback results in the loss of stability and unde-
sirable oscillations27. Such oscillations can be stabilised
in specific motifs15, and in more general cases the com-
bination of antithetic control with classic Proportional-
Integral-Derivative (PID) control has been shown to im-
prove temporal regulation5,9. Yet to date, there is no
general strategy to avoid oscillations and prevent the
loss of adaptation during rapid growth.

Here we propose an extended antithetic control sys-
tem that resolves the above limitations. We show that
the addition of molecular buffers improves stability and
suppresses undesirable oscillations, and moreover it can
allow for near-perfect adaptation in fast growth regimes.
Molecular buffering is a widespread regulatory mecha-
nism in nature (e.g. ATP, calcium & pH buffers17,21,32)
that has received modest attention in the literature as
compared to other regulatory mechanisms. Recent work
found that the combination of buffering and feedback
is often critical for robust regulation16,17. Buffering has
the ability to attenuate fast disturbances and stabilise
feedback control17, and can also be essential for the con-
trol of multiple coupled outputs18. Here, we first show
that a number of buffering topologies can stabilise the
original antithetic control system and preserve perfect
adaptation. We then show that buffering can allow in-
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creased feedback strength or ‘gain’ without producing
oscillations, which in turn reduces the steady state error
even in fast growth conditions. To illustrate the utility
of this new antithetic control strategy, we examine two
case studies that involve the control of biofuel produc-
tion and growth rate in microbes.

II. BACKGROUND

A. Perfect adaptation and antithetic control

Antithetic control employs a feedback mechanism
with two molecular components that sequester and an-
nihilate each other (see Figure 1B). In its most basic for-
mulation, an antithetic system contains a two-species
molecular process to be controlled, and a two-species
antithetic controller. The two species of the controlled
process (x1 and x2) can represent a variety of molecular
systems, including e.g. mRNA and protein as in Figure
1A. The goal of the antithetic control system is to desen-
sitise the steady state concentration of x2 with respect
to external perturbations. Such perturbations include,
for example, insults of molecular species coming from
upstream or downstream processes, changes in cellular
growth conditions, or alterations to binding affinities be-
tween species.

In the absence of stochastic effects, the feedback sys-
tem can be modelled by the ODEs:

ẋ1 = θ1z1 − γpx1,

ẋ2 = kx1 − γpx2,

ż1 = µ− ηz1z2 − γcz1,
ż2 = θ2x2 − ηz1z2 − γcz2,

(1)

where z1 and z2 are the concentrations of species in the
antithetic controller, and θ1, k, and θ2 are positive pa-
rameters representing first-order kinetic rate constants.
The parameter µ describes a zero-order influx of con-
troller species z1, while η is a second-order kinetic rate
constant. We further assume that molecular species are
diluted by cellular growth, degraded by other molecular
components, or consumed by downstream cellular pro-
cesses, all of which we model as a first-order clearance
with rate constant γp. The controller species z1 and z2,
on the other hand, are assumed to be diluted by cellular
growth with a rate constant γc.

In the absence of dilution effects (γc = 0), from the
model in (1) we can write:

ż1 − ż2 = µ− θ2x2,

which after integration becomes

z1(t)−z2(t) = θ2

∫ t

0

(
µ

θ2
− x2(t′)

)
dt′.

The above equation means that, if the system has a sta-
ble equilibrium, the steady state concentration of x2 is
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FIG. 1. Perfect adaptation and feedback control. (A) Schematic
of a feedback system designed to achieve perfect adaptation
in protein expression. Based on readouts of protein concentra-
tion, the controller modifies the activity of a transcription fac-
tor (TF). If the controller achieves perfect adaptation, steady
state protein concentrations are robust to perturbations. (B)
Left: the antithetic feedback controller, first proposed Briat
et al in4, can achieve perfect adaptation. In the presence of
dilution (γc 6= 0), the antithetic controller does not achieve
perfect adaptation. Right: conditions for stability in the case
of a two-species system. The stability boundary is the condi-
tion in (2); the example was computed with fixed parameters
k = θ2 = γp = 1. (C) In the example, molecular buffer-
ing provides a general mechanism to stabilize feedback con-
trol systems17. The buffer reversibly sequesters molecules of
species x into an inactive form w.

x2 = µ/θ2, and hence independent of all model param-
eters except µ and θ2. Therefore the antithetic control
system displays perfect adaptation because the steady
state of x2 is robust to perturbations in parameters k, θ1,
θ2 and η.

A caveat of antithetic feedback is that it can have a
destabilising effect. When the controller species are not
diluted (γc = 0), it can be shown that a parametric con-
dition for stability is27:

γ3
p >

kθ1θ2

2
. (2)

As shown by the stability diagram in Figure 1B, strong
antithetic feedback can cause the system to lose perfect
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adaptation and display oscillatory dynamics. Moreover,
in the presence of dilution of the controller species (γc >
0), the antithetic controller is unable to produce per-
fect adaptation27. The adaptation error can be reduced
with stronger feedback, for example by increasing the
rate constants θ1, k, or θ2. Yet as mentioned above,
stronger feedback can cause unwanted oscillations27.
These caveats are particularly relevant in bioproduction
applications that require fast culture growth10,35.

B. Molecular buffering

Buffering is the use of molecular reservoirs to main-
tain the concentration of chemical species17. It is a
widespread regulatory mechanism found across all do-
mains of life, with common examples including pH,
ATP and calcium buffering21,32. Molecular buffering can
have a number of regulatory roles17,18, including acting
as a stabilising mechanism for other molecular feedback
systems17.

To provide a background on buffering models, we
consider the simple case of a chemical species (x) that
is subject to feedback regulation, as shown in Figure 1C.
A general model for such process is:

ẋ = p(x)︸︷︷︸
production

with feedback

− γxx︸︷︷︸
removal

+ gw(w)− gx(x)︸ ︷︷ ︸
buffering

,

ẇ = gx(x)− gw(w)︸ ︷︷ ︸
buffering

− γww︸︷︷︸
removal

,
(3)

where w is a molecular buffer for the regulated species
x, and p(x) is a feedback-regulated production rate of x.
The parameters γx and γw are first-order clearance rate
constants of x and w, respectively. The terms gw and
gx describe the reversible binding of species x and the
buffer w. The steady state (x̄, w̄) occurs when produc-
tion matches degradation (i.e. p(x̄) = γx x̄ + γww̄) and
conversion from x to w matches the reverse conversion
plus removal (i.e. gw(w̄) = gx(x̄) + γww̄).

It can be shown that after linearisation and assum-
ing that the buffering reactions rapidly reach quasi-
equilibrium, the model (3) can be simplified to (see SI1):

(1 + B)∆ẋ = − h∆x︸︷︷︸
feedback

− (γx + Bγw)∆x︸ ︷︷ ︸
removal

(4)

where ∆x = x − x̄ is the deviation of x from the steady
state x̄, h = −∂p/∂x is the linearised feedback gain and
B is the buffer equilibrium ratio:

B =
∆w
∆x

, (5)

where ∆w = w − w̄ is the deviation of w from the
steady state w̄. The parameter B is buffer-specific and
quantifies the change in the concentration of a regulated

species (x) to the change in the concentration of a buffer-
ing species (w) when the buffering reactions are at quasi-
equilibrium17,18.

From (4) we observe that buffering slows down the
rate of change of the output x by a factor of (1 + B).
It can be shown17 that this slowed rate generally helps
to attenuate fast disturbances and stabilise unwanted
oscillations (see SI1). More generally, the stabilisation
effect of buffering results from two properties. First,
the buffering reactions counteract changes to a target
molecular species by acting directly on the species and
not via indirect or complex feedback loops16,17. Second,
buffering can be shown to be mathematically equiva-
lent to popular feedback strategies known to have useful
stabilisation properties2. In particular, rapid buffering
without degradation (γw = 0) is equivalent to negative
derivative feedback17:

∆ẋ = −B∆ẋ︸ ︷︷ ︸
derivative
feedback

− h∆x︸︷︷︸
proportional

feedback

−γx∆x,

where the buffer equilibrium ratio B corresponds to the
derivative feedback gain commonly employed in con-
trol engineering. Likewise, the general case of non-rapid
buffering with degradation is mathematically equiva-
lent to the so-called “lead” controller employed in con-
trol engineering16. In the next section, we study the abil-
ity of buffering to stabilise oscillations in antithetic con-
trol systems.

III. BUFFERING CAN STABILISE ANTITHETIC
INTEGRAL FEEDBACK

In this section we study a modified version of the an-
tithetic feedback controller that includes buffering of its
molecular components. We consider a number of archi-
tectures (Figure 2A) and identify those that suppress os-
cillations caused by the instability illustrated in Figure
1B. We show that rapid buffering without degradation
does not improve stability, while non-rapid buffering
and rapid buffering with degradation are highly effec-
tive stabilisers.

A. Rapid Buffering

To study the impact of buffering on the antithetic con-
troller, we consider mathematical models for the topolo-
gies in Figure 2A, in which species z1, z2, and x2 are
buffered by molecules w1, w2, and wx, respectively. For
simplicity, we use linear buffering reaction rates in order
to focus on the nonlinearity due to the mutual annihila-
tion of controller species z1 and z2

9. As in Eq. (4), we
assume that the buffers rapidly reach quasi-equilibrium
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k
<latexit sha1_base64="QH3Wa9r2T0SvHaHGj8GyVhvY4jU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0mqoMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzq0yIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqu15lWlfpbHUYQTOIUL8OAa6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fys2M1Q==</latexit>

✓1
<latexit sha1_base64="wRR5xwsC5I9/tcq+cT6+I6NB11o=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LFbBU0mqoMeCF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTg9HHGnf65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/d0rOrTIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4Y2fCZWkyBVbLApTSTAms+fJQGjOUE4soUwLeythI6opQxtRyYbgLb+8Slq1qndZrd1fVepneRxFOIFTuAAPrqEOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaC04+cwx/IHz+QPFr4+y</latexit>

✓2
<latexit sha1_base64="iQxNuTSR4lIW9s1AyzwVL3tdEyI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LFbBU0mqoMeCF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTg9HHGm/1i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+75ScW2VAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwxs/EypJkSu2WBSmkmBMZs+TgdCcoZxYQpkW9lbCRlRThjaikg3BW355lbRqVe+yWru/qtTP8jiKcAKncAEeXEMd7qABTWAg4Rle4c15dF6cd+dj0Vpw8plj+APn8wfHM4+z</latexit>

µ
<latexit sha1_base64="An4iUbN+9GbTvQLbsttHx6G4i9Y=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BKvgqexWQY8FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJDz2Z9ssVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnTLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10U2QcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6RVq/qX1dr9VaV+lsdRhBM4hQvw4RrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwBVpo28</latexit>

⌘
<latexit sha1_base64="NWdbgD6dNoniqcXVVqfFB3KN+cM=">AAAB63icbVBNS8NAEN34WetX1aOXxSp4KkkV9Fjw4rGC/YA2lM120i7d3YTdiVBC/4IXD4p49Q9589+YtDlo64OBx3szzMwLYiksuu63s7a+sbm1Xdop7+7tHxxWjo7bNkoMhxaPZGS6AbMghYYWCpTQjQ0wFUjoBJO73O88gbEi0o84jcFXbKRFKDjDXOoDskGl6tbcOegq8QpSJQWag8pXfxjxRIFGLpm1Pc+N0U+ZQcElzMr9xELM+ISNoJdRzRRYP53fOqMXmTKkYWSy0kjn6u+JlClrpyrIOhXDsV32cvE/r5dgeOunQscJguaLRWEiKUY0f5wOhQGOcpoRxo3IbqV8zAzjmMVTzkLwll9eJe16zbuq1R+uq43zIo4SOSVn5JJ45IY0yD1pkhbhZEyeySt5c5Tz4rw7H4vWNaeYOSF/4Hz+AAEqjh4=</latexit>

B2
<latexit sha1_base64="tVPArdvA6jlPomXrCexjLpat8ww=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSp4KkkV9Fj04rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis93PSqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JmlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindRqd5flmuneRwFOIYTOAcPrqAGd1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QOzKY1R</latexit>

w2
<latexit sha1_base64="Xv+XX1M6kdDkae3UX0BpzE3puKM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSp4KkkV9Fjw4rGi/YA2lM120y7dbMLuRCmhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dULOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindRqd5dlmuneRwFOIYTOAcPrqAGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMD9o2G</latexit>

topology 2

x1
<latexit sha1_base64="eJJD70EOSNbB8rT7oA6aCMX6epg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSp4KkkV9Fjw4rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiFnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxbuoVO8uy7XTPI4CHMMJnIMHV1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AED+I2G</latexit>

x2
<latexit sha1_base64="Z/ONRLPdhlIh4ZQRFMlKagYdANk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSp4KkkV9Fjw4rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dULOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindRqd5dlmuneRwFOIYTOAcPrqAGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMFfI2H</latexit>

z1
<latexit sha1_base64="RXxBoBUODY5Vyk8Oq4lIVPVNbSA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSp4KkkV9Fjw4rGi/YA2lM120y7dbMLuRKihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiFnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxbuoVO8uy7XTPI4CHMMJnIMHV1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEHBI2I</latexit>

z2
<latexit sha1_base64="Y2lIIWVDdTkfh4vrafgZC3pC0gU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSp4KkkV9Fjw4rGi/YA2lM120i7dbMLuRqihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/WqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JmlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindRqd5dlmuneRwFOIYTOAcPrqAGt1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QMIiI2J</latexit>

k
<latexit sha1_base64="QH3Wa9r2T0SvHaHGj8GyVhvY4jU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0mqoMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzq0yIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqu15lWlfpbHUYQTOIUL8OAa6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fys2M1Q==</latexit>

✓1
<latexit sha1_base64="wRR5xwsC5I9/tcq+cT6+I6NB11o=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LFbBU0mqoMeCF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTg9HHGnf65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/d0rOrTIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4Y2fCZWkyBVbLApTSTAms+fJQGjOUE4soUwLeythI6opQxtRyYbgLb+8Slq1qndZrd1fVepneRxFOIFTuAAPrqEOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaC04+cwx/IHz+QPFr4+y</latexit>

✓2
<latexit sha1_base64="iQxNuTSR4lIW9s1AyzwVL3tdEyI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LFbBU0mqoMeCF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTg9HHGm/1i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+75ScW2VAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwxs/EypJkSu2WBSmkmBMZs+TgdCcoZxYQpkW9lbCRlRThjaikg3BW355lbRqVe+yWru/qtTP8jiKcAKncAEeXEMd7qABTWAg4Rle4c15dF6cd+dj0Vpw8plj+APn8wfHM4+z</latexit>

µ
<latexit sha1_base64="An4iUbN+9GbTvQLbsttHx6G4i9Y=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BKvgqexWQY8FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJDz2Z9ssVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnTLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10U2QcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6RVq/qX1dr9VaV+lsdRhBM4hQvw4RrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwBVpo28</latexit>

⌘
<latexit sha1_base64="NWdbgD6dNoniqcXVVqfFB3KN+cM=">AAAB63icbVBNS8NAEN34WetX1aOXxSp4KkkV9Fjw4rGC/YA2lM120i7d3YTdiVBC/4IXD4p49Q9589+YtDlo64OBx3szzMwLYiksuu63s7a+sbm1Xdop7+7tHxxWjo7bNkoMhxaPZGS6AbMghYYWCpTQjQ0wFUjoBJO73O88gbEi0o84jcFXbKRFKDjDXOoDskGl6tbcOegq8QpSJQWag8pXfxjxRIFGLpm1Pc+N0U+ZQcElzMr9xELM+ISNoJdRzRRYP53fOqMXmTKkYWSy0kjn6u+JlClrpyrIOhXDsV32cvE/r5dgeOunQscJguaLRWEiKUY0f5wOhQGOcpoRxo3IbqV8zAzjmMVTzkLwll9eJe16zbuq1R+uq43zIo4SOSVn5JJ45IY0yD1pkhbhZEyeySt5c5Tz4rw7H4vWNaeYOSF/4Hz+AAEqjh4=</latexit>

Bx
<latexit sha1_base64="RIaglH+mCTha3l2AiesZinCqe1M=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIpp4IrtookeiF48Y5ZEAIbNDL0yYnd3MzBrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTneXHwuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLV8qlGwSXWDTcCW7FCGvoCm/7oZuo3H1FpHskHM46xG9KB5AFn1Fjp/rr31CuW3LI7A1kmXkZKkKHWK351+hFLQpSGCap123Nj002pMpwJnBQ6icaYshEdYNtSSUPU3XR26oScWqVPgkjZkobM1N8TKQ21Hoe+7QypGepFbyr+57UTE1x1Uy7jxKBk80VBIoiJyPRv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaNStk7L1fuLkrVkyyOPBzBMZyBB5dQhVuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4AHVCNlw==</latexit>

wx
<latexit sha1_base64="h9nyAIRAzIR3i/nPeM9vYRxolvU=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIpp4IrtookcSLx4xyiMBQmaHXpgwO7uZmVXJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTneXHwuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLV8qlGwSXWDTcCW7FCGvoCm/7oeuo3H1BpHsl7M46xG9KB5AFn1Fjp7rH31CuW3LI7A1kmXkZKkKHWK351+hFLQpSGCap123Nj002pMpwJnBQ6icaYshEdYNtSSUPU3XR26oScWqVPgkjZkobM1N8TKQ21Hoe+7QypGepFbyr+57UTE1x1Uy7jxKBk80VBIoiJyPRv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaNStk7L1duL0rVkyyOPBzBMZyBB5dQhRuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4Abg6NzA==</latexit>

topology 3
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<latexit sha1_base64="Z/ONRLPdhlIh4ZQRFMlKagYdANk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSp4KkkV9Fjw4rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dULOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindRqd5dlmuneRwFOIYTOAcPrqAGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMFfI2H</latexit>

topology 1

topology 1 & 3

no buffering

A

B

x1
<latexit sha1_base64="eJJD70EOSNbB8rT7oA6aCMX6epg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSp4KkkV9Fjw4rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiFnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxbuoVO8uy7XTPI4CHMMJnIMHV1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AED+I2G</latexit>

x2
<latexit sha1_base64="Z/ONRLPdhlIh4ZQRFMlKagYdANk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSp4KkkV9Fjw4rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dULOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindRqd5dlmuneRwFOIYTOAcPrqAGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMFfI2H</latexit>

z1
<latexit sha1_base64="RXxBoBUODY5Vyk8Oq4lIVPVNbSA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSp4KkkV9Fjw4rGi/YA2lM120y7dbMLuRKihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiFnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxbuoVO8uy7XTPI4CHMMJnIMHV1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEHBI2I</latexit>

z2
<latexit sha1_base64="Y2lIIWVDdTkfh4vrafgZC3pC0gU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSp4KkkV9Fjw4rGi/YA2lM120i7dbMLuRqihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/WqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JmlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindRqd5dlmuneRwFOIYTOAcPrqAGt1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QMIiI2J</latexit>

k
<latexit sha1_base64="QH3Wa9r2T0SvHaHGj8GyVhvY4jU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0mqoMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzq0yIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqu15lWlfpbHUYQTOIUL8OAa6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fys2M1Q==</latexit>

✓1
<latexit sha1_base64="wRR5xwsC5I9/tcq+cT6+I6NB11o=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LFbBU0mqoMeCF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTg9HHGnf65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/d0rOrTIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4Y2fCZWkyBVbLApTSTAms+fJQGjOUE4soUwLeythI6opQxtRyYbgLb+8Slq1qndZrd1fVepneRxFOIFTuAAPrqEOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaC04+cwx/IHz+QPFr4+y</latexit>

✓2
<latexit sha1_base64="iQxNuTSR4lIW9s1AyzwVL3tdEyI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LFbBU0mqoMeCF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTg9HHGm/1i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+75ScW2VAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwxs/EypJkSu2WBSmkmBMZs+TgdCcoZxYQpkW9lbCRlRThjaikg3BW355lbRqVe+yWru/qtTP8jiKcAKncAEeXEMd7qABTWAg4Rle4c15dF6cd+dj0Vpw8plj+APn8wfHM4+z</latexit>

µ
<latexit sha1_base64="An4iUbN+9GbTvQLbsttHx6G4i9Y=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BKvgqexWQY8FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJDz2Z9ssVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnTLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10U2QcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6RVq/qX1dr9VaV+lsdRhBM4hQvw4RrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwBVpo28</latexit>

⌘
<latexit sha1_base64="NWdbgD6dNoniqcXVVqfFB3KN+cM=">AAAB63icbVBNS8NAEN34WetX1aOXxSp4KkkV9Fjw4rGC/YA2lM120i7d3YTdiVBC/4IXD4p49Q9589+YtDlo64OBx3szzMwLYiksuu63s7a+sbm1Xdop7+7tHxxWjo7bNkoMhxaPZGS6AbMghYYWCpTQjQ0wFUjoBJO73O88gbEi0o84jcFXbKRFKDjDXOoDskGl6tbcOegq8QpSJQWag8pXfxjxRIFGLpm1Pc+N0U+ZQcElzMr9xELM+ISNoJdRzRRYP53fOqMXmTKkYWSy0kjn6u+JlClrpyrIOhXDsV32cvE/r5dgeOunQscJguaLRWEiKUY0f5wOhQGOcpoRxo3IbqV8zAzjmMVTzkLwll9eJe16zbuq1R+uq43zIo4SOSVn5JJ45IY0yD1pkhbhZEyeySt5c5Tz4rw7H4vWNaeYOSF/4Hz+AAEqjh4=</latexit>

