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Abstract

This work considers problems pertaining to the regularity theory and the analysis of
singularities of geometric partial differential equations that stem from the theory of

isometric immersions and geometric flows.

In the first of two largely independent parts, we employ the Uhlenbeck—Riviere theory of
Coulomb gauges to prove that a Pfaffian system with coefficients in the critical space
L%OC on a simply connected open subset of R? has a non-trivial solution in the Sobolev
space I/Vlzz if the coefficients are antisymmetric and satisfy a compatibility condition. As
an application of this result, we show that the fundamental theorem of surface theory
holds for prescribed first and second fundamental forms of optimal regularity in the
classes Wllof and LIQOC, respectively, that satisfy a compatibility condition equivalent to
the Gauss—Codazzi-Mainardi equations. Finally, we give a weak compactness theorem

. . . 2,2
for surface immersions in the class W .

The second part of this work is concerned with the analysis of singularities of the curve
shortening and mean curvature flows. In particular, we show a cylindrical estimate for the
mean curvature flow of k-convex hypersurfaces, extending estimates that had previously
been introduced in the context of Huisken—Sinestrari’s surgery procedure for 2-convex
flows. Furthermore, we consider curve shortening flow of arbitrary codimension in an
Euclidean background. For type-II singularities, we prove the existence of a sequence of
space-time points along which the curvature tends to infinity such that a rescaling of the
solution along it converges to the Grim Reaper solution, paralleling Altschuler’s work in
the case of space curves. Finally, we demonstrate that the curve shortening flow of initial

curves with an entropy bound converges to a round point in finite time.
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Chapter 1

Introduction

Ever since the development of modern differential geometry, the worlds of analysis and
geometry have been firmly intertwined. Indeed, the possibilities of either treating a
geometric problem with the machinery of contemporary analysis or gaining valuable
insight into the analysis of partial differential equations by geometric analogies have
proven incredibly fruitful. It is thus no surprise that despite being one of the most active
areas of the mathematics of today, new and interesting problems continue to surface in

geometric analysis.

A common challenge in this interdisciplinary field is to deal with non-smooth objects.
While many applications, in mathematics itself and further afield, require the study of
geometric, often non-linear, partial differential equations allowing functions outside of
the realm of classical differentiability, geometric flows are likely to produce objects for
which some geometric quantities tend to infinity, thus breaking down their description in
terms of differential geometry. Nevertheless, in order to obtain meaningful statements,
one must endeavour to salvage as much as possible of what can still be said. Therefore,
the regularity theory for solutions of partial differential equations and the analysis of
singularities of evolving geometric objects remain at the forefront of research in geometric

analysis.
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The isometric immersion problem lies firmly at the core of Riemannian geometry; as
the availability of an isometric immersion of any Riemannian manifold into an Euclidean
space of some dimension instantly makes a breadth of knowledge about the arguably
simplest manifold, Euclidean space, available for the study of more complicated objects.
For example, in the case of immersions of two-dimensional surfaces into three-space, the
fundamental theorem of surface theory, that is, the existence of an immersion of a surface
with prescribed metric and second fundamental form, is of great importance in the theory
of non-linear elasticity. In this context, the functions under consideration are naturally

merely weakly differentiable.

Meanwhile, the general idea of using geometric heat flow to deform an object into a
canonical one can be used to obtain topological consequences to the greatest effect, as
is nowadays well-known. Even though such a flow often exhibits a certain smoothing
behaviour common to heat-type flows, geometric singularities are likely to occur due
to its non-linear nature. However, thorough analysis and classification of the kinds of
singularities that can possibly develop might nevertheless still allow making a posteriori
statements about the initial object. A successful approach are geometric surgery proced-
ures, which enable the continuation of the flow past a singularity while keeping track of

the changes in its topology.

1.1 Historical overview

In this section, we give a short historical introduction to both sets of problems that are

central to this work.

Isometric immersions

The isometric immersion problem is a classical problem of differential geometry [And02;
HHO6]. Given a smooth manifold (M", g), it is a natural question whether M can be
isometrically immersed (or even embedded) into Euclidean space RY for some dimension

N. A related problem is to determine the minimal dimension N for which this is possible.
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Naturally, these problems are at the heart of geometric analysis in the sense that they

are geometric problems that lend themselves to a treatment by means of analysis.

In this framework, the problem is the following: Find a smooth immersion v : M™ —
RY such that

du? = g,

that is, u : (M™, g) — u(M) is an isometry, where u(M) is equipped with the induced
(Euclidean) metric. Once a system of local coordinates in some neighbourhood U is given
such that

g = Gij de' @ da?,

we need to find a local immersion u : U — RY such that
N
> diurdjur = gij
k=1

in U for 1 <14,5 < n. Since the number of first-order partial differential equations in this

. . 1
non-linear system is s, = n(n; ), we must have N > s,,.

Indeed, Schlafli [Sch71] conjectured that for every smooth manifold (M",g) of di-
mension n, there exists a smooth local isometric immersion into Euclidean space RY
of dimension N = s,, which was proved for analytic manifolds by Janet [Jan26; see
also Bur3l] for n = 2, using the Cauchy—Kovalevskaya theorem, and by Cartan [Car27]
for general n using his work on exterior differential systems. (The number s, is called
Janet dimension.) In the smooth domain, the main difficulty lies in substituting the

Cauchy-Kovalevskaya theorem [Gro86].

The global embedding problem, without requiring isometry, was first considered by
Whitney [Whi44a; Whid4b], who showed that any compact manifold M™ of dimension
n can be embedded into R?” and immersed into R?*~!. The most celebrated result on
isometric immersions as a whole is certainly the Nash embedding theorem: Any smooth,

compact, n-dimensional Riemannian manifold can be smoothly isometrically embedded
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into RV for some dimension N [Nas54; cf. Kui55; Nas56, for the C'-problem]. The
precise number N has been subject to improvements due to Gromov [Gro86] and then
Giinther [Giin91], who achieved N = max{s,, +2n, s, + n+5}. The importance of Nash’s
work goes beyond its result in that he pioneered a novel technique that has come into
widespread use and is now known as Nash—Moser iteration. Interestingly, Giinther was
able to circumvent the problem that required its use altogether in his improvement of

the embedding dimension N.

In the case of surfaces, i.e., in dimension n = 2, it is well-known that a necessary
condition for the existence of an isometric immersion of (M, g) — R? is that the second

fundamental form A = (h;;) satisfies the Gauss—Codazzi-Mainardi equations,

Rijke = hikhje — highj, — (Gauss),

Vihji = Vjhi (Codazzi-Mainardi),

where R denotes the Riemannian curvature tensor and V is the covariant derivative
induced by the Levi—Civita connection. Assuming that M is simply connected, the Gauss—
Codazzi-Mainardi equations are also a sufficient condition for an isometric immersion
to exist. In that sense, the equations can be seen as compatibility equations for the
isometric immersion problem in this case. The first proof of this fact was given by Bonnet
[Bon67] (see Tenenblat [Ten71] for a similar result in higher dimension and codimension,
which introduces an additional condition related to the induced connection on the normal
bundle). The statement that an immersion of a surface with prescribed first and second
fundamental forms exists and is uniquely determined if the prescribed forms satisfy a set
of compatibility conditions is now known as Bonnet’s theorem or fundamental theorem of

surface theory.

The proof of the fundamental theorem of surface theory relies on the construction of
a suitable frame on the surface that is orthonormal with respect to the prescribed metric.

Analytically, this amounts to the solution of a Pfaffian system of partial differential
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equations of the form

VP+QP =0

for the unknown matrix-valued function P given a matrix-valued 1-form €2 of coefficients

satisfying a compatibility condition of the form

dQ+QAQ=0.

In the smooth case, supposing for the moment that P be invertible, the fact that second

derivatives of P commute implies that the compatibility conditions are necessary.

In the literature, one then finds several iterations of the following proto-theorem for

Pfaffian systems of any dimension:

Theorem (Existence and uniqueness for Pfaffian systems). Let U C R"™ be a simply
connected domain. Suppose that Q € Y (U,L(m) @ AN'R") satisfies the compatibility
condition

dQ+QAQ =0

in an appropriate sense. Then there exists P € X (U, K(m)) such that

VP + QP =0.

Moreover, P is unique up to a constant factor in K(m).

In order to assess the validity of the above, the function spaces X and Y as well as
the matrix subgroups K(m), L(m) C gl(m) need to be specified. Classically, going back
to the work of Cartan [Car27; Car83] and Thomas [Tho34], the theorem is known to
hold for X = C%,Y = C*, and K(m) = L(m) = gl(m). In the two-dimensional case,
n = 2, Hartman and Wintner [HW50b] proved it for X = C!, Y = CY, considering the
compatibility equation in an integrated sense, while S. Mardare, in a series of papers

[Mar03b; Mar05; Mar07], improved it to X = W1 Y = L* and finally X = Wl?
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Y = L?, p > n = 2. (In higher dimensions, see C. Mardare [Mar03a], S. Mardare [Mar04],
and Szopos [Szo08].) Indeed, without any further assumptions on the coefficients €2, this

is optimal [Mar05].

Further recent developments on the isometric immersion problem for surfaces and
applications, particularly in non-linear elasticity, include the work by Ciarlet and coworkers
[CL0O2; Cia03; CMO05; CGMO08; Cial3; CM16; CM19a], Chen—-Li [CL18], and Li [Lil9;
Li20]. We should also mention the related subject of immersions with L2-bounded second
fundamental form, which is particularly relevant in the context of Willmore surfaces

[Lan85; Tor94; Riv14; Brelb; Riv16; LR18|.

Curve shortening and mean curvature flow

The mean curvature flow and its one-dimensional analogue, the curve shortening flow, are
the most studied examples of extrinsic geometric flows [ACGL20]. Brakke’s influential
work [Bra78] was the first to mathematically consider and thoroughly analyse mean
curvature flow from the viewpoint of geometric measure theory. Since then, mean
curvature flow has enjoyed continued attention from many geometers and analysts alike
in the hope of obtaining profound topological results through it. Both flows evolve a
geometric object (a curve or a hypersurface) in normal direction with speed proportional

to the (mean) curvature.

For curve shortening flow of embedded curves in the plane, Gage and Hamilton
[Gag84; GH86] showed that convex curves eventually become circular and shrink to a
point. In particular, the flow stays smooth throughout the evolution until the curvature
tends to infinity at the final time. Grayson [Gra87; Gra89b; see also Hui98] showed
that any embedded curve continues to be embedded and eventually becomes convex
without developing singularities in the process, thus completing the analysis of the flow
of embedded curves in the plane. Immersed curves, on the other hand, can exhibit much
more complex behaviour [Grag89b]. A particular type of solutions, namely those that

move self-similarly under the flow, has been classified [AL86; Hall2].
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One of the most prominent applications of curve shortening flow, following an idea of
Uhlenbeck, is a proof of the theorem of the three geodesics [Gra89a] which states that
any 2-sphere with a smooth metric admits at least three simple closed geodesics. Other
applications even include Perelman’s implementation of a surgery procedure for Ricci

flow [Per03].

In higher dimension, Huisken [Hui84; see also Hui86] proved a result analogous to the
Gage-Hamilton theorem, namely, that convex hypersurfaces converge to a round point
under mean curvature flow, that is, a rescaling of the solution eventually produces the
round sphere. Moreover, he introduced his influential monotonicity formula [Hui90]. In
the following decades, the body of literature on various aspects of mean curvature flow,
such as the analysis of singularities, special solutions, topological applications, and related
flows, has grown immensely. For an extensive overview of both mean curvature and curve
shortening flow, we refer to Ecker’s book [Eck04], lectures by Mantegazza [Manl1], White
[Whil5], Haslhofer [Has16], and Schulze [Sch17] as well as the comprehensive book by
Andrews et al. [ACGL20].

Since the formation of singularities of the flow, that is, points where the differential
geometric description breaks down, is an inevitable phenomenon, several approaches have
been developed to define an extension of mean curvature flow past the first singular time,
including Brakke [Bra78] in the GMT sense; Chen-Giga—Goto [CGG91], Evans—Spruck
[ES91], and Ilmanen [IIm92] by considering a flow of level sets; and Huisken—Sinestrari
[HS09], Brendle-Huisken [BH16], Haslhofer-Kleiner [HK17], and Mramor-Wang [MW21]

by defining a mean curvature flow with surgery.

Recently, both curve shortening and mean curvature flow have been increasingly
considered in codimensions greater than one. While Altschuler had studied singularities
of space curves [Alt91] and Altschuler-Grayson defined a flow through singularities for
planar curves by means of a special class of space curves [AG92] in the early 1990s, more
results concerning also the flow of curves immersed in arbitrarily dimensional spaces

have begun to appear [YJ05; MCO07; Hel2; AAAW13; Hat15; Khalb; Corl6; MB20]. In
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mean curvature flow, Ambrosio and Soner [AS97] developed an approach in arbitrary
codimension using a varifold ansatz, while the more traditional submanifold approach
has been followed as well [Smo05; Bak10; Cooll; see also Wan08; Smol2]. Most notably,
a notion of mean curvature flow with surgery in any codimension has been introduced by

Nguyen [Ngu20].

More and more attention has also been paid to the study of mean curvature flow
with entropy bounds. The entropy is a quantity that is monotone non-increasing under
the flow and is particularly attractive in higher codimension in order to cope with new
technical difficulties that arise when the codimension is greater than one, such as the
lack of a maximum principle and the resulting fact that an initially embedded surface
need not stay embedded. Due to the monotonicity, upper bounds that are imposed on

the entropy of the initial surface will continue to hold throughout the flow.

In particular, entropy has been employed in the study of generic singularities of mean
curvature flow by Colding-Minicozzi [CM12] and Chodosh et al. [CCMS20; CCMS21]
and in Bernstein-Wang’s low-entropy Schoenflies theorem [BW20]. Colding et al. showed
that the round sphere minimises entropy among closed self-shrinkers [CIMW13], while
Bernstein—-Wang [BW16; BW17; see also BW18b] and Ketover—Zhou [KZ18] proved the
same statement for closed embedded surfaces in R3. An extension to higher dimensions
is due to Zhu [Zhu20]. Hershkovits—White proved sharp entropy bounds for self-shrinkers
of any dimension [HW19]. Bernstein-Wang [BW18a] and S. Wang [Wan20] proved the
Hausdorff stability of round spheres under small perturbations of the entropy. Moreover,
in any codimension, Colding and Minicozzi [CM19b] gave uniform bounds on the entropy

and codimension of generic singularities.

1.2 Main results

We now give a short summary of the main results presented herein.
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Pfaffian systems and the fundamental theorem of surface theory

The original results in the first part of the thesis previously appeared in JGA [Lit21].

In an open set U C R?, we consider a Pfaffian system of the form
VP = PQ, (1.1)

where P is a matrix-valued function and €2 is a given matrix-valued 1-form. Local existence
of a non-trivial solution P to this partial differential equation, and its regularity, manifestly
depend on the regularity properties of the coefficients. It is a classical result that a
twice continuously differentiable solution exists if every component €2; is continuously

differentiable and they satisfy the compatibility condition
8in — 8]91 = Q]Ql — QZQ] (12)

In this work, we show the corresponding result for solutions P € I/Vli)f and coefficients
Q) € L? satisfying an additional structural assumption. This is the case of least possible
regularity for an equation such as (1.2) to make sense in an integrated form. We then

have the following

Theorem. Let U C R? be a connected and simply connected open set and let Q €
L?(U,so(m) ® A'R?) satisfy the compatibility condition (1.2) in the distributional sense.
Then there exists P € I/Vll’Q(U,SO(m)) such that VP = P in U. Moreover, any two

ocC

such solutions Py, Py are related by Py = C Py with a constant C' € SO(m).

Over the years, there have been several incremental improvements to the classical
theory. In particular, Hartman and Wintner [HW50b] showed that the above existence
result holds if the given form §2 is continuous, with a continuously differentiable solution
P. Following this, Mardare [Mar03b; Mar05] first showed the existence of a solution P
to (1.1) in the Sobolev class I/Vlifo for locally essentially bounded coefficients and later

improved the theorem to hold in the class VVlif for Q € L{)OC, where p > 2. It is important
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to note that without any further structural assumptions on the coefficients €2, this result
has been demonstrated to be optimal [Mar05]. However, once one supposes that the
components of the matrix-valued 1-form 2 be antisymmetric, it is possible to improve

the regularity to the critical case above.

Meanwhile, there have been developments in the theory of non-linear PDE that
attempt to exploit a particular structure of the equation in order to gain additional
regularity of the solution beyond what would usually be expected; and these compensated
compactness methods [CLMS93; Riv07; Wen69] have been markedly successful in that
regard. In particular, in his 2007 paper, Riviére [Riv07] provided a proof of the regularity
of two-dimensional weakly harmonic maps, from which we recall an important intermediate

result:

Lemma (Uhlenbeck-Riviére decomposition [Riv07, Lemma A.3; Sch10]). Let U C R? be
a contractible bounded regular domain and let Q € L?(U,so(m) @ A'R?). Then there exist

¢ € W2(U, s0(m)) and P € W'2(U,SO(m)) such that

P-lvpP+ PP = vie,

V€72 + VP72 <5972

Thanks to the Riemann mapping theorem, this also holds true if U C R? is an open,
connected, and simply connected bounded set with sufficiently smooth boundary. While
the techniques employed in the original proof [Riv07] are quite involved, Schikorra [Sch10]
gave an alternative proof using variational methods, which in addition removes the need

for a smallness condition on ).

The above result is of particular interest to us because the given form () is only
assumed to be square-integrable. In order to achieve existence and regularity of the
solution P € W12 the additional structure assumed, that is, the antisymmetry of each

Q;, is utilised in a crucial way. In the same vein, it is this additional structural assumption
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that enables us to employ Riviere’s lemma to extend the previous results on the solvability

of the above Pfaffian system in (1.1) to the critical p = 2 case.

The possibility of finding a solution to this Pfaffian system, in turn, has been an
essential ingredient in the proof of weak versions of the fundamental theorem of surface
theory. As for Pfaffian systems, there have been incremental improvements to this
classical geometric result. The theorem answers the question of whether it is possible
to find an immersion of a surface in three-dimensional space with prescribed first and
second fundamental forms—this turns out to be true if, and only if, the fundamental

forms satisfy the Gauss—Codazzi—-Mainardi equations. We obtain the following

Theorem. Let U be a connected and simply connected open subset of R? and let (a;j) €
VVl}j’CQ(U, Sym™(2)) N LS, (U, Sym™(2)) and (b;;) € L (U, Sym(2)) be given. Suppose that
the eigenvalues of (a;;) are locally uniformly bounded from below and that the matriz

fields (a;;), (bij) are such that
018y — 028l = Qo1 — i,

where Q € L2 (U, s0(3) ® A'R?) is given by the following sequence of definitions, see also
Section 4.4.2:

. 1 a2  —ai2
(a¥) =

a11G22 — a12a2]1 —a91 aii

bg = ajkbikv
1
I‘fj = §ak£(ajaiz + 8iaj£ - aéaij)’

2
a1 a2 0

G = az1 a9o9 0 )

0 0 1
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T T —b

biin b O

Q; = (GT; — 9,G)G~L.

Then there exists an immersion 6 € VV%’CQ(U, R3) such that

Qi = 0;0 - 8]9 mn Wli)’f(U),
019 X 029 . 2
bij = 00 2 L2 (V).
J 8] |819 % 829| n Ly C(U)

Moreover, the map 0 is unique in VVlicz(U, R3) up to proper isometries of R3.

We remark that the compatibility condition assumed in the theorem is in fact equivalent
to the Gauss—Codazzi—-Mainardi equations, see Proposition 4.27. As for the Pfaffian system
mentioned above, one needs to consider the compatibility equations in the distributional

sense.

In the works mentioned above [HW50b; Mar03b; Mar05], the fundamental theorem of
surface theory has been extended to hold true for, finally, first and second fundamental
forms in the classes VVli)f and L{ ., respectively, where p > 2. The method of proof,
whose lines we also follow in this work, is the following: First, a Pfaffian system as
in (1.1) is solved for a proper orthogonal matrix field P, and then the sought-after
surface immersion is found by means of a weak version of the Poincaré lemma, solving
the equation V8 = PG, where G is the matrix square root of the three-dimensional
extension of the given metric. Since the Poincaré lemma is known to hold for all p > 1
(see Lemma 4.22), the premier challenge in extending the fundamental theorem of surface
theory to the critical exponent p = 2 lies in the extension of the corresponding existence

theorem on Pfaffian systems.
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Therefore, in order to be able to apply our optimal regularity theorem, an appropriate
antisymmetric matrix-valued 1-form € of coefficients of the Pfaffian system has to be
constructed as above. While the connection form I' does not possess this property in
an arbitrary frame, it is known to be antisymmetric in an orthonormal frame. This
approach to the fundamental theorem of surface theory, via an antisymmetric field of
coefficients, has previously been introduced by Ciarlet, Gratie, and C. Mardare [CGMO0S],
who identified the solution P of the Pfaffian system as the rotation field appearing in the

polar factorisation of the gradient of the three-dimensional extension of the immersion 6.

As a consequence of our approach, we finally obtain a weak rigidity of the compatibility

. . . . 2,2
equation and a weak compactness theorem for surface immersions in the class W~

Theorem. Let {#*} C I/Vli’CZ(U, R3) be a uniformly bounded sequence of immersions with
corresponding sequences of first and second fundamental forms denoted by {(aij)k} and
{(bij)*}, respectively. Suppose that ;0% € WI})S N LY. and that the first fundamental
forms (aij)k, afj = 0;0F '8]-9]“, have eigenvalues bounded from below by a positive constant
uniformly in the domain U and in k. Then, after passing to subsequences, {6*} converges
weakly in VVIQOC2 to an immersion 0 € Wlif(U, R3), whose first and second fundamental

forms (aij), (bij) are limit points of the sequences {(a;;)*}, {(bi;)*} in the weak I/Vllof—

and L%Oc—topologies, respectively.

In the context of immersions of Riemannian manifolds, results in this spirit already
appeared in a recent work by Chen and Li [CL18]. Moreover, sequences of weak immersions
have previously been investigated without any assumptions about the first fundamental
form, supposing instead a uniform bound on the L?-norm of the second fundamental

form—see the paper of Laurain and Riviére [LR18] and the references therein.

Curve shortening and mean curvature flow

In the second part of the thesis, we first consider k-convex solutions of mean curvature
flow. A k-convex surface is one whose smallest k principal curvatures Ai, ..., \; satisfy

AL+ -+ Ap > 0. The k-convexity property is preserved by mean curvature flow, hence
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it is a natural curvature condition to consider. In the past, the convex (k = 1) and
mean convex cases (k = n) have been of particular interest. However, in their 2009 work,
Huisken and Sinestrari introduced a surgery procedure for 2-convex mean curvature flow
[HS09]. Central to their analysis are the convexity and cylindrical estimates. They proved
the former using an induction argument on symmetric polynomials and then obtained

the latter from it. Denoting the mean curvature by H, their results read as follows:

Theorem (Convexity estimate [HS99a; see also HS09, Thm. 1.4]). Let {M;} be a closed
mean convex mean curvature flow. Then for any n > 0 there exists Cy, = C(n, My) > 0
such that

)\1 2 —77H - C’? (13)
on My for any t € [0,T).

Theorem (Cylindrical estimate [HS09, Thm. 1.5]). Let {M;} be a closed 2-convexr mean
curvature flow. Then for any n > 0 there exist constants C, = C(n, Mp) > 0 and ¢ = ¢(n)
such that

Ml <nH = [N— N[ <enH+Cy (1.4)
forany 1 <i,j <n on My for anyt € [0,T).

In essence, these estimates are used to find regions, so-called necks, on the hypersurface
that are suitable for surgery. Moreover, it has to be ensured that the estimates continue
to hold after the surgery while maintaining control on the relevant constants in them.

We describe the procedure in a bit more detail in Chapter 7.

Recently, a new proof strategy for these estimates has been devised by Nguyen [Sch17]
according to which one first proves the cylindrical estimate directly from the 2-convexity
assumption. Then the convexity estimate can be shown to be a consequence of the
cylindrical one. We carry out this strategy in the general k-convex case by means of a

careful analysis of the terms in Simons’ identity, combined with a Poincaré-type inequality,
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which then leads to the derivation of LP-bounds for the function

A (L )H
Lo (ot +

a,n Hl_a- i

where n > 0 and o € [0,1] and A denotes the second fundamental form. Using the
well-established method via the Michael-Simon Sobolev inequality and Stampacchia
iteration, used by Huisken [Hui84] to great effect, we can obtain a L°°-bound on this

function, which gives our main theorem of this section:

Theorem. Let {M;} be a mean curvature flow of closed n-dimensional k-convex hy-
persurfaces in R"" n > 3. Then for any n > 0 there exists C,, = C(n, My) > 0 such

that
1

|A’2_n—(k—1)

H? <nH?+C,.
We note that a similar result has been obtained by Andrews and Langford [AL14]
for a more general class of flows with different methods. In the 2-convex case, we then

indicate how to recover Huisken—Sinestrari’s estimates (1.3) and (1.4).

Finally, we study singularities of curve shortening flow in arbitrary codimension.

Throughout, let a one-parameter family of immersions v : S* x [0,7) — R"™ satisfy

6—7 t) = (kN t
5 (p,t) = (kN)(p, 1), (CSF)

v(p,0) =0(p),

where x denotes the curvature and N a choice of normal vector of the time-dependent
curve and 7 is a smooth initial curve. While the planar and, to a lesser extent, the space
curve case have historically garnered most of the attention, recently, as in mean curvature
flow, the higher codimension case has been subject to more detailed investigation. Since
common tools such as the maximum principle are not as applicable as in the codimension
one case, one commonly resorts to Huisken’s monotonicity formula. In particular, it

implies that the entropy () of a curve «, which is a functional that can be seen as a
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measure for geometric complexity and is defined by

[ I

_lz—=g|?
M) = s (dmto)E [T
zoER™, tr>0 ¥

is monotone under curve shortening flow. This property makes the entropy particularly
interesting for the study of singularities, since a bound on this quantity for the initial

curve propagates with the flow.

In this work, we first follow the strategy of Altschuler’s work on space curves to show
that singularity formation is an essentially planar phenomenon. That is, we show that
blow-up limits of the flow are confined to two-dimensional subspaces of R". Moreover, we
argue that, as in the n = 3 case, for any blow-up sequence of a type-I singularity (that is,
the curvature does not grow faster than (7' — t)%) there exists a subsequence such that a
rescaling of the curve along it converges to a planar self-similarly shrinking solution, while
for a type-II singularity (that is, it is not of type-I), there exists an essential blow-up
sequence such that a sequence of rescalings along it converges to the translating Grim
Reaper solution. Since the entropy of the Grim Reaper is known [Gual9], we are thus
able to rule out the occurrence of type-II singularities altogether, and combined with the
classification of self-similarly shrinking curves in the plane [ALS86; see also Hall2], we
can show that for curve shortening flows with initially ‘small’ entropy, the only possible

singularity is the round circle:

Theorem. Suppose that v : S* x [0,T) — R™ is a smooth solution of the curve shortening

flow with initial data v(-,0) = o and assume that the entropy of vo satisfies
A0) < 2.

Then T is finite, and the rescaled flow converges to the round circle.



Chapter 1. Introduction 25

1.3 Outline of the thesis

This thesis is divided into two largely independent parts.

In the first part (Chapters 2 to 4), we are concerned with regularity theory for some
exterior differential systems, specifically Pfaffian systems and isometric immersions. In
Chapter 2, we introduce Cartan’s moving frame method for submanifolds of Fuclidean
space, which is a convenient formalism to express the isometric immersion problem
in. Moreover, we avail ourselves of ideas from the theory of compensated compactness,
particularly the Uhlenbeck—Riviere decomposition, a very short summary of which is

provided in Chapter 3.

These methods are key for the regularity theory for Pfaffian systems in two dimensions
carried out in Chapter 4. After collecting some facts about the moving frame method
in the case of surfaces in R3, we summarise the smooth theory of Pfaffian systems and
the fundamental theorem of surface theory and previous efforts in the regularity theory
thereof. In what follows, we show an optimal regularity theorem for Pfaffian systems
with antisymmetric coefficients that satisfy a natural compatibility condition. Then we
apply this result to the fundamental theorem of surface theory, for which we can easily
show that the connection form satisfies the requirements of the regularity theorem in
a suitable frame. We also show that the compatibility conditions are equivalent to the
Gauss—Codazzi—Mainardi equations in the distributional sense. In the final section of the
chapter, we use our previous result to obtain a weak compactness theorem for sequences

of W22_immersions.

