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Abstract

Extended Field Theories (ExFTs) include Double Field Theory (DFT) and Exceptional
Field Theory, which are respectively the T- and U-duality covariant formulations of the
supergravity limit of String Theory and M-theory. Extended Field Theories do not live
on spacetime, but on an extended spacetime, locally modelled on the space underlying
the fundamental representation of the duality group. Despite its importance in M-theory,
however, the global understanding of Extended Field Theories is still an open problem.
In this thesis we propose a global geometric formulation of Extended Field Theory. Recall
that ordinary Kaluza-Klein theory unifies a metric with a gauge field on a principal
bundle. We propose a generalisation of the Kaluza-Klein principle which unifies a metric
and a higher gauge field on a principal infinity-bundle. This is achieved by introducing an
atlas for the principal infinity-bundle, whose local charts can be naturally identified with
the ones of Extended Field Theory. Thus, DFT is interpreted as a higher Kaluza-Klein
theory set on the total space of a bundle gerbe underlying Kalb-Ramond field.
As first application, we define the higher Kaluza-Klein monopole by naturally generalising
the ordinary Gross-Perry monopole. Then we show that this monopole is exactly the
NS5-brane of String Theory.
Secondly, we show that our higher geometric formulation gives automatically rise to global
abelian T-duality and global Poisson-Lie T-duality. In particular, we globally recover
the abelian T-fold and we define the notion of Poisson-Lie T-fold.
Crucially, we will investigate the global geometric formulation of tensor hierarchies and
gauged supergravity. In particular, we will provide a global formulation of generalised
Scherk-Schwarz reductions and we will discuss the global non-geometric properties
of tensor hierarchies.
Finally, we explore the T-duality covariant geometric quantisation of DFT by transgressing
its underlying bundle gerbe to a U(1)-bundle on the loop space of its base manifold.
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The supreme task of the physicist is the discovery of
the most general elementary laws from which the world-
picture can be deduced logically.
But there is no logical way to the discovery of these
elemental laws.
There is only the way of intuition, which is helped by a
feeling for the order lying behind the appearance, and this
Einfühlung [literally: ‘feeling one’s way in’] is developed
by experience.

— Albert Einstein, Preface to Where is Science Going?
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1.1 String Theory and duality

String Theory is our most promising theory of quantum gravity and, even more inter-
estingly, of unification of the fundamental forces. The core idea of String Theory is to
replace the worldlines of the various species of particles from particle physics by the
worldsheets of spinning strings. Such a worldsheet is an Euclidean Riemann surface,
equipped with a 2d superconformal field theory. The spectrum of excitations of the
spinning string reproduces the properties of the ordinary particles.

One of the most characteristic and fascinating features of String Theory is the natural
appearance of a particular kind of duality, T-duality, which follows from the extended
nature of the string, in contrast to the infinitesimal size of a particle. This additional,
hidden symmetry of the theory has the potential to revolutionise our perspective on physics.
T-duality, in fact, implies that different spacetimes, populated by seemingly different fields,
are actually different faces of the same fundamental physics. We have barely scratched
the surface, but what the existence of T-duality suggests is that our familiar notion

2
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Figure 1.1: Worldlines of particles are replaced by a worldsheets in String Theory.

of spacetime must irredeemably break down close to the string scale. The immediate
consequence is that the geometry on which our current understanding of spacetime is based
needs to be revolutionised to take into account the quantum effects at the string scale.

1.1.1 T-duality

In this subsection we will concretely introduce T-duality on the circle, with a perspective
inspired by [Del+99].

Let us consider a σ-model on a 2-dimensional worldsheet Σ equipped with a worldsheet
metric h, which allows to define the Hodge operator ?. Let the target space be a circle
S1. We define over this surface a scalar field

φ : Σ −→ S1 = R/2πZ (1.1.1)

that represents the position of a string on the circle. The action of this σ-model will be

S[φ] = R2

4π

∫
Σ

dφ ∧ ?dφ (1.1.2)

that determines the classical equations of motion d ? dφ = 0. Now we want to define a
more general theory that can be reduced to this one. Let us consider a trivial S1-bundle
on Σ equipped with a connection A and define a covariant derivative DAφ := dφ + A.
For the new theory we start with the action

S′[φ,A] = R2

4π

∫
Σ
DAφ ∧ ?DAφ, (1.1.3)

but we note that there is not a mechanism that imposes A = 0 to recover the original
action. Since the bundle is trivial we can globally define a curvature as FA = dA and
add another term to the action (1.1.3):

S[φ,A, φ̃] = R2

4π

∫
Σ
DAφ ∧ ?DAφ+ 1

2π

∫
Σ
φ̃F, (1.1.4)

where φ̃ is a new auxiliary field φ̃ : Σ→ S1. The action S[φ,A, φ̃] is equivalent to S[φ].
This can by easily shown by integrating out the extra fields φ̃, which plays the role of a
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Lagrange multiplier. We would immediately obtain FA = 0, so that we can choose a gauge
where A = 0 and recover the original σ-model. However, we can make a different choice:
we can integrate out the gauge fields first and then choose a gauge so that the original field
vanishes, i.e. φ = 0. By following this prescription, we end up with the action functional

S̃[φ̃] = 1
4π

(
α′

R

)2∫
Σ

dφ̃ ∧ ?dφ̃ (1.1.5)

Thus, we end up with a σ-model of the same form but with a new radius R̃ := α′/R.
Schematically, we have the following relations:

S[φ,A, φ̃]

S[φ] S̃[φ̃].

integrate out φ̃
gauge fix A=0

integrate out A
gauge fix φ=0

T-duality

(1.1.6)

A quick inspection of the mass spectrum of our original string, together with the Level
Matching Condition, reveals that it is of the form

M2 =
(
n

R

)2
+
(
wR

α′

)2
+ 2
α′
(
N + Ñ − 2

)
,

N − Ñ = nw,

(1.1.7)

where n,w ∈ Z are respectively the quantum number of momentum and the winding
number of the σ-model on the circle, and N, Ñ ∈ Z are the left-moving and right-moving
oscillators. Notice that the spectrum (1.1.7) is invariant under the symmetry group
Z2 of transformations given as follows:

R 7−→ α′

R
,

n 7−→ w,

w 7−→ n.

(1.1.8)

Crucially, this transformation maps the data of a string S[φ] to the data of its T-dual S̃[φ̃].

1.1.2 Buscher’s rules

Let our target space M now be a general smooth manifold equipped with a metric g
and a Kalb-Ramond field, i.e. a local 2-form B. The Polyakov action which includes
the background fields (g,B) is the following functional:

S[X, g,B] = 1
4π

∫
Σ
gµνdXµ ∧ ?dXν + 1

4π

∫
Σ
X∗B, (1.1.9)

where X : Σ ↪−→ M is an embedding of the worldsheet Σ in the target space M
and X∗ is its pullback.

The second term of the action (1.1.9) is called Wess-Zumino action term, i.e.

SWZ[B] = 1
4π

∫
Σ
X∗B = 1

4π

∫
X(Σ)

B. (1.1.10)
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The Kalb-Ramond field B will be defined up to a gauge transformation B′ = B + dλ
for any 1-form λ, thus local 2-form B cannot generally be a globally-defined 2-form
field. However, the 3-form H := dB = dB′, known as the Kalb-Ramond field flux, is
well-defined everywhere. Thus we can use Stoke’s lemma and rewrite

SWZ[B] = 1
4π

∫
V

dX∗B = 1
4π

∫
V
X∗H, (1.1.11)

where V is a manifold such that its boundary is the worldsheet, i.e. ∂V = Σ. Since
there is not a unique manifold equipped with this property, this introduces an ambiguity.
Let us consider two manifolds V, V ′ with opposite orientations such that ∂V = ∂V ′ = Σ.
As observed by [Hul07c], we can define the functional

∆[H] := 1
4π

(∫
V
X∗H −

∫
V ′
X∗H

)
= 1

4π

∫
V−V ′

X∗H = 1
4π

∫
X(V−V ′)

H. (1.1.12)

This ambiguity in the definition of V cannot influence the classical equations of motion,
but we can investigate its effect on the quantum theory. In fact, if we consider the
partition function Z =

∫
DX exp i(SWZ[B] + ∆[H]), we must have that ∆[H] ∈ 2πZ is

an integer, because there cannot be dependence on the particular choice of 3-cycle. In
other words we obtain a generalisation of the Dirac quantisation condition

1
4π2

∫
c3
H ∈ Z (1.1.13)

for any choice of 3-cycle c3 ∈ H3(M,Z) on the target manifold M .

Let us now consider a target space of the form M := M0 × S1, where M0 is a smooth
manifold, and let us call X◦ : Σ −→ S1 the coordinate on the circle. Just like in the
case of the previous subsection, we can introduce the connection A of trivial S1-bundle
and gauge our σ-model action (1.1.9). Thus we obtain

S[X,A, X̃, g, B] = 1
4π

∫
Σ

(
gµνDAX

µ ∧ ?DAX
ν +BµνDAX

µ ∧DAX
ν
)

+ 1
2π

∫
Σ
X̃◦F,

where X̃◦ is the Lagrange multiplier. As usual, this action is equivalent to the action (1.1.9).
Similarly to the previous subsection, let us integrate out the gauge field A and then gauge
fix X◦ = 0. Buscher [Bus87; Bus88] observed that we end up with the action functional

S̃[X̃, g̃, B̃] = 1
4π

∫
Σ
g̃µνdX̃µ ∧ ?dX̃ν + 1

4π

∫
Σ
X̃∗B̃, (1.1.14)

which is of the same form of (1.1.9), but the new target space M̃ = M0 × S̃1 has a
different metric and Kalb-Ramond field. These new background fields will be given
by so-called Buscher’s rules [Bus87; Bus88], i.e.

g̃◦◦ = 1
g◦◦

,

g̃µ◦ = Bµ◦
g◦◦

,

g̃µν = gµν −
1
g◦◦

(
gµ◦gν◦ −Bµ◦Bν◦

)
,

B̃µ◦ = gµ◦
g◦◦

,

B̃µν = Bµν −
1
g◦◦

(
Bµ◦gν◦ − gµ◦Bν◦

)
.

(1.1.15)
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Notice that, under T-duality, metric and Kalb-Ramond field are mixed. This is an
intriguing suggestion that these two objects can be two faces of the same medal.

1.1.3 T-duality on the torus

Let us now consider a target space which is a torus M = Tn, with constant metric
g and constant Kalb-Ramond field B. Now, we can pack the momentum pµ and the
winding numbers wµ in a single 2n-dimensional vector

pM :=
(
wµ

nµ

)
. (1.1.16)

We can also define the following matrices:

GMN :=
(
gµν −BµλgλρBρν bµλg

λν

−gµλBλν gµν

)
, ηMN :=

(
0 1
1 0

)
, (1.1.17)

where we arranged together the metric g and the Kalb-Ramond field B. The mass
spectrum of our string and the Level Matching Condition can now be written by

M2 = pMHMNp
N + 2

α′
(N + Ñ − 2),

N − Ñ = 1
2p

MηMNp
N .

(1.1.18)

Let us define the group O(n, n;Z) as the group of (n × n)-matrices O which preserve
the matrix ηMN , i.e. such that OTηO = η. Notice that the mass spectrum is invariant
under the following transformations:

HMN 7→ OLMOPNHLP ,pN 7→ (O−1)MNpN , (1.1.19)

where O ∈ O(n, n;Z). Therefore, the T-duality symmetry group Z2 of the circle com-
pactification is generalised to the bigger group O(n, n;Z) of a n-toroidal compactification.
Notice that the Buscher’s rules (1.1.15) can be recovered by the O(n, n;Z)-transformation

OMN =


δµν 0 0 0
0 0 0 1
0 0 δνµ 0
0 1 0 0

 . (1.1.20)

1.1.4 Topological T-duality

T-duality on the torus target space can be naturally generalised to a principal Tn-bundle
target space. Crucially, T-duality is a global transformation of the string background,
which exchanges the first Chern class of the Tn-bundle with the cohomology class of
the Kalb-Ramond field.

The idea of topological T-duality [BEM04b; BEM04a; BHM04; BHM05] is to disregard
both the metric and the connection of the Tn-bundle and look at the underlying topological
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structure. A topological T-duality is, thus, a diagram of the following form:

M ×M0 M̃

Tn M M̃ Tn

M0

π
π̃

π π̃

(1.1.21)

where M and M̃ are principal Tn-bundles on a common base manifold M0 such that

c1(M̃) = π∗[H] ∈ H2(M,Z), c1(M) = π̃∗[H̃] ∈ H2(M,Z), (1.1.22)

where c1(−) denotes the first Chern class of a bundle, and π∗ and π̃∗ are the fibre
integration respectively of M and M̃ .

For example, let us consider a 3-sphere S3, seen as a Hopf fibration S3 � S2 with
c1(S3) = 1, with a trivial Kalb-Ramond charge 0 ∈ H3(S3,Z). Its T-dual will immediately
be an S1-bundle with c1(M̃) = 0, i.e. a trivial M̃ = S2 × S1, with Kalb-Ramond
charge 1 ∈ H3(S2 × S1,Z).

h = 1h = 0

S3 S2 × S1

Figure 1.2: Example of topology change under T-duality, together with Kalb-Ramond charge.

1.1.5 Extended Field Theory

An Extended Field Theory (ExFT) is a field theory which makes string dualities
manifest symmetries. Such field theories do not live on spacetime, but on an extended
spacetime, which is, at least locally, the space underlying the fundamental representation
of the duality group. This framework includes Double Field Theory (DFT) and the
Exceptional Field Theories, which are supergravity theories with respectively manifest
T-duality and U-duality.