B1
<latexit sha1_base64="HWW44mVX95MgYYbQcMNihYDQg08=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSp4KkkV9Fj04rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis93PS8XqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTmzSp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2naEPwFl9eJs1qxbuoVO8vy7XTPI4CHMMJnIMHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AGxpY1Q</latexit>

w1
<latexit sha1_base64="deWUv68as5x8xH5iz1C5nF1J5W4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSp4KkkV9Fjw4rGi/YA2lM120y7dbMLuRCmhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiFnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxbuoVO8uy7XTPI4CHMMJnIMHV1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AECco2F</latexit>

topology 1

x1
<latexit sha1_base64="eJJD70EOSNbB8rT7oA6aCMX6epg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSp4KkkV9Fjw4rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiFnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxbuoVO8uy7XTPI4CHMMJnIMHV1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AED+I2G</latexit>

x2
<latexit sha1_base64="Z/ONRLPdhlIh4ZQRFMlKagYdANk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSp4KkkV9Fjw4rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dULOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindRqd5dlmuneRwFOIYTOAcPrqAGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMFfI2H</latexit>

z1
<latexit sha1_base64="RXxBoBUODY5Vyk8Oq4lIVPVNbSA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSp4KkkV9Fjw4rGi/YA2lM120y7dbMLuRKihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiFnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxbuoVO8uy7XTPI4CHMMJnIMHV1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEHBI2I</latexit>

z2
<latexit sha1_base64="Y2lIIWVDdTkfh4vrafgZC3pC0gU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSp4KkkV9Fjw4rGi/YA2lM120i7dbMLuRqihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/WqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JmlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindRqd5dlmuneRwFOIYTOAcPrqAGt1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QMIiI2J</latexit>

k
<latexit sha1_base64="QH3Wa9r2T0SvHaHGj8GyVhvY4jU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0mqoMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzq0yIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqu15lWlfpbHUYQTOIUL8OAa6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fys2M1Q==</latexit>

✓1
<latexit sha1_base64="wRR5xwsC5I9/tcq+cT6+I6NB11o=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LFbBU0mqoMeCF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTg9HHGnf65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/d0rOrTIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4Y2fCZWkyBVbLApTSTAms+fJQGjOUE4soUwLeythI6opQxtRyYbgLb+8Slq1qndZrd1fVepneRxFOIFTuAAPrqEOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaC04+cwx/IHz+QPFr4+y</latexit>

✓2
<latexit sha1_base64="iQxNuTSR4lIW9s1AyzwVL3tdEyI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LFbBU0mqoMeCF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTg9HHGm/1i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+75ScW2VAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwxs/EypJkSu2WBSmkmBMZs+TgdCcoZxYQpkW9lbCRlRThjaikg3BW355lbRqVe+yWru/qtTP8jiKcAKncAEeXEMd7qABTWAg4Rle4c15dF6cd+dj0Vpw8plj+APn8wfHM4+z</latexit>

µ
<latexit sha1_base64="An4iUbN+9GbTvQLbsttHx6G4i9Y=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BKvgqexWQY8FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJDz2Z9ssVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnTLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10U2QcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6RVq/qX1dr9VaV+lsdRhBM4hQvw4RrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwBVpo28</latexit>

⌘
<latexit sha1_base64="NWdbgD6dNoniqcXVVqfFB3KN+cM=">AAAB63icbVBNS8NAEN34WetX1aOXxSp4KkkV9Fjw4rGC/YA2lM120i7d3YTdiVBC/4IXD4p49Q9589+YtDlo64OBx3szzMwLYiksuu63s7a+sbm1Xdop7+7tHxxWjo7bNkoMhxaPZGS6AbMghYYWCpTQjQ0wFUjoBJO73O88gbEi0o84jcFXbKRFKDjDXOoDskGl6tbcOegq8QpSJQWag8pXfxjxRIFGLpm1Pc+N0U+ZQcElzMr9xELM+ISNoJdRzRRYP53fOqMXmTKkYWSy0kjn6u+JlClrpyrIOhXDsV32cvE/r5dgeOunQscJguaLRWEiKUY0f5wOhQGOcpoRxo3IbqV8zAzjmMVTzkLwll9eJe16zbuq1R+uq43zIo4SOSVn5JJ45IY0yD1pkhbhZEyeySt5c5Tz4rw7H4vWNaeYOSF/4Hz+AAEqjh4=</latexit>

B2
<latexit sha1_base64="tVPArdvA6jlPomXrCexjLpat8ww=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSp4KkkV9Fj04rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis93PSqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JmlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindRqd5flmuneRwFOIYTOAcPrqAGd1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QOzKY1R</latexit>

w2
<latexit sha1_base64="Xv+XX1M6kdDkae3UX0BpzE3puKM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSp4KkkV9Fjw4rGi/YA2lM120y7dbMLuRCmhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dULOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindRqd5dlmuneRwFOIYTOAcPrqAGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMD9o2G</latexit>

topology 2

x1
<latexit sha1_base64="eJJD70EOSNbB8rT7oA6aCMX6epg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSp4KkkV9Fjw4rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiFnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxbuoVO8uy7XTPI4CHMMJnIMHV1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AED+I2G</latexit>

x2
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topology 1 & 3
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FIG. 2. Buffering stabilizes antithetic feedback . (A) Schematics of three buffered antithetic systems, without dilution (γc = 0);
each topology includes buffering a specific molecular species. (B) Stability diagram for buffered topologies 1 and 3. The stability
boundary on the left corresponds to the condition in (10) and the boundary on the right to (11). The time courses show simulations
of the output species (x2) for different topologies. Parameters are µ = 1, θ1 = 3, θ2 = 1, γp = 1, η = 100 and k = 1. With topology
1, parameters are B1 = 5, θ1 = 18 and bwz = 1 (non-rapid). With topology 3, parameters are Bx = 5, θ1 = 3, bwx = 1 (non-rapid)
and bwx = 20 (rapid).

to obtain the following extended model (see SI2.1):

ẋ1 = θ1z1 − γpx1

(1 + Bx)ẋ2 = kx1 − (γp + Bxγx)x2

(1 + B1)ż1 = µ− ηz1z2

(1 + B2)ż2 = θ2x2 − ηz1z2,

(6)

where Bx, B1 and B2 are the equilibrium ratios for each
buffer, and γx represents the degradation rate of buffer
wx. The extended model in (6) reduces to the original
antithetic system in (1) if Bx = 0, B1 = 0 and B2 = 0.

In the extended antithetic controller with rapid buffer-
ing, the parameters (Bx, B1, B2, γx) are additional tuning
knobs that can be used to shape the closed-loop dynam-
ics. In Figure 2A we show the three considered buffering
architectures.

We first show that buffered antithetic feedback pre-
serves perfect adaptation. From (6) we write

(1 + B1)ż1 − (1 + B2)ż2 = µ− θ2x2,

which after integrating becomes:

(1 + B1)z1(t)−(1 + B2)z2(t)

= θ2

∫ t

0

(
µ

θ2
− x2(t′)

)
dt′.

The above integral ensures that if the system is stable
then the steady state of x2 is x2 = µ/θ2, hence inde-
pendent of all parameters except µ and θ2. The steady
state of x2 is thus robust to perturbations in the origi-
nal parameters k, θ1, θ2, and η, as well as the additional
parameters introduced by the buffering mechanism Bx,
B1, B2, and γx. This means that the buffered antithetic
feedback displays perfect adaptation as in the original
formulation in Eq. (1).

Assuming strong integral binding (large η) then z2
is small and so with rapid buffering we have the anti-
thetic input in to the controlled system (see Figure 1B
and SI4.1)

θ1z1 =
θ1θ2

(1 + B1)︸ ︷︷ ︸
integral

feedback gain

∫ t

0

(
µ

θ2
− x2(t′)

)
dt′︸ ︷︷ ︸

negative
integral feedback

,
(7)

where θ1z1 represents the control of x1 production in (6)
and we can observe that the integral gain is dependent
upon B1. This changes the gain because rapid buffers
tend to slow down the dynamics of z1 in (6) and for in-
tegral feedback the gain is inversely proportional to the
time scale of z1.

As shown by the stability condition in (2), the origi-
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FIG. 3. Stabilizing effect of topology 3 with degradation. (A) We revisit topology 3 with degradation of the buffer with degra-
dation rate constant γx. (B) Stability diagram for increasing values of the degradation rate constant γx = {0.5, 1, 2}; the stability
boundary corresponds to the condition in (12). Time courses are simulations of the output species (x2) for two representative
cases. Parameter values are µ = 1, θ1 = 2, θ2 = 1, γp = 1, η = 100 and k = 1. For the case of buffering Bx = 20 and γx = 1.

.

nal antithetic control system becomes oscillatory when
the feedback gain is too strong or the degradation of x1
and x2 is too slow27. To analyse the stabilising role of
buffering, we first consider the system in the absence
of degradation of the wx buffer (i. e. γx = 0). Assuming
rapid buffering and strong integral binding (large η), we
find that the system is stable when (see SI2.1):

γ3
p >

θ1θ2k
(1 + B1)︸ ︷︷ ︸

integral
feedback

gain

1 + Bx

2 + Bx︸ ︷︷ ︸
stabilisation

effect

.

(8)

From the condition (8) we observe that increasing B1 re-
duces the lower bound for γp and improves stability.
However, from (7) we also observe that such effect is
equivalent to a reduction in the feedback gain by a fac-
tor (1 + B1). Therefore a similar effect can be obtained
simply by changing the gain θ1θ2 without the additional
complexity of buffering z1. Moreover, the condition in
(8) also shows that rapid buffering of z2 has no impact
on stability, because the stability boundary is indepen-
dent of B2, whereas rapid buffering of x2 can destabilise
the system and produce oscillations, because the stabil-
ity boundary becomes more stringent for large Bx.

B. Non-Rapid Buffering in Topologies 1 and 3

We next sought to determine the stabilisation prop-
erties of non-rapid buffering, i. e. implemented with
buffers that do not satisfy the rapid equilibrium as-
sumption. We show that non-rapid buffering can be a
highly effective stabilisation strategy for Topologies 1
and 3, and this stabilisation effect is greater than the ef-
fect attributed to the change in feedback gain alone.

To model the effect of non-rapid buffering, we replace

the model for ẋ2 and ż1 in (6) by

ẋ2 = kx1 − γpx2 − bxx2 + bwxwx

ẇx = bxx2 − bwxwx

ż1 = µ− ηz1z2 − bzz1 + bwzwz

ẇz = bzz1 − bwzwz,

(9)

and keep the models for ẋ1 and ż2 identical as in (6).
Given that in the previous section we found that topol-
ogy 2 does not alter stability, from here onward we set
B2 = 0. For topologies 1 and 3, the buffer equilibrium
ratios (B1, Bx) determine the concentration of the buffer-
ing species at equilibrium and the reverse reaction rate
constants (bwz, bwx) determine the speed at which the
buffers reach equilibrium. These four parameters can
be regarded as tuning knobs for modifying the closed-
loop dynamics, akin to the role of B1 and Bx in the rapid
buffering case of the previous section.

For Topology 1 (i.e. bx = bwx = 0) and assuming
strong antithetic binding (large η), the stability condi-
tion is:

γ3
p >

θ1θ2k
(1 + B1)︸ ︷︷ ︸

integral
feedback

gain

1
(2 + B1)︸ ︷︷ ︸

stabilisation
effect

(10)

whereas for Topology 3 (i.e. bz = bwz = 0) the stability
condition becomes:

γ3
p >

θ1θ2k
2 + Bx

. (11)

To derive both conditions (10)–(11) we have assumed for
simplicity that bwz = γp and bwx = γp, respectively. The
general stability condition for other values of bwz and
bwx can be found in SI2.2–2.3.

As shown by the stability diagrams in Figure 2, the
conditions in (10)–(11) reveal that increases to the buffer-
ing ratios B1 and Bx relax the upper bound for integral
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feedback gain and thus improve stability; this suggests
that non-rapid buffering of both z1 and x2 provide an ef-
fective route to suppress oscillations. As shown in SI2.2–
2.3, this stabilisation effect is stronger for bwz > γp in
Topology 1 and bwx < γp in Topology 3.

C. Rapid Buffering with Degradation

So far we have assumed that the buffers are not
subject to degradation. To establish the impact of
buffer degradation on stability, here we show that buffer
degradation in Topology 3 can suppress oscillations and
preserve perfect adaptation; this new topology is shown
in Figure 3A. Under the same assumptions as condition
(8) (rapid buffering and strong binding rate constant η),
the stability conditions are (see SI2.1):

γ3
p >

θ1θ2k

2 +
(

1 + γx
γp

)
Bx

1 + Bx

1 + γx
γp

Bx
. (12)

Condition (12) reduces to the one in (8) if γx = 0 and
there is no buffering of z1, i.e. B1 = 0.

As shown by the stability diagram in Figure 3B, topol-
ogy 3 with degradation provides an effective solution to
stabilise the closed-loop. The condition in (12) suggests
that the ratio γx/γp has a key role in stability. Buffers
with shorter half-lives (larger γx) tend to almost com-
pletely remove the instability, even for low buffer equi-
librium ratios Bx. As we show in SI2.4, under the con-
dition γx/γp > 1/3, increases in Bx tend to stabilise
the closed-loop. This includes the important case where
both x2 and its buffer are degraded at the same rate,
i.e. γx = γp. For large values of Bx, the stabilisation
effect is even stronger and becomes independent of the
half-life of wx. We found a similar stabilisation effect in
systems with x1 buffering that include degradation of
the buffer (see SI2.5).

IV. ACHIEVING NEAR PERFECT ADAPTATION IN
FAST GROWTH

It is well-known that dilution by cell growth can dis-
rupt perfect adaptation in the original antithetic control
system1. Thus here we explore the impact of dilution
in the proposed topologies with molecular buffering. To
study the effect of dilution, we modify (9) to include di-
lution terms for the control species z1 and z2, as well as
the buffer for z1:

ẋ1 = θ1z1 − γpx1

ẋ2 = kx1 − γpx2 − bxx2 + bwxwx

ẇx = bxx2 − bwxwx − γxwx

ż1 = µ− ηz1z2 − γcz1 − bzz1 + bwzwz

ẇz = bzz1 − bwzwz − γcwz

ż2 = θ2x2 − ηz1z2 − γcz2.

(13)

where γc represents the dilution rate constant of the con-
trol species z1, z2 and buffer species at z1. We assume
that dilution of x1 and x2 and the buffer at x2 can be
lumped into their first-order degradation rates. As in
the previous section, the model (13) can be further sim-
plified for the rapid buffering case (see SI3.1).

A. Topology 3 with dilution

We found that buffering at x2 can reduce steady state
error by enabling an increase to the feedback gain with-
out causing oscillations. For the case of dilution with a
single buffer at x2, we set bz = bwz = 0 in (13). The
resulting steady state is (see SI3.1):

x2 =

(
µ

θ2

)
×
(

1
1 + Ω−1

x

)
, (14)

where

Ωx =
α

γc

(
1 + Bx

γx
γp

) (15)

and α = θ1θ2k/γ2
p. The second term on the right hand

side of (14) is always smaller than unity. Therefore the
steady state of the output is x2 < µ/θ2 and the system
loses perfect adaptation. Moreover, the deviation of the
steady state of x2 from the reference point µ/θ2 is (see
SI3.1):

x2n − x2

x2n
=

1
1 + Ωx

(16)

where x2n = µ/θ2 is the reference input. Increases to
Bx, γc or γx in (16) thus amplify the steady state error,
while increases to the feedback strength kθ1θ2 brings the
system closer to perfect adaptation.

We first obtained conditions for stability in Topology
3 with dilution and non-rapid buffering (see SI3.2). Set-
ting γx = γc in (13) we get:

Ωx <
γp

γc

2 + Bx

1 + Bx
γc
γp

((
1 +

γc

γp

)2
+ 2Bx

γc

γp

)
, (17)

where for simplicity we have set bwx = γp− γc. The sta-
bility conditions for general choices of bw can be found
in SI3.2.

Taken together, the relations in (16)–(17) define an up-
per bound for the best possible steady state error. Specif-
ically, in (16) we see that stronger feedback gain can in-
crease Ωx and so reduce the steady state error. Buffer-
ing of x2 tends to stabilise the oscillations and, at the
same time, allows the steady state error to be reduced
by stronger feedback gain, without the risk of instabil-
ity observed in the original antithetic mechanism. This
phenomenon is illustrated in Figure 4A, which shows
the stability condition (17).
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<latexit sha1_base64="C34wB/a+zVE5YYaowzTnSaJmbMc=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBVclaQKuiy4cVnBPqAJYTKdtEMnkzBzI5TQlRt/xY0LRdz6De78G6dtFrb1wMC559zLnXvCVHANjvNjrayurW9slrbK2zu7e/v2wWFLJ5mirEkTkahOSDQTXLImcBCskypG4lCwdji8nfjtR6Y0T+QDjFLmx6QvecQpASMF9snQAx4z7cGAAQncuaoW2BWn6kyBl4lbkAoq0Ajsb6+X0CxmEqggWnddJwU/Jwo4FWxc9jLNUkKHpM+6hkpilvn59IwxPjdKD0eJMk8Cnqp/J3ISaz2KQ9MZExjoRW8i/ud1M4hu/JzLNAMm6WxRlAkMCZ5kgntcMQpiZAihipu/YjogilAwyZVNCO7iycukVau6l9Xa/VWlflbEUULH6BRdIBddozq6Qw3URBQ9oRf0ht6tZ+vV+rA+Z60rVjFzhOZgff0ColCZHw==</latexit>
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<latexit sha1_base64="6RksD0Mz7hbp8xK1ana6q/dEUXI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LFbBU0mqoMeCF48V7Ae0oUy2m3bpbhJ3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkesabgRrJMohjIQrB2Mb2d++4kpzePowUwS5kscRjzkFI2VOr0hSon9pF+uuFV3DrJKvJxUIEejX/7qDWKaShYZKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWdfSCCXTfja/d0rOrTIgYaxsRYbM1d8TGUqtJzKwnRLNSC97M/E/r5ua8MbPeJSkhkV0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxEJRuCt/zyKmnVqt5ltXZ/Vamf5XEU4QRO4QI8uIY63EEDmkBBwDO8wpvz6Lw4787HorXg5DPH8AfO5w8ICI/e</latexit>
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x1
<latexit sha1_base64="eJJD70EOSNbB8rT7oA6aCMX6epg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSp4KkkV9Fjw4rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiFnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxbuoVO8uy7XTPI4CHMMJnIMHV1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AED+I2G</latexit>

x2
<latexit sha1_base64="Z/ONRLPdhlIh4ZQRFMlKagYdANk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSp4KkkV9Fjw4rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dULOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindRqd5dlmuneRwFOIYTOAcPrqAGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMFfI2H</latexit>

z1
<latexit sha1_base64="RXxBoBUODY5Vyk8Oq4lIVPVNbSA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSp4KkkV9Fjw4rGi/YA2lM120y7dbMLuRKihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiFnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxbuoVO8uy7XTPI4CHMMJnIMHV1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEHBI2I</latexit>

z2
<latexit sha1_base64="Y2lIIWVDdTkfh4vrafgZC3pC0gU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSp4KkkV9Fjw4rGi/YA2lM120i7dbMLuRqihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/WqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JmlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindRqd5dlmuneRwFOIYTOAcPrqAGt1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QMIiI2J</latexit>

k
<latexit sha1_base64="QH3Wa9r2T0SvHaHGj8GyVhvY4jU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0mqoMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzq0yIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqu15lWlfpbHUYQTOIUL8OAa6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fys2M1Q==</latexit>

✓1
<latexit sha1_base64="wRR5xwsC5I9/tcq+cT6+I6NB11o=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LFbBU0mqoMeCF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTg9HHGnf65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/d0rOrTIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4Y2fCZWkyBVbLApTSTAms+fJQGjOUE4soUwLeythI6opQxtRyYbgLb+8Slq1qndZrd1fVepneRxFOIFTuAAPrqEOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaC04+cwx/IHz+QPFr4+y</latexit>

✓2
<latexit sha1_base64="iQxNuTSR4lIW9s1AyzwVL3tdEyI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LFbBU0mqoMeCF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTg9HHGm/1i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+75ScW2VAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwxs/EypJkSu2WBSmkmBMZs+TgdCcoZxYQpkW9lbCRlRThjaikg3BW355lbRqVe+yWru/qtTP8jiKcAKncAEeXEMd7qABTWAg4Rle4c15dF6cd+dj0Vpw8plj+APn8wfHM4+z</latexit>

µ
<latexit sha1_base64="An4iUbN+9GbTvQLbsttHx6G4i9Y=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BKvgqexWQY8FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJDz2Z9ssVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnTLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10U2QcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6RVq/qX1dr9VaV+lsdRhBM4hQvw4RrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwBVpo28</latexit>