The second part of the thesis (Chapters 5 to 8) deals with singularities of extrinsic
curvature flows, i.e., mean curvature and curve shortening flow. In Chapter 5, we
summarise well-known results about submanifolds of Euclidean space, in particular
n-dimensional hypersurfaces in R"*! and curves in arbitrary codimension. We then
give a short introduction to the theory of curve shortening and mean curvature flow

in Chapter 6 with particular attention to the classification of singularities of the flow,
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Huisken’s monotonicity formula and the entropy functional. We list basic properties of

the entropy which will be used in the sequel.

Chapter 7 deals with two particular estimates that are relevant in Huisken—Sinestrari’s
surgery procedure for 2-convex mean curvature flow, one of the known techniques to
continue the flow past the first singular time. We first give a brief introduction to
Huisken—Sinestrari’s work, particularly where the cylindrical and convexity estimates are
relevant. We then prove the cylindrical estimate in the general k-convex case by means
of a generalisation of a recently introduced technique to directly prove this estimate from
the assumptions, considerably simplifying the original method. We then indicate how the

estimates in the 2-convex case can be recovered from our result.

Finally, in Chapter 8, we are concerned with singularities of the curve shortening flow
in arbitrary codimension. The first two sections parallel Altschuler’s work on singularities
of space curves, showing estimates for derivatives of the curvature as well as results
on blow-up limits of solutions of the flow. In the final section of the chapter, we then
prove our main theorem, which combines the previous results on singularities of the
curve shortening flow with an entropy bound on the initial curve to show that the flow

converges to a round circle in finite time.

1.4 General notation
While most of our notation is standard, we give a few definitions for clarity.

Throughout the thesis, the summation convention will be employed, such that sum-
mation over repeated ‘upper’ and ‘lower’ indices is implied. If not stated otherwise, we

will be working with differentiable, i. e., smooth, objects.

We denote the set of real matrices of size n x n by gl(n), the set of invertible matrices
by GL(n), the set of symmetric matrices by Sym(n), the set of symmetric positive definite
matrices by Sym™(n), the set of antisymmetric matrices by so(n), the set of orthogonal

matrices by O(n), and the set of proper orthogonal matrices by SO(n).
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Moreover, we denote the elements of a matrix A € gl(n) by a;j, 4,5 =1,...,n, such
that A = (a;;), and the j-th column of A is denoted by A(j) = a;. The inverse A~! of
A is denoted by (a*) and the transpose of A by AT = (aj;). We enumerate the real
eigenvalues of A € Sym(n) as \1(A4) < -+ < A\, (A4) and with any A € Sym™(n) we

1
associate the unique matrix square root Az.

Partial derivatives % of a function u : R™ — R are sometimes denoted by 0;u. For

any function u of two variables, we write Vu = (—0dqu, dju) for the curl operator (or

orthogonal gradient) of u.



Part 1

Exterior differential systems
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Chapter 2

Cartan geometry

The aim of this part is to prove optimal regularity results for a specific form of Pfaffian
system and to treat the optimal regularity case of a corresponding problem in geometry,
the isometric immersion problem for surfaces. In general, a Pfaffian system is an exterior
differential system that is specified solely by 1-forms on a smooth manifold. In particular,
the Pfaffian system we consider arises from the isometric immersion problem, which is, in
the simplest terms, to find an immersion of a surface with prescribed first and second

fundamental forms.

It is convenient to consider the isometric immersion problem in terms of Cartan’s
moving frame formalism. To that end, we summarise the relevant theory of moving
frames for surfaces in Euclidean space below, largely following the excellent exposition in
Clelland’s book [Clel17]. We first define the relevant objects in arbitrary dimension and

later move to the case n = 2 which is the one considered in Chapter 4.

Cartan’s simple, yet brilliant idea is the following: We consider a map on a manifold
(in our case, R™) that assigns a basis of the tangent space, which is not necessarily a
coordinate basis, to every point of the manifold (this is called a ‘moving frame’). Then we
express the derivatives of the components of the moving frame in terms of the components

themselves. It turns out that the geometric properties of submanifolds of R", or indeed

29
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of any manifold, can be expressed rather concisely in this framework. In a sense, this
is a generalisation of the concept of the Frenet—Serret frame for curves. In particular,
we will be considering orthonormal moving frames, which we can always obtain from an

arbitrary frame by means of the Gram—Schmidt orthonormalisation process.

2.1 Orthonormal frames

We denote Euclidean space (R™,(-,-)) by E™ and the Euclidean group by E(n). The

latter is a Lie group and can be represented as the matrix group

1 0
E(n) = : A €8S0(n),beE"
b A

with the associated Lie algebra

0 0
TiE(n) =c¢(n) = : B e€so(n),beE" },
b B
where I € E(n) is the identity matrix. The isotropy groups of E(n) are all isomorphic to

SO(n), and there is the correspondence

E" = E(n)/SO(n).

Definition 2.1. Let z € E™ and (ey,...,e,) be an oriented orthonormal basis for
T,E". Then we say that f = (x;e1,...,e,) is an orthonormal moving frame on E™, or,

equivalently, that (e1,...,ey) is an orthonormal frame based at x.

Remark. We will usually work with orthonormal (moving) frames only and thus just refer

to them as (moving) frames, omitting the adjective.

Note that, as mentioned above, we do not require that a moving frame should arise

naturally from some coordinate system. Indeed, this is one of the strengths of the method
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of moving frames, as it can be applied to regions that cannot be included in a coordinate

system [Spi99a, p. 260].

Considering the vectors (ey,...,e,) as columns of a matrix A € SO(n) shows that
there is a bijection between the set of orthonormal frames on E™ and the Euclidean group
E(n). Thus E(n) is also called the orthonormal frame bundle of E™ and denoted F(E™).

The projection map 7 : E(n) — E™ defined by

m(xr;el, ... en) =x

furnishes a description of E(n) as a principal bundle over E" with fibre group SO(n).

Using the isomorphisms T, E™ = E™, we can think of the components z, e, ..., e, of
a moving frame as E"-valued functions on F(E™). Their exterior derivatives are then
given by the differentials as such functions; and they map Ty F(E") — T,E" for any
f=(z;e1,...,e,) € F(E™) (see [Clel7, p. 76] for details).

In particular, as the set (ej,...,e,) forms a basis of T,E™ for any frame f =
(z;e1,...,6,), the 1-forms dz,dey,...,de, can be written as linear combinations of
(e1,...,en), defining scalar-valued differentiable 1-forms (wi,wé) on F(E"):

dz = e, (2.1)
de; = eng, 1<4,5<n. (2.2)

Definition 2.2. The 1-forms (w',...,w") are called dual forms to (e1,...,e,). The
set (w?) of dual forms is called the coframe associated to the frame f. The 1-forms (w;-),

1 <14,7 < n, are called connection forms in the moving frame f.

Remark. Since the 1-forms (w!,...,w") satisfy

wi(ej):(;;, 1<4,5<n
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for any f € F(E"), we see that, at every point z, the basis (w’) of T¥E" is indeed dual to

the basis (e;) of T, E™, hence the name.

Moreover, from (2.2) we see that since de;(vp) is the directional derivative of e; in the
direction vy, the scalar wg (vp) can be interpreted as the rate at which e; rotates toward
e;j(p) as we move along a curve with tangent vector v, [Spi99a, p. 260], eventually giving

rise to a connection V and thus the term ‘connection forms’

The connection forms (w;) are not fully independent from each other. Indeed, the

vectors e, ..., e, € R™ are orthonormal with respect to the inner product (-,-), that is,
(eiye5) = dij, 1<i4,5<n.

We thus obtain

<d6i, €j> + <€i,d€j> =0,

which implies that the connection forms (w®

%) are antisymmetric in their indices i and j,

i.e.,

wéz—oﬂ 1<4,5<n.

However, this is not the only constraint on the dual and connection forms, for they
also necessarily satisfy certain integrability conditions, which are the topic of the following

section.

Meanwhile, it is important to note that the dual and connection forms (wi,w;»)

are defined relative to the choice of frame (ey,...,e,) for T,E™. Still, the dual forms
(wh,...,w") form a basis for the 1-forms on E®. We can rewrite (2.1) and (2.2) as
Wl
= A Yz,
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w] wp
= A"1dA,
wy' Wy

where the columns of A € SO(n) are given by ey, ..., e, [Clel7, p. 77].

2.2 The Cartan structure equations

The key property of the method of moving frames is that the derivatives of the dual and
connection forms can be expressed in terms of the dual and connection forms themselves.

This fact is reflected in the Cartan structure equations (or structure equations of R™).

Proposition 2.3. Let f = (z;e1,...,e,) be a moving frame on E", (w') its coframe and

(wh) the connection forms in f. Then

dw' = —wj- Aw, (2.3)

dw! = —wp AwF,  1<idj<n. (2.4)

The structure equations can be derived by differentiating (2.1) and (2.2) and applying
the Leibniz rule [Clel7, p. 80]. Intuitively, the defining equations for the dual and
connection forms express how the moving frame f varies along a curve z(t). Then, indeed,

the structure equations are simply a consequence of the fact that d? = 0 [dCar94, p. 79].

Proof. We interpret e; as an E"-valued 0-form. From (2.1) we obtain
0=d%z = dei/\wi + e Adw' = ew} Awl + eidwi,
which yields (2.3). Similarly, (2.2) implies that

0 = d?%e; = de; /\w{ +ej /\dwg = ekwf /\wg + ep dwf,
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which gives (2.4). O

It is interesting to ask about the extent to which the structure equations are sufficient

conditions. This is the content of the following proposition (see also Section 4.2.2).

Proposition 2.4 ([Spi99a, Prop. 7.2]). Let (w;) be a matriz of 1-forms satisfying the

second structure equation (2.4). Then the following statements are true:

1. In a neighbourhood of 0, for any Ay € R™*" there exists a matriz-valued function

A= (A;) such that

dAl = —wj, A A,

A(0) = Ap.
2. In a neighbourhood of 0, for any basis (e1,,...,en0) of E" there exists a moving
frame (e1, ..., e,) such that it and its coframe (w',...,w") satisfy
dw' = —wi A wf,
61(0) = 61'70.

Remark. The second structure equation (2.4) also expresses the fact that E" is flat, for

on a general Riemannian manifold M™ the second structure equation reads

i k i
dw; = —wp, Awj + Q5.

The 2-forms Q;-, called curvature forms, vanish if and only if the Riemannian curvature

tensor R does, i.e., M™ is locally isometric to E" [Spi99a, Thm. 7.6].
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2.3 The Maurer—Cartan form

We can express the Cartan structure equations in an even more compact form. To that
end, we consider F(E™) again as the Lie group F(n) and define the left translation map
Ly, : E(n) — E(n) for any fixed element h € E(n) by

Its differential is a map (dLp)y = (Lp)« : TgE(n) = TheE(n) for any g € E(n).

Definition 2.5. The Maurer—Cartan form is the e(n)-valued 1-form w on E(n) defined

by

for any g € E(n), v € TyE(n).

Remark. Recall that TrE(n) = ¢(n), so that (Ly-1), maps TyE(n) — e(n). The Maurer-

Cartan form is left-invariant, i.e., Ljw = w for any h € E(n) [Clel7, p. 81].

Equivalently, we can define w extrinsically via the identity map ¢ : E(n) — E(n),

which represents elements of the Lie group F(n) as matrices. For any f = (z;eq1,...,¢ep)
we have
1 0 0
g(f) =
r el en

Then we can write

w=g tdg. (2.5)
Remark. Here, it is crucial to think of F(n) being realised as a matrix group for the
product in (2.5) to make sense [Clel7, p. 82].

While the previous definitions can be made for other Lie groups than just F(n), we

have the following explicit expression for the Maurer—Cartan form on E(n) in terms of
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the dual and connection forms on F(E"):

0 0 0
wl Wl w}
w =
w™ Wi wyy

As a result, the 1-forms (W', w;) are collectively referred to as Maurer—Cartan forms as
well. Moreover, the expression shows that, indeed, the antisymmetry of the connection

forms implies that for any v € TE(n) we have w(v) € ¢(n).

Proposition 2.6. The Cartan structure equations (2.3) and (2.4) are equivalent to the
Maurer—Cartan equation,

dw = —-w A w. (2.6)

Remark. The term w A w in (2.6) does not vanish, as the exterior product of matrix-

valued 1-forms is not antisymmetric. Instead, for a matrix-valued k-form o = (aj-) and

a matrix-valued ¢-form g = (ﬁ;), their exterior product v = a A 8 as a matrix-valued
(k + ¢)-form is given by

v = ai A B

In other words, the product a A 8 has the structure of the usual matrix product, but the

multiplication of individual terms is done using the exterior product A.

If we choose a particular orthonormal frame field on E”, that is, a section o : E™" —

F(E") of the orthonormal frame bundle 7 : F(E") — E", all the pullbacks &’ := o*w?,

(I);'- = a*wj-, 1 <i,j <mn, are 1-forms on E". Arranging e;(x),...,e,(x) column-wise into

a matrix field A(z) for x € E", we obtain
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wi W
C | = A(z) Tt dA(z).
Wy Wy,
Writing
1 0
g9(z) = 7
x Ax)

0 0 0
I A Wy
W= ,

@ @n o

which satisfies

w=g(x)" dg(z).

However, note that while the pullbacks of the dual forms are linearly independent on E™,
just like both the dual and connection forms on the frame bundle F(E"), the pullbacks

of the connection forms can be expressed as linear combinations of the pulled-back dual

forms [Clel7, p. 83].
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Compensated compactness theory

The basic idea behind the concept of compensation is that for some partial differential
equations, their regularity theory can be improved beyond what one would normally
expect if some additional structure is present. Often, the PDE in question is non-linear
and stems from geometry. The first result in this direction was given by Wente [Wen69]
in the context of parametrised constant mean curvature surfaces, who realised that if the

right hand side of Poisson’s equation has the structure of a Jacobian determinant,
VL(L -Vb = (ala)(agb) - (82(1)(8117),

where a,b € W12(D?) and D? C R? is the open unit disk, then V+a - Vb does not only
belong to L'(D?), but the solution u of Poisson’s equation is bounded and its gradient is
square-integrable. In fact, it is also true that D?u € L'(D?) [CLMS93]. More results in
this direction followed, and they were systemised by the introduction of the Hardy space
H!, a subspace of L [Miil90; CLMS93; Sem94]. A very successful application of these

insights is the regularity theory of weakly harmonic maps [Hél02; Riv07].

Compensated compactness, meanwhile, refers to a concept which sometimes allows to

prove weak continuity of a certain non-linear functional using additional control on the
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sequence of arguments. In that sense the latter compensates for the lack of compactness,
allowing conclusions analogous to those of a compactness argument. For example, the
inner product of vector fields turns out to be weakly continuous whenever their divergence
and rotational curl, respectively, are controlled, thus enabling one to pass a sequence
of products to a weak limit which is the product of the weak limits of the individual

sequences.

This technique was pioneered by Murat and Tartar’s div-curl lemma [Mur78; Mur79;
Tar79; Mur81; Tar83; Tar85] and has enjoyed considerable popularity [Eva90; CLMS93;
BCMO09; CDM11]. Obviously, this is particularly useful when considering a sequence of
approximating solutions to a partial differential equation to obtain a limit solution to the
equation. In particular, it does not require the system in question to be of a specific type

(such as elliptic or hyperbolic).

Indeed, the Gauss—Codazzi—Ricci equations, which have no type, have recently been
cast in a compensated compactness framework [CSW10a; CSW10b; Chrl12; CHW15;
Chel5; CS15] and an intrinsic div-curl lemma on Riemannian manifolds of any dimension
n has been used to prove weak rigidity for the Gauss—Codazzi—Ricci equations and
W2P-isometric immersions [CL18]. In particular, the critical case n = p = 2 has been
treated in the latter, using a corresponding ‘critical’ div-curl lemma [CDM11] based on a
Lipschitz truncation argument. While the rigidity result is equivalent to the existence of
local isometric immersions in the smooth category, in the lower regularity case this is not

automatic.

In contrast, our approach in Chapter 4 is not based on the div-curl lemma, but
instead on Riviere’s Coulomb gauge construction [Riv07] following Uhlenbeck’s work
[Uhl82]. Essentially, this can be understood as a non-linear decomposition of 2 €

L?(D?,s0(m) ® R?) into & € WH2(D? so(m)) and P € WH2(D? SO(m)) via

Vi¢ =P lvP+ PlQP.
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It turns out that, in fact, for any €2 satisfying an additional compatibility condition we
must have that £ = 0, so that P solves the corresponding Pfaffian system VP + QP = 0.
While Riviere’s original proof is based on Wente’s inequality, Theorem 3.1, and the

Poincaré lemma, Schikorra later gave a proof using variational methods [Sch10].

3.1 Wente’s inequality

Wente’s result originally appeared in the context of parametrised constant mean curvature
surfaces [Wen80; BC84]. Since then, it has found applications and inspired similar results

in many other areas of PDE, such as the original proof of Lemma 3.5.

Theorem 3.1 ([Wen69; see also BC84; Hél02; GM12)). Let a,b € WH2(D?) and suppose

that u € W01’2(D2) is a weak solution of

~Au=V+ta-Vb  in D2

u=20 on OD?.
Then u € CO(D2) N W'2(D?) and there exists a constant C' > 0 such that
[ull oo + I Vull 2 < ClIVall g2 [V 12 -

Proof. We sketch the proof from Giaquinta—Martinazzi’s book [GM12, Thm. 7.8].

Assume that a,b € C°>°(D?). Note that by an integration by parts, followed by

Hoélder’s and Young’s inequalities, it suffices to prove the estimate

[ull e < C I Val[g2 [[VO]| 2 -
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Extend a, b to functions @, b € CSO(RQ) with compact support such that

IVall 2 g2y < ClIVall 22y

IVl L2z < C IV0l[ 12 p2y
for some constant C' and define
i =1 * (Via- Vb),

where ¥ (z) = % log ﬁ is a fundamental solution of Laplace’s equation. Then A = Au

in D2,

We introduce polar coordinates (r,6). Using

Or = cosf O1 + sin 6 Oy,

Op = —rsinf 01 + rcos b 0o,

we find

Therefore,

(0) = % /R log Q(vLa V) (z) de

_1/00/%1 1(a(~86)—a(~81§))owol
~ or 0 0 OgT (@ 0f o\ Or r
1 fe’e) 27 1 ~ B
_ / / log — 0, (@ dph) 40 dr
27 Jo Jo r

1 oo 1 2 ~
:7/ f/ G 0pbdf dr
20 Jo 1T Jo
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Define
_ 27
a(r) = / i(r, o) do
0
Then we have
2 2 _
/ a Ogbdf = / (@ —a) Opbdh
0 0
for any r > 0, which implies that
2 - _ ~ ~
[ 000] < 13~ 8000y 106Bl12000) < 190l 3020 100Bl 2020
using the Poincaré inequality, whereby
. 1 oo ~ 1
GO < 5= [ 100l 200y 100Bl 12020y
1 B ~
<o IVall 2 gy [ V]| £2(R2)
< ColIVallp2(p2y VOl 12 p2)
with Cy = g—j By translation invariance, we thus obtain
]| o < Co IVall 2 VO] 2 -
Since v := % — u is harmonic, the maximum principle implies
sup @ — u| < sup || < [|a]| o
D2 aD?
so that
SB§|“| < 2|jall e <2C0 [[Vall g2 V]| 2 -
The general case follows by a standard approximation argument and LP-estimates. [J
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3.2 Uhlenbeck—Riviere decomposition

This non-linear decomposition result is key to our treatment of Pfaffian systems with L>-
coefficients. Instead of the original proof, we sketch Schikorra’s variational construction
[Sch10] of the Uhlenbeck-Riviere Coulomb gauge [Uhl82; Riv07], which is inspired by a
similar technique in Hélein’s moving frame method [Hél02], without requiring a smallness

condition on 2.

Riviere’s original proof is also summarised in Miiller—Schikorra [MS09], and a more
accessible exposition of Uhlenbeck’s work can be found in Wehrheim’s book [Weh04].
Moreover, Goldstein and Zatorska-Goldstein give an overview of the developments and

generalisations that followed Riviere’s work [GZ18].

In the following, let E = Egq denote the functional on W12(U,SO(m)) defined by

BQ = [ [0've-Qoq[ de.  @ew'* U s0(m).

Lemma 3.2 ([Sch10, Lemma 2.2; GM12, Lemma 10.49]). Let U C R" be a bounded
regular domain and let Q € L?(U,so(m) ® A'R™). Then there exists P € W1H2(U,SO(m))

minimising the functional E on WY2(U,SO(m)). Moreover,

VP2 <292,

HP—1VP - P‘lﬁP‘

L9l

Proof. The constant matrix field I = (d;;) belongs to the admissible set. Therefore, there

exists a minimising sequence {Qy} C W12(U,SO(m)) such that
E(Qx) < B(I) = 12|72

for all £ € N. Since, for any k, Qy is orthogonal almost everywhere, @y is bounded a. e.
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and

VOl = |QTVQx| < |QF V) — QT QK| + 1|

a.e., so that

IVQil72 < 2 (@) +1121172) < 4[1907- -

Up to a subsequence, we can thus assume that {Q} converges weakly in W12 to
P € Wh2(U, gl(m)), strongly in L2, and pointwise almost everywhere. Thus PTP = 1
and det P = 1, so that P(x) € SO(m) for a.e. z € U.

Let QF = PTVP — PTQP and denote the Hilbert-Schmidt inner product for tensors

by (-,). A computation then shows that

BQ0 = [ [VPTQu[ +2 [ (V(PTQu.2"PT Q) + B(P)

> [ [VPTQ0[ +2 [ (V(PTQL).Q7PTQu) + inf E(Q).

One can then show that the second integral above converges to zero as k — co. Therefore,
since {Q}} is a minimising sequence, PT Q) must converge to I in W2, so that Q

converges to P, which implies that P is minimal. O

Lemma 3.3 ([Sch10, Lemma 2.4; GM12, Lemma 10.50]). Let U C R™ be a bounded regular
domain. Critical points P € WH2(U,SO(m)) of the functional E on W12(U,SO(m)) with
Q € L2(U,so(m) @ A'R™) satisfy

div(P~'VP - P7'QP) =0 in U,
and, denoting the unit normal to OU by v,
v-(P7'VP - P'QP) =0 on AU.

Depending on the regularity of P~'V P — P~1QP, these equations have to be understood

in the distributional sense.
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Proof. Let P be a critical point of F(Q) and consider the perturbation

P. = Pe®¥® = P 4 cpPa + o(e) € WH(U,SO(m)),

where p € C*°(U), a € so(m) and ¢ small. Geometrically speaking, this uses the fact

that so(m) = TrSO(m). Then we have that

PI' = PT — cpaPT + o(e),

VP. =VP +epVPa+eVpPa+ oe),
so that, with QF = PTVP — PTQP, we obtain
O = QF + ep(QFa — aF) + eVoa + o(e).

Since QF is antisymmetric, we have that

> (Qp)gj(QPa - aQP)@j =0

i,j=1

almost everywhere, 1 < ¢ < n. Therefore,

’QPE g ’QP’2 +26(Q7)1al Vi + o(e),

which gives

0= —

B(P) = [ (@F)ia}ve
e=0 U

for any ¢ € C*(U) and a € so(m). Once we define ozé- = 6};(5; — 6;-5% for arbitrary

1 < s,t < m, we obtain
/ (P7'VP - P 'QP) -V =0, © € C™(U,gl(m)),
U

proving the claim. ]
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From the Hodge-Morrey decomposition of k-forms in L? [GM12, Thm. 10.66], we

have the following decomposition of L2-vector fields:
Proposition 3.4 ([GM12, Cor. 10.70]). Let U C R? be a contractible bounded regular
domain. Then any vector field X € L*>(U) can be decomposed as

X =Vp+ Ve,

where p € W01’2(U) and & € WY2(U). If in addition it holds that div X = 0 then p = 0.

Together, Lemmas 3.2 and 3.3 and Proposition 3.4 immediately imply Riviere’s lemma

and thus the existence of an Uhlenbeck—Riviére decomposition.

Lemma 3.5 ([Riv07, Lemma A.3; see also Sch10, Thm. 2.1; GM12, Thm. 10.48]). Let
U C R? be a contractible bounded regular domain and let 2 € L*(U,so(m) ® A'R?). Then

there exist € € Wy>(U,so(m)) and P € W“2(U,SO(m)) such that

P-lvpP+ PP = vi¢,

IVEIZ2 + VP72 < 5[1QIZ: -



Chapter 4

Regularity theory for

two-dimensional Pfaffian systems

This chapter is devoted to proving optimal regularity results for the fundamental theorem
of surface theory and the related two-dimensional Pfaffian system. In particular, in
Theorem 4.25 we prove that a Pfaffian system over a simply connected domain with
antisymmetric coefficients in the critical space L? has a unique solution in VVl})C2 as long
as the coeflicients satisfy a compatibility condition. To this end, in a novel approach we
utilise the additional structural assumption on the coefficients, that is, their antisymmetry,
to cast the problem in the Coulomb gauge d la Uhlenbeck—Riviere and thus extend the
previously known results due to Hartman—Wintner [HW50a] and Mardare [Mar05] on
weak solutions of Pfaffian systems. We then apply the optimal regularity theorem for
Pfaffian systems to improve the fundamental theorem of surface theory to its optimal
regularity case in Theorem 4.26. The latter is then used to prove Theorem 4.29, which

states that the space of VV120c2 -immersions is weakly compact.

In addition to the general notation laid out in Chapter 1, we make some further

arrangements.

47
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Throughout the chapter, let U be an open, connected and simply connected subset
of R2. A continuously differentiable mapping 6 : U — R3 is called an immersion if the

vectors 0;0(y), i = 1,2, are linearly independent for all y € U.

We write the space of so(n)-valued 1-forms on R? as so(n) ® A'R2. The components

of Q € so(n) ® A'R? are denoted by Q;, i = 1,2, such that €; € so(n).

Therefore, we remark that a Pfaffian system of the form VP = P as studied in this
chapter can be understood in the following way: We interpret 2 € so(m) ® A'R? as a

tensor Qé’@ that is antisymmetric in ¢ and j. The above equation then reads, for £ =1, 2,
0P = PQy,
that is, assuming the summation convention,

0, P! = Pk,

We write D(U) for the space of smooth functions with compact support contained in
U and D'(U) for the space of distributions over U. As usual, we denote the Lebesgue
spaces by LP(U), 1 < p < 0o, and the Sobolev spaces of (equivalence classes of) weakly
differentiable functions by W*»?(U), k = 0,1,..., 1 < p < co. The closure of D(U) in

WLH2(U) is denoted by W01’2(U). Furthermore, we write
WEP(U) = {T € D'(U) : T € W*P(V) for all open sets V cC U}.

Whenever X is a finite-dimensional space, let D(U, X), LP(U, X), and W*P(U, X) des-
ignate the spaces of X-valued objects whose components belong to D(U), LP(U), and

WHP(U), respectively. We shall omit the additional symbol if it is implied by the context.

In passing, we note that the space W12(B) N L>(B) is an algebra for all open balls
B CC U, so that fg € Wh2(U) N L2, (U) whenever f, g € Win2(U) N LS, (U).

loc loc
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4.1 Moving frames for hypersurfaces

In this section we consider moving frames in the special case of two-dimensional subman-

ifolds of three-space, that is, hypersurfaces in E3.

Let U C R? be open, connected, and simply connected and let # : U — E3 be a
smooth immersion whose image ¥ = 6(U) is a regular surface. In particular, the rank of
the differential D@ is two at every point. We choose a frame on E? along ¥ by defining a
lifting 6 : U — E(3),

O(u) = (6(u); e1(u), ea(u), e3(u)),

such that for each u € U, (e1(u), e2(u), e3(u)) is an oriented orthonormal basis of Ty, E?.

We have, for any u € U,

(w0 0)(u) = (u) € E(3)/S0(3) = E?,

where 7 : E(3) — E? is the projection map (cf. Section 2.1). We then let 8 be adapted,

that is, e3(u) is orthogonal to Tj(,)X.

As before, associated to the frame (eq, ez, e3) on E? we have dual and connection

1-forms (wi,w;-), 1 <i,7 <3 on F(E?). Recall that they have the properties that

wi(ej) = 5§’

w! = —w' 1<14,5 <3,

and they satisfy the Cartan structure equations,

dw! = —w Aw? —wi AW, (4.1)
dw? = —w? Aw! —w?i AW, (4.2)
dw?® = —w? Aw! —wi A W?, (4.3)

dws = —wi Awd, (4.4)
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dwi = —wi Awl, (4.5)

dw? = —w? Awid. (4.6)

Furthermore, the Maurer—Cartan form on F(E?) is given by

and the Cartan structure equations are equivalent to the Maurer—Cartan equation

dw = —w A w. (4.7)

For later use, we state the following general technical lemma due to Cartan.