Double Field Theory (DFT) was formulated by [HZ09] and seminal work can be traced
back to [Sie93a; Sie93b]. DFT is the T-duality covariant formulation of the universal
bosonic sector of the supergravity limit of closed String Theory. The T-duality covariant
field content of DFT live on a doubled-dimensional coordinate chart, which one can
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interpret as the fibre product of a spacetime chart with its T-dual. However, the fields
of DFT are constrained to depend only on half of the coordinates, to avoid unphysical
degrees of freedom. This condition is usually known as strong constraint.

Crucially, on doubled charts, DFT geometrises automatically not just T-duality but also
the local gauge transformations of the Kalb-Ramond field, two distinct and apparently
unrelated features of String Theory at once. The fact that doubling coordinates allows
to describe the gauge transformations of the Kalb-Ramond field and T-duality at the
same time is a strong hint of a bigger unification principle underlying. In this sense it
has been suggested, e.g. see [JLP11; HLZ13; Ber+14], that the geometry underlying
DFT should be thought as a new stringy geometry, which is for strings what Riemannian
geometry is for usual point-particles.

More recently, Exceptional Field Theory was defined by [HS13a] as a generalisation of
the framework of DFT to the bosonic sector of 11d Supergravity and by embedding the
T-duality group in the larger U-duality group of M-theory.

However, despite its importance in String Theory, the globalisation of Extended Geometry
is still an open problem, both in Doubled Field Theory and in Exceptional Field Theory.
Since T-duality is a global transformation, this poses a problem.

1.2 Higher geometry and String Theory

Since the discovery of General Relativity, geometry has become a privileged means to the
conceptual understanding of the fundamental structures underlying Nature, where the use
of physical intuition becomes difficult. Over the last 15 years, the geometry underlying
the Kalb-Ramond field has been clarified and identified with a bundle gerbe, a concept
originally introduced by [Mur96; MS00], which generalises the idea of principal bundle.
See [Mur07] for an introduction. The idea of bundle gerbe was reformulated by [Hit01]
and recently generalised by [NSS15] to the notion of principal ∞-bundle.

A principal∞-bundle is a structure which generalised a principal bundle to the case where
the structure group is a Lie∞-group, Such an algebraic object encodes not only symmetries,
but also symmetries of symmetries and so on. Thus, a Kalb-Ramond field can be globally
formulated as the connection of a principal ∞-bundle. This means that the local 2-forms
B(α) ∈ Ω2(Uα) are patched by local 1-form gauge transformations Λ(αβ) ∈ Ω1(Uα ∩ Uβ)
which are themselves patched by scalar gauge transformations G(αβγ) ∈ C∞(Uα ∩Uβ ∩Uγ)
satisfying the cocycle condition on four-fold overlaps of patches. Therefore the patching
conditions of the differential local data of the Kalb-Ramond field can be summed up by

H = dB(α),

B(β) −B(α) = dΛ(αβ),

Λ(αβ) + Λ(βγ) + Λ(γα) = dG(αβγ),

G(αβγ) −G(βγδ) +G(γδα) −G(δαβ) ∈ 2πZ.

(1.2.1)

The bundle gerbes can be equipped with a natural generalisation of parallel transport
which will be along surfaces, instead of curves. This corresponds exactly to the Wess-
Zumino action term, which is given by the coupling of the worldsheet of the string with
the Kalb-Ramond field in the target space.
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More generally, principal ∞-bundles are the natural framework to deal with higher
gauge theories [BH11], which are the globally-defined theories whose fields are locally
given by differential n-forms. For example, higher gauge theory has been used by [SS18;
Sae19; SS19a] to formulate a 6d superconformal field theory which is a promising step
in developing a M5-brane worldvolume theory.

Higher geometry has also been used to formulate higher prequantisation: the generalisation
of geometric quantisation from ordinary particles to string and branes. This field of
research can be traced back to the idea of quantisation of n-plectic manifolds in [Rog11;
SS11b; Rog13] and of loop spaces in [SS11a]. The powerful formalism of higher stacks
allowed to further generalise the theory in [SS13; FSS15a; Sch16; FRS16; BSS17; BS17;
BMS19]. Moreover, the L∞-algebras naturally appearing in higher geometry have been
revealed to naturally encompass BV–BRST formalism for quantisation of field theories in
[Pau14; Jur+19a; Jur+19b; DJP19; Jur+20b; Jur+20a]. Other properties of field theories
related to higher Lie algebras have been explored by [HZ17; Hoh+18; BH19a; BH19b].

Higher geometry has been also successfully applied to the underlying geometry of M-
theory by [FSS14a; FSS15c; FSS19a; FSS19b; BSS19; HSS19]. In these references the
topological and differential structure of M-theory is investigated, until remarkably a
proposal for the generalised cohomology theory that charge-quantises the supergravity
C-field is made (known as Hypothesis H ) by [FSS19d]. This idea was further explored
by [BSS18; SS19b; FSS19c; FSS20b; SS20; SS21].

Significantly, the research in nonassociative physics, which emerges from open String
Theory, has been linked not only to non-geometric fluxes [MSS14; MSS13; AS15], but
also to higher geometry [BSS14; BSS16a; BSS16b; ADS18; Sza18]. Finally, higher
geometry provides a natural framework for Algebraic Quantum Field Theory [BSW19;
Mat+20; BBS19; BS19; Ben+21]

1.2.1 Higher geometry and T-duality

Remarkably, higher geometry has been identified as the natural framework to study
T-duality. This has been formalised by [BN15; FSS17a; FSS17b; FSS18a; FSS18b; NW19]
in terms of an isomorphism of a pair bundle gerbes geometrically encoding a Kalb-Ramond
field and its T-dual. Let us consider two principal Tn-bundle spacetimes M π−→M0 and
M̃

π̃−→M0 on a common base manifold M0. In the references, a couple of bundle gerbes
G

Π−→ M and G̃
Π̃−→ M̃ , formalising two Kalb-Ramond fields respectively on M and M̃ ,
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are T-dual if the following isomorphism exists:

G ×M0 M̃ M ×M0 G̃

G M ×M0 M̃ G̃

M M̃

M0

∼=
T-duality

Ππ̃ πΠ̃

Π π
π̃ Π̃

π π̃

(1.2.2)

In the references it is shown that this induces an isomorphism between the twisted
cohomology theory of D-branes of Type IIA and of Type IIB String Theory, which is
closely connected with twisted K-theory.

Moreover, notice that the diagram above can be seen as the finite version of the T-duality
diagram of Courant algebroids appearing in [CG11]. In fact, the Courant algebroid
appearing in generalised geometry [Gua11] has been understood as a higher Atiyah
algebroid for the bundle gerbe [Col11; Rog13]. Supergravity can be naturally formulated
in terms of generalised geometry by [Hul07b; PW08; Gra+09; CSW11; CSW14] and
T-duality, as shown by [CG11], can be easily formalised.

At this point, is not so surprising that research in DFT has been affected by these
new geometric ideas. It was noticed by [BCP14] that the doubled metric of DFT,
to actually geometrise the Kalb-Ramond field, must carry a bundle gerbe structure
and have non-trivial local data three-fold overlaps. These arguments lead to the idea
that a finite well-defined DFT geometry must be constructed in the context of higher
geometry. Moreover, [DS18] proposed for DFT a formalism rooted in L∞-algebroids,
which was generalised to Heterotic DFT by [DHS18] and, then, applied to the particular
case of nilmanifolds by [DS19]. This successful idea was also translated to Exceptional
Field Theory by [Arv18; Arv21]. Independently, [HS19; BH19b] showed that the gauge
structure of the infinitesimal generalised diffeomorphisms of DFT has a L∞-algebra
structure. Moreover, many interesting works relate DFT in the worldvolume perspective
to L∞-algebras [Cha+19; GJ20c; GJ20a; GJ20b; Cha+19].

1.3 Outline of this Thesis

The main goal of this thesis is to develop a globally well-defined formalisation for Double
Field Theory and to generalise it to the other Extended Field Theories. Secondly, we want
to derive globally-defined compactifications of Double Field Theory from our formalisation.
In particular, we will derive a global formulation of tensor hierarchies.
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Chapter 2 briefly reviews the main features of Double Field Theory and Exceptional
Field Theory whose formalisation is the aim of this thesis. Particular focus will be given
to the problem of the underlying global geometry.

Chapter 3 will provide an introduction to higher geometry, which is aimed to make
the thesis self-contained. In particular, we will introduce the notion of ∞-groupoid
and its relation to the notion of L∞-algebra via ∞-Lie theory. We will also introduce
stacks and a notion of atlas for stacks. Moreover, we will review the theory of principal
∞-bundles and twisted ∞-bundles, with particular focus on bundle gerbes. Finally, we
will discuss some applications to String Theory.

Chapter 4 we will review the main proposals of formalisation of the geometry underlying
Double Field Theory and we will interpret them in the light of higher geometry.

Chapter 5 and 6 are the core of the thesis. In chapter 5 we develop a formalisation of
Double Field Theory as a higher Kaluza-Klein theory, i.e. a generalisation of Kaluza-Klein
theory which lives on a principal ∞-bundle, instead of an ordinary principal bundle. In
the light of this formalisation, Double Field Theory can be seen as a field theory on
the total space of a bundle gerbe. The usual coordinate description of Double Field
Theory is naturally recovered by introducing an atlas for the bundle gerbe, which is
naturally made up of doubled coordinate charts.

Chapter 6 will derive T-duality from the proposed formalisation of Double Field Theory.
This will include abelian T-duality, both geometric and non-geometric, non-abelian T-
duality and Poisson-Lie T-duality. We will also use this formalisation to propose a
global definition of non-abelian T-fold and Poisson-Lie T-fold. Moreover, we will derive a
globally-defined notion of tensor hierarchy and we will discuss its topological properties.

Chapter 7 will make some steps in generalising or formalism for Double Field Theory to
the general class of Extended Field Theories. In particular we will study the local chart
description of the extended spaces of heterotic Double Field Theory, Type II super-Double
Field Theory, Exceptional Field Theory and super-Exceptional Field Theory.

In chapter 8 we will introduce a T-duality background-invariant geometric quantisation
of Double Field Theory. Moreover, we will study the relation between the bundle gerbe
and the phase space of a closed string.

This thesis is completed by three appendices which contain introductory material to
facilitate the comprehension of the main body. In particular, appendix A we will introduce
generalised geometry and the theory of Courant algebroids, including their relation with
Lie bialgebroids. Appendix B will review the supergeometry underlying Supergravity,
with particular focus on the higher geometric structures formalising the field content of the
Supergravity limit of String Theory. Finally, appendix C will provide a soft introduction
to Hamiltonian mechanics and geometric quantisation.
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In this chapter we will provide an introduction to the formalism of local Double Field
Theory and Exceptional Field Theory.

2.1 Double Field Theory

In this section we introduce the formalism of local Double Field Theory. Excellent reviews
on the subject include [AMN13; Gei+13; BT14].

2.1.1 Coordinate representation

Let us consider an open simply connected 2d-dimensional open patch U . We can introduce
coordinates (xµ, x̃µ) : U → R2d, which we will call collectively xM := (xµ, x̃µ). Now, we
want to equip the vector space R2d with the fundamental representation of the continuous
T-duality group O(d, d). Since the action of O(d, d)-matrices on R2d preserves the matrix
ηMN := ( 0 1

1 0 ), we can define a metric η = ηMNdxM ⊗dxN ∈ �2T ∗U with signature (d, d).

12
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2.1.2 Generalised diffeomorphisms

We want to define a generalised Lie derivative

L : X(U)× X(U) −→ X(U) (2.1.1)

which preserves the η-tensor, i.e. such that LXη = 0 for any vector X ∈ X(U). Thus,
for any couple of vectors X,Y ∈ X(U) we can define(

LXY
)M := XN∂NY

M − (∂ ×ad X)MNY N . (2.1.2)

Here, we defined the adjoint projection

×ad : T ∗U × TU −→ ad(FU), (2.1.3)

where FU is the frame bundle of the tangent bundle TU and it can be regarded as a
principal O(d, d)-bundle. This projection can be given in coordinates by the tensor

(∂ ×ad X)MN = PMP
ad LN∂PX

L, PML
ad NP := δMP δ

L
N − ηMLηNP , (2.1.4)

which projects the GL(2d)-valued function ∂LX
N into an o(d, d)-valued one. The

generalised Lie derivative is also known as D-bracket JX,Y KD := LXY . The C-bracket
is defined as the anti-symmetrisation of the D-bracket, i.e.