⌘
<latexit sha1_base64="NWdbgD6dNoniqcXVVqfFB3KN+cM=">AAAB63icbVBNS8NAEN34WetX1aOXxSp4KkkV9Fjw4rGC/YA2lM120i7d3YTdiVBC/4IXD4p49Q9589+YtDlo64OBx3szzMwLYiksuu63s7a+sbm1Xdop7+7tHxxWjo7bNkoMhxaPZGS6AbMghYYWCpTQjQ0wFUjoBJO73O88gbEi0o84jcFXbKRFKDjDXOoDskGl6tbcOegq8QpSJQWag8pXfxjxRIFGLpm1Pc+N0U+ZQcElzMr9xELM+ISNoJdRzRRYP53fOqMXmTKkYWSy0kjn6u+JlClrpyrIOhXDsV32cvE/r5dgeOunQscJguaLRWEiKUY0f5wOhQGOcpoRxo3IbqV8zAzjmMVTzkLwll9eJe16zbuq1R+uq43zIo4SOSVn5JJ45IY0yD1pkhbhZEyeySt5c5Tz4rw7H4vWNaeYOSF/4Hz+AAEqjh4=</latexit>

dilution

x
<latexit sha1_base64="/R13JWG8ywa/vxuo2Q87+LiadNs=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIpp4IrtookcSLx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFulT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1mu1K9K1bMsjjycwClcgAfXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN6BjOI=</latexit>
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�p
<latexit sha1_base64="fhP8rQcFazuWXWDXZUnjzFsTbl0=">AAAB73icdVBNSwMxEM36WetX1aOXYBU8LbutUr0VvHisYD+gXcpsmm1Dk+yaZIWy9E948aCIV/+ON/+NabuCij4YeLw3w8y8MOFMG8/7cJaWV1bX1gsbxc2t7Z3d0t5+S8epIrRJYh6rTgiaciZp0zDDaSdRFETIaTscX8389j1VmsXy1kwSGggYShYxAsZKnd4QhIB+0i+VPdernVf9Kl6QSi0n3iX2XW+OMsrR6Jfee4OYpIJKQzho3fW9xAQZKMMIp9NiL9U0ATKGIe1aKkFQHWTze6f4xCoDHMXKljR4rn6fyEBoPRGh7RRgRvq3NxP/8rqpiS6CjMkkNVSSxaIo5djEePY8HjBFieETS4AoZm/FZAQKiLERFW0IX5/i/0mr4vpVt3JzVq4f53EU0CE6QqfIRzVUR9eogZqIII4e0BN6du6cR+fFeV20Ljn5zAH6AeftE2jBkCE=</latexit>

�c
<latexit sha1_base64="7y8TxjoUOwkZPUUthD45ve1Y3bo=">AAAB73icdVDLSgMxFM3UV62vqks3wSq4GjLjo3VXcOOygn1AO5RMmmlDk8yYZIQy9CfcuFDErb/jzr8xnVZQ0QMXDufcy733hAln2iD04RSWlldW14rrpY3Nre2d8u5eS8epIrRJYh6rTog15UzSpmGG006iKBYhp+1wfDXz2/dUaRbLWzNJaCDwULKIEWys1OkNsRC4T/rlCnL9ag1dXMKceD6aE3TuQc9FOSpggUa//N4bxCQVVBrCsdZdDyUmyLAyjHA6LfVSTRNMxnhIu5ZKLKgOsvzeKTy2ygBGsbIlDczV7xMZFlpPRGg7BTYj/dubiX953dREtSBjMkkNlWS+KEo5NDGcPQ8HTFFi+MQSTBSzt0IywgoTYyMq2RC+PoX/k5bveqeuf3NWqR8t4iiCA3AIToAHqqAOrkEDNAEBHDyAJ/Ds3DmPzovzOm8tOIuZffADztsnYT6QHA==</latexit>

feedback
controller

w
<latexit sha1_base64="+RTwO3Z3jaQFjJ0rBjzykHxK3fg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIpp4IrtookcSLx4hkUcCGzI79MLI7OxmZlZDCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFulT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1mu1K9K1bMsjjycwClcgAfXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+ANz9jOE=</latexit>

B
<latexit sha1_base64="NEwbRXr3VOu28Kk1oxhl17aj+8c=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIpp4IrtookeiF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftsrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFulT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1mu1K9K1bMsjjycwClcgAfXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AIypjKw=</latexit>
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<latexit sha1_base64="ndd8tI177ln319dkpyttktf+8YM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/XXvqVeuuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophld+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6sXdeaVG8jiKcATHcAoeXEINbqEODWAwgGd4hTdHOi/Ou/Mxby04+cwh/IHz+QMdZo2X</latexit>

⌦
x

<latexit sha1_base64="+8w50A2I0OtacHwhmhHF6r8IeV0=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBizcr2A9oQ9lsJ+3S3STubsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgkfYMNwIbCcKqQwEtoLR9dRvPaLSPI7uzThBX9JBxEPOqLFSu3srcUB7T71yxa26M5Bl4uWkAjnqvfJXtx+zVGJkmKBadzw3MX5GleFM4KTUTTUmlI3oADuWRlSi9rPZvRNyYpU+CWNlKzJkpv6eyKjUeiwD2ympGepFbyr+53VSE175GY+S1GDE5ovCVBATk+nzpM8VMiPGllCmuL2VsCFVlBkbUcmG4C2+vEyaZ1XvvHpxd16pkTyOIhzBMZyCB5dQgxuoQwMYCHiGV3hzHpwX5935mLcWnHzmEP7A+fwB7EGPzA==</latexit>

unstable

stable

�x = 10

<latexit sha1_base64="ETGBRg/SDBsMnjChv+QIYYi32/k=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKexKRC9CwIvHCOYByRJmJ7PJkHksM71iWPIZXjwo4tWv8ebfOEn2oIkFDUVVN91dUSK4Bd//9gpr6xubW8Xt0s7u3v5B+fCoZXVqKGtSLbTpRMQywRVrAgfBOolhREaCtaPx7cxvPzJjuVYPMElYKMlQ8ZhTAk7q9oZEStJ/ugn8frniV/058CoJclJBORr98ldvoGkqmQIqiLXdwE8gzIgBTgWblnqpZQmhYzJkXUcVkcyG2fzkKT5zygDH2rhSgOfq74mMSGsnMnKdksDILnsz8T+vm0J8HWZcJSkwRReL4lRg0Hj2Px5wwyiIiSOEGu5uxXREDKHgUiq5EILll1dJ66Ia1KqX97VKHedxFNEJOkXnKEBXqI7uUAM1EUUaPaNX9OaB9+K9ex+L1oKXzxyjP/A+fwB87pCi</latexit>

�x = 0

<latexit sha1_base64="DK7P2OCKaT4OQjeGDKX30TLl8l4=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKohch4MVjBPPAZAm9k0kyZGZ2mZkVQ8hfePGgiFf/xpt/4yTZgyYWNBRV3XR3RYngxvr+t5dbWV1b38hvFra2d3b3ivsHdROnmrIajUWsmxEaJrhiNcutYM1EM5SRYI1oeDP1G49MGx6reztKWCixr3iPU7ROemj3UUrsPF37nWLJL/szkGUSZKQEGaqd4le7G9NUMmWpQGNagZ/YcIzacirYpNBODUuQDrHPWo4qlMyE49nFE3LilC7pxdqVsmSm/p4YozRmJCPXKdEOzKI3Ff/zWqntXYVjrpLUMkXni3qpIDYm0/dJl2tGrRg5glRzdyuhA9RIrQup4EIIFl9eJvWzcnBevrg7L1VIFkcejuAYTiGAS6jALVShBhQUPMMrvHnGe/HevY95a87LZg7hD7zPHwoQkGc=</latexit>

�x = 1

<latexit sha1_base64="m2Yt1rG/3QMJB1VtKMu7j8+UYyc=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKohch4MVjBPPAZAm9k0kyZGZ2mZkVQ8hfePGgiFf/xpt/4yTZgyYWNBRV3XR3RYngxvr+t5dbWV1b38hvFra2d3b3ivsHdROnmrIajUWsmxEaJrhiNcutYM1EM5SRYI1oeDP1G49MGx6reztKWCixr3iPU7ROemj3UUrsPF0HnWLJL/szkGUSZKQEGaqd4le7G9NUMmWpQGNagZ/YcIzacirYpNBODUuQDrHPWo4qlMyE49nFE3LilC7pxdqVsmSm/p4YozRmJCPXKdEOzKI3Ff/zWqntXYVjrpLUMkXni3qpIDYm0/dJl2tGrRg5glRzdyuhA9RIrQup4EIIFl9eJvWzcnBevrg7L1VIFkcejuAYTiGAS6jALVShBhQUPMMrvHnGe/HevY95a87LZg7hD7zPHwuUkGg=</latexit>

no buffering

no buffering with higher feedback gain

topology 3 with higher feedback gain
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<latexit sha1_base64="Z/ONRLPdhlIh4ZQRFMlKagYdANk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSp4KkkV9Fjw4rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dULOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindRqd5dlmuneRwFOIYTOAcPrqAGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMFfI2H</latexit>
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<latexit sha1_base64="ndd8tI177ln319dkpyttktf+8YM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/XXvqVeuuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophld+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6sXdeaVG8jiKcATHcAoeXEINbqEODWAwgGd4hTdHOi/Ou/Mxby04+cwh/IHz+QMdZo2X</latexit>

⌦
x

<latexit sha1_base64="+8w50A2I0OtacHwhmhHF6r8IeV0=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBizcr2A9oQ9lsJ+3S3STubsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgkfYMNwIbCcKqQwEtoLR9dRvPaLSPI7uzThBX9JBxEPOqLFSu3srcUB7T71yxa26M5Bl4uWkAjnqvfJXtx+zVGJkmKBadzw3MX5GleFM4KTUTTUmlI3oADuWRlSi9rPZvRNyYpU+CWNlKzJkpv6eyKjUeiwD2ympGepFbyr+53VSE175GY+S1GDE5ovCVBATk+nzpM8VMiPGllCmuL2VsCFVlBkbUcmG4C2+vEyaZ1XvvHpxd16pkTyOIhzBMZyCB5dQgxuoQwMYCHiGV3hzHpwX5935mLcWnHzmEP7A+fwB7EGPzA==</latexit>

unstable

stable

�x = 10

<latexit sha1_base64="ETGBRg/SDBsMnjChv+QIYYi32/k=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKexKRC9CwIvHCOYByRJmJ7PJkHksM71iWPIZXjwo4tWv8ebfOEn2oIkFDUVVN91dUSK4Bd//9gpr6xubW8Xt0s7u3v5B+fCoZXVqKGtSLbTpRMQywRVrAgfBOolhREaCtaPx7cxvPzJjuVYPMElYKMlQ8ZhTAk7q9oZEStJ/ugn8frniV/058CoJclJBORr98ldvoGkqmQIqiLXdwE8gzIgBTgWblnqpZQmhYzJkXUcVkcyG2fzkKT5zygDH2rhSgOfq74mMSGsnMnKdksDILnsz8T+vm0J8HWZcJSkwRReL4lRg0Hj2Px5wwyiIiSOEGu5uxXREDKHgUiq5EILll1dJ66Ia1KqX97VKHedxFNEJOkXnKEBXqI7uUAM1EUUaPaNX9OaB9+K9ex+L1oKXzxyjP/A+fwB87pCi</latexit>

�x = 0

<latexit sha1_base64="DK7P2OCKaT4OQjeGDKX30TLl8l4=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKohch4MVjBPPAZAm9k0kyZGZ2mZkVQ8hfePGgiFf/xpt/4yTZgyYWNBRV3XR3RYngxvr+t5dbWV1b38hvFra2d3b3ivsHdROnmrIajUWsmxEaJrhiNcutYM1EM5SRYI1oeDP1G49MGx6reztKWCixr3iPU7ROemj3UUrsPF37nWLJL/szkGUSZKQEGaqd4le7G9NUMmWpQGNagZ/YcIzacirYpNBODUuQDrHPWo4qlMyE49nFE3LilC7pxdqVsmSm/p4YozRmJCPXKdEOzKI3Ff/zWqntXYVjrpLUMkXni3qpIDYm0/dJl2tGrRg5glRzdyuhA9RIrQup4EIIFl9eJvWzcnBevrg7L1VIFkcejuAYTiGAS6jALVShBhQUPMMrvHnGe/HevY95a87LZg7hD7zPHwoQkGc=</latexit>

�x = 1

<latexit sha1_base64="m2Yt1rG/3QMJB1VtKMu7j8+UYyc=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKohch4MVjBPPAZAm9k0kyZGZ2mZkVQ8hfePGgiFf/xpt/4yTZgyYWNBRV3XR3RYngxvr+t5dbWV1b38hvFra2d3b3ivsHdROnmrIajUWsmxEaJrhiNcutYM1EM5SRYI1oeDP1G49MGx6reztKWCixr3iPU7ROemj3UUrsPF0HnWLJL/szkGUSZKQEGaqd4le7G9NUMmWpQGNagZ/YcIzacirYpNBODUuQDrHPWo4qlMyE49nFE3LilC7pxdqVsmSm/p4YozRmJCPXKdEOzKI3Ff/zWqntXYVjrpLUMkXni3qpIDYm0/dJl2tGrRg5glRzdyuhA9RIrQup4EIIFl9eJvWzcnBevrg7L1VIFkcejuAYTiGAS6jALVShBhQUPMMrvHnGe/HevY95a87LZg7hD7zPHwuUkGg=</latexit>

no buffering

no buffering with higher feedback gain

topology 3 with higher feedback gain
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<latexit sha1_base64="Z/ONRLPdhlIh4ZQRFMlKagYdANk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSp4KkkV9Fjw4rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dULOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindRqd5dlmuneRwFOIYTOAcPrqAGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMFfI2H</latexit>
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Buffer Bx

<latexit sha1_base64="ndd8tI177ln319dkpyttktf+8YM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/XXvqVeuuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophld+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6sXdeaVG8jiKcATHcAoeXEINbqEODWAwgGd4hTdHOi/Ou/Mxby04+cwh/IHz+QMdZo2X</latexit>

⌦
x

<latexit sha1_base64="+8w50A2I0OtacHwhmhHF6r8IeV0=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBizcr2A9oQ9lsJ+3S3STubsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgkfYMNwIbCcKqQwEtoLR9dRvPaLSPI7uzThBX9JBxEPOqLFSu3srcUB7T71yxa26M5Bl4uWkAjnqvfJXtx+zVGJkmKBadzw3MX5GleFM4KTUTTUmlI3oADuWRlSi9rPZvRNyYpU+CWNlKzJkpv6eyKjUeiwD2ympGepFbyr+53VSE175GY+S1GDE5ovCVBATk+nzpM8VMiPGllCmuL2VsCFVlBkbUcmG4C2+vEyaZ1XvvHpxd16pkTyOIhzBMZyCB5dQgxuoQwMYCHiGV3hzHpwX5935mLcWnHzmEP7A+fwB7EGPzA==</latexit>

unstable

stable

�x = 10

<latexit sha1_base64="ETGBRg/SDBsMnjChv+QIYYi32/k=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKexKRC9CwIvHCOYByRJmJ7PJkHksM71iWPIZXjwo4tWv8ebfOEn2oIkFDUVVN91dUSK4Bd//9gpr6xubW8Xt0s7u3v5B+fCoZXVqKGtSLbTpRMQywRVrAgfBOolhREaCtaPx7cxvPzJjuVYPMElYKMlQ8ZhTAk7q9oZEStJ/ugn8frniV/058CoJclJBORr98ldvoGkqmQIqiLXdwE8gzIgBTgWblnqpZQmhYzJkXUcVkcyG2fzkKT5zygDH2rhSgOfq74mMSGsnMnKdksDILnsz8T+vm0J8HWZcJSkwRReL4lRg0Hj2Px5wwyiIiSOEGu5uxXREDKHgUiq5EILll1dJ66Ia1KqX97VKHedxFNEJOkXnKEBXqI7uUAM1EUUaPaNX9OaB9+K9ex+L1oKXzxyjP/A+fwB87pCi</latexit>

�x = 0

<latexit sha1_base64="DK7P2OCKaT4OQjeGDKX30TLl8l4=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKohch4MVjBPPAZAm9k0kyZGZ2mZkVQ8hfePGgiFf/xpt/4yTZgyYWNBRV3XR3RYngxvr+t5dbWV1b38hvFra2d3b3ivsHdROnmrIajUWsmxEaJrhiNcutYM1EM5SRYI1oeDP1G49MGx6reztKWCixr3iPU7ROemj3UUrsPF37nWLJL/szkGUSZKQEGaqd4le7G9NUMmWpQGNagZ/YcIzacirYpNBODUuQDrHPWo4qlMyE49nFE3LilC7pxdqVsmSm/p4YozRmJCPXKdEOzKI3Ff/zWqntXYVjrpLUMkXni3qpIDYm0/dJl2tGrRg5glRzdyuhA9RIrQup4EIIFl9eJvWzcnBevrg7L1VIFkcejuAYTiGAS6jALVShBhQUPMMrvHnGe/HevY95a87LZg7hD7zPHwoQkGc=</latexit>

�x = 1

<latexit sha1_base64="m2Yt1rG/3QMJB1VtKMu7j8+UYyc=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKohch4MVjBPPAZAm9k0kyZGZ2mZkVQ8hfePGgiFf/xpt/4yTZgyYWNBRV3XR3RYngxvr+t5dbWV1b38hvFra2d3b3ivsHdROnmrIajUWsmxEaJrhiNcutYM1EM5SRYI1oeDP1G49MGx6reztKWCixr3iPU7ROemj3UUrsPF0HnWLJL/szkGUSZKQEGaqd4le7G9NUMmWpQGNagZ/YcIzacirYpNBODUuQDrHPWo4qlMyE49nFE3LilC7pxdqVsmSm/p4YozRmJCPXKdEOzKI3Ff/zWqntXYVjrpLUMkXni3qpIDYm0/dJl2tGrRg5glRzdyuhA9RIrQup4EIIFl9eJvWzcnBevrg7L1VIFkcejuAYTiGAS6jALVShBhQUPMMrvHnGe/HevY95a87LZg7hD7zPHwuUkGg=</latexit>
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topology 3 with higher feedback gain
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<latexit sha1_base64="Z/ONRLPdhlIh4ZQRFMlKagYdANk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSp4KkkV9Fjw4rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dULOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindRqd5dlmuneRwFOIYTOAcPrqAGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMFfI2H</latexit>
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<latexit sha1_base64="C34wB/a+zVE5YYaowzTnSaJmbMc=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBVclaQKuiy4cVnBPqAJYTKdtEMnkzBzI5TQlRt/xY0LRdz6De78G6dtFrb1wMC559zLnXvCVHANjvNjrayurW9slrbK2zu7e/v2wWFLJ5mirEkTkahOSDQTXLImcBCskypG4lCwdji8nfjtR6Y0T+QDjFLmx6QvecQpASMF9snQAx4z7cGAAQncuaoW2BWn6kyBl4lbkAoq0Ajsb6+X0CxmEqggWnddJwU/Jwo4FWxc9jLNUkKHpM+6hkpilvn59IwxPjdKD0eJMk8Cnqp/J3ISaz2KQ9MZExjoRW8i/ud1M4hu/JzLNAMm6WxRlAkMCZ5kgntcMQpiZAihipu/YjogilAwyZVNCO7iycukVau6l9Xa/VWlflbEUULH6BRdIBddozq6Qw3URBQ9oRf0ht6tZ+vV+rA+Z60rVjFzhOZgff0ColCZHw==</latexit>
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<latexit sha1_base64="6RksD0Mz7hbp8xK1ana6q/dEUXI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LFbBU0mqoMeCF48V7Ae0oUy2m3bpbhJ3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkesabgRrJMohjIQrB2Mb2d++4kpzePowUwS5kscRjzkFI2VOr0hSon9pF+uuFV3DrJKvJxUIEejX/7qDWKaShYZKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWdfSCCXTfja/d0rOrTIgYaxsRYbM1d8TGUqtJzKwnRLNSC97M/E/r5ua8MbPeJSkhkV0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxEJRuCt/zyKmnVqt5ltXZ/Vamf5XEU4QRO4QI8uIY63EEDmkBBwDO8wpvz6Lw4787HorXg5DPH8AfO5w8ICI/e</latexit>
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x1
<latexit sha1_base64="eJJD70EOSNbB8rT7oA6aCMX6epg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSp4KkkV9Fjw4rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiFnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxbuoVO8uy7XTPI4CHMMJnIMHV1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AED+I2G</latexit>

x2
<latexit sha1_base64="Z/ONRLPdhlIh4ZQRFMlKagYdANk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSp4KkkV9Fjw4rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dULOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindRqd5dlmuneRwFOIYTOAcPrqAGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMFfI2H</latexit>

z1
<latexit sha1_base64="RXxBoBUODY5Vyk8Oq4lIVPVNbSA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSp4KkkV9Fjw4rGi/YA2lM120y7dbMLuRKihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiFnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxbuoVO8uy7XTPI4CHMMJnIMHV1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEHBI2I</latexit>

z2
<latexit sha1_base64="Y2lIIWVDdTkfh4vrafgZC3pC0gU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSp4KkkV9Fjw4rGi/YA2lM120i7dbMLuRqihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/WqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JmlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindRqd5dlmuneRwFOIYTOAcPrqAGt1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QMIiI2J</latexit>

k
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FIG. 4. Adaptation in Topology 3 with dilution. (A) Stability condition in (17) for non-rapid buffering with rate constants
γc/γp = 0.2. (B) Simulation with varying feedback gain θ1 = {2, 15, 400} (from top) and buffer constant (Bx = {0, 2.5}). In all
simulations the model parameters are k = 1, θ2 = 1, and γp = 1, γc = 1 and γx = 10. (C) Stability condition in (18) for rapid
buffering with rate constants γc = 1 and γp = 1.

