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Abstract

The forthcoming Stage-IV experiments aim to map the large scale structure of the
Universe at high precision. The scales explored require a relativistic description, in
addition to statistical tools for their analysis. In this thesis, we study the effects
of adding relativistic and primordial non-Gaussianity contributions to the power
spectrum. We begin by reviewing the standard cosmology, then we present the
cosmological and Newtonian perturbation theory, which are necessary mathematical
tools in the computation of our main results. Afterwards we present the main
contributions to this thesis. First, we present solutions to the Einstein equations
in the long-wavelength approximation, this allow us to obtain expressions for the
relativistic density power spectrum at second and third order, these expressions also
include contributions from primordial non-Gaussianity, in terms of the parameters
fNL and gNL. These results are complemented with the well known Newtonian
solutions for the density contrast and are used in the computation of the total
(relativistic + Newtonian) one-loop power spectrum. For completeness we also
calculate the bispectrum at tree-level. We discuss the possibility of these relativistic
effects being detectable with the future surveys considering different limiting values
for fNL and gNL. Subsequently, we compute the real space galaxy power spectrum,
including relativistic and primordial non-Gaussianity effects. These effects come
from the relativistic one-loop power spectrum terms and from factors of the non-
linear bias parameter bNL. We use our modelling to assess the ability of Stage-IV
surveys to constrain primordial non-Gaussianity. Finally, we show how this non-
linear bias parameter can effectively renormalize diverging relativistic contributions
at large scales.
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“There are two ways of becoming wise. One way is to travel out into the world
and see as much as possible of God’s creation. The other is to put down roots in
one spot and to study everything that happens there in as much detail as you can.
The trouble is that it’s impossible to do both at the same time.”

—Joistein Gaarder.
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1. Introduction

The current understanding of the Universe is the product of hundreds of years of

scientific work. In the last decades, thanks to all the scientific and technological

developments, we have been able to achieve observations with precision at percentage

level, allowing us to probe theoretical predictions. A recent example of this, is

the detection of the gravitational waves by the LIGO collaboration [1] in 2015, a

prediction from Albert Einstein’s General Relativity (GR) Theory published in 1916.

The Universe as we observe it nowadays, is the result of 13.8 billion years of

evolution. At this moment the best model to describe its evolution and composition,

is the Cosmological Standard model, also known as “Lambda Cold Dark Matter”

(ΛCDM). This model considers four main components in the Universe: radiation,

baryonic matter, cold dark matter (CDM) and dark energy (DE), the latter one

associated with the cosmological constant Λ.

Observations have played an essential role in the establishment of this model.

One of the most important sources of information has been the Cosmic Microwave

Background (CMB), giving us access to the picture of a 380,000 years old universe,

the oldest light that we have from the early Universe.

Missions like the Cosmic Background Explorer (COBE) [2], Wilkinson Microwave

Anisotropy Probe (WMAP) [3] and more recent ones like Planck [4] have measured

and mapped the anisotropies in the temperature of the Cosmic Microwave Back-

ground, nowadays we know these anisotropies are of the order of 10−5 K. Among

its results, we have the densities of the components in the Universe, with 69.35%

of dark energy, 25.81% of cold dark matter and 4.83% of baryonic matter. These

values correspond to the parameter 68% confidence limits of Planck 2015 presented

in Ref. [5] for TT+lowP+lensing+ext (BAO+JLA+H0).1,2 It is also thanks to these

observations, that we have constraints on some simple models of inflation [6] and

we think the Universe has a zero curvature [5]. This information has been decisive

1In Cosmology, protons, neutrons and electrons are considered as baryonic matter.
2TT represents the temperature power spectrum, lowP is Planck polarisation data in the low-`

likelihood, lensing is CMB lensing reconstruction, ext is the external data from BAO (Baryonic
Acoustic Oscillations), JLA (Joint Light-curve Analysis) and H0 (Hubble constant).
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1. Introduction

in our understanding of the formation process of the large scale structure (LSS) in

the Universe. However, despite all the theoretical and observational progress, some

unanswered questions remain, for example, we have yet to explain the nature of the

dark matter and dark energy (for a review, see e.g. Refs. [7–9]).

In addition to the CMB experiments, we also have surveys like the 2dF Galaxy

Redshift Survey (2dfGRS) [10] and more recently the Sloan Digital Sky Survey

(SDSS) [11], that have mapped the distribution of galaxies. In Fig. 1.1 we show a

2-dimensional SDSS’s map of the distribution of galaxies. Each dot on the image

represents a galaxy, with us observing at the centre. This map shows that galaxies

do not follow a random, uncorrelated distribution, instead there is structure on the

large scales [12]. In this map the outer edges are at a distance of ∼ 1.5 billion

lightyears. Although not shown in this map, beyond 2 billion lightyears we do not

find larger structures. The results of these surveys are an observational demonstra-

tion of the Cosmological principle [13], that states that the Universe is homogeneous

and isotropic at large scales.

Figure 1.1 The 2-dimensional SDSS’s map of the Universe. Each dot in the image
represents a galaxy, with us located at the centre. The green-red colour
of the galaxies represents their actual colour. Image Credit: M. Blanton
and SDSS.
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1. Introduction

From a theoretical point of view, the formation of the large scale structure is

modelled using perturbation theory by considering small departures from a smooth

background. The Newtonian standard perturbation theory (SPT) [14–16] has been

a widely used description and although for many years the SPT was sufficient to

study the evolution of the matter content of the Universe, the Newtonian description

of the Universe is only adequate for small scales and non-relativistic matter.

In recent years our understanding of the evolution of the Universe has greatly

benefited from observations. With the forthcoming Stage-IV experiments such as

Euclid3 [17], the Dark Energy Spectroscopic Instrument (DESI)4 [18] and the Vera

C. Rubin Observatory’s Legacy Survey of Space and Time (LSST)5 [19], we are

expecting to obtain high-precision measurements in order to improve our compre-

hension of the large scale structure (LSS) of the Universe, offering the possibility to

give us a better understanding e.g. of the nature of dark matter and dark energy.

The progress achieved over the last few years demands a comprehensive description

of observables from the full theory, a general relativistic description, in order to take

advantage of the detail and scales these surveys aim to map.

One of the quantities that the community aims to constrain with the data released

by the forthcoming surveys, is the primordial non-Gaussianity (PNG) of the density

fluctuations, considered as seed of the large scale structure and generated during

inflation.

The inflationary epoch is crucial for early structure formation and the later evolu-

tion of the LSS [20,21], which makes constraining the PNG such an exciting prospect

(see e.g. Ref. [22] for a review), as this offers the possibility to probe different infla-

tionary scenarios (see also Refs. [23,24] for prospects of detection).

Most of the cosmological information is encoded in the 2-point correlation func-

tion or its Fourier space equivalent, the power spectrum [12, 25, 26], which, among

other contributions, includes those of primordial non-Gaussianity. The possibility to

constrain PNG through the power spectrum has been reported e.g. in Refs. [27–40].

Another statistical quantity widely used in the study of PNG is the bispectrum (the

three-point correlation function in Fourier space), see e.g. Refs. [41–46]. These works

show that the late-time statistics contain crucial information of the physics prevalent

in the early universe, e.g. the bispectrum is sensitive to the non-Gaussianity param-

eters fNL and gNL, thus the bispectrum can be used in the study of PNG models and

estimation of these parameters, which in turn can be used to test inflation models.

3http://euclid-ec.org
4https://www.desi.lbl.gov/
5https://www.lsst.org/
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1. Introduction

One of the main strategies to estimate primordial non-Gaussianity effects in the

current matter distribution is to analyse the corresponding galaxy power spectrum,

given by the correlator of the galaxy density contrast. This galaxy density contrast

is related to the density contrast of underlying dark matter distribution through a

set of bias parameters, which depend e.g. on the kind of galaxies considered. In the

past years galaxy bias has been included mostly in Newtonian descriptions of the

LSS [47–52]. An extensive review, presenting some of the main studies of large scale

galaxy bias can be found in Ref. [53].

The ever-increasing precision in the measurement of the power spectrum that we

have seen over the last decades (see e.g. Refs [4, 54–57]), where a wide range of

different cosmological probes have been used to infer the power spectrum allows us

to consider that, in addition to primordial non-Gaussianity contributions, general

relativistic effects may also be observable at the large scales of the evolved matter

distribution. This is due to the non-linear nature of the theory [58,59].

In addition, relativistic effects in the galaxy clustering have been studied for ex-

ample in Refs. [60–81]. Furthermore, N-body simulations using General Relativity

(see e.g. Refs. [82–84]) are also studying these relativistic effects in the LSS from a

numerical point of view.

Galaxy bias in a relativistic context has been previously explored including pri-

mordial non-Gaussianities, e.g. in Refs. [85, 86], and the most suitable gauge to

define the bias in, namely the comoving-synchronous gauge, has been discussed in

Refs. [87, 88].

A derivation of the local bias at second order in cosmological perturbation the-

ory, for Gaussian and non-Gaussian initial conditions is studied in Refs. [89, 90],

where it is argued that general relativistic effects affect local clustering predomi-

nantly through the distortion of the volume element of the local patch, and that

modulations of the short wavelength modes are possible only through primordial

non-Gaussianity.

At one-loop order under the weak field approximation, relativistic corrections

have been included for the power spectrum and bispectrum at intermediate scales

in Ref. [91], with results extended to obtain the galaxy power spectrum using a

Lagrangian bias expansion in General Relativity in Ref. [92].

More recently, methods to avoid the infrared divergences of relativistic contribu-

tions, in the galaxy power spectrum, have been proposed in Refs. [93,94].6

6The integrals in q for the power spectrum which have limits of [0,∞], have integrands which
depend on terms like 1/qn, this integration diverges in the infrared, i.e. for the lower limit of
integration.
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1. Introduction

Our aim is to move a step forward towards precision cosmology by studying the

relativistic effects in the statistics of the large scale structure. Our focus is on the

power spectrum, and to this end we structured this thesis as follows:

Chapter 1 introduces the Standard Cosmology, and its mathematical formalism,

the basic framework of the description of our work. In addition in this chapter we

also present how cosmological distances are measured in Cosmology and how the

Cosmic Microwave Background is measured and analysed to constrain cosmological

parameters.

In chapter 2 we present a brief review of the perturbation theory formalism, the

standard perturbation theory will be key to study the non-linear regime, while the

cosmological perturbation theory is essential to describe the large scales. In this

chapter we also introduce the statistical quantities that are the main subject of study

of this thesis, the power spectrum and bispectrum, as well as a brief introduction to

primordial-non Gaussianity.

In chapter 3 we compute the one-loop density power spectrum including Newto-

nian and relativistic contributions, as well as the primordial non-Gaussianity contri-

butions from fNL and gNL in the local configuration. To this end we take solutions

to the Einstein equations in the long-wavelength approximation and provide ex-

pressions for the matter density perturbation at second and third order. These

solutions have shown to be complementary to the usual Newtonian cosmological

perturbations. For completeness, we present the matter bispectrum at the tree-level

including the mentioned contributions.

In chapter 4 we compute the real space galaxy power spectrum, including the

leading order effects of General Relativity and primordial non-Gaussianity from the

fNL and gNL parameters. Such contributions come from the one-loop matter power

spectrum terms dominant at large scales, computed in chapter 3, and from the

factors of the non-linear bias parameter bNL. We use our modelling to assess the

ability of Stage-IV surveys to constrain primordial non-Gaussianity. In addition,

we show how this non-linear bias parameter can effectively renormalize diverging

relativistic contributions at large scales.

Finally in chapter 5 we present our conclusions and possible future work.

1.1. Notation

In this thesis we use natural units where the convention for the gravitational constant

G and the speed of light c is G = c = 1.

13



1. Introduction

When Greek indices (µ, ν,...) are used, these range from 0 to 3, lower case Latin

indices, like i, j, and k, have range 1, 2, 3.

Vectors are denoted in two different ways. Using the tensor notation e.g. vi and

using bold letters e.g. v.

Derivatives with respect to the cosmic time t are denoted by a dot

dφ

dt
= φ̇ . (1.1)

Derivatives with respect to conformal time η are denoted by a prime

dφ

dη
= φ′ . (1.2)

Partial derivatives are denoted by the following

∂φ

∂xi
= ∂iφ = φ,i . (1.3)

Covariant derivatives are denoted by a semi-colon e.g.

∇µu
ν =

∂uν

∂xµ
+ Γνµαu

α = uν;µ , (1.4)

where Γνµα are the Christoffel symbols, that are defined in Eq. (1.10).

Unless stated otherwise, throughout this thesis we follow the following Fourier

convention, the Fourier transform of a function A(x) is defined as

A(k) =

∫
d3xA(x)e−ik·x , (1.5)

with inverse Fourier transform given by

A(x) =

∫
d3k

(2π)3
A(k)eik·x . (1.6)

Note that we do not use special symbols for real and Fourier space quantities,

instead we use arguments like (x, y, etc.) for real space quantities, and (k, p, etc.)

for Fourier space quantities. From these expressions the Dirac Delta is given by

δD(x− x′) ≡
∫

d3k

(2π)3
eik·(x−x

′) , (1.7)

where k is the wavenumber vector.

Additional notation will be introduced as required.

14



1. Introduction

1.2. Standard Cosmology

The Cosmological principle establishes that on large enough scales (∼ 100 Mpc) the

Universe is homogeneous and isotropic [13]. An appropriate description of the stan-

dard cosmology requires the introduction of some basic concepts of General Relativ-

ity [95, 96]. Firstly, the geometry of the Universe is described by the metric tensor

gµν , defined through the line element ds2 as

ds2 = gµνdx
µdxν . (1.8)

In order to study the dynamics of the Universe it is necessary to define some

quantities, the first one is the Riemann tensor Rα
µβν , which quantifies the curvature

of space-time

Rα
µβν = Γαµν,β − Γαµβ,ν + ΓαλβΓλµν − ΓαλνΓ

λ
µβ , (1.9)

where Γαβγ are the Christoffel symbols or connection coefficients, defined by

Γαβγ =
1

2
gαλ(gλβ,γ + gλγ,β − gβγ,λ). (1.10)

The Riemann tensor satisfies the Bianchi identities [95]. The first identity is given

by

Rµβνα +Rµναβ +Rµαβν = 0, (1.11)

and the second identity is given as

Rµβνα;γ +Rµβαγ;ν +Rµβγν;α = 0. (1.12)

Derived from the Riemann tensor we calculate the Ricci tensor Rµν as

Rµν ≡ Rα
µαν , (1.13)

by contracting the Ricci tensor with the metric tensor we obtain the Ricci scalar R

R ≡ gµνRµν . (1.14)

These quantities allow to define the Einstein tensor Gµν , that encodes the infor-

mation of the spacetime curvature

Gµν ≡ Rµν −
1

2
gµνR . (1.15)

15



1. Introduction

This tensor has the property of symmetry

Gµν = Gνµ , (1.16)

and is divergence free due to the second Bianchi identity in Eq. (1.12)

∇νG
µν = 0. (1.17)

It is also important to define the stress-energy tensor Tµν , which describes the

energy and momentum content of the spacetime. For a perfect fluid the stress-

energy tensor is defined by [95,96]

Tµν = (ρ+ P )uµuν + Pgµν , (1.18)

where ρ is the density, P is the pressure and uµ is the four-velocity that satisfies the

relation

uµuµ = −1. (1.19)

Finally, we define the Einstein equations as

Gµν = 8πGTµν , (1.20)

from this equation follows that the stress-energy tensor Tµν is also divergence free

∇νT
µν = 0 , (1.21)

which means it obeys the conservation of energy and momentum.7

The Einstein equations are a set of ten coupled, non-linear, second order partial

differential equations [95, 96], which relate the geometry of the spacetime with the

matter content of the Universe. The Einstein equations are covariant, which means

they do not depend on the gauge choice. Due to their complexity there are only few

exact solutions to these equations known.

One of the known solutions is the Friedmann-Lemâıtre-Robertson-Walker (FLRW)

metric, which is also consistent with the Cosmological principle. The line element

in spherical coordinates is given by [13,25]

ds2 = −dt2 + a(t)2

(
dr2

1− kr2
+ r2dθ2 + r2 sin2 θdφ2

)
, (1.22)

7For the perfect fluid the anisotropic stress tensor is Πij = 0.
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1. Introduction

where a(t) is the scale factor, that measures the universal expansion rate, and is

related with the redshift z by

a(t) =
1

1 + z
, (1.23)

k is the spatial curvature that can take values of k < 0 for an open universe, k > 0

for a closed universe and k = 0 for a flat universe. Since recent observations from

Planck [5] are in agreement with a universe that has zero curvature we will only

consider the flat FLRW metric k = 0, that can also be defined by

ds2 = −dt2 + a2(t)δijdx
idxj, (1.24)

where δij is the Kronecker delta.