JX,Y KC := 1
2
(
JX,Y KD − JY,XKD

)
. (2.1.5)

Now, if we want to construct an algebra of generalised Lie derivatives, we immediately
find out that it cannot be close, i.e. we generally have[

LX , LY
]
6= LJX,Y KC (2.1.6)

Thus, to assure the closure, we need to impose extra conditions. The weak and the strong
constraint (also known collectively as section condition) are respectively the conditions

ηMN∂M∂Nφi = 0, ηMN∂Mφ1∂Nφ2 = 0 (2.1.7)

for any couple of fields or parameters φ1, φ2. The immediate solution to the section
condition is obtained by considering only fields and parameters φ which satisfy the
condition ∂̃µφ = 0. Therefore, upon application of the strong constraint, all the fields
and parameters will depend on the d-dimensional submanifold U := U/∼ ⊂ U , where ∼
is the relation identifying points with the same physical coordinates (xµ, x̃µ) ∼ (xµ, x̃′µ).
In particular vectors X ∈ X(U) satisfying the strong constraint can be identified with
sections of the generalised tangent bundle TU ⊗ T ∗U of generalised geometry. Moreover
the C-bracket, when restricted to strong constrained vectors, reduces to the Courant
bracket of generalised geometry, i.e. we have

J−,−KC
∣∣∣
∂̃µ=0

= [−,−]Cou (2.1.8)

In this sense, the geometry underlying Double Field Theory, when strong constrained,
locally reduces to generalised geometry.
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2.1.3 Generalised metric

We can define the generalised metric G = GMNdxM ⊗ dxN by requiring that it is
symmetric and it satisfies the property GMLη

LPGPN = ηMN . Thus, the matrix GMN

can be parametrised as

GMN =
(
gµν −BµλgλρBρβ Bµλg

λν

−gµλBλν gµν

)
. (2.1.9)

where gµν and Bµν are respectively a symmetric and an anti-symmetric matrix. Finally, we
must impose the strong constraint on GMN , so that its components are allowed to depend
only on the xµ coordinates, and not on the x̃µ ones. Now, g := gµνdxµ⊗dxν is a symmetric
tensor and B := 1

2Bµνdxµ ∧ dxν is an anti-symmetric tensor on the d-dimensional
quotient manifold U . These can be respectively interpreted as a metric and a Kalb-
Ramond field on the d-dimensional patch U . If we consider a strong constrained vector
V := v + ṽ ∈ X(U)⊕ Ω1(U). The infinitesimal gauge transformation given by generalised
Lie derivative δGMN = LV GMN is equivalent to the following gauge transformations:

δg = Lvg, δB = LvB + dṽ (2.1.10)

where Lv is the ordinary Lie derivative. This, then reproduces the gauge transformations
of metric and Kalb-Ramond field. Therefore, the infinitesimal generalised diffeomorphisms
of the 2d-dimensional patch U unify the infinitesimal diffeomorphisms of the d-dimensional
subpatch U ⊂ U with the infinitesimal gauge transformations of the Kalb-Ramond field,
in analogy with Kaluza-Klein theory.

2.1.4 Tensor hierarchy

By following [HS13b], we can consider an extended space in which only an internal
fibre is doubled, i.e.

Rd−n × R2n, (2.1.11)

where {xµ, yM} are respectively the coordinates of the base space Rd−n and of the fibre
space R2n. The field content of Double Field Theory will be

Fields : {gµν , GMN , AMµ , Bµν , ϕ}, (2.1.12)

where all the fields, in principle, can depend on all the coordinates {xµ, yM}. First, the
moduli field of the generalised metric will be a function valued in the following coset space

GMN ∈
O(n, n)

O(n)×O(n) . (2.1.13)

Secondly, the tensor hierarchy is defined by the following subset of fields:

Tensor hierarchy : {AMµ , Bµν}. (2.1.14)

Now, let R1 ∼= 2n be the fundamental representation of O(n, n) and R2 ∼= 1 be the
singlet representation of O(n, n). Notice that we can identify the former with the space
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of vectors R1 = X(R2n) and the latter with the space of functions R2 = C∞(R2n) on
the fibre. We can construct a chain complex

R1
D←−− R2 (2.1.15)

by defining the following differential

(Df)M := ηMN∂Nf (2.1.16)

for any f ∈ R2, where ∂N is the partial derivative on the fibre R2n At this point, we
can naturally introduce the DFT exterior product

〈−,−〉 : R1 ⊗R1 −→ R2, (2.1.17)

which is defined by 〈X,Y 〉 := ηMNX
MY N for any couple of doubled vectors X,Y ∈ R1.

Finally, we obtain the expression known as the DFT magic formula:

LXY = JX,Y KC + D〈X,Y 〉 (2.1.18)

for any given couple of doubled vectors X,Y ∈ R1. This generalises the well-known
Cartan’s magic formula of ordinary differential geometry.

Now, we can identify the fields of the tensor hierarchy with the following Ri-valued
differential forms on the base space:

AM ∈ Ω1(Rd−n)⊗R1,

B ∈ Ω2(Rd−n)⊗R2.
(2.1.19)

On such class of fields, we can naturally define the following operators:

(DB)M = ηMN∂NB, 〈A1 ∧, A2〉 = ηMNAM1 ∧ AN2 , (2.1.20)

for any B ∈ Ω2(Rd−n)⊗R2 and any couple A1,A2 ∈ Ω1(Rd−n)⊗R1. The O(n, n)-covariant
field strengths [HS13b] of the tensor hierarchy are then naturally given by

Fµν = 2∂[µAν] + JAµ,AνKC + DB
Hµνλ = 3∂[µBνλ] +AM[µ ∂MBνλ] + 〈F[µν ,Aν]〉+ 〈A[µ, JAν ,Aλ]KC〉.

(2.1.21)

In a coordinate-invariant form, we can rewrite the previous equation as follows:
F = dA+ JA ∧, AKC + DB,

H = dB + 〈A ∧, DB〉+ 1
2〈F

∧, A〉+ 1
3!〈A

∧, JA ∧, AKC〉.
(2.1.22)

In even a more compact fashion, we can rewrite the field strengths by
F = DA+ DB,

H = DB + 1
2CS3(A),

(2.1.23)

where the covariant derivatives are defined by DA := dA+ JA ∧, AKC for the 1-form and
DB := dB + 〈A ∧, DB〉 for the 2-form, and where the Chern-Simons differential 3-form
is defined by CS3(A) := 〈F ∧, A〉 + 1

3〈A ∧, JA ∧, AKC〉. We can easily calculate that the
Bianchi identities of the tensor hierarchy are

DF = DH,

DH = 1
2〈F

∧, A〉.
(2.1.24)
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2.1.5 Generalised Scherk-Schwarz reductions

Given a 2n-dimensional Lie group G, we can consider an extended space with a doubled
fibre of the following form:

Rd−n ×G, (2.1.25)

with split coordinates {xµ, yM}. The generalised Scherk-Schwarz reductions [DH03;
Ber+12; BL14] are defined by the following ansatz on the fields of Double Field Theory:

gµν(x, y) = gµν(x),
GMN (x, y) = U IM (y)GIJ(x)UJN (y),
AMµ (x, y) = UMI(y)AIµ(x),
Bµν(x, y) = Bµν(x),
ϕ(x, y) = ϕ(x),

(2.1.26)

where U IM is the inverse of UMI , and such that the vectors UI := UMI∂Mcan be seen as
generalised frame fields for the G-fibre, so that they satisfy the generalised Lie derivative

LUIUJ = CKIJUK , (2.1.27)

where CKIJ are the structure constants of the Lie algebra g = Lie(G). We also require
that the gauge parameters are factorised similarly. Now, the fields of the tensor hierarchy
take the following form:

AI ∈ Ω1(Rd−n)⊗ g,

B ∈ Ω2(Rd−n).
(2.1.28)

It is easy to verify that the field strengths of the reduced tensor hierarchy becomes

F = dA+ [A ∧, A]g,

H = dB + 1
2〈F

∧, A〉+ 1
3!〈A

∧, [A ∧, A]g〉.
(2.1.29)

Notice that AI becomes a non-abelian gauge field with gauge group G. The generalised
Scherk-Schwarz reduced theory {g,GIJ ,AI ,B, ϕ} on the base space Rd−n is also known
as gauged Double Field Theory.

2.2 Exceptional Field Theory

In this section we will give a brief introduction to Exceptional Field Theory, which
is the generalisation of Double Field Theory to U-duality. See table 2.1 for a list
of the U-duality groups En(n) in any codimension n. A wide review of Exceptional
Field Theory can be found in [BB20].

Let us split the 11-dimensional Minkowski space as R1,10 = R1,10−n×Rn. We can consider
an extended space in which only the internal fibre is extended, i.e.

R1,10−n ×R1, (2.2.1)
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where R1 is the fundamental representation of the U-duality group En(n). The generalised
Lie derivative of vectors on R1 is defined by(

LXY
)M := XN∂NY

M − α(∂ ×ad X)MNY N + λY ∂NX
NYM , (2.2.2)

where α = α(n) is a coefficient which depends on the codimension n and λY is the
weight of the vector Y . Now, we can define the tensor

YMN
QP := −αPMN

ad QP + δMP δ
N
Q − ωδMQδNP , (2.2.3)

where the tensor PMN
ad QP is the projection to the adjoint frame bundle and ω := −1/(n−2)

is a special weight. By using the Y-tensor, we can recast the generalised Lie derivative as(
LXY

)M := [X,Y ]MLieYMN
PQ∂NX

PY Q + (λY + ω)∂NXNYM . (2.2.4)

Similarly to Double Field Theory, the E-bracket of Exceptional Field Theory is defined
as the anti-symmetrisation of the generalised Lie derivative, i.e.

JX,Y KE := 1
2
(
LXY − LYX

)
. (2.2.5)

Now, the field content of Exceptional Field Theory is

Fields : {gµν , GMN , Aµ, Bµν , Cµνλ, Dµνλρ, . . . }. (2.2.6)

First, the moduli field of the generalised metric of Exceptional Field Theory will be
a function valued in the following coset space

GMN ∈ En(n)/Kn (2.2.7)

where Kn ⊂ En(n) is the maximal compact subgroup of the U-duality group. Generalising
Double Field Theory, we can construct a chain complex of representations of the
U-duality group En(n)

R1
D←−− R2

D←−− · · · D←−− R8−n ∼= R1, (2.2.8)

where, by combining the derivatives ∂M on the extended fibre with the Y-tensor, we
defined the differential

D : Rp −→ Rp−1. (2.2.9)

By contraction with the Y-tensor, we can also introduce the EFT exterior product

〈−,−〉 : Rp ⊗Rq −→ Rp+q, (2.2.10)

for any p+ q ≤ 8− n. For a given vector X ∈ R1, we have the EFT magic formula:

LXY = JX,Y KE + D〈X,Y 〉 for Y ∈ R1,

LXY = 〈X,DY 〉+ D〈X,Y 〉 for Y ∈ Rp,
(2.2.11)

with 1 < p < 8− n. The tensor hierarchy is defined by the following subset of fields:

Tensor hierarchy : {Aµ, Bµν , Cµνλ, Dµνλρ, . . . }, (2.2.12)
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where the fields can be identified with the following Ri-valued differential forms on the base
space:

A ∈ Ω1(Rd−n)⊗R1,

B ∈ Ω2(Rd−n)⊗R2,

C ∈ Ω3(Rd−n)⊗R3,

D ∈ Ω4(Rd−n)⊗R4,

...

(2.2.13)

Finally, we have field strengths of the tensor hierarchy of the following form:

F = dA+ JA ∧, AKE + DB,

H = dB + 〈A ∧, DB〉+ 1
2〈F

∧, A〉+ 1
3!〈A

∧, JA ∧, AKE〉+ DC,

J = dC + 〈A ∧, DC〉+ 〈B ∧, DB〉+ 1
2〈F

∧, B〉+ 1
3!〈A

∧, 〈A ∧, F〉〉+ DD,
...

(2.2.14)

2.3 The globalisation problem

However, the Kalb-Ramond field B is geometrically the connection of a bundle gerbe
and hence it is globalised by the patching conditions (1.2.1). Thus, it is not obvious
how the local patches

(
U , ∼, η, G

)
, which we introduced here, can be consistently glued

together? This is the substance of the globalisation problem of the doubled geometry
underlying Double Field Theory. Seminal work in this direction was done by [BCP14].
The geometrisation of Double Field Theory which is the object of this thesis is a candidate
to answer this question.

We know how to globalise the local geometry of Double Field Theory for particular
classes of examples, where the gerby nature of the Kalb-Ramond field is not manifest.
In particular, global Double Field Theory on group manifolds [HR09; BHL15; Blu+15;
Has18] is well-defined. Also, doubled torus bundles [Hul07a], which are globally affine
T 2n-bundles on an undoubled base manifold [BHM07], are well-defined. However, there is
no conclusive answer on how to globalise this geometry in the most general case. Moreover,
it has been argued in [HS13a] that the doubled torus bundles should be recoverable by
imposing a certain compactified topology to a general doubled space, whose geometry,
however, remains an open problem. A problem which becomes even more obscure in
the case of the geometry underlying Exceptional Field Theory.



2.
Introduction

to
Extended

Field
T
heories

19

dim U-duality group Tensor hierarchy reps adjoint rep
11− n En(n) Kn dim

(
En(n)/Kn

)
R1 R2 R3 R4 R5 R6 Rad

9 SL(2)× R+ SO(2) 3 21 ⊕ 1−2 20 11 10 21 20 ⊕ 12 3
8 SL(3)× SL(2) SO(3)× SO(2) 7 (3,2) (3,1) (1,2) (3,1) (3,2) ∗ (8,1)⊕ (1,3)
7 SL(5) SO(5) 14 10 5 5 10 ∗ 24
6 SO(5, 5) SO(5)× SO(5) 25 16 10 16 ∗ 45
5 E6(6) USp(8) 42 27 27 ∗ 78
4 E7(7) SU(8) 70 56 ∗ 133

Table 2.1: Classification of the U-duality groups G, their maximal compact subgroups Kn ⊂ En(n), their Rn representations and their adjoint
representations Rad ∼= R9−n. The symbol ∗ denotes where the tensor hierarchy stops.
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In this chapter we will introduce all the needed mathematical notions for this thesis.
The following introduction in higher geometry will make the thesis as self-contained as
possible and it will be particularly directed to a reader in theoretical or mathematical
physics. The general theory reviewed in this chapter can be found mostly in [Lur06;
Lur09; DCCT; Lur17; Jur+19d]. For a review of the latest development in the application
of higher geometry to String Theory, see [JSW16].