In the case of rapid buffering, the condition for stabil-
ity becomes (see SI3.1):

Ωx <

(
1 +

γc

γp

)
(1 + A)

(
γp

γc
+ A−1

)

A =
1 + Bx

γx
γp

1 + Bx
.

(18)

As in the non-rapid case, the relations in (16) and
(18) define an upper bound for the best possible steady
state error. This phenomenon is illustrated in Figure
4C, which shows the stability condition (18). Notably,
we observe that increasing Bx improves stability only
in regions for low and high values of γx, and not in-
termediate values. Figure 4B shows simulations of the
stabilising effect of molecular buffering for the case of
γx = 10, which enables a decrease of steady state er-
ror by means of stronger feedback gain. We also found
that topology 3 improves stability even without buffer
degradation (γx = 0), which can be observed in Figure
4B. This improvement differs from the case when there
is no dilution in (8).

B. Topology 1 with dilution

We found that non-rapid buffering at z1 can similarly
reduce steady state error via increases to the feedback
gain. To examine this result in detail, we set Bx = 0 in
(13) and compute the resulting steady state (see SI3.4):

x2 =

(
µ

θ2

)
×
(

1
1 + Ω−1

1

)
(19)

where

Ω1 =
α

γc(1 + B1)
(20)

and α = θ1θ2k/γ2
p. As in the previous case, the steady

state satisfies x2 < µ/θ2 and thus the system loses per-

fect adaptation (see Figure 5). Moreover, in this case the
steady state error is (see SI3.4):

x2n − x2

x2n
=

1
1 + Ω1

(21)

where x2n = µ/θ2 is the reference input. Increasing B1
or γc in (21) increases the steady state error, while in-
creasing the feedback strength kθ1θ2 brings the system
closer to perfect adaptation. If for simplicity we assume
that bwz = γp − γc, the condition for stability is (see
SI3.5):

Ω1 <
γp

γc

(2 + B1)

(1 + B1)

(
1 + B1 +

γc

γp

)(
1 +

γc

γp

)
. (22)

The general case for other choices of bw can be found in
SI3.5. Non-rapid buffering thus enables a reduction of
the steady state error via increased feedback gain with-
out unwanted oscillations. This phenomenon is illus-
trated in Figure 5A, which shows simulations and the
stability condition (22) that describes the upper bound
on the steady state error. In contrast, rapid buffering
does not improve the stability condition and so does not
enable a decrease in the adaptation error (see SI3.4); we
have illustrated this phenomenon in Figure 5B via nu-
merical simulations.

While the benefit of buffering described here are for
a simple network and a steady state error (adaptation)
tradeoff, control theory can be use to mathematically
quantify this benefit for more general networks and
more general tradeoffs involving both steady state and
temporal dynamics (see SI4.3).

V. CASE STUDIES

A. Model for biofuel production

To illustrate the potential of the proposed control
topologies, here we employ an existing model for bio-
fuel production that incorporates antithetic control6 (see
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FIG. 5. Adaptation in Topology 1 with dilution. (A) Non-rapid buffering with stronger feedback reduces the adaptation error.
(Left) In simulations the model parameters are θ2 = 1, γp = 1, η = 100, µ = 1, γc = 0.2, and k = 1 changes to k = 0.7 at t = 100.
(Right) The stability condition in (22) for non-rapid buffering with dilution rate constant in the ratio γc/γp = 0.2. (B) Rapid
buffering increases the adaptation error while rapid buffering with stronger feedback is identical to no buffering with weaker
feedback. Parameter values for the non-rapid case are θ1 = {1, 15}, B1 = {0, 5} and bw1 = {0, 0.8}; parameters for the rapid case
are θ1 = {1, 5} and B1 = {0, 5}.

also12), shown in Figure 6A. The synthetic system pro-
duces biofuel from sugars through a metabolic pathway.
The biofuel product can be toxic to the cell and so ef-
flux pump proteins are expressed to remove the toxic
metabolic product. However, at large concentrations
the efflux protein pump can also be toxic. A feedback
mechanism can help robustly regulate these two com-
peting toxic products. The antithetic feedback mecha-
nism senses the biofuel concentration to control the ex-
pression of efflux pump protein. An increase in the
pump protein then reduces the biofuel concentration,
completing the loop. Stability is known to be a major
issue for the system, as it susceptible to oscillation for
large η, which is the typical design case6.

The extended model of the biofuel circuit with anti-
thetic feedback and the addition of a protein buffer is:

ṅ = αnn(1− n)− δnbin−
αnnp

p + γp

ḃi = αbn− δb pbi

ṗ = kz2 − βp p

ḃe = Vδb pbin
ż1 = µ− ηz1z2

ż2 = θbi − ηz1z2 − Irp p + rww

ẇ = Irpz2 − rww

where n is the normalized cell density, which is assumed
to follow logistic growth with additional death rates
due to toxicity of intracellular biofuel concentration bi
and efflux protein pump p. The variables z1 and z2
are the controller species, while the production of the
protein pump p is assumed to be proportional to con-
troller species z2. The variable w is the buffering species
which buffers z2 through a reversible reaction via chem-
ical species I that inhibits z2 sequestering when bound
to z2. The variable be is the extracellular concentration

of biofuel.

Buffering of z2 can be seen to stabilise the process in
the simulations of the model (see Figure 6A). These sim-
ulations show that the oscillations, which occur when
η is too large, quickly settle to the steady state when
buffering is introduced. This stabilising effect is equiva-
lent to the impact of buffering in Topology 1 in Section
III. Buffering removes the stability limit on η and so a
large antithetic binding rate η is possible without oscil-
lations. This example thus illustrates that the stabilising
effect of buffering also occurs in more complex systems
than for the simple case presented above.

B. Model for growth control

For the synthetic growth control case study, we use an
existing model of the synthetic growth control circuit,
which includes the new addition of buffering27 (see Fig-
ure 6B). The variable N represents the population size
and is assumed to follow logistic growth, with an ad-
ditional death rate due to toxicity that is proportional
to the concentration of CcdB per cell. Ccdb is a protein
that is toxic to the cell. mRNA is messenger RNA while
asRNA is a short antisense RNA that has a complemen-
tary sequence to the mRNA, which enables sequestra-
tion between the two. mRNA and asRNA form the an-
tithetic integral controller. The transcription of mRNA
is induced by a quorum-sensing ligand. The term Ga
represents the gain between N and mRNA induction
resulting from the quorum-sensing molecule AHL. W
represents a buffer of Ccdb, which consists of an inac-
tivated form of Ccdb that can reversibly bind to an in-
hibitor molecule I. The adapted model of the genetic
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FIG. 6. Case studies of molecular buffering coupled with antithetic control showing improved stabilisation and adaptation. (A)
Biofuel production system adapted from6 to include buffering of species z2. Simulations show the stabilising effect of buffering.
Model parameters for simulations are αn = 0.66, δn = 0.5, γp = 0.14, αb = 0.1, δb = 0.5, βp = 0.66, V = 1, η = 100, µ = 0.1762,
θ = 1, I = 1, rp = 0, 1.25, rw = 0, 0.25, k = 0.5, 3. k is increased with buffering to compensate for the reduced integral feedback
gain from buffering (B) Synthetic growth control circuit27 adapted to include buffering of CcdB. Simulations show the ability of
buffering to decrease the steady state error via stronger feedback without oscillations. Model parameters for simulations with
and without buffering are γp = 3, r = 1, τ = 4× 10−3, kR = 10−1, G = 10−6, η = 20, γr = 0.1, µ = 10, Nm = 109, γw = 10−2,
kp = {20, 200}, bc = {0, 7} and bw =

{
0, 7× 10−2}.

circuit with the new addition of a protein buffer is

d
dt
[CcdB] =kp[mRNA]− (γp + bC I)[CcdB] + bw[W]

d
dt
[mRNA] =kRGa N − (η[asRNA]− γR) [mRNA]

d
dt
[asRNA] =µ− η[asRNA][mRNA]− γR[asRNA]

d
dt

N =rN
(

1− N
Nm

)
− τ[CcdB]N

d
dt
[W] =bC I[CcdB]− bw[W]− γw[W]

where [·] represents intracellular concentrations for each
species and the last line indicating the rate of change of
W is new to the model.

The buffering of CcdB as shown above is equivalent

to x1 buffering in the model (6) and Figure 2, as N is the
output and equivalent to x2. Buffering at x1 provides a
similar benefit as buffering at x2 and so can also enable
near-perfect adaptation.

Buffering of CcdB in conjuction with increased feed-
back gain can be shown to reduce steady state error in
the simulations in Figure 6. Increased feedback gain
is implemented in these simulations by increasing the
translation rate of CcdB.

VI. DISCUSSION

Perfect adaptation has been subject of intense study
in the synthetic biology community. Although perfectly
adapting systems are ubiquituous in nature, their im-
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plementation has proven particularly elusive. The anti-
thetic control motif, first discovered by Briat et al4 and
implemented by Aoki et al1, provides a new molecu-
lar mechanism to build perfect adaptation into a wide
range of synthetic gene circuits. A number of works
have sought to find alternative circuits that provide
adaptation properties similar to antithetic control. For
example, several authors have shown that ultrasensi-
tive feedback can display some of the features of perfect
adaptation25,28, and the idea was recently extended in
great detail for synthetic gene circuits30. Other works
have sought to devise molecular implementations of
Proportional-Integral-Derivative control9, as this is a
widely adopted strategy for perfect adaptation in engi-
neered control systems.

Here we have addressed caveats of the original anti-
thetic control system with an extended architecture that
has improved stability properties. The proposed circuit
combines an antithetic motif with a molecular buffering
mechanism. Molecular buffering is widely conserved
in natural systems, and common examples include the
ATP buffering by creatine phosphate, pH buffering and
calcium buffering. In all these examples, a molecu-
lar buffer sequesters a target molecule into an inactive
form, resulting in a system with improved ability to mit-
igate fast perturbations. In the case of antithetic con-
trol, the addition of buffering results in the stabilisa-
tion of unwanted oscillations and, moreover, provides
near-perfect adaptation even in rapid growth conditions
where the performance of antithetic control is known to
be particularly poor.

After detailed examination of mathematical models
for various circuit architectures (Fig. 2) with rapid and
non-rapid buffers, we found two candidate systems
with improved stability properties, either by buffering
species of the antithetic motif itself, or by buffering a
target species to be controlled. The first circuit, called
Topology 1 in Fig. 2, under non-rapid buffering pro-
vides stability over a larger range of parameters values
than classic antithetic control and can generally stabilise
unwanted oscillations. Moreover, Topology 1 requires
buffering of a molecular species of the antithetic motif
itself, and therefore it provides a promising strategy to
stabilise variables that are not easily buffered directly,
such as population size or metabolite species as illus-
trated by the example in Fig 6A.

The second circuit, termed Topology 3 in Fig. 2, re-
quires buffering the molecular output of the process to
be controlled. We found that when x2 buffering is ei-
ther non-rapid or rapid and coupled with degradation,
it mitigates oscillations in fast growth regimes. Interest-
ingly, there is a similar effect when applied to interme-
diate species instead of the output species in the con-
trolled process, such as x1 in the original circuit shown
in Fig. 2 or CcdB in the growth control case study in
Fig. 6. Buffering an intermediate species also provides
additional design flexibility when the output species
cannot be easily buffered.

Although our results indicate that both buffering and
degradation can act as stabilisers of antithetic control,
designs with increased buffering and reduced degrada-
tion can provide substantial benefits. Increased degra-
dation requires a higher production rate to achieve a
particular steady state concentration. If the degradation
mechanism requires expression of heterologous pro-
teins, an increase in their production rate imposes a
heavier genetic burden on the host cell8,26. Moreover,
in applications, protein production rates are subject to
upper limits depending on the genetic machinery of the
host36, and so increasing degradation can also limit the
maximum set point concentration. Tuning of degrada-
tion can also be difficult to implement given the limited
number of degradation tags available.

The effect of buffering on adaptation is strikingly sim-
ilar to a strategy employed in industrial process con-
trol, where buffer tanks are employed to regulate and
smooth out the impact of disturbances13. In our case,
the specific implementation of the molecular buffers is
a subject of future study, as this will largely depend
on the type of biomolecular process to be controlled
(see18 for quantification of different buffering reaction
forms). For example, buffers for gene expression may
require gene products to be sequestered, which can
be achieved through several mechanisms such as re-
versible protein-protein binding24, phosphorylation19,
small molecule inhibitors11, or DNA decoy sites34. In
metabolism and signalling systems, ubiquitous exam-
ples are the interconversion between a target species and
a buffer (e. g. reversible catalysis between ATP and cre-
atine phosphate17,32) or sequestering by dedicated pro-
teins (e. g. Ca2+ or H+ ions17,21,32).

Our main goal in this paper was to show that molecu-
lar buffering can improve perfect adaptation in the anti-
thetic control motif. Since buffering is known to stabilise
a much wider range of molecular networks16, it also
has the potential to improve other circuits implement-
ing perfect adaptation, e. g. those that rely on ultrasen-
sitive behaviour30. Further, its properties may be used
to instead improve transient response or disturbance re-
jection of a circuit, rather than only adaptation16,17. A
key future step is the study of design rules for buffer-
ing and antithetic feedback. A useful starting point in
this direction are the rules from lead-lag and PID con-
troller tuning from control engineering16 (see SI4.2). Un-
like technological controllers, however, the stabilisation
properties of buffering are tied to its synergy with feed-
back regulation16,17 and the location of the buffer in a
network is important, which introduces new challenges
for controller design.

For simplicity, here we have focused exclusively on
deterministic dynamics, but the analysis of stochastic
effects emerging from the interplay between molecu-
lar buffering and antithetic control are particularly at-
tractive, as it is known that buffering does not am-
plify stochastic fluctuations17 yet some phenomena are
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known to emerge only in the presence of molecular
noise4,31,33.

As synthetic gene circuits grow in size and complex-
ity, there is a growing need for mechanisms that can en-
hance their robustness in a range of operational condi-
tions. In the longer term, this will require the availability
of a catalogue of gene circuits that can produce perfect
adaptation in response to perturbations. In this work we
have presented one such architecture, and thus laid the-
oretical groundwork for the discovery of biomolecular
systems with improved functionality.

METHODS

All mathematical models are based on systems of or-
dinary differential equations. The stability conditions
in Eqs. (8), (12), (18) and (22) were obtained using fre-
quency domain transformations (Laplace and Fourier)
of the linearised models, along with detailed examina-
tion of the magnitude and phase equations of the re-
sulting characteristic polynomials for the closed-loop
systems27. Simulations were carried out using standard
ODE solvers in MATLAB. All calculations and model
descriptions can be found in the Supplementary Mate-
rial.
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SI1. BUFFERING BACKGROUND

In this section, we provide a background on buffering4, including methods for analysing models with buffering. We
start with the simple model in the main section of a single regulated species that is being buffered, such that

ẋ = p(x)︸︷︷︸
production

with feedback

− γxx︸︷︷︸
removal

+ gw(w)− gx(x)︸ ︷︷ ︸
buffering

ẇ = gx(x)− gw(w)︸ ︷︷ ︸
buffering

− γww︸︷︷︸
removal

(S1)

where x is the output species being regulated, w is the buffering species, p is the production rate of x, γx is the
removal kinetic rate of x, gw is the forward buffering reaction rate and gx is the reverse buffering reaction rate.
Incorporation of feedback is represented by the x dependence of production. The steady state occurs when
production matches degradation (p(x̄) = γx x̄ + γww̄) and the buffer is at steady state (gw(w̄) = gx(x̄) + γww̄).
To analyse (S1), we reduce the two state model to one state by assuming that the buffering reactions rapidly reach
equilibrium (see4 for more mathematically rigorous derivation). To carry this out, we first linearise (S1), which
results in

∆ẋ = −h∆x︸ ︷︷ ︸
feedback

− γx∆x︸ ︷︷ ︸
removal

+ bw∆w− bx∆x︸ ︷︷ ︸
buffering

∆ẇ = −bw∆w + bx∆x︸ ︷︷ ︸
buffering

− γw∆w︸ ︷︷ ︸
removal

where h = − ∂p
∂x is the linearised feedback gain, and bw = ∂gw

∂w and bx = ∂gx
∂x are the linearised kinetic rates for the

forward and reverse buffering reaction.
We introduce the variable ∆xT = ∆w + ∆x to carry out a quasi-steady state approximation2,4, where we have the
transformed model

∆ẋT = −h∆x− γx∆x− γw∆w
∆ẇ = −bw∆w + bx∆x− γw∆w.

We assume that the buffering species ∆w rapidly reaches quasi-steady state due to large bw and thus assume
∆ẇ = −(bw + γw)∆w + bx∆x = 0, where xT is a ‘slow’ variable as it is not a direct function of the buffering
reactions. The quasi-steady state can be rewritten

∆w = B∆x, B =
bx

bw + γw
. (S2)

From this quasi-steady state, we have ∆xT = (1 + B)∆x and ∆ẋT = (1 + B)∆ẋ, resulting in

(1 + B)∆ẋ = −h∆x− (γx + Bγw)∆x
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which is a reduced one state model, where the second state can be determined from ∆w = B∆x.

In technology, integral feedback is often paired with proportional and derivative feedback (PID control)1. In
biology, rapid buffering without degradation is equivalent to negative derivative feedback and rapid buffering with
degradation is equivalent to PD feedback with degradation. These equivalences can be observed in4

∆ẋ = −B∆ẋ− γwB∆x︸ ︷︷ ︸
proportional +

derivative
feedback

− h∆x︸︷︷︸
proportional

feedback

−γx∆x

where the buffer equilibrium ratio B corresponds to the derivative feedback ‘gain’.

To study the effect of buffering on stability, we can also modify the model in (S1) to include a delay of the
production feedback term

ẋ = p(x(t− τ))︸ ︷︷ ︸
production

with feedback

− γxx︸︷︷︸
removal

+ gw(w)− gx(x)︸ ︷︷ ︸
buffering

ẇ = gx(x)− gw(w)︸ ︷︷ ︸
buffering

− γww︸︷︷︸
removal

(S3)

where p(x(t− τ)) represents the production feedback with a delay of time τ. The reduced model is

(1 + B)∆ẋ = −h∆xτ − (γx + Bγw)∆x

where ∆xτ = ∆x(t− τ).

It can be observed in Figure S2 that buffering can stabilise the oscillations that result from feedback delay. This
stabilisation is a result of (a) the buffering reactions acting directly on the target molecular species (i.e. not being
subject to delays) and (b) buffering having a ‘derivative feedback’ effect - known for its stabilising effects in control
engineering1.

time

Buffering

No Buffering

FIG. S1. The parameters are Bx = 0 and 5, τ = 1 (delay), γp = 1, γw = 0 and h = 2.7.
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SI2. STABILITY OF ANTITHETIC INTEGRAL FEEDBACK WITH BUFFERING

SI2.1. Stability of Antithetic Integral Feedback with Rapid Buffering: All Species

In this section, we analyse the stabilising effect of buffering (without degradation) on antithetic integral feedback.
We base our studies on a simple model involving the antithetic integral feedback (without buffering)5. Consider

ẋ1 = θ1z1 − γpx1

ẋ2 = kx1 − γpx2

ż1 = µ− ηz1z2

ż2 = θ2x2 − ηz1z2

(S4)

where x2 is the output concentration being controlled, x1 is another concentration in the process being controlled,
and z1 and z2 represent the molecular species involved in the perfect adaptation mechanism.
We next introduce buffering to (S4). We show how the model reduction method described in SI1 can be used to
simplify the model for one case. We then use the same method for all buffers.
As a first case, we introduce buffering at the controlled variable x2 and simplify the model by assuming that the
buffering reactions rapidly reach equilibrium. With buffering at x2, we have

ẋ1 = θ1z1 − γpx1

ẋ2 = kx1 − γpx− γpx2 − bxx + bww

ż1 = µ− ηz1z2

ż2 = θ2x2 − ηz1z2

ẇx = bxx2 − bwwx

(S5)

where wx is the buffering species at x2 and bx, bw are the kinetic rate constants for the buffering reactions.
Although the buffering equilibrium ratio is defined in terms of the linearised model and deviations from steady
state, we can use the same notation here for the nonlinear model as the buffering reactions are linear. If the
buffering reaction is at equilibrium then

bxx2 = bwwx.

If we assume that the buffer rapidly reaches equilibrium then w is at quasi-steady state and so

wx = Bxx2 Bx =
bx

bw
.

We note that although the buffer equilibrium ratio is defined in (S2) in terms deviations from steady state, we can
use the buffer equilibrium ratios in the nonlinear model as the reaction rates are linear.
We set xT = wx + x as the slow variable and so xT = (1 + Bx)x2. Thus ẋT = (1 + Bx)ẋ2 and so

(1 + Bx)ẋ2 = kx1 − γpx2.