Lemma 4.1 (Cartan’s lemma [dCar94, Lemma 5.1; see also Clel7, Lemma 2.49]).
Let ', ...,a", r < n be linearly independent differentiable 1-forms on a manifold M™.

Suppose that B*, ..., 8" are differentiable 1-forms on M such that
r . .
Z o' A Bt =0.
i=1
Then there exist differentiable functions c} M — R, 1<1,5 <r such that c? = CZ and
B = c;'- ol

A direct consequence of Cartan’s lemma is that a set of antisymmetric 1-forms (w;)

satisfying the first structure equation (2.3) is unique.

Lemma 4.2 ([dCar94, Lemma 5.2]). Let U C R™ and let w!,...,w" be linearly inde-

pendent differential 1-forms in U. Suppose that there exists a set of differential 1-forms
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(wé-), 1 <14, <n such that

Then the set (w;) is unique.

Let us return to the hypersurface case. Using the lifting 6, we can pull the dual and
connection forms (wi,w;-) back to U. We will denote them by (@i,(jj-) = (é*wi,é*wé).

Immediately, we have

Proposition 4.3 ([Clel7, Prop. 4.18; see also dCar94, p. 82]). Let U C R? be open,
connected, and simply connected and let 0 : U — E3 be an immersion. Moreover, suppose
that (e1,e2,e3) is an adapted moving frame along ¥ = 0(U) with dual and connection
forms ((Dﬁ@é), 1<i,7<3o0onU. Then ((Di,(bg) satisfy the Cartan structure equations

and furthermore, we have that (0',0?) form a basis for the 1-forms in U and

By Cartan’s lemma, there exist differentiable functions h;; = hj;, 1 <¢,j5 <2 on U such

that

w3 hii h ol
r) _ [P a2 ‘ (4.8)
w3 hia  hoo

S

€l

Geometrically, from our interpretation of the connection forms (w}) (see page 32) we can

infer that h;; can be interpreted as the rate at which es rotates towards e; if we move in

the direction e;.
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Moreover, the first two structure equations (4.1) and (4.2) imply, together with @® = 0,

that

al N@? = —@d NP,
bt N? = —o! /\w%

Therefore, of)% is completely determined by @', w?:

i = —aw!' — b?.

Definition 4.4. The 1-form @] is called Levi-Civita connection form.
Remark. The reason for the name ‘Levi-Civita form’ will become apparent later.

It turns out that the Gauss curvature is determined by the Levi—Civita connection
form wi. Since w3 is itself determined by @', @?, this implies that the Gauss curvature
belongs to the inner geometry of the surface, confirming Gauss’ remarkable theorem (see

do Carmo [dCar94, p. 84] and Agricola-Friedrich [AF02, Section 5.4] for details).

So far, we have used the first three structure equations. The remaining equations

(4.4) to (4.6) read
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Definition 4.5. We call (4.9) the Gauss equation and (4.10) and (4.11) the Codazzi—

Mainardi equations.

Continuing our quest to formulate the basic geometric quantities of the hypersurface
3. in the language of moving frames and differential forms, we define another product

operation on forms.

Definition 4.6. Let «, 8 be 1-forms on a manifold M. Then their symmetric product is

a symmetric bilinear form af : TM x TM — R defined by
1
af(v,w) = i(a(v)ﬁ(w) + a(w)B(v)), v,w e TM.

The square o of a 1-form « is meant to be the symmetric product of o with itself.

We then have concise descriptions of the first and second fundamental forms of the

surface X.

Definition 4.7. The first fundamental form of ¥ is the quadratic form I : TU — R
defined by
I(v) = (df(v),dB(v)), vel,U.

From the definition of the dual forms (2.2), we find that the first fundamental form

can be written as

Remark. By polarisation, we can think of I as a symmetric positive definite bilinear form

on TU x TU [Clel7, p. 119].

Definition 4.8. The Gauss map N : ¥ — S? of ¥ is defined by
N(O(u)) = es(u), ueU.

The differential AN = e;03 + €202 of the Gauss map is called shape operator of .
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Remark. As such, the Gauss map is only well-defined up to a sign. Once we have fixed
orientations on U and R3, however, we can choose a moving frame (e1, e, e3) so that
(e1,e2) is in the orientation of U and (ey, s, e3) is in the orientation of R3. Then the

Gauss map is well-defined and independent of our choice of moving frame [dCar94, p. 83].

Definition 4.9. The second fundamental form of 3 is the quadratic form II : TU — R
defined by
II(v) = —(des(v),dé(v)), veT,U.

The definition of the dual and connection forms then implies that, using (4.8),
1 = @30 + odw

= hu(a)l)2 + 2h12£4_11(4_.)2 + hQQ((D2)2.

The next geometric object we will write in terms of moving frames is the covariant

derivative.

Definition 4.10. Given two vector fields v, w on X, we define the covariant derivative of

w with respect to v as the tangential part of the Euclidean directional derivative dv(w),

Vyw = dw(v) — (dw(v), e3)es.

Then the induced Levi—Civita connection V on X is given once we define the TU-valued

1-forms Vw via

We have that

Vye1 = dey (’U) -+ <d€1 (1)), 63>€3 = 62@% (U)7

Vees = deg(v) + (dex(v), es)es = e1ig(v),
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so that, writing the vector field w as w = w'e; + w?ey for some functions w',w? : U — R,
we obtain

Vow = (dw'(v) + @3 (v)) e1 + (dw?(v) + @3 (v)) es.

Thus the covariant derivative is determined by the Levi-Civita connection form @i,

1 %2 and

which also explains its name. Recall that w3 only depends on the dual forms &
therefore the covariant derivative is a quantity belonging to the inner geometry of the

surface.

Remark. The covariant derivative V thus defined has the usual properties of a covariant

derivative [AF02, Thm. 5.13].
Finally, we define the curvature tensor of the surface.

Definition 4.11. The curvature tensor of ¥ is a map R : TU x TU x TU — TU defined
by
R(u,v)w = V,Vyw — V,Vyw — Vw0 W,

where u, v, w are vector fields and [u, v] denotes the commutator of u and v.

As for the covariant derivative, we can write the curvature tensor in terms of a moving

frame, its coframe and the Levi-Civita connection form [AF(02, Thm. 5.16]:

R(u,v)w = dw?(u, v)(esw! (w) — eyw?(w)).

Since the first fundamental form is positive definite, we can represent the second
fundamental form as a symmetric bilinear form II on TU x TU by the self-adjoint shape
operator S = deg, that is,

(v, w) = I(v, S(w)).

The covariant exterior derivative of the shape operator S : TU — TU (or any endomorph-
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ism of TU, for that matter) is the 2-form VS : TU x TU — TU given by

VS(v,w) = Vy(S(w)) = Vi (S(v)) = S([v, w]),

where v, w are vector fields.
We then have

Proposition 4.12 ([AF02, Thm. 5.17]). The shape operator S, the curvature tensor R

and the second fundamental form 11 satisfy the Gauss and Codazzi-Mainardi equations,

R(u,v)w = II(v,w)S(u) — II(u, w)S(v),

VS =0,

for any vector fields u, v, w.

4.2 Smooth theory and previous regularity results

As an introduction to Pfaffian systems and the fundamental theorem of surface theory, in
this section we review the classical smooth case. We also summarise the previous efforts
of Hartman and Wintner [HW50a; HW50b] and Mardare [Mar03b; Mar05; Mar(07] in the

regularity theory of these equations.

4.2.1 Pfaffian systems

In order not to have to deal with too much abstract theory of exterior differential systems,
in this and the following subsections on the smooth theory we follow closely the nice

exposition by Agricola and Friedrich [AF02].

Suppose that we are given m — k smooth functions fi,..., fju_r on R such that

their differentials df1,...,df,_x are linearly independent. Then the level set

{.CE e R™: fl(x) =C15- .- 7fm—k(x) = Cm—k}
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is a k-dimensional manifold with tangent bundle
{v e TR™ :dfi(v) =0,...,dfm(v) = 0}.

Equivalently, we can describe these k-dimensional subspaces of TR™ as the zero level
sets of any set of 1-forms {w',...,w™ *} defined by w® = hz df; for any gl(m — k)-valued

function h = (h?).

We are thus interested in the compatibility conditions that allow the recovery of
a family of k-dimensional manifolds from a set of m — k linearly independent 1-forms

{w!,...,w™ %} via the exterior differential system

Definition 4.13. A k-dimensional Pfaffian system (or geometric distribution) on a

manifold M™ is a family
b = {EM(x) c TuM : 2 € M}

such that the subspaces E*(z) depend smoothly on z in the sense that for each point
xog € M, there exist a neighbourhood U C M containing xy and vector fields v, ..., vk
on U such that

E*(z) = span{vi (), ..., vp(z)}, zeU.

In the above setting, a Pfaffian system is determined by linearly independent 1-forms

{wh,...,w™ "} on a manifold M™ via

EF(z)={veT,M :w'(v)=--=w™ %) =0}
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Definition 4.14. Let £* be a k-dimensional Pfaffian system on M™. A k-dimensional

submanifold N* ¢ M™ is called an integral manifold of E* if

T.N = E*¥(z), z€N.

Definition 4.15. A k-dimensional Pfaffian system £¥ on M™ is called integrable if for

every point x € M, there exists an integral manifold through .

If £F is defined by {w!,...,w™ ¥} as above, an immersed submanifold 6 : N* — M™

is an integral manifold of £ precisely when the pullbacks 6*w!, ..., #*w™ % vanish.

4.2.2 Frobenius’ theorem

The main ingredient of the proof of the smooth fundamental theorem of surface theory,
besides the Poincaré lemma for differential forms, is Frobenius’ theorem of involutive

distributions.

Definition 4.16. A k-dimensional Pfaffian system £¥ = {E¥(x)} on M™ is called
involutive if for every two vector fields v, w on M such that v(z),w(z) € E¥(x), their

commutator satisfies [v, w](z) € E*(x).

Theorem 4.17 ([Fro77; AF02, Thm. 4.1]). Let ¥ be a k-dimensional distribution on

the manifold M™ defined by m — k linearly independent 1-forms w',...,w™ %, that is,

Eh=veTM:w'(v)=---=w™*u) =0}

Then the following statements are equivalent:
1. EF is integrable,
2. EF is involutive,

3. for every xg € M, there exist a neighbourhood U C M containing xo and 1-forms
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9},1§z’,j§m—k on U such that

dw":G;-/\wj, 1<i<m—k,

4. foralll1 <i<m—k,

dw' Awr A~ AwmF =0,

Specifically, we will use a consequence of the implication ‘3. = 1. of Frobenius’
theorem. Indeed, we will later be concerned with generalisations of this type of theorem,
referred to as an existence and uniqueness theorem for Pfaffian systems, to the case of

merely integrable coefficients.

Theorem 4.18 ([AF02, Thm. 4.6]). Let Q = (w;;) € gl(k) ® A'R™ be a matriz-valued
1-form defined on a neighbourhood of 0 € R™ and let Ag € GL(k) be an invertible matriz.

Then the following statements are equivalent:

1. In a connected neighbourhood V.C R™ of O there exists a matriz-valued function

A = (aij) of size k x k such that

2. The matriz-valued 1-form Q) satisfies the compatibility condition,

dQ=QA0.

If such a function A exists, it is uniquely determined. If in addition Q € so(k) @ A'R™
and Ay € SO(k), then A(x) € SO(k) for any x € V.
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4.2.3 The fundamental theorem of surface theory

We give two formulations of the fundamental theorem. The first is in terms of differential

forms.

Theorem 4.19 (Fundamental theorem of surface theory I [AF02, Thm. 5.11; Clel7,

Thm. 4.39]). Let U C R? be open, connected and simply connected. Suppose that four

2 3

differential 1-forms &', &2, &3, @3 on U are given such that the forms &' and &? are

linearly independent and that they define a 1-form &% via

Moreover, define @ = —w]. Assume that the system (&,&]) of 1-forms satisfies the

structure equations,

~1 ~1 , ~3
dwy; = —w3 A @y,
~1 ~1 0 ~2
dw?) = _WQ /\W3,
~2 _ _ ~2 A~
dws = —w] A W3

Then there exists an immersion 0 : U — R3 of a surface ¥ and an orthonormal frame

of vector fields tangent to ¥ such that the induced dual and connection forms (@i,@g)

coincide with ((IJZ,(ZJZ) The surface ¥ and its orthonormal frame are uniquely determined

up to proper isometries of R3.

The proof proceeds as follows: First, we construct an orthonormal frame on U such
that the given forms are its dual and connection forms, respectively, using Theorem 4.18.
Then, using the Poincaré lemma, we construct an immersion of U into R? from this

orthonormal frame.
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Proof. By assumption, the matrix-valued function Q = (d}f ) satisfies Q € so(3) Al R?
as well as dQ = Q A Q. By Theorem 4.18, therefore, for any Ay € SO(3) we have a
matrix-valued function A such that dA = QA and A € SO(3) at every point. Thus the

rows of A define an orthonormal frame é;, &, €5 : U — R? such that

Define the 1-form ¢ by

Then d¢ = 0 and by the Poincaré lemma the 1-form ¢ is exact, so there exists  : U — R3
such that

46 = ¢.

We note that € is an immersion by construction. Observe that the solution A of dA = QA
is unique up to the prescribed initial condition Ag € SO(3), and the solution 6 of df = ¢
is unique up to a constant a € R3. As a result, the surface thus obtained is uniquely

determined up to an Euclidean motion in R3. O

The second formulation of the fundamental theorem is in terms of the first and second
fundamental forms. Its proof can be reduced to follow from the first formulation of the

theorem.

Theorem 4.20 (Fundamental theorem of surface theory I [AF02, Thm. 5.18]). Let
U C R? be open, connected and simply connected. Suppose that two symmetric bilinear
forms LIL: TU x TU — R are given such that 1 is positive definite at each point. Define

a covariant derivative V on vector fields via

2L(Vyv, w) = u(I(v, w)) + v(I(u, w)) — w(I(u,v)) (4.12)

+ I([u, v], w) + I(v, [w,u]) — I(u, [v,w]),
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and a curvature tensor R via

R(u,v)w = VuVow — Vo Vaw — @[um]w. (4.13)

Assume that the symmetric endomorphism S : TU — TU induced by II via ﬁ(u,v) =

L(u, S(v)) satisfies

VS =0, (4.14)

(v). (4.15)

=y
—~
£
=
S
I
)
<
S
S~—
e
—~
IS
N~—
|
)
—~~
£
S
N~—
U

Then there exists an immersion 0 : U — R3 of a surface ¥ such that the induced first

and second fundamental forms 1, 11 coincide with 1, 11, respectively, that is,

=61,

IT = *(II).
The surface ¥ is uniquely determined up to proper isometries of R3.

Proof. Since I is a positive definite symmetric bilinear form, we can choose a frame
{€1,é2} on U that is orthonormal with respect to I. Denote the corresponding dual frame

of 1-forms by {&',@?}, and define the 1-forms @?, &3, @3 by

We extend these 1-forms (G}f ) antisymmetrically by requiring d}f = —(D; After some com-

putation, our assumptions (4.12) to (4.15) then imply that (&7) satisfy the requirements

of Theorem 4.19. O



Chapter 4. Regularity theory for two-dimensional Pfaffian systems 63

4.2.4 Regularity theory

Recall that for a given surface immersion # : U — R3, if we introduce coordinates

(21,22, x3), its first and second fundamental forms (g;;), (hij), 1 < 4,7 < 3 are given by

gij = 8i9 . 8]‘9, (4.16)
010 x 020
hj 8J9 ’819 X 829’ ( 7)

k

The Levi-Civita connection on 3 = 6(U) is represented by the Christoffel symbols I';;,

1
Ffj = §gk£ ((%gie + aigjg — aegij) . (4.18)

Clearly, whenever 6 € C?(U,R?), it follows that g;; € C', h;; € C°, and Ffj e CY.
However, conversely, once we are given symmetric matrices of functions g;;, h;; and define

r f] by (4.18), writing the Gauss—Codazzi-Mainardi equations in coordinates,

O, — O;Tk, + Ty, — Tk 5 = hijhy — hgh?, (4.19)

Ophij — Ojhig + Ty — Thyhuj = 0, (4.20)

shows that in order for them to hold, we need to require that g;; € Cc?, hij € C'. Indeed,
the classical proof of the fundamental theorem of surface theory succeeds in this case,

yielding an immersion 6 € C3(U, R3).

This regularity paradoxr had been identified by Hartman and Wintner [HW50al],
who then proved the fundamental theorem of surface theory [HW50b] for first and
second fundamental forms in C' and C?, respectively, by considering the Gauss-Codazzi—

Mainardi equations in an integrated form, that is,

/J (TK day +T% day) = /d J(F;?frfng —TBIF | — hihy — hiph¥) da,
om

/(hil dJJl +hi2 dl’g) = /d (F?}hmg - thml) dx
J om J
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for all C'-Jordan curves J in U, where dom J is the bounded open set with boundary
J. Their method of proof paralleled the smooth case in the sense that they proved and
used a corresponding generalised version of the existence theorem for systems of total

differential equations.

The results of Hartman and Wintner have been generalised further to the realm of
weakly differentiable functions in a series of papers by Mardare [Mar03b; Mar05] (see
also [Mar07] for the theory of weak solutions of more general systems). Specifically, he

proved the following

Theorem 4.21 ([Mar03b; Mar05]). Let U C R? be a connected and simply connected open
set and let 2 < p < co. Suppose that (a;;) € T/Vl})’f(U, Sym™(2)), (b;;) € LY .(U,Sym(2))

are given such that the Gauss—Codazzi-Mainardi equations (4.19) and (4.20) are satisfied

in the distributional sense, 1. e.,

/U (T5,0;¢ — T5:00 + TPk ¢ — TTE 4¢) dw = /U (bijb} — bibh) ¢ dz,

/U(bwaj¢ = bij0up + U bomedd — Tipbmid) dx =0

for any ¢ € D(U). Then there exists an immersion 6 € VVli’f(U, R?), unique up to proper
isometries of R, such that the first and second fundamental forms of the surface ¥ = 0(U)

are given by (a;j) and (b;;), respectively, as in (4.16) and (4.17).

In order to prove this result, first for p = oo and then for any p > 2, Mardare utilised

the fact that the Gauss—Codazzi-Mainardi equations are equivalent to the equation

8il“j + Firj = ajri + Fjri, 1< i,j <2
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being satisfied in the distributional sense. Here, T'; : U — gl(3) is given by

o, -}
Li=1TH Th —07 |
biin b2 O

where I‘fj is computed from (a;;) via (4.18). Then, Theorem 4.21 could be proved much

in the same way as in the smooth case, that is, by solving the Pfaffian system
0;P = PT;, 1<i<2,

and applying the Poincaré lemma.

Generalisations of the Poincaré lemma to right hand sides in LP are well-known in

the literature [e. g., BBM00; GM12], even for p > 1.

Lemma 4.22 (Weak Poincaré lemma [Mar07, Thm. 6.5]). Let U C R? be a connected
and simply connected open set and let p > 1. Let f; € LfOC(U), 1 =1,2, be functions that

satisfy
ofa=0fr  inD(U).

Then there exists a function 6 € VVéf(U ), unique up to an additive constant, such that

810 = fz m Lp

loc(U)'
Hence, to prove Theorem 4.21, Mardare proved a corresponding existence and unique-

ness theorem for two-dimensional Pfaffian systems with coefficients in LP, 2 < p < oco:

Theorem 4.23 ([Mar03b; Mar05]). Let U C R? be a connected and simply connected

open set, g € U, Py € gl(k), and let 2 < p < oo. Suppose that T; € L. (U, ¢l(k)),

loc
1 =1,2, satisfy
019 + ' 'y = 0"y + T'oIy (421)
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in D'(U,gl(k)). Then the Pfaffian system

oP="Pr; inD(U,gl(k)),

P(.Z’()) = PO

has a unique solution P € Wﬁ)’f(U, gl(k)).

The method of proof of this theorem in the p = oo case [Mar03b] is to solve the system
of differential equations locally by integrating the equations along a set of ‘admissible’
straight lines, using an approximation argument. The existence of such ‘admissible’ lines
is ensured by a Lebesgue—Besicovitch-type theorem for locally integrable functions. The
local solutions are then extended to a global solution on U using a gluing procedure,
where the uniqueness of the global solution is implied by the fact that the domain is
simply connected. Meanwhile, for 2 < p < co [Mar05] an intricate smoothing argument

based on a stability result for Pfaffian systems with LP-coefficients is carried out.

4.3 Optimal regularity theorem

In view of Mardare’s results, an immediate question is whether they are optimal as far
as the requirements on the regularity of the prescribed first and second fundamental
forms (in Theorem 4.21), or, respectively, the coefficients of the Pfaffian system (in
Theorem 4.23) are concerned. Starting with the latter [Mar05], we see immediately that

in order for the compatibility conditions as in (4.21) to make sense distributionally we

2
loc

need to require that I'; € L{ . so that the product terms are integrable.

Moreover, in the scalar case, in which we seek a solution ¢ : U — R of

8lq = 74, 1= 17 27
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the compatibility condition for 1,y : U — R reads

O1y2 —0ay1 = 0.

Therefore, whenever ~; € LfOC(U ), p > 1, the weak Poincaré lemma 4.22 ensures the

existence of a solution 0 € VVlif (U) of
0;0 = i,
whereby a solution to the Pfaffian system is given by
g(x) = Ce’®

for almost every « € U and any constant C' € R. Now, in order for ¢ to be integrable,
we need to assume that p > 2 so that § € L (U) by virtue of the Sobolev embedding

loc

I/Vlif(U) C L2 (U) [Mar05]. Finally, in order to consider the Cauchy problem as in

Theorem 4.23, the embedding VVI})’f(U ) € CO(U) is necessary. Therefore, under the given

assumptions, Theorem 4.23 is indeed optimal.

In order to bridge the gap between the result for p > 2 and the endpoint case
p = 2, in the spirit of compensated compactness theory, we are thus led to search for
additional algebraic structure to improve the regularity properties of the equation. As
far as the application to the fundamental theorem of surface theory that we have in
mind is concerned, the key insight is that in an orthonormal frame, the connection forms

i

Wi

are antisymmetric. Consequently, we consider Pfaffian systems with antisymmetric
coefficients Q; € L?(U,so(m)). It then turns out that Riviere’s lemma 3.5 on Coulomb
gauges is precisely the ingredient we need to prove the existence and uniqueness theorem

for Pfaffian systems in the optimal regularity case. First, we prove the local result.
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Proposition 4.24. Let U C R? be a contractible bounded reqular domain and let

Q € L?(U,s0(m) @ A'R?). Suppose that Q satisfies the compatibility equation
0iQY; — 0;80 = Q0 — ;0 (4.22)

in the distributional sense. Then there exists P € WY2(U,SO(m)) such that
VP +QP =0. (4.23)

Moreover, if Py and Py are two such solutions then there exists a constant C € SO(m)
such that

Py = P,C.
Proof. By Lemma 3.5, there exist & € Wy'(U, so(m)) and P € W12(U, SO(m)) such that
pP-lvp+ pPlop = vte

Recall that we write 21, Qs for the components of the so(m)-valued 1-form €. We rewrite

the above equation as

N"hP+WP = —Pazf,

093P + Q9P = POi&,
so that

—0901 P — (8291)]3 — QI(GQP) = (82P)(62£) + P6282§,

01O P + (6192)P + Qg(@lP) = (61P)(61§) + P010:€.
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We obtain, using the compatibility equation (4.22),

(1 P)(D1€) + (02P)(028) + PAE = (01 — Q1Q2) P + Q2(01 P) — 1 (02P)
= Qa(=01P — POs) — Q1 (—02P + POiE)
+ Qg(@lP) — Ql(agp)

= — QP (02€) — N P(9:€).
Note that we can rewrite this equation more succinctly as
PA¢f = —V+P.Vte— (QP) - VE.
On the right hand side, we get

—VtP -V — (QP) - VE= — (01P)(01€) — (02P)(9:€)
— (=P3§ — O P)(0:§) — (POi€ — 02P)(0:6)
= P(02£)(0h&) — P(01&)(026),

and thus

PA¢ = —PV+te - Ve,

or equivalently

AL = (02€)(01€) — (01£)(026). (4.24)

While the right hand side of this equation is not necessarily equal to zero, we claim that

(4.24) does imply that £ = 0, using that £|sy = 0.

We follow an argument by Wente [Wen75]. We may assume that U = B;(0) C R?. By
Theorem 3.1, £ € Wol 2 is continuous in U and, indeed, ¢ € C™ in the interior. Extend &

to R? = C by inversion in the unit circle, which is a conformal map, and let the same
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letter now refer to the extension. It satisfies & € C°°(R% so(m)), (4.24), &]g1 = 0, and

IVElZ2 < C IRz -

Now, denoting by (-, -) the standard inner product on real matrices, extended complex
linearly to complex matrices, and writing &, := 9,£ = %(fz —i&y) and & = %(fx +1i&y),

define

= (€. &) = 7 (I6l® — 206, &) — 16, ).

=

In order to show that ® is holomorphic, we compute

Pz =2(E2,E2)
= S (A€
= (6 — )6 — (66 — E:6)E)
= (66— G6E) —i(EEE — 668

I
o

where we have used A& = 4.z, (4.24), and tr(AB) = tr(BA). But we also have that
® € LY(C) and hence ® = 0.

As a result, in addition to (4.24), £ satisfies

&al® — €y)* = (&2, &) = 0.

Let us view £ as a map into RmQ, which is smooth and conformal. By the Hartman—
Wintner lemma [Josll, Lemma 9.1.7] and (4.24), we deduce that the points where
|€2] = |&y| = 0 are isolated whenever ¢ is non-constant. However, we know that £ = V£ =0
on the unit circle. Therefore, { must be constant, and as £|g1 = 0, we conclude that

¢ = 0. This yields (4.23).
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Now suppose that Py, P, € W12(U,SO(m)) solve

VP + QP =0,

VP + QP =0
in U, respectively. Since V(P[ ') = =P} (VP) P!, we have

V(P 'Py) = V(P)Py+ PV P
= P (VP)P['Py+ P['VPR,
= PrlQpP PPy — PUIOP,

=0.

Thus P, lpy = C, a constant invertible matrix, so that Py = P;C. We also have

CTC = Py'P Py Py =TI and det C = (det P;) "' det Py = 1, whereby C' € SO(m). O

Using the local existence and uniqueness, we can then prove the corresponding global

result on simply connected domains by means of a gluing procedure.

Theorem 4.25. Let U C R? be a connected and simply connected open set and let
Q € L2(U,so(m) @ A'R?) satisfy the compatibility condition (4.22) in the distributional
sense. Then there exists P € Wﬁ)f(U, SO(m)) such that VP = PQ in U. Moreover, any

two such solutions Py, Py are related by Py = C' Py with a constant C € SO(m).

Proof. Equipped with the local existence result in Proposition 4.24, we intend to leverage
the simple-connectedness of U to construct P € VVI})CZ(U, SO(m)). While this type of
construction can be found in various places in the literature, we reproduce such a proof
[Mar08, Thm. 2.1] here almost verbatim, adapting where necessary, for the sake of

completeness. In particular, we do not claim any originality.



Chapter 4. Regularity theory for two-dimensional Pfaffian systems 72

Note that instead of solving the equation
VP = PQ,

we solve

VP + QP =0.

Once a solution P to the latter equation is given, a solution to the former is readily found

by transposition and using that €; € so(m).

Let ©9 € U, By (xg) C U, 19 < %dist(g:o,R2 \ U). Then there exists Py €
WL2(B,,(z0),SO(m)) such that

VFPy+ QP =0 in B, (:EQ)

Let « € U be arbitrary and (v, A, (B;)) a triple such that ~ : [0,1] — U is continuous,
’Y(O) = X, ’)/(1) =z, A= (to,tl,...,tn,thrl), 0=t <t < - <tp <tpy1 =1,
and (Bj)}_, a sequence of open balls contained in U such that By = By,(z9) and

’y([tj,tj+1]) C Bj, j=1...,n.

An example of such a triple can be constructed in the following way: Given any
continuous path v as above, choose r < 3 dist(y([0,1]),R? \ U) and A such that
|tj+1 —tj| < 0, where 6, is such that |y(t) —y(s)| < min{r,ro} whenever |t —s| < J,.

Then set By = By, (x0), Bj = By (v(t;)), j =1,...,n.

Define recursively P; € W12(B;,50(m)), j = 1,...,n, such that

VP;+QP; =0 in Bj,

Pj = Pj—l in Bj N Bj—l-

By Proposition 4.24, we know that P; = P;_1C in B; N B;_1, so we can, if necessary,

replace P; by PjC—1 to ensure the validity of the second equation. We retain P, €
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W12(B,,,S0(m)) and claim that it is independent of our choice of (v, A, (B;)).