Higher geometry is, essentially, differential geometry where the notion of equality has
been replaced by the weaker notion of equivalence. Thus the question whether two
geometric objects are equal is replaced by the question whether they are equivalent. Two
equivalences, in turn, can be related by an equivalence, and so on.

φ φ′
∼= , φ φ′

∼=

∼=

∼= , φ φ′

∼=

∼=

∼=∼=
∼= , · · · (3.0.1)

This way, higher geometry is a natural framework for theoretical physics, since equivalences
can be interpreted as gauge transformations. Indeed, the natural and meaningful question
in physics is whether two fields are gauge-equivalent. In this specific sense, higher
geometry can be seen as a generalisation of differential geometry which encompasses
the gauge principle of physics.

3.1 Category theory

A category can be thought as a labeled directed graph, whose labelled vertices are known as
objects and whose labelled directed edges are known as morphisms. A category is equipped
with two fundamental properties. Firstly, the composition of morphisms is associative.
Secondly, any object is canonically equipped with an identity morphism to itself. The
point of category theory is studying the properties of classes of mathematical structures.

Definition 3.1.1 (Category). A category C is given by the following data:

• a class of objects, whose elements we will denote as A ∈ C,

• a class of morphisms, which are maps of the form f : A→ B from an object A ∈ C
(known as source) to an object B ∈ C (known as target). For any couple of objects
A,B ∈ C, we well denote as C(A,B) the class of all the morphisms from A to B,

• a binary operation, known as composition, ◦ : C(A,B)×C(B,C)→ C(A,C), which
sends a couple of morphisms f : A → B and g : B → C to their composition
g ◦ f : A→ C. The composition ◦ satisfies the following properties:
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1. associativity, i.e. h ◦ (g ◦ f) = (h ◦ g) ◦ f ,
2. identity, i.e. for any object A ∈ C there exists a morphism idA : A → A,

known as identity morphism, satisfying idB ◦ f = f ◦ idA for any f : A→ B.

Example 3.1.2 (Category of sets). Let Set be the category of sets, whose objects S ∈ Set
are sets and whose morphisms f : S → T are functions between sets.

Example 3.1.3 (Category of topological spaces). Let Top be the category of topological
spaces, whose objects X ∈ Top are topological spaces and whose morphisms f : X → Y

are continuous maps.

Example 3.1.4 (Category of smooth manifolds). Let Diff be the category of smooth
manifold, whose objectsM ∈ Diff are smooth manifolds and whose morphisms f : M → N

are smooth maps.

Example 3.1.5 (Category of sheaves). Let Sh be the category of sheaves, whose objects
X ∈ Sh are sheaves over manifolds and whose morphisms f : X → Y are morphisms of
sheaves over manifolds.

Example 3.1.6 (Category of Lie algebras). Let LAlg be the category of Lie algebras,
whose objects g ∈ LAlg are Lie algebras and whose morphisms f : g→ h are homomor-
phisms of Lie algebras.

Definition 3.1.7 (Opposite category). Given a category C, its opposite category Cop is
a category whose objects are the same of C and whose morphisms interchange the source
and target of the morphisms of C. In other words, any morphism f : A→ B in C gives a
morphism fop : B → A in Cop.

Definition 3.1.8 (Functor). Given two categories C,D, a functor

F : C −→ D (3.1.1)

is a map which associates each object X ∈ C to an object F (X) ∈ D and each morphism
f : A→ B in C to a morphism F (f) : F (A)→ F (B) ∈ D, such that

• F (idX) = idF (X) for any object X ∈ C,

• F (g ◦ f) = F (g) ◦ F (f) for any couple of morphisms f : A→ B, g : B → C in C.

Definition 3.1.9 (Natural transformation). Given two functors F,G : C→ D, a natural
transformation

η : F −→ G (3.1.2)

is a map which associates to any object X ∈ C a morphism ηX : F (X) → G(X) in D
such that the following diagram commutes

F (A) G(A)

F (B) G(B)

ηA

F (f) G(f)

ηB

(3.1.3)

for any morphism f : A→ B in C.
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Definition 3.1.10 (Category of functors). We call Func(C,D) the category of functors,
whose objects are all the functors F : C→ D and whose morphisms are all the natural
transformations η : F → F ′ between such functors.

Definition 3.1.11 (Yoneda embedding). The Yoneda embedding is defined as the functor
よ : C ↪−→ Func(Cop,Set)

A 7−→ よA := C(−, A),
(3.1.4)

which is fully faithful.

Definition 3.1.12 (Terminal object). A category C is equipped with a terminal object
1 ∈ C if there exists exactly one morphism X → 1 for any object X ∈ C.

Definition 3.1.13 (Group object). Given a category C equipped with a terminal object
1 ∈ C and finite products (i.e. for any A,B ∈ C there exists A × B ∈ C), we define a
group object G ∈ C as an object equipped with three morphisms

1. µ : G×G→ G (group multiplication),

2. e : 1→ G (inclusion of identity element),

3. (−)−1 : G→ G (inversion operation),

such that they satisfy the following properties:

• µ(µ, idG) = µ(idG, µ) (i.e. associativity),

• µ(idG, e) = idG and µ(e, idG) = idG (i.e. e is a unit of µ),

• µ(idG, (−)−1) ◦ diag = eG and µ((−)−1, idG) ◦ diag = eG, where diag : G→ G×G
is the diagonal map and eG : G → G is the composition of the unique morphism
G→ 1 with e (i.e. (−)−1 is an inverse for µ).

We denote by Grp(C) the category of the group objects in C.

Example 3.1.14 (Group). A group object G ∈ Grp(Set) is a group.

Example 3.1.15 (Topological group). A group object G ∈ Grp(Top) is a topological
group.

Example 3.1.16 (Lie group). A group object G ∈ Grp(Diff) is a Lie group.

3.2 Smooth ∞-groupoids

A topos is, very informally, a category equipped with a structure which provides a
generalisation of topology and which allows us to apply to it much of the intuition about
topological spaces. An (∞, 1)-topos [Lur06] is a higher geometric generalisation of the
notion of topos. We will not provide a definition of this idea, but we will limit ourselves
to consider a particular example. In fact, the smooth ∞-groupoids, together with the
maps between them, make up an (∞, 1)-topos. In a certain sense, this property makes
smooth ∞-groupoid a suitable generalisation of smooth manifold. Informally, this means
that ∞-groupoids can be seen as "generalised spaces".

This section will be devoted to the introduction of smooth ∞-groupoids and to the
study of some of their properties.
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3.2.1 Simplicial sets

For any n ∈ N, let us define the following linearly ordered set:

[n] := {0, 1, 2, . . . , n}. (3.2.1)

Such a set can be equivalently thought as an n-simplex. Let us explain how with some
examples. To begin with, we have

[0] = 0 (3.2.2)

which is just a point. The next step is

[1] = 10 (3.2.3)

which is a line segment. Subsequently, we have

[2] =
2 1

0
(3.2.4)

which is a triangle. Finally, we have

[3] =

3

2

1

0
(3.2.5)

which is a tetrahedron, and so on for n > 3. The n-simplices naturally make up a category.

∂0

∂1∂2

0

1 2
σ0

σ1σ2

0

1 2

Figure 3.1: Example of face inclusion ∂i and degeneracy projection σi maps for [2].

Definition 3.2.1 (Simplex category). The simplex category ∆ is the category such that

• objects are n-simplices [n] for any n ∈ N,

• morphisms are as follows:

1. face inclusion ∂i : [n− 1] ↪−→ [n] for i = 0, . . . , n, is the only (order-preserving)
injection that "misses" i,
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2. degenerate projection σi : [n + 1] −� [n] for i = 0, . . . , n, is the only (order-
preserving) surjection that "hits" i twice,

which satisfy the following relations, also known as simplicial identities:

∂i ◦ ∂j = ∂j+1 ◦ ∂i (i < j),
σi ◦ ∂j = ∂j−1 ◦ σi (i < j),
σi ◦ ∂i = id[n] (0 ≤ i ≤ n),

σi+1 ◦ ∂i = id[n] (0 ≤ i ≤ n),
σi ◦ ∂j = ∂j ◦ σi−1 (i > j + 1),
σi ◦ σj = σj ◦ σi+1 (i ≤ j).

(3.2.6)

Notice that, by using the face inclusions maps ∂i, we obtain a diagram of the following form:

· · ·

3

2

1

0
2 1

0

10 0 (3.2.7)

Definition 3.2.2 (Simplicial set). Let Set be the category of sets and ∆ the simplex
category. A simplicial set is defined as a functor

K : ∆op −→ Set. (3.2.8)

In other words, a simplicial set K is given by the following sets:

• K0 := K([0]) is the set of objects,

• Kn := K([n]) is the set of n-morphisms for any natural n > 0,

which are equipped with the following maps:

1. face maps di := K(∂i) : Kn −� Kn−1 send n-morphisms to its i-th boundary
(n− 1)-morphisms,

2. degeneracy maps si := K(σi) : Kn ↪−→ Kn+1 send n-morphisms to the identity
(n+ 1)-morphisms on them,

which satisfy the following relations, also known as simplicial identities:

di ◦ dj = dj−1 ◦ di (i < j),
di ◦ sj = sj−1 ◦ di (i < j),
di ◦ si = id (0 ≤ i ≤ n),

di+1 ◦ si = id (0 ≤ i ≤ n),
di ◦ sj = sj ◦ di−1 (i > j + 1),
si ◦ sj = sj+1 ◦ si (i ≤ j).

(3.2.9)
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Notice that the collection of face maps di defines a diagram of the following form:

· · · K3 K2 K1 K0. (3.2.10)

See figure 3.2 for an intuitive picture of an example of simplicial set.

K0K1K2

d0

d1

d0

d1

d2

Figure 3.2: Simplicial set K as a sequence of sets Kn, together with face maps di : Kn � Kn−1
and degeneracy maps.

Definition 3.2.3 (Category of simplicial sets). We define the category of simplicial sets,

sSet := Func(∆op,Set), (3.2.11)

whose objects K ∈ sSet are simplicial sets K : ∆op → Set and whose morphisms are
natural transformations α : K ⇒ K ′.
Definition 3.2.4 (n-simplex as simplicial set). For any n ∈ N, we define the n-simplex
simplicial set ∆n ∈ sSet as the following Yoneda embedding of the n-simplex [n] into the
category of simplicial sets:

∆n := ∆(−, [n]). (3.2.12)
Definition 3.2.5 (n-horns). For any 0 ≤ i ≤ n and n ∈ N+, we define the i-th n-horn
Λni ∈ sSet as the sub-simplicial set

Λni ↪−→ ∆n (3.2.13)

which is the union of all faces of ∆n except the i-th one.

Definition 3.2.6 (Kan complex). A Kan complex is a simplicial set K ∈ sSet that
satisfies the Kan condition: for any image of a horn f : Λni → K with 0 ≤ i ≤ n in K, the
missing i-th face must be in K too, i.e. there must exist a map f ′ given as follows:

Λni K

∆n

f

f ′
. (3.2.14)

Remark 3.2.7 (Kan condition). Notice that we can equivalently reformulate the Kan
condition (3.2.14) by requiring that the map

Kn
∼= sSet(∆n,K) −→ sSet(Λni ,K) (3.2.15)

is surjective.
Definition 3.2.8 (Weak Kan complex). A weak Kan complex is a simplicial set K ∈ sSet
that satisfies the Kan condition only for n-horns Λni with 0 < i < n.
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0

1 2

0

1 2

0

1 2

0

1 2

0

1 2

0

1 2

Λ2
0 ↪→ ∆2

Λ2
1 ↪→ ∆2

Λ2
2 ↪→ ∆2

Figure 3.3: All the 2-horns Λ2
i of a 2-simplex ∆2.

3.2.2 ∞-groupoids

The Kan complex is a geometric model for the ∞-groupoid. Similarly, the weak Kan
complex is a geometric model for the (∞, 1)-category.

Definition 3.2.9 (∞-groupoid). An ∞-groupoid G is a Kan complex, i.e.

X =
(
· · · X3 X2 X1 X0

)
, (3.2.16)

where we call the elements of X0 the objects of the ∞-groupoid and the elements of Xn

with n > 1 the n-morphisms of the ∞-groupoid.

Definition 3.2.10 (Morphisms of∞-groupoids). A morphism of∞-groupoids f : X → Y

is a map of simplicial sets which respect all the face maps di and the degeneracy maps si.

Definition 3.2.11 (Product of ∞-groupoids). The product X × Y of two ∞-groupoids
X and Y is an ∞-groupoid defined by the Kan complex

(X × Y )n := Xn × Yn,
dX×Yi (x, y) := (dXi x,dYi y),
sX×Yi (x, y) := (sXi x, sYi y),

(3.2.17)

where we called dXi and sXi the face and degeneracy maps of X and so on.