From the 0 − 0 component of the Einstein equations for the FLRW metric, we

obtain the first Friedmann equation

H2 =

(
ȧ

a

)2

=
8πGρ

3
+

Λ

3
, (1.25)

and the second Friedmann equation is obtained from i− i component of the Einstein

equations

Ḣ +H2 =
ä

a
= −4πG

3
(ρ+ 3P ) +

Λ

3
, (1.26)

where we introduced the Hubble rate H defined as

H =
ȧ

a
, (1.27)

and Λ is the cosmological constant. The present value of the Hubble rate is given

by H0 = 100h kms−1Mpc−1, where h is a dimensionless parameter and its value is

obtained from observations.

We also introduce the critical density ρc, which is defined as the density in a flat

Universe, and is given by

ρc ≡
3H2

0

8πG
. (1.28)

From the conservation of mass given in Eq. (1.21) we find the fluid equation

ρ̇+ 3
ȧ

a
(ρ+ P ) = 0. (1.29)

In order to find the evolution of the scale factor it is necessary to introduce a

equation of state

P = ωρ, (1.30)
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1. Introduction

where ω can take different values depending on the fluid component considered

ω =





1
3

Radiation

0 Pressureless Matter

−1 Cosmological Constant (Λ).

(1.31)

If we consider each of the fluid components independently, the time evolution of

the density for the different fluids in the Universe is given by [13,25]

ρi(t)

ρi0
=

(
a0

a(t)

)3(1+ω)

, (1.32)

where the subscript i denotes the different fluid components, throughout this chapter

quantities with a subscript 0 are quantities evaluated at their present value. These

components dominate in different epochs as shown in Fig. 1.2. To give an idea of the

evolution times, at the time were the matter and radiation were equal the Universe

was ∼ 50, 000 years old, after this, matter dominated for about 10 billion years, and

it was ∼ 3.8 billion years ago that the dark energy dominated epoch started.

10−5 10−4 10−3 10−2 10−1 100

scale factor a

10−4

100

104

108

1012

ρ(t)
ρc

aeq

today

radiation

matter

cosmological constant

Figure 1.2 Evolution of the different components of the Universe respect to the
scale factor a. At early times the Universe was radiation dominated
(∝ a−4). The time at which the radiation and matter content were equal
is indicated with aeq. After this the Universe was matter dominated
(∝ a−3). Nowadays the Universe is dominated by the cosmological
constant.
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This definition allow us to define the density parameter Ωi, for the different com-

ponents of the Universe,

Ωi(t) =
ρi
ρc
. (1.33)

In terms of the density parameter Ωi, the Friedmann equation can be rewritten as

H2(a)

H2
0

=
Ωr

a4
+

Ωm

a3
+ ΩΛ , (1.34)

where r, m and Λ denote radiation, matter and cosmological constant, respectively.

According to the Planck results [5] currently for the ΛCDM model the matter content

in the Universe is 30.65% of the total, from which 4.83% corresponds to baryonic

matter and the other 25.81% corresponds to dark matter, the remaining 69.35%

corresponds to cosmological constant, usually associated to dark energy.

The scale factor evolves as

a(t)

a0

=

(
t

t0

) 2
3(ω+1)

for ω = constant 6= −1, (1.35)

a(t)

a0

= e
√

Λ
3

(t−t0) for ω = −1. (1.36)

In some of the chapters of this thesis we will use the conformal time denoted by

the Greek letter η, the conformal time is related with the cosmic time t by [12]

η(t) =

∫ t

0

dt′

a(t′)
. (1.37)

Using conformal time, the Friedmann equations take the form

H2 =
8πGρa2

3
+

Λa2

3
, (1.38)

H′ =− 4πGa2

3
(ρ+ 3P ) +

Λa2

3
, (1.39)

where H is the Hubble rate in conformal time defined as

H =
a′

a
= aH. (1.40)
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In conformal time the scale factor evolves as

a(η)

a0

=

(
η

η0

) 2
1+3ω

for ω = constant 6= −1, (1.41)

a(η)

a0

=

(
η

η0

)−1

for ω = −1. (1.42)

1.2.1. Einstein-de Sitter universe

As an example of the solutions to the Friedmann equation we present the solution to

the so called Einstein-de Sitter universe, this model considers a matter only universe,

i.e.

Ωm = 1, Ωr = ΩΛ = 0. (1.43)

Using Eq. (1.32) with ω = 0, the density evolves as

ρm(t)

ρm0

=

(
a0

a(t)

)3

, (1.44)

the scale factor in Eq. (1.35) in cosmic time evolves as

a(t)

a0

=

(
t

t0

) 2
3

, (1.45)

and in conformal time, the scale factor in Eq. (1.41) evolves as

a(η)

a0

=

(
η

η0

) 1
2

. (1.46)

1.2.2. Matter + cosmological constant universe

If we consider a more realistic case, a flat universe with matter and cosmological

constant, i.e.

Ωm + ΩΛ = 1, Ωr = 0, (1.47)

the Friedmann Eq. (1.34) takes the form

H2(t)

H2
0

=
Ωm

a3
+ ΩΛ, (1.48)

which can be rearranged as

(
da

dt

)2

= H2
0

[
Ωma

−1 + ΩΛa
2
]
, (1.49)
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then

H0

∫
dt =

∫
1√
Ωm

a1/2da√
1 + (ΩΛ/Ωm)a3

, (1.50)

introducing a change of variable of the form u2 = ΩΛ/Ωma
3, the integral takes the

form,

H0

∫
dt =

∫
2/3√
ΩΛ

du√
1 + u2

. (1.51)

After integration, we found

H0t =
2/3√
ΩΛ

sinh−1 (u) =
2/3√
ΩΛ

sinh−1

(√
ΩΛ

Ωm

a3/2

)
, (1.52)

then, the scale factor for a universe with matter and cosmological constant evolves

as [97]

a(t) =

(
Ωm

ΩΛ

)1/3

sinh2/3

(
3
√

ΩΛH0

2
t

)
. (1.53)

If we consider this solution at early times, i.e. for small t, we can use the fact that

sinh(x) ≈ x for small x

a(t) ≈
(

3

2

√
ΩmH0t

)2/3

, (1.54)

which recovers the solution for a matter dominated universe, given in Eq. (1.45).

On the other hand for late times, i.e. large t, we can use that sinh(x) → ex/2,

then the scale factor is

a(t) ≈ exp
(√

ΩΛH0t
)
, (1.55)

which recovers the solution for a universe dominated by a cosmological constant

given by Eq. (1.36).

1.3. Distances in Cosmology

Our Universe is expanding, which means that at the moment of measuring distances

in the sky, we need take into account this expansion and this is not always straight-

forward. In this section we present different methods used to obtain cosmological

distances.
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1.3.1. Comoving distance

If we could stop the expansion of the Universe for an instant, the distance between

two objects that we could measure would be a proper distance, however this is not

possible. A more useful distance is a comoving distance that takes into account the

expansion in the Universe. Proper coordinates xp are related to comoving coordi-

nates x by

xp = a(t)x. (1.56)

To calculate the comoving distance r(a) travelled by a light ray emitted by an

object and received by an observer, we can make use of the fact that light rays obey

the condition

ds = 0, (1.57)

and if we consider a flat universe, then from the metric given by Eq. (1.22) we obtain

a relation between comoving coordinates and time

cdt = ±a(t)dr. (1.58)

Using the fact that da/dt = aH and after some rearranging we obtain an expression

for the comoving distance r(a)

r(a) =

∫ r

0

dr′ = −
∫ a

1

cda′

(a′)2H(a)
, (1.59)

where H(a) is defined in Eq. (1.34). The comoving distance is fixed for any given

redshift, however it is a quantity that we can not measure directly.

1.3.2. Luminosity distance

The luminosity distance dL is the distance that an object appears to have, assuming

that the reduction of light intensity with distance follows an inverse square law [13].

The luminosity distance is given by the relation

dL =

√
L

4πf
, (1.60)

where f is the measured flux of a luminous object, and L is the luminosity of the

object.

The luminosity distance requires the knowledge of not only the flux, but the

luminosity, and it is important to note that there are objects for which we know their
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luminosity through the study of other properties, these objects are called standard

candles. Cepheid variable stars and the Type Ia supernovae are types of standard

candles, and are used to determine cosmological parameters like the Hubble constant

(see e.g. Ref. [98] for a pedagogical explanation).

The luminosity distance can be also related to the comoving distance by

dL(z) = (1 + z)r(z). (1.61)

1.3.3. Angular diameter distance

The angular diameter distance dA is the distance that an object of known physical

size l appears to be at [13]. The angular diameter distance is given by the relation

dA ≡
l

sin θ
' l

θ
, (1.62)

where θ is the angular distance, and the small-angle approximation sin θ ≈ θ, was

used since it is valid for most astronomical objects.

The relation between the angular diameter and the comoving distance is given by

dA(z) =
r(z)

(1 + z)
, (1.63)

and the angular diameter distance is related to the luminosity distance by

dA(z) =
dL

(1 + z)2
. (1.64)

1.4. Cosmic Microwave Background

As we briefly mentioned the study of the Cosmic Microwave Background has been

crucial in our understanding of the formation process of the large scale structure.

In this section we discuss it in more detail.

The early Universe was filled by a hot and dense plasma of nuclei, electrons

and photons. As the Universe expanded and cooled down, the conditions in the

Universe became adequate for the electrons and nuclei to combine and form the first

neutral hydrogen atoms, this is called recombination and occurred at a redshift of

z = 1100, when the Universe was∼ 380, 000 years old. At this point photons stopped

being scattered by electrons, i.e. matter and radiation decoupled, which meant that

photons were able to travel freely through space. This is the last scattering surface
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and these photons have been travelling since then, and we are able to observe them

today. This remnant radiation from the early Universe is what we call the Cosmic

Microwave Background.

The Cosmic Microwave Background was first discovered by Penzias and Wilson in

1965 [99], and it is one of the most important sources of information for cosmologists,

since this is the oldest light that we receive from the early Universe, the CMB

contains relevant information for our understanding of the structure formation.

1.4.1. The angular power spectrum

Observations have measured that the Cosmic Microwave Background has a black-

body mean temperature of T = 2.725 K that is very uniform across the sky, except

for tiny fluctuations in the temperature, the so called anisotropies, that are of the

size ∼ 10−5 K. A map of these temperature fluctuations is shown in Fig. 1.3. In order

to obtain information from the anisotropies, we require to study their statistics.

Figure 1.3 Mollweide map of the temperature anisotropies of the CMB, as seen by
the Planck satellite. Image Credit: Planck Collaboration.

First, we define the dimensionless temperature fluctuation at a given direction in

the sky n̂ ≡ (θ, φ) as

Θ(n̂) =
T (n̂)− 〈T 〉
〈T 〉 . (1.65)

The temperature fluctuations are projected in a 2D spherical surface sky, spherical

harmonics are used to describe them. The spherical harmonics Y`m(θ, φ) form an
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orthonormal basis and are defined by

Y`m(θ, φ) =

√
2`+ 1

4π

(`−m)!

(`+m)!
Pm
` (cos θ)eimφ, (1.66)

where Pm
` are the Legendre polynomials, where the indices are ` = 0, ...∞ and

−` ≤ m ≤ `. Thus, we expand the temperature in terms of the spherical harmonics

as

Θ(n̂) =
`=∞∑

`=0

∑̀

m=−`

a`mY`m(n̂), (1.67)

` is the multipole and encodes the angular information with a characteristic scale of

∆θ ' π/`. The spherical harmonic coefficients a`m can be calculated by

a`m =

∫ π

θ=−π

∫ 2π

φ=0

Θ(n̂)Y ∗`m(n̂)dΩ, (1.68)

and give information of the size of the irregularities on different scales [13].

The angular power spectrum C` of the temperature fluctuations is the variance of

the spherical harmonics coefficients

〈a`ma∗`′m′〉 = δ``′δmm′C`, (1.69)

where the average is taken over many ensembles. The fact that the power spectrum

C` is a function of the multipole ` only is a consequence of the isotropy of the

Universe [25, 100]. We have a limited number of independent m-modes, since we

have only one Universe. There are only (2` + 1) m-modes for each multipole `,

hence the angular power spectrum can be written as an average of the variance of

the m-modes as

C` =
1

2`+ 1

∑̀

m=−`

〈|a`m|2〉, (1.70)

and in Fig. 1.4 the temperature angular power spectrum of the CMB as measured

by Planck is shown.

1.4.2. Cosmological parameters

The CMB angular power spectrum shape depends on different cosmological parame-

ters [12]. We now briefly describe how the CMB power spectrum is used to constrain
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Figure 1.4 Temperature angular power spectrum of the CMB from Planck. The
vertical scale isD` = `(`+1)C`/2π. Image Credit: Planck Collaboration
[101].

cosmological parameters.8

First, if we change the amplitude of primordial fluctuations As, this will shift the

CMB power spectrum up and down, in other words, it is a factor that multiplies

all C` [12,102]. The value for the amplitude of primordial fluctuations according to

Planck [5] is ln(1010As) = 3.064± 0.024.

Changing the spectral index ns, tilts the primordial scalar power spectrum. If

ns = 1, this means that the power spectrum `(` + 1)C` has the same power on all

scales, having ns < 1 means more power on large scales, whereas ns > 1 means there

is more power on small scales [102]. The value for the spectral index according to

Planck [5] is ns = 0.9681± 0.0044.

The optical depth τ is a parameter that measures the probability that a photon

from the last scattering surface scattered from a free electron travelling to us [13].

The Universe at low redshifts is highly ionised. Ionised electrons are able to scatter

photons and as a result of this, the pattern of the CMB anisotropies gets smooth

out. The fact that we observe anisotropies down to small scales in the CMB, means

that the optical depth is τ < 1, a value of τ = 0 implies that reionisation did not

occur, and a value of τ > 1 means that each CMB photon would be scattered many

times, losing all the information of its direction [98]. The value for the optical depth

8All the values for the cosmological parameters presented in this section correspond to the pa-
rameter 68% confidence limits of Planck 2015 presented in Ref. [5] for TT+lowP+lensing+ext
(BAO+JLA+H0).
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according to Planck [5] is τ = 0.067± 0.013.

In the CMB power spectrum (see Fig. 1.4) we observe several peaks, these are the

acoustic peaks. The first peak in the Cosmic Microwave Background power spec-

trum at about 1◦, corresponds to the sound horizon rs, which is the distance sound

waves travelled before recombination [103]. The angular size of the temperature

fluctuations in the CMB is related to the sound horizon rs by

∆θ =
rs

dA(zdec)
, (1.71)

where dA is the angular diameter distance (see Eq.(1.62)) and zdec is the redshift

of decoupling. The size of the sound horizon can be determined using properties

of the photon-baryon fluid, the angular diameter distance depends strongly on the

geometry (curvature) of the Universe [25, 104], thus determining dA can give us in-

formation of the curvature of the Universe. The curvature is given by the parameter

Ωk. The current observations from Planck are consistent with a flat universe.

The second peak in the CMB power spectrum is related to the baryon density

Ωb. If the baryon-photon ratio changes, the sound horizon rs is changed, this will

not only cause a shift in the peak locations, but a modification of the ratio of the

heights of odd to even peaks [12, 105]. The baryon density according to Planck [5]

is given by Ωbh
2 = 0.02227± 0.00020.

Finally, the third peak in the CMB power spectrum is related to the cold dark

matter density Ωc. If the matter-radiation ratio changes, this will have an effect on

the amplitude of the acoustic peaks. Also, the decay of the gravitational potential

(that is dominated by the cold dark matter) in the radiation era, enhances the third

and higher peaks [104,105]. According to Planck [5] the cold dark matter density is

Ωch
2 = 0.1184± 0.0012.

This chapter is the basic framework of Cosmology that will help us to describe

the evolution of the Universe and we will use it as a background in the description

of the Cosmological Perturbation Theory in the next chapter.
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Perturbation theory is a widely used tool in the study of non-linear problems in

physics. As part of our study of the structures in the Universe, in this chapter we

review the perturbation theory techniques that we will use in chapter 3 for our main

calculations. In section 2.1, we introduce the Cosmological Perturbation Theory,

this relativistic formalism is necessary for the description of the large scale structure.