If we include buffering on z1, z2, x2 and apply a similar model reduction by assuming rapid buffering, then we have

ẋ1 = θ1z1 − γpx1

(1 + Bx)ẋ2 = kx1 − γpx2

(1 + B1)ż1 = µ− ηz1z2

(1 + B2)ż2 = θ2x2 − ηz1z2

(S6)

where B1, B2 are the buffer equilibrium ratios of the buffers at z1 and z2 respectively.

SI2.1.a. Steady State

We first determine the steady states of the system, which is useful both for determining perfect adaptation and as a
prerequisite for stability analysis. Using

(1 + B1)ż1 − (1 + B2)ż2 = µ− θ2x2 = 0
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we can see that the steady state for the output is

x̄2 =
µ

θ2
.

The correspondence of this steady state with perfect adaptation is discussed further in Section 2 & 3 of the paper.
The species x1, z1 and z2 have the corresponding steady states

x̄1 =
µγp

θ2k
, z̄1 =

γ2
pµ

θ1θ2k
, z̄2 =

θ1θ2k
ηγ2

p
.

SI2.1.b. Linearised Model

We next determine the effect of buffering on the stability of the model. We follow the methodology used by Olsman
and colleagues5 to study the stability of antithetic integral feedback with the addition of buffering. Linearising the
system (S6) about the steady states, we have

∆ẋ1 = θ1∆z1 − γp∆x1

(1 + Bx)∆ẋ2 = k∆x1 − γp∆x2

(1 + B1)∆ż1 = −α∆z1 −
β

α
∆z2

(1 + B2)∆ż2 = θ2∆x2 − α∆z1 −
β

α
∆z2

(S7)

where ∆z1 = z1 − z̄1, ∆z2 = z2 − z̄2, ∆x1 = x1 − x̄1, ∆x2 = x2 − x̄2 are the deviations from steady state and

α =
θ1θ2k

γ2
p

, β = ηµ.

Taking the Laplace transform of (S7), we have

(s + γp)X1 = θ1Z1

((1 + Bx)s + γp)X2 = kX1

((1 + B1)s + α)Z1 = − β

α
Z2(

(1 + B2)s +
β

α

)
Z2 = θ2X2 − αZ1

(S8)

where Z1 = L{∆z1}, Z2 = L{∆z2}, X1 = L{∆x1}, X2 = L{∆x2} are the Laplace transforms of the time-domain
concentration deviations. Substituting, we have

(s + γp)((1 + Bx)s + γp)X2 = θ1kZ1(
(1 + B2)s +

β

α

)
((1 + B1)s + α)Z1 = − β

α
(θ2X2 − αZ1).

(S9)

Simplifying, we have

(1 + B1)(1 + B2)

(
s2 +

(
β

α(1 + B2)
+

α

1 + B1

)
s
)

Z1 = − β

α
θ2X2.

Substituting from (S9), we have[
(1 + B1)(1 + B2)s((1 + Bx)s + γp)(s + γp)

(
s +

β

α(1 + B2)
+

α

1 + B1

)
+

β

α
θ1θ2k

]
X2 = 0.

The characteristic equation used to analyse stability is thus

s((1 + Bx)s + γp)(s + γp)

(
s +

β

α(1 + B2)
+

α

1 + B1

)
+

βγ2
p

(1 + B1)(1 + B2)
= 0. (S10)
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SI2.1.c. Characterisation of roots

Following the methodology used by Olsman and colleagues5, we first characterise the roots of (S10). If we
substitute s = γpσ then

σ(1 + σ) (1 + (1 + Bx)σ)

(
σ +

β

γpα(1 + B2)
+

α

γp(1 + B1)

)
= − β

γ2
p(1 + B1)(1 + B2)

. (S11)

Taking the limit of strong binding for the sequestration process in antithetic integral feedback(
β� max

{
α2 (1+B2)

(1+B1)
, αγp(1 + B2)

})
then

σ(1 + σ) (1 + (1 + Bx)σ)

(
1 + σ

γpα(1 + B2)

β

)
= − α

γp(1 + B1)
.

It can be observed that there is a large, real root at σ ≈ − β
γpα(1+B2)

. We next examine the region |σ| � β
γpα(1+B2)

,
where we have

σ(1 + σ) (1 + (1 + Bx)σ) = −
α

γp(1 + B1)
.

The magnitude and phase constraints are

|σ||1 + σ||1 + (1 + Bx)σ| =
α

γp(1 + B1)

arg σ + arg(1 + σ) + arg (1 + (1 + Bx)σ) = (1 + 2k)π.

If we assume that σ is real and positive, then the LHS of the phase constraint is

arg σ + arg(1 + σ) + arg (1 + (1 + Bx)σ) = 0

which contradicts. Thus unstable roots are not purely real.
If we assume that σ is real and −1/(1 + Bx) < σ < 0 then the LHS of the phase constraint is

arg σ + arg(1 + σ) + arg (1 + (1 + Bx)σ) = π

and so it is possible to have stable real roots. If we set f = |σ||1 + σ||1 + (1 + Bx)σ| from the magnitude constraint,
then there is a local maxim of f at

σmax =
−(2 + Bx) +

√
1 + Bx + B2

x
3(1 + Bx)

.

Thus there are two stable real roots between −1/(1 + Bx) < σ < 0 if

f (σmax) >
α

γp(1 + B1)

as f (σmax) is larger than the RHS of the magnitude constraint. There is a bifurcation at the boundary
f (σmax) =

α
γp(1+B1)

resulting in a pair of complex conjugate roots if

f (σmax) <
α

γp(1 + B1)
.

For −1 < σ < −1/(1 + Bx) then

arg σ + arg(1 + σ) + arg (1 + (1 + Bx)σ) = 2π

which violates the phase constraints. For σ < −1 then

arg σ + arg(1 + σ) + arg (1 + (1 + Bx)σ) = 3π

which meets the phase constraints. Thus for the stability boundary with strong binding there is a negative real root
and a complex pair of roots in the region |σ| � β

γpα(1+B2)
, as well as one large negative root.
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SI2.1.d. Stability Conditions

We next determine the stability boundary, where roots of the characteristic equation have zero real parts.
Substituting s = iωγp, we have

γ4
piω(1 + iω)(1 + (1 + Bx)iω)

(
iω +

(
β

αγp(1 + B2)
+

α

γp(1 + B1)

))
= −

βγ2
p

(1 + B1)(1 + B2)
.

From these equations, the magnitude and phase constraint are

ω(1 + ω2)0.5(1 + (1 + Bx)
2ω2)0.5

(
ω2 + φ2

)0.5
=

β

γ2
p(1 + B1)(1 + B2)

tan−1(ω) + tan−1((1 + Bx)ω) + tan−1
(

ω

φ

)
=

π

2
+ 2kπ

φ =
β

αγp(1 + B2)
+

α

γp(1 + B1)

for some integer k. Using the strong binding assumption
(

β� max
{

α2 (1+B2)
(1+B1)

, αγp(1 + B2)
})

then from above

|ω| � β(1+B1)
γpα(1+B2)

and so

ω(1 + ω2)0.5(1 + (1 + Bx)
2ω2)0.5 =

α

γp(1 + B1)

tan−1(ω) + tan−1((1 + Bx)ω) =
π

2
+ 2kπ.

Rewriting the phase constraint, we have

tan−1(ω)− π

4
=

π

4
− tan−1((1 + Bx)ω).

Applying tan(·) and trigonometric identities to both sides, we have

ω− 1
ω + 1

=
1− (1 + Bx)ω

1 + (1 + Bx)ω
.

Solving, we have

ω =
1√

1 + Bx
.

Thus the stability boundary occurs at

γp =
α

(1 + B1)

1 + Bx

2 + Bx
.

From above, we know that all roots are real and stable if α/(γp(1 + B1)) is sufficiently small, and so the stability
condition is

γp >
α

(1 + B1)

1 + Bx

2 + Bx

or

γ3
p >

θ1θ2k
(1 + B1)

1 + Bx

2 + Bx
. (S12)

Thus increasing B1 improves stability and increasing B2 has no effect on stability. Further, increasing Bx worsens
stability, although this effect saturates as Bx increases.
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SI2.2. Stability of Antithetic Feedback with Non-Rapid Buffering at z1

In this section, we analyse the ability of non-rapid buffering at z1 to stabilise antithetic integral feedback. We use
the model

ẋ1 = θ1z1 − γpx1

ẋ2 = kx1 − γpx2

ż1 = µ− ηz1z2 − bzz1 + bww
ż2 = θ2x2 − ηz1z2

ẇ = bzz1 − bww.

(S13)

where the buffer w is not assumed to rapidly reach equilbrium. As a result, the model cannot be reduced in a
similar manner to SI2.1. The steady state for (S13) is identical to the rapid case in SI2.1. The linearisation is

∆ẋ1 = θ1∆z1 − γp∆x1

∆ẋ2 = k∆x1 − γp∆x2

∆ż1 = −ηz̄2∆z1 − ηz̄1∆z2 − bz∆z1 + bw∆w
∆ż2 = θ2∆x2 − ηz̄2∆z1 − ηz̄1∆z2

∆ẇ = bz∆z1 − bw∆w.

This system can be rewritten

∆ẋ1 = θ1∆z1 − γp∆x1

∆ẋ2 = k∆x1 − γp∆x2

∆ż1 = −α∆z1 −
β

α
∆z2 − bz∆z1 + bw∆w

∆ż2 = θ2∆x2 − α∆z1 −
β

α
∆z2

∆ẇ = bz∆z1 − bw∆w

(S14)

where

α =
θ1θ2k

γ2
p

, β = ηµ.

Taking the Laplace transform of ∆ẇ = bz∆z1 − bw∆w, we have

W =
bz

s + bw
Z1

where W and Z1 are the Laplace transforms of w and z1. We have

−bzZ1 + bwW = −bzZ1 + bw
bz

s + bw
Z1

= −B1
s

1 + s
bw

Z1

= −Cb(s)Z1

where

Cb = B1
s

1 + s
bw

.

Taking the Laplace transform of (S14), we have

(s + γp)X1 = θ1Z1

(s + γp)X2 = kX1

(s + α + Cb)Z1 = − β

α
Z2(

s +
β

α

)
Z2 = θ2X2 − αZ1.
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Combining, we have

(s + γp)
2X2 = θ1kZ1

(s + α + Cb)

(
s +

β

α

)
Z1 = − β

α
(θ2X2 − αZ1).

Simplifying, we have [
s
(

s + α +
β

α

)
+ Cb

(
s +

β

α

)]
Z1 = − β

α
θ2X2.

Taking the strong antithetic binding limit of the sequestration mechanism
(

β� max
{

α2, γpα
})

, we have

(s + Cb)

(
s +

β

α

)
Z1 = − β

α
θ2X2

and so

(s + γp)
2
[
(s + Cb)

(
s +

β

α

)]
X2 = −βγ2

pX2.

Rewriting Cb, we have [
(s + γp)

2s
1 + B1 +

s
bw

1 + s
bw

(
s +

β

α

)
+ βγ2

p

]
X2 = 0

and so the characteristic equation is

(s + γp)
2s
(

1 + B1 +
s

bw

)(
s +

β

α

)
+ βγ2

p

(
1 +

s
bw

)
= 0.

Substituting s = iωγp, we have(
1 + B1 + iω

γp

bw

)
(1 + iω)2iω

(
iω +

β

γpα

)
+

β

γ2
p

(
1 + iω

γp

bw

)
= 0.

Taking the strong antithetic binding limit where |iω| � β
γpα , we have(

1 + B1 + iω
γp

bw

)
(1 + iω)2iω = − α

γp

(
1 + iω

γp

bw

)
.

The magnitude constraint is

(1 + B1)

(
1 +

γ2
p

b2
w

ω2

(1 + B1)2

)0.5

(1 + ω2)ω =
α

γp

(
1 +

γ2
p

b2
w

ω2

)0.5

(S15)

and the phase constraint is

tan−1
(

γp

bw

ω

1 + B1

)
+ 2 tan−1(ω) +

π

2
= tan−1

(
γp

bw
ω

)
+ π + 2kπ.

for some integer k. Using trigonometric identities, we have

tan−1
(

2ω

1−ω2

)
− π

4
= tan−1

 B1
1+B1

γp
bw

ω

1 + 1
1+B1

γ2
p

b2
w

ω2

+
π

4
+ 2kπ.
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This can be simplified to

2ω
1−ω2 − 1

1 + 2ω
1−ω2

=

B1
1+B1

γp
bw

ω

1+ 1
1+B1

γ2
p

b2
w

ω2
+ 1

1−
B1

1+B1

γp
bw

ω

1+ 1
1+B1

γ2
p

b2
w

ω2

or

2ω− 1 + ω2

1−ω2 + 2ω
=

1 + 1
1+B1

γ2
p

b2
w

ω2 + B1
1+B1

γp
bw

ω

1 + 1
1+B1

γ2
p

b2
w

ω2 − B1
1+B1

γp
bw

ω
.

We have (
2ω− 1 + ω2

)(
1 +

1
1 + B1

γ2
p

b2
w

ω2 − B1

1 + B1

γp

bw
ω

)

=

(
1 +

1
1 + B1

γ2
p

b2
w

ω2 +
B1

1 + B1

γp

bw
ω

)(
1−ω2 + 2ω

)
.

Setting

a1 =
B1

1 + B1

γp

bw

a2 =
1

1 + B1

γ2
p

b2
w

we have (
2ω− 1 + ω2

) (
1 + a2ω2 − a1ω

)
=
(

1 + a2ω2 + a1ω
) (

1−ω2 + 2ω
)

.

Matching coefficients, we have

2a1ω2 + (1−ω2)(1 + a2ω2) = 0.

and thus

a2ω4 + (1− 2a1 − a2)ω
2 − 1 = 0 (S16)

Solving for ω2, we have the stability constraint

γp >
α

(1 + B1)

1
(1 + ω2)ω

 1 +
γ2

p

b2
w

ω2

1 +
γ2

p

b2
w

ω2

(1+B1)2


0.5

(S17)

where

ω2 =

√(
1

2a2
− a1

a2
− 1

2

)2
+

1
a2
−
(

1
2a2
− a1

a2
− 1

2

)
which can be rewritten as

γ3
p >

θ1θ2k
(1 + B1)

1
(1 + ω2)ω

 1 +
γ2

p

b2
w

ω2

1 +
γ2

p

b2
w

ω2

(1+B1)2


0.5

︸ ︷︷ ︸
F

(S18)
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FIG. S2. Stabilisation effect F in (S18) where smaller implies improved stability.

ω2 =

√√√√((1 + B1)
b2

w
2γ2

p
− B1

bw

γp
− 1

2

)2

+ (1 + B1)
b2

w
γ2

p
−
(
(1 + B1)

b2
w

2γ2
p
− B1

bw

γp
− 1

2

)

where F, which is the stabilisation effect independent of the integral gain, can be seen as a function of B1 and bw
γp

in
Figure S2.
For the special case that bw = γp then we have

ω2 = 1 + B1

and so

γ3
p >

θ1θ2k
(1 + B1)

1
(2 + B1)

.

SI2.3. Stability of Antithetic Feedback with Non-Rapid Buffering at x2

In this section, we analyse the ability of non-rapid buffering at x2 to stabilise antithetic integral feedback. We use
the model

ẋ1 = θ1z1 − γpx1

ẋ2 = kx1 − γpx2 − bxx2 + bww

ẇ = bxx2 − bww
ż1 = µ− ηz1z2

ż2 = θ2x2 − ηz1z2.

(S19)

where the buffer w is not assumed to rapidly reach equilbrium. As a result, the model cannot be reduced in a
similar manner to SI2.1. The steady state for (S19) is identical to the rapid case in SI2.1. The linearisation is

∆ẋ1 = θ1∆z1 − γp∆x1

∆ẋ2 = k∆x1 − γp∆x2 − bx∆x2 + bw∆w

∆ẇ = bx∆x2 − bw∆w
∆ż1 = −ηz̄2∆z1 − ηz̄1∆z2

∆ż2 = θ2∆x2 − ηz̄2∆z1 − ηz̄1∆z2.
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This system can be rewritten

∆ẋ1 = θ1∆z1 − γp∆x1

∆ẋ2 = k∆x1 − γp∆x2 − bx∆x2 + bw∆w

∆ẇ = bx∆x2 − bw∆w

∆ż1 = −α∆z1 −
β

α
∆z2

∆ż2 = θ2∆x2 − α∆z1 −
β

α
∆z2

(S20)

where

α =
θ1θ2k

γ2
p

, β = ηµ.

Taking the Laplace transform of ∆ẇ = bz∆z1 − bw∆w, we have

W =
bz

s + bw
Z1

where W and Z1 are the Laplace transforms of w and z1. We have

−bxX2 + bwW = −Bx
s

1 + s
bw

X2 = −Cb(s)X2

where

Cb = Bx
s

1 + s
bw

.

Taking the Laplace transform of (S20), we have

(s + γp)X1 = θ1Z1

(s + γp + Cb)X2 = kX1

(s + α)Z1 = − β

α
Z2(

s +
β

α

)
Z2 = θ2X2 − αZ1.

Combining, we have

(s + γp)(s + γp + Cb)X2 = θ1kZ1

(s + α)

(
s +

β

α

)
Z1 = − β

α
(θ2X2 − αZ1).

Simplifying, we have

s
(

s + α +
β

α

)
Z1 = − β

α
θ2X2.

Taking the strong antithetic binding limit of the sequestration mechanism
(

β� max
{

α2, γpα
})

, we have

s
(

s +
β

α

)
Z1 = − β

α
θ2X2

and so

(s + γp)(s + γp + Cb)s
(

s +
β

α

)
X2 = −βγ2

pX2.
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Rewriting Cb, we have

(s + γp)

(
s + γp + Bx

s
1 + s

bw

)
s
(

s +
β

α

)
X2 = −βγ2

pX2.

and so the characteristic equation is

(s + γp)

(
(s + γp)

(
1 +

s
bw

)
+ Bxs

)
s
(

s +
β

α

)
= −βγ2

p

(
1 +

s
bw

)
.

Substituting s = iωγp, we have

(1 + iω)

(
(1 + iω)

(
1 + iω

γp

bw

)
+ iωBx

)
iω
(

iω +
β

γpα

)
= − β

γ2
p

(
1 + iω

γp

bw

)
.

Taking the strong antithetic binding limit where |iω| � β
γpα , we have

(
1−

γp

bw
ω2 + iω

(
1 + Bx +

γp

bw

))
(1 + iω)iω = − α

γp

(
1 + iω

γp

bw

)
.

The magnitude constraint is((
(1−

γp

bw
ω2
)2

+ ω2
(

1 + Bx +
γp

bw

)2
)0.5

(1 + ω2)0.5ω =
α

γp

(
1 +

γ2
p

b2
w

ω2

)0.5

(S21)

and the phase constraint is

tan−1

ω
(

1 + Bx +
γp
bw

)
1− γp

bw
ω2

+ tan−1(ω) +
π

2
= tan−1

(
γp

bw
ω

)
+ π + 2kπ.

for some integer k. Using trigonometric identities and rearranging, we have

tan−1

ω
(

1 + Bx +
γp
bw

)
1− γp

bw
ω2

− π

4
= tan−1


(

γp
bw
− 1
)

ω

1 + γp
bw

ω2

+
π

4
+ 2kπ.

Taking the tangent of both sides, we have

ω
(

1+Bx+
γp
bw

)
1− γp

bw
ω2

− 1

1 +
ω
(

1+Bx+
γp
bw

)
1− γp

bw
ω2

=

(
γp
bw
−1
)

ω

1+
γp
bw

ω2
+ 1

1−
(

γp
bw
−1
)

ω

1+
γp
bw

ω2

.

Multiplying out fractions, we have

ω
(

1 + Bx +
γp
bw

)
−
(

1− γp
bw

ω2
)

1− γp
bw

ω2 + ω
(

1 + Bx +
γp
bw

) =

(
γp
bw
− 1
)

ω + 1 + γp
bw

ω2

1 + γp
bw

ω2 −
(

γp
bw
− 1
)

ω
.

Simplifying, we have

γ2
p

b2
w

ω4 +

(
1 + Bx +

γp

bw

)(
1−

γp

bw

)
ω2 − 1 = 0
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FIG. S3. Stabilisation effect F in (S22) where smaller implies improved stability.

Solving for ω2 and using the same approach as in previous sections, the magnitude constraint leads to the stability

γ3
p > θ1θ2k

1
(1 + ω2)0.5ω

 1 +
γ2

p

b2
w

ω2(
(1− γp

bw
ω2
)2

+ ω2
(

1 + Bx +
γp
bw

)2


0.5

︸ ︷︷ ︸
F

ω2 =
b2

w
2γ2

p

√(1 + Bx +
γp

bw

)2 (
1−

γp

bw

)2
+ 4

γ2
p

b2
w
−
(

1 + Bx +
γp

bw

)(
1−

γp

bw

) .