Fix , A and consider two sequences of balls (B;), (B;). We know that Py = P, in

By = By by definition. Now assume that P; = Pj in B; N Bj. Then we have that
Pjy1 =Py = Pj = P

in the open set Bj11 N B; N B; N Bjy1. Note that this set is non-empty since y(t;11) is

contained in it. Therefore, we must have Pj;1 = Pj41 in Bj11 N Bji1.

In order to prove that P, is independent of the division of the unit interval A, first
consider two divisions A, A that differ only by an additional point t* inserted between
tr and tpiq in A. Let (Bj)?:o be an admissible family of open balls for A and define
the family (BJ)’;;'& for A by Bj =DBj,j=0,...,k and BJ-H =DBj,j=k,...,n. By
definition, this family is admissible and Pj = Pjin Bj for j =0,...,k. According to the
recursive definition of ]5]-, we then have Pk+1 =P, =P, in Bk_l’_l N By, = By,. Therefore,

pj:Pj in Bj for j =k,...,n.

Now let A and A be two arbitrary divisions of the unit interval with associated

admissible families of open balls (B;)7_, and (Bj)?zo, respectively. In addition, consider

the joint division A = (S0, -+ Sm+1) With
{80, ce ,Sm+1} = {to, ce ,tn+1} U {E(], ce ,Eﬁ+1}, m<n+n.

Then, applying the above argument (m — n) times, one obtains P,, = P, in B, and
similarly, after (m —n) steps, P,, = P; in B;,. As we have already shown that the solution

P, does not depend on the family of admissible open balls, we get

P, = pﬁ in B, N Bﬁ
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Lastly, in proving that the final solution is independent of the path -, we make use
of the fact that U is simply connected. Let (v,A, (Bj)j—,) and (7, A, (Bj)?zo) be two

admissible triples associated with z € U. Then there exists H € C°([0, 1], U) such that

For each s € [0, 1], choose (s, As, (Bj)?io) to be an admissible triple associated with x

such that
Vs =H(s,")
and that they agree with those already chosen at s = 0 and s = 1, respectively. Denoting
s* :==sup{s € [0,1]: P; = P) in B} NB)},

we thus need to prove that s* = 1 and the supremum is attained.

First, we show that for small enough s > 0, we have that
pPi =P)  inBj NBy.

This implies that s* > 0. We note that the triple (s, A, (B;)) associated with z is
admissible if s is small enough. This results from the fact that for such s, v,([t;,tj4+1]) C
Bj, 7 =0,...,n. Suppose that this is not the case and there exist sequences (sy,), (tm)
with s, — 0 as m — oo and ¢, € [t;,t;41] such that s, (ty,) = H(sm,tm) & Bj. Then,
up to the choice of a subsequence, we have that t,, =t € [t;,;41]. By the continuity of
H, we conclude that H(s,,t,,) converges to v(t) € B;. However, this contradicts our
assumption that H(sy,,ty) ¢ B; for all m. Therefore, since we have already shown that
solutions are independent of the choice of a division and a family of open balls, the claim

follows.
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Second, in the same vein we also have that for o > 0 sufficiently small and ¢ € [0, «),

the triple (vs«—c, Agx, (B]s*)) is admissible for x and thus

s* _ ps*—e : s* s*—¢
P, . =P inB,  NB,_ *_.

N g* Ng* _¢
On the other hand, since s* is a supremum, it holds for some § € [0, ) that

s*—6 _ p0 . s*—§ 0
Pns*fs = Pn0 in anh5 N Bno,
whereby

s* _ p0 . s* 0
Pns* =P, in an* N B,
and s* is a maximum.

Finally, if s* < 1 then in a similar fashion one concludes that for ¢ > 0 sufficiently

small the triple (Ve 4o, Ay, (B

7)) is admissible, contradicting the definition of s*. Thus

0 _ pl
Ph, = P,

It is then possible to define a global solution by means of a gluing procedure. For
any z € U, let (v, A, (Bj)}_y) be an admissible triple and let B, = By, and P, = P, €
W12(B,,S0(m)), constructed as above. We claim that for any z,y € U such that

B, N B, is non-empty it holds that

Let 2 € B;N By and let (v, A, (Bj)7_) and (7, A, (Bj)?zo) be two admissible triples for x
and y, respectively. If we define v* to be the path obtained by joining v and the segment

[x.2], which lies entirely within B,, parametrised such that v*(1) = z and 7*(1) = z,
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then we obtain an admissible triple for z by letting, for j < n,
to tnt1 )
AY = —,...,—,t
(27 ) 2 s bn+1 )
B; = Bj,

* Py— JR—
% =By =B,.

The same construction applied to 4 yields another admissible triple for z and we thus

obtain

* D* .
n+1:Pﬁ+1 lanﬂBy,
* 1 =P,=P, inB,,

Pi,=P,=P, inB,,

proving the claim.

Therefore, we define a distribution P on the set U = |J,cy B as follows: Let
¢ € D(U). Since ¢ has compact support, there is a finite number of points z; € U such
that spt ¢ C Ui~ B, Moreover, let (6;)7, be a partition of unity subordinate to the

covering (B, )i, of spt ¢. We then define

m

(P,¢) :=> (Py,,0:0).

=1

By the gluing principle of Schwartz [Mar08, Thm. 1.2], the result is a distribution P on
U that satisfies P = P, in B, for all x € U.

In order to show that P solves VP + QP = 0 in the distributional sense, we let
¢ € D(U) and K C U be a compact neighbourhood of spt ¢ such that K C j~; By,

for some family of open balls (By,)i";. As above, let (6;)/”, be a partition of unity
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subordinate to the covering (B;,). We compute

2

(P,V$) = (Pr,,0:V)
=1

M-

N
Il
—

<_QPxia 01¢> - <sz‘7 (V91)¢>

o

s
Il
_

(—QP, ).

Here, we have used that ;" 6; =1 in K and hence V(};~,60;)¢ =0in U.

Since, by construction, P = P,, in B,, and P, € WY2(B,,,SO(m)), it follows that
Pe I/Vlif (U,S0O(m)). Furthermore, we may repeat the same calculation as in the proof

of Proposition 4.24 to infer that any two such solutions differ by a multiplicative constant

in SO(m). O

4.4 Application to surfaces

In this section, we shall apply Theorem 4.25 in order to prove the existence of a Wlif—
immersion of a surface with prescribed first and second fundamental forms in the classes
VVﬁ)C2 and L2 , respectively. First, we motivate the definition of appropriate antisymmetric
matrix fields ; that serve as the coefficients of a Pfaffian system. After that, we show that
the quantities derived from the given matrix fields that are to be realised as fundamental
forms of a surface possess the required regularity. We then prove Theorem 4.26. Lastly, we
demonstrate that the compatibility equation satisfied by the matrix fields €2; is equivalent

to the Gauss-Codazzi-Mainardi equations in the present setting.

4.4.1 Derivation of antisymmetric coefficients

There is no reason to believe that the connection form should be antisymmetric in an
arbitrarily given frame. However, we can always arrange for an antisymmetric matrix

of connection forms in a frame that is orthonormal with respect to a given Riemannian
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metric on Y, as we now show. While these antisymmetric matrix fields have previously
been introduced [CGMOS] in the context of the fundamental theorem, the viewpoint
of Cartan geometry is advantageous in that the antisymmetric connection form arises

naturally from the change of frame.

As in Section 4.1, let § : U — E3 be a smooth immersion whose image ¥ = 6(U) is
a regular surface for some open, connected, and simply connected subset U of R?, and
let (e1,e2,e3) be an adapted frame. Again, we denote the pullbacks of the dual and

connection forms by (&?, (D;) We then write the connection form as

-1 ~1
0 wy; ws
— | ~2 —2
w (JJ]_ O (U3 )
Wi w0
and define
1

Litc=w(e)=|T% 0 —hy
hii hoi 0

Now, given a metric g on ¥ and an orthonormal frame f = (e, e2, €3), we set

1

3
g1 gi2 0O
g=1ga1 g2 O
0 0 1

Defining the frame f’ = fg~!, which is orthonormal with respect to g2, the Maurer-Cartan

form in this frame is given by means of the gauge transformation

W = (gw+dg)g~ ",
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which implies in components that

I = (g — 0ig9)g~ .

4.4.2 Regularity of coefficients

Let (aij) € Wb2(U, Sym™(2)) N L2 (U, Sym* (2)) and (bij) € L}, (U, Sym(2)) and define

loc

1 a2  —ai2

a11G22 — a12a21 —a91 ain

b = a’"b,

1
rfj = 5ake((‘?j(m + Diaje — Opaij),

2
ai1 az 0

Q; = (GT; — 9,G)G™L.

Since VVl}jC2 N Ly, is an algebra, we see that

172 o0
det(aij) = arraze — arzaz € W5 N Lig,..

Now assume in addition that the (positive) eigenvalues of (a;;) are locally uniformly
bounded away from zero, i.e., there exists C > 0 such that 0 < C' < A\; < Ay almost

everywhere in K CC U. Then det(a;;)~! € L. Therefore, we have that (a”) € LS.

loc*

Moreover, the fact that
D (det (aij ) )

D(det(ai;)™") = — det(a;;)?
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implies that

det(aij)*l € VVli)’CQ NLY

loc*

Hence

(aY) € Wiz (U, Sym™ (2)) N i (U, Sym™ (2)).
Furthermore, by the boundedness of (a¥/) and as (a;;) € Wli’f, we obtain that
Il e L (U).

From the formula

N

A

1
= (A+ vdet AI),
tr A +2vdet A

o0

e and the boundedness

valid for any A € Sym™(2), we infer, using again (a;;) € Wéf NL

of the eigenvalues away from zero, that
1 _1 1.2
(a’ij)Q’ (aij) 2 € VVIOC n Lfooc'
Finally, as I'; € L . we conclude that

Q; € L2 (U, gl(3)).

loc

It remains to show that each matrix €2; is antisymmetric. (The following argument
is taken from the proof of Theorem 7 in Ciarlet, Gratie, and C. Mardare [CGMO0S].)

Equivalently, we may show that

GO,G = G*T;, — Go,G
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is antisymmetric. By a direct computation, using the symmetry of (a;;), we find that

2011 Tigg+T1 0O
G2Fi + FZTGZ = Figl + Filg 2Fi22 0 = 81G2

0 0 0

Here, as usual, I';;, = akgffj. We thus compute

GG = G*T; — Go,G
1 1
= §G2Fi + 5(ai(;z -176?) - Go,G
1 1
= §(G2Fi -17a?) + 5((@-@)6: + Go;G) — Go,G

= %(Gm -17a?) + %((@G)G - Go,G),

whereby, indeed, Q; € so(3).

Therefore, we have shown that if (a;;) € VV;E(U, Sym™(2)) N LS. (U, Sym™(2)) and

(bij) € L} (U, Sym(2)) are given and the eigenvalues of (a;;) are locally uniformly bounded

from below then Q € L2 (U,s0(3) ® A'R?).

4.4.3 Optimal regularity for the fundamental theorem

We are now in a position to state and prove the optimal regularity case of the fundamental
theorem of surface theory. By and large, we follow the structure of the proof of the

corresponding Theorem 7 in Ciarlet, Gratie, and C. Mardare [CGMO0S].

Theorem 4.26. Let U be a connected and simply connected open subset of R? and
let (a;;) € Wb (U, Sym™(2)) N LS, (U, Sym™(2)) and (bi;) € L2,.(U,Sym(2)) be given.

Suppose that the eigenvalues of (a;;) are locally uniformly bounded from below and that

the matriz fields (ai;), (bij) are such that

01 — 0ry = Doy — U Qy, (4.25)
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where Q € L2 (U, s0(3) ® A'R?) is given by the following sequence of definitions, see also
Section 4.4.2:
1 a2  —a12

(a”) = )
a11a22 — a12021

J _ gk
bi = CL] bilm

1
I‘fj = ia’“(@jaw + aiajé - 8@&@‘),

ai1 az 0
G=|an axn 0]
0 0 1

Then there exists an immersion 6 € VVi’f(U, R3) such that

Qi = 0,0 - GJG mn VVli)’Cz(U),
819 X 829

_ in L} .
|819 » 829‘ m loc(U)

bi]’ = 8”9 .

Moreover, the map 0 is unique in VVlif(U, R3) up to proper isometries of R3.

Proof. We have shown in the previous section that Q € L2(U,so(3) ® A'R?) and by
assumption the compatibility equation is satisfied. Therefore, by Theorem 4.25, there

exists P € T/Vl(IDCQ(U7 SO(3)) such that

0;P = PQ;.
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Let G(;) = g¢; denote the i-th column of G. We know that P € Wﬁ)f and G €

W/ﬁ)f N LS. Furthermore, as P € SO(3), P is essentially bounded. Thus we conclude

loc*

that Pg; € W2 N LS

loc*

In order to apply Lemma 4.22, we require that
9i(Pgi) = 0;(Pg;)-
As 0;P = PQ; and P € SO(3), we obtain

0j(Pgi) — 0i(Pg;) = (0;P)g; + P0;g; — (0;P)g; — Pd;g;

= PQ]gz + Pajgz — PQZg] — Paigj,
which is equal to zero if and only if

0= Qj59; + 0j9i — Qig; — 9ig;
= (GT; — 8;G)G ' g; + 9;9;: — (GT; — 0;:G)G ' g; + Big;
= (Gl“j — @»G)ei + 8]'92' — (GFZ — &'G)ej + Gigj

= (GTj) ) — (GTy)()
=G F?i -Gz,
bji bij
where e; denotes the i-th unit vector in R®. Since I‘f’j = F?Z- and b;; = bj;, it follows that

0j(Pg;) — 0;(Pgj) = 0.

As a result, by Lemma 4.22, there exists 6 € I/Vll’z(U, R?3) such that

ocC

0;0 = Py;
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. 2
in Li, ..

Since Pg; € VVI})C2 , we conclude that in fact 6 € Wlif(U, R3). Moreover, as the

vectors Pg; are linearly independent, the map 6 is an immersion.

Defining F' := PG € W]})E N L{, and f; = Fy) (here, i = 1,2, 3), we have that

loc

819 = fi7

a1 a2 O

T 2
F'F=G"=|ayn apn 0

0 0 1

Thus

T
fi [i = aij,

whence

3,0 . 8J9 = ai]-,
and the matrix field (a;;) is indeed the first fundamental form of the surface 8(U).

Furthermore, it is clear that fI f3 = d;3, i = 1,2,3. Therefore, taking into account

that F' is positive definite almost everywhere, it follows that

 fix fo
= T Al

Meanwhile, we compute

;6 = 0;(Pg;)
= (9;P)gi + P0;g;
= P(S9; + 0;9:)
= P(Q;G + 0;G) ;)
= P(Grj)(z‘)

= F(Pj)(i)‘
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As a result, we obtain that

T
= ((T})@) F"f3
= <F}Z rs bjz) e3
= bjj,

whereby the matrix field (b;;) is the second fundamental form of 6(U).

Regarding the question of uniqueness of the immersion thus obtained, we note that
by Theorem 4.25, the matrix field P is unique up to a multiplicative constant C' € SO(3),
while the function 6 that results from the application of Lemma 4.22 is unique up to an
additive constant b € R®. Therefore, any two immersions 6, 6 constructed by means of

the above procedure are related by
0=CH+b,
and the proof is complete. O

4.4.4 Equivalence of compatibility conditions

By means of a direct computation, we argue that the compatibility condition (4.25) is

equivalent to the Gauss—Codazzi—-Mainardi equations.

Proposition 4.27. In the W'li’f—setting of Theorem 4.26, the compatibility condition

(4.25) is necessary and sufficient for the Gauss—Codazzi-Mainardi equations to hold.

Proof. Assuming the compatibility condition, we have shown the existence of a Wlif—

immersion with associated first and second fundamental forms (a;;), (b;;) which necessarily

satisfy the Gauss—Codazzi—Mainardi equations in the distributional sense.
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Moreover, we have

0= 010 — A — Qo1 + 2y

= 91 ((QTy — 8,G)G ™)
— 3((GTy — GG
— (G'y — 3,G)GHGT, — 0,G)G™1
+ (GTy — 01G)G7 Gy — 9,G)G ™1

= (81(GTy) — 910,G)G™L — (GT — 8,G) G HD1G)G ™!
— (02(GT1) — 3:01G) G~ + (GTy — 1G)GH3G)G™!
— (GI'y — 3,G)G~HGT, — 0,G)G ™1

+ (GTy — 01G)G7 Gy — 9,G)G™1
if and only if

0 = 91(GTy) — 910:G — (GTy — 3G)GLH(D,G)

— &(GTy) + 020,G + (GT; — 01G)G~H(9,G)

— (GT'y — 3,G)(I'; — G7101G)

+ (GT1 — 0,G)(I'y — G 10:,G)

= (81G)Iy + GOy — GG~ H(A1G) + (0.G)G™H(D,G)

— (3G)T1 — G’y + GT1GH3G) — (01G)G~HE)
— GToT'y 4 GT2G7H01G) + (0:G)T1 — (0G)GH(01G)
+ G\ Ty — GT1GH0,G) — (01G)T + (0,G)G™H3G)

= G(E)lfz — 0oy — oI’y + Flrg).
Therefore, the compatibility condition is equivalent to

8Z'Fj + Fll“] = 8]F1 + F]FZ
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On the other hand, in Mardare [Mar05], it has been shown that these equations are
indeed equivalent to the Gauss—Codazzi—Mainardi equations, understood in the sense
of distributions. We note that their argument readily carries over to the present p = 2

case. O

4.5 Weak compactness theorem

In order to prove the weak compactness theorem, we first show a corresponding statement

for the Pfaffian system VP = P().

Lemma 4.28. Let {QF} € L?(U,s0(3) @ A'R?) be a sequence such that QF — Q in L?
as k — 0o and suppose that QF satisfies the compatibility condition (4.22) for every k.
Then, up to the choice of a subsequence, there exists a sequence {P*F} C VVﬁ)’CZ(U, SO(3))
of solutions to the equation VP* = P*QF such that P* — P in Wéf as k — oo and
VP = PQ.

Proof. By Theorem 4.25, there exists a sequence {P*} C WI})’CZ(U, SO(3)) such that, for

each k, 9;P* = PkQF and
[

<ol

12

loc

L120C ‘
Then, as P¥ € SO(3) and {QF} is uniformly bounded in L2 , so are {P*} and {VP*}.

loc

As a result, there exists a subsequence, still denoted {P*}, that converges weakly to

some P in I/Vlicz, and strongly in LZ . It remains to show that VP = PQ. We know

loc®

that VP* — VP in L%OC. Moreover, since P¥ — P and QF — Q in L120c we infer that the

product sequence P*QF is weakly convergent to some v in Llloc. On the other hand, since

PEQF = VP* for every k, we must have for every ¢ € L C L2 that

loc loc

/Pkagp = /VP% - /Vng = /Pw,

whereby v = PS), by the uniqueness of weak limits, and thus VP = P). O
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Finally, we have the weak compactness theorem.

Theorem 4.29. Let {#*} ¢ W, (U R3) be a uniformly bounded sequence of immersions
with corresponding sequences of first and second fundamental forms denoted by {(a;;)*}
and {(b;;)¥}, respectively. Suppose that ;0% € VVlf)’Cz N LS. and that the first fundamental
forms (aij)k, afj = 0,0% ~8j9k, have eigenvalues bounded from below by a positive constant
uniformly in the domain U and in k. Then, after passing to subsequences, {0%} converges
weakly in VVIOC to an immersion 0 € VVIOC (U,R3), whose first and second fundamental
forms (aij), (bij) are limit points of the sequences {(a;;)*}, {(bi;)*} in the weak Wﬁ)f

and leoc—topologz'es, respectively.

Proof. Let such a sequence {#*} of immersions be given. Then we denote the corres-
ponding sequences of first and second fundamental forms by {(a;;)¥}, {(b;;)*}, respect-
ively. By assumption, we have that (a;;)* € VVI})’CQ(U, Sym™(2)) N L2, (U, Sym™(2)) and
(bij)k € L} (U, Sym(2)). Moreover, for each k, we may define QF € L2 _(U,s0(3)) as in

Section 4.4.2.

For each k, the Qf necessarily satisfy the compatibility equation (4.25) (the proof
of Theorem 1 of Ciarlet, Gratie, and C. Mardare [CGMO08] carries over to the present
p = 2 case). Furthermore, it is straightforward to see from the estimates in Section 4.4.2
that the sequence {Qf } is uniformly bounded in Ll20c and thus subsequentially weakly
convergent to some limit Q; € L _(U,s0(3)). By Lemma 4.28, therefore, up to the
choice of a subsequence, there exists a sequence {P*} C T/Vl1 2(U SO(3)) of solutions
to the equation VP* = P*QF such that P¥ — P in I/V1 as k — oo and VP = PQ.
Since 0;0;P = 0;0; P we thus have that 0;(PS);) = 0;(P£);), which shows after a short

computation that the compatibility equation is satisfied by the weak limit €2;.

At the same time, the uniformly bounded sequences {(a;;)*}, {(b;;)¥} possess sub-
sequences that are weakly convergent to some (a;;), (bi;) in VVIEC2 and L , respectively.
They satisfy (a;;) € W2 (U, Sym™(2)) N LS, (U, Sym™(2)) and (b;;) € LY (U, Sym(2))

and the eigenvalues of (a;;) are uniformly bounded from below in U. As a result, we have
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that Q; and the components of the connection form induced by (a;;) and (b;;) coincide.
Hence we obtain from Theorem 4.26 an immersion 6 € Wli’f(U, R3) with first and second
fundamental forms (a;;) and (b;;), respectively. On the other hand, the given sequence
{6%} must have a weakly convergent subsequence in VVlif with a weak limit 6, which

coincides with the immersion § modulo an ambient isometry due to the uniqueness of

distributional limits. O



Part 11

Extrinsic curvature flows
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Chapter 5

Geometry of submanifolds

In this chapter, we briefly summarise the geometric objects associated to submanifolds of

Euclidean space that are relevant to their flow by curvature.

5.1 Submanifolds of arbitrary codimension

We follow and use the notation of Smoczyk’s survey paper [Smol2; see also Smo05] in

this and the following section.

Let F': M™ — R"™ be a smooth immersion of an m-dimensional manifold M into R™.
We call k = n — m the codimension of M in R™. Local coordinates on M are denoted
by (2%);=1...m and Cartesian coordinates on R™ by (y*)a=1,.. n, with summation over

doubled indices implied.

In local coordinates, we write F'* = y*(F) and F* = %I; ~. Then the differential DF
of F' can be written as

0 .
DF = anw (4 dl’z .

The Euclidean metric 6 on R” induces a Riemannian metric F'*6 = g;; dz’ @ da’/ on M,

91
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the first fundamental form, with coefficients
gij = <FZ,FJ> = (5agFiaFjﬂ.

Therefore, TM, T* M, F*TR™ and their product bundles are equipped with Riemannian
metrics. A connection V on T'M is given as the Levi—Civita connection of the induced

metric g;; with the usual Christoffel symbols,

1 dgje  0giw  0gij
kL ke (995 it 99ij
I = 2g (8$i + oxi  Oxt > '

The induced connections on bundles over M are also denoted by V.

Given p € M, we denote the normal space of M at p by
Ty M :={v € Tp@R" £ R" : g(v, DF|,(W)) = 0 VW € T,M}
and the normal bundle of M by
T+M = Upen T, M.
The normal bundle is a rank-k subbundle of F*TR™. The connection on T+ M is denoted
by V.

We define the second fundamental form A € T'(F*TR" @ T*M @ T*M) by

) . o , .
A:=VDF = A;;dz' ®da’ = A%@ ® dz' @ dx?,
or in local coordinates

a _ o k pa
Aij_ﬂj_riijv

a _ 0%r¢ a _ OF¢ . .
where I} = 55—, Fit = 5. The second fundamental form is symmetric,

o _ A«
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and normal, that is,
(Fi, Aij) 1= 0agFP A =0 Vij,k=1,...,m,

sothat A € D(T*M®T*M®T*M). Finally, the mean curvature vector field H = HO‘&%

is defined as the trace of the second fundamental form, that is,

ﬁ:ﬁ@=”%£w

Since A is normal, this gives a section H € I'(T-M) of the normal bundle of M.
The Riemannian curvature tensor is denoted by Rjjre = R (%, %, %, %), where

R(T, U, V,W) =(T,(VvVw — Vw Vv = Vyu))U)

for any T,U,V,W € T M. The curvature tensor Rﬁj on the normal bundle is defined
analogously. The covariant derivative V A of the second fundamental form A € I'(F*TR"®
T*M @ T*M) is given by

(VuA)(V,W) = Vy(A(V,W)) = A(VuV, W) = A(V,VuW).
Using the connection V+ on the normal bundle T M, we can write
(VEA)(V. W) = (Vo A) (V. W))*,

In local coordinates, the components of the tensor VA are given by ViA?‘k, where

o 0 . 0
(Vai/‘> (aa) = Vidikgya-
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The structure equations can then be written as follows:

Rijre = (Air, Aje) — (Aie, Aji) (Gauss),
Vi Aj, = Vj_Aik (Codazzi),

RiLj = Aji; A\ Af (Ricci).
Moreover, we have Simons’ identity,
VEVEH = At Ay + Riivj A — R} Ay + Q) Aik — Siej A,

where the Ricci curvature is given by R;; = gMRiW and we define Q;; = (AF, Ay;) and

Sijke = <Aij,Akl> [Smo05].

5.2 The hypersurface case

In the special case of an immersion of an orientable hypersurface F : M™ — R™+1,
some of the above quantities simplify [Smol2]. In particular, there exists a unique
unit normal vector field v € F(TLM ), the principal normal, such that at any p € M,
DF(e1),...,DF(en),v|p form a basis of T, R™ of positive orientation for any basis

el,...,em of T,M of positive orientation.

The scalar second fundamental form h € T'(T*M @ T*M) is defined by
rU, V) = (AU, V),v), UV eTM.

The components of h are denoted by h;;. The scalar mean curvature is its trace, H = trh,
so that H = Hv. Using the bundle isomorphism § : T*M — T M, the shape operator

S:TM — TM is given by
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The shape operator is self-adjoint, so its eigenvalues are real numbers A1, ..., Ay, called

principal curvatures. Then H = Ay + -+ + Ap,.
Since Af; = v®h;j, the Gauss—Codazzi equations simplify [Smo12], while the Ricci

equation is vacuous (as the codimension is equal to one):

Rijre = highje — hichjr  (Gauss),

Vihjk = vjhik (Codazzi).

Moreover, Simons’ identity simplifies to

ViViehi; — ViVl = hieh? hjy — hich?hyy + hyhPhe, — hijhhg,.

5.3 Curves in R”

In Chapters 6 and 8, we consider curve shortening flow of curves in R™. It is convenient
to work in the Frenet—Serret frame, and we will largely adopt the notation from Gage—

Hamilton’s work on planar curves [GHS6].

Let v : S — R", p — ~(p) be an immersion of the unit circle into R” with the
parameter p taken to be modulo 27r. We always assume that v is smooth and rectifiable.

We define the velocity of the parametrisation by

,_|o
2|

Since 7 is rectifiable, we can parametrise it by arclength. The length s of v is given by

sp) = [ vla) da,
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and by the fundamental theorem of calculus we have that

fl;<p> — o(p).

Then there exists an inverse function p such that

dp, . RN
FASETSY

Now if v(p(s)) is parametrised by arclength, it follows that

o(s) = dy(p(s)) dp _ v(p) _ |

dp ds  wv(p)

Moreover, the operator % is given by

0 1

9
ds  wv(p)op’

and for any U C S', the induced measure ds is given by

/Uds:/Uv(p)dp.

In the following, we will usually assume that «y is parametrised by arclength.

A Frenet-Serret frame is a moving frame of orthonormal vectors (T, N, B1, ..., B,_2),
where T is called the tangent vector, N the normal vector and By, ..., B,_o the binormal
vectors. Define the tangent vector by

=1
s
and note that T has unit length since « is parametrised by arclength. By differentiating

the equation (T',T) = 1, we find that the curvature vector %—z is orthogonal to T'. The
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curvature K is given by
oT

0%y
" 0s

9s2|’

Assuming that the curvature does not vanish, let

T
0T

N = Os

be the unit normal vector, which is orthogonal to T'. Once again, the fact that N has

unit length implies that %—];f is orthogonal to N, and (T, N) = 0 gives

ON

Hence %—JSV + kT must be a vector that is orthogonal to both 7" and N. We let

ON
T = ‘88 +/€T‘

denote the first torsion and, assuming that 7 # 0, define the first binormal vector by

N
B1:7'1_1 (a—i-/iT).

ds
Continuing this process inductively, we obtain the binormal vectors Bs, ..., B,_s and
the torsions 7o, ..., T2 [Spi99b]. If none of k, 7, . .., T,—o vanish, the frame is uniquely

defined. In particular, we have

Theorem 5.1. The generalised Frenet-Serret equations hold:

T 0 K 0 0 0 T
N -k 0 0 0 N
888 B, _ 0 -7 0 mn 0 By (5.1)
By 0 0 —-m» O 0 By
Tp—2
B2 0 0 0 0 —7m—2 O B2
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So, for example,
oT
— = kKN.
ds
In the following chapter, we will consider time-dependent immersions v; = (-, t) moving

in the direction N with speed x and compute the evolution equations for the Frenet—Serret

frame.