Definition 3.2.12 (Internal hom of ∞-groupoids). The internal hom [X,Y ] of two
∞-groupoids X and Y is an ∞-groupoid defined by the Kan complex

[X,Y ] : [n] −→ sSet(X ×∆n, Y ), (3.2.18)

where ∆n ∈ sSet is the n-simplex simplicial set.
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Notice that the internal hom of ∞-groupoids satisfies the fundamental property:

sSet(X × Y, Z) ∼= sSet(X, [Y,Z]). (3.2.19)

Definition 3.2.13 (Homotopy of ∞-groupoids). Let f, g : X −→ Y be morphisms
of ∞-groupoids. A homotopy α : f ⇒ g is defined as a morphism of ∞-groupoids
α : X −→ [∆1, Y ] such that the following diagram commutes:

Y

X [∆1, Y ]

Y

f

g

α

[d0,Y ]

[d1,Y ]

(3.2.20)

Therefore, there exists a simplicial set (in particular, a Kan complex) of morphisms
between any two ∞-groupoids. Equivalently, for any couple of ∞-groupoids, there exists
an ∞-groupoid of morphisms between them. This means that ∞-groupoids make up
a well-defined (∞, 1)-category, which we will call ∞Grpd.

Definition 3.2.14 (Set of connected components of an ∞-groupoid). Given an ∞-
groupoid X ∈ ∞Grpd, we define its set of connected components π0(X) ∈ Set by

π0(X) := X0/X1, (3.2.21)

i.e. by the set of equivalence classes of elements of X0 modulo the equivalence relation
d0(x) ∼ d1(x) ∈ X0 for any x ∈ X1.

Definition 3.2.15 (Geometric realisation of an ∞-groupoid). The geometric realisation
is the functor

| − | : ∞Grpd −→ Top (3.2.22)
which is defined, for any ∞-groupoid X ∈ ∞Grpd, by the topological space

|X| :=
⊔
k∈N

(
Xk ×∆k

top

)
/ ∼ , (3.2.23)

where the equivalence relation glues points
(
x, ∂i(t)

)
∼
(
di(x), t

)
and

(
x, σi(t)

)
∼
(
si(x), t

)
.

3.2.3 Smooth stacks

Since the dawn of geometry, with Euclid’s Elements, the point of studying geometry has
always been the investigation of the relations between geometric objects. The problems of
synthetic geometry are usually about whether a point lies on a certain line, or whether a
pair of lines meet, etc.. In this section we will introduce the notion of smooth stack, which
can be intuitively understood as a geometric object which captures this fundamental
relational aspect of geometry in the context of higher geometry.

A smooth stack (or smooth ∞-groupoid) can be understood as an ∞-groupoid equipped
with a smooth structure, similarly to how an ordinary Lie group is a group with manifold
structure. Such a smooth structure is given by specifying how any manifold can be
mapped onto our ∞-groupoid. This concept originated in [SSS12].
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Definition 3.2.16 (Smooth stack). Let Diff be the ordinary category of smooth manifolds
and ∞Grpd the (∞, 1)-category of Lie ∞-groupoids. A smooth stack (or smooth ∞-
groupoid) X is defined as an ∞-functor

X : Diffop −→∞Grpd (3.2.24)

which satisfies some higher gluing properties, known as descent. This can be though as a
generalisation of the notion of sheaf which takes value in ∞-groupoids.

Morally speaking an higher smooth stack X is a sheaf of ∞-groupoids over manifolds.
Given a local patch U , we can picture it by an assignment of the form

U 7→ X (U) =
(
· · · X3(U) X2(U) X1(U) X0(U)

)
.

This means that for a manifold M with good cover U = ⊔
α∈I Uα, the higher groupoid

X (M) can be described in local data by a collection of higher groupoids X (Uα1 ∩ · · · ∩
Uαk) on any k-fold overlap of patches, which are glued by their groupoid morphisms.
For a formal exposition see [NSS14].

Definition 3.2.17 ((∞, 1)-category of smooth stacks). We call H the (∞, 1)-category of
smooth stacks on manifolds, such that

• objects are smooth stacks,

• k-morphisms for any k ∈ N+ are k-morphisms of smooth stacks.

Example 3.2.18 (Manifolds as smooth stacks). Given any smooth manifold M ∈ Diff ,
we can easily construct a sheaf C∞(−,M) ∈ H of smooth functions to M , which is in
particular a stack. This is nothing but a Yoneda embedding Diff ↪→ H of the smooth
manifolds into the (∞, 1)-category of stacks.

Remark 3.2.19 (Smooth ∞-groupoids as generalised spaces). Notice that we can
naturally generalise the argument from the previous subsection and show that there
exists a smooth ∞-groupoid of morphisms between any couple of smooth ∞-groupoids.
Thus, smooth ∞-groupoids make up a well-defined (∞, 1)-category, which we will call
H. We can regard such an (∞, 1)-category as a generalisation of the category of smooth
manifolds and, thus, a smooth ∞-groupoid as a generalisation of a smooth manifold.
Notice that we have the embeddings:

H ←↩ Diff ←↩ Top ←↩ Set. (3.2.25)

Remark 3.2.20 (0-truncation of a smooth ∞-groupoid). The inclusion Sh ↪→ H of
sheaves into smooth ∞-groupoids has a left adjoint τ0 : H → Sh, which is called 0-
truncation. This functor sends a smooth ∞-groupoid X ∈ H to its underlying sheaf of
objects X0.

Let us now give simple examples of 0-truncated stacks, which are just ordinary sheaves.
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Example 3.2.21 (Some useful 0-stacks). Interestingly Diff(M) can be thought as a
0-stack sending a manifold M to its group of diffeomorphisms, while Ωn(M) is a 0-stack
sending M to the vector space of its n-forms. Analogously Ωn

cl(M) is the 0-stack of closed
n-forms. However we remark that a 0-stack of exact forms Ωn

ex(M) does not exist, because
it would not satisfy the gluing conditions on overlaps of patches Ωn

ex(Uα ∩ Uβ).

Let us now introduce some useful notions in the context of smooth stacks.

Definition 3.2.22 (Hom ∞-groupoid). Given any couple of smooth stacks X ,Y ∈ H
we can define the hom ∞-groupoid

H(X ,Y ) ∈ ∞Grpd (3.2.26)

as the ∞-groupoid of morphisms from X to Y , i.e. such that

• objects are 1-morphisms f : X → Y in H,

• k-morphisms are (k + 1)-morphisms of stacks f Z⇒ f ′ in H.

Notice that, given an higher smooth stack X over smooth manifolds, we have the
natural equivalence H(M, X ) ∼= X (M) for any smooth manifold M (regarded here
as a smooth 0-stack).

Definition 3.2.23 (Internal hom stack). Given any couple of smooth stacks X ,Y ∈ H,
we can define the internal hom stack [X ,Y ] ∈ H as the smooth stack which satisfies the
following equivalence:

H
(
S , [X ,Y ]

) ∼= H(S ×X , Y ), (3.2.27)

for any fixed smooth stack S ∈ H.

Lemma 3.2.24 (Explicit form of internal hom stack). Given any couple of smooth stacks
X ,Y ∈ H, the internal hom stack [X ,Y ] ∈ H is given by

[X ,Y ] : U −→ H(U ×X , Y ), (3.2.28)

for any smooth manifold U ∈ Diff .

Proof. Given a smooth manifold U ∈ Diff , we have [X ,Y ](U) = H(U, [X ,Y ]). By
using definition 3.2.23, we immediately have H(U, [X ,Y ]) ∼= H(X × U,Y ).

Notice that, if ∗ ∈ H is a point, we have the natural equivalence [ ∗ , X ] ∼= X

for any stack X ∈ H.

Example 3.2.25 (Loop space of a manifold). The loop space of a manifold M ∈ Diff is
the Fréchet manifold LM := [S1,M ].

Definition 3.2.26 (Slice ∞-category). For any given object X ∈ H, according to
[DCCT] we can define the slice ∞-category H/X as the ∞-category such that

• objects are 1-morphisms f : Z →X in H,
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• 1-morphisms F : f 7→ f ′ are homotopy commutative diagrams of the following form

Z Z ′

X

F

f f ′
(3.2.29)

• and so on for k-morphisms with k > 1.

Definition 3.2.27 (Loop space object of an ∞-category). For any object X ∈ C in an
∞-category C, we can define the loop space object ΩXC as the ∞-category such that

• objects are 1-morphisms f : X → X in C,

• k-morphisms are (k + 1)-morphisms f1 Z⇒ f2 in C.

This category must not be confused with the loop space of a manifold of example 3.2.25.

Example 3.2.28 (Path ∞-groupoid). The path ∞-groupoid is the ∞-groupoid whose
objects are points x ∈M , 1-morphisms γ : x 7→ y are paths, 2-morphisms are homotopies
of paths, 3-morphisms are homotopies of homotopies, etc... In other words it is the
∞-groupoid given by the following simplicial object:

P(M) =
(
· · · Top(∆2

top,M) Top(∆1
top,M) Top(∆0

top,M)
)
,

where, here, ∆n
top is the standard n-simplex for n ∈ N, regarded as a topological space.

x y

P(M)

Figure 3.4: Path ∞-groupoid of a smooth manifold M .

Definition 3.2.29 (Sheaf of connected components of a smooth ∞-groupoid). Given a
smooth ∞-groupoid X ∈ H, we define its sheaf of connected components π0(X ) ∈ Sh by

π0(X ) := X0/X1 (3.2.30)

i.e. by the set of equivalence classes of elements of X0 modulo the equivalence relation
d0(x) ∼ d1(x) ∈X0(U) for any x ∈X1(U) and U ∈ Diff .

Example 3.2.30 (Set of connected components of the path ∞-groupoid). Given a
smooth manifold M , the set of connected components of the path ∞-groupoid P(M) is
π0
(
P(M)

)
= π0(M), i.e. the set of connected components of the manifold M .
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Example 3.2.31 (Čech groupoid). Given a good open cover U := {Uα} of a smooth
manifold M , its Čech groupoid is defined by the following simplicial set

Č(U) :=

 · · ·
⊔
αβγ

Uα ∩ Uβ ∩ Uγ
⊔
αβ
Uα ∩ Uβ

⊔
α
Uα

 (3.2.31)

where all the arrows are embedding of open sets.

Notice that in the Čech groupoid the gluing conditions of the manifold M between its
patches {Uα} have been promoted to morphisms.

3.2.4 Lie ∞-groups

Now, our (∞, 1)-topos of generalised spaces is H. Just like objects of Grp(Top) are
topological groups and of Grp(Diff) are Lie groups, we may wonder if there exist a new
notion of group Grp(H) on such generalised spaces. The definition of a G ∈ Grp(H)
provided by [Lur17] is the following.

Definition 3.2.32 (Lie ∞-group). A Lie ∞-group G is an A∞-algebra in H such that
the sheaf of its connected components π0(G) is a group object in the category of sheaves,
i.e. π0(G) ∈ Grp(Sh).

See [NSS15; NSS14] for details. Since this definition is technically difficult, we will now
provide an equivalent way to think about Lie ∞-groups as simplicial objects.

Remark 3.2.33 (Lie ∞-groups as Lie ∞-groupoids). There exists an embedding of
(∞, 1)-categories

Grp(H) B
↪−−−−→ H. (3.2.32)

which identifies Lie ∞-groups G with smooth ∞-groupoids BG whose space of objects is
a point, i.e.

BG =
(
· · · G3 G2 G1 ∗

)
. (3.2.33)

We will refer to the functor B as delooping.

Example 3.2.34 (Ordinary Lie group). Let G be an ordinary Lie group. The simplicial
set corresponding to G is given by [n] 7→ G×n. More precisely, this is given by the
following diagram:

BG =

 · · · G×G×G G×G G ∗

(π1,π2)
((−)·(−), (−))
((−), (−)·(−))

(π2,π3)

π1

(−)·(−)

π2

0
0

 ,
where πi is the projection of the i-th copy of G in a product G×n and (−) · (−) is the
group product of G.

Example 3.2.35 (Classifying space of a Lie group). The geometric realisation of the
delooping BG of an ordinary Lie group G is exactly the usual classifying space

|BG| = BG. (3.2.34)
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Example 3.2.36 (Strict Lie 2-group). A strict Lie 2-group is defined as a Lie 2-group
whose corresponding Kan complex is of the following form:

BG =
(
· · · K×3 ×H×2 K×2 ×H K ∗

)
, (3.2.35)

where K,H are two ordinary Lie groups. Such a Kan complex is also known as Duskin
nerve [Dus02] of a Lie 2-group. This implies that the horizontal and vertical composition
of 2-morphisms is given by the following rules:

∗ ∗ ∗

g1

h1

ε1

g2

h2

ε2 = ∗ ∗

g2◦g1

h2◦h1

ε2◦ε1

∗ ∗

g

h

ε1

ε2
= ∗ ∗

g

h

ε2◦ε1

(3.2.36)

where εi ∈ H and gi, hi ∈ K.

3.2.5 Dold-Kan correspondence

Now we will briefly present a correspondence which allows us to write abelian stacks in a
very simple and immediate fashion. See [GJ99, ch. 3] for a detailed discussion.

Remark 3.2.37 (Dold-Kan correspondence). Dold-Kan correspondence exhibits an
equivalence between abelian smooth higher stacks and chain complexes of abelian sheaves
over manifolds. In our notation, an abelian smooth stack A ∈ H will correspond a chain
complex (A•,d•) of abelian sheaves, i.e. explicitly

A = DK
(
· · · A2 A1 A0

d3 d2 d1
)
, (3.2.37)

where the Ai are all abelian sheaves. The stack BA , which is called delooping of A , is
exactly the stack corresponding to the shifted chain A•[1] of smooth sheaves, i.e. explicitly

BA = DK
(
· · · A1 A0 0d2 d1 0

)
. (3.2.38)

Let M be a smooth manifold. An element of the ∞-groupoid H(M,A ) of sections of A

is given under Dold-Kan correspondence by a cocycle
(
a0

(α), a
1
(αβ), a

2
(αβγ), . . .