In section 2.2, we present the Newtonian perturbation theory, this formalism is the

adequate to describe the small scales. Finally, in section 2.3 we present the statistical

quantities that we use in the analysis of our results.

2.1. Cosmological Perturbation Theory

In this section, we review the main points of Cosmological Perturbation Theory.

We begin by briefly reviewing some of the pioneering work on the topic. Lifshitz

[106, 107] and Tomita [108] first studied the evolution of density perturbations at

first and second order respectively. In Ref. [109] Bardeen tackled the gauge problem,

by defining the first gauge invariant quantities, known as “Bardeen potentials”.

Relevant reviews on Cosmological Perturbation Theory are the ones by Kodama and

Sasaki [110] and Mukhanov et al [111]. Other important works are cited throughout

the chapter. However, a complete review on the work in cosmological perturbation

theory is beyond the scope of this thesis, a more recent and extensive review of this

topic can be found in Ref. [112], which we will also follow in the description of the

following sections.

As discussed in chapter 1, our Universe at large scales is considered to be homo-

geneous and isotropic. However, on smaller scales the Universe is inhomogeneous

and anisotropic. In order to study the inhomogeneous universe it is possible to use

N-body simulations (see e.g. Refs. [82–84] ), which is one of the most complete ap-

proaches, however the amount of resources and time required may not be always

accessible. As an alternative, we can use an analytical approach like perturbation

theory.
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The key idea of perturbation theory is to split quantities into a homogeneous

background and inhomogeneous perturbations

T(xi, η) = T0(η) + δT(xi, η). (2.1)

The homogeneous background can be described with the usual FLRW solutions

that we presented in chapter 1, the background quantities are denoted with the

subscript (0), the first or linear order perturbations, with the subscript (1), etc. The

inhomogeneous universe is studied through perturbations around this homogeneous

background, the perturbation terms can be expressed as a power series expansion

of the form

δT(xi, η) =
∞∑

n=1

εn

n!
δTn(xi, η), (2.2)

where n gives the order of the perturbation, and ε is a small parameter of the

expansion. This allow us to set up equations at different orders, which can be

individually solved, order by order.

Our starting point is the perturbed metric,

gµν = g(0)
µν + δgµν , (2.3)

where we consider as a background a flat FLRW metric, already defined in Eq. (1.24).

The perturbed metric is defined as

δgµν = a2

[
−2φ ω̂i

ω̂i γij

]
, (2.4)

with

γij = −2ψδij + χ̂ij, (2.5)

and the perturbed line element is thus [113,114]

ds2 = a2(η){−(1 + 2φ)dη2 + 2ω̂idηdx
i + [(1− 2ψ)δij + χ̂ij]dx

idxj}, (2.6)

where φ is the lapse perturbation, ω̂i is the shift perturbation and ψ and χ̂ij are the

spatial metric perturbations.

By means of the Helmholtz decomposition theorem (see e.g. Ref. [115]) these

components of the metric can be decomposed into their irreducible form of scalars,

vectors and tensors. This decomposition is useful at linear order as it allow us to

have decoupled governing equations, that can be solved separately.

29



2. Perturbation Theory

The lapse perturbation φ and the spatial metric perturbation ψ are scalars. In the

case of vectors these can be decomposed into a scalar and a vector part. This de-

composition of a vector consists of a curl-free part (also known as longitudinal part),

and divergence-free part (also known as solenoidal part). The shift perturbation ω̂i

can be decomposed in its scalar and vector components as

ω̂i = ω,i − ωi, (2.7)

where ωi is the solenoidal part, i.e. ∂iωi = 0.

For tensors we can also decompose into scalar, vector and tensor components. The

spatial metric perturbation χ̂ij is traceless i.e., χii = 0 and transverse i.e., ∂iχij = 0.

Its scalar, vector and tensor components are given by

χ̂ij = Dijχ+ χi,j + χj,i + χij, (2.8)

where, χi is a solenoidal vector field and Dij is defined by

Dij = ∂i∂j −
1

3
δij∇2. (2.9)

The perturbed metric allow us to find the left hand side of the Einstein equations

as defined in Eq. (1.20). The perturbations for the perfect fluid stress energy mo-

mentum tensor defined in Eq. (1.18) can be found by taking the density ρ, pressure

p and fourth-velocity uµ perturbations and substituting them in Eq. (1.18), these

are given by

δT νµ =

[
−δρ (ρ0 + p0)(vi − ωi)

−(ρ0 + p0)vi δpδij

]
, (2.10)

where the quantities ρ0 and p0 denote the density and pressure in the background

respectively. And we have defined δρ = ρ − ρ0 and δp = p − p0. This allow us to

write the right hand side of the Einstein equations.

2.1.1. Gauge problem and gauge transformations

Using General Relativity to study physical problems should be covariant, i.e. it

should not depend on the choice of coordinates. After splitting quantities into back-

ground and perturbations, the perturbations are no longer covariant, and depend on

the gauge choice, this is the so called gauge problem. The splitting of background

and perturbation quantities, introduces non physical gauge modes, meaning that we

will obtain different results depending on the coordinate choice [112].
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However, it is possible to overcome this problem by studying the gauge transforma-

tions of the perturbations and defining gauge invariant quantities. An appropriate

gauge choice can also simplify the equations of our problem.

It is important to establish a method to relate quantities in different gauges. In

the literature (see e.g. Ref. [112]) we find two methods, the active and the pas-

sive approach. The passive approach specifies the relation between two coordinate

systems, then the change in the perturbations is calculated using this coordinate

transformation. The transformation in the passive approach is taken at the same

physical point. On the other hand, in the active approach the perturbations are

changed under a mapping, this map induces the transformation of the perturbed

quantities. In the active approach the transformation is evaluated at the same co-

ordinate point. Since both approaches have the same results, we use the active

approach in the following.

The active approach relates a tensor T̃ with a tensor T using a exponential map

T̃ = e£ξµT, (2.11)

where ξµ is the gauge generator, and the £ξµ is the Lie derivative with respect to

ξµ, defined as follows for scalars, vectors and tensors respectively,

£ξµρ = ρ,µξ
µ , (2.12)

£ξµvµ = vµ,λξ
λ + vλξ

λ
,µ , (2.13)

£ξµTµν = Tµν,λξ
λ + Tµλξ,ν

λ + Tλνξ
λ
,ν . (2.14)

Using the expanded gauge generator ξµ up to second order,

ξµ ≡ εξ1 +
1

2
ε2ξµ2 +O(ε3), (2.15)

then the exponential map expanded up to second order takes the form

exp(£ξ) = 1 + ε£ξ1 +
1

2
ε2£2

ξ1
+

1

2
ε2£ξ2 + ... (2.16)

and splitting the expansion by order, the tensor T transforms as

T̃0 =T0, (2.17)

εδ̃T1 =εδT1 + ε£ξ1T0, (2.18)

ε2δ̃T2 =ε2(δT2 + £ξ2T0 + £2
ξ1

T0 + 2£ξ1δT1). (2.19)
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Using the active approach given in Eq. (2.11), we can write the transformation

metric perturbation at first order as

δ̃gµν
(1)

= δg
(0)
µν,λξ

λ
1 + g

(0)
µλ ξ1,ν + g

(0)
λν ξ

λ
1,µ . (2.20)

If we use the Eq. (2.11) for a coordinate xµ of a point q, this will transform for a

point p as

xµ(q) = eξ
λ ∂

∂xλ
|pxµ(p), (2.21)

expanding the terms up to second order, e.g.

xµ(q) = xµ(p) + εξµ1 (p) +
1

2
ε2(ξµ1,ν(p) + ξµ2 (p)). (2.22)

At linear order the gauge transformation for the coordinates η̃ and x̃i is given by

η̃ =η + α , (2.23)

x̃i =xi + ∂iβ + di , (2.24)

where we used ξµ = (α, ∂iβ + di) with ∂id
i = 0.

Given the transformation rules, the perturbations at linear order take the form

of [113,114]

φ̃ =φ+Hα + α′ , (2.25)

ω̃i =ωi − α,i + β′,i + di
′ , (2.26)

γ̃ij =− 2

(
ψ − 1

3
∇2β −Hα

)
δij (2.27)

+χij + 2Dijβ + di,j + dj,i . (2.28)

Using the Helmholtz decomposition theorem we find that scalar metric variables

transform as [116,117]

φ̃ =φ+Hα + α′, (2.29)

ω̃ =ω − α + β′, (2.30)

ψ̃ =ψ − 1

3
∇2β −Hα, (2.31)

χ̃ =χ+ β, (2.32)
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the vector metric variables transform as

χ̃i = χi + di, (2.33)

ω̃i = ωi + di
′, (2.34)

and the tensor metric

χ̃ij = χij. (2.35)

The stress energy momentum tensor also transforms using Eqs. (2.11) and (2.14),

while the temporal part of velocity is transformed as

ṽ0 = v0 −Hα− α′, (2.36)

the scalar part of the spatial velocity transforms as

ṽi = vi − βi′, (2.37)

and the vector part transforms as

ṽi = vi − di′. (2.38)

The density perturbation, transforms as

δ̃ρ = δρ+ ρ′0α . (2.39)

An example of gauge invariant quantities are the Bardeen’s potentials [109] defined

as

Φ ≡ φ+H(ω − χ′) + (ω − χ′)′, (2.40)

Ψ ≡ ψ −H(ω − χ′). (2.41)

In this thesis we are only interested in scalar perturbations as these are responsible

for the density perturbations which are the seeds for structure formation. At linear

order only, the vector and tensor perturbations are decoupled from the scalar density

perturbations and the latter ones can be treated independently, at higher order this

is no the case anymore. The vector and tensor perturbations are used to describe

other effects like vorticity, magnetic fields and gravitational waves respectively, see

e.g. Refs. [118–121].
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2.1.2. Gauge choice

In this thesis we use two different gauge conditions, the synchronous gauge condition

that is obtained when the conditions

φ = ω̂i = 0, (2.42)

are imposed on the metric in Eq. (2.6), and the comoving gauge given by the con-

dition

vi = 0. (2.43)

These choices specify the gauge completely, and ensure the absence of spurious

gauge modes [112]. The evolution equations resulting from these gauge choices are

presented in chapter 3.

2.2. Newtonian standard perturbation theory

In this section we review the key aspects of the Newtonian standard perturbation

theory (SPT), following some of the pioneering work of Refs. [14, 15, 122–124]. An

extensive review on SPT can be found in Ref. [16], we follow this work in this section.

The SPT is an adequate description for small scales, scales that are smaller than

the Hubble radius [16]. The starting point of this description considers collisionless

particles, interacting only gravitationally. The evolution equations in comoving

coordinates are given by the continuity equation, which describes the conservation

of mass

δ′ +∇ · [(1 + δ)v] = 0, (2.44)

the Euler equation, which describes the conservation of momentum

v′ + (v · ∇)v = −Hv −∇φ, (2.45)

and the Poisson equation

∇2φ = 4πGa2ρ̄δ, (2.46)

where ρ̄ is the mean density in the background, δ(x, η) is the density contrast given

by

δ(x, η) =
ρ(x, η)− ρ̄(η)

ρ̄(η)
. (2.47)

Here, v(x, η) = ∂x
∂η

is the peculiar velocity and φ is the peculiar gravitational poten-

34



2. Perturbation Theory

tial field sourced by the density fluctuations, which can be identified with the metric

perturbation in the conformal Newtonian gauge [112].

We can describe the peculiar velocity v(x, η) by its divergence θ = ∇ · v, the

vorticity can be neglected as it will decay with the expansion of the Universe [14].

Using θ as our new velocity variable, we can write in Fourier space (see Eqs. (1.5),

(1.6) for convention) the Eqs. (2.44), (2.45) and (2.46) as

∂δ(k, η)

∂η
+ θ(k, η) = −

∫
d3k1d

3k2

(2π)3
δD(k− k12)

k12 · k1

k2
1

θ(k1, η)δ(k2, η), (2.48)

∂θ(k, η)

∂η
+H(η)θ(k, η) +

3

2
ΩmH2(η)δ(k, η) =

−
∫
d3k1d

3k2

(2π)3
δD(k− k12)

k2
12(k1 · k2)

2k2
1k

2
2

θ(k1, η)θ(k2, η), (2.49)

where we used the short-hand notation k12 = k1 + k2, this notation will be used

throughout this thesis where convenient. The right hand side of Eqs. (2.48) and

(2.49) describes the non-linear evolution of δ(k, η) and θ(k, η), which is specified by

the coupling of the linear wavevectors k1 and k2.

2.2.1. Linear solutions

First we will review the linear solutions for δ(k, η). If we keep only the linear terms,

the Eqs. (2.48) and (2.49) take the form

∂δ(k, η)

∂η
+θ(k, η) = 0, (2.50)

∂θ(k, η)

∂η
+H(η)θ(k, η) +

3

2
ΩmH2(η)δ(k, η) = 0. (2.51)

Taking the derivative of Eq. (2.50) and using Eq. (2.51), we can write

∂2δ(k, η)

∂η2
+H(η)

∂δ(k, η)

∂η
− 3

2
ΩmH2(η)δ(k, η) = 0. (2.52)

This equation can be solved with an ansatz of the form δ(k, η) ∝ D(η)δ(k), where

D(η) is the linear growth factor that describes the growth of matter perturbations

at late times [12]. The solution for Eq. (2.52) is composed by a linear combination

of a growing mode (+) and a decaying mode (−)

δ(k, η) = D+(η)A(k) +D−(η)B(k). (2.53)
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For example, for an Einstein-de Sitter universe (see section 1.2.1), the growing

and decaying modes are given by

D+ = η2, D− = η−3. (2.54)

In further calculations we will keep the growing mode solution only, as the decay-

ing mode vanishes at late times.

2.2.2. Non-linear solutions

The Eqs. (2.48) and (2.49) describe the non-linear behaviour of δ(k, η) and θ(k, η).

Since these equations are coupled, it is difficult to give an exact solution. However,

a formal solution can be written using a perturbation expansion. For simplicity we

will only consider the solutions for an Einstein de-Sitter universe. We expand δ(k, η)

and θ(k, η) as [15,122]

δ(k, η) =
∞∑

n=1

a(n)(η)δ(n)(k), θ(k, η) = −H(η)
∞∑

n=1

a(n)(η)θ(n)(k), (2.55)

where

δ(n)(k) =

∫
d3q1...d

3qn
(2π)3n

(2π)3δD

(∑
qi − k

)
F (n)({qi})δ(1)(q1)...δ(1)(qn), (2.56)

θ(n)(k) =

∫
d3q1...d

3qn
(2π)3n

(2π)3δD

(∑
qi − k

)
G(n) ({qi}) δ(1)(q1)...δ(1)(qn), (2.57)

with the recursion relations F (n) and G(n) given by

F (n)(q1, ...,qn) =
n−1∑

m=1

G(m)(q1, ...,qm)

(2n+ 3)(n− 1)

[
(1 + 2n)

k · k1

k2
1

F (n−1)(qm+1, ...,qn)

+
k2(k1 · k2)

k2
1k

2
2

G(n−m)(qm+1, ...,qn)

]
, (2.58)

G(n)(q1, ...,qn) =
n−1∑

m=1

G(m)(q1, ...,qm)

(2n+ 3)(n− 1)

[
3
k · k1

k2
1

F (n−m)(qm+1, ...,qn)

+ n
k2(k1 · k2)

k2
1k

2
2

G(n−m)(qm+1, ...,qn)

]
, (2.59)

where F (1) = G(1) = 1, k = q1 + ...+ qn, and k ≡ k1 + k2.
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For second order, n = 2, the recursion relations allow us to obtain the kernels

F (2)
N (k1,k2, η) =

5

7
+

2

7

(k1 · k2)2

k2
1k

2
2

+
k1 · k2(k2

1 + k2
2)

2k2
1k

2
2

, (2.60)

G(2)
N (k1,k2, η) =

3

7
+

4

7

(k1 · k2)2

k2
1k

2
2

+
k1 · k2(k2

1 + k2
2)

2k2
1k

2
2

. (2.61)

These are symmetrized kernels, this results from the sum of F (n) and G(n) with all

possible permutations of qi, the symmetrized kernels are written in calligraphic font.