Finally, in order to show that a blow-up limit of a solution of curve shortening flow is
planar, we require the following theorem. It generalises the well-known fact that a space

curve with vanishing torsion is planar to the case of curves in R".

Theorem 5.2 ([Spi99b, Thm. 7.B.5]). Let v : S — R" be a curve parametrised by
arclength such that k, 1, ..., Tj_2 do not vanish at any point and 7;_1 vanishes everywhere.

Then v lies in some (j — 1)-dimensional plane in R™.



Chapter 6

Curve shortening and mean

curvature flow

In this chapter, we consider both mean curvature flow (MCF) and its one-dimensional
variant, the curve shortening flow (CSF). We state some classical results, in particular
Huisken’s monotonicity formula. Due to the extensive body of literature spanning more

than three decades, we merely present a small subset of known results.

Let M™ be an m-dimensional smooth manifold, 7> 0, and let F': M x [0,T) — R"”
be a smooth 1-parameter family of immersions with codimension & = n — m. This means
that every F} := F(-,t), t € [0,7T) is an immersion of M into R"™. Then F evolves by

mean curvature flow with initial data Fy: M — R"™ if

oF ~
) = H b )
5 (o) = H(p, 1) (MCF)

F(p,0) = Fo(p),

where H (+,t) is the mean curvature vector field of F;. In codimension one, it is common
to choose the normal vector so that H = —Hwv. Writing M; := F;(M), we call the set

{M;:t€]0,T)} a mean curvature flow.

99
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Meanwhile, in the one-dimensional case m = 1 we consider a family of smooth
immersions «y : S* x [0,T) — R" of the unit circle satisfying curve shortening flow with
initial data v : St — R™:

8—7 t) = (kN t
5 (p,t) = (kN)(p, 1), (CSF)

7(p,0) =v0(p)-

Here, k(-,t) is the curvature of v := 7(+,t) and N(+,t) our choice of unit normal vector
field. While in the planar case, n = 2, there is a notion of the normal vector pointing
inwards or outwards, in arbitrary codimension every curve -y still has two well-defined
orientations. We can thus choose the sign of the orientation to make (CSF) (weakly)
parabolic forward in time. In particular, the product N makes sense even at the points

where N is not defined. We also assume that every curve v; is smooth and rectifiable.

It is well-known that the mean curvature flow equation is a quasilinear weakly
parabolic evolution equation [Smol2]. The existence of null directions stems from the
diffeomorphism invariance of the flow, i.e., if ¢ : M — M is a diffeomorphism and
F: M x[0,T) — R™ a solution of (MCF) then F : M x [0,T) — R", F(p,t) = F(¢(p),t)

is also a solution, and the submanifolds M; and M; coincide [Smol2, Prop. 3.1].

6.1 Evolution equations

Mean curvature flow

Given a smooth solution F': M™ x[0,T) — R" of (MCF), we note the evolution equations
of the basic geometric quantities. In codimension one, these are well-known, and in full

generality they are derived in detail in Smoczyk’s survey paper [Smol2].
Proposition 6.1 ([Smol2]). The induced Riemannian metric g = g(t) satisfies

d .
90 = —2(H, Ayj).
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Thus, the induced volume form du; = /det gdz! A--- A da™ evolves by

idﬂt:—‘ﬁfdut.

Moreover, the Christoffel symbols of the Levi—Clivita connection on M satisfy

d - - -
Cly 1= 2T = g™ (VilH, Aye) + V;(H, A) = Ve(H, Ay) ).

The second fundamental form A evolves according to
k
Finally, the mean curvature vector H satisfies

VaH*=AH" ~ gICEFY + 2(Agg, HYA™M.
t

For a mean curvature flow of hypersurfaces in codimension one, the evolution equations

simplify [Hui84].

Proposition 6.2. Let F': M™ x [0,T) — R™" be a smooth solution of (MCF). Then

the following equations hold:

5% = —2H hyj,
0
% dpy = —H? dp,
0
Ehlj = Ahw — 2Hhikgkéhjg + |A|2 hij;
0

e _ 2
o H = AH + AP H,

0
o JA2 = A A2 —2|VAP + 2|4

Therefore, by the evolution equation for H and the maximum principle, we conclude

that the condition H > 0 is preserved under the flow. The evolution equation for the



Chapter 6. Curve shortening and mean curvature flow 102

measure implies that the total area of M; is monotonically decreasing.

Curve shortening flow

In the case of curve shortening flow, we have corresponding evolution equations in terms
of the Frenet—Serret frame. They have previously been derived for planar curves by Gage
and Hamilton [GH86] and for space curves by Altschuler [Alt91]; in the general case some

of them appeared in various places in the literature [YJ05; MC07; Hat15].

Let v : ST x [0,w) — R” be a solution of (CSF). We employ the notation of Section 5.3,
in particular, s is the arclength parameter and v = ‘g—; . In order to avoid notational
ambiguities, the final time of existence of « is denoted by either T or w, depending on
the context. The following two statements can be proved exactly as in the planar case

[GHS6).

Proposition 6.3. The evolution of v is given by

Proof. The operators c'% and % commute, hence

0y 0%y
W= — ) =2( =L
ot = 5 ) <ap’ apat>

=2 <UT, 8ap (,%N)>

0
=2 <vT, —HN — KT + v/-WlB1>
op

= —2v2m2,

where we have used the Frenet—Serret equations (5.1), (CSF), and that the vectors

(T, N, By) are orthonormal. O

Thus, the length of the curve is monotonically decreasing under curve shortening flow,

hence the name.
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Since the arclength parameter s depends on t, we cannot expect that the operators

% and % commute. Instead, we have

Proposition 6.4. Differentiation with respect to s and t is related by the commutation

formula
0? 0?
0t0s  Dsot

0
2
+K 55 (6.6)

%@ we obtain

Proof. Using 8% = vop

90  ,10 100 ,0 99

atos U@p+v8p8t " Bs +8s§’

proving the claim. ]

These two propositions and the Frenet—Serret equations (5.1) enable us to derive the

evolution equations for the moving frame and the curvature and torsions.
Proposition 6.5. We have

or &*T 0K
E—?"—H T—&N‘i‘/‘f/TlBl. (67)

Proof. Using the commutation formula first, followed by the curve shortening flow

equation (CSF), we compute

oT _ &%
ot Otds
327 20y
— 9sot T ds
337 2
= — T
553 + K
2
= 87T + k2T

082
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In order to obtain the second equality, observe that

P (2 2
ds2  \Os " Bs
Ok
= gN—I-H(—KT—i-TlBl) (6.8)
by (5.1), so that
oT 0Ok
—=—N B
ot B + KT1D7,
as required. O

Proposition 6.6. The evolution of the curvature K is given by
(6.9)
whenever Kk > 0.

Proof. We use the fact that k% = (%—Z, %—Z) and get, using the Frenet—Serret equations

(5.1) and (6.7), that

o[0T ot
Kat ~\ Otds’ Os

2T
= < 0 + k3N, nN>

0s0t
9%k Ok ON 0Ok ory 0B 3

S A \ TP ; NSAEY s 92 | B3N, kN
<852 +08 0s +8s7—1 1+K(9$ 1+ K7 0s TRV K
9%k 4 9

= I‘i@ + K"+ (kT (=71 N 4+ 12B3), N)
82

:58—£+/€4—m27-12,

which implies the claim. ]
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Corollary 6.7. We have

ey
ot 0s?

2
83) + 21t — 2K%73.

Proposition 6.8. The normal vector field N satisfies

ON &%T (871+27'18,'£

Proof. From the Frenet—Serret equations (5.1) we have %—Z = kN, so

on_ 0 (107
ot Ot \kos)’

The result then follows by a computation similar to the ones above using the Frenet—Serret

equations (5.1), the commutation formula (6.6), and the evolution equations for T" and k,

(6.7) and (6.9). 0

Proposition 6.9. The evolution of the first torsion T is given by

E_OSQ_F/@@S@S K

0s2 kK

— T1Ty.
Os 2

or %r 20k0T 21 (82/-6 1 <8/{>2 +m3> 9

Proof. Note that, by the Frenet—Serret equations (5.1),

(B Oy
oso0s ) T

Differentiating this equation with respect to ¢ yields [YJ05]

on Ok <82N 8N>

o T8 ~ \ atos os

Using (5.1), the commutation formula (6.6) and the evolution equations for N and x,

(6.9) and (6.10), we obtain the result. O
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Proposition 6.10. We have

any 82’)/2
gt‘ = 8L2| —2. (6.11)

Proof. Since %—Z = kN, the curve shortening flow equation can also be written as

0y _ 0%y

ot~ 0s2°

While this resembles a heat equation, note that the arclength parameter s depends on

the time ¢. This implies that

ohl® _, (25
ot ot’
{55)
Finally, note that
> _ P

which proves the claim. ]

6.2 Existence and uniqueness

The short-time existence and uniqueness for solutions of the mean curvature flow is
by now classical. The difficulty in proving it lies in the diffeomorphism invariance, as
remarked above. Since the evolution equation is merely weakly parabolic, standard PDE
theory does not apply. Following Hamilton’s approach for the Ricci flow, the theorem can
be proved using the Nash-Moser inverse function theorem [Ham82; GH86]. Alternatively,

the DeTurck trick can be employed to remove the diffeomorphism invariance, transforming
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the system into a strongly parabolic one [Zhu02]. Finally, the surfaces M; = F;(M) can
locally be written as normal graphs over My, which results in a quasilinear parabolic

equation for the height function to which standard theory can be applied [HP99].

Theorem 6.11. Let M™ be a closed smooth manifold and Fy : M — R™ a smooth
immersion. Then there exists a unique smooth solution of (MCF) on [0,T) for some

0<T <oo.

While the above theorem deals with a closed initial manifold, there are also results
in the non-compact case, e.g., for complete hypersurfaces, Ecker and Huisken showed

short-time existence assuming a uniform local Lipschitz condition [EH91].

Examples of simple yet instructive and powerful explicit solutions include the sphere
in any dimension and the Grim Reaper and the Abresch—Langer curves [AL86] in the
plane. If Fp is the standard embedding of the sphere Sy C R"™*1 of radius rg, the mean

curvature flow equation reduces to the ordinary differential equation

dr n

a7
for the radius 7(t) with r(0) = ro, whereby r(t) = y/r3 — 2nt. The maximal time of
2
existence 1" = ;—% is thus indeed finite. Under mean curvature flow, the sphere moves

solely by scaling and is an example of a self-similarly shrinking solution.

More generally, self-shrinking solutions of the mean curvature flow are ancient solutions
{M;}, t € (—00,0) that are completely determined by their time-slice at t = —1, so that
they satisfy

M; = /—tM_;, t <O0.

The surface M_ is then called a self-shrinker. Examples of self-shrinking solutions
other than the sphere include the flat plane (which is of course wholly unaffected by

mean curvature flow), generalised cylinders S¥ x R™~% and the Angenent torus [Ang92].



Chapter 6. Curve shortening and mean curvature flow 108

Equivalently, self-shrinkers M™ C R™*! are characterised by the equation

where = denotes the position vector [CM12], that is, an ancient solution {M;} is a

self-shrinking solution if and only if H = % for all ¢t < 0.

The Grim Reaper is a non-compact solution of curve shortening flow in the plane
given by I'(z,t) = (2, —log(cosz) +1), |z| < § and moves solely by translation. Abresch—
Langer curves, on the other hand, are a class of planar self-shrinking convex closed
curves Ymn C R? with turning number m and n ‘petals’, that is, 2n critical points of the

curvature, where the coprime integers m,n € N must satisfy

<

m V2
n

< —.
2

N | =

In fact, any closed self-shrinker in the plane except the circle is of this form [AL86; see

also Hall2].

These examples suggest that while long-time existence of the flow can occur, it would
be wrong to expect it in general. Indeed, the parabolic maximum principle implies that

the flow of a compact submanifold must cease to exist in finite time.

Theorem 6.12. Let M™ be a closed smooth manifold and Fy : M — R™ a smooth
immersion. Then the mazimal time T of existence of the solution F : M x [0,T) — R"

of (MCF) starting from Fy is finite.

This follows directly from the evolution equation for |F|. In the one-dimensional case,
(6.11) implies that

max |y|* < max |yo|? — 2t,

whereby T < %max |70|2. Geometrically, in codimension one this argument can be

rephrased in terms of the avoidance principle: Any two initially disjoint mean curvature
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flows {M,;}, { M/} must stay disjoint throughout the evolution. Therefore, enclosing a
compact initial hypersurface My in a sphere of sufficiently large radius, we see that M

must cease to exist before the sphere does.

However, non-compact solutions may exist for arbitrarily long times, for example entire
n-dimensional graphs in R"*! exhibit long-term existence [EH89]. In any codimension

there is the result of Wang [Wan02].

In addition, we have that for a closed initial manifold, the curvature must tend to

infinity as we approach the maximal time of existence [Smol2].

Theorem 6.13. Let M™ be a closed smooth manifold and F : M x [0,T) — R™ a smooth
solution of (MCF) for which the mazimal time of existence T is finite. Then we have
that
lim sup max |A|* = cc.
t—-T M
In the hypersurface case, this result goes back to Huisken [Hui84; Hui90], whose proof
used the maximum principle and a uniform bound on the derivatives VFA of A, given a

uniform bound on A itself.

6.3 Classification of singularities

Since singularities are inevitable in general, it is a worthwhile endeavour to analyse
their geometric structure. To that end, they are commonly classified according to the
growth rate of the curvature. The likely origin of this concept is the fact that under the

assumptions of Theorem 6.13, the growth rate is bounded from below, i. e.,

Cc

lim sup max |A|> >
t—>Tp M 4 A

for some constant ¢ > 0 depending on M.
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We thus distinguish singularities by the presence of a bound on the growth rate from

above [Hui90]. Note that the curvature of the sphere realises this growth rate exactly.

Definition 6.14. Let F': M x [0,7) — R", T' < 0o be a smooth solution of (MCF) such
that

lim sup max |A|* = oo.
t—T M

If the growth rate is optimal, that is, there exists a constant ¢ > 0 such that

c
Tt

max |A]? <
My

for all t € [0,T), then M is said to develop a type-I singularity at time T. Otherwise,
that is, if

lim sup max |A|* (T — t) = oo
t—T M

then the singularity is said to be of type-I1.

The sphere exhibits a type-I singularity at its final time of existence. In some cases,

it is the only one possible, according to Huisken’s seminal result:

Theorem 6.15 ([Hui84]). Under mean curvature flow, any closed convex hypersurface

immediately becomes strictly convex and converges to a round point in finite time.
The one-dimensional case was treated by Grayson and Gage—Hamilton.

Theorem 6.16 ([GH86; Gra87; cf. Hui98; AB11]). Under curve shortening flow, any

simple closed curve becomes convex and converges to a round point in finite time.

A common technique for the analysis of singularities of curvature flows is to study
sequences of rescalings of the solution along sequences of space-time points with the
property that the curvature tends to infinity. The objective is then to extract, in a
suitable sense, a limit solution, whose classification is still subject to current research

[see, e.g., CM12].
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Definition 6.17. Let F': M x [0,7) — R", T' < oo be a smooth solution of (MCF). If a
sequence (pg,tr) of points pr € M and times ¢ € [0,T) is such that ¢, — T and

lim sup |A4| (pk, t) = oo,

k—o0

it is called a blow-up sequence. A blow-up sequence (pg,tx) is called essential if there

exists a constant § > 0 such that

5

A% (pg, t) < .
A" (ke k)_T_tk

If there exists a sequence of points prp — p in M and a sequence of times ¢ — T such
that

lim sup |A] (py, t) = o0

k—o00
then p € M is called a singular point of the flow. If there exists a sequence of times
t;. — T such that

limsup |A] (p, i) = o0

k—o0

for some p € M then p is called a special singular point.

Given a mean curvature flow {M;}, A > 0 and a space-time point (xq, ty), we consider
the parabolic rescalings

Mt)/\ — )\ (M)\_Qtl-‘rto - .',UO) .

Then {M}} is again a mean curvature flow with variables 2’/ = A(x — ), t' = A\?(z — z).
If (z0,T) is a type-I singularity and {\;} a sequence of positive numbers with A; — oo,
the bound on |A| can then be used to show that the sequence {M;)J } subconverges to an
ancient smooth limit flow, which is called type-I blow-up or tangent flow. Note that even
if (zo,T) is of type-II, one can still carry out the rescaling procedure and obtain a weak
limit as a Brakke flow of rectifiable varifolds [Bra78], which is a weak, non-smooth notion

of mean curvature flow.
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It turns out that, in fact, a type-I blow-up produces a self-similarly shrinking solution
[Hui90]. Therefore, self-shinkers are used as models for type-I singularities. This is a

consequence of Huisken’s monotonicity formula, which is the topic of the following section.

6.4 The monotonicity formula

Introduced by Huisken, the monotonicity formula is one of the central tools in the study

of type-I singularities of mean curvature flow.

Let M™ be a closed manifold and F' : M x [0,7) — R™ a smooth family of immersions
satisfying (MCF). For (xg,t9) € R™ x R the scaled backward heat kernel centered at
(zo,to) is given by

|z —aq|2

kIOytO(xvt) = (47T(t0 — t))_%e_m‘
Note that kg, ¢, is well defined on R™ x (—o0, tp).
We then have

Theorem 6.18 ([Hui90, Thm. 3.1; see also EH89; Ham93; Eck04]). Let {M;} be a mean

curvature flow as above and (zo,ty) € R™ x [0,T). It holds that

2

€
Tr — X
( ) kmo,to d,uta t < tp,

d .
kg dp=— [ |H+ 22
dt /M sto At /M‘ T

where () denotes the part of a vector normal to M.

Proof. We can assume (zg,%p) = (0,0) and set k = ko . Recall the evolution equation

for the measure

d -
—du, = —|H*d
dt ot | | Ht,
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which implies that, by (MCF),

dt/k (p, ), ) dpue(p / 57 (F(0,1),) + <8af(p,t),Dk(F(p,t),t)>

- H(p,t)f k(F(p,t), t) dus (p)

ok

_ - (F(p,t),t) + <ﬁ(p,t),Dk(F(p7t)vt)>

2
— |H .| KEP.1),6) dudp).
By the divergence theorem, we have that
/ divas Dk = —/ (H, Dk).
M M

We compute, denoting by =’ the part of x tangential to M,

ok _ [ m |’
ot 2t 42 )77

k

Dk = —ux,
2t
2
divy Dk = m+’$T’ k
MER= 1ot " a2 | ™
which gives
d ok D)
— kdu = — HDk H| kd
dt/M He = 8t+< ‘ ) i
ok _12
= | 5 +divas Dk +2(H, D) — [ kdp
M

‘ 2

A E L

Therefore, we obtain

completing the proof. O
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As mentioned above, the monotonicity formula implies that a type-1 blow-up is a

self-shrinker.

Theorem 6.19 ([Hui90, Thm. 3.5]). Let {M;} be a mean curvature flow of closed

hypersurfaces. Then any tangent flow at a type-1 singularity is self-similarly shrinking.

6.5 The entropy functional

Entropy is a functional on the space of surfaces that can be seen as a measure of geometric
complexity. Since it is monotone under mean curvature flow, a bound on the entropy
of the initial surface implies a bound on the entropy for all later singularities. Most
prominently, it has been employed in Colding—Minicozzi’s analysis of generic singularities

of mean curvature flow [CM12].

Let M™ C R"™ be an immersed surface. We define the functional F ,, zo € R",

to > 0, by [CM12; Gual9]

2
_lz—=g]

Fro,to(M>=(47Tto)_%/ e o du:/ kzo to(x,0) dpe.
M M

Definition 6.20. The entropy of M is defined by

ANM) = sup  Fyo 1o (M).

zo€ER™, 1o >0

Suppose that {M;} is a mean curvature flow of closed surfaces. For any s < t < o,

the monotonicity formula yields

d
% /M kxo,to d/’L S 07
t

whereby

FIDO,tO (Mt) < Fxo,to+(t—s) (Ms)v
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which implies that A(M;) < A(Mj) for any s < ¢.

From these considerations and the definition of the entropy, we thus immediately

obtain [CM12]

Proposition 6.21. The entropy functional A is non-negative and invariant under dila-
tions, rotations and translations of M. Moreover, if {M;} is a mean curvature flow,
A(My) is non-increasing in t. Finally, the critical points of A are self-similarly shrinking

solutions of the mean curvature flow.

In addition, among all closed planar curves, the entropy A is minimised by the circle.
By the Gage—Hamilton—Grayson theorem 6.16, any closed curve « in the plane becomes
convex and eventually shrinks to a round point. But the entropy is non-increasing under
curve shortening flow, so we must have A\(y) > A(S'). In fact, in any dimension, the

round sphere minimises entropy among all closed self-shrinking solutions [CIMW13].

Note that the entropy of a self-shrinker is equal to the functional Fp 1, the Gaussian
area [CM12], since by the monotonicity formula, the critical points of Fj 1 are precisely the
self-shrinkers. In other words, self-shrinkers are the minimal hypersurfaces of (R"H,gij)

:L'\Q

\
with the conformal metric g;; = e™ 2n §;;. Equivalently, self-shrinkers are the critical

points of the functional Fy, 4, (-) with respect to variations in all three parameters [CM12].

For some examples, it is possible to compute the entropy explicitly. A related quantity

is Huisken’s density, which is defined as the limit

®9E07t0 = lim kwo,to dp,

t—to M,

which exists thanks to the monotonicity formula. The density of the sphere, and thus its

entropy (as the sphere is a self-shrinker) has been computed by Stone [Sto94]:

2 4
2>>\(Sl):\/£z1.52>g>)\(S2):gz1.47>--->)\(S”)>\/§.



Chapter 6. Curve shortening and mean curvature flow 116

For a cylinder Sf/ﬁ x R"7¥ it holds that
A (855 x R*F) = A(S).
V2k

In fact, for any hypersurface M, we have A\(M x R) = A(M). Furthermore, the entropy
of any plane is equal to one. To see this, note that we may rewrite the entropy as the

supremum of the Gaussian area,

AMM) = sup F(talM + x0),

o ER™ tp>0

where I’ = Fj 1. Therefore, for an m-dimensional plane P C R", which we may assume

to be R™,

vf3

[z
=
R™

dx
/ e 1 dx;
—0oQ

FR™) = (4m)~
4m)”

w[3

=1

=1,

by Fubini’s theorem. As a result, we obtain \(P) = 1 for any m-dimensional plane

P CcR™

In Chapter 8, we will need the explicit value of the entropy of some special solutions
of the curve shortening flow. First, for the translating Grim Reaper solution the entropy

has been computed by Guang:

Proposition 6.22 ([Gual9, Thm. 1.3]). LetT': (=%, %) x (0,00) — R? denote the Grim

Reaper. For any point (zo,10) € R2, to € (0,00), we have that

Flao,y0).t0 (I') < 2.

In fact,

hm F(O,N),N(F) =

N—o0
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Therefore, the entropy of the Grim Reaper satisfies

A(T) = 2.

Moreover, for the self-shrinking Abresch-Langer solutions [AL86] there is a lower

bound on the entropy due to Baldauf and Sun.

Proposition 6.23 ([BS20]). Let v n denote an Abresch—Langer curve, that is, a closed
convex self-shrinking solution to the curve shortening flow with turning number m and

2n critical points of the curvature, where m,n € N are coprime integers such that

As a function of (zg,tp) € R"™ x (0,00), Fyy (M) is a smooth function for any
smooth closed embedded hypersurface M™ C R"*! with polynomial volume growth
[CM12]. However, \(M) does not depend smoothly on M: In fact, the entropy functional
is not continuous on the space of hypersurfaces, for a sequence of rescalings of the sphere
converges to a hyperplane at any point, but the sphere has entropy greater than v/2,
while the plane has entropy 1. Still, A is lower semicontinuous, since it is defined as the
supremum of the collection {Fy 4, : (zo,t0) € R™ x (0,00)} of lower semicontinuous (in

fact continuous) functions on submanifolds.

Finally, we have an estimate for the entropy in terms of the Euclidean density at each

point.
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Proposition 6.24 ([Whil5]). Let M™ C R™ be an immersed surface. Define the

Euclidean density of M at x by

0" (M, z) = lim H™(Br(z) 0 M)

r—0 W™ ’

where wy, is the volume of the m-dimensional unit ball. Then, for any x € M, we have
that
A(M) > O™ (M, z)

whenever the limit exists.



Chapter 7

Convexity and cylindrical
estimates for k-convex mean

curvature flow

In this chapter, we consider two estimates that are central to Huisken and Sinestrari’s
surgery procedure for 2-convex mean curvature flow in the more general case of k-convex
mean curvature flow. The asymptotic convexity estimate was originally proved by
Huisken—Sinestrari [HS99a; HS99b] using an intricate argument based on induction on
elementary symmetric polynomials, which was then used to show the cylindrical estimate.
We follow instead an approach introduced by Nguyen (which appeared in Schulze’s
lecture notes [Sch17]) that shares many similarities with the strategy of the proof of
Langford’s very general pinching principle [Lan17]. Our main result, Theorem 7.11,
which gives an estimate akin to the cylindrical estimate of Huisken—Sinestrari, but in the
case of k-convex mean curvature flow, is proved directly from the assumption using the
Stampacchia iteration technique [Hui84]. In the 2-convex case, the convexity estimate
then follows from the cylindrical one, shortening the original proof considerably. Estimates

that are similar in spirit have been employed in higher codimension [Ngul8; LN20b],

119
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which eventually led to a surgery procedure for mean curvature flow of high codimension

with a suitably pinched second fundamental form [Ngu20].

In the following, we denote the principal curvatures of an immersed hypersurface
M"™ C Rn+1 by

AL < A< <A

Definition 7.1. Let M™ C R™*! be an immersed hypersurface. Suppose that 1 < k < n.
We say that M is k-convex if

A+ F+ X >0

everywhere in M. In particular, if M is 1-convex it is called convex, and if M is n-convex,

that is, H > 0, it is called mean converz.

By Hamilton’s maximum principle for tensors [Ham86], k-convexity is a property that

is preserved by the flow [Sch17, Prop. 6.0.4].

Proposition 7.2. Suppose that { M} is a mean curvature flow of immersed hypersurfaces
for which My satisfies

M+ A >aH

for some a >0 and 1 < k <n. Then this inequality is preserved under mean curvature

flow. In particular, if My is k-convex then so is M.

7.1 Huisken—Sinestrari’s surgery procedure

One of the main motivations of the study of curvature flows in general is the possibility
of obtaining topological statements from them, as most prominently evidenced by the
Ricci flow of three-manifolds. Obviously, the presence of finite-time singularities in mean
curvature flow prevents a further description of the flow in terms of differential geometry.
The basic idea of a surgery procedure is to be able to continue a smooth flow through

singularities up to errors that are introduced in a controlled manner, so that statements
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about the changes in its topology can be made.

More precisely, assuming that the flow does not completely vanish at a singular
time, at a time shortly before the singular time the flow is stopped and a neck, that
is, a part of the surface close to a cylinder, is removed and replaced by two regions
diffeomorphic to disks such that the resulting surface, possibly disconnected, is again
smooth and the flow can be continued until the next singular time, when the process
is repeated. This enables one to keep track of the topological changes. Since area is
non-increasing along mean curvature flow and every surgery decreases area by a certain
amount, the procedure must terminate eventually. Moreover, one must ensure that the
relevant estimates, such as the ones below, continue to hold through the surgeries with
the same constants. Huisken—Sinestrari showed, in a complex technical work, that this
procedure can be carried out for 2-convex mean curvature flow and stated its topological

implication.

Theorem 7.3 ([HS09, Thm. 1.1]). Let Fy : M™ — R be a smooth immersion of a
closed hypersurface with n > 3. Suppose that My = Fo(M) is 2—convex. Then there exists
a mean curvature flow with surgeries starting from My which terminates after a finite

number of steps.