(S22)

where F, which is the stabilisation effect independent of the integral gain, can be seen as a function of Bx and bw
γp

in
Figure S3.
For the special case where we set bw = γp then we have ω2 = 1 and so the stability constraint is

γ3
p >

θ1θ2k
2 + Bx

. (S23)

SI2.4. Stability of Antithetic Feedback: Rapid x2 Buffering with Degradation

In this section, we analyse the stabilising effect of buffering at the output species x2 on antithetic integral feedback,
where the buffering can be degraded. Consider the model (S5) with buffering at x2 that is degraded

ẋ1 = θ1z1 − γpx1

ẋ2 = kx1 − γpx2 − bxx2 + bwwx

ẇx = bxx2 − bwwx − γxwx

ż1 = µ− ηz1z2

ż2 = θ2x2 − ηz1z2

where wx is the buffering species of x2, and bx, bw are the kinetic rates for the buffering reactions. If we assume
rapid buffering such that wx + x2 is the slow variable, wx = Bxx2 and Bx = bx

bw+γx
, and use the methodology from
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SI1 and SI2.1 then we have the reduced model

ẋ1 = θ1z1 − γpx1

(1 + Bx)ẋ2 = kx1 − (γp + Bxγx)x2

ż1 = µ− ηz1z2

ż2 = θ2x2 − ηz1z2.

SI2.4.a. Steady State Analysis

We next analyse the steady state. We have

ż1 − ż2 = µ− θ2x2

and so the steady state of the output is

x2 =
µ

θ2
.

We also have corresponding steady states

x1 =
γp

k

(
1 + Bx

γx

γp

)
µ

θ2

z1 =
γp

θ1
x1 =

γ2
pµ

θ1kθ2

(
1 + Bx

γx

γp

)
=

µ

α

(
1 + Bx

γx

γp

)
z2 =

1
η

µ

z1
=

α

η
(

1 + Bx
γx
γp

)
where α = θ1θ2k

γ2
p

.

SI2.4.b. Linearised Model

We next analyse the stability of the system. If we linearise about the steady states, we have

∆ẋ1 = θ1∆z1 − γp∆x1

(1 + Bx)∆ẋ2 = k∆x1 − γp

(
1 + Bx

γx

γp

)
∆x2

∆ż1 = −ηz̄2∆z1 − ηz̄1∆z2

∆ż2 = θ2∆x2 − ηz̄2∆z1 − ηz̄1∆z2.

This system can be rewritten as

∆ẋ1 = θ1∆z1 − γp∆x1

(1 + Bx)∆ẋ2 = k∆x1 − γp

(
1 + Bx

γx

γp

)
∆x2

∆ż1 = − α(
1 + Bx

γx
γp

)∆z1 −
β
(

1 + Bx
γx
γp

)
α

∆z2

∆ż2 = θ2∆x2 −
α(

1 + Bx
γx
γp

)∆z1 −
β
(

1 + Bx
γx
γp

)
α

∆z2.
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where α = θ1θ2k
γ2

p
and β = ηµ. Taking the Laplace transforms, we have

(s + γp)X1 = θ1Z1

(1 + Bx)

(
s +

γp + Bxγx

1 + Bx

)
X2 = kX1s +

α(
1 + Bx

γx
γp

)
 Z1 = −

β
(

1 + Bx
γx
γp

)
α

Z2

s +
β
(

1 + Bx
γx
γp

)
α

 Z2 = θ2X2 −
α(

1 + Bx
γx
γp

)Z1

where Z1 = L{∆z1}, Z2 = L{∆z2}, X1 = L{∆x1}, X2 = L{∆x2} are the Laplace transforms of the time-domain
concentration deviations. Substituting, we have

(1 + Bx)(s + γp)

(
s +

γp + Bxγx

1 + Bx

)
X2 = θ1kZ1s +

α(
1 + Bx

γx
γp

)
s +

β
(

1 + Bx
γx
γp

)
α

 Z1

= −
β
(

1 + Bx
γx
γp

)
α

θ2X2 −
α(

1 + Bx
γx
γp

)Z1

 .

Rewriting and substituting, we have

(1 + Bx)(s + γp)

(
s +

γp + Bxγx

1 + Bx

)
s

s +
α(

1 + Bx
γx
γp

) +
β
(

1 + Bx
γx
γp

)
α

X2

= −
β
(

1 + Bx
γx
γp

)
α

θ1θ2kX2.

Simplifying and taking the limit of strong binding for the sequestration process in the antithetic integral feedback(
β� α2(

1+Bx
γx
γp

)2 , αγp(
1+Bx

γx
γp

)
)

then

(1 + Bx)(s + γp)

(
s +

γp + Bxγx

1 + Bx

)
s

s +
β
(

1 + Bx
γx
γp

)
α

X2 = −
β
(

1 + Bx
γx
γp

)
α

θ1θ2kX2.

Thus we have the characteristic equation

(1 + Bx)(s + γp)

(
s +

γp + Bxγx

1 + Bx

)
s

s +
β
(

1 + Bx
γx
γp

)
α

+ βγ2
p

(
1 + Bx

γx

γp

)
= 0.

Substituting s = γpσ, we have

(1 + Bx)(1 + σ)

(
σ +

1 + Bx
γx
γp

1 + Bx

)
σ

σ +
β
(

1 + Bx
γx
γp

)
γpα

 = − β

γ2
p

(
1 + Bx

γx

γp

)
.

Using the same argument as that in SI2.1, for the stability boundary with strong binding there is a negative real and

complex pair of roots in the region |σ| �
β
(

1+Bx
γx
γy

)
γpα , as well as one large negative root.
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To determine the boundary of stability, we next determine the conditions for which the roots are purely imaginary.
Substituting s = iωγp, we have

(1 + Bx)(1 + iω)

(
iω +

1 + Bx
γx
γp

1 + Bx

)
iω

iω +
β
(

1 + Bx
γx
γp

)
γpα

 = − β

γ2
p

(
1 + Bx

γx

γp

)
.

Taking the strong antithetic binding limit where |iω| �
β
(

1+Bx
γx
γy

)
γpα , we have

(1 + iω)

(
iω +

1 + Bx
γx
γp

1 + Bx

)
iω = − α

γp(1 + Bx)
.

The phase and magnitude constraints are

(1 + ω2)0.5

ω2 +

(
1 + Bx

γx
γp

1 + Bx

)20.5

ω =
α

γp(1 + Bx)

tan−1(ω) + tan−1

(
1 + Bx

1 + Bx
γx
γp

ω

)
=

π

2
+ 2kπ

for some integer k. Solving the phase constraint, we have

ω− 1
1 + ω

=
1− Cω

1 + Cω

C =
1 + Bx

1 + Bx
γx
γp

.

For this constraint we require

Cω2 = 1

which reduces to

ω2 =
1 + Bx

γx
γp

1 + Bx
.

Substituting into the magnitude equation, we have

α

γp(1 + Bx)
= (1 + C)0.5

(
C + C−2

)0.5
C−0.5

= (1 + C)C.

Rearranging, we have the stability condition

γ3
p >

θ1θ2k

2 +
(

1 + γx
γp

)
Bx

1 + Bx

1 + γx
γp

Bx
.

We can differentiate the right hand side with respect to Bx to determine whether increasing Bx has a stabilising
effect. If we set

f (Bx) =
1 + Bx(

2 +
(

1 + γx
γp

)
Bx

) (
1 + γx

γp
Bx

) .

then

∂ f
∂Bx

=
1− 3 γx

γp
− 2 γx

γp

(
1 + γx

γp

)
Bx − (1 + γx

γp
) γx

γp
B2

x(
2 +

(
1 + γx

γp

)
Bx

)2 (
1 + γx

γp
Bx

)2 .

Thus for small Bx then buffering stabilises antithetic integral feedback if γx > 1
3 γp. For large Bx then increasing Bx

improves stability if γx > 0.
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SI2.5. Stability of Antithetic Feedback: Rapid x1 Buffering with Degradation

In this section, we analyse the stabilising effect of buffering at the intermediate species x1 on antithetic integral
feedback, where the buffering can be degraded. This section uses identical methodology and obtains equivalent
results to SI2.4.
Consider the model (S4) with buffering at x1 that is degraded

ẋ1 = θ1z1 − γpx1 − bix1 + bwwi

ẋ2 = kx1 − γpx2

ẇi = bix1 − bwwi − γiwx

ż1 = µ− ηz1z2

ż2 = θ2x2 − ηz1z2

where wi is the buffering species of x1, and bi, bw are the kinetic rates for the buffering reactions. If we assume rapid
buffering such that wi + x1 is the slow variable, wi = Bix1 and Bi =

bi
bw+γi

, and use the methodology from SI2.4 then

(1 + Bi)ẋ1 = θ1z1 − (γp + Bxγi)x1

ẋ2 = kx1 − γpx2

ż1 = µ− ηz1z2

ż2 = θ2x2 − ηz1z2.

SI2.5.a. Steady State Analysis

We next analyse the steady state. We have

ż1 − ż2 = µ− θ2x2

and so the steady state of the output is

x2 =
µ

θ2
.

The corresponding steady states of the other species are

x1 =
γp

k
x2 =

γp

k
µ

θ2

z1 =
(γp + Biγi)

θ1
x1 =

γ2
pµ

θ1θ2k

(
1 + Bi

γi
γp

)
=

µ

α

(
1 + Bi

γi
γp

)
z2 =

1
η

µ

z1
=

α

η
(

1 + Bi
γi
γp

)
where α = θ1θ2k

γ2
p

.

SI2.5.b. Stability Analysis

We next study the stability of the system. If we linearise about the steady states, we have

(1 + Bi)∆ẋ1 = θ1∆z1 − γp

(
1 + Bi

γi
γp

)
∆x1

∆ẋ2 = k∆x1 − γp∆x2

∆ż1 = −ηz̄2∆z1 − ηz̄1∆z2

∆ż2 = θ2∆x2 − ηz̄2∆z1 − ηz̄1∆z2.
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This system can be rewritten as

(1 + Bi)∆ẋ1 = θ1∆z1 − γp

(
1 + Bi

γi
γp

)
∆x1

∆ẋ2 = k∆x1 − γp∆x2

∆ż1 = − α(
1 + Bi

γi
γp

)∆z1 −
β
(

1 + Bi
γi
γp

)
α

∆z2

∆ż2 = θ2∆x2 −
α(

1 + Bi
γi
γp

)∆z1 −
β
(

1 + Bi
γi
γp

)
α

∆z2.

where α = θ1θ2k
γ2

p
and β = ηµ. Taking the Laplace transforms, we have

(1 + Bi)

(
s +

γp + Biγi

1 + Bi

)
X1 = θ1Z1

(s + γp)X2 = kX1s +
α(

1 + Bi
γi
γp

)
 Z1 = −

β
(

1 + Bi
γi
γp

)
α

Z2

s +
β
(

1 + Bi
γi
γp

)
α

 Z2 = θ2X2 −
α(

1 + Bi
γi
γp

)Z1

where Z1 = L{∆z1}, Z2 = L{∆z2}, X1 = L{∆x1}, X2 = L{∆x2} are the Laplace transforms of the time-domain
concentration deviations. Substituting, we have

(1 + Bi)(s + γp)

(
s +

γp + Biγi

1 + Bi

)
X2 = θ1kZ1s +

α(
1 + Bi

γi
γp

)
s +

β
(

1 + Bi
γi
γp

)
α

 Z1 = −
β
(

1 + Bi
γi
γp

)
α

θ2X2 −
α(

1 + Bi
γi
γp

)Z1

 .

Rewriting and substituting, we have

(1 + Bi)(s + γp)

(
s +

γp + Biγi

1 + Bi

)
s

s +
α(

1 + Bi
γi
γp

) +
β
(

1 + Bi
γi
γp

)
α

X2 = −
β
(

1 + Bi
γi
γp

)
α

θ1θ2kX2.

The above equation is equivalent to x2 buffering (see SI2.5), and so for strong integral binding we have the stability
condition

γ3
p >

θ1θ2k

2 +
(

1 + γi
γp

)
Bi

1 + Bi

1 + γi
γp

Bi

which is equivalent to the case of x2 buffering.
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SI3. BUFFERING CAN ENABLE NEAR-PERFECT ADAPTATION DESPITE LEAKY INTEGRATION

SI3.1. Rapid x2 Buffering with Degradation can Enable Near-Perfect Adaptation

In this section, we analyse the ability of buffering at x2 to enable near perfect adaptation by stabilising antithetic
integral feedback. Consider the model (S5) with buffering at x2 that is degraded

ẋ1 = θ1z1 − γpx1

ẋ2 = kx1 − γpx2 − bxx2 + bwwx

ẇx = bxx2 − bwwx − γxwx

ż1 = µ− ηz1z2 − γcz1

ż2 = θ2x2 − ηz1z2 − γcz2

where wx is the buffering species of x2, and bx, bw are the kinetic rates for the buffering reactions. Assuming that the
buffer rapidly reaches equilibrium then using the methodology from SI1 and SI2.1, we have the reduced model

ẋ1 = θ1z1 − γpx1

(1 + Bx)ẋ2 = kx1 − (γp + Bxγx)x2

ż1 = µ− ηz1z2 − γcz1

ż2 = θ2x2 − ηz1z2 − γcz2.

(S24)

where

Bx =
bx

bw + γc

wx = Bxx2.

SI3.1.a. Steady State Analysis

We next analyse the steady state. We have

ż1 − ż2 = µ− θ2x2 − γcz1 + γcz2

and so the steady state of the output is

x2 =
µ

θ2
− γc

θ2
z1 +

γc

θ2
z2.

We also have the steady state

z2 =
1
η

(
µ

z1
− γc

)
and so

x2 =
µ

θ2
− γ2

c
θ2η
− γc

θ2
z1 +

γcµ

θ2η

1
z1

.

The other species have the steady states

x1 =
γp

k

(
1 + Bx

γx

γp

)
x2

z1 =
γp

θ1
x1 =

γ2
p

θ1k

(
1 + Bx

γx

γp

)
x2 =

θ2

α

(
1 + Bx

γx

γp

)
x2
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where α = θ1θ2k
γ2

p
. Substituting, we have

(
1 +

γc

α

(
1 + Bx

γx

γp

))
x2

2 =

(
µ

θ2
− γ2

c
θ2η

)
x2 +

γcµα

θ2
2η
(

1 + Bx
γx
γp

) . (S25)

We assume strong binding of the sequestration mechanism in antithetic integral feedback (η large), which for
steady state is the condition

β� γ2
c

µ
,

γcµα

θ2
2

(
1 + Bx

γx
γp

) .

With this assumption, we have (
1 +

γc

α

(
1 + Bx

γx

γp

))
x2

2 =
µ

θ2
x2.

We ignore the zero solution, which corresponds to a negative solution in (S25), and so the steady state
concentrations are

x2 =
µ

θ2

1

1 + γc
α

(
1 + Bx

γx
γp

)

x1 =
γp

k
µ

θ2

(
1 + Bx

γx
γp

)
1 + γc

α

(
1 + Bx

γx
γp

) , z1 =
µ
(

1 + Bx
γx
γp

)
α + γc

(
1 + Bx

γx
γp

) , z2 =
α

η
(

1 + Bx
γx
γp

) .

The steady state error of x2 is

x2n − x2

x2n
=

1
1 + Ωx

, Ωx =
α

γc

(
1 + Bx

γx
γp

) .

SI3.1.b. Stability Analysis

We next study the stability of the system. If we linearise (S24) about the steady state, we have

∆ẋ1 = θ1∆z1 − γp∆x1

(1 + Bx)∆ẋ2 = k∆x1 − γp

(
1 + Bx

γx

γp

)
∆x2

∆ż1 = −ηz̄2∆z1 − ηz̄1∆z2 − γc∆z1

∆ż2 = θ2∆x2 − ηz̄2∆z1 − ηz̄1∆z2 − γc∆z2.

This system can be rewritten as

∆ẋ1 = θ1∆z1 − γp∆x1

(1 + Bx)∆ẋ2 = k∆x1 − γp

(
1 + Bx

γx

γp

)
∆x2

∆ż1 = −

 α(
1 + Bx

γx
γp

) + γc

∆z1 −
β
(

1 + Bx
γx
γp

)
α + γc

(
1 + Bx

γx
γp

)∆z2

∆ż2 = θ2∆x2 −
α(

1 + Bx
γx
γp

)∆z1 −

 β
(

1 + Bx
γx
γp

)
α + γc

(
1 + Bx

γx
γp

) + γc

∆z2
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where α = θ1θ2k
γ2

p
and β = ηµ. Taking the Laplace transforms, we have

(s + γp)X1 = θ1Z1

(1 + Bx)

(
s +

γp + Bxγx

1 + Bx

)
X2 = kX1s +

α(
1 + Bx

γx
γp

) + γc

 Z1 = −
β
(

1 + Bx
γx
γp

)
α + γc

(
1 + Bx

γx
γp

)Z2

s +
β
(

1 + Bx
γx
γp

)
α + γc

(
1 + Bx

γx
γp

) + γc

 Z2 = θ2X2 −
α(

1 + Bx
γx
γp

)Z1

where X1, X1, Z1 andZ2 are the Laplace transforms of ∆x1, ∆x2, ∆z1 and∆z2. Substituting, we have

(1 + Bx)(s + γp)

(
s +

γp + Bxγx

1 + Bx

)
X2 = θ1kZ1s +

α(
1 + Bx

γx
γp

) + γc

s +
β
(

1 + Bx
γx
γp

)
α + γc

(
1 + Bx

γx
γp

) + γc

 Z1

= −
β
(

1 + Bx
γx
γp

)
α + γc

(
1 + Bx

γx
γp

)
θ2X2 −

α(
1 + Bx

γx
γp

)Z1

 .

Rewriting and substituting, we have

(1 + Bx)(s + γp)

(
s +

γp + Bxγx

1 + Bx

)(s + γc)

s +
α(

1 + Bx
γx
γp

) +
β
(

1 + Bx
γx
γp

)
α + γc

(
1 + Bx

γx
γp

) + γc

X2

= −
β
(

1 + Bx
γx
γp

)
α + γc

(
1 + Bx

γx
γp

) θ1θ2kX2.

Simplifying and taking the limit of strong binding of the sequestration mechanism in antithetic integral feedback

β�

(
α + γc

(
1 + Bx

γx
γp

))2

(
1 + Bx

γx
γp

)2 ,
(α + γc(1 + Bx

γx
γp
))γp(

1 + Bx
γx
γp

)
then

(1 + Bx)(s + γp)

(
s +

γp + Bxγx

1 + Bx

)
(s + γc)

s +
β
(

1 + Bx
γx
γp

)
α + γc

(
1 + Bx

γx
γp

)
X2

= −
β
(

1 + Bx
γx
γp

)
α + γc

(
1 + Bx

γx
γp

) θ1θ2kX2.

Thus we have the characteristic equation

(1 + Bx)(s + γp)

(
s +

γp + Bxγx

1 + Bx

)
(s + γc)

s +
β
(

1 + Bx
γx
γp

)
α + γc

(
1 + Bx

γx
γp

)
+ βγ2

p

α
(

1 + Bx
γx
γp

)
α + γc

(
1 + Bx

γx
γp

) = 0.
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Substituting s = γpσ, we have

(1 + Bx)(1 + σ)

(
σ +

1 + Bx
γx
γp

1 + Bx

)(
σ +

γc

γp

)σ +
β
(

1 + Bx
γx
γp

)
γp

(
α + γc

(
1 + Bx

γx
γp

))
 = − β

γ2
p

α
(

1 + Bx
γx
γp

)
α + γc

(
1 + Bx

γx
γp

) .

Using the same argument as that used in SI2.1, for the stability boundary with strong binding there is a negative

real and complex pair of roots in the region |σ| �
β
(

1+Bx
γx
γp

)
γp

(
α+γc

(
1+Bx

γx
γp

)) , as well as one large negative root.

To determine the boundary of stability, we next determine the conditions for which the roots are purely imaginary.
Substituting s = iωγp, we have

(1 + Bx)(1 + iω)

(
iω +

1 + Bx
γx
γp

1 + Bx

)(
iω +

γc

γp

)iω +
β
(

1 + Bx
γx
γp

)
γp

(
α + γc

(
1 + Bx

γx
γp

))
 = − β

γ2
p

α
(

1 + Bx
γx
γp

)
α + γc

(
1 + Bx

γx
γp

) .

Taking the strong antithetic binding limit where |iω| �
β
(

1+Bx
γx
γp

)
γp

(
α+γc

(
1+Bx

γx
γp

)) , we have

(1 + iω)

(
iω +

1 + Bx
γx
γp

1 + Bx

)(
iω +

γc

γp

)
= − α

γp(1 + Bx)
.

The phase and magnitude constraints are

(1 + ω2)0.5

ω2 +

(
1 + Bx

γx
γp

1 + Bx

)20.5(
ω2 +

γ2
c

γ2
p

)0.5

=
α

γp(1 + Bx)

tan−1(ω) + tan−1

(
1 + Bx

1 + Bx
γx
γp

ω

)
+ tan−1

(
γp

γc
ω

)
= π + 2kπ

for some integer k. Solving the phase constraint, we have

tan−1

 (1 + A−1)ω +
γp
γc

ω(1− A−1ω2)

1−
(

A−1 + (1 + A−1)
γp
γc

)
ω2

 = π + 2kπ

A =
1 + Bx

γx
γp

1 + Bx
.

For this we require

(1 + A−1)ω +
γp

γc
ω(1− A−1ω2) = 0

which reduces to

ω2 =
γc

γp
(1 + A) + A.