)
, such that

a0
(α) ∈ A0(Uα), a1

(αβ) ∈ A1(Uα ∩ Uβ), a2
(αβγ) ∈ A2(Uα ∩ Uβ ∩ Uγ), . . . (3.2.39)

and whose patching conditions are given, on any k-fold overlap of patches Uα of M , by

a0
(β) − a

0
(α) = d1a

1
(αβ),

a1
(αβ) + a1

(βγ) + a1
(γα) = d2a

2
(αβγ),

a2
(αβγ) − a

2
(βγδ) + a2

(γδα) − a
2
(δαβ) = d3a

3
(αβγδ),

...

(3.2.40)
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The following physically relevant applications of the Dold-Kan correspondence were
introduced by [FSS13b].
Example 3.2.38 (Abelian 1-stacks and 2-stacks). The following are the relevant examples
of abelian 1-stacks and 2-stacks we are going to use in the next discussion. They are
presented through Dold-Kan correspondence (remark 3.2.37) as chain complexes of abelian
sheaves. Notice that in this form they are Deligne complexes:

BU(1) = DK
(
C∞ (−, U(1)) 00

)
,

BU(1)conn = DK
(
C∞ (−, U(1)) Ω1(−)

1
2πid·log

)
,

B2U(1) = DK
(
C∞ (−, U(1)) 0 00 0

)
,

B(BU(1)conn) = DK
(
C∞ (−, U(1)) Ω1(−) 0

1
2πid·log 0

)
,

B2U(1)conn = DK
(
C∞ (−, U(1)) Ω1(−) Ω2(−)

1
2πid·log d

)
.

(3.2.41)

More generally, we can write the following abelian k-stack for any k ∈ N+ by using the
Dold-Kan correspondence:

BkU(1)conn = DK
(
C∞ (−, U(1)) Ω1(−) · · · Ωk(−)

1
2πid·log d d

)
.

Remark 3.2.39 (Forgetful functor). Notice we can naturally introduce a forgetful functor
which forgets the 1-degree 1-form part of the chain complex and retains only the 0-degree
sheaf for

BU(1)conn BU(1).frgt (3.2.42)
Analogously we can define natural forgetful functors for the 2,1-degree sheaves of the
chains

B2U(1)conn B(BU(1)conn) B2U(1).frgt frgt (3.2.43)
Remark 3.2.40 (BU(1)conn is a group-stack). The stack BU(1)conn of circle bundles
with connection is a group-stack, which means that it satisfies the ordinary defining
properties of a group up to an isomorphism. First of all BU(1)conn is naturally equipped
with a tensor product

⊗ : BU(1)conn × BU(1)conn −→ BU(1)conn, (3.2.44)

which maps a couple of circle bundles P1 →M and P2 →M to a new one P1 ⊗ P2 →M .
Moreover, the dual bundle P ∗ → M of any circle bundle P → M plays the role of its
inverse element, while the trivial circle bundle M × U(1)→M with trivial connection
plays the role of the identity element id. It is easy to verify that ordinary group properties

P ∗ ⊗ P ∼= id, P ⊗ P ∗ ∼= id,
P1 ⊗ (P2 ⊗ P3) ∼= (P1 ⊗ P2)⊗ P3

(3.2.45)

are satisfied only up to gauge transformation of circle bundles. In local Čech data
on a manifold M we have (η(α), η(αβ)) ⊗ (η′(α), η

′
(αβ)) = (η(α) + η′(α), η(αβ) + η′(αβ)) and

(η(α), η(αβ))∗ := (−η(α),−η(αβ)).
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3.2.6 Geometric stacks

Intuitively, a geometric stack is a smooth stack which is represented by a suitable notion
of Kan complex in the category of smooth manifolds. Such stacks are particularly
important in the context of ∞-Lie theory (see section 3.3), when we deal with Lie
integration of L∞-algebroids.

Definition 3.2.41 (Kan simplicial manifold). A Kan simplicial manifold is defined as a
simplicial manifold, i.e. an object of the category

sDiff := Func(∆op,Diff), (3.2.46)

such that it satisfies a differential version of the Kan condition (3.2.15), i.e. the map

Xn
∼= sDiff(∆n,K) −→ sDiff(Λni ,K) (3.2.47)

is a surjective submersion for any 0 ≤ i ≤ n.

Definition 3.2.42 (Geometric stack). A geometric stack is defined as a smooth stack
X ∈ H represented by a Kan simplicial manifold [Pri13], i.e. such that it is given by
X (U) = sDiff(U,X) for some fixed Kan simplicial manifold X, on any U ∈ Diff .

Remark 3.2.43 (Technicalities on Kan simplicial manifolds). We remark that a smooth
stack is not represented, in general, by a Kan simplicial manifold. Moreover, geometric
stacks do not constitute an (∞, 1)-topos, For more details see [NSS15; NSS14].

3.3 ∞-Lie theory

∞-Lie theory, or higher Lie theory, is the refinement of Lie theory to higher geometry.
It studies L∞-algebras and, more generally, L∞-algebroids and their relation to Lie
∞-groupoids by Lie integration.

3.3.1 L∞-algebras

The reader will be probably familiar with the notion of L∞-algebra g. Roughly, this
is a generalisation of Lie algebra whose underlying vector space is graded and which is
equipped with a potentially infinite number of n-ary brackets [−,−, . . . ,−]n : g⊗n → g,
whose Jacobi identities only holds up to a homotopy given by the (n+ 1)-ary brackets.

Definition 3.3.1 (Unshuffle). An (i, n − i)-unshuffle with 0 < i < n is a permutation
σ ∈ Perm(n) such that

σ(1) < · · · < σ(i) and σ(i+ 1) < · · · < σ(n). (3.3.1)

We will denote as Unsh(i, n− i) ⊂ Perm(n) the set of (i, n− i)-unshuffles.

Definition 3.3.2 (L∞-algebra). An L∞-algebra g = (V, [−, · · · ,−]n) is a positively
graded vector space V equipped with a collection of graded anti-symmetric brackets of
degree n− 2

[−, · · · ,−]n : V ⊗n → V (3.3.2)

for any positive integer n ∈ N+, such that they satisfy the following conditions
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1. graded skew symmetry: for any n-tuple (x1, . . . , xn) of homogeneously graded
elements, we have

[x1, · · · , xi, xj · · · , xn]n = −(−1)deg(xi) deg(xj)[x1, · · · , xj , xi · · · , xn]n, (3.3.3)

where deg(xi) is the degree of the element xi ∈ V .

2. strong homotopy Jacobi identity: for any n-tuple (x1, . . . , xn) of homogeneously
graded elements, we have

Jacn(x1, · · · , xn) = 0 (n > 1), (3.3.4)

where the n-th Jacobiator Jacn(−, · · · ,−) is defined by

Jacn(x1, · · · , xn) :=
∑

i+j=n+1
(−1)i(j−1) ∑

σ∈Unsh(i,j−1)
χ(σ)

[[
xσ(1), · · · , xσ(i)

]
i
, xσ(i+1), · · · , xσ(n)

]
j+1

,

where χ(σ) = {+1,−1}, known as Koszul-signature, is the sign obtained by
multiplying the sign (−1)|σ| of the permutation with the sign (−1)deg(xi) deg(xj)

that arises from the degrees of the permuted elements.
We redirect to the reference [LS93] for details.
Example 3.3.3 (Ordinary Lie algebra). An ordinary Lie algebra is a L∞-algebra whose
underlying graded vector space V is trivial also at degree > 1.
Example 3.3.4 (Lie n-algebra). A Lie n-algebra is a L∞-algebra whose underlying
graded vector space V is trivial also at degree > n.

3.3.2 L∞-algebroids

A L∞-algebroid on a smooth manifold M is a generalisation of L∞-algebra, defined by
a graded vector bundle a� M whose graded space of its sections Γ(M, a) is equipped
with a L∞-algebra structure. This concept was introduced by [SSS12].
Definition 3.3.5 (L∞-algebroid). An L∞ algebroid a = (E, [−, · · · ,−]n, %) on a smooth
manifold M is a graded vector bundle E �M equipped with an L∞-algebra structure
on the graded C∞(M)-module Γ(M,E) of its sections and with a morphism of graded
vector bundles % : E → TM , called anchor map, such that
(a) the anchor induces a homomorphism of L∞-algebras (see remark 3.3.11)

% : (Γ(M,E), [−, · · · ,−]n) −� (X(M), [−,−]Lie) (3.3.5)

(b) the brackets [−, · · · ,−]n satisfy the following Leibniz rule

[x1, fx2]2 = %(x1)(f)x2 + (−1)deg(x1)f [x1, x2]2,

[x1, · · · , fxn]n = (−1)n+
∑n−1

i=1 deg(xi)f [x1, · · · , xn]n (n > 2),
(3.3.6)

for any smooth function f ∈ C∞(M) and sections xi ∈ Γ(M,E).
Remark 3.3.6 (L∞-algebra as L∞-algebroid). Let L∞Alg and L∞Algbd be the (∞, 1)-
categories respectively of L∞-algebras ans L∞-algebroids. We have an embedding

L∞Alg b
↪−−−→ L∞Algbd

g 7−−−→ bg.
(3.3.7)

which maps a L∞-algebra g to a L∞-algebroid bg� ∗ whose base manifold is a point ∗.



3. Elements of higher geometry 37

3.3.3 Chevalley-Eilenberg dg-algebras

For simplicity, let us denote, from now on, the underlying graded vector space of a
L∞-algebra g not anymore as V , but just as g.

Lemma 3.3.7 (Chevalley-Eilenberg dg-algebra of an L∞-algebra). An L∞-algebra
structure on g is equivalently a dg-algebra structure on ∧•g∗, which we will call Chevalley-
Eilenberg dg-algebra of g.

Proof. Given an L∞-algebra g, let us define the following differential-graded algebra:

CE(g) :=
(
∧• g∗, d

)
, (3.3.8)

where the underlying graded vector space is

∧• g∗ = R ⊕ g∗0 ⊕ (g∗1 ⊕ g∗0 ∧ g∗0) ⊕ (g∗2 ⊕ g∗0 ∧ g∗1 ⊕ g∗0 ∧ g∗0 ∧ g∗0) ⊕ · · · (3.3.9)

and the +1-degree differential is defined by

d : ta 7−→ dta = −
∑
n∈N+

1
n! [ta1 , ta2 , · · · , tan ]an ta1 ∧ ta2 ∧ · · · ∧ tan , (3.3.10)

where {ta} is a basis of g and {ta} is its dual basis of g∗. Thus, the differential encodes
the n-ary brackets of the L∞ algebra g. Now, we will show that the differential condition
d2 = 0 on the dg-algebra CE(g) is equivalent to the condition Jacn = 0 for the Jacobiator
for any n ∈ N+ on the L∞-algebra g. Thus, we can directly calculate

d2ta =
∑

n,m∈N+

1
n!(m− 1)!

[
[ta1 , · · · , tan ]n, tb2 , · · · , tbm

]a
m
ta1 ∧ · · · ∧ tan ∧ tb1 ∧ · · · ∧ tbm .

This can be produced by summing over all the unshuffles σ ∈ Unsh(n,m− 1) weighted by
the Koszul-sign of the permutation, i.e.

0 =
∑

m+n=k+1
(−1)n(m−1) ∑

σ∈Unsh(n,m+1)
χ(σ)

[
[tσ(1), · · · , tσ(n)]n, tσ(n+1), · · · , tσ(m)

]
m
,

which is exactly the Jacobiator Jack of any k-ary bracket of the L∞-algebra g.

Example 3.3.8 (Chevalley-Eilenberg dg-algebra of an ordinary Lie algebra). Let us
explicitly consider the Chevalley-Eilenberg dg-algebra CE(g) of an ordinary Lie algebra g.
Let {ta} be the 1-degree generators of g∗. Then, CE(g) is identified by

dta = −1
2C

a
bct

b ∧ tc (3.3.11)

where Cabc are the structure constants of the Lie algebra g.

Example 3.3.9 (Chevalley-Eilenberg dg-algebra of a Lie 2-algebra). Let us explicitly
consider the Chevalley-Eilenberg dg-algebra CE(g) of a Lie 2-algebra g. Let {ta, bi} be
respectively the 1-degree and 2-degree generators of g∗. Then, CE(g) is given by

dta = −1
2C

a
bct

b ∧ tc − Caibi

dbi = −Ciajta ∧ bj − Ciabcta ∧ tb ∧ tc
(3.3.12)

where {Cabc, Cai, Ciaj , Ciabc} are the structure constants corresponding to the bracket
structure {[−]1, [−,−]2, [−,−,−]3} of the Lie 2-algebra g.
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Example 3.3.10 (String 2-algebra string(g)). Following [FSS14a], we define the string
2-algebra string(g) of an ordinary Lie algebra g by dually defining the dg-algebra
CE(string(g)) as follows:

dta = −1
2C

a
bct

b ∧ tc

db = −kaa′Ca
′
bct

a ∧ tb ∧ tc,
(3.3.13)

where Cabc are the structure constants of the ordinary Lie algebra g, where kab is a Killing
form on g and where {ta, b} are respectively the 1-degree generators of g∗ and a 2-degree
generator.

Remark 3.3.11 (Homomorphisms of L∞-algebras). Given a graded vector space V ,
the shift isomorphism of graded vector spaces V

∼=−−→ V [1] induces an isomorphism of
dg-algebras ∧•V

∼=−→
⊙• V [1]. Thus, we can equivalently write CE(g) =

(⊙• g∗[1], d
)
.