Corollary 7.4 ([HS09, Cor. 1.2]). Any smooth closed 2-convex immersed hypersurface
M"™ c R™ 1 with n > 3 is diffeomorphic either to S™ or to a finite connected sum of

Sn—l x St

Note that these results have been extended to the n = 3 case by Brendle-Huisken
[BH16].

Within the surgery procedure, the convexity and cylindrical estimates are used to
establish the presence of a suitable neck region. In particular, combined with a gradient
estimate for the curvature they quantify the closeness of a high curvature region to a
cylinder or a sphere. In Huisken’s work on mean curvature flow of convex hypersurfaces

[Hui84], he established an umbilic estimate: For any n > 0 there exists C,, = C(n, M)
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such that
512 2
|A|* <nH*+ C,),.

° 2
Here A denotes the trace-free second fundamental form. Therefore, the ratio ‘]’3—'2 is close
to zero wherever H tends to infinity, so that at a singular point the hypersurface is
essentially umbilic. The convexity estimate, meanwhile, shows that an almost singular

region becomes asymptotically convex as one approaches the singular time [HS09].

Theorem 7.5 ([HS99a; see also HS09, Thm. 1.4]). Let {M;} be a closed mean convex

mean curvature flow. Then for any n > 0 there exists C, = C(n, Mo) > 0 such that
)\1 > —’f]H - 077 (71)

on My for any t € [0,T).

Clearly, for a cylinder S"! x R we have that |A|* = —L-H?. Conversely, if |A)? =
ﬁ[—ﬂ and A\; = 0 at a point, then Ay = --- = \,,. The cylindrical estimate can be seen
as a quantitative version of this statement in the sense that it implies that the curvature

at points with small first principal curvature is close to that of a cylinder.

Theorem 7.6 ([HS09, Thm. 1.5]). Let {M;} be a closed 2-convexr mean curvature flow.

Then for any n > 0 there exist constants C, = C(n, My) > 0 and ¢ = c¢(n) such that
|)\1| <nH =— |)\Z — )\j’ < cnH + Cﬂ (72)

forany 1 <i,j <mn on My for anyt € [0,T).

In particular, we know that the limit of a sequence of rescalings at a type-I singularity

as in Section 6.3 of a mean convex mean curvature flow can only be a shrinking sphere or a

n—m
2(n—m)
solutions [Hui90]. The convexity and cylindrical estimates then further constrain these

generalised cylinder S x R™, by Huisken’s classification of self-similarly shrinking

possibilities, as the former implies that in the mean convex case the limit must be convex,
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while the latter implies that in the 2-convex case the tangent flow is either a shrinking

sphere or a cylinder S"~! x R.

7.2 Poincaré-type inequality

The key to the proof of the cylindrical estimate presented here is a careful analysis of
the curvature terms in Simons’ identity [LN20b; c¢f. BH17]. In the following, we assume

that {M;} is a mean curvature flow of n-dimensional k-convex immersed hypersurfaces

in R**t1, Recall

Proposition 7.7 (Simons’ identity). Let M™ C R™""! be a hypersurface. Then it holds
that

ViVihij — ViVihge = hyh?hj, — highghkp + hjih? hep — hijhy hap. (7.3)
We symmetrise (7.3) and obtain

ViVihij + NV iVihji — ViVihge — V Vil = hiehi hjp — hichhy,
+ hjkhfhep - hz‘jhihﬁp
+ harhShip — hjih? hap
+ highBhgy — hjihl by

= 2hyehfhjp, — 2hi A3 hp.
Defining Cjjre = hkghﬁ)hjp — hijhihgp, we can write this more compactly as
VaVohi; — ViV yhie = 2Ci5.
Take the trace on both sides with respect to Cj;re to get

(V(kW)hij - v(ivj)hkl) CiM =2|C)* .
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However, note that the tensor Cjje is symmetric in the pairs (4, j) and (k, £), so that
2 (ViVihij — ViV jhy) C9*¥ = 2|C?.
The norm of C' can be computed as

|1 = (hwehi; — hajhie) (W ()2 — B (h)?)

= 2|A]* tr(A?) — 2tr(A%)2.

Recall that the second fundamental form A can be diagonalised by its eigenvalues

AL, ..., Ap. We thus have that

3T = A2 = 3T (A2 402 - 200N
3,j=1 i,j=1

= ) (AFAT AN —2X4009)

ij=1

= 2|A]* tr(AY) — 2tr(A%)2.

Therefore,
2 (Vi Vihij — ViV jihpe) CT =23~ (N — X)) AP0,
i,j=1
We claim that at any point where H > 0 and
1
|A| = ————=H >0,
n—(k—1)

the term |C|* is strictly positive. To the contrary, assume that |C|* = 0, that is,

(Ai = X)°APA7 =0,
1

n n

j=11
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which yields in particular that

n

D (i = An)2AIAL =0.
=1

Since H > 0 implies that A, > 0, we must have either \; = 0 or \; = A, for any
it =1,...,n— 1. Therefore, there exists 0 < ¢y < n — 1 such that \;;, =0, A\jy+1 = A\p. By

k-convexity, we must have \; > 0, whence 19 < k — 1. We obtain

A" = (n—ig)A7,

H:(n—io)kn,
and thus
1 - n—i(]
Al————H=|Vn—1— ————— | \n.
Al =1 (” "0 n—(k—l))

But as iy < k — 1, we conclude that |A| — - H <0, which is a contradiction.

1
vn—(k-1)

Using the claim, we can prove the following Poincaré-type inequality.

Lemma 7.8 ([cf. Lanl7, Prop. 2.7; LN20a, Prop. 2.2]). Given n > 3, ¢ € (0,1), and
n > 0, there exists v = y(n,e,n) > 0 with the following property: Let F': M™ — R"*!
be a smoothly immersed k-convex hypersurface and u € W22(M) a function satisfying

sptu C Ug v, where, introducing the functions

1

———H —nH
n—(k—1) 7

fin =14 -

and

k
fg’a = Z)\Z - €H,
i=1

the set Ue y v C M is defined by

UEJ?,M = {‘IE eM: flﬂ] > 07 f2,8 > 0}7
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that 1is,

1 k
Ua,n,M_{xeMi‘A|_n_(k_1)H—?7HZO, Z)\Z—EHZO}CM
=1

Then, for any r > 1,

_ VA|?
v [ lAfdu <y 1/Vu|2du+<1+r>/u2'H2'du

Remark. Note that for strictly k-convex hypersurfaces evolving by mean curvature flow,

f2, > 0 follows immediately, so that the condition fs. > 0 is automatic in this case.
Proof. We claim that
7(”75777) |A|2 H4 < |C|2 in UEJ):M (74)

for any immersed hypersurface F : M™ — R""!. This follows by a rescaling and

compactness argument, as we now show.

Indeed, if this is not the case, then there exists a sequence of points {\"} C R"”

satisfying
AT = AN = ————==tr(A"") — ntr(\") >0
PN = WP = s ) () 2

and

k

foe(N™) == 3N e tr(A™) >0,

i=1

where tr(A) := > ; \;, but
cO™MP _jeamP

|)\m\2tr(/\m)4 - W()\m) —0 (75)

as m — oo, with W(A™) := [X"* tr(A™)* and

ICONP = D7 (0 — XA
i,j=1
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Now define 7, := W()\m)_% and A™ := 7, \™. Using the inequality [HS99D, (2.5)]
|A]” < eoH?,
where ¢y is a constant, we observe that
ot () WM < I

which implies

« 1
‘/\m‘ <¢j < o0,

< 1
tr(A™) > ¢, © >0,

and hence, up to a subsequence, A" — A € R™ as m — oo. Since

Tmflm()\m) Z 0,

rme,s(/\m> Z 07

we find
~ 1 ~ ~
— tr(A) > ntr(A) >0 7.6
) 2 (Y (76)
and
k A A
dAizetr(A)>0 (7.7)
=1

On the other hand,

so that, by (7.5),
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Together, (7.6) to (7.8) are in contradiction by the claim we proved before. This proves
(7.4).

Using (7.4), we can estimate [Lanl7]

v [wlaPdes [wE Ry
_ / W2 HACHR (VN ohij — ViV hie) du
= /u2 <2H_4Cijk£v£u — 4C’ijk€L]§§I + H_4VkCijk€) Vihi; dp

o /’LL2 <2H—4c7,jk€vlu _ 407,]]%@ + H—4VZCUI€K> vjhkf du

u Hb5
Vu| |[VA|\ |VA]
< 2 (| d
<c / U ( " + J7i ) J7i W,
where ¢ = ¢(n, &,n) is a constant. The claim now follows from Young’s inequality. O

7.3 Cylindrical estimate

For a uniformly k-convex mean curvature flow, the inequality |A|2 > %H 2 is preserved,
so that |A| is a smooth function along the flow. From the evolution equation (6.5) we

can thus compute

8 1 2 3
9t| ‘ | | 2|!|3| | | |

The gradient term in this equation has an interesting structure, as it only vanishes if A is
a multiple of the second fundamental form of R*~! x S'. However, in the k-convex case,

we bound this term from below.

Lemma 7.9 ([Lanl7, Lemma 2.1; cf. Hui84, Lemma 2.3]). Let F : M™ — R"*L be a
strictly k-convex hypersurface, 1. e., Ele Ai > e€H > 0 for some ¢ € (0,1]. In the mean

convex case k = n, suppose that |A| — H > nH forn > 0. Then there exists a constant
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v =v(n,e,n) >0 such that
JAQ VA—VA® AP> >~ |A? [VA*.

Proof. Fix x € M such that |A||VA|(x) # 0. (If there is no such z, then the claim is

trivially true.) By rescaling, we can assume that |A||[VA| =1 at x. Since the set
k
{(W,T) € Sym* x Sym® : Y " \;(W) > etr(W) > 0,|W| = |T| = 1},
i=1

where Sym" denotes the set of totally symmetric (0, m)-tensors is compact, and tr(W)

is uniformly bounded from below for such W, we only need to prove that
A VA—VA® AP > 0.
Therefore, assume that we have

AR VA=VA®A.

We choose a diagonalising frame and after applying the Codazzi identity, we get

Xidi;Vphem = VihjpAedem,

= ANe0pm Vphij (7.9)

for each 7, 7,4, m,p. Since A\; < Ao < -+ < \y,, H > 0 implies that A, > 0. Let ¢, 7,p be
such that Vph;; # 0. (If Vphi; = 0 for all ¢, j, p, then the claim is trivially true.) Then,

in particular,

Xi6ijVphnn = AnVphij # 0

and hence i = j. By the same reasoning and the Codazzi identity, we obtain that p = j.
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Thus V,h; # 0 only if ¢ = j = p. Therefore,

0 # A Vphpp = ApVphon,

so that p = n by the above. That is, A\,V,h;; # 0 only if i = j = p = n. On the other

hand, if we set p=¢=m =n and i = j # n in (7.9), we get

from which we conclude that A\; =0 for alli=1,...,n — 1. Hence
|A|2 = )‘gn
H =M\,

Consequently, in the mean convex case our assumption that |A| — H > nH implies

0 > nAn,

a contradiction. On the other hand, if k& < n then k-convexity directly yields Ay > 0. O

In order to derive the cylindrical estimate, we first define a suitable function and derive
LP-bounds [Hui84; Lanl7; cf. LN20a]. Consider for n > 0 and o € [0, 1] the following

function

4= (g ) o
Gy = = .

The evolution equation of G, is given by

0 2(1 —
G = DGy + M-o) - ) (Y Gy, VH)
1
- |[A®VA-VA® A|
2H1-7 |A]
_o(l-0)G

3 TN \VH? + 0 |A]> Gy
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Therefore, at all points where G, > 0, we may estimate, using Lemma 7.9, that

9 ‘VH‘ leGU7
57 Gon < AGoy +2|VGo) o VAP + oA Gop.

We let Gy 4+ = max{G,,,,0} and obtain the evolution equation for its LP-norm,

d e
%/G{;Wdu :p/ngJratGand,u /Gan+H2du.
Discarding the second term, we get

LG, dus —po—1) [ G WG dup [ G, VA 4
dt 07777+ ’LL — pp 0'77+ a,n /“L le a"'r]’-‘,- H2 /»'L

VH
+ Qp/G{" 771+ VGoyl ‘H‘ dp +ap/G§m,+ A2 dp.

We use Young’s inequality and the inequality - 2 |\VH? < |[VA|* [Hui84, Lemma 2.2]

to divide one of the terms as follows:

o,1,+ o,n,+

n+2 VA
/GCNH- H?2 d

/GP VG, Y ’dp,< /GP 2 IVGol? du

This implies that

d 3
%/G§,n7+dug - (p2_p2 - )/ng2+|VGUﬂ7‘2dM
n+2 1 VAP?
- <71p— 3 p2>/G§,n,+|Hz|d“

+ap/Gm7+|A|2du.

We use the Poincaré inequality, Lemma 7.8, with u? = G? r= p%, so that

U?’r]?+ ’

p2

2 _
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to get

IVA]?

FER

72/G’3n+!x4\ dp < f/G’éniIVGan\ du+(p? +1) /Gan+

‘We thus have

N

dt/Go—n+du< - (p - *P**“p )/Gon+|VGom2dM

n+2 1 1 IVA|?
- (%p— 5 P2 %0(132 +p)> /G’;,n,+? dp

Therefore, if we choose p large enough and o ~ p %, we can show that the right hand

side is non-positive.
Proposition 7.10 ([Lanl7, Prop. 3.1]). There exists l = l(n,n) > 0 such that

d
a/Gan7+dM<0

ifp>7,0< \/ﬁ

We can then apply the Michael-Simon Sobolev inequality and Stampacchia iteration
to obtain an L>°-bound for G, + from the LP-bounds [Hui84; Lanl7]. That is, we can

show that for all n > 0 there exist o € (0,1) and C(n) such that

1
A < | ———+n|H+C(n)H'".
M ( — T n) )
Taking the square and applying Young’s inequality gives, with a different constant C(n),

1
2<< ) 2 2720.
AP < (g ) B CH

Theorem 7.11 ([cf. HS09, Thm. 5.3; AL14, Thm. 1.3]). Let {M;} be a mean curvature

flow of closed n-dimensional k-convex hypersurfaces in R"T, n > 3. Then for any n > 0
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there exists Cyy = C(n, Mo) > 0 such that

1

’A’Q_n—(k—n

H? <nH?+C,.

In the 2-convex case, k = 2, we thus have

1
|A]? — m[ﬂ <nH?+C,),. (7.10)
Recall the general identity
A2le2_l A — A\i)2
AP = R = =S ),
1<j

which implies

|A]? — Lo 1 ( > ()\i—)\j)2+>\1(n)\1—2H)>. (7.11)

n—1 n—1 1<i<j<n

As a result, we obtain the cylindrical estimate (7.2).

7.4 Convexity estimate in the 2-convex case

In order to recover the convexity estimate (7.1), we may assume that A\; < 0, since

otherwise the estimate is trivial. We estimate (7.11) to obtain
2 1 2
|A]* = ——H* > |A\i| (n| M| + 2H).
n—1
Therefore, the estimate (7.10) gives
M| (n ||+ 2H) < nH? + C),.

This yields the convexity estimate (7.1). It should be noted, however, that Huisken—

Sinestrari’s proof of the convexity estimate only assumed mean convexity, i.e., H > 0.



Chapter 8

Singularity analysis for high

codimension curve shortening flow

In this final chapter, we consider curve shortening flow of curves in R™. Using the same
methods as in Altschuler’s work in codimension two [Alt91], we extend his results to the
case of arbitrary codimension to show in Theorems 8.6 and 8.7 that close to a singularity
the solution is essentially planar, that is, a subsequential limit of a sequence of rescalings
is a family of convex planar curves. Moreover, close to a type-I singularity, Theorem 8.8
implies that a sequence of rescalings along a blow-up sequence converges to a planar
self-similarly shrinking solution, while for a type-II singularity, we show the existence of
an essential blow-up sequence converging to the Grim Reaper in Theorem 8.9. Finally, we
prove our main result, Theorem 8.10, which analyses the long-time behaviour of solutions
of curve shortening flow with an entropy bound. More precisely, we show that for an
initial curve with entropy less than that of the Grim Reaper, the curve shortening flow
converges to a round point in finite time. This represents the first such convergence result

for curve shortening flow in arbitrary codimension.

134
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8.1 Curve shortening flow in any codimension

In the following, let v : S x [0, T) — R" be a one-parameter family of smooth immersions

of curves evolving by curve shortening flow,

8—7 t) = (kN t
5 (p,t) = (kN)(p, 1), (CSF)

¥(p,0) =0(p)-

Throughout, we employ the notation from Chapter 5, with the final time of existence of
the flow denoted by either T or w. Recall that by Theorem 6.11, for any smooth initial
curve 7o : S — R™, there exists a unique smooth solution on some time interval [0, T),

0 < T < 0. In fact, by Theorem 6.12, we have T' < oc.

As in the space curve case, we have scaling-invariant estimates on the derivatives
of the tangent vector, and thus the derivatives of the curvature, depending only on the
maximal curvature at the initial time. The proof proceeds just like Altschuler’s. For

—_ omT

brevity, we write, e. g., %—f =T, and 7™ = s for the derivatives of the tangent vector

T [cf. ACGL20, Ch. 2].

Theorem 8.1 ([cf. Alt91, Thm. 3.1; YJ05, Thm. 3.1; Hat15, Thm. 3.6]). For any m > 1

there exists Cp, < 0o such that fort € (0, ﬁ], where K; = sup k2(-,t), it holds that

omT
gs™

2 < C’m[(()
— tmfl :

Proof. The commutation formula (6.6) implies

Tt - Tss + ‘TS‘Q T7
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because v evolves by curve shortening flow. Therefore,

TS} = 2{(To)s, To)
= 2((Tv)s + |Ts|* Ty, Ts)
= 2((Tas + |T5]* T)s, Ts) + 2| T
= 2(Tyss, Ts) + 2| T2 (T, Ts) + 4|T3|*

= |T8|§s —2 |TSS|2 +4 |T5]4,
as |TS|§S = 2(Tsss, Ts) + 2 |Tss|2. We thus have the differential inequality
‘ng - |TS‘§S =-2 |T88|2 +4 |TS|4 <4 |T8|4-

By the ODE comparison principle and |7 5\2 = k%2 < Ky at t = 0, we have

Ky
T.P < —2%  <9K,
75| S 14Kyt~ "

ast < ﬁ by assumption. We thus choose C'; = 2.

We define
L = Tt(m) - Ts(;n)a

using the notation 70" = %’ZE Then

Zm+1 - (Zm)s + |Ts’2T(m+1)
and

2
= 2<Tt(m) —1(m pm)y _ 9 ’T(mﬂ)

2
EEX ‘

= 9(Z,,, TV — 2|70
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We already know

Zo = |Ts|* T,

Zy = 2Ty, THT + 2 |T|* T,
and moreover

Zo = UTsss, T)T + 2| Tus|* T + 6(Tss, Ts)Ts + 3 |Ts|* Ths.

For m = 2, define ® := t |Ty,|* + 4 |T%|*. Then

(I)t - (I)ss = |Tss|2 + 2t<(Tss)t7 Tss> + 4(|T8’§s —2 |T88’2 =+ 4 |TS‘4)
- (2t<(T55)55, TSS> +2¢ |TSSS‘2 +4 ‘T5|§s)
- - 7 ‘Tss|2 + 2t(<(Tss)t - (TSS)SS7TSS> - ‘Tsss’2) + 16 ‘Ts’4

= — T|Tss|* + 2t((Za, Tis) — |Tuss|?) + 16 | T4|*
Since

<Z27Tss> = 2<TSSS7TS><T7 Tss> +2 |Tss|2 <T7 Tss>
+6(Tes, To)® + 3 |Tu|? | To|?
= 2<TsssaTs><Ta Tss> -2 |Tss|2 |Ts‘2

+ 6(Ts, Ts)? + 3 |Ts|* | Tus|?,

where we have used that Ty = —k2T + kN + k71 B (see (6.8)) and & = |T;|* imply that
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(T, Tss) = — ITSIQ, we obtain

q)t - (I)ss = - 7 ‘Tss‘z + 4t<T5557 Ts><T7 Tss) - 4t |Tss|2 ’Ts‘z

+ 126(Ts, Ts)? + 6t | Ts)? | Tus|* — 2t |Tiss|* + 16 | T3 |*

< = T |Tsl” 4 4 [Tass| | Tos | | Ts] + 148 | Ty |* |Ts|? — 2 | Toss|* + 16 | T |*
= = 7|Tusl® = 2t(|Tass| — [Tus| ITe)? + 16t |T* | T + 16 |T2|*

< 64K2 + (32Kot — 7) | Tus)?

< 64K,

using |Ts|2 < 2Kpand t < ﬁ. At t = 0 we have & < 4K, so the ODE comparison

principle implies

d < 64K32t + 4Ky < 12K,

for any ¢ < ﬁ. Therefore,

and we may choose Co = 12.

In general, for m > 3 we have

Zy = 2T 7OV
+ 2m(T™) TCHT
+ 2(m + 1)(1™ 7MWy
+ (m+ 1) [TO[ 0w
+ Z Nijk<T(i), TOYT®),

0<i,jk<m
i+j+k=m+2

(8.1)
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where N, = Njji(m) are non-negative integers. Indeed,

Z3 = (Z2)s + ‘T(l)fT(g)
= 2(T™ TN
+6(T®, TCHT
+8(1®) 7MYy
+4 )T@f 7@
+8]7@ 70

+ 12(7® 7N @),
Now assume that (8.1) holds for some m. Then we have that

Zmi1 = (Zim)s + | T THD
— () Ty 4o+ 1) @)y 4 glm+1) (1)
+ 2T D TCNT 4 2 (7™ TENT 4 9 (7™ 7)Yy ()
+ 2(m 4+ )T TOYTW) 49>, 4 1) (7™ 7@y
+2(m 4+ )T, TOYT®) 4 2(m + 1)(T3), Ty (™)
+(m+1) ]T“) ]2 (m+1)

+ Z Niji (T 7yk)
0<i,5,k<m
i+j+k=m+2

+ Z Nz‘jk<T(i), T+ *)
0<i,j,k<m
i+j+k=m+2

+ Z Nijk<T(i),T(j)>T(k+l) + ]TS\Z T(m+1)
0<i,5,k<m
i+ jtk=m+2

= 2(Tm+2) TONT 4 9(m + 17D, 7T
2
+2(m + 2)(T D, TOYTW) 4 (1 4 2) |7O|" 7+
+ Z Nijk<T(i), TN ®),

0<i,j,k<m~+1
i+j+k=m+3
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proving the claim.

We obtain

\T(m)\f _ ‘T<m> — (7, T™) — 2 ‘T<m+1>’2

2
ss

= 4D WY, T 4 4T, T (T, TM)
2 2
+4(m + (T, TO) 4 2(m + 1) [TO] 707

+2 >0 N{T® 7ONT®, )
0<i,j,k<m
i+j+k=m+2

_ 9 |p(m+1) ‘2

< —aftr om0 o
— 2|7 ]2 ‘T<m)‘2 +2(m + 2) ‘T(l)‘z 7 ]2
+ 4T TV, (™Y 4 4(m 4 1T, 7(1))2

+2 30 Np{TW TONT®, )
0<i,5,k<m
i+j+k=m+2

- < e
+2(m +2) \T(l)f ) ‘2

+ 4m(T™ TV, (™Y 4 4(m 4 1T, 7(1))2

+2 Y Nyp(@®, 7Oy pim),

0<i,j,k<m
i+j+k=m+2

By the induction hypothesis, we have

C; Ky
1

o <
=

<
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forany i =1,...,m — 1. Thus

js < A1Kj ‘T(m)r + A2\/§ ’T(m)‘Q

+9 Z Niji, ‘T(i) ’T(j)‘ 'T(k)‘ ‘T(m)’
0<i,j,k<m
i+j+k=m+2

e - e

2

I

< A3K) ‘T(m)‘z + A4K8t_(m_2) + % ‘T(m)

using the Peter—Paul inequality with € = ¢, where the constants A; depend on m and

C4,...,Ch—_1. Therefore,

(= rf) = (e, < 2oy
t ss
+ AgKotm_l ‘T(m) ‘2

2
+ AgK3t + Agtm2 ’T("L)‘ .

2 2
For a large enough constant C' > 0, we set ®,, = t™ ! ‘T(m)‘ + Ctm—2 ‘T(mfl)‘ and

obtain
2
((I)m)t - ((I)m)ss S tm_2(A3K0t + AG - QC) ‘T(m)’ + A7K§
< A7KR.
We then proceed as in the m = 2 case to obtain C,,. 0

Using the estimates and the short-time existence, we have long-time existence in the
sense that as long as the curvature stays bounded, the flow can be continued for some

time. In particular, the torsions do not play a role.

Theorem 8.2 ([AG92, Thm. 1.13]). Assume that the curvature k is bounded on the time
interval [0,t9). Then there exists € > 0 such that the curve shortening flow {v} exists

and is smooth on the interval [0,ty + €).
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Equivalently, we may say that if 7" is the maximal time of existence of the flow, the

curvature must tend to infinity as ¢t approaches T

Corollary 8.3 (cf. Theorem 6.13). Suppose that v : S x [0,T) — R" is a solution of
(CSF) with initial data (-,0) = ~vo. Then T is finite, and furthermore, max., K> — oo as

t—T.

8.2 Blow-up limits

Recall that we have set K; = sup x2(-,t). Assume that {v;} is a curve shortening flow

with a singularity forming at time 7. If there exists a constant ¢ > 0 such that

Kts )
T—1

we say that the singularity at T is of type-I (cf. Definition 6.14). Otherwise, that is, if

lim sup Ky(T — t) = oo,
t—T

we say that it is of type-II.
Analogous to Definition 6.17 [cf. Alt91], we say that {(p;,t;)} C S' x [0,7) is a
blow-up sequence if t; — T as j — oo and

lim #°(pj,t;) = oo.
Jim K%(pj, ;) = o0

In particular, a blow-up sequence is called essential if there exists a constant p > 0 such
that

pKtSHQ(pj,tj), t<tj.

For any immersed curve v : S — R" the total absolute curvature f,y || ds is a
scaling-invariant quantity. In order to show that blow-up limits of the curve shortening

flow are planar, we recall Altschuler’s estimate on the derivative of the total absolute
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curvature, which also holds for evolving curves in R™.

Theorem 8.4 ([Alt91, Thm. 5.1; see also YJ05]). Let v : S x [0,T) — R™ be a solution

of (CSF). Then the integral estimate

d
—/]H;\dsg—/]fi\rfds
dt J ~

holds fort € [0,T).
Proof. From Corollary 6.7, we have that

N
ot 0s?

38) + 251 — 2/@27'12.

As in Altschuler’s proof, we then define k. = v/k2 + ¢, where ¢ > 0 is arbitrary, and

1
d//ﬁ;gdsg —/—n2712d3,
dt J, ~ Ke

which implies the claim. O

obtain

For a planar curve we obtain the more precise formula

Theorem 8.5 ([Alt91, Thm. 5.14]). For a planar solution ~y to the curve shortening flow,

we have

%
0s

d
ﬁL|m|d3:—2 Z

{p: x(p,")=0}

Given a blow-up sequence {(p;,t;)}, we define a blow-up procedure as follows: Define

vj 0 St x [aj,wj) — R, where a; = —)\gtj, wj = )\?(w —t;), by

Y8 = N (A () +by), B =X (E—ty).

Here, w denotes the final time of existence of 7. Moreover, A\; > 0, A; € SO(n), b; € R”
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are such that

v (p;,0) = 0 € R,
TJ(pjvo) = (1,0,70) =eq,
N;(p;,0) = (0,1,0,...,0) = e,

(Bi);(pj,0) = (0,...,0,1,0,...,0) = ejyo, i=1,...,n—2.

In order to parametrise v; by arclength, note that

Iy
7 0s

9j

Os A

:)\j

=\

Therefore, if we let 5 = \;s then +; is parametrised by arclength 5 once we define

’yj(E, t) = )\j(Aj”y(s, t) + bj).

This then gives

Oy _0vds _\ ,0v1 _ , 9y
05  0s 03 _)\]Ajas Aj _Ajﬁs’
that is,
Ty(5,0) = A,T(s,0), (8.2)

and in the same way we obtain
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Then +; is indeed parametrised by arclength s,

Oy

/] Kokl
7 s

05 =1

)

since «y is parametrised by arclength s and |A;| = 1. As a result, each v; is a solution of

curve shortening flow,

o0y _ - -
%(S,t) = (k;N;)(5,1).
Indeed,
=y y 497, 50t
8{ (87t) - A]AJ (975 (87t) a_E
1
= —A;j(kN)(s,t)

Aj

= (K N;) (5, 1)-

Using the same technique as Altschuler, we obtain

Theorem 8.6 ([Alt91, Thm. 7.3]). Let v : St x [0,w) — R” be a solution of (CSF).
Assume that {(pj,t;)} is an essential blow-up sequence. Then there exists a subsequence
of {(pj,t;)} along which the rescaled solutions y; converge to a smooth nontrivial limit

Yoo Which exists at least on the time interval [—o0,0].