Substituting into the magnitude equation, we have((
1 +

γc

γp

)
(1 + A)

)0.5 (( γc

γp
+ A

)
(1 + A)

)0.5 (( γc

γp
+ 1
)(

γc

γp
+ A

))0.5

=

(
1 +

γc

γp

)
(1 + A)

(
γc

γp
+ A

)
=

α

γp(1 + Bx)
.
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Simplifying, we have

α

γp(1 + Bx)
=

(
1 +

γc

γp

)
(1 + A)

(
γc

γp
+ A

)
.

Multiplying by A−1 γp
γc

, we have

α

γc

(
1 + Bx

γx
γp

) = A−1 γp

γc

(
1 +

γc

γp

)
(1 + A)

(
γc

γp
+ A

)

A =
1 + Bx

γx
γp

1 + Bx
.

and so the stability condition is

Ωx <

(
1 +

γc

γp

)
(1 + A)

(
γp

γc
+ A−1

)

A =
1 + Bx

γx
γp

1 + Bx

where

Ωx =
α

γc

(
1 + Bx

γx
γp

) .

From earlier, we know that the steady state error of x2 is

x2n − x2

x2n
=

1
1 + Ωx

.

SI3.2. Non-Rapid x2 Buffering can enable Near Perfect Adaptation

In this section, we analyse the ability of non-rapid buffering at z1 to enable near perfect adaptation by stabilising
antithetic integral feedback. We use the model

ẋ1 = θ1z1 − γpx1

ẋ2 = kx1 − γpx2 − bxx2 + bww

ż1 = µ− ηz1z2 − γcz1

ż2 = θ2x2 − ηz1z2 − γcz2

ẇ = bxx2 − bww− γcw.

(S26)

where the buffer w is not assumed to rapidly reach equilbrium. The steady state for (S26) is identical to the rapid
case in SI3.1 if we replace γx by γc. The linearisation is

∆ẋ1 = θ1∆z1 − γp∆x1

∆ẋ2 = k∆x1 − γp∆x2 − bx∆x2 + bw∆w

∆ż1 = −ηz̄2∆z1 − ηz̄1∆z2 − γc∆z1

∆ż2 = θ2∆x2 − ηz̄2∆z1 − ηz̄1∆z2 − γc∆z2

∆ẇ = bx∆x2 − (bw + γc)∆w.
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From SI3.1, the steady states are

z1 =
γp

θ1
x1 =

γ2
p

θ1k

(
1 + Bx

γc

γp

)
x2 =

θ2

α

(
1 + Bx

γc

γp

)
x2

z2 =
1
η

(
µ

z1
− γc

)
x2 =

µ

θ2

1

1 + γc
α

(
1 + Bx

γc
γp

)
where

α =
θ1θ2k

γ2
p

, β = ηµ, Bx =
bx

bw + γc
.

This system can be rewritten

∆ẋ1 = θ1∆z1 − γp∆x1

∆ẋ2 = k∆x1 − γp∆x2 − bx∆x2 + bw∆w

∆ẇ = bx∆x2 − (bw + γc)∆w

∆ż1 = −

 α(
1 + Bx

γc
γp

) + γc

∆z1 −
β
(

1 + Bx
γc
γp

)
α + γc

(
1 + Bx

γc
γp

)∆z2

∆ż2 = θ2∆x2 −
α(

1 + Bx
γc
γp

)∆z1 −

 β
(

1 + Bx
γc
γp

)
α + γc

(
1 + Bx

γc
γp

) + γc

∆z2.

Taking the Laplace transform of ∆ẇ = bx∆x2 − (bw + γc)∆w, we have

W =
bx

s + bw + γc
X2

where W and Z1 are the Laplace transforms of w and x2. We have

−bxX2 + bwW = −bxX2 + bw
bx

s + bw + γc
X2

= −Bx
s + γc

1 + s
bw+γc

X2

= −Cb(s)X2

where

Cb = Bx
s + γc

1 + s
b̂w

, b̂w = bw + γc.

Taking the Laplace transforms, we have

(s + γp)X1 = θ1Z1

(s + γp + Cb)X2 = kX1s +
α(

1 + Bx
γc
γp

) + γc

 Z1 = −
β
(

1 + Bx
γc
γp

)
α + γc

(
1 + Bx

γc
γp

)Z2

s +
β
(

1 + Bx
γc
γp

)
α + γc

(
1 + Bx

γc
γp

) + γc

 Z2 = θ2X2 −
α(

1 + Bx
γc
γp

)Z1
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where X1, X1, Z1 andZ2 are the Laplace transforms of ∆x1, ∆x2, ∆z1 and∆z2. Substituting, we have

(s + γp)(s + γp + Cb)X2 = θ1kZ1s +
α(

1 + Bx
γc
γp

) + γc

s +
β
(

1 + Bx
γc
γp

)
α + γc

(
1 + Bx

γc
γp

) + γc

 Z1

= −
β
(

1 + Bx
γc
γp

)
α + γc

(
1 + Bx

γc
γp

)
θ2X2 −

α(
1 + Bx

γc
γp

)Z1

 .

Rewriting and substituting, we have

(s + γp)(s + γp + Cb)(s + γc)

s +
α(

1 + Bx
γc
γp

) +
β
(

1 + Bx
γc
γp

)
α + γc

(
1 + Bx

γc
γp

) + γc

X2 = −βγ2
p

α
(

1 + Bx
γc
γp

)
α + γc

(
1 + Bx

γc
γp

)X2.

Simplifying and taking the limit of strong binding of the sequestration mechanism in antithetic integral feedback

β�

(
α + γc

(
1 + Bx

γc
γp

))2

(
1 + Bx

γc
γp

)2 ,
(α + γc(1 + Bx

γc
γp
))γp(

1 + Bx
γc
γp

)
then

(s + γp)(s + γp + Cb)(s + γc)

s +
β
(

1 + Bx
γc
γp

)
α + γc

(
1 + Bx

γc
γp

)
X2 = −βγ2

p

α
(

1 + Bx
γc
γp

)
α + γc

(
1 + Bx

γc
γp

)X2.

Rewriting Cb, we have

(s + γp)

(
s + γp + Bx

s + γc

1 + s
b̂w

)
(s + γc)

s +
β
(

1 + Bx
γc
γp

)
α + γc

(
1 + Bx

γc
γp

)
X2 = −βγ2

p

α
(

1 + Bx
γc
γp

)
α + γc

(
1 + Bx

γc
γp

)X2.

and so we have the characteristic equation

(s + γp)

(
(s + γp)

(
1 +

s
b̂w

)
+ Bx(s + γc)

)
(s + γc)

s +
β
(

1 + Bx
γc
γp

)
α + γc

(
1 + Bx

γc
γp

)


= −βγ2
p

α
(

1 + Bx
γc
γp

)
α + γc

(
1 + Bx

γc
γp

) (1 +
s

b̂w

)
.

Substituting s = iωγp, we have

(1 + iω)

(
1 + Bx

γc

γp
−

γp

b̂w
ω2 + iω

(
1 + Bx +

γp

b̂w

))(
iω +

γc

γp

)iω +
β
(

1 + Bx
γc
γp

)
γp

(
α + γc

(
1 + Bx

γc
γp

))


= − β

γ2
p

α
(

1 + Bx
γc
γp

)
(

α + γc

(
1 + Bx

γc
γp

)) (1 + iω
γp

b̂w

)
.

Taking the strong antithetic binding limit where |iω| �
β
(

1+Bx
γc
γp

)
γp

(
α+γc

(
1+Bx

γc
γp

)) , we have

(
1 + Bx

γc

γp
−

γp

b̂w
ω2 + iω

(
1 + Bx +

γp

b̂w

))
(1 + iω)

(
iω +

γc

γp

)
= − α

γp

(
1 + iω

γp

b̂w

)
.
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The magnitude constraint is((
(1 + Bx

γc

γp
−

γp

b̂w
ω2
)2

+ ω2
(

1 + Bx +
γp

b̂w

)2
)0.5

(1 + ω2)0.5

(
ω2 +

γ2
c

γ2
p

)0.5

=
α

γp

(
1 +

γ2
p

b̂2
w

ω2

)0.5

(S27)

and the phase constraint is

tan−1

ω
(

1 + Bx +
γp

b̂w

)
1 + Bx

γc
γp
− γp

b̂w
ω2

+ tan−1(ω) + tan−1
(

γp

γc
ω

)
= tan−1

(
γp

b̂w
ω

)
+ π + 2kπ.

for some integer k. Rearranging, we have

tan−1

ω
(

1 + Bx +
γp

b̂w

)
1 + Bx

γc
γp
− γp

b̂w
ω2

 = tan−1

 γp

b̂w
ω
(

1− γp
γc

ω2
)
−
(

1 + γp
γc

)
ω

1− γp
γc

ω2 +
(

1 + γp
γc

)
γp

b̂w
ω2

+ π + 2kπ.

Taking the tangent of both sides and ignoring the trivial solution, we have(
1 + Bx +

γp

b̂w

)
1 + Bx

γc
γp
− γp

b̂w
ω2

=

γp

b̂w

(
1− γp

γc
ω2
)
−
(

1 + γp
γc

)
1− γp

γc
ω2 +

(
1 + γp

γc

)
γp

b̂w
ω2

Multiplying out fractions, we have(
1 + Bx +

γp

b̂w

)(
1−

γp

γc
ω2 +

(
1 +

γp

γc

)
γp

b̂w
ω2
)
=

(
γp

b̂w

(
1−

γp

γc
ω2
)
−
(

1 +
γp

γc

))(
1 + Bx

γc

γp
−

γp

b̂w
ω2
)

.

Expanding, we have(
1 + Bx +

γp

b̂w

)
+

(
1 + Bx +

γp

b̂w

)(
γp

b̂w
+

γp

γc

γp

b̂w
−

γp

γc

)
ω2

= −
(

1 +
γp

γc
−

γp

b̂w

)(
1 + Bx

γc

γp

)
+

(
1 +

γp

γc
−

γp

b̂w

)
γp

b̂w
ω2 −

(
1 + Bx

γc

γp

)
γp

b̂w

γp

γc
ω2 +

γ2
p

b̂2
w

γp

γc
ω4

Simplifying, we have

−
γ2

p

b̂2
w

ω4 +

[(
1 + Bx +

γp

b̂w

)(
γc

b̂w
+

γp

b̂w
− 1
)
+

(
Bx − 1 +

γp

b̂w

)
γc

b̂w

]
ω2 +

[
2 + 2Bx +

γp

γc
+ Bx

γc

γp
− Bx

γc

bw

]
γc

γp
= 0

Solving, we have

ω2 =
b̂2

w
2γ2

p

A +

√
A2 + 4

γ2
p

b̂2
w

γc

γp

[
2 + 2Bx +

γp

γc
+ Bx

γc

γp
− Bx

γc

bw

]
A =

[(
1 + Bx +

γp

b̂w

)(
γc

b̂w
+

γp

b̂w
− 1
)
+

(
Bx − 1 +

γp

b̂w

)
γc

b̂w

] (S28)

Using the same approach as in previous sections, the magnitude constraint leads to the stability constraint

γ3
p >

θ1θ2k

(1 + ω2)0.5
(

ω2 + γ2
c

γ2
p

)0.5

 1 +
γ2

p

b2
w

ω2(
(1 + Bx

γc
γp
− γp

b̂w
ω2
)2

+ ω2
(

1 + Bx +
γp

b̂w

)2


0.5

(S29)

using ω from (S28). This can be rewritten

α

γp
< (1 + ω2)0.5

(
ω2 +

γ2
c

γ2
p

)0.5

(
(1 + Bx

γc
γp
− γp

b̂w
ω2
)2

+ ω2
(

1 + Bx +
γp

b̂w

)2

1 +
γ2

p

b2
w

ω2


0.5

(S30)
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From SI3.1, we have there steady state error

x2n − x2

x2n
=

1
1 + Ωx

.

where

Ωx =
α

γc

(
1 + Bx

γc
γp

)
and so the steady state error constraint is

Ωx <
γp

γc

(1 + ω2)0.5(
1 + Bx

γc
γp

) (ω2 +
γ2

c
γ2

p

)0.5

(
(1 + Bx

γc
γp
− γp

b̂w
ω2
)2

+ ω2
(

1 + Bx +
γp

b̂w

)2

1 +
γ2

p

b2
w

ω2


0.5

.

where ω is given in (S28).
If we set b̂w = γp for simplicity then ω2 = 1 + 2(1 + Bx)

γc
γp

and

Ωx <
γp

γc

2 + Bx

1 + Bx
γc
γp

(
1 +

γ2
c

γ2
p
+ 2(1 + Bx)

γc

γp

)
.

This equation can be rewritten

Ωx <
γp

γc

2 + Bx

1 + Bx
γc
γp

((
1 +

γc

γp

)2
+ 2Bx

γc

γp

)
.

SI3.3. Rapid x1 Buffering with Degradation can enable near-perfect adaptation

In this section, we analyse the ability of buffering at x1 to enable near perfect adaptation by stabilising antithetic
integral feedback. This section uses identical methodology and obtains equivalent results to SI3.1.
Consider the model with x1 buffering and dilution

ẋ1 = θ1z1 − γpx1 − bix1 + bwwx

ẋ2 = kx1 − γpx2

ẇx = bix1 − bwwx − γiwx

ż1 = µ− ηz1z2

ż2 = θ2x2 − ηz1z2

where wx is the buffering species of x1, and bi, bw are the kinetic rates for the buffering reactions. Assuming rapid
buffering and using the same methodology as previous sections, the reduced model is

(1 + Bi)ẋ1 = θ1z1 − (γp + Biγi)x1

ẋ2 = kx1 − γpx2

ż1 = µ− ηz1z2 − γcz1

ż2 = θ2x2 − ηz1z2 − γcz2.

where Bi =
bi

bw+γi
is the buffer equilibrium ratio.

SI3.3.a. Steady State Analysis

We next analyse the steady state of the system. We have

ż1 − ż2 = µ− θ2x2 − γcz1 + γcz2
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and so the steady state of the output is

x2 =
µ

θ2
− γc

θ2
z1 +

γc

θ2
z2.

We also have the steady state

z2 =
1
η

(
µ

z1
− γc

)
and so

x2 =
µ

θ2
− γ2

c
θ2η
− γc

θ2
z1 +

γcµ

θ2η

1
z1

.

Now at steady state we have

x1 =
γp

k
x2

z1 =
γp

θ1

(
1 + Bi

γi
γp

)
x1 =

γ2
p

θ1k

(
1 + Bi

γi
γp

)
x2 =

θ2

α

(
1 + Bi

γi
γp

)
x2

where α = θ1θ2k
γ2

p
. Substituting, we have(

1 +
γc

α

(
1 + Bi

γi
γp

))
x2

2 =

(
µ

θ2
− γ2

c
θ2η

)
x2 +

γcµα

θ2
2η
(

1 + Bi
γi
γp

) .

Assuming strong binding

η � γ2
c

µ
,

γcµα

θ2
2

(
1 + Bi

γi
γp

)
we have (

1 +
γc

α

(
1 + Bi

γi
γp

))
x2

2 =
µ

θ2
x2

and so, ignoring the solution x1 = 0, the steady state is

x2 =
µ

θ2

1

1 + γc
α

(
1 + Bi

γi
γp

)
x1 =

γp

k
µ

θ2

1

1 + γc
α

(
1 + Bi

γi
γp

) , z1 =
µ
(

1 + Bi
γi
γp

)
α + γc

(
1 + Bi

γi
γp

) , z2 =
α

η
(

1 + Bi
γi
γp

) .

The steady state error of x2 is

x2n − x2

x2n
=

1
1 + α

γc

(
1+Bi

γi
γp

) .

SI3.3.b. Stability Analysis

We next study the stability of the system. If we linearise about the steady state, we have

(1 + Bi)∆ẋ1 = θ1∆z1 − γp

(
1 + Bi

γi
γp

)
∆x1

∆ẋ2 = k∆x1 − γp∆x2

∆ż1 = −ηz̄2∆z1 − ηz̄1∆z2 − γc∆z1

∆ż2 = θ2∆x2 − ηz̄2∆z1 − ηz̄1∆z2 − γc∆z2.
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This system can be rewritten as

∆ẋ1 = θ1∆z1 − γp∆x1

(1 + Bi)∆ẋ2 = k∆x1 − γp

(
1 + Bi

γi
γp

)
∆x2

∆ż1 = −

 α(
1 + Bi

γi
γp

) + γc

∆z1 −
β
(

1 + Bi
γi
γp

)
α + γc

(
1 + Bi

γi
γp

)∆z2

∆ż2 = θ2∆x2 −
α(

1 + Bi
γi
γp

)∆z1 −

 β
(

1 + Bi
γi
γp

)
α + γc

(
1 + Bi

γi
γp

) + γc

∆z2.

where α = θ1θ2k
γ2

p
and β = ηµ. Taking the Laplace transforms, we have

(1 + Bi)

(
s +

γp + Biγi

1 + Bi

)
X1 = θ1Z1

(s + γp)X2 = kX1s +
α(

1 + Bi
γi
γp

) + γc

 Z1 = −
β
(

1 + Bi
γi
γp

)
α + γc

(
1 + Bi

γi
γp

)Z2

s +
β
(

1 + Bi
γi
γp

)
α + γc

(
1 + Bi

γi
γp

) + γc

 Z2 = θ2X2 −
α(

1 + Bi
γi
γp

)Z1.

where X1, X2, Z1 and Z2 are the Laplace transforms for ∆x1, ∆x2, ∆z1 and ∆z2. Substituting, we have

(1 + Bi)(s + γp)

(
s +

γp + Biγi

1 + Bi

)
X2 = θ1kZ1s +

α(
1 + Bi

γi
γp

) + γc

s +
β
(

1 + Bi
γi
γp

)
α + γc

(
1 + Bi

γi
γp

) + γc

 Z1

= −
β
(

1 + Bi
γi
γp

)
α + γc

(
1 + Bi

γi
γp

)
θ2X2 −

α(
1 + Bi

γi
γp

)Z1

 .

Rewriting and substituting, we have

(1 + Bi)(s + γp)

(
s +

γp + Biγi

1 + Bi

)(s + γc)

s +
α(

1 + Bi
γi
γp

) +
β
(

1 + Bi
γi
γp

)
α + γc

(
1 + Bi

γi
γp

) + γc

X2

= −
β
(

1 + Bi
γi
γp

)
α + γc

(
1 + Bi

γi
γp

) θ1θ2kX2

The above equation is equivalent to that for x2 buffering (see SI3.1), and so for strong integral binding we have the
equivalent stability constraint and steady state error

x2n − x2

x2n
=

1
1 + Ωi

Ωi <

(
1 +

γc

γp

)
(1 + A)

(
γp

γc
+ A−1

)

A =
1 + γi

γp
Bi

1 + Bi
.
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SI3.4. Rapid z1 Buffering with Degradation has a trade-off due to leaky integration

In this section, we analyse the trade-offs for rapid buffering at z1 on stability and the steady state error from perfect
adaptation. For buffering at z1 with dilution, we use the model

ẋ1 = θ1z1 − γpx1

ẋ2 = kx1 − γpx− γpx2

ż1 = µ− ηz1z2 − γcz1 − bzz1 + bww
ż2 = θ2x2 − ηz1z2 − γcz2

ẇ = bzz1 − bww− γcw

where x2 is the output concentration being controlled, x1 is another concentration in the process being controlled,
and z1 and z2 represent the molecular species involved in the perfect adaptation mechanism. Assuming that the
buffer is rapid then w is at quasi-steady state then

w = B1z1 B1 =
bz

bw + γc
.

If xT = w + z1 is the slow variable then xT = (1 + B1)z1. Thus ẋT = (1 + B1)ż1 and so

(1 + B1)ż1 = µ− ηz1z2 − γc(1 + B1)z1.

Thus we have

ẋ1 = θ1z1 − γpx1

ẋ2 = kx1 − γpx2

(1 + B1)ż1 = µ− ηz1z2 − γc(1 + B1)z1

ż2 = θ2x2 − ηz1z2 − γcz2.

SI3.4.a. Steady State Analysis

We next determine the steady state and and any error from perfect adaptation. For the case of dilution, we have

(1 + B1)ż1 − ż2 = µ− θ2x2 − γc((1 + B1)z1 − z2) = 0

resulting in

x2 =
µ

θ2
− γc

θ2
(1 + B1)z1 +

γc

θ2
z2.

We also have

z2 =
1
η

(
µ

z1
− γc(1 + B1)

)
and so

x2 =
µ

θ2
− γ2

c
θ2η

(1 + B1)−
γc

θ2
(1 + B1)z1 +

γcµ

θ2η

1
z1

.

Now at steady state we have

x1 =
γp

k
x2

z1 =
γp

θ1
x1 =

γ2
p

θ1k
x2 =

θ2

α
x2.
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where α = θ1θ2k
γ2

p
. Substituting, we have

(
1 +

γc

α
(1 + B1)

)
x2

2 =

(
µ

θ2
− γ2

c
θ2η

(1 + B1)

)
x2 +

γcµα

θ2
2η

.