In this work we will require the recursion relations up to n = 3, in this case the

kernels are given by [125]

F (3)
N (k1,k2,k3, η) =

2k2

54

[
k1 · k23

k2
1k

2
23

G(2)
N (k2,k3) + (2 cyclic)

]

+
7

54
k ·
[

k12

k2
12

G(2)
N (k1,k2) + (2 cyclic)

]
(2.62)

+
7

54
k ·
[

k1

k2
1

F (2)
N (k2,k3) + (2 cyclic)

]
,

G(3)
N (k1,k2,k3, η) =

k2

9

[
k1 · k23

k2
1k

2
23

G(2)
N (k2,k3) + (2 cyclic)

]

+
1

18
k ·
[

k12

k2
12

G(2)
N (k1,k2) + (2 cyclic)

]
(2.63)

+
1

18
k ·
[

k1

k2
1

F (2)
N (k2,k3) + (2 cyclic)

]
.

Higher orders can be calculated, however their symmetrization is not straightfor-

ward, and are not needed here.

2.3. Statistics in Cosmology

So far we have described the evolution of the density contrast δ(k, η) in the Universe.

However, the density contrast on its own does not provide information about the

structure in the Universe as a whole. In order to be able to compare theoretical

results with observations, we require to analyse the statistics of both.

One of the simplest statistical quantities is the galaxy 2-point correlation function
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Figure 2.1 Diagrammatic representation of the volume elements δV1 and δV2, sep-
arated at a distance r12 in the definition of 2-point correlation function.

ξ(r) defined by the joint probability δP of finding a galaxy in both of the volume

elements δV1 and δV2 at a given separation r12 (see Fig. 2.1)

δP = n2δV1δV2[1 + ξ(r12)], (2.64)

where n is the mean number density of galaxies [126].1

Another definition of the correlation function is given by the spatial average of

the product of the density contrast at two different points

〈δ(x1)δ(x2)〉 = ξ(|r12|), (2.65)

where |r12| = |x1 − x2|, is due to the isotropy and homogeneity that the correlation

function depends only on the magnitude of the difference of the positions x1 and

x2 [127,128].

Having defined the correlation function, we can define the power spectrum P (k)

as the Fourier transform of the 2-point correlation function

〈δ(k)δ(k′)〉 = (2π)3P (|k|)δD(k + k′), (2.66)

in terms of calculations the power spectrum turns out to be more convenient than

the correlation function as the modes in Fourier space evolve independently at linear

order.

When we consider Gaussian random fields, which is the case for the density con-

1ξ should not to be confused with the gauge generator defined in previous sections.
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trast, Wick’s theorem is useful. This theorem establishes that the correlator of the

product of an odd number of Gaussian random fields vanishes

〈δ(k1)...δ(k2p+1)〉 = 0, (2.67)

and if we have the product of an even number of Gaussian random fields, the corre-

lator will be given by

〈δ(k1)...δ(k2p)〉 =
∑

all pairs associations

∏

p pairs (i,j)

〈δ(ki)δ(kj)〉, (2.68)

where all pairs associations refers to the sum of all possible pairings of δ(ki) with

δ(kj), i.e. products of 2-point correlators, where p is an integer number [16,25]. For

the case of Gaussian random fields, the 2-point correlation function (or in Fourier

space, the power spectrum) describes in full their statistics.

The next order statistics that give us information that is not captured by the 2-

point correlation function, is the three-point correlation function or in Fourier space,

the bispectrum B(k1,k2,k3) defined as [129]

〈δ(k1)δ(k2)δ(k3)〉 = (2π)3B(k1,k2,k3)δD(k1 + k2 + k3). (2.69)

Due to homogeneity and isotropy the three wave vectors have to sum to zero, as a

result they form a triangle [127,130]. The configurations for these triangles that are

usually considered in the literature are shown in Fig. 2.2.

The bispectrum is necessary if we are dealing with non-Gaussian random fields or

we treat with non-linear orders of Gaussian random fields we will have to consider

higher order statistics [127,130,131]. For example, if we expand the Gaussian density

contrast to non-linear orders

δ = δ(1) +
δ(2)

2
+
δ(3)

6
+ ..., (2.70)

the correlation of three copies of the linear order density contrast

〈δ(1)(k1)δ(1)(k2)δ(1)(k3)〉 = 0, (2.71)

due to Wick’s theorem. However, the correlation between two linear order density

contrast δ(1)(k1) and δ(1)(k2) with a non-linear order density contrast δ(2)(k3) will
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be

1

2
〈δ(1)(k1)δ(1)(k2)δ(2)(k3)〉 = (2π)3B(k1,k2,k3)δD(k1 + k2 + k3). (2.72)
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c) Flattened

<latexit sha1_base64="icwIIieDhlbRcySnTplHsruuhqQ=">AAAB83icbVDJSgNBEO2JW4xb1KOXxiAoSJhRUY9BLx4jmgUyQ+jpqUma9Cz2IsQhv+HFgyJe/Rlv/o2dZA6a+KDg8V4VVfX8lDOpbPvbKiwsLi2vFFdLa+sbm1vl7Z2mTLSg0KAJT0TbJxI4i6GhmOLQTgWQyOfQ8gfXY7/1CEKyJL5XwxS8iPRiFjJKlJFc/8g9vnvQAE8QdMsVu2pPgOeJk5MKylHvlr/cIKE6glhRTqTsOHaqvIwIxSiHUcnVElJCB6QHHUNjEoH0ssnNI3xglACHiTAVKzxRf09kJJJyGPmmMyKqL2e9sfif19EqvPQyFqdaQUyni0LNsUrwOAAcMAFU8aEhhApmbsW0TwShysRUMiE4sy/Pk+ZJ1Tmvnt6eVWpXeRxFtIf20SFy0AWqoRtURw1EUYqe0St6s7T1Yr1bH9PWgpXP7KI/sD5/AHZHkVM=</latexit>

b) Squeezed

Figure 2.2 Different configurations for the bispectrum triangles. a) Equilateral
configuration where k1 = k2 = k3. b) Squeezed configuration where
k2,k3 � k1. c) Flattened configuration where k1 = k2 = 1

2
k3.

2.3.1. Primordial non-Gaussianity

Since we are studying the large scale structure of the Universe, it is of great im-

portance to consider the effects of primordial non-Gaussianities in it. It is believed

that the primordial density fluctuations, seeds of the LSS, were generated during the

inflation period. These primordial density fluctuations leave an imprint on the LSS

that we observe nowadays. The simplest models of inflation tell us that the gener-

ation of these primordial density fluctuations follow a nearly Gaussian distribution,

with small non-Gaussian deviations [132–134].

Studying and constraining primordial non-Gaussianities is a useful tool to study
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the early universe as it can help to distinguish between different inflation models

(see e.g. Refs. [23, 135]) being a key in our understanding of the physics of the

early universe and the process of structure formation. For a review on primordial

non-Gaussianity see e.g. Refs. [23,136].

As mentioned in the previous section in order to study non-Gaussianities it is nec-

essary to consider the bispectrum statistics. For the Bardeen’s curvature potential

Φ in Eq. (2.40) we have

〈Φ(k1)Φ(k2)Φ(k3)〉 = (2π)3BΦ(k1,k2,k3)δD(k1 + k2 + k3). (2.73)

Following Ref. [132] the general the bispectrum BΦ can be expressed as

BΦ(k1, k2, k3) = fNLF (k1, k2, k3), (2.74)

where fNL is the non-Gaussian parameter, and measures the amplitude of the non-

Gaussianity, the function F (k1, k2, k3) will be given in terms of the shape of bispec-

trum considered.

As an example, we present the local model of PNG, for this Φ can be expanded

as

Φ = φ+ fNL(φ2 − 〈φ2〉) + gNL(φ3) + ..., (2.75)

where φ is a linear Gaussian random field, fNL and gNL are the non-Gaussian pa-

rameters at first and second order respectively.2

The local model peaks in the squeezed limit and using Wick’s theorem, BΦ is

given by [137,138]

Blocal
Φ (k1,k2,k3) = 2f local

NL [PΦ(k1)PΦ(k2) + PΦ(k2)PΦ(k3) + PΦ(k3)PΦ(k1)], (2.76)

where the power spectrum PΦ(k), is defined by the Eq. (2.66)

〈Φ(k1)Φ(k2)〉 = (2π)3δ(k1 + k2)PΦ(k1), (2.77)

with [132,139]

PΦ(k) = Akns−4, (2.78)

where A is the normalisation and ns is the scalar spectral index.

2In the literature, the local model is also defined through the curvature perturbation in the
uniform-density gauge ζ, where at large scales Φ = 3

5ζ.
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2. Perturbation Theory

Current constraints for non-Gaussianity parameters reported by the Planck col-

laboration [140] are f local
NL = −0.9 ± 5.1 and glocal

NL = −5.8 × 104 ± 6.5 × 104. These

constraints will be used in the analysis in the next chapters.
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3. Relativistic and

non-Gaussianity contributions

to the one-loop power spectrum

3.1. Introduction

The work presented in this chapter is based on the paper in Ref. [141]. The goal of

this chapter is to include contributions from the scalar sector of the full relativistic

theory at second and third order, as well as the primordial non-Gaussianity at the

same orders (which can be easily included as an additional term to the density

contrast in the chosen gauge, the synchronous-comoving gauge), and analyse their

effects on the power spectrum at one-loop and the tree-level bispectrum. This

chapter is organised as follows:

In section 3.2 we review work previously done and present the evolution equations

for the density contrast in synchronous-comoving gauge. We present its solutions up

to third order using the gradient expansion. These solutions assume an Einstein-de

Sitter universe (a matter only universe, see section 1.2.1) and are necessary for the

computation of the one-loop power spectrum. In section 3.3, we present the Newto-

nian and relativistic solutions for the density contrast in Fourier space. Section 3.4

is dedicated to the one-loop power spectrum, which is our main result. We pro-

vide complete analytical expressions for the one-loop power spectrum, along with

numerical integrations, including the contributions to the one-loop power spectrum

for the allowed values of fNL and gNL reported by Planck [140]. For completeness,

in section 3.5 we present the tree-level bispectrum, along with numerical solutions.

Finally, in section 3.6 we discuss our results in light of the forthcoming galaxy sur-

veys.
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3. Relativistic and non-Gaussianity contributions to the one-loop power spectrum

3.2. Evolution equations and relativistic density

contrast solutions

In this section we present the evolution equations for the density contrast which are

given in synchronous-comoving gauge, based on work previously done in Refs. [58,

142, 143]. The choice of this gauge provides a Lagrangian frame in General Rela-

tivity, which is also suitable for defining local Lagrangian galaxy bias up to second

order [88]. Our starting point is the synchronous comoving line element, defined in

subsection 2.1.2,

ds2 = a2(η)[−dη2 + γijdx
idxj], (3.1)

where a is the scale factor, η is the conformal time and γij is the spatial metric.

As the matter content we consider an irrotational, pressureless fluid. Observers are

comoving with the fluid, and as a consequence the four-velocity in the synchronous

comoving gauge is uµ = (−a, 0, 0, 0).

For the following fluid description, we define the deformation tensor,

ϑµν ≡ auµ;ν −Hδµν , (3.2)

where the isotropic background expansion was removed. In the chosen gauge, the

deformation tensor has only spatial components and is proportional to the extrinsic

curvature Ki
j of the conformal spatial metric γij,

ϑij = −Ki
j, (3.3)

where Ki
j is given by

Ki
j ≡ −

1

2
γikγ′kj. (3.4)

The density field ρ is defined as

ρ(x, η) = ρ̄(η) + δρ(x, η) = ρ̄(η)(1 + δ(x, η)), (3.5)

where ρ̄(η) is the density in the background, δρ(x, η) is a small perturbation and

δ(x, η) is the density contrast. The evolution of the density contrast δ(x, η) is given

by the continuity equation

δ′ + (1 + δ)ϑ = 0, (3.6)

where ϑ = ϑαα is the trace of ϑµν .

The evolution for ϑ is given by the Raychaudhuri equation (more details of the
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derivation can be found in Refs. [143,144])

ϑ′ +Hϑ+ ϑijϑ
j
i + 4πGa2ρ̄δ = 0. (3.7)

The energy constraint is given by

ϑ2 − ϑijϑji + 4Hϑ+ 3R = 16πGa2ρ̄δ, (3.8)

where 3R is the spatial Ricci scalar of the spatial metric γij. In the following sub-

sections we use two approaches to find solutions to the evolution equations.

3.2.1. Cosmological perturbation theory

In order to show how cosmological perturbation theory is used to find the evolution

of the density contrast, we present in this section the solutions to first order. The

line element in Eq. (3.2) is equivalent to a spatially flat FLRW background with

a perturbed spatial metric as it was defined in Eq. (2.6) (in synchronous-comoving

gauge), and hence we can expand γij as in terms of the scalar metric potentials ψ

and χ as

γij = δij + γ
(1)
ij +

1

2
γ

(2)
ij + ...

= (1− 2ψ(1) − ψ(2))δij + χ
(1)
ij +

1

2
χ

(2)
ij + ... (3.9)

where

χij = Dijχ, (3.10)

and

Dij =

(
∂i∂j −

1

3
δij∇2

)
. (3.11)

The density contrast is decomposed as

δ = δ(1) +
1

2
δ(2) +

1

6
δ(3) + ... (3.12)

For the case of the first order solutions for the density contrast, we combine the

first order of the continuity equation (3.6) and the Raychaudhuri equation (3.7) at

first order, to obtain the first order density contrast evolution equation

δ(1)′′ +Hδ(1)′ − 3

2
H2Ωmδ

(1) = 0. (3.13)
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From the first order energy constraint equation (3.8), combined with the first

order continuity equation (3.6) we obtain

4Hδ(1)′ + 6H2Ωmδ
(1) − 3R(1) = 0, (3.14)

combining the time derivative of the Eq. (3.14) and using the first order of Eqs. (3.6)

and (3.7) we find an equation for R(1) given by

3R(1)′ = 0. (3.15)

The general solution for a second order differential equation as is Eq. (3.13), will

be composed of a linear combination of a growing mode and a decaying mode

δ(1)(x, η) = C+(x)D+(η) + C−(x)D−(η). (3.16)

Since we choose to work in an Einstein-de Sitter universe (see section 1.2.1), the

decaying mode solution is negligible and from now on we take a solution of the form

δ(1)(x, η) = C(x)D+(η), (3.17)

where C(x) will be given by [143]

C(x) =
3R(1)

10H2
IND+IN

, (3.18)

D+ is the growth factor, and the subscript “IN” denotes a time early in the matter

dominated era.

At first order in perturbation, for an unspecified gauge, the spatial Ricci scalar,

is
3R(1) = 4∇2

(
ψ(1) +

1

6
∇2χ(1)

)
. (3.19)

We can define the gauge invariant comoving curvature perturbation Rc by

Rc = ψ(1) +
1

6
∇2χ(1) −H(v + ω). (3.20)

We can then evaluate Eq. (3.20) in the comoving gauge, where (v + ω) = 0, and

get [112,145]

Rc = ψ(1)
c +

1

6
∇2χ(1)

c . (3.21)

The comoving curvature perturbation is related to the curvature perturbation on
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uniform-density hypersurfaces as (see for example Ref. [112])

ζ(1) ≡ −ψ(1) − 1

6
∇2χ(1) − H

ρ′
δρ(1) = −Rc +

1

3
δ(1), (3.22)

and at early times and large scales ζ(1) and Rc are approximately equal:

ζ(1) ' −Rc. (3.23)

Substituting Eq. (3.23) into Eq. (3.19), we write the first order solution for the

density contrast as

δ(1) =
D+(η)

10H2
IND+IN

(
−4∇2ζ(1)

)
, (3.24)

where the growth factor in Einstein-de Sitter is

D+ =
D+INH2

IN

H2
, (3.25)

with D+IN = 1 and HIN = H0, where H0 is the conformal Hubble parameter at

present time.1 These choices are made to recover the standard Newtonian solutions.

3.2.2. Gradient expansion approach

In section 3.2.1 we presented the first order equations and solutions for the den-

sity contrast using cosmological perturbation theory, in this section we present the

solutions for the second and third order equations using a different approach, the

gradient expansion, that leads to the same equations and solutions obtained using

the perturbative treatment. Instead of using the expansion Eq. (3.9), we can also

write the spatial metric as [146,147]

gij = a2γij = a2e2ζ γ̌ij, (3.26)

where ζ is the curvature perturbation on uniform density hypersurfaces.

The initial conditions for perturbations are set in the inflationary epoch. After this

period, the curvature perturbation ζ is almost scale-invariant and remains constant

(see for example Ref. [148]). As a consequence is it possible to consider small initial

inhomogeneities on large scales, allowing for a gradient expansion [107, 149–152].