Proof. Set \j := k(pj,t;), so that H?(pj, 0) =1 (note that t =0 < ¢ = t;).

Since {(p;,t;)} is a blow-up sequence, we have that lim; ,o, aj = —oo. If a type-I
singularity occurs (that is, lim;_,,, K;(w —t) < 00), then lim;_, w; < oo, for a type-1I
singularity (limy_,,, K¢(w —t) = 00), we can choose an essential blow-up sequence such

that lim;_, w; = 00, since from the definition of A\; we have that )\? < Ky,

As a limit solution might be a family of noncompact curves, we consider the solutions

7; instead as a family of curves 4; : R x [aj,w;) — R", periodic in space, such that

7;(0,-) = 7v;(pj,-). Denote the arclength parameter for 4;(-,t) from the origin 0 € R by §
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and recall that, in general, 5 depends on ¢ in the sense that % £ 0.

Define the differential operator

1) 0 0
si—a T ¢j(8)£,

where ¢;(5) = [ 2(0,t) do and thus % = 3. Then,

[5 5}_03%.33_33_3%5_ 90
ot’0s| oOtds Y0505 050t 05 05 T 0505
98 8a L9
T otos 050t s

= 0.

. O —
Therefore, denoting v = ‘8—; and 5 = [ vdg,

st ot J
» _
= / ﬁ?vdq—k/ /{?da
Do 0
=0,
where we have used that % = —/{?U and ds = vdp.

Since {(p;,t;)} is an essential blow-up sequence, there exists p > 0 independent

of j such that pK; < /<c2(pj,tj) whenever ¢ < ¢;. In particular, for the curves 7,

psup k3 (-, 1) < k3(p;j,0) = 1 for £ < 0.
Then differentiating (8.2) with respect to s we get

oT;  9Tds 1 0T

s Nasas T Mas

Hence, by Theorem 8.1, we have that

2 Ky

J
2
)\j

or
0s

21

T " _
=2
Aj

05

Scla
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K
since {(p;,t;)} is an essential blow-up sequence and we have — § < 0.
Taking further derivatives with respect to s, we obtain

oL 1, T
o5t~ AL st

whereby )
o'T
dst

Tt 1
95t | A%

Using the commutation formula for and 55, we get

4

oty |
= <co+ C%.

ot

[T
0s

2
0°T,
05

Then, taking derivatives with respect to t and using the commutation formula, we see

2
for m < 2/

that )

for k < ¢ and ‘ ZZ:J

1s bounded by a sum of products of ‘

8# 8tk

and is thus itself bounded.

By the definition of 2, therefore, the fact that < and 5z commute, and the estimate

ot?

2
is bounded for any ¢ independently of 7 on compact

$;(5) < p~15 we conclude that ‘ 5#

subsets of R x [—00,ws ), and, again, since & and 2 5z commute, the same is true for all

siokT; |2

mixed derivatives ST ok

By the Arzela—Ascoli theorem, there exists a subsequence of {(p;,t;)}, denoted the
same, along which the tangent vectors Tj(8,t) converge uniformly on compact sets of
R X [—00, Too) to a smooth limit Th(5,%) as j — co. We may thus define a smooth limit

solution 4+ by integrating T.,. If 4 is periodic, we denote by 7., one period of o, if

not, we set Yoo = Yoo-

Finally, 7 cannot be trivial, i.e., a straight line, for

2 (0,0) = lim i3 2(0,0) = hm K4 (p],O) =1,

Jj—oo Jj—
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finishing the proof. O

The fact that blow-up limits of evolving space curves are planar goes back to
Altschuler’s work. Using Theorem 8.4 and Huisken’s monotonicity formula, we can

give a simpler proof also in the general case.

Theorem 8.7 ([Alt91, Thm. 7.7]). Let v : S' x [0,T) — R" be a solution of (CSF).

Then any nontrivial blow-up limit of v is planar and convex.

Proof. By Huisken’s monotonicity formula, any blow-up limit v, of curve shortening
flow is self-similar. Moreover, the total absolute curvature is scaling-invariant. Therefore,

Theorem 8.4 implies that

0§—/ k| 72 ds .

This implies that, at almost every point of the smooth limit curve 7., we must have
either Kk = 0 or 71 = 0. Then Theorem 5.2 implies that v, must be contained in a
2-dimensional subspace of R". Note that 7., cannot have any inflection points, since by
Theorem 8.5, any inflection point must be degenerate, that is, kK = % = 0, but a result

of Angenent [Ang91] implies that any solution with degenerate inflection points must be

a line. ]

8.2.1 Type-I singularities

In order to analyse the behaviour of type-I singularities, we can employ Huisken’s argument
for singularities of mean curvature flow [Hui90], which was also used by Altschuler to

prove the corresponding result for curve shortening flow of space curves.

To that end, let v : S x [0,7) — R" be a solution of (CSF) and assume that
(0,T) € R™ x R is a special singular point of type-I reached by the flow. We then define

a continuous rescaling of the flow via
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where £ = —3log(T — t). The rescaled flow {%} is thus defined for —1log7 < < oo,

and in terms of the differential operators

0 0
Frie 2(T — t)a,
0 0
Fri 2(T — t)g,
it satisfies
0P
at! "9z T T

The reason to choose this particular rescaling is that the type-I assumption then implies

that the curvature of the rescaled flow is uniformly bounded for all time, since

f(s,t) = 1/2(T — t)K(s,t).

In the rescaled setting, we then have the monotonicity formula, cf. Theorem 6.18,

%/%@:/
dt J5 5

where the rescaled backwards heat kernel on R" is given by

0y | 1P,
—_— kd 8.3
55+ 8, (8.3)

k(x, 1) = eI,

We can then perform the blow-up procedure as in the proof of Theorem 8.6, noting
that the type-I assumption also implies that any blow-up sequence is necessarily essential,
to obtain a subsequential limit. By the rescaled monotonicity formula (8.3), we conclude
that the limit is self-similarly shrinking [Hui90], and by Theorem 8.7 the limit is planar.
Moreover, by continuity of the total absolute curvature, the winding number cannot

change. We thus have
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Theorem 8.8 ([Alt91, Thm. 8.15]). Suppose that a type-1 singularity is forming at time
T. Let {(p;,t;)} be a blow-up sequence. Then there exists a subsequence of {(p;,t;)} such
that a rescaling of v along it converges to a planar self-similarly shrinking solution oo

with the same winding number.

8.2.2 Type-1I singularities

We now assume that the special singular point (0,7") € R™ x R reached by the flow is of
type-I1. Since the argument is exactly the same as for space curves, we do not repeat the

details and instead refer to Altschuler’s work [Alt91].

We already know that by Theorem 8.6, a limit of rescalings 7., must exist on the
interval [—o0,0]. Moreover, it is planar and convex. It is then possible to show that,
since the singularity is of type-II, there exists an essential blow-up sequence such that
a limit of rescalings along it is in fact eternal, that is, it exists on the time interval
[—00, 00]. In addition, the limit solution is embedded and its total curvature is equal to
7. Furthermore, by showing that the curvature and all its derivatives tend to zero at the

ends, one then proves that this limit must be the Grim Reaper. Finally, one has

Theorem 8.9 ([Alt91, Thm. 8.16]). Suppose that a type-1I singularity is forming at time
T. Then there exists an essential blow-up sequence {(p;,t;)} such that a sequence of

rescalings along it converges to the Grim Reaper.

8.3 Convergence analysis

We now come to the proof of our main theorem. Simply put, we show that initial curves

with entropy less than that of the Grim Reaper converge to a round point in finite time.

Theorem 8.10. Suppose that v : S* x [0,T) — R" is a smooth solution of (CSF) with

initial data v(-,0) = o and assume that the entropy of vo satisfies

A(0) < 2.
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Then T is finite, and the rescaled flow converges to the round circle.

Proof. Since the entropy is non-increasing under curve shortening flow, we may assume
that A(y) < 2. For if A(y9) was equal to 2, the initial curve 7y would have to be a
self-shrinker, but A(S!) < 2.

Assume that a type-II singularity forms at time 7. Then by Theorem 8.9, there exists
an essential blow-up sequence such that a limit ~., of rescalings along it is the Grim
Reaper. Since the entropy is lower semicontinuous with regard to the locally smooth
convergence, we must have A\(7s) < 2, however, we know from Proposition 6.22 that the

entropy of the Grim Reaper equals 2. Thus the singularity cannot be of type-IL.

Therefore, assume that a type-I singularity forms, so that by Theorem 8.8, we have
a limit v, of a sequence of rescalings {v;} that is self-similarly shrinking in the plane.
By the classification of Abresch-Langer [AL86], 7 could be one or more lines through
the origin, a singly or multiply-covered circle, or one of the Abresch-Langer curves v, n,
m > 2. Proposition 6.23 implies that A(ymn) > m 2{, so that the latter possibility
cannot occur. Moreover, from Proposition 6.24 we have that A(7s0) > ©%(Yso, z) for any

point x, which implies that v, is embedded. Hence 7, cannot be a multiply-covered

circle or a family of intersecting lines.

By standard theory [Bra78; Whi05], should a single line appear as a limit of rescalings
of the flow, the fact that its Gaussian density is 1 in a suitable space-time region implies
that the curvature is bounded there after all, so that the blow-up point is not a singularity,
which is a contradiction. Therefore, the blow-up limit v, must be the standard circle
around the origin, that is, the tangent flow at the singularity is a smooth, closed, embedded
self-shrinker. Then Schulze’s uniqueness result for compact tangent flows [Sch14] implies
that this is the only possible tangent flow, whereby the rescaled flow converges to the

round circle. ]



Bibliography

[ALS6]

[AF02]

[AAAW13]

[ALt91]

[AGY2]

[ASO7]

[And02]

U. Abresch and J. Langer. ‘The normalized curve shortening flow and
homothetic solutions’. In: J. Differential Geom. 23.2 (1986), pp. 175-196.

DOI: 10.4310/jdg/1214440025.

I. Agricola and T. Friedrich. Global analysis. Differential forms in analysis,
geometry, and physics. Graduate studies in mathematics 52. Providence, RI:

American Mathematical Society, 2002. boI1: 10.1090/gsm/052.

D. J. Altschuler, S. J. Altschuler, S. B. Angenent and L. F. Wu. ‘The zoo of
solitons for curve shortening in R™. In: Nonlinearity 26.5 (2013), pp. 1189—

1226. po1: 10.1088/0951-7715/26/5/1189.

S. J. Altschuler. ‘Singularities of the curve shrinking flow for space curves’.
In: J. Differential Geom. 34.2 (1991), pp. 491-514. po1: 10.4310/jdg/1214

447218.

S. J. Altschuler and M. A. Grayson. ‘Shortening space curves and flow
through singularities’. In: J. Differential Geom. 35.2 (1992), pp. 283-298.

DOI: 10.4310/jdg/1214448076.

L. Ambrosio and H. M. Soner. ‘A measure-theoretic approach to higher
codimension mean curvature flows’. In: Ann. Scuola Norm. Sup. Pisa CI.

Sci. (4) 25.1-2 (1997), pp. 27-49.

B. Andrews. ‘Notes on the isometric embedding problem and the Nash-

Moser implicit function theorem’. In: Surveys in analysis and operator

152


https://doi.org/10.4310/jdg/1214440025
https://doi.org/10.1090/gsm/052
https://doi.org/10.1088/0951-7715/26/5/1189
https://doi.org/10.4310/jdg/1214447218
https://doi.org/10.4310/jdg/1214447218
https://doi.org/10.4310/jdg/1214448076

Bibliography 153

theory (Canberra, 2001). Proc. Centre Math. Appl. Austral. Nat. Univ. 40.

Canberra: Australian National University, 2002, pp. 157-208.

[AB11] B. Andrews and P. Bryan. ‘Curvature bound for curve shortening flow via
distance comparison and a direct proof of Grayson’s theorem’. In: J. Reine

Angew. Math. 653 (2011), pp. 179-187. DOI: 10.1515/crelle.2011.026.

[ACGL20] B. Andrews, B. Chow, C. Guenther and M. Langford. Eztrinsic geometric
flows. Graduate Studies in Mathematics 206. Providence, RI: American

Mathematical Society, 2020.

[AL14] B. Andrews and M. Langford. ‘Cylindrical estimates for hypersurfaces
moving by convex curvature functions’. In: Anal. PDE 7.5 (2014), pp. 1091—

1107. por: 10.2140/apde.2014.7.1091.

[Ang91] S. Angenent. ‘Parabolic equations for curves on surfaces. II. Intersections,
blow-up and generalized solutions’. In: Ann. of Math. (2) 133.1 (1991),

pp. 171-215. DOL: 10.2307/2944327.

[Ang92] S. B. Angenent. ‘Shrinking doughnuts’. In: Nonlinear diffusion equations and
their equilibrium states, 3 (Gregynog, 1989). Progr. Nonlinear Differential

Equations Appl. 7. Boston, MA: Birkh&user, 1992, pp. 21-38.

[Bak10] C. Baker. ‘The mean curvature flow of submanifolds of high codimension’.

Australian National University, 2010. DOI: 10.25911/5d5155ff2112e.

[BS20] J. Baldauf and A. Sun. Sharp Entropy Bounds for Plane Curves and Dy-
namics of the Curve Shortening Flow. 25th Dec. 2020. arXiv: 1808.03936

[math].

[BW16] J. Bernstein and L. Wang. ‘A sharp lower bound for the entropy of closed
hypersurfaces up to dimension six’. In: Invent. Math. 206.3 (2016), pp. 601—

627. DOI: 10.1007/s00222-016-0659-3.


https://doi.org/10.1515/crelle.2011.026
https://doi.org/10.2140/apde.2014.7.1091
https://doi.org/10.2307/2944327
https://doi.org/10.25911/5d5155ff2112e
https://arxiv.org/abs/1808.03936
https://arxiv.org/abs/1808.03936
https://doi.org/10.1007/s00222-016-0659-3

Bibliography 154

[BW17] J. Bernstein and L. Wang. ‘A topological property of asymptotically conical
self-shrinkers of small entropy’. In: Duke Math. J. 166.3 (2017), pp. 403—435.

DOI: 10.1215/00127094-3715082.

[BW18a] J. Bernstein and L. Wang. ‘Hausdorff stability of the round two-sphere
under small perturbations of the entropy’. In: Math. Res. Lett. 25.2 (2018),

pp- 347-365. DOI: 10.4310/mr1.2018.v25.n2.al.

[BW18b) J. Bernstein and L. Wang. ‘Topology of closed hypersurfaces of small entropy’.
In: Geom. Topol. 22.2 (2018), pp. 1109-1141. DO1: 10.2140/gt.2018.22.1

109.

[BW20] J. Bernstein and L. Wang. Closed hypersurfaces of low entropy in R* are

isotopically trivial. 30th Mar. 2020. arXiv: 2003.13858 [math].

[Bon67] O. Bonnet. ‘Mémoire sur la théorie des surfaces applicables sur une surface

donnée’. In: J. Ec. polytech. Math. 25.42 (1867), pp. 1-151.

[BBMOO] J. Bourgain, H. Brezis and P. Mironescu. ‘Lifting in Sobolev spaces’. In: J.

Anal. Math. 80 (2000), pp. 37-86. DOI: 10.1007/bf02791533.

[Bra7g| K. A. Brakke. The motion of a surface by its mean curvature. Mathematical

Notes 20. Princeton, NJ: Princeton University Press, 1978.

[BH16] S. Brendle and G. Huisken. ‘Mean curvature flow with surgery of mean
convex surfaces in R%. In: Invent. Math. 203.2 (2016), pp. 615-654. DOI:

10.1007/s00222-015-0599-3.

[BH17] S. Brendle and G. Huisken. ‘A fully nonlinear flow for two-convex hypersur-
faces in Riemannian manifolds’. In: Invent. Math. 210.2 (2017), pp. 559-613.

DOI: 10.1007/s00222-017-0736-2.

[Brel5) P. Breuning. ‘Immersions with bounded second fundamental form’. In: J.
Geom. Anal. 25.2 (2015), pp. 1344-1386. DOI: 10.1007/s12220-014-9472~

7.


https://doi.org/10.1215/00127094-3715082
https://doi.org/10.4310/MRL.2018.v25.n2.a1
https://doi.org/10.2140/gt.2018.22.1109
https://doi.org/10.2140/gt.2018.22.1109
https://arxiv.org/abs/2003.13858
https://doi.org/10.1007/BF02791533
https://doi.org/10.1007/s00222-015-0599-3
https://doi.org/10.1007/s00222-017-0736-2
https://doi.org/10.1007/s12220-014-9472-7
https://doi.org/10.1007/s12220-014-9472-7

Bibliography 155

[BC84] H. Brezis and J.-M. Coron. ‘Multiple solutions of H-systems and Rellich’s
conjecture’. In: Comm. Pure Appl. Math. 37.2 (1984), pp. 149-187. DOIL:

10.1002/cpa.3160370202.

[BCMO09] M. Briane, J. Casado-Diaz and F. Murat. ‘The div-curl lemma “trente ans
apres”: an extension and an application to the G-convergence of unbounded
monotone operators’. In: J. Math. Pures Appl. (9) 91.5 (2009), pp. 476-494.

DOI: 10.1016/j.matpur.2009.01.002.

[Bur31] C. Burstin. ‘Ein Beitrag zum Problem der Einbettung der Riemannschen
Ré&ume in euklidischen Raumen’. In: Mat. Sb. 38.3-4 (1931), pp. 74-85.

[CHW15]  W. Cao, F. Huang and D. Wang. ‘Isometric immersions of surfaces with two
classes of metrics and negative Gauss curvature’. In: Arch. Ration. Mech.

Anal. 218.3 (2015), pp. 1431-1457. DOI: 10.1007/500205-015-0885-7.

[Car27] E. Cartan. ‘Sur la possibilité de plonger un espace riemannien donné dans

un espace euclidien’. In: Ann. Soc. Polon. Math. 6 (1927), pp. 1-7.

[Car83] E. Cartan. Geometry of Riemannian spaces. Lie Groups: History, Frontiers

and Applications (Series A) XIII. Brookline, MA: Math Sci Press, 1983.

[CSW10a] G.-Q. Chen, M. Slemrod and D. Wang. ‘Isometric immersions and com-
pensated compactness’. In: Comm. Math. Phys. 294.2 (2010), pp. 411-437.

DOI: 10.1007/s00220-009-0955-5.

[CSW10b] G.-Q. Chen, M. Slemrod and D. Wang. ‘Weak continuity of the Gauss-
Codazzi-Ricci system for isometric embedding’. In: Proc. Amer. Math. Soc.

138.5 (2010), pp. 1843-1852. DOI: 10.1090/s0002-9939-09-10187-9.

[Chelb] G.-Q. G. Chen. ‘Weak continuity and compactness for nonlinear partial
differential equations’. In: Chin. Ann. Math. Ser. B 36.5 (2015), pp. 715-736.

DOI: 10.1007/s11401-015-0973-x.

[CL18] G.-Q. G. Chen and S. Li. ‘Global weak rigidity of the Gauss-Codazzi-Ricci

equations and isometric immersions of Riemannian manifolds with lower


https://doi.org/10.1002/cpa.3160370202
https://doi.org/10.1016/j.matpur.2009.01.002
https://doi.org/10.1007/s00205-015-0885-7
https://doi.org/10.1007/s00220-009-0955-5
https://doi.org/10.1090/S0002-9939-09-10187-9
https://doi.org/10.1007/s11401-015-0973-x

Bibliography

156

[CGGI1]

[CCMS20]

[CCMS21]

[Chr12]

[CS15]

[Cia03]

[Cial3]

[CGMOS]

regularity’. In: J. Geom. Anal. 28.3 (2018), pp. 1957-2007. pOI: 10.1007

/s12220-017-9893-1.

Y. G. Chen, Y. Giga and S. Goto. ‘Uniqueness and existence of viscosity
solutions of generalized mean curvature flow equations’. In: J. Differential

Geom. 33.3 (1991), pp. 749-786.

O. Chodosh, K. Choi, C. Mantoulidis and F. Schulze. Mean curvature flow

with generic initial data. 31st Mar. 2020. arXiv: 2003.14344 [math].

O. Chodosh, K. Choi, C. Mantoulidis and F. Schulze. Mean curvature flow
with generic low-entropy initial data. 23rd Feb. 2021. arXiv: 2102.11978

[math].

C. Christoforou. ‘BV weak solutions to Gauss-Codazzi system for isometric
immersions’. In: J. Differential Equations 252.3 (2012), pp. 2845-2863. DOTI:

10.1016/j.jde.2011.08.046.

C. Christoforou and M. Slemrod. ‘Isometric immersions via compensated
compactness for slowly decaying negative Gauss curvature and rough data’.
In: Z. Angew. Math. Phys. 66.6 (2015), pp. 3109-3122. poI: 10.1007/s000

33-015-0591-1.

P. G. Ciarlet. ‘The continuity of a surface as a function of its two fundamental
forms’. In: J. Math. Pures Appl. (9) 82.3 (2003), pp. 253-274. DOI: 10.1016

/s0021-7824(03)00017-5.

P. G. Ciarlet. Linear and nonlinear functional analysis with applications.

Philadelphia, PA: Society for Industrial and Applied Mathematics, 2013.

P. G. Ciarlet, L. Gratie and C. Mardare. ‘A new approach to the fundamental
theorem of surface theory’. In: Arch. Ration. Mech. Anal. 188.3 (2008),

pp. 457-473. DOIL: 10.1007/s00205-007-0094-0.


https://doi.org/10.1007/s12220-017-9893-1
https://doi.org/10.1007/s12220-017-9893-1
https://arxiv.org/abs/2003.14344
https://arxiv.org/abs/2102.11978
https://arxiv.org/abs/2102.11978
https://doi.org/10.1016/j.jde.2011.08.046
https://doi.org/10.1007/s00033-015-0591-1
https://doi.org/10.1007/s00033-015-0591-1
https://doi.org/10.1016/S0021-7824(03)00017-5
https://doi.org/10.1016/S0021-7824(03)00017-5
https://doi.org/10.1007/s00205-007-0094-0

Bibliography 157

[CL02] P. G. Ciarlet and F. Larsonneur. ‘On the recovery of a surface with prescribed
first and second fundamental forms’. In: J. Math. Pures Appl. (9) 81.2 (2002),

pp. 167-185. DOI: 10.1016/s0021-7824(01)01236-3.

[CMO5] P. G. Ciarlet and C. Mardare. ‘Recovery of a surface with boundary and
its continuity as a function of its two fundamental forms’. In: Anal. Appl.

(Singap.) 3.2 (2005), pp. 99-117. DOI: 10.1142/s0219530505000509.

[CM19a] P. G. Ciarlet and C. Mardare. ‘A surface in W?? is a locally Lipschitz-
continuous function of its fundamental forms in W'? and LP, p > 2’. In: J.
Math. Pures Appl. (9) 124 (2019), pp. 300-318. DOI: 10.1016/j .matpur.2

018.06.013.

[CM16] P. G. Ciarlet and S. Mardare. ‘Nonlinear Korn inequalities in R"” and
immersions in W?2?, p > n, considered as functions of their metric tensors
in WYP' In: J. Math. Pures Appl. (9) 105.6 (2016), pp. 873-906. DOTI:

10.1016/j .matpur.2016.02.006.

[Clel7] J. N. Clelland. From Frenet to Cartan. The method of moving frames. Gradu-
ate studies in mathematics 178. Providence, RI: American Mathematical

Society, 2017.

[CLMS93] R. Coifman, P.-L. Lions, Y. Meyer and S. Semmes. ‘Compensated compact-
ness and Hardy spaces’. In: J. Math. Pures Appl. (9) 72.3 (1993), pp. 247—
286.

[CM12] T. H. Colding and W. P. Minicozzi II. ‘Generic mean curvature flow I:
generic singularities’. In: Ann. of Math. (2) 175.2 (2012), pp. 755-833. DOI:

10.4007/annals.2012.175.2.7.

[CIMW13] T. H. Colding, T. Ilmanen, W. P. Minicozzi II and B. White. ‘The round
sphere minimizes entropy among closed self-shrinkers’. In: J. Differential

Geom. 95.1 (2013), pp. 53-69. pOI: 10.4310/jdg/1375124609.

[CM19b] T. H. Colding and W. P. Minicozzi II. Entropy and codimension bounds for

generic singularities. 10th July 2019. arXiv: 1906.07609 [math].


https://doi.org/10.1016/S0021-7824(01)01236-3
https://doi.org/10.1142/S0219530505000509
https://doi.org/10.1016/j.matpur.2018.06.013
https://doi.org/10.1016/j.matpur.2018.06.013
https://doi.org/10.1016/j.matpur.2016.02.006
https://doi.org/10.4007/annals.2012.175.2.7
https://doi.org/10.4310/jdg/1375124609
https://arxiv.org/abs/1906.07609

Bibliography 158

[CDM11]  S. Conti, G. Dolzmann and S. Miiller. ‘The div-curl lemma for sequences
whose divergence and curl are compact in W11, In: C. R. Math. Acad. Sci.

Paris 349.3-4 (2011), pp. 175-178. poI: 10.1016/j.crma.2010.11.013.

[Cooll] A. A. Cooper. ‘Mean curvature flow in higher codimension’. Michigan State

University, 2011. bo1: 10.25335/m5pf5n.

[Corl6] K. Corrales. Non existence of Type II singularities for embedded and un-

knotted space curves. 10th May 2016. arXiv: 1605.03100 [math].

[dCar94] M. P. do Carmo. Differential forms and applications. Universitext. Berlin:

Springer-Verlag, 1994. DOI: 10.1007/978-3-642-57951-6.

[Eck04] K. Ecker. Regularity theory for mean curvature flow. Progress in Nonlinear
Differential Equations and their Applications 57. Boston, MA: Birkh&user,

2004. por: 10.1007/978-0-8176-8210-1.

[EH89] K. Ecker and G. Huisken. ‘Mean curvature evolution of entire graphs’. In:
Ann. of Math. (2) 130.3 (1989), pp. 453-471. DOI: 10.2307/1971452.

[EHI1] K. Ecker and G. Huisken. ‘Interior estimates for hypersurfaces moving by
mean curvature’. In: Invent. Math. 105.3 (1991), pp. 547-569. DOI: 10.1007

/b£01232278.

[ES91] L. C. Evans and J. Spruck. ‘Motion of level sets by mean curvature. I’. In:
J. Differential Geom. 33.3 (1991), pp. 635-681.

[Eva90] L. C. Evans. Weak convergence methods for nonlinear partial differential
equations. CBMS Regional Conference Series in Mathematics 74. Providence,

RI: American Mathematical Society, 1990. DOI: 10.1090/cbms/074.

[Fro77] G. Frobenius. ‘Ueber das Pfaffsche Problem’. In: J. Reine Angew. Math. 82

(1877), pp. 230-315. poI: 10.1515/¢cr11.1877.82.230.

[GHS6] M. Gage and R. S. Hamilton. ‘The heat equation shrinking convex plane
curves’. In: J. Differential Geom. 23.1 (1986), pp. 69-96. DOI: 10.4310

/jdg/1214439902.


https://doi.org/10.1016/j.crma.2010.11.013
https://doi.org/10.25335/M5PF5N
https://arxiv.org/abs/1605.03100
https://doi.org/10.1007/978-3-642-57951-6
https://doi.org/10.1007/978-0-8176-8210-1
https://doi.org/10.2307/1971452
https://doi.org/10.1007/BF01232278
https://doi.org/10.1007/BF01232278
https://doi.org/10.1090/cbms/074
https://doi.org/10.1515/crll.1877.82.230
https://doi.org/10.4310/jdg/1214439902
https://doi.org/10.4310/jdg/1214439902

Bibliography 159

[Gag84] M. E. Gage. ‘Curve shortening makes convex curves circular’. In: Invent.

Math. 76.2 (1984), pp. 357-364. DOI: 10.1007/bf01388602.

[GM12] M. Giaquinta and L. Martinazzi. An introduction to the reqularity theory
for elliptic systems, harmonic maps and minimal graphs. Second edition.
Appunti. Scuola Normale Superiore di Pisa (Nuova Serie) 11. Pisa: Edizioni

della Normale, 2012. DOI: 10.1007/978-88-7642-443-4.

[GZ18] P. Goldstein and A. Zatorska-Goldstein. ‘Uhlenbeck’s decomposition in
Sobolev and Morrey-Sobolev spaces’. In: Results Math. 73.2 (2018), p. 71.