Assuming strong binding of the sequestration mechanism

η � γ2
c (1 + B1)

µ
,

γcµα

θ2
2

we have (
1 +

γc

α
(1 + B1)

)
x2

2 =
µ

θ2
x2

and so, ignoring the zero solution, the steady state is

x2 =
µ

θ2

1
1 + γc

α (1 + B1)
(S31)

x1 =
γp

k
µ

θ2

1
1 + γc

α (1 + B1)
, z1 =

µ

α + γc(1 + B1)
, z2 =

α

η
. (S32)

The steady state error of x2 is

x2n − x2

x2n
=

1
1 + Ω1

, Ω1 =
α

γc(1 + B1)
.

We can see that increasing B1 increases the steady state error of x2 when there is degradation/dilution of z1 and z2.

SI3.4.b. Stability Analysis

We next study the stability of the system with degradation. If we linearise about the steady states, we have

∆ẋ1 = θ1∆z1 − γp∆x1

∆ẋ2 = k∆x1 − γp∆x2

(1 + B1)∆ż1 = −ηz̄2∆z1 − ηz̄1∆z2 − γc(1 + B1)∆z1

∆ż2 = θ2∆x2 − ηz̄2∆z1 − ηz̄1∆z2 − γc∆z2.

This system can be rewritten as

∆ẋ1 = θ1∆z1 − γp∆x1

∆ẋ2 = k∆x1 − γp∆x2

(1 + B1)∆ż1 = −(α + γc(1 + B1))∆z1 −
β

α + γc(1 + B1)
∆z2

∆ż2 = θ2∆x2 − α∆z1 −
(

β

α + γc(1 + B1)
+ γc

)
∆z2

where

α =
θ1θ2k

γ2
p

, β = ηµ.

.CC-BY-NC-ND 4.0 International licenseavailable under a
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made 

The copyright holder for this preprintthis version posted September 29, 2021. ; https://doi.org/10.1101/2021.04.18.440372doi: bioRxiv preprint 

https://doi.org/10.1101/2021.04.18.440372
http://creativecommons.org/licenses/by-nc-nd/4.0/


32

Taking the Laplace transforms, we have

(s + γp)X1 = θ1Z1

(s + γp)X2 = kX1

((1 + B1)s + α + γc(1 + B1))Z1 = − β

α + γc(1 + B1)
Z2(

s +
β

α + γc(1 + B1)
+ γc

)
Z2 = θ2X2 − αZ1.

where X1, X2, Z1 and Z2 are the laplace transforms for ∆x1, ∆x2, ∆z1 and ∆z2. Substituting, we have

(s + γp)
2X2 = θ1kZ1

((1 + B1)s + α + γc(1 + B1))

(
s +

β

α + γc(1 + B1)
+ γc

)
Z1

= − β

α + γc(1 + B1)
(θ2X2 − αZ1).

Rewriting and substituting, we have

(s + γp)
2
[
(s + γc)

(
(1 + B1)s + α +

β(1 + B1)

α + γc(1 + B1)
+ γc(1 + B1)

)]
X2

= − β

α + γc(1 + B1)
θ1θ2kX2.

Taking the limit of strong binding
(

β� max
{

(α+γc(1+B1))
2

1+B1
, γp(α+γc(1+B1))

1+B1

})
then

(1 + B1)(s + γp)
2(s + γc)

(
s +

β

α + γc(1 + B1)

)
X2 = − β

α + γc(1 + B1)
θ1θ2kX2.

Thus we have the characteristic equation

(s + γp)
2(s + γc)

(
s +

β

α + γc(1 + B1)

)
+

βγ2
p

(1 + B1)

α

α + γc(1 + B1)
= 0.

Substituting s = γpσ, we have

(1 + σ)2
(

σ +
γc

γp

)(
σ +

β

γp(α + γc(1 + B1))

)
= − β

γ2
p(1 + B1)

α

α + γc(1 + B1)
.

Using the same argument as above, for the stability boundary with strong binding there is a negative real and
complex pair of roots in the region |σ| � β

γp(α+γc(1+B1))
, as well as one large negative root.

To determine the boundary of stability, we next determine the conditions for which the roots are purely imaginary.
Substituting s = iωγp, we have

(1 + iω)2
(

iω +
γc

γp

)(
iω +

β

γp(α + γc(1 + B1))

)
= − β

γ2
p(1 + B1)

α

α + γc(1 + B1)
.

Taking the strong antithetic binding limit where |iω| � β
γp(α+γc(1+B1))

, we have

(1 + iω)2
(

iω +
γc

γp

)
= − α

γp(1 + B1)
.

The phase and magnitude constraints are

(1 + ω2)

(
ω2 +

γ2
c

γ2
p

)0.5

=
α

γp(1 + B1)

2 tan−1(ω) + tan−1
(

γp

γc
ω

)
= π + 2kπ.
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for some integer k. Solving the phase constraint, we have

tan−1

2ω +
γp
γc

ω(1−ω2)

1−
(

1 + 2 γp
γc

)
ω2

 = π + 2kπ.

For this, we require

2ω +
γp

γc
ω(1−ω2)

which reduces to

ω =

√
2

γc

γp
+ 1.

Substituting into the magnitude equation, we have

α

γp(1 + B1)
= 2

(
1 +

γc

γp

)2
.

As a consequence, the stability constraint is

Ω1 =
α

γc(1 + B1)
< 2

γp

γc

(
1 +

γc

γp

)2
.

We can observe that increasing B1 improves the stability constraint. However, the steady state error of x2 is

x2n − x2

x2n
=

1
1 + Ω1

Ω1 =
α

γc(1 + B1)

Ω1 < 2
γp

γc

(
1 +

γc

γp

)2

Thus there is a steady state error constraint that is independent of B1, and so increasing B1 does not enable the
removal of leaky integration.

SI3.5. Non-Rapid z1 Buffering can allow Near Perfect Adaptation

In this section, we analyse the ability of non-rapid buffering at z1 to enable near perfect adaptation by stabilising
antithetic integral feedback. We use the model

ẋ1 = θ1z1 − γpx1

ẋ2 = kx1 − γpx2

ż1 = µ− ηz1z2 − γcz1 − bzz1 + bww
ż2 = θ2x2 − ηz1z2 − γcz2

ẇ = bzz1 − bww− γcw.

(S33)

where the buffer w is not assumed to rapidly reach equilibrium. The steady state for (S33) is identical to the rapid
case in SI3.4. The linearisation is

∆ẋ1 = θ1∆z1 − γp∆x1

∆ẋ2 = k∆x1 − γp∆x2

∆ż1 = −ηz̄2∆z1 − ηz̄1∆z2 − γc∆z1 − bz∆z1 + bw∆w
∆ż2 = θ2∆x2 − ηz̄2∆z1 − ηz̄1∆z2 − γc∆z2

∆ẇ = bz∆z1 − (bw + γc)∆w.
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This system can be rewritten

∆ẋ1 = θ1∆z1 − γp∆x1

∆ẋ2 = k∆x1 − γp∆x2

∆ż1 = −(α + γc)∆z1 −
β

α + γc(1 + B1)
∆z2 − bz∆z1 + bw∆w

∆ż2 = θ2∆x2 − α∆z1 −
(

β

α + γc(1 + B1)
+ γc

)
∆z2

∆ẇ = bz∆z1 − (bw + γc)∆w.

where

α =
θ1θ2k

γ2
p

, β = ηµ.

Taking the Laplace transform of ∆ẇ = bz∆z1 − (bw + γc)∆w, we have

W =
bz

s + bw + γc
Z1

where W and Z1 are the Laplace transforms of w and z1. We have

−bzZ1 + bwW = −bzZ1 + bw
bz

s + bw + γc
Z1

= −B1
s + γc

1 + s
bw+γc

Z1

= −Cb(s)Z1

where

Cb = B1
s + γc

1 + s
b̂w

, b̂w = bw + γc.

Thus

(s + γp)X1 = θ1Z1

(s + γp)X2 = kX1

(s + α + γc + Cb)Z1 = − β

α + γc(1 + B1)
Z2(

s +
β

α + γc(1 + B1)
+ γc

)
Z2 = θ2X2 − αZ1.

Combining, we have

(s + γp)
2X2 = θ1kZ1

(s + α + γc + Cb)

(
s +

β

α + γc(1 + B1)
+ γc

)
Z1 = − β

α + γc(1 + B1)
(θ2X2 − αZ1).

Simplifying, we have[
(s + γc)

(
s + α +

β

α + γc(1 + B1)
+ γc

)
+ Cb

(
s +

β

α + γc(1 + B1)
+ γc

)]
Z1

= − β

α + γc(1 + B1)
θ2X2.

Taking the strong antithetic binding limit of the sequestration mechanism(
β� max

{
(α + γc)(α + γc(1 + B1)), γp(α + γc(1 + B1))

})
, we have

(s + γc + Cb)

(
s +

β

α + γc(1 + B1)

)
Z1 = − β

α + γc(1 + B1)
θ2X2
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and so

(s + γp)
2
[
(s + γc + Cb)

(
s +

β

α + γc(1 + B1)

)]
X2 = −βγ2

p
α

α + γc(1 + B1)
X2.

Rewriting Cb, we have[
(s + γp)

2(s + γc)
1 + B1 +

s
b̂w

1 + s
b̂w

(
s +

β

α + γc(1 + B1)

)
+ βγ2

p
α

α + γc(1 + B1)

]
X2 = 0

or [
(s + γp)

2(s + γc)(1 + B1 +
s

b̂w
)

(
s +

β

α + γc(1 + B1)

)
+ βγ2

p

α(1 + s
b̂w
)

α + γc(1 + B1)

]
X2 = 0.

Substituting s = iωγp, we have

(1 + B1 + iω
γp

b̂w
)(1 + iω)2

(
γc

γp
+ iω

)(
iω +

β

γp(α + γc(1 + B1))

)
+

β

γ2
p

α
(

1 + iω γp

b̂w

)
α + γc(1 + B1)

= 0.

Taking the strong antithetic binding limit where |iω| � β
γp(α+γc(1+B1))

, we have(
1 + B1 + iω

γp

b̂w

)
(1 + iω)2

(
γc

γp
+ iω

)
= − α

γp

(
1 + iω

γp

b̂w

)
.

The magnitude constraint is

(1 + B1)

(
1 +

γ2
p

b̂2
w

ω2

(1 + B1)2

)0.5

(1 + ω2)

(
γ2

c
γ2

p
+ ω2

)0.5

=
α

γp

(
1 + ω2 γ2

p

b̂2
w

)0.5

(S34)

and the phase constraint is

2 tan−1(ω) + tan−1
(

γp

γc
ω

)
+ tan−1

(
γp

b̂w

1
1 + B1

ω

)
= π + tan−1

(
γp

b̂w
ω

)
+ 2kπ.

for some integer k. Using trigonometric identities, we have

tan−1

2ω +
γp
γc

ω(1−ω2)

1−
(

1 + 2 γp
γc

)
ω2

 = π + 2kπ + tan−1

 B1
1+B1

γp

b̂w
ω

1 + 1
1+B1

γ2
p

b̂2
w

ω2

 .

This can be simplified to

2ω +
γp
γc

ω(1−ω2)

1−
(

1 + 2 γp
γc

)
ω2

=

B1
1+B1

γp

b̂w
ω

1 + 1
1+B1

γ2
p

b̂2
w

ω2
.

Ignoring the trivial solution ω = 0, we have(
2 +

γp

γc
−

γp

γc
ω2
)(

1 +
1

1 + B1

γ2
p

b̂2
w

ω2

)
=

B1

1 + B1

γp

b̂w

(
1−

(
1 + 2

γp

γc

)
ω2
)

.

Rewriting, we have

− 1
1 + B1

γ2
p

b̂2
w

γp

γc
ω4 +

[
−

γp

γc
+

(
2 +

γp

γc

)
1

1 + B1

γ2
p

b̂2
w
+

B1

1 + B1

γp

b̂w

(
1 + 2

γp

γc

)]
ω2 +

(
2 +

γp

γc

)
− B1

1 + B1

γp

b̂w
= 0.
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Simplifying, we have

−
γ2

p

b̂2
w

ω4 +

[
−(1 + B1) +

(
2

γc

γp
+ 1
)

γ2
p

b̂2
w
+ B1

γp

b̂w

(
γc

γp
+ 2
)]

ω2 +

(
2

γc

γp
+ 1
)
(1 + B1)− B1

γp

b̂w

γc

γp
= 0.

Solving, we have

ω2 =
b̂2

w
2γ2

p

A +

√
A2 + 4

γ2
p

b̂2
w

((
2

γc

γp
+ 1
)
(1 + B1)− B1

γc

b̂w

)
A = −(1 + B1) +

(
2

γc

γp
+ 1
)

γ2
p

b̂2
w
+ B1

γp

b̂w

(
γc

γp
+ 2
)

.

From the magnitude constraint S34, we have the stability constraint

(1 + B1)

1 +
γ2

p

b̂2
w

ω2

(1+B1)2

1 + ω2 γ2
p

b̂2
w


0.5

(1 + ω2)

(
γ2

c
γ2

p
+ ω2

)0.5

>
α

γp
(S35)

which can be rewritten in terms of steady state error Ω1 = α
γc(1+B1)

as

Ω1 <
γp

γc
(1 + ω2)

(
γ2

c
γ2

p
+ ω2

)0.5
1 +

γ2
p

b̂2
w

ω2

(1+B1)2

1 + ω2 γ2
p

b̂2
w


0.5

.

For b̂w = γp, we have

A =

(
1 +

γc

γp

)
B1 + 2

γc

γp
.

ω2 =

(
1 +

γc

γp

)
B1 + 1 + 2

γc

γp

and the stability constraint

Ω1 <
γp

γc

(2 + B1)

(1 + B1)

(
1 + B1 +

γc

γp

)(
1 +

γc

γp

)
.

SI4. CHARACTERISATION OF ANTITHETIC FEEDBACK WITH BUFFERING

In this section we characterise the feedback in the system with antithetic feedback and buffering of the control
species z1, z2.

SI4.1. Characterisation with Rapid Buffering

We first characterise antithetic feedback with rapid buffering. We use the model

ẋ1 = θ1z1 − γpx1

(1 + Bx)ẋ2 = kx1 − (γp + Bxγx)x2

(1 + B1)ż1 = µ− ηz1z2

(1 + B2)ż2 = θ2x2 − ηz1z2.

(S36)
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It can be observed that rapid buffers of the controller change the time-scale for z1 and z2. In integral feedback, the
time-scale is inversely proportional to gain, and this relationship can be observed in the following characterisation
of integral gain. We have

(1 + B1)ż1(t)− (1 + B2)ż2(t) = µ− θ2x2.

Integrating, we have

(1 + B1)z1(t)− (1 + B2)z2(t) = θ2

∫ t

0

(
µ

θ2
− x2(t′)

)
dt′.

Rearranging, we can observe that the feedback control input u into the plant (i.e. (x1, x2) subsystem) is

u = θ1z1 =
θ1θ2

(1 + B1)︸ ︷︷ ︸
integral

feedback gain

∫ t

0

(
µ

θ2
− x2(t′)

)
dt′︸ ︷︷ ︸

negative
integral feedback

+
1 + B2

1 + B1
θ1z2︸ ︷︷ ︸

other
feedback

.

We can observe an integral feedback term and a second feedback term that is dependent upon z2. The other
feedback term becomes negligible and the integral term dominates the overall feedback if

1 + B2

1 + B1
θ1z2 � θ1z1

which can occurs if 1 + B1 is sufficiently large or if z2 is sufficiently small. The latter can be achieved via large η,
which drives z2 to a much lower concentration than z1. For this case

u = θ1z1 =
θ1θ2

(1 + B1)︸ ︷︷ ︸
integral

feedback gain

∫ t

0

(
µ

θ2
− x2(t′)

)
dt′︸ ︷︷ ︸

negative
integral feedback

where we can observe that the feedback gain is dependent on B1.

SI4.2. Characterisation with Non-rapid z1 Buffering

For the case of non-rapid z1 buffering, we have

ẋ1 = θ1z1 − γpx1

ẋ2 = kx1 − (γp + Bxγx)x2

ż1 = µ− ηz1z2 − bzz1 + bww
ż2 = θ2x2 − ηz1z2

ẇ = bzz1 − bww

(S37)

We have

ż1(t) + ẇ(t)− ż2(t) = µ− θ2x2

where the integral is

z1(t) + w(t)− z2(t) = θ2

∫ t

0

(
µ

θ2
− x2(t′)

)
dt′

and so perfect adaptation occurs. Rearranging, we have the feedback

u = θ1z1 = −θ1w(t) + θ1z2(t) + θ1θ2

∫ t

0

(
µ

θ2
− x2(t′)

)
dt′.
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Taking Laplace transforms, we have

U = θ1Z1 = −θ1W + θ1Z2 + θ1θ2
1
s

(
µ

θ2
− X2

)
where Z1, W, Z2, X2 are the Laplace transforms of z1, w, z2, x2. Taking the Laplace transforms of (S37), we also have

sW = bzZ1 − bwW (S38)

and so

W =
bz

s + bw
Z1. (S39)

Substituting, we have

θ1Z1 = −θ1
bz

s + bw
Z1 + θ1Z2 + θ1θ2

1
s

(
µ

θ2
− X2

)
and so the control input is

U = θ1Z1 = θ1
s + bw

s + bz + bw
Z2 + θ1θ2

s + bw

s + bz + bw

1
s

(
µ

θ2
− X2

)
If Z2 is small due to large η, then we have

U = θ1Z1 = θ1θ2
s + bw

s + bz + bw

1
s

(
µ

θ2
− X2

)
Thus for non-rapid buffering (small bw) we are able to add a zero and pole and zero to the controller, where the zero
is small than the pole. This result is equivalent to the integral controller in series with a lead controller, where the
latter is know to help stabilise systems1.
We can see the effect of non-rapid buffering on the integral component of feedback gain separately by determining
the gain of the control input in the asymptote as s→ 0, where we have

θ1θ2
s + bw

s + bz + bw

1
s
=

θ1θ2

1 + B1

1
s

.

Thus the integral component of feedback gain is θ1θ2
1+B1

, which is identical to the rapid case.

SI4.3. Bode Integral of Buffering and Antithetic Integral Feedback

Feedback is a highly effective method of robust regulation, but this mechanism is subject to fundamental limits. The
Bode integral describes one of these fundamental limit, where improving the regulation at one frequency of a
disturbance will worsen regulation of disturbances at other frequencies. Here, we show that topology 3 has the
ability to reduce the fundamental limit on feedback and thus uniformly improve output regulation at all
frequencies, while topology 1 does not. While we show the two state example from above to illustrate the concept,
the Fourier transform description below is written generally as the Bode Integral holds for more general processes
controlled by antithetic feedback and buffering.
We use the example model of the system

ẋ1 = θ1z1 − γpx1

ẋ2 = kx1 − γpx2 − bxw + bxwx

ẇx = bxx− bwwx − γxw
ż1 = µ− ηz1z2 − γcz1 − bzz1 + bww1

ẇ1 = bzz1 − bww1 − γcw1

ż2 = θ2x2 − ηz1z2 − γcz2.
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We can write the linearised model in an open-loop form with the two states

∆ẋ1 = θ1uh − γp∆x1

∆ẋ2 = k∆x1 − γp∆x2 + ub

where ∆xi = xi − x̄i for i = 1, 2, x̄i is the steady state of xi for the closed loop system, uh is the process input for
antithetic integral feedback and ub is the input for buffering at x2. Buffering at z1 and antithetic integral feedback
act through the input ua while buffering at x2 acts through ub.
If we take the Fourier transform, we can describe the open loop model in general terms by3

X2 = G(iω)Uh + Gb(iω)Ub

where X2, Uh, Ub are the Fourier transforms of x2, uh, ub respectively, G is the transfer function from Uh to the output
X1 and Gb is the transfer function from Uh to X1. With two control inputs we have the loop transfer function3

L(iω) = G(iω)Ch(iω) + Gb(iω)Cb(iω)

where Ch is the transfer function for the antithetic feedback controller (i.e. from X2 to Uh) and Cb is the transfer
function for the output buffer (i.e. from X2 to Ub). The sensitivity function quantifies the improvement or
worsening in regulation at each frequency for the ‘closed-loop’ system, where a smaller magnitude implies
improved regulation, and can be described by

S(iω) =
1

1 + L(iω)

In this case the sensitivity function incorporates the regulatory effect of both feedback and buffering3.
The Bode integral is a fundamental constraint on the effectiveness of feedback in any system. It provides a
constraint on the overall regulatory effectiveness in terms of the sensitivity function. If the system without feedback
is stable then Bode’s integral with output buffering (Topology 3) is3

∫ ∞

0
log (|S(iω)|) dω = −π

2
bx

where the integral of S(iω) represents an overall measure of regulation and bx is the kinetic rate of the forward
buffering reaction. The integral of S(iω) sums the effect of oscillating disturbances at different frequencies ω.
Without buffering, if regulation is improved at one frequency of regulation, it worsens at other frequencies.
However, increasing bx reduces the whole integral. Thus buffering can uniformly improve regulation and thus
improve the trade-off.
In contrast, control species buffering (Topology 1) is part of the feedback regulation mechanism using the same
control input and so Bode’s integral is3

∫ ∞

0
log (|S(iω)|) dω = 0.

Thus control buffering does not remove fundamental constraints, despite stabilising buffering. The tradeoff remains
such that improving regulation at one frequency will worsen regulation of disturbances at other frequencies.
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