In this long-wavelength approximation the spatial gradients are small compared to

1The order by order correspondence between the density contrast and the curvature perturbation
means that δ(1) represents a Gaussian field.
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time derivatives. Using this approximation we find

δ ∼ ϑ ∼ 3R ∼ ∇2, (3.27)

and using this approximation with the continuity (3.6) and energy constraint equa-

tions (3.8), lead us back to the Eq. (3.14).

On large scales, and only considering scalars, the conformal metric can be ap-

proximated as γ̌ij ' δij. As a consequence of this simplified spatial metric, the Ricci

scalar R is a nonlinear function of the curvature perturbation ζ only, taking the

form [58,142,153]

3R = −4∇2ζ +
∞∑

m=0

(−2)m+1

(m+ 1)!

[
(m+ 1)(∇ζ)2 − 4ζ∇2ζ

]
ζm. (3.28)

This expansion for R will allow us to obtain solutions for the density contrast to

higher orders. In this chapter we are interested in solutions up to third order. The

third order corrections are obtained after expanding R up to m = 1 and are given

by
3R = −4∇2ζ + (−2)[(∇ζ)2 − 4ζ∇2ζ] + 2[2(∇ζ)2 − 4ζ∇2ζ]ζ. (3.29)

The curvature perturbation can be expanded in terms of a Gaussian random field

ζ(1) as

ζ = ζ(1) +
3

5
fNLζ

(1)2 +
9

25
gNLζ

(1)3, (3.30)

where fNL and gNL are the non-Gaussian parameters at first and second order re-

spectively [154]. After substituting Eq. (3.30) into Eq. (3.29), we get an expression

for the Ricci scalar, that will allow us to find the density contrast solutions

3R ' −4∇2ζ(1) +
(
∇ζ(1)

)2
[
−2− 24

5
fNL

]
+ ζ(1)∇2ζ

[
−24

5
fNL + 8

]

+ ζ(1)
(
∇ζ(1)

)2
[
−216

25
gNL +

24

5
fNL + 4

]
(3.31)

+ ζ(1)2∇2ζ(1)

[
−108

25
gNL +

72

5
fNL − 8

]
+O(ζ(1)4).

From Eq. (3.31) it is straightforward to see that solutions to first order in the

gradient expansion agree with the ones produced using the perturbation theory

treatment.

In a similar way to the first order, using the continuity equation (3.6), along with

the energy constraint equation (3.8), the second order evolution equation of δ will
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be given by

4Hδ(2)′ + 6H2Ωmδ
(2) − 3R(2) = 2ϑ(1)2 − 2ϑ

(1)i
j ϑ

(1)j
i − 8Hδ(1)ϑ(1), (3.32)

using
3R(2)′ = −4ϑ

(1)i
j R

(1)j
i . (3.33)

As shown in the Ref. [143], the solution for these equations is composed of an

homogeneous and a particular solution (labelled with subscripts “h” and “p” re-

spectively) of the form

δ(2) = δ
(2)
h + δ(2)

p , 3R(2) = 3R
(2)
h + 3R(2)

p , (3.34)

where the particular solution recovers the Newtonian density contrast obtained

within the Newtonian standard perturbation theory formalism and the homoge-

neous solution corresponds to the relativistic contributions to the density contrast

also presented in Ref. [143].2

Thus, using the expansion for the Ricci scalar given in Eq. (3.31) up to second

order (m = 0), the homogeneous solution for the second order of the density contrast

is

1

2
δ(2) =

D+(η)

10H2
IND+IN

24

5

[
− (∇ζ(1))2

(
5

12
+ fNL

)
+ ζ(1)∇2ζ(1)

(
5

3
− fNL

)]
, (3.35)

in analogous way the homogeneous third order solution for the density contrast is

1

6
δ(3) =

D+(η)

10H2
IND+IN

108

25

[
2ζ(1)(∇ζ(1))2

(
− gNL +

5

9
fNL +

25

54

)

+ζ(1)2∇2ζ(1)

(
− gNL +

10

3
fNL −

50

27

)]
. (3.36)

The expression in Eq. (3.36) slightly differs from the expression provided in Ref. [142]

(Eq. (5.9)), where the authors missed the negative sign in the−2ζ(1)(∇ζ(1))2gNL term

and they have missed a factor of 10 in 9
27
ζ(1)2∇2ζ(1)fNL term, that if included leads

to obtain the 10
3
ζ(1)2∇2ζ(1)fNL term. We are interested in the new effects to the one-

loop power spectrum due to Newtonian and relativistic contributions focusing on the

derivation of the relativistic solutions for the density contrast, since the Newtonian

2Expressions for the relativistic contributions in the Lagrangian perturbation formalism have also
been reported in [155].
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solutions are well known(see e.g. Refs. [14–16,156]).3

3.3. Complete density contrast solutions in

Fourier space

In this section we present the complete solutions for the density contrast in Fourier

space, these solutions consider both Newtonian and relativistic contributions.

As presented in section 2.2, in Fourier space the second order density contrast is

defined by

δ(2)(k, η)

2
=

∫
d3k1d

3k2

(2π)3
δD(k− k1 − k2)F (2)(k1,k2, η)δ(1)(k1, η)δ(1)(k2, η), (3.37)

the kernel F (2)(k1,k2, η) is given by

F (2)(k1,k2, η) = F (2)
N (k1,k2, η) + F (2)

R (k1,k2, η), (3.38)

where F (2)
N (k1,k2, η) is the Newtonian contribution, corresponding to the particular

solution in Eq. (3.34), previously defined in Eq. (2.60)

F (2)
N (k1,k2, η) =

{
5

7
+

2

7

(k1 · k2)2

k2
1k

2
2

+
k1 · k2(k2

1 + k2
2)

2k2
1k

2
2

}
, (3.39)

the relativistic corrections F (2)
R (k1,k2, η), obtained from Eqs. (3.24) and (3.35), in

Fourier space are given by

F (2)
R (k1,k2, η) = 3H2

{(
fNL −

5

3

)
k2

1 + k2
2

2k2
1k

2
2

+

(
fNL +

5

12

)
k1 · k2

k2
1k

2
2

}
, (3.40)

the relativistic kernel is subdominant with respect to the Newtonian kernel at small

scales, due to the factor H2/k2 that for large values of k is small.

3It is important to note that our expressions for the relativistic density contrast are derived in
the synchronous-comoving gauge, i.e. from a Lagrangian formalism. In our analysis we are
also including the Newtonian density contrast, given instead in the Eulerian frame. Since the
relativistic corrections only affect the large scales and the Lagrangian variables only present
differences with respect to the Eulerian frame in the small scales, it is safe to state that our
result is valid in the Eulerian frame at the one-loop order [88].
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Similarly, the third order density contrast is defined as

δ(3)(k, η)

6
=

∫
d3k1d

3k2d
3k3

(2π)6
δD(k− k1 − k2 − k3)F (3)(k1,k2,k3, η) (3.41)

×δ(1)(k1, η)δ(1)(k2, η)δ(1)(k3, η),

where the kernel F (3)(k1,k2,k3, η) is also composed by Newtonian and relativistic

contributions

F (3)(k1,k2,k3, η) = F (3)
N (k1,k2,k3, η) + F (3)

R (k1,k2,k3, η), (3.42)

with the third order Newtonian kernel previously defined in Eq. (2.62) and given by

F (3)
N (k1,k2,k3, η) =

2k2

54

[
k1 · k23

k2
1k

2
23

G(2)
N (k2,k3) + (2 cyclic)

]

+
7

54
k ·
[

k12

k2
12

G(2)
N (k1,k2) + (2 cyclic)

]
(3.43)

+
7

54
k ·
[

k1

k2
1

F (2)
N (k2,k3) + (2 cyclic)

]
,

and the relativistic contribution from Eqs. (3.24) and (3.36)

F (3)
R (k1,k2,k3, η) =

27

2
H4

[
−k1 · k2 + k1 · k3 + k2 · k3

k2
1k

2
2k

2
3

(
− gNL +

5

9
fNL +

25

54

)

−1

6

k2
1 + k2

2 + k2
3

k2
1k

2
2k

2
3

(
− gNL +

10

3
fNL −

50

27

)]
. (3.44)

3.4. One-loop power spectrum

The nth order contribution to the density power spectrum P (n)(k, η) [16] is defined

as,

(2π)3δD(k + k′)P (n)(k, η) =
2n−1∑

m=1

1

m!(2n−m)!
〈δ(m)(k, η)δ(2n−m)(k′, η)〉. (3.45)

From this expression we find that the first order power spectrum P (1,1)(k, η), is also

known as the tree-level power spectrum, corresponding to the linear power spectrum

PL(k, η). Writing all the contributions up to second order (n = 2) for the density
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power spectrum we obtain [157]:

P (k, η) = PL(k, η) + 2P (1,3)(k, η) + P (2,2)(k, η), (3.46)

where P (1,3)(k, η) and P (2,2)(k, η) corrections are known as the one-loop corrections

to the density power spectrum. Since δ(1)(k, η) is a Gaussian field, correlations of the

order P (1,2)(k, η) are null (in contrast with the expansions presented in e.g. Refs. [30,

31]).

3.4.1. Second order density power spectrum correction

P (2,2)(k, η)

The second order contribution to the density power spectrum P (2,2)(k, η) (see Ap-

pendix A) is defined as

P (2,2)(k, η) = 2

∫
d3q

(2π)3
PL(q, η)PL(|k− q|, η)[F (2)(q,k− q, η)]2. (3.47)

After substituting the expressions for F (2)(q,k − q, η) defined in Eq. (3.38) and

using the following variable transformation [14]

x =
k · q
|k||q| = cos θ, r =

|q|
|k| , (3.48)

we can write the total second order power spectrum correction P (2,2)(k, η) as a sum

of a Newtonian density power spectrum P
(2,2)
NN (k, η), a cross term P

(2,2)
C (k, η) that

includes Newtonian and relativistic terms, and a purely relativistic term P
(2,2)
RR (k, η)

P (2,2)(k, η) = P
(2,2)
NN (k, η) + P

(2,2)
C (k, η) + P

(2,2)
RR (k, η). (3.49)

Altogether this is

P (2,2)(k, η) =
k3

2π2

∫ ∞

0

r2drPL(kr, η)

∫ 1

−1

dxPL(k
√

1 + r2 − 2rx, η)

×
{[

3r + 7x− 10rx2

14r(1 + r2 − 2rx)

]2

(3.50)

+

(H2

k2

)
(6fNL − 10− 25r(r − x))(3r + 7x− 10rx2)

28r3(1 + r2 − 2rx)2

+

(H4

k4

)[
6fNL − 10− 25r2 + 25rx

4r2(1− 2rx+ r2)

]2
}
,
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where the first and second lines correspond to P
(2,2)
NN (k, η), while the third and fourth

lines correspond to P
(2,2)
C (k, η) and P

(2,2)
RR (k, η) respectively.

3.4.2. Second order density power spectrum correction

P (1,3)(k, η)

The second order contribution P (1,3)(k, η) (see Appendix A) is defined as

P (1,3)(k, η) = 3F (1)(k)PL(k, η)

∫
d3q

(2π)3
PL(q, η)F (3)(k,q,−q, η), (3.51)

where F (1)(k) = 1 and F (3)(k,q,−q, η) is defined by Eq. (3.42) and is written in

terms of the variables defined in Eq. (3.48). For the total second order contribution

P (1,3)(k, η) we have the sum of a Newtonian contribution P
(1,3)
NN (k, η) and a relativistic

contribution P
(1,3)
RR (k, η). Note that, strictly speaking P

(1,3)
RR (k, η) is a cross term,

since it comes from the combination of F (1)(k) and F (3)
R (k,q,−q, η), and F (1)(k)

does not have relativistic corrections. However, since F (1)(k) = 1, the product of

F (1)(k) with F (3)(k,q,−q, η) will not modify F (3)(k,q,−q, η). Thus, in this thesis

we will consider P
(1,3)
RR (k, η) as a relativistic term. Then

P (1,3)(k, η) = P
(1,3)
NN (k, η) + P

(1,3)
RR (k, η), (3.52)

using the change of variables in (3.48) and integrating over the variable x, we obtain

P (1,3)(k, η) =
k3

4π2
PL(k, η)

∫ ∞

0

drPL(kr, η)

{
1

504

[
12

r2
− 158 + 100r2 − 42r4

+
3

r3
(r2 − 1)3(7r2 + 2) ln

(
r + 1

|r − 1|

)]

+81

(H4

k4

)[(
− gNL +

5

9
fNL +

25

54

)

+
1 + 2r2

6r2

(
gNL −

10

3
fNL +

50

27

)]}
, (3.53)

where the first and second line correspond to P
(1,3)
NN (k, η) and third and fourth line

to P
(1,3)
RR (k, η).

We obtain numerical solutions for the different contributions to the density power

spectrum presented in this section. All our integrations use as an input a linear

power spectrum generated with the Boltzmann solver CLASS [158, 159], assuming

a flat ΛCDM cosmology given by the Planck collaboration [5] with a sharp cut-
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off in PL(k, η) at k = 10−5hMpc−1 due to the infrared behaviour of the purely

relativistic terms (see the Appendix B), this cut-off is necessary for the numerical

integration, that can not be performed using the lower limit of 0 as stated in the

analytical expressions, as these will diverge since we require as an input a numerical

linear power spectrum PL(k, η) that is generated for a specific range of values in

k. The large scales removed by this cut-off are not observable with the current

surveys, meaning these are outside the horizon and can be considered a part of the

background. To test the convergence of the numerical integration of the density

power spectrum, we have computed these integrals with the Mathematica package

and with a Python script independently.

In this way, the total Newtonian one-loop power spectrum is given as usual by

PNN(k, η) = PL(k, η) + 2P
(1,3)
NN (k, η) + P

(2,2)
NN (k, η). (3.54)

In Fig. 3.1 we present the Newtonian standard perturbation theory results, show-

ing the second order Newtonian contributions to the one-loop power spectrum,

P
(2,2)
NN (k, η) and P

(1,3)
NN (k, η), along with the total Newtonian one-loop power spec-

trum PNN(k, η), for comparison we also plot the linear power spectrum PL(k, η) in

all the Figures presented. The relative difference of the Newtonian one-loop power

spectrum with respect to the linear power spectrum is also shown. The Newtonian

contributions show a relevant effect only for the small scales.

In Fig. 3.2 we present the individual relativistic contributions to the total one-loop

power spectrum coming from, P
(2,2)
RR (k, η) and P

(1,3)
RR (k, η), along with the cross term

P
(2,2)
C (k, η). In this Figure we consider the case in where fNL = gNL = 0. The cross

term is subdominant respect to the second order density power spectrum relativistic

contributions P
(2,2)
RR (k, η) and P

(1,3)
RR (k, η), the contribution of P

(2,2)
C (k, η) is mainly

in the small scales.

In Fig. 3.3 we present the Newtonian (2P
(1,3)
NN + P

(2,2)
NN ), relativistic (2P

(1,3)
RR +

P
(2,2)
RR ) and cross term P

(2,2)
C contributions to the one-loop power spectrum. The

relative difference for each of these contributions to the one-loop power spectrum

with respect to the linear power spectrum is also shown. In this Figure we consider

the case in where fNL = gNL = 0.

The total relativistic one-loop power spectrum is defined as

PRR(k, η) = PL(k, η) + 2P
(1,3)
RR (k, η) + P

(2,2)
RR (k, η). (3.55)

In Fig. 3.4 we present the relativistic results, we show the relativistic contributions
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Figure 3.1 Upper panel: The total Newtonian one-loop power spectrum PNN and
the individual second order density power spectrum contributions to the
total Newtonian one-loop power spectrum P

(2,2)
NN and P

(1,3)
NN , at redshift

z = 0. Bottom panel: The relative difference of the Newtonian one-loop
power spectrum with respect to the linear power spectrum normalised
with the linear power spectrum.
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Figure 3.2 Individual second order density power spectrum contributions to the
total one-loop power spectrum P

(2,2)
RR , P

(2,2)
C and P

(1,3)
RR for fNL = gNL =

0, at redshift z = 0.
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Figure 3.3 Upper panel: Newtonian (2P
(1,3)
NN + P

(2,2)
NN ), relativistic (2P

(1,3)
RR + P

(2,2)
RR )

and cross term P
(2,2)
C contributions to the one-loop power spectrum,

with fNL = gNL = 0, at redshift z = 0. Bottom panel: The rela-
tive difference of each term PXX (i.e. the Newtonian, relativistic and
cross term) contributions with respect to the linear power spectrum
normalised with the linear power spectrum.

to the one-loop power spectrum coming from, P
(2,2)
RR (k, η) and P

(1,3)
RR (k, η), along with

the total relativistic one-loop power spectrum PRR(k, η), we have also included the

cross term P
(2,2)
C (k, η), in this Figure we consider the case in where fNL = gNL = 0.