DOI: 10.1007/s00025-018-0830-9.

[Gra87] M. A. Grayson. ‘The heat equation shrinks embedded plane curves to round
points’. In: J. Differential Geom. 26.2 (1987), pp. 285-314. DOI: 10.4310

/jdg/1214441371.

[Gra89a) M. A. Grayson. ‘Shortening embedded curves’. In: Ann. of Math. (2) 129.1

(1989), pp. 71-111. DOI: 10.2307/1971486.

[Gra89b] M. A. Grayson. ‘The shape of a figure-eight under the curve shortening flow’.

In: Invent. Math. 96.1 (1989), pp. 177-180. DOI: 10.1007/bf01393973.

[Gro86] M. Gromov. Partial differential relations. Ergebnisse der Mathematik und
ihrer Grenzgebiete (3) 9. Berlin: Springer-Verlag, 1986. DOI: 10.1007/978-

3-662-02267-2.

[Gual9] Q. Guang. ‘Volume growth, entropy and stability for translating solitons’.
In: Comm. Anal. Geom. 27.1 (2019), pp. 47-72. DOI: 10.4310/cag.2019

.v27.n1.a2.

[Glin91] M. Giinther. ‘Isometric embeddings of Riemannian manifolds’. In: Proceed-
ings of the International Congress of Mathematicians (Kyoto, 1990). Vol. 11.

Tokyo: Math. Soc. Japan, 1991, pp. 1137-1143.


https://doi.org/10.1007/BF01388602
https://doi.org/10.1007/978-88-7642-443-4
https://doi.org/10.1007/s00025-018-0830-9
https://doi.org/10.4310/jdg/1214441371
https://doi.org/10.4310/jdg/1214441371
https://doi.org/10.2307/1971486
https://doi.org/10.1007/BF01393973
https://doi.org/10.1007/978-3-662-02267-2
https://doi.org/10.1007/978-3-662-02267-2
https://doi.org/10.4310/CAG.2019.v27.n1.a2
https://doi.org/10.4310/CAG.2019.v27.n1.a2

Bibliography

160

[Hall2]

[Ham82]

[Ham&6)

[Ham93]

[HHO6]

[HW50a]

[HW50b]

[Has16]

[HK17]

[H&t15]

H. P. Halldorsson. ‘Self-similar solutions to the curve shortening flow’. In:
Trans. Amer. Math. Soc. 364.10 (2012), pp. 5285-5309. DOI: 10.1090/s000

2-9947-2012-05632-7.

R. S. Hamilton. ‘Three-manifolds with positive Ricci curvature’. In: J.
Differential Geom. 17.2 (1982), pp. 255-306. DOI: 10.4310/jdg/121443692

2.

R. S. Hamilton. ‘Four-manifolds with positive curvature operator’. In: J.
Differential Geom. 24.2 (1986), pp. 153-179. DOI: 10.4310/jdg/121444043

3.

R. S. Hamilton. ‘Monotonicity formulas for parabolic flows on manifolds’.
In: Comm. Anal. Geom. 1.1 (1993), pp. 127-137. DOI: 10.4310/cag.1993

.vl.nl.a7.

Q. Han and J.-X. Hong. Isometric embedding of Riemannian manifolds in
FEuclidean spaces. Mathematical Surveys and Monographs 130. Providence,

RI: American Mathematical Society, 2006. DOI: 10.1090/surv/130.

P. Hartman and A. Wintner. ‘On the embedding problem in differential
geometry’. In: Amer. J. Math. 72 (1950), pp. 553-564. DOI: 10.2307/23720

53.

P. Hartman and A. Wintner. ‘On the fundamental equations of differential
geometry’. In: Amer. J. Math. 72 (1950), pp. 757-774. DOI: 10.2307/23722

93.
R. Haslhofer. ‘Lectures on curve shortening flow’. Lecture notes. 2016.

R. Haslhofer and B. Kleiner. ‘Mean curvature flow with surgery’. In: Duke

Math. J. 166.9 (2017), pp. 1591-1626. DOI: 10.1215/00127094-0000008x.

J. Hattenschweiler. ‘Curve Shortening Flow in Higher Dimension’. ETH

Ziirich, 2015. DOI: 10.3929/ethz-a-010412094.


https://doi.org/10.1090/S0002-9947-2012-05632-7
https://doi.org/10.1090/S0002-9947-2012-05632-7
https://doi.org/10.4310/jdg/1214436922
https://doi.org/10.4310/jdg/1214436922
https://doi.org/10.4310/jdg/1214440433
https://doi.org/10.4310/jdg/1214440433
https://doi.org/10.4310/CAG.1993.v1.n1.a7
https://doi.org/10.4310/CAG.1993.v1.n1.a7
https://doi.org/10.1090/surv/130
https://doi.org/10.2307/2372053
https://doi.org/10.2307/2372053
https://doi.org/10.2307/2372293
https://doi.org/10.2307/2372293
https://doi.org/10.1215/00127094-0000008X
https://doi.org/10.3929/ethz-a-010412094

Bibliography

161

[Hel2]

[H6102]

[HW19)

[Huis4]

[Hui86]

[Huio0]

[Hui9s)

[HP99)]

[HS99a)]

S. He. Distance comparison principle and Grayson type theorem in the
three dimensional curve shortening flow. 24th Sept. 2012. arXiv: 1209.5146

[math].

F. Hélein. Harmonic maps, conservation laws and moving frames. Second
edition. Cambridge Tracts in Mathematics 150. Cambridge: Cambridge

University Press, 2002. DOI: 10.1017/cbo9780511543036.

O. Hershkovits and B. White. ‘Sharp entropy bounds for self-shrinkers in
mean curvature flow’. In: Geom. Topol. 23.3 (2019), pp. 1611-1619. DOI:

10.2140/gt.2019.23.1611.

G. Huisken. ‘Flow by mean curvature of convex surfaces into spheres’. In: J.
Differential Geom. 20.1 (1984), pp. 237-266. DOI: 10.4310/jdg/121443899

8.

G. Huisken. ‘Contracting convex hypersurfaces in Riemannian manifolds
by their mean curvature’. In: Invent. Math. 84.3 (1986), pp. 463-480. DOTI:

10.1007/p£01388742.

G. Huisken. ‘Asymptotic behavior for singularities of the mean curvature
flow’. In: J. Differential Geom. 31.1 (1990), pp. 285-299. DOI: 10.4310

/jdg/1214444099.

G. Huisken. ‘A distance comparison principle for evolving curves’. In: Asian

J. Math. 2.1 (1998), pp. 127-133. DOI: 10.4310/ajm.1998.v2.n1.a2.

G. Huisken and A. Polden. ‘Geometric evolution equations for hypersurfaces’.
In: Calculus of variations and geometric evolution problems (Cetraro, 1996).
Lecture Notes in Math. 1713. Berlin: Springer, 1999, pp. 45-84. DOI: 10.10

07/bfb0092669.

G. Huisken and C. Sinestrari. ‘Convexity estimates for mean curvature flow
and singularities of mean convex surfaces’. In: Acta Math. 183.1 (1999),

pp- 45-70. DOI: 10.1007/b£f02392946.


https://arxiv.org/abs/1209.5146
https://arxiv.org/abs/1209.5146
https://doi.org/10.1017/CBO9780511543036
https://doi.org/10.2140/gt.2019.23.1611
https://doi.org/10.4310/jdg/1214438998
https://doi.org/10.4310/jdg/1214438998
https://doi.org/10.1007/BF01388742
https://doi.org/10.4310/jdg/1214444099
https://doi.org/10.4310/jdg/1214444099
https://doi.org/10.4310/AJM.1998.v2.n1.a2
https://doi.org/10.1007/BFb0092669
https://doi.org/10.1007/BFb0092669
https://doi.org/10.1007/BF02392946

Bibliography 162

[HS99b] G. Huisken and C. Sinestrari. ‘Mean curvature flow singularities for mean
convex surfaces’. In: Calc. Var. Partial Differential Equations 8.1 (1999),

pp- 1-14. por: 10.1007/s005260050113.

[HS09] G. Huisken and C. Sinestrari. ‘Mean curvature flow with surgeries of two-
convex hypersurfaces’. In: Invent. Math. 175.1 (2009), pp. 137-221. DOI:

10.1007/s00222-008-0148-4.

[MIm92] T. Ilmanen. ‘Generalized flow of sets by mean curvature on a manifold’. In:
Indiana Univ. Math. J. 41.3 (1992), pp. 671-705. poI: 10.1512/iumj.1992

.41.41036.

[Jan26] M. Janet. ‘Sur la possibilité de plonger un espace riemannien donné dans

un espace euclidien’. In: Ann. Soc. Polon. Math. 5 (1926), pp. 38-43.

[Jos11] J. Jost. Riemannian geometry and geometric analysis. Sixth edition. Uni-

versitext. Heidelberg: Springer, 2011. DOI: 10.1007/978-3-642-21298-7.

[KZ18] D. Ketover and X. Zhou. ‘Entropy of closed surfaces and min-max theory’.
In: J. Differential Geom. 110.1 (2018), pp. 31-71. po1: 10.4310/jdg/15362

85626.

[Khal5] G. Khan. A Condition Ensuring Spatial Curves Develop Type-1I Singularities

Under Curve Shortening Flow. 15th Dec. 2015. arXiv: 1209.4072 [math].

[Kui55] N. H. Kuiper. ‘On C'-isometric imbeddings I, IT’. In: Indag. Math. 17 (1955),
pp. 545-556, 683-689.

[Lan85] J. Langer. ‘A compactness theorem for surfaces with L,-bounded second
fundamental form’. In: Math. Ann. 270.2 (1985), pp. 223-234. DOI: 10.100

7/b£01456183.

[Lanl7] M. Langford. ‘A general pinching principle for mean curvature flow and
applications’. In: Cale. Var. Partial Differential Equations 56.4 (2017), Paper

No. 107, 31. po1: 10.1007/s00526-017-1193~-x.


https://doi.org/10.1007/s005260050113
https://doi.org/10.1007/s00222-008-0148-4
https://doi.org/10.1512/iumj.1992.41.41036
https://doi.org/10.1512/iumj.1992.41.41036
https://doi.org/10.1007/978-3-642-21298-7
https://doi.org/10.4310/jdg/1536285626
https://doi.org/10.4310/jdg/1536285626
https://arxiv.org/abs/1209.4072
https://doi.org/10.1007/BF01456183
https://doi.org/10.1007/BF01456183
https://doi.org/10.1007/s00526-017-1193-x

Bibliography 163

[LN20a] M. Langford and H. T. Nguyen. Quadratically pinched hypersurfaces of
the sphere via mean curvature flow with surgery. 14th June 2020. arXiv:

2006.08049 [math].

[LR18] P. Laurain and T. Riviere. ‘Optimal estimate for the gradient of Green’s
function on degenerating surfaces and applications’. In: Comm. Anal. Geom.

26.4 (2018), pp. 887-913. pOI: 10.4310/cag.2018.v26.n4.a7.

[Li19] S. Li. ‘Weak Rigidity and Stability Phenomena in Physics and Engineering

via Geometric Compensated Compactness Theorems’. 2019.

[Li20] S. Li. ‘A remark on the non-compactness of W2?-immersions of d-dimen-
sional hypersurfaces’. In: Proc. Amer. Math. Soc. 148.5 (2020), pp. 2245

2255. DOI: 10.1090/proc/14710.

[Lit21] F. Litzinger. ‘Optimal Regularity for Two-Dimensional Pfaffian Systems
and the Fundamental Theorem of Surface Theory’. In: J. Geom. Anal. 31.3

(2021), pp. 2594-2610. DOI: 10.1007/512220-020-00367-5.

[LN20b] S. Lynch and H. T. Nguyen. Convezity Estimates for High Codimension

Mean Curvature Flow. 9th June 2020. arXiv: 2006.05227 [math].

[MCO7] L. Ma and D. Chen. ‘Curve shortening in a Riemannian manifold’. In: Ann.
Mat. Pura Appl. (4) 186.4 (2007), pp. 663-684. DOI: 10.1007/s10231-006-

0025-7y.

[Man11] C. Mantegazza. Lecture notes on mean curvature flow. Progress in Mathem-

atics 290. Basel: Birkhauser, 2011. DoI: 10.1007/978-3-0348-0145-4.

[Mar03a] C. Mardare. ‘On the recovery of a manifold with prescribed metric tensor’.
In: Anal. Appl. (Singap.) 1.4 (2003), pp. 433-453. DOI: 10.1142/s0219530

503000235.

[Mar03b] S. Mardare. ‘The fundamental theorem of surface theory for surfaces with
little regularity’. In: J. Elasticity 73.1-3 (2003), 251-290 (2004). por: 10.10

23/b:elas.0000029986.60986.8c.


https://arxiv.org/abs/2006.08049
https://doi.org/10.4310/CAG.2018.v26.n4.a7
https://doi.org/10.1090/proc/14710
https://doi.org/10.1007/s12220-020-00367-5
https://arxiv.org/abs/2006.05227
https://doi.org/10.1007/s10231-006-0025-y
https://doi.org/10.1007/s10231-006-0025-y
https://doi.org/10.1007/978-3-0348-0145-4
https://doi.org/10.1142/S0219530503000235
https://doi.org/10.1142/S0219530503000235
https://doi.org/10.1023/B:ELAS.0000029986.60986.8c
https://doi.org/10.1023/B:ELAS.0000029986.60986.8c

Bibliography 164

[Mar04] S. Mardare. ‘On isometric immersions of a Riemannian space with little
regularity’. In: Anal. Appl. (Singap.) 2.3 (2004), pp. 193-226. pOI: 10.1142

/s0219530504000357.

[Mar05] S. Mardare. ‘On Pfaff systems with LP coefficients and their applications in
differential geometry’. In: J. Math. Pures Appl. (9) 84.12 (2005), pp. 1659

1692. pDOI: 10.1016/j.matpur.2005.08.002.

[Mar07] S. Mardare. ‘On systems of first order linear partial differential equations
with LP coefficients’. In: Adv. Differential Equations 12.3 (2007), pp. 301—

360.

[Mar08] S. Mardare. ‘On Poincaré and de Rham’s theorems’. In: Rev. Roumaine

Math. Pures Appl. 53.5-6 (2008), pp. 523-541.

[MB20] J. Minarcik and M. Benes. ‘Long-term behavior of curve shortening flow in
R%. In: SIAM J. Math. Anal. 52.2 (2020), pp. 1221-1231. poI: 10.1137/19

m1248522.

MW21] A. Mramor and S. Wang. ‘Low entropy and the mean curvature flow with
surgery’. In: Calc. Var. Partial Differential Equations 60.3 (2021), p. 96.

DOI: 10.1007/s00526-021-01947-1.

[MS09] F. Miiller and A. Schikorra. ‘Boundary regularity via Uhlenbeck-Riviere
decomposition’. In: Analysis (Munich) 29.2 (2009), pp. 199-220. por: 10.15

24/anly.2009.1025.

[M1il90] S. Miiller. ‘Higher integrability of determinants and weak convergence in L.
In: J. Reine Angew. Math. 412 (1990), pp. 20-34. pOI: 10.1515/cr11.1990

.412.20.

[Mur78] F. Murat. ‘Compacité par compensation’. In: Ann. Scuola Norm. Sup. Pisa

Cl. Sci. (4) 5.3 (1978), pp. 489-507.


https://doi.org/10.1142/S0219530504000357
https://doi.org/10.1142/S0219530504000357
https://doi.org/10.1016/j.matpur.2005.08.002
https://doi.org/10.1137/19M1248522
https://doi.org/10.1137/19M1248522
https://doi.org/10.1007/s00526-021-01947-1
https://doi.org/10.1524/anly.2009.1025
https://doi.org/10.1524/anly.2009.1025
https://doi.org/10.1515/crll.1990.412.20
https://doi.org/10.1515/crll.1990.412.20

Bibliography 165

[Mur79] F. Murat. ‘Compacité par compensation. II’. In: Proceedings of the Inter-
national Meeting on Recent Methods in Nonlinear Analysis (Rome, 1978).
Bologna: Pitagora, 1979, pp. 245-256.

[Mur81] F. Murat. ‘Compacité par compensation: condition nécessaire et suffisante
de continuité faible sous une hypothese de rang constant’. In: Ann. Scuola

Norm. Sup. Pisa Cl. Sci. (4) 8.1 (1981), pp. 69-102.

[NasH4] J. Nash. ‘C! isometric imbeddings’. In: Ann. of Math. (2) 60 (1954), pp. 383—

396. DOI: 10.2307/1969840

[Nas56] J. Nash. ‘The imbedding problem for Riemannian manifolds’. In: Ann. of

Math. (2) 63 (1956), pp. 20-63. DOI: 10.2307/1969989.

[Ngul§] H. T. Nguyen. Cylindrical Estimates for High Codimension Mean Curvature

Flow. 30th May 2018. arXiv: 1805.11808 [math].

[Ngu20] H. T. Nguyen. High Codimension Mean Curvature Flow with Surgery.

17th Apr. 2020. arXiv: 2004.07163 [math].

[Per03] G. Perelman. Finite extinction time for the solutions to the Ricci flow on

certain three-manifolds. 17th July 2003. arXiv: math/0307245.

[Riv07] T. Riviere. ‘Conservation laws for conformally invariant variational problems’.
In: Invent. Math. 168.1 (2007), pp. 1-22. DOI: 10.1007/s00222-006-0023~

0.

[Riv14] T. Riviere. ‘Variational principles for immersed surfaces with L?-bounded
second fundamental form’. In: J. Reine Angew. Math. 695 (2014), pp. 41-98.

DOI: 10.1515/crelle-2012-0106.

[Riv16] T. Riviere. ‘Weak immersions of surfaces with L?-bounded second fun-
damental form’. In: Geometric analysis. IAS/Park City Math. Ser. 22.
Providence, RI: American Mathematical Society, 2016, pp. 303—-384. DOI:

10.1090/pcms/022/07.


https://doi.org/10.2307/1969840
https://doi.org/10.2307/1969989
https://arxiv.org/abs/1805.11808
https://arxiv.org/abs/2004.07163
https://arxiv.org/abs/math/0307245
https://doi.org/10.1007/s00222-006-0023-0
https://doi.org/10.1007/s00222-006-0023-0
https://doi.org/10.1515/crelle-2012-0106
https://doi.org/10.1090/pcms/022/07

Bibliography 166

[Sch10] A. Schikorra. ‘A remark on gauge transformations and the moving frame
method’. In: Ann. Inst. H. Poincaré Anal. Non Linéaire 27.2 (2010), pp. 503—

515. DOI: 10.1016/j.anihpc.2009.09.004.

[SchT71] L. Schlafli. ‘Nota alla Memoria del sig. Beltrami, « Sugli spazii di curvatura
costante »’. In: Ann. Mat. Pura Appl. 5.1 (1871), pp. 178-193. pO1: 10.100

7/0£02419733.

[Sch14] F. Schulze. ‘Uniqueness of compact tangent flows in mean curvature flow’.

In: J. Reine Angew. Math. 690 (2014), pp. 163-172. pOI: 10.1515/crelle-

2012-0070.
[Sch17] F. Schulze. ‘Introduction to Mean Curvature Flow’. Lecture notes. 2017.
[Sem94] S. Semmes. ‘A primer on Hardy spaces, and some remarks on a theorem of

Evans and Miller’. In: Comm. Partial Differential Equations 19.1-2 (1994),

pp- 277-319. po1: 10.1080/03605309408821017.

[Smo05] K. Smoczyk. ‘Self-shrinkers of the mean curvature flow in arbitrary codi-
mension’. In: Int. Math. Res. Not. 48 (2005), pp. 2983-3004. pO1: 10.1155

/imrn.2005.2983.

[Smol2] K. Smoczyk. ‘Mean curvature flow in higher codimension: introduction and
survey’. In: Global differential geometry. Springer Proc. Math. 17. Heidelberg:

Springer, 2012, pp. 231-274. DOI: 10.1007/978-3-642-22842-1_9.

[Spi99a] M. Spivak. A comprehensive introduction to differential geometry. Third
edition. Vol. 2. Houston, TX: Publish or Perish, 1999.

[Spi99b] M. Spivak. A comprehensive introduction to differential geometry. Third
edition. Vol. 4. Houston, TX: Publish or Perish, 1999.

[Sto94] A. Stone. ‘A density function and the structure of singularities of the mean
curvature flow’. In: Calec. Var. Partial Differential Equations 2.4 (1994),

pp. 443-480. DOI: 10.1007/b£01192093.


https://doi.org/10.1016/j.anihpc.2009.09.004
https://doi.org/10.1007/BF02419733
https://doi.org/10.1007/BF02419733
https://doi.org/10.1515/crelle-2012-0070
https://doi.org/10.1515/crelle-2012-0070
https://doi.org/10.1080/03605309408821017
https://doi.org/10.1155/IMRN.2005.2983
https://doi.org/10.1155/IMRN.2005.2983
https://doi.org/10.1007/978-3-642-22842-1_9
https://doi.org/10.1007/BF01192093

Bibliography 167

[Sz008] M. Szopos. ‘An existence and uniqueness result for isometric immersions
with little regularity’. In: Rev. Roumaine Math. Pures Appl. 53.5-6 (2008),

pp. 555-565.

[Tar79] L. Tartar. ‘Compensated compactness and applications to partial differential
equations’. In: Nonlinear analysis and mechanics: Heriot- Watt Symposium.

Vol. IV. Res. Notes in Math. 39. Boston, MA: Pitman, 1979, pp. 136-212.

[Tar83] L. Tartar. ‘The compensated compactness method applied to systems of
conservation laws’. In: Systems of nonlinear partial differential equations
(Ozford, 1982). NATO Adv. Sci. Inst. Ser. C Math. Phys. Sci. 111. Dordrecht:

Reidel, 1983, pp. 263-285. DOI: 10.1007/978-94-009-7189-9_13.

[Tar85] L. Tartar. ‘Remarks on oscillations and Stokes’ equation’. In: Macroscopic
modelling of turbulent flows (Nice, 1984 ). Lecture Notes in Phys. 230. Berlin:

Springer, 1985, pp. 24-31. DOI: 10.1007/3-540-15644-5_3.

[Ten71] K. Tenenblat. ‘On isometric immersions of Riemannian manifolds’. In: Bol.

Soc. Brasil. Mat. 2.2 (1971), pp. 23-36. DOI: 10.1007/bf02584682.

[Tho34] T. Y. Thomas. ‘Systems of total differential equations defined over simply
connected domains’. In: Ann. of Math. (2) 35.4 (1934), pp. 730-734. DOL:

10.2307/1968488.

[Tor94] T. Toro. ‘Surfaces with generalized second fundamental form in L? are
Lipschitz manifolds’. In: J. Differential Geom. 39.1 (1994), pp. 65-101. DOIL:

10.4310/jdg/1214454677.

[Uhl82] K. K. Uhlenbeck. ‘Connections with LP bounds on curvature’. In: Comm.

Math. Phys. 83.1 (1982), pp. 31-42.

[Wan20] S. Wang. ‘Round spheres are Hausdorff stable under small perturbation of
entropy’. In: J. Reine Angew. Math. 758 (2020), pp. 261-280. poI: 10.1515

/crelle-2017-0055.


https://doi.org/10.1007/978-94-009-7189-9_13
https://doi.org/10.1007/3-540-15644-5_3
https://doi.org/10.1007/BF02584682
https://doi.org/10.2307/1968488
https://doi.org/10.4310/jdg/1214454677
https://doi.org/10.1515/crelle-2017-0055
https://doi.org/10.1515/crelle-2017-0055

Bibliography 168

[Wan02] M.-T. Wang. ‘Long-time existence and convergence of graphic mean curva-
ture flow in arbitrary codimension’. In: Invent. Math. 148.3 (2002), pp. 525—

543. por: 10.1007/s002220100201.

[Wan08] M.-T. Wang. ‘Lectures on mean curvature flows in higher codimensions’.
In: Handbook of geometric analysis. No. 1. Adv. Lect. Math. (ALM) 7.
Somerville, MA: Int. Press, 2008, pp. 525-543.

[Weh04] K. Wehrheim. Uhlenbeck compactness. EMS Series of Lectures in Mathem-

atics. Ziirich: European Mathematical Society, 2004. DOI: 10.4171/004.

[Wen69] H. C. Wente. ‘An existence theorem for surfaces of constant mean curvature’.
In: J. Math. Anal. Appl. 26 (1969), pp. 318-344. DOI: 10.1016/0022-247

x(69)90156-5.

[WenT5] H. C. Wente. ‘The differential equation Az = 2H (2, A x,) with vanishing
boundary values’. In: Proc. Amer. Math. Soc. 50 (1975), pp. 131-137. DOT:

10.2307/2040528.

[Wen80] H. C. Wente. ‘Large solutions to the volume constrained Plateau problem’.
In: Arch. Rational Mech. Anal. 75.1 (1980-81), pp. 59-77. bOIL: 10.1007

/b£00284621.

[Whi05] B. White. ‘A local regularity theorem for mean curvature flow’. In: Ann. of
Math. (2) 161.3 (2005), pp. 1487-1519. DOI: 10.4007/annals.2005.161.1

487.

[Whil5] B. White. ‘Topics in mean curvature flow’. Lecture notes by Otis Chodosh.

2015.

[Whi44a]  H. Whitney. ‘The self-intersections of a smooth n-manifold in 2n-space’. In:
Ann. of Math. (2) 45 (1944), pp. 220-246. DOI: 10.2307/1969265.

[Whi44b] H. Whitney. ‘The singularities of a smooth n-manifold in (2n — 1)-space’.
In: Ann. of Math. (2) 45 (1944), pp. 247-293. DOI: 10.2307/1969266.


https://doi.org/10.1007/s002220100201
https://doi.org/10.4171/004
https://doi.org/10.1016/0022-247X(69)90156-5
https://doi.org/10.1016/0022-247X(69)90156-5
https://doi.org/10.2307/2040528
https://doi.org/10.1007/BF00284621
https://doi.org/10.1007/BF00284621
https://doi.org/10.4007/annals.2005.161.1487
https://doi.org/10.4007/annals.2005.161.1487
https://doi.org/10.2307/1969265
https://doi.org/10.2307/1969266

Bibliography 169

[YJO5] Y. Y. Yang and X. X. Jiao. ‘Curve shortening flow in arbitrary dimensional
Euclidian space’. In: Acta Math. Sin. (Engl. Ser.) 21.4 (2005), pp. 715-722.

DOI: 10.1007/510114-004-0426-z.

[Zhu20] J. J. Zhu. ‘On the entropy of closed hypersurfaces and singular self-shrinkers’.
In: J. Differential Geom. 114.3 (2020), pp. 551-593. pOI: 10.4310/jdg/158

3377215.

[Zhu02] X.-P. Zhu. Lectures on mean curvature flows. AMS/IP Studies in Advanced
Mathematics 32. Providence, RI; Somerville, MA: American Mathematical

Society; International Press, 2002. DOI: 10.1090/amsip/032.


https://doi.org/10.1007/s10114-004-0426-z
https://doi.org/10.4310/jdg/1583377215
https://doi.org/10.4310/jdg/1583377215
https://doi.org/10.1090/amsip/032

	Abstract
	Acknowledgements
	Introduction
	Historical overview
	Main results
	Outline of the thesis
	General notation

	I Exterior differential systems
	Cartan geometry
	Orthonormal frames
	The Cartan structure equations
	The Maurer–Cartan form

	Compensated compactness theory
	Wente's inequality
	Uhlenbeck–Rivière decomposition

	Regularity theory for two-dimensional Pfaffian systems
	Moving frames for hypersurfaces
	Smooth theory and previous regularity results
	Pfaffian systems
	Frobenius' theorem
	The fundamental theorem of surface theory
	Regularity theory

	Optimal regularity theorem
	Application to surfaces
	Derivation of antisymmetric coefficients
	Regularity of coefficients
	Optimal regularity for the fundamental theorem
	Equivalence of compatibility conditions

	Weak compactness theorem


	II Extrinsic curvature flows
	Geometry of submanifolds
	Submanifolds of arbitrary codimension
	The hypersurface case
	Curves in R^n

	Curve shortening and mean curvature flow
	Evolution equations
	Existence and uniqueness
	Classification of singularities
	The monotonicity formula
	The entropy functional

	Convexity and cylindrical estimates for k-convex mean curvature flow
	Huisken–Sinestrari's surgery procedure
	Poincaré-type inequality
	Cylindrical estimate
	Convexity estimate in the 2-convex case

	Singularity analysis for high codimension curve shortening flow
	Curve shortening flow in any codimension
	Blow-up limits
	Type-I singularities
	Type-II singularities

	Convergence analysis

	Bibliography