Therefore, there is an embedding (i.e. a fully faithful functor)

L∞Alg
CE(−)

↪−−−−−→ dgcAlgop

g 7−−−−−→ CE(g)
(3.3.14)

where dgcAlg is the ∞-category of the differential-graded commutative algebras. Thus,
the homomorphisms g1 → g2 of L∞-algebras can be defined by

L∞Alg(g1, g2) := dgcAlg
(
CE(g2), CE(g1)

)
. (3.3.15)

The definition of the Chevalley-Eilenberg dg-algebra of an L∞-algebra can be easily
generalised to L∞-algebroids.

Definition 3.3.12 (Chevalley-Eilenberg dg-algebra of an L∞-algebroid). The Chevalley-
Eilenberg dg-algebra of an L∞-algebroid a�M is defined by

CE(a) :=
(
∧• Γ(M, a∗), d

)
, (3.3.16)

where the underlying graded space is

∧• Γ(M, a∗) = C∞(M) ⊕ Γ(M, a∗0) ⊕
(
Γ(M, a∗1) ⊕ Γ(M, a∗0

)
∧Γ(M, a∗0)) ⊕ · · · (3.3.17)

and where the Chevalley-Eilenberg differential, now, acts also on smooth functions
f ∈ C∞(M) as follows:

df = %µat
a ∧ ∂µf ∈ Γ(M, a∗0), (3.3.18)

where %µa is the anchor map of the L∞-algebroid, in components. The differential of the
generators in the higher degrees is given in analogy with the differential (3.3.10).

Remark 3.3.13 (Homomorphisms of L∞-algebroids). In analogy with L∞-algebra in
remark 3.3.11, we can rewrite CE(a) =

(⊙• Γ(M, a∗)[1], d
)
. Thus, we have an embedding

(i.e. a fully faithful functor)

L∞Algbd
CE(−)

↪−−−−−→ dgcAlgop

a 7−−−−−→ CE(a)
(3.3.19)
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where dgcAlg is the ∞-category of the differential-graded commutative algebras. Now,
the homomorphisms a1 → a2 of L∞-algebroids can be defined by

L∞Algbd(a1, a2) := dgcAlg
(
CE(a2), CE(a1)

)
. (3.3.20)

Notice that dgcAlg
(
CE(a2), CE(a1)

)
is itself a differential-graded algebra. This dg-

algebra can be regarded as the L∞-algebroid of the homomorphisms from a1 to a2, which
we can denote as L∞Algbd(a1, a2).

Definition 3.3.14 (dg-algebra of flat L∞-algebra-valued differential forms). For a given
L∞-algebra g, the dg-algebra of flat g-valued differential forms is defined by(

Ω•flat(M, g),∇
)

:= dgcAlg
(
CE(g), (Ω•, d)

)
, (3.3.21)

where ∇ is the covariant derivative of any 1-degree differential form.

Example 3.3.15 (dg-algebra of flat Lie algebra-valued differential forms). Given an
ordinary Lie algebra g, a 1-degree element A ∈ Ω1

flat(M, g) is a g-valued differential form
A ∈ Ω1(M)⊗ g which satisfies the differential equation

dAa + 1
2C

a
bcA

b ∧Ac = 0, (3.3.22)

where Cabc are the structure constants of g.

Interestingly, Chevalley-Eilenberg dg-algebra is also useful to define a cohomology the-
ory for Lie algebras.

Definition 3.3.16 (Lie algebra cohomology). The Lie algebra cohomology of g is the
cohomology of the differential d of the Chevalley-Eilenberg dg-algebra CE(g), i.e.

Hn
Lie(g) =

Ker
(
d : ∧ng∗ → ∧n+1g∗

)
Im
(
d : ∧n−1g∗ → ∧ng∗

) . (3.3.23)

In other words, we have the identification

Hn
Lie(g) = Hn(CE(g)

)
. (3.3.24)

3.3.4 Weil dg-algebra

Definition 3.3.17 (Tangent L∞-algebra). We define the tangent L∞-algebra Tg of an
L∞-algebra g is defined by the following Chevalley-Eilenberg algebra:

CE(Tg) :=
(
∧• (g∗ ⊕ g∗[1]), d := dCE(g) + δ

)
(3.3.25)

where g∗[1] is a degree-shifted copy of g∗, the differential dCE(g) is the differential of
CE(g) and the differential δ : g∗

∼=−−→ g∗[1] is an isomorphism of graded spaces such that
[dCE(g), δ] = 0.

The tangent L∞-algebra Tg is also known as L∞-algebra of inner derivations inn(g).
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Definition 3.3.18 (Weil dg-algebra). The Weil dg-algebra W(g) of an L∞-algebra g is

W(g) := CE(Tg). (3.3.26)

Example 3.3.19 (Weil dg-algebra of an ordinary Lie algebra). Let us explicitly consider
the Weil dg-algebra W(g) of an ordinary Lie algebra g. Let {ta} be the 1-degree generators
of g∗ and {ra} the 2-degree ones of g∗[1]. Then, the Weil dg-algebra W(g) is identified by

dta = −1
2C

a
bct

b ∧ tc + ra,

dra = −Cabctb ∧ rc,
(3.3.27)

where Cabc are the structure constants of the Lie algebra g.

Example 3.3.20 (Weil dg-algebra of the string 2-algebra string(g)). The Weil dg-algebra
of the string 2-algebra string(g) is given by

dta = −1
2C

a
bct

b ∧ tc + ra,

db = −kaa′Ca
′
bct

a ∧ tb ∧ tc + h,

dra = −Cabctb ∧ rc,
dh = −kaa′Ca

′
bcr

a ∧ tb ∧ tc

(3.3.28)

where Cabc are the structure constants of the ordinary Lie algebra g, where kab is a
Killing form on g and where {ta, b, ra, h} are respectively the 1-degree generators {ta},
the 2-degree generators {b, ra} and the 3-degree generator {h}.

Definition 3.3.21 (dg-algebra of L∞-algebra-valued differential forms). For a given
L∞-algebra g, the dg-algebra of g-valued differential forms is defined by(

Ω•(M, g),∇
)

:= dgcAlg
(
W(g), (Ω•,d)

)
. (3.3.29)

Remark 3.3.22 (Higher gauge theory). The geometric meaning of this dg-algebra and
its physical interpretation of as higher gauge theory will be explored in subsection 3.4.5.
For the moment, notice that we can physically interpret the underlying graded space on
some open set U as follows:

· · · −→ Ω−1(U, g)︸ ︷︷ ︸
gauge of gauge param.

−→ Ω0(U, g)︸ ︷︷ ︸
gauge parameters

−→ Ω1(U, g)︸ ︷︷ ︸
gauge fields

−→ Ω2(U, g)︸ ︷︷ ︸
curvatures

−→ Ω3(U, g)︸ ︷︷ ︸
Bianchi identities

,

where 1-degree elements A ∈ Ω1(U, g) are local higher gauge fields (given by a collection
of local higher form fields) and 0-degree elements are gauge parameters of the form

δλA = [λ]1 + [λ ∧, A]2 + [λ ∧, A ∧, A]3 + . . . . (3.3.30)

Moreover, 2-degree elements are curvatures of the form

F = [A]1 + 1
2[A ∧, A]2 + 1

3! [A
∧, A ∧, A]3 + . . . (3.3.31)

and 3-degree elements are Bianchi identities for higher gauge fields, i.e.

0 = [F ]1 + [F ∧, A]2 + [F ∧, A ∧, A]3 + . . . . (3.3.32)
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Example 3.3.23 (dg-algebra of Lie algebra-valued differential forms). Given an ordinary
Lie algebra g, a 1-degree element A ∈ Ω1(M, g) is a g-valued differential form A ∈
Ω1(M)⊗ g which satisfy the differential equations

dAa + 1
2C

a
bcA

b ∧Ac = F a,

dF a + CabcA
b ∧ F c = 0,

(3.3.33)

where F ∈ Ω2(M) ⊗ g is a 2-degree element which encodes the curvature. Since A is
not constrained to be flat, we can regard Ω1(M, g) as the algebroid of general g-valued
1-forms A ∈ Ω1(M)⊗ g.

Example 3.3.24 (dg-algebra of string(g)-valued differential forms). Given an ordinary
Lie algebra g, a 1-degree element (A,B) ∈ Ω1(M, string(g)

)
is a couple of differential

forms A ∈ Ω1(M)⊗ g and B ∈ Ω2(M) which satisfy the differential equations

dAa + 1
2C

a
bcA

b ∧Ac = F a,

dB + kaa′C
a′
bcA

a ∧Ab ∧Ac = H,

dF a + CabcA
b ∧ F c = 0,

dH + kaa′C
a′
bcF

a ∧Ab ∧Ac = 0,

(3.3.34)

where (F,H) ∈ Ω2(M, string(g)
)
is a 2-degree element which encodes the curvature.

3.3.5 NQ-manifolds

The first definition of Q-manifold is due to [Ale+97]. See [Fai17] for a review.

Definition 3.3.25 (NQ-manifold). An NQ-manifold, also known as differential graded
manifold or dg-manifold, is a coupleM = (|M|, C∞) of a topological space |M| and a
sheaf of differential graded algebras C∞ on |M| such that, for any open set U ⊂ |M|,

C∞(U) ∼=
(
C∞(Rn)⊗ ∧•V, Q

)
(3.3.35)

where V is a graded vector space and Q is a differential.

Remark 3.3.26 (NQ-manifolds are L∞-algebroids). there exists an L∞-algebroid a

satisfying
C∞(U) ∼= CE(a|U ) (3.3.36)

dg-manifold ⇐⇒ L∞-algebroid (3.3.37)

See [Arv21] for applications in String Theory.

Example 3.3.27 (Shifted tangent bundle). The NQ-manifold corresponding to the
tangent algebroid TM is the shifted tangent bundle T [1]M , whose coordinates {xµ, dxµ}
are respectively of degree 0 and 1, and whose differential is

Q = dxµ ∂

∂xµ
. (3.3.38)

Immediately, we have CE(TM) = Ω•(M) = C∞(T [1]M).
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Example 3.3.28 (Lie algebra). The NQ-manifold corresponding to an ordinary Lie
algebra g is the dg-manifoldM = g[1], whose differential is given by

Q = 1
2C

i
jkξ

jξk
∂

∂ξi
=⇒ Qξi = 1

2C
i
jkξ

jξk, (3.3.39)

where {ξi} are the 1-degree coordinates of g[1] and Cijk are the structure constants of the
Lie algebra. Clearly, we have CE(g) = C∞(g[1]).

Remark 3.3.29 (Shifted tangent bundle and tangent L∞-algebra). Given the NQ-
manifoldM = g[1] corresponding to an L∞-algebra g, its shifted tangent bundle T [1]M =
T [1]g[1] will correspond to the tangent L∞-algebra Tg. Thus, we will have the identity
W(g) = CE(Tg) = C∞(T [1]g[1]).

3.3.6 Lie integration

Definition 3.3.30 (Lie integration). Given a L∞-algebroid a, we define its Lie integration
as the Lie ∞-groupoid exp(a) ∈ H given by the simplicial presheaf

exp(a) : (U, [k]) 7−→ dgcAlg
(
CE(a),

(
Ω•(U ×∆k)si

vert,d
))
, (3.3.40)

where ∆k is, for any k ∈ N, the standard k-simplex regarded as a smooth manifold and
(Ω•(U ×∆k)si

vert,d) is the dg-algebra of differential forms such that

1. they are vertical respect to the trivial bundle U ×∆k � U ,

2. they have sitting instants along the boundary, i.e. for every p-face ∆p in ∆k with
p < k there is an open neighbourhood U∆p ⊂ ∆k of the face ∆p such that the forms
restricted to U∆p are constant in the directions perpendicular to the p-face on its
value restricted to that face.

For more details, see [FSS12; ŠŠ15].

Example 3.3.31 (Moduli stack BG). Let G be an ordinary Lie group, whose Lie algebra
is g. Then, we have the Lie integration exp(g) ∼= BG. Let us apply the definition:

• the set of objects is trivial, i.e. {0},

• 1-morphisms are {A ∈ Ω1
flat(U × [0, 1], g)si

vert}, i.e. vertical flat g-valued 1-forms
A = λdt on the interval, where t ∈ [0, 1],

• 2-morphisms are {A◦ ∈ Ω1
flat(U×D2, g)si

vert}, i.e. vertical flat g-valued 1-forms A◦ on
the disk D2, which interpolates between two 1-morphisms A = λdt and A′ = λ′dt,
which are defined on the two semicircles (see figure 3.5).

Now, 1-morpshisms can be interpreted as pullbacks A = γ∗ω and A′ = γ′∗ω, where
γ, γ′ : [0, 1]→ G are paths on the Lie group G, with γ(0) = γ′(0) and γ(1) = γ′(1), and
the 1-form ω ∈ Ω1(G, g) is the Maurer-Cartan form. Similarly, a 2-morphism can be
regarded as a homotopy Σ : γ ⇒ γ′ between two paths on G. This is equivalent to BG.
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0 1

A = λdt

A′ = λ′dt

A◦ x0 x1

γ

γ′

Σ

G

Figure 3.5: Lie-integration of a Lie algebra.

Remark 3.3.32 (∞-Lie theory). If we consider Lie integration

exp : L∞Algbd ↪−→ H (3.3.41)

and its natural inverse, Lie differentiation,

Lie : H −� L∞Algbd (3.3.42)

we have all the ingredients which make up ∞-Lie theory. The Lie differentiation of Lie
∞-groups was introduced in [Sev06].