The relative difference of the relativistic one-loop power spectrum with respect to

the linear power spectrum is also shown. We note that relativistic one-loop power

spectrum corrections are relevant in the large scales, the relativistic contributions

are subdominant in smaller scales.

Finally, the total one-loop power spectrum defined in Eq. (3.46) reads as

PRN(k, η) = PL(k, η) + 2P (1,3)(k, η) + P (2,2)(k, η). (3.56)

In Fig. 3.5 we present a comparison of the total Newtonian one-loop power spec-

trum PNN(k, η), the total relativistic one-loop power spectrum PRR(k, η), along with

the total one-loop power spectrum PRN(k, η), in this Figure we consider the case

with no primordial non-Gaussianity fNL = gNL = 0. The difference of the total one-

loop power spectrum PRN(k, η) respect to the linear power spectrum PL(k, η) lies

in the large scales is due to the relativistic corrections, whereas the difference in the

small scales is given purely by the Newtonian contributions.

In Fig. 3.7 we present the total one-loop power spectrum PRN(k, η), using different
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Figure 3.4 Upper panel: The total relativistic one-loop power spectrum PRR and
the individual second order density power spectrum contributions to
the total relativistic one-loop power spectrum P

(2,2)
RR , P

(2,2)
C and P

(1,3)
RR

for fNL = gNL = 0, at redshift z = 0. Bottom panel: The relative
difference of the relativistic one-loop power spectrum with respect to
the linear power spectrum normalised with the linear power spectrum.
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Figure 3.5 Upper panel: Total Newtonian one-loop power spectrum PNN along
with the total relativistic one-loop power spectrum PRR and total one-
loop power spectrum PRN , with fNL = gNL = 0, at redshift z = 0.
Bottom panel: Relative difference of the total one-loop power spectrum
with respect to the linear power spectrum normalised with the linear
power spectrum.
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combinations of values of fNL and gNL reported in by the Planck collaboration in

Ref. [140]. The current constraints are given by f local
NL = −0.9 ± 5.1 and glocal

NL =

−5.8 ± 6.5 × 104. For fNL we use the minimum and maximum values allowed by

Planck i.e. fNL = −6.0 and fNL = 4.2. In the case of gNL, we use the minimum

value allowed by Planck i.e. gNL = −12.3× 104, and the maximum value of gNL that

we will use is ∼ 7. Higher values for gNL are allowed by the results of the Planck

collaboration [140], however might be in conflict with our perturbative expansion,

giving negative contributions to the density power spectrum on large scales as shown

in Fig. 3.6 and it is not clear whether these features are physical. This does not

mean that using these values for gNL is not allowed, however clarifying this issue

would require to calculate higher perturbative orders.
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PRN fNL = 4.2, gNL = 0.7× 103

PRN fNL = 4.2, gNL = 0.7× 102

PRN fNL = 4.2, gNL = 0.7× 101

Figure 3.6 Total one-loop power spectrum PRN , at redshift z = 0, for different val-
ues of gNL reported by Planck [140]. We observe negative contributions
to the power spectrum for gNL > 7.

These values for gNL and fNL were chosen to show which values of fNL and gNL

have a more significant contribution to the one-loop power spectrum. The relative

difference with respect to the linear power spectrum shows that the largest cor-

rections to the power spectrum in the large scales are present when gNL takes its

minimum value, being this the dominant correction term as is not affected by the

chosen value of fNL. On the other hand, larger values of gNL present a similar be-

haviour for the different combinations with fNL, having a small relative difference

with respect to the linear power spectrum in comparison to the corrections given by

minimum values of gNL.

In Fig. 3.8 we present the same set of total one-loop power spectrum PRN(k, η)

plots as in Fig. 3.7 but at a redshift z = 1. In addition to the density power spectrum
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Figure 3.7 Upper panel: Total one-loop power spectrum PRN , at redshift z = 0,
for different limiting values of fNL and gNL reported by Planck [140].
Note that the non-visible lines (yellow, orange and dark blue) are hid-
den behind the light green line as the have similar behaviour. Bottom
panel: Relative difference of the relativistic one-loop power spectrum
with respect to the linear power spectrum normalised with the linear
power spectrum.

PRN(k, η) we also present in the blue shaded area the measurement errors assuming

a cosmic variance limited Stage-IV galaxy survey like DESI [18], Euclid [160], or

LSST [19]. These errors are given by [47]

δPgg =
1√
Nk

[
Pgg(k, z) +

1

n̄g

]
, (3.57)

where Pgg(k, z) is the galaxy power spectrum, n̄g is the mean number density and

the term 1/n̄g is the shot noise, in our case we consider an idealised case, thus the

shot noise is set to zero. The factor Nk is the number of Fourier modes in a survey

of volume Vs is expressed as

Nk =
k2∆kVs

4π2
. (3.58)

The galaxy power spectrum in this case is modelled as

Pgg(k, z) = b2D2(z)PL(k), (3.59)

where D(z) is the growth factor, and b is a linear bias parameter, following the
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parametrisation as [161,162]4

b =
√

1 + z. (3.60)

The Fisher matrix Fij, which provides with the best possible error that we expect

to achieve, is related to the errors as [163–165]

Fij =

∫ kmax

kmin

∂Pgg
∂pi

∂Pgg
∂pj

[
Pgg +

1

n̄g

]−2
Vsk

2

4π2
dk, (3.61)

where pi are the parameters for which we want to forecast errors.

More specifically, we have assumed a sky area of 15, 000 deg2 at z = 1 with bin

width ∆z = 0.2. These numbers correspond to typical specifications of such surveys

used in recent forecast and model validation studies at z = 1 (see e.g. Ref. [166]).

Note however that the measurement errors would decrease if we chose a wider red-

shift bin given the large total redshift coverage of Stage-IV surveys. Similarly, we

have defined the largest measurable scale as kmin ' 2π/V
1/3

bin = 0.003hMpc−1, where

Vbin is the volume corresponding to ∆z = 0.2; this volume would increase if we were

to consider a wider redshift bin, allowing us to reach larger scales. The minimum

values of fNL and gNL show the largest impact at the largest measured scales of the

upcoming experiments, forecasting a detectability of PNG for values of gNL or fNL.

3.5. Tree-level bispectrum

For completeness we calculate the tree-level bispectrum, which is defined as

B(k1, k2, k3, η) ≡ 2PL(k1, η)PL(k2, η)F (2)(k1,k2, η) + (2 cyclic), (3.62)

the components to calculate the bispectrum at tree-level are given in Eq. (3.39) and

Eq. (3.40). We define the Newtonian tree-level bispectrum BNN(k1, k2, k3, η) as

BNN(k1, k2, k3, η) ≡ 2PL(k1, η)PL(k2, η)F (2)
N (k1,k2, η) + (2 cyclic), (3.63)

and the relativistic tree-level bispectrum as

BRR(k1, k2, k3, η) ≡ 2PL(k1, η)PL(k2, η)F (2)
R (k1,k2, η) + (2 cyclic), (3.64)

4Note that we calculated P (k) not Pgg(k), thus in order to compare P (k) and the measurement
errors in Fig. 3.8, we rescale Pgg(k) to remove the bias. A more complete treatment including
the galaxy bias is presented in the next chapter.

60



3. Relativistic and non-Gaussianity contributions to the one-loop power spectrum

10−4 10−3 10−2 10−1 100

k[hMpc−1]

100

102

104

106

|P
(k

)|
[h
−

3
M

p
c3

]

PL

PRN fNL = 4.2, gNL = 7.0 (Max)

PRN fNL = 4.2, gNL = 0

PRN fNL = 0, gNL = −12.3× 104

PRN fNL = 0, gNL = 7.0

PRN fNL = −6.0, gNL = 0

PRN fNL = −6.0, gNL = −12.3× 104 (Min)

Figure 3.8 Total one-loop power spectrum PRN , at redshift z = 1, for different
limiting values of fNL and gNL reported by Planck [140]. The blue
shaded area corresponds to the measurement error of a typical Stage-
IV-like survey redshift bin with ∆z = 0.2, as detailed in the main
text. We also used a k-binning ∆k = 0.006hMpc−1. Note that the
non-visible lines (yellow, orange and dark green) are hidden behind the
light green line as the have similar behaviour

the total tree-level bispectrum BRN(k1, k2, k3, η), is defined by Eq. (3.62), where

F (2)(k1,k2, η) is given in Eq. (3.38).

In Figures 3.9, 3.10 and 3.11 we present a comparison of the Newtonian tree-

level bispectrum BNN(k1, k2, k3, η), the relativistic tree-level bispectrum given by

BRR(k1, k2, k3, η) and the total tree-level bispectrum BRN(k1, k2, k3, η), all in the

squeezed limit, with ∆k = 0.013 hMpc−1 when fNL = 0 and for the limiting values

of fNL given by Ref. [140], the relative difference of the total tree-level bispectrum

with respect to the Newtonian bispectrum is shown in the bottom panels. The

relativistic corrections at this level are subdominant with respect to the Newtonian

tree-level bispectrum.

3.6. Discussion

We calculated purely general relativistic corrections to the density power spectrum

at one-loop. For the synchronous-comoving gauge the primordial non-Gaussianity

of the local type can be added naturally and we have also computed the contribution

of these parameters. The modifications that relativistic contributions bring to the

density power spectrum are below 0.01% except at very large scales where we find a

1% pure relativistic contribution (see Fig. 3.4). On the other hand, the primordial
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Figure 3.9 Upper panel: Comparison of the Newtonian, relativistic and total
tree-level bispectrum corrections in the squeezed limit with ∆k =
0.013hMpc−1 for fNL = 0 at redshift z = 0. Bottom panel: Relative dif-
ference of the total tree-level bispectrum with respect to the Newtonian
tree-level bispectrum normalised with the Newtonian tree-level.
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Figure 3.10 Upper panel: Comparison of the Newtonian, relativistic and total
tree-level bispectrum corrections in the squeezed limit with ∆k =
0.013hMpc−1 for fNL = 4.2 at redshift z = 0. Bottom panel: Relative
difference of the total tree-level bispectrum with respect to the Newto-
nian tree-level bispectrum normalised with the Newtonian tree-level.
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Figure 3.11 Upper panel: Comparison of the Newtonian, relativistic and total
tree-level bispectrum corrections in the squeezed limit with ∆k =
0.013 hMpc−1 for fNL = −6.0 at redshift z = 0. Bottom panel: Rel-
ative difference of the total tree-level bispectrum with respect to the
Newtonian tree-level bispectrum normalised with the Newtonian tree-
level.

non-Gaussianity values allowed by the latest Cosmic Microwave Background obser-

vations in the local configuration yield significant contributions mostly from the gNL

parameter (see Fig. 3.8), since gNL is not highly constrained, opposite to fNL for

which we have tighter constrains.

The relativistic terms contributing to the higher order amplitude of the density

contrast have been derived from a long-wavelength approximation and do not ac-

count for effects at all scales. However, it is expected that at small scales the weak

field and therefore the Newtonian regime describe best the matter structure. As

mentioned above, it is precisely at the large scales where primordial non-Gaussianity

contributes to the density power spectrum. Therefore, the formalism employed here

to derive relativistic contributions is naturally extended to include the dominant

PNG contributions to the density contrast and its polispectra.

The actual corrections from General Relativity to the non-linear bias of galaxies

seem to remove the General Relativity effects presented here, however the form

of the volume distortions reproduce the form of those expressed in our non-linear

prescriptions for the density contrast—at least at second order [89] but decoupling

large and short scales—. Yet the local primordial non-Gaussianity terms cannot be

removed by local coordinate transformations [90], and terms with such factors are

precisely what dominates the signal in the one-loop spectra. It is also important to
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mention that the GR effects removed by the coordinate transformation are carried at

second order and the third order effects described here might survive the coordinate

changes. The details of adapting the expressions coming from the volume distortions

as galaxies evolve from an initial time, and the precise consequences for a non-linear

galaxy power spectrum are left for future work.

Our results show that pure relativistic corrections PRR(k, η) have a too small

contribution at too large scales to be observed in the present or future large scale

structure probes. On the other hand, the primordial non-Gaussianity contributions,

corresponding to values within the 1-σ amplitudes of gNL allowed by Planck [140],

yield a significant contribution to δ(3), and to the one-loop power spectrum observ-

able in the next generation of galaxy surveys. While the deviations from the linear

prescription lie within the cosmic variance errors, it may be possible to probe these

values through cross-correlations of the future surveys with the measurements of

anisotropies in the Cosmic Microwave Background. We shall explore the implica-

tions of this effect in order to constrain primordial non-Gaussianity through this

and other methods in a future work.
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4. Contributions from primordial

non-Gaussianity and General

Relativity to the galaxy power

spectrum

4.1. Introduction

The work presented in this chapter is based on the paper in Ref. [167]. In this chapter

we extend our work from chapter 3, by not only including relativistic corrections to

the power spectrum at one-loop and the input from primordial non-Gaussianity but

also introducing a bias prescription guided by the parametrization in Refs. [168,169],

and adopt a set of two parameters, a linear bδ and a non-linear parameter bNL

to compute the galaxy power spectrum in the synchronous-comoving gauge.1 We

calculate the source galaxy power spectrum (for brevity we omit the “source” term in

rest of the chapter) for a range of reasonable values of the primordial non-Gaussianity

and bias parameters and compare results with the forecasted measurements from

Stage-IV experiments, specifically from a 15, 000 deg2 and a 40, 000 deg2 (all-sky)

galaxy survey.

In addition, we show that suitable values of the bias parameters constitute an

effective strategy to renormalize the (divergent) relativistic contributions at large

scales without affecting the dominant primordial non-Gaussianity effect.

This chapter is structured as follows: in section 4.2 we introduce the bias model

and the mathematical expression for the galaxy power spectrum. In section 4.3 we

present our results in a series of plots of the galaxy power spectrum with a range

of values for the primordial non-Gaussianity parameters and for the non-linear bias.

The spectra include the observational uncertainties from Stage-IV galaxy surveys.

1The synchronous-comoving gauge is an adequate gauge choice to express the Lagrangian frame
and the simplest to specify a galaxy bias at second order [88].
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We also give a combination of bias parameter values which serve as an effective

renormalization of the relativistic contributions, which are otherwise divergent at

large scales. Finally in section 4.4 we discuss our results.

4.2. Galaxy power spectrum

4.2.1. Bias model

To compute the galaxy power spectrum we follow the renormalized perturbative bias

model of Refs. [168,169]. This approach assumes the Taylor expansion of a general

function of the galaxy density contrast, given by

δg = cδδ +
1

2
cδ2(δ2 − σ2) +

1

3!
cδ3δ3 + ε+O(δ4), (4.1)

where σ2 = 〈δ2〉 is the variance of δ, that ensures 〈δg〉 = 0. The coefficients of

the Taylor expansion cδn constitute the bias parameters, while ε is a random noise

variable that allows for stochasticity, which means that the relation between δg and

δ is not deterministic, and we need to allow for some noise, e.g. from shot noise.

This noise appears as white noise in the large scales [170], and it is important to

model it, since it has a contribution to the measurement errors of the statistics. The

variance of ε is given as 〈ε2〉 = N0, we assume this noise is uncorrelated with the

density fluctuations 〈εδ〉 = 0 and also 〈ε〉 = 0 [125].

In this model large-higher order perturbative corrections are eliminated through

the redefinition of the bias parameters, unlike the approach where the galaxy density

is defined with a function of a smoothed mass-density field, in order to be consistent

with a Taylor expansion (see e.g. Refs. [171,172]), the renormalization bias approach

avoids an arbitrary modification of the large scales and allows to use a small number

of bias parameters in the description. In this work we focus on large scales and we do

not take into account small scales effects like baryonic effects. This prescription was

originally defined for matter density in the Eulerian frame, though we adopt it for

the Lagrangian density expressed earlier. Our parameters should thus be interpreted

as Lagrangian variables.2

If we expand the density contrast in perturbative orders up to the leading non-

2The Lagrangian bias parameters should coincide with the Eulerian set at large scales, because
the coordinate change to the Eulerian frame alters quantities at small scales only [88,143].
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linear contribution to the power spectrum, then Eq. (4.1) is expanded as

δg = cδ

(
δ(1) +

δ(2)

2
+
δ(3)

6

)
+
cδ2

2

(
δ(1)2 + δ(1)δ(2)

)
+ ..., (4.2)

where δ(1), δ(2) and δ(3) are defined in Eqs. (3.24), (3.35) and (3.36) respectively.