3.4 Principal ∞-bundles

In this section we will give a simple introduction to the theory of principal ∞-bundles
developed by [NSS15; NSS14]. Moreover, from the general theory, we will recover the
local differential data of abelian bundle gerbes as presented by [Hit01; Joh03].

In ordinary differential geometry a principal G-bundle on a manifold M is defined by
an element of the first non-abelian G-cohomology group H1(M,G) ∼= GBund(M)/∼=.
These are equivalence classes

[
f(αβ)

]
where the representatives are given by Čech G-

cocycles f(αβ) ∈ C∞(Uα ∩ Uβ, G) on M and the equivalence relation is given by Čech
coboundaries η(α) ∈ C∞(Uα, G) by f(αβ) ∼ η(α)f(αβ)η

−1
(β). We would like to refine this

formalism to a stack description, where we consider G-bundles without slashing out
gauge transformations.

Remark 3.4.1 (Ordinary principal bundle). For a given manifold M and ordinary Lie
group G, the groupoid H(M,BG) has as objects all the nonabelian Čech G-cocycles
f(αβ) on M and as morphisms all the couboundaries f(αβ) 7→ η(α)f(αβ)η

−1
β between them.

Schematically, we have:

H(M,BG) ∼=


M BG

f(αβ)

η(α)f(αβ)η
−1
(β)

η(α)


(3.4.1)

In geometric terms the objects are all the principal G-bundles over M and the morphisms
are all the isomorphisms (i.e. gauge transformations) between them. Thus we will
operatively define a principal G-bundle as just an object of groupoid H(M,BG).
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To recover the topological picture we only need to take the set of connected components
of the groupoid of ordinary principal bundles:

H1(M,G) = π0H(M,BG). (3.4.2)

To any cocycle M → BG is canonically associated a principal bundle π : P �M given by

P ∗

M BG

hofib(f)

f

(3.4.3)

where we called π =: hofib(f) is the fibre projection of the bundle.

The fundamental idea for defining principal ∞-bundles is letting the formalism (3.4.1)
and (3.4.3) work for Lie ∞-groups too.

Definition 3.4.2 (Principal ∞-bundles). A principal ∞-bundle P �M is a fibration

P ∗

M BG

hofib(f)

f

(3.4.4)

corresponding to a cocycle f ∈ H(M,BG), where G ∈ Grp(H) is a Lie ∞-group in H.
Thus, we can define the ∞-groupoid of principal G-bundles on M by

GBund(M) := H(M,BG). (3.4.5)

Definition 3.4.3 (Bundle n-gerbe). A bundle n-gerbe G �M is defined as a principal
BnU(1)-bundle on a base manifold M . The ∞-groupoid of bundle n-gerbes is, thus,

n-Gerb(M) := H(M,Bn+1G). (3.4.6)

Remark 3.4.4 (Cohomology and bundle n-gerbes). Notice that bundle n-gerbes on a
base manifold M are topologically classified exactly by the n-th cohomology group of M ,
i.e.

Hn+2(M,Z) ∼= Hn+1(M,U(1)) ∼= π0H
(
M,Bn+1U(1)

)
. (3.4.7)

In all the rest of this section we will explore several properties of the bundle gerbes.

Remark 3.4.5 (Principal action). Every principal∞-bundle P comes naturally equipped
with a principal action

ρ : G× P −→ P, (3.4.8)

where G is the structure ∞-group of P .

Definition 3.4.6 (Sections of an ∞-bundle). Given any bundle π : P � M with
P,M ∈ H, according to [NSS15] we can define its ∞-groupoid of its sections on M by

Γ(M,P ) := H/M (idM , π) (3.4.9)

where H/M (−,−) is the internal hom ∞-groupoid (definition 3.2.23) of the slice ∞-
category H/M (definition 3.2.26).
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3.4.1 Action ∞-groupoid

Definition 3.4.7 (Action ∞-groupoid). Given a Lie group G ∈ Grp(H) and a smooth
stack V ∈ H, an action ∞-groupoid (also known as quotient stack) V //ρG ∈ H is defined
by a principal bundle of the following form:

V ∗

V //ρG BG,

hofib(f)

f

(3.4.10)

where we called ρ : G× V → V the principal action.

See [Sha02] for more physical applications.

Example 3.4.8 (Universal principal ∞-bundle). We define the universal principal ∞-
bundle EG over a Lie ∞-group BG by the following action ∞-groupoid

EG := G//ρG, (3.4.11)

where ρ is the natural action of G on itself.

Remark 3.4.9 (∞-group of inner automorphisms). The universal principal ∞-bundle
EG has a natural Lie ∞-group structure. As a Lie ∞-group, the universal principal
∞-bundle is also known as Inn(G), i.e. as ∞-group of inner automorphisms of G.

Remark 3.4.10 (Borel construction). Given an action ∞-groupoid M//ρG ∈ H where
M is a smooth manifold, we have the equivalence M//ρG ∼= EG ×G M and, thus, the
geometric realisation ∣∣M//ρG

∣∣ = EG×GM, (3.4.12)

where EG is the (topological) universal principal G-bundle and where the fiber product
identifies couples (aΨ, x) ∼ (a,Ψx) where a ∈ EG, x ∈M and Ψ ∈ G.

Geometrically EG ×G M is the bundle over the classifying space BG associated with
the universal bundle EG and with fibre M .

Remark 3.4.11 (Equivariant cohomology). Usually, the equivariant cohomology of a
G-space M is defined as the ordinary cohomology of the space EG×GM , i.e.

Hn
G(M,Z) := Hn(EG×GM,Z). (3.4.13)

Notice that this can be equivalently given by

Hn
G(M,Z) ∼= Hn−1

G (M,U(1)) ∼= π0H
(
M//ρG, Bn−1U(1)

)
, (3.4.14)

i.e. by a bundle (n− 2)-gerbe on the action ∞-groupoid M//ρG.
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3.4.2 Bundle gerbes

he abelian bundle gerbe is a categorification of the principal U(1)-bundle introduced by
[Mur96; MS00]. More recently, in [NSS15], the bundle gerbe has been reformalised as a
special case of principal ∞-bundle, where the structure Lie 2-group is G = BU(1), i.e.
the circle 2-group. For an introductory self-contained review, see [Bun21].

Example 3.4.12 (Bundle gerbe). An abelian bundle gerbe is a principal BU(1)-bundle
(i.e. a circle 2-bundle).

Remark 3.4.13 (Dixmier-Douady class). By taking the group of path-connected com-
ponents of the groupoid H(M,B2U(1)) of the abelian bundle gerbes we obtain the 3rd
cohomology group

π0H(M,B2U(1)) = H2(M,U(1)) ∼= H3(M,Z). (3.4.15)

Hence, bundle gerbes P → M over a base manifold M are topologically classified by
their Dixmier-Douady class, i.e. by an element dd(P ) ∈ H3(M,Z) of the third integer
cohomology group of the base manifold. This is totally analogous to how the first Chern
class c1(P ) ∈ H2(M,Z) classifies ordinary circle bundles P →M . In general we have a
sequence of circle n-bundles:

H1(M,Z) ∼= C∞(M,S1), H2(M,Z) ∼= S1Bund(M)/∼, H3(M,Z) ∼= Gerb(M)/∼, . . .

where S1Bund(M)/∼ and Gerb(M)/∼ are respectively the group of isomorphism classes
of circle bundles and abelian bundle gerbes over the base manifold M . Therefore, in this
context, a global map in C∞(M,S1) can be seen as a circle 0-bundle.

Remark 3.4.14 (Bundle gerbe in Čech picture). An object of H(M,B2U(1)) is given in
Čech data for a good cover U = {Uα} of M by a collection (G(αβγ)) of local scalars on
Uα ∩ Uβ ∩ Uγ satisfying

G(αβγ) −G(βγδ) +G(γδα) −G(δαβ) ∈ 2πZ, (3.4.16)

i.e. an abelian bundle gerbe in Čech data. The 1-morphisms between these objects are
Čech coboundaries (in physical words the gauge transformations of the bundle gerbe)
given by collections (η(αβ)) of local scalars on overlaps Uα ∩ Uβ so that

G(αβγ) 7→ G(αβγ) + η(αβ) + η(βγ) + η(γα) (3.4.17)

The 2-morphisms between 1-morphisms (in physical words the gauge-of-gauge transfor-
mations of the bundle gerbe) are given by collections (ε(α)) of local scalars on each Uα so
that

η(αβ) Z⇒ η(αβ) + ε(α) − ε(β). (3.4.18)
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In terms of diagrams we can write this 2-groupoid of abelian bundle gerbes as follows:

H
(
M,B2U(1)

) ∼=



M B2U(1)

(G(αβγ))

(G′(αβγ))

(η′(αβ))(η(αβ))
(ε(α))



(3.4.19)

Remark 3.4.15 (Bundle gerbe in Murray picture). There is an alternative but equivalent
way to geometrically describe a bundle gerbe: the Murray description by [Mur96; MS00;
Mur07]. A bundle gerbe will be given by a circle bundle Pαβ ∈ H(Uα ∩ Uβ, BU(1)) on
each overlap of patches and an isomorphism between each tensor product Pαβ ⊗ Pβγ
and Pαγ on every three-fold overlap of patches. The latter is a gauge transformation
G(αβγ) ∈ C∞(Uα ∩ Uβ ∩ Uγ), so that

Pαβ ⊗ Pβγ
∼=−−−−−→

G(αβγ)
Pαγ (3.4.20)

and which satisfies the cocycle condition on four-fold overlaps of patches. This notation
is reminiscent of the transition functions (G(αβ)) of an ordinary circle bundle P → M ,
which are indeed bundle 0-gerbes G(αβ) ∈ C∞(Uα ∩ Uβ, U(1)) and which satisfy exactly
G(αβ) ·G(βγ) = Gαγ .

Remark 3.4.16 (Bundle gerbe in local data). Let U := {Uα} be any good cover for the
base manifold M . The Čech groupoid Č(U) is defined as the ∞-groupoid corresponding
to the following simplicial object

· · ·
⊔
αβγ Uα ∩ Uβ ∩ Uγ

⊔
αβ Uα ∩ Uβ

⊔
α Uα. (3.4.21)

Now, by using the natural equivalence between the Čech groupoid Č(U) and the manifold
M in the (∞, 1)-category of stacks, we can express the map between M and the moduli
stack B2U(1) as a functor of the form

M ∼= Č(U) B2U(1).f (3.4.22)

By using the definition of the Čech groupoid, such a map can be presented as a collection
of cocycles ⊔αβ Uα∩Uβ → BU(1) which are glued by isomorphisms on three-fold overlaps
of patches ⊔αβγ Uα ∩Uβ ∩Uγ . Since, as we have seen, any map U → BU(1) from an open
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set U is equivalently a U(1)-bundle P � U , we obtain the following diagram:

{
µ(αβγ) : Pαβ ⊗ Pβγ

∼=−−→ Pαγ
} ⊔

αβ Pαβ

⊔
αβγ Uα ∩ Uβ ∩ Uγ

⊔
αβ Uα ∩ Uβ

⊔
α Uα

M

(3.4.23)

More in detail, we have a collection of circle bundles {Pαβ � Uα ∩Uβ} on each overlap of
patches Uα ∩ Uβ ⊂M such that:

• there exists a bundle isomorphism Pαβ ∼= P−1
βα on any two-fold overlap of patches

Uα ∩ Uβ,

• there exists a bundle isomorphism µ(αβγ) : Pαβ ⊗ Pβγ
∼=−−→ Pαγ on any three-fold

overlap of patches Uα ∩ Uβ ∩ Uγ ,

• this isomorphism satisfies µ(αβγ)◦µ−1
(βγδ)◦µ

−1
(γδα)◦µ(δαβ) = 1 on any four-fold overlaps

of patches Uα ∩ Uβ ∩ Uγ ∩ Uδ.

We, thus, recovered the Murray formulation [Mur96; MS00; Mur07] of the bundle gerbe
Π : G −�M .

3.4.3 Principal ∞-bundles with connection

In this subsection we want to introduce the moduli stack of principal bundle with
connection BGconn, which refines the moduli stack of principal bundles BG. We will
have the following diagram:

BGconn

M BG.

frgt

f

(A,f) (3.4.24)

Just like a cocycle f : M → BG encodes the global geometric data of a principal bundle,
a cocycle (A, f) : M → BGconn will encode both the global geometric data of a principal
bundle and the global differential data of a principal connection.

Before providing a full definition for the stack BGconn for any given Lie ∞-group, let
us first construct a simple example.

Example 3.4.17 (Ordinary principal G-bundle). Let G be an ordinary Lie group and
M a smooth manifold. We can explicitly construct the stack BGconn ∈ H such that a
cocycle

(
A(α), f(αβ)

)
∈ H(M,BGconn) encodes the global differential data of a principal
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G-bundle with connection on M as follows: A(α) ∈ Ω(Uα, g) is a local 1-form, which is
globally patched by

A(β) = f−1
(βα)

(
A(α) + d

)
f(βα), (3.4.25)

and f(αβ) : M −→ BG is the Čech cocycle of a principal G-bundle, i.e. satisfying

f(αβ)f(βγ) = f(αγ). (3.4.26)

A coboundary
(
A(α), f(αβ)

)
⇒
(
A′(α), f

′
(αβ)

)
is given by a local scalar η(α) ∈ C∞(Uα, G)

such that
A′(α) = η−