4.2.2. Relativistic galaxy power spectrum

Analogously to the definition of the power spectrum for the density contrast in

Eq. (2.66), the galaxy power spectrum is defined as

〈δg(k, η)δg(k
′, η)〉 = (2π)3Pgg(k, η)δD(k − k′), (4.3)

where k is the comoving wavenumber in Fourier space. Since δ(1) is Gaussian, the

non-vanishing leading order non-linear corrections to the galaxy power spectrum are

of order δ(4). Using Eq. (4.2) and Eq. (4.3), the galaxy power spectrum Pgg(k, η) is

given by

Pgg(k, η) =(cδ)
2
[
PL(k, η) + 2P

(1,3)
R (k, η) + P

(2,2)
R (k, η)

]

+(2cδcδ2) [PR1(k, η) + PR2(k, η)] , (4.4)

where PL(k, η) represents the linear power spectrum, P
(1,3)
R (k, η) and P

(2,2)
R (k, η) are

the relativistic contributions to the one-loop matter power spectrum in Eqs. (3.50)

and (3.53), and are given by

P
(1,3)
R (k, η) =

k3

(2π)2
PL(k, η)

∫ ∞

0

drPL(kr, η)

{
81

(H4

k4

)[(
− gNL +

5

9
fNL +

25

54

)

+
1 + 2r2

6r2

(
gNL −

10

3
fNL +

50

27

)]}
, (4.5)

P
(2,2)
R (k, η) =

k3

2π2

∫ ∞

0

drPL(kr, η)

∫ 1

−1

dxPL(k
√

1 + r2 − 2rx, η)

×
{(H4

k4

)[
6fNL − 10− 25r2 + 25rx

4r(1− 2rx+ r2)

]2
}
. (4.6)

The contributions PR1(k, η) and PR2(k, η), which are not present in the one-loop

matter spectrum due to the bias expansion that we are using for δg in Eq. (4.2),
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which includes more non-linear terms, these are given by

PR1(k, η) =
k3

(2π)2
PL(k, η)

∫ ∞

0

drPL(kr, η)

×
∫ 1

−1

dx

(H2

k2

)[
3fNL(1 + r2 + 2rx) +

5

6
(3rx− 6 + 6r2)

]
, (4.7)

PR2(k, η) =
k3

(2π)2

∫ ∞

0

drPL(kr, η)

∫ 1

−1

dxPL(k
√

1 + r2 − 2rx, η)

×
(H2

k2

)[
6fNL − 10− 25r2 + 25rx

4(1− 2rx+ r2)

]
. (4.8)

We now re-express the bias factors in terms of the linear and non-linear bias

parameters for Pgg(k, η) in terms of the cδ and cδ2 . As mentioned above, we are

following the renormalized perturbative bias model of Refs. [168, 169], where the

author redefines the bias parameters cδn in such a way that divergences are removed,

managing to group together terms that have the same type of contribution to the

galaxy power spectrum. At leading order the correspondence is straightforward and

is reduced to parameters

bδ =cδ , bNL = 2cδ2 , (4.9)

and we get

Pgg(k, η) =(bδ)
2
(
PL(k, η) + 2P

(1,3)
R (k, η) + P

(2,2)
R (k, η)

)

+(bδbNL)
(
PR1(k, η) + PR2(k, η)

)
. (4.10)

The bias parameter bNL corresponds to bφ introduced in Ref. [169], the latter

accounts for the dominant contributions from primordial non-Gaussianity. We use

a different label to emphasise that bNL includes primordial non-Gaussianity as well

as relativistic terms. Note, that the terms multiplied by bNL include those of the

scale-dependent bias, which is the focus of previous studies (see e.g. Refs. [47,87]).

As can be seen from Eq. (4.10), with the parametrization chosen above, the one-

loop matter power spectrum is included in the terms multiplied by the square of

the linear bias, (bδ)
2. This is consistent with the fact that the relativistic solutions

are part of the linear correspondence between matter density and spatial curvature

(the lowest order solution in the gradient expansion). This characteristic feature of

General Relativity and primordial non-Gaussianity plays a crucial role in the bias

parameter fitting as we will see below.
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4.3. Results

In this section we present the galaxy power spectrum for a set of values of interest

of the galaxy bias parameters. This is best appreciated in plots of the galaxy power

spectrum itself. All our calculations were performed numerically in Python, using

as an input a linear power spectrum generated with the CLASS Boltzmann solver

[158, 159], for realisations of the ΛCDM cosmology, taking parameter values from

the Planck collaboration results [5].

In all our plots of the galaxy power spectrum, the value for the linear bias pa-

rameter is fixed to bδ = 1.41 in a survey bin with mean redshift z = 1, following the

parametrisation [161,162]

bδ =
√

1 + z . (4.11)

First, we show that there is no divergence of the non-linear contributions at small

scales. We plot in Fig. 4.2 the galaxy power spectrum of Eq. (4.10) at z = 1. This

includes the non-Gaussianity contributions with the limiting values of parameters

fNL and gNL reported by the Planck collaboration [140] (the value of bNL for this

Figure is arbitrary within the perturbative expansion hierarchy).

Let us stress at this point, a technical but important issue, relevant for all plots

in this chapter. We show throughout the minimum value of fNL = −1, since smaller

values yield dominant (negative) contributions to the matter power spectrum on

large scales as shown in Fig. 4.1. In that sense, in the non-linear contributions to

the matter power spectrum presented in chapter 3 we discarded the possibility of

using values of gNL > 7 (see Fig. 3.6). We note, however, that such a restriction

is not necessary in the galaxy power spectrum in general. This is because the two

new contributions PR1(k, η) and PR2(k, η), balance the original one-loop terms as

dictated by the values of the bNL parameter as exemplified below. This shows that

after taking into account more corrections, it is possible to allow more values of gNL

and we expect something similar for fNL after accounting more contributions to the

galaxy power spectrum, however this is left to future work.

In Fig. 4.3 we plot separately the contributions to the galaxy power spectrum

by each term in Eq. (4.10) (setting both bias parameters to unity). The dominant

contribution at large scales comes from PR1(k, η), an additional term to the one-

loop matter spectrum, followed by P
(1,3)
R (k, η), which is the only term with gNL

dependence.

Using Eq. (4.11) for bδ, in the rest of this section we present the galaxy power

spectrum for values for bNL following two criteria: First we compute values for
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Figure 4.1 Galaxy power spectrum, at redshift z = 1, bδ = 1.41 and bNL = 1.0,
for different limiting values of fNL and gNL reported by Planck [140].
We observe negative contributions to the galaxy power spectrum for
fNL < −1.
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Figure 4.2 Galaxy power spectrum in a wide scale range, at redshift z = 1, bδ =
1.41 and bNL = 0.2, for different limiting values of fNL and gNL reported
by Planck [140]. No divergence is observed in any of the cases at small
scales (large k-modes). The divergences at the other end are discussed
in section 4.3.2.
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Figure 4.3 Contributions from each term to the galaxy power spectrum at redshift
z = 1, in Eq. (4.10), for Gaussian initial conditions (upper plot), and
for the limiting values of fNL and gNL reported by Planck [140] (middle
and lower plot).
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which the spectrum deviates from the linear prescription beyond the uncertainty in

current and future surveys, and thus show observable relativistic or primordial non-

Gaussianity contributions, and subsequently we compute values which cancel the

divergent part of the relativistic contribution at large scales, thus showing observable

features at large scales only in the presence of primordial non-Gaussianity.

4.3.1. Viable bias parameter values

In Fig. 4.4 and Fig. 4.5 we present the galaxy spectrum at redshift z = 1 for

combinations of the limiting values of fNL and gNL. In each plot we display a

shaded area, corresponding to the predicted 1σ measurement errors, as presented

in chapter 3 (see Eqs. (3.57) to (3.61)) for a survey of 15, 000 deg2 (Euclid-like,

Fig. 4.4), and a survey of 40, 000 deg2 in Fig. 4.5.

Our forecasts assume idealised cosmic variance limited surveys, i.e., with negligible

shot noise [163]. Other specifications are the redshift bin width ∆z = 1.0 at a central

redshift z = 1, and the largest measured scale kmin ' 2π/V
1/3

bin = 0.001hMpc−1 for

a 40, 000 deg2 survey and kmin = 0.002hMpc−1 for a 15, 000 deg2 survey. We note

that shot noise contributions and, most importantly, large scale systematic effects

(see e.g. Ref. [173]) are expected to increase the error budget. Note that we are

not taking into account wide-angle effects (see e.g. Refs. [94, 174–176] for related

works). We fix the value of bNL to show in solid lines the minimum value required to

have a galaxy power spectrum that could be distinguished in forthcoming surveys

considering the forecasted 1σ measurement errors.

Additionally, we show in dashed lines the smallest bNL values that result in a

well behaved galaxy power spectrum. As already stated, the fiducial value for bδ is

chosen to be bδ = 1.41 at a mean redshift z = 1.

We note that there are alternative bias expansion models for which the linear

galaxy bias parameter, expressed in the literature as b1 [53] (in our case defined as bδ)

is determined by averaging over the halo bias parameters (see e.g. Ref. [90]). However

this approach is not required when determining the non-linear bias parameters, as

these can be well approximated from other relations with the linear bias [177]. We

do not use this approach in our calculation.

4.3.2. Avoiding large-scale divergences

As mentioned earlier, a few recent works have argued that a divergent behaviour on

large scales of the galaxy power spectrum due to the relativistic corrections is non-

72



4. Contributions from PNG and GR to the galaxy power spectrum

10−4 10−3 10−2 10−1

k[hMpc−1]

102

103

104

105
|P
g
g
(k

)|
[h
−

3
M

p
c3

]
Pgg fNL = 0.0, gNL = 0.0, bNL = 0.3

Pgg fNL = 0.0, gNL = 0.7× 104, bNL = 0.3

Pgg fNL = 0.0, gNL = −12.3× 104, bNL = 0.3

Pgg fNL = 0.0, gNL = 0.0, bNL = 0.02

Pgg fNL = 0.0, gNL = 0.7× 104, bNL = 0.02

Pgg fNL = 0.0, gNL = −12.3× 104, bNL = 0.02

10−4 10−3 10−2 10−1

k[hMpc−1]

102

103

104

105

|P
g
g
(k

)|
[h
−

3
M

p
c3

]

Pgg fNL = −1, gNL = 0.0, bNL = 0.7

Pgg fNL = −1, gNL = 0.7× 104, bNL = 0.7

Pgg fNL = −1, gNL = −12.3× 104, bNL = 0.7

Pgg fNL = −1, gNL = 0.0, bNL = 0.05

Pgg fNL = −1, gNL = 0.7× 104, bNL = 0.05

Pgg fNL = −1, gNL = −12.3× 104, bNL = 0.05

10−4 10−3 10−2 10−1

k[hMpc−1]

102

103

104

105

|P
g
g
(k

)|
[h
−

3
M

p
c3

]

Pgg fNL = 4.2, gNL = 0.0, bNL = 0.08

Pgg fNL = 4.2, gNL = 0.7× 104, bNL = 0.08

Pgg fNL = 4.2, gNL = −12.3× 104, bNL = 0.08

Pgg fNL = 4.2, gNL = 0.0, bNL = 0.006

Pgg fNL = 4.2, gNL = 0.7× 104, bNL = 0.006

Pgg fNL = 4.2, gNL = −12.3× 104, bNL = 0.006

Figure 4.4 Galaxy power spectrum at redshift z = 1, with bδ = 1.41 (a choice
justified in the text), for the limiting values of fNL (zero for the top
plot, −1 for the middle plot, and 4.2 for the bottom) each with limiting
gNL values reported by Planck [140]. The blue shaded area corresponds
to the forecasted 1σ uncertainties of a cosmic variance limited survey
of 15, 000 deg2. See text for more details.
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Figure 4.5 Galaxy power spectrum at redshift z = 1, with bδ = 1.41 (a choice
justified in the text), for the limiting values of fNL (zero for the top
plot, −1 for the middle plot, and 4.2 for the bottom) each with limiting
gNL values reported by Planck [140]. The blue shaded area corresponds
to the forecasted 1σ uncertainties of a cosmic variance limited survey
of 40, 000 deg2. See text for more details.
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physical [90, 93, 94]. In order to avoid such divergence, a coordinate transformation

must be performed, which places the observed spectrum in a “local frame” where

the divergences disappear.

After studying the behaviour of our expressions in the large scales we have found

that there is a possibility to suppress the divergences with a suitable choice of the

new bNL parameter, however, we are aware that this approach might not be suitable

for other models. This renormalization method sets a parameter value which cancels

the relativistic effects of the dominant terms PR1(k, η) and P
(1,3)
R (k, η) at large scales,

in the absence of primordial non-Gaussianity. For this bias choice, the maximum

value of gNL that keeps the perturbation theory hierarchy is of the order of gNL ∼ 7,

since the use of higher values, even though are allowed by Planck, leads to negative

contributions to the power spectrum. The result of this effective renormalization

through parameter fitting is presented in Fig. 4.6. Note that when adding non-

Gaussianity contributions the only case that departs significantly from the linear

spectrum is when gNL takes the minimum value allowed by Planck results.
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Figure 4.6 Renormalized galaxy power spectrum, at redshift z = 1, with the spe-
cific choice of bδ = 1.41, and bNL = 2.44×10−6. The lines show limiting
values of fNL and gNL as reported by Planck [140]. The shaded area is
as described in Fig. 4.4. Note that only the largest gNL value yields a
distinguishable departure from the linear spectrum. The orange line is
hidden behind the magenta line.

4.4. Discussion

In this chapter we have computed the non-linear source galaxy power spectrum in-

cluding the leading order relativistic and primordial non-Gaussianity contributions,
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modulated through a set of bias parameters that follow closely the standard pre-

scriptions.

Besides identifying the well known scale-dependent bias feature, we have non-

linear contributions from the relativistic treatment of the matter density. The main

result is the galaxy power spectrum including one-loop corrections, expressed in

Eq. (4.10), with the different elements plotted and discussed in detail in section 4.3.

In order to assess the detectability of such contributions, our plots include the pre-

dicted 1σ uncertainties of planned Stage-IV galaxy surveys, thus showing which

parameter values may be discriminated in future galaxy catalogues. However, we

note that we have not included contributions from redshift space distortions (see

e.g. Ref. [35]). We leave this to future work.

An important first result is that, even in the absence of PNG, some values of

the non-linear bias parameter could be discriminated by future surveys (bNL & 0.3),

which, conversely means that relativistic contributions could be detected in the

galaxy power spectrum. On the other hand, such signal is degenerate with that

of a large fNL since the scale-dependence is identical for relativistic and primordial

non-Gaussianity terms at large scales (see e.g. Fig. 4.3).

The so-called universality relations between bias parameters would fix values of

bφ allowing to debias contributions of primordial non-Gaussianity parameters in the

Newtonian formalism [38, 39, 178]. However, we find that the corresponding values

for bNL from the universality relation are larger than all the examples here of sec-

tion 4.3.1. This calls for numerical simulations of galaxy formation and complemen-

tary probes of non-Gaussianity in the galaxy or lensing maps, in order to reanalyse

the correspondence between bias parameters and also to disentangle relativistic and

primordial non-Gaussianity contributions.

Alternatively, a suitable value of the non-linear bias parameter bNL can be cho-

sen in order to cancel the divergences of the different contributions at the largest

scales, as we show in section 4.3.2. This represents an effective renormalization of

the general relativistic corrections to the galaxy power spectrum, so they remain

convergent at all scales. In this case, and as shown in Fig. 4.6, the non-Gaussianity

contributions can be distinguished from relativistic corrections.

It is important to note that an extreme value of the gNL parameter, as allowed

by Planck constraints, yields the maximum contribution of the non-linear terms to

Pgg(k, η), even when bNL = 0. In such case, our plots show that values of order

gNL ∼ −105 could be detected (or ruled out) in the planned all-sky surveys. We

thus conclude that gNL should not be ignored in the search for primordial non-

Gaussianities imprinted in the galaxy power spectrum.
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While our results do not account for the full relativistic effects in the observed

galaxy distribution, we are confident to have at hand a tool for incorporating

the dominant contributions from primordial non-Gaussianity and relativistic non-

linearities into the theoretical galaxy power spectrum.
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In this thesis, we have investigated the General Relativity and primordial non-

Gaussianity effects on the power spectrum. This study is particularly relevant

nowadays, since Stage-IV experiments will explore scales that require a relativis-

tic description and statistical tools as the power spectrum for their analysis.

We computed the one-loop power spectrum, which includes Newtonian and rel-

ativistic contributions, as well as primordial non-Gaussianity contributions given

in terms of the parameters fNL and gNL. In addition, we also computed the source

galaxy power spectrum, which also includes the effects of primordial non-Gaussianity

and General Relativity. The leading contributions to the source galaxy power spec-

trum come from one-loop matter power spectrum terms dominant at large scales

and from factors of the non-linear bias parameter.

To summarise, in chapter 1 we begin by reviewing the Standard Cosmology, which

provides the basic mathematical formalism for our main calculations. We also pre-

sented how cosmological distances are measured in Cosmology and how the Cosmic

Microwave Background is measured and analysed to constrain cosmological param-

eters.

Followed by chapter 2 where we review in detail cosmological perturbation theory,

presenting the relevant gauges for our calculations. We also review the Newtonian

standard perturbation theory, presenting the main equations, and non-linear solu-

tions up to third order necessary for the calculation of the one-loop power spectrum.

In addition, we provide an introduction to the statistical quantities used in this the-

sis, the power spectrum and bispectrum. We also provide a brief description of

primordial non-Gaussianity in this context.

Chapters 3 and 4 contain the original work of the present thesis. Firstly, in chap-

ter 3 we present the evolution equations in synchronous-comoving gauge, followed by

two equivalent methods to obtain the solutions for the relativistic density contrast

in the long-wavelength approximation. One is the cosmological perturbation theory

which is the standard method, but lengthy nevertheless. And the second method,

the gradient expansion approach which is more convenient to obtain high order so-

lutions. These solutions also include contributions from primordial non-Gaussianity,
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given in terms of the parameters fNL and gNL. We complement these solutions with

the well known Newtonian solutions for the density contrast. This allows us to

compute our main result, the total one-loop power spectrum, which includes rela-

tivistic and Newtonian contributions and is given by Eq. (3.56). Additionally, we

also calculate the total bispectrum at the tree-level.

We then discussed the possibility of these relativistic effects being detectable with

the future surveys considering different limiting values for fNL and gNL. Our results

show that pure relativistic corrections do not contribute enough at large scale to be

observed by future large scale structure probes. However, if we take into account

primordial non-Gaussianity contributions, specially those coming from gNL param-

eter, these yield a significant contribution to the one-loop power spectrum which

could be observable with the future surveys.

Future direction on this topic would be the computation of the total one-loop

bispectrum, which could help us to complement the information obtained from the

one-loop power spectrum. In order to do that, we would require fourth order solu-

tions for the density contrast. While the relativistic solution might not be difficult to

calculate using the gradient expansion approach, the Newtonian solution although

is known, is rather lengthy which suppose an analytical challenge, that should be

carefully addressed. It is also worth mentioning that the one-loop bispectrum con-

tributions for the current primordial non-Gaussianity constraints have not been

detected yet, therefore we leave this computation for future work.

Subsequently, in chapter 4 we explore an important extension to the work pre-

sented in chapter 3. Using the solutions for the relativistic density contrast and

introducing a bias prescription, we compute the real space source galaxy power

spectrum given in Eq. (4.10). We found two main contributions, the first one from

the relativistic one-loop power spectrum terms, previously calculated in chapter 3,

and the second from newly calculated terms that arose due to the bias expansion

employed, these are expressed as factors of the non-linear bias parameter bNL.

We used our bias model to assess the ability of Stage-IV surveys to constrain

primordial non-Gaussianity. This was done evaluating the expression for the source

galaxy power spectrum for a range of limiting values of fNL and gNL and bias param-

eters, and then comparing them with the forecasted measurements from Stage-IV

experiments, specifically from a 15, 000 deg2 (Euclid-like) and a 40, 000 deg2 (all-

sky) galaxy survey. We found that even for the cases where do not account for

primordial non-Gaussianity, some values of the non-linear bias parameter bNL could

be discriminated by future surveys, which could mean the possibility to detect rel-

ativistic effects in the galaxy power spectrum. However, it is important to point
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out that relativistic and primordial non-Gaussianity at large scales have the same

scale-dependance, meaning that signals are degenerate for large fNL.

Finally, we showed how this non-linear bias parameter can effectively renormalize

diverging relativistic contributions at large scales. Such renormalization allows to

distinguish relativistic and primordial non-Gaussianity corrections.

We note that our expression for the source galaxy power spectrum does not ac-

count for all the relativistic effects observed in the galaxy distribution. Nonetheless,

we have presented a strategy to incorporate dominant contributions from primordial

non-Gaussianity and relativistic non-linearities.

An obvious step towards computing observables from our formalism is the in-

clusion of redshift space distortions (see e.g. Refs. [93, 94]). This becomes relevant

due to the fact that galaxy surveys do not measure the positions in configuration

space directly, but these are determined through the measurement of redshifts in-

stead, which are affected by the peculiar velocities of galaxies, and which impact

the observed distances directly, modifying the power spectrum measured in redshift

space.

As a first step towards accounting for redshift space distortions we could consider

the so-called Kaiser model, this is a linear model, that is valid for galaxies that are

sufficiently far away, such that their separations are small respect to the distances

between them and the observer. In this model the overdensities in redshift space and

therefore the power spectrum, depend not only in the magnitude of the wavevector

k, but also in the cosine of the angle between the line of sight and the wavevector

k [179]. Moreover, for the scales of interest in our work, we must take on account

wide-angle effects, where the distance between galaxies is comparable to that of the

observer. The implementation of the latter is non-trivial, and we leave the task for

future work.

In addition to redshift space distortions, another relativistic effect relevant on

large scales is lensing. Gravitational lensing distorts the images of high-redshift

sources due to the gravitational potential on the line of sight that deflects the light

rays of distant sources, this effect need to be taken into account in the galaxy power

spectrum for the correct analysis of future surveys. Other relativistic effects that

have been considered in the literature and are important since they modify the

galaxy power spectrum on ultra large scales are, for example, Doppler, Sachs-Wolfe,

Integrated Sachs-Wolfe (ISW) effect and time-delay terms [66, 67, 74, 180]. These

additional effects are important not only to improve the accuracy but also contain

additional information, however including these effects is beyond the scope of this

work and it is also left for future work.
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Besides including more effects, another extension to this work would be per-

form numerical simulations, using relativistic N-body codes (e.g. gevolution [82]

and GRAMSES [84]). The aim of this would be to study the relation in between

bias parameters used in our approach, and being able to disentangle primordial non-

Gaussianities from the relativistic contributions. This could also be important to

take into account in the fNL and gNL constraint analysis.
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A. One-loop corrections to the

density power spectrum

In this appendix we show the explicit derivation of the one-loop corrections to the

density power spectrum presented in section 3.4. For simplicity, in this derivation

we omit the explicit time dependence in δ(η,k).

The first one-loop order contribution is defined as

〈δ(2)(k)δ(2)(k′)〉 ≡ (2π)3P (2,2)(k)δD(k + k′). (A.1)

As first step we evaluate the left hand side of Eq. (A.1), using the definition of

δ(2)(k) given by

δ(2)(k) =

∫
d3q1d

3q2

(2π)3
δD(k− q1 − q2)F (2)(q1,q2)δ(1)(q1)δ(1)(q2), (A.2)

then we write Eq. (A.1) as

〈δ(2)(k)δ(2)(k′)〉 =

∫
d3q1

(2π)3

∫
d3q′1
(2π)3

F (2)(q1,k− q1)F (2)(q′1,k
′ − q′1)

×〈δ(1)(q1)δ(1)(k− q1)δ(1)(q′1)δ(1)(k′ − q′1)〉. (A.3)

Using the Wick’s theorem from Eq. (2.68) we have e.g.

〈δ(1)(q1)δ(1)(q2)δ(1)(q3)δ(1)(q4)〉 =〈δ(1)(q1)δ(1)(q2)〉〈δ(1)(q3)δ(1)(q4)〉
+〈δ(1)(q1)δ(1)(q3)〉〈δ(1)(q2)δ(1)(q4)〉 (A.4)

+〈δ(1)(q1)δ(1)(q4)〉〈δ(1)(q3)δ(1)(q2)〉,

which allow us to write the correlator in Eq. (A.3) in terms of 2-point correlators as
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follows

〈δ(2)(k)δ(2)(k′)〉 =

∫
d3q1

(2π)3

∫
d3q′1
(2π)3

F (2)(q1,k− q1)F (2)(q′1,k
′ − q′1)

×{〈δ(1)(q1)δ(1)(k− q1)〉〈δ(1)(q′1)δ(1)(k′ − q′1)〉
+〈δ(1)(q1)δ(1)(k′ − q′1)〉〈δ(1)(q′1)δ(1)(k− q1)〉 (A.5)

+〈δ(1)(q1)δ(1)(q′1)〉〈δ(1)(k− q1)δ(1)(k′ − q′1)〉},

finally, using the definition for the power spectrum given in Eq. (2.66), we can rewrite

our expression as

〈δ(2)(k)δ(2)(k′)〉 =

∫
d3q1

∫
d3q′1F (2)(q1,k− q1)F (2)(q′1,k

′ − q′1)

× [PL(q1)PL(k− q1)δD(q1 + q′1)δD(k− q1 + k′ − q′1) (A.6)

+ PL(q1)PL(q′1)δD(k′ + q1 − q′1)δD(k + q′1 − q1)]

=(2π)3

{
2

∫
d3q

(2π3)
PL(q)PL(|k− q|)

[
F (2)(q,k− q)

]2}
δD(k + k′).

As a result we can express

P (2,2)(k) = 2

∫
d3q

(2π3)
PL(q)PL(|k− q|)

[
F (2)(q,k− q)

]2
. (A.7)

The second one-loop order contribution to the density power spectrum is defined

as

〈δ(1)(k′)δ(3)(k)〉 ≡ (2π)3P (1,3)(k)δD(k + k′). (A.8)

Again, if we evaluate the left hand side of Eq. (A.8) using the definition of δ(1)(k)

given by

δ(1)(k) = F (1)(k)δ(1)(k), (A.9)

and the definition for δ(3)(k)

δ(3)(k) =

∫
d3q1d

3q2d
3q3

(2π)6
δD(k− q1 − q2 − q3)F (3)(q1,q2,q3) (A.10)

×δ(1)(q1)δ(1)(q2)δ(1)(q3),
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we can write Eq. (A.8) as

〈δ(1)(k′)δ(3)(k)〉 = F (1)(k′)

∫
d3q1

(2π)3

∫
d3q2

(2π)3

∫
d3q3δD(k− q1 − q2 − q3)

×F (3)(q1,q2,q3)〈δ(1)(k′)δ(1)(q1)δ(1)(q2)δ(1)(q3)〉. (A.11)

Using the Wick’s theorem from Eq. (2.68), we can write the correlator in Eq. (A.11)

in terms of 2-point correlators as follows

〈δ(1)(k′)δ(3)(k)〉 = F (1)(k′)

∫
d3q1

(2π)3

∫
d3q2

(2π)3

∫
d3q3δD(k− q1 − q2 − q3)

×F (3)(q1,q2,q3){〈δ(1)(k′)δ(1)(q1)〉〈δ(1)(q2)δ(1)(q3)〉
+ 〈δ(1)(k′)δ(1)(q2)〉〈δ(1)(q1)δ(1)(q3)〉 (A.12)

+ 〈δ(1)(k′)δ(1)(q3)〉〈δ(1)(q1)δ(1)(q2)〉},

finally, using the definition for the power spectrum given in Eq. (2.66), we can rewrite

our expression as

〈δ(1)(k′)δ(3)(k)〉 = 3F (1)(k′)

∫
d3q1

∫
d3q2

∫
d3q3δD(k− q1 − q2 − q3)

×F (3)(q1,q2,q3)PL(k′)PL(q2)δD(k′ + q1)δD(q2 + q3) (A.13)

= (2π)3

{
3F (1)(−k)PL(k)

∫
d3q

(2π)3
PL(q)F (3)(k,q,−q)

}
δD(k + k′).

As a result we can express

P (1,3)(k) = 3F (1)(k)PL(k)

∫
d3q

(2π)3
PL(q)F (3)(k,q,−q), (A.14)

where the Hermiticity properties allow us to write F (1)(−k) = F (1)(k) [125].
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B. Infrared limits

The infrared (IR) contributions of the one-loop integrals in Eqs. (3.50) and (3.53)

can be computed as the part of the integral from r = 0 to a small value ε. With

this consideration, the one-loop power spectrum can be written as:

P (2,2)(k, η) =
k3

2π2

(∫ ε

0

+

∫ ∞

ε

)
r2drPL(kr, η)

∫ 1

−1

dxPL(k
√

1 + r2 − 2rx, η)

×
[
(F (2)

N )2 + 2F (2)
N F

(2)
R + (F (2)

R )2
]
, (B.1)

P (1,3)(k, η) =
k3

4π2
PL(k, η)

(∫ ε

0

+

∫ ∞

ε

)
drPL(kr, η)

(
F (3)
N + F (3)

R

)
, (B.2)

where the integrals in r have been split between a possible divergent infrared contri-

bution from 0 to ε and a finite contribution from ε to∞ which, in the limit of ε→ 0

will correspond to the Cauchy principal value of the integral. Using PL(k, η) ∝ kns as

k → 0 the infrared contributions can be computed analytically, which we will write

explicitly in the following expressions. Note that, in the cases where the integrals

diverge we will write the expressions as the limit

∫ ε

0

= lim
δ→0

∫ ε

δ

, (B.3)

in order to see the divergence rate. For the three different terms in P (2,2)(k, η) we

obtain the expressions:

IRP
(2,2)
NN =

k3

2π2
PL(k)PL(kε)

ε

3(ns + 1)
, (B.4)

IRP
(2,2)
C =

H2k

2π2
PL(k)PL(kε)

ε

ns + 1

(
27

7
fNL −

95

42

)
, (B.5)

IRP
(2,2)
RR =

H4

2π2k
PL(k)PL(kε)

{
εA

(ns + 1)
+

B

ε(ns − 1)
lim
δ→0

[
1−

(
δ

ε

)ns−1
]}

, (B.6)
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where

A = 9f 2
NL −

35

2
fNL +

725

27
, (B.7)

B =
(3fNL − 5)2

2
. (B.8)

In these expressions the value of ε is small but fixed, meaning that the purely

relativistic term diverges approximately as δ−0.03 for δ → 0. Meanwhile the infrared

contributions to P (1,3)(k, η) read:

IRP
(1,3)
NN =− k3

4π2
PL(k)PL(kε)

ε

3(ns + 1)
, (B.9)

IRP
(1,3)
RR =

H4

4π2k
PL(k)PL(kε)

{
εC

(ns + 1)
+

D

ε(ns − 1)
× lim

δ→0

[
1−

(
δ

ε

)ns−1
]}

,

(B.10)

where

C = 54

(
−gNL −

5

6
fNL −

175

108

)
, (B.11)

D = −27

2

(
−gNL +

10

3
fNL −

50

27

)
. (B.12)

We see that the second term in (B.10) diverges at the same rate as (B.6). For

the purely Newtonian one loop contribution, the possible infrared problems in the

different terms get solved as the combination 2IRP
(1,3)
NN (k, η) + IRP

(2,2)
NN (k, η) cancels

out, as read from the expressions (B.4) and (B.9) (see Ref. [181]). However for the

relativistic term this does not happen as the expressions (B.10) and (B.6) do not

cancel.

In order to obtain finite results for the relativistic one-loop contribution, we set a

lower limit different from zero in the r integrals. The fact that the divergence is very

slow allows the results to not be very dependent on this limit, but only as r−0.03
c .

Moreover, as stated in Ref. [91], the observations have a minimum k accessible to

them, corresponding to their maximum observed scale. Throughout this work we

chose this limit to be in the parameter q = kr as qc = 10−5hMpc−1 which is close

to the limit chosen in Ref. [91] as qc = H0 ≈ 3× 10−4hMpc−1.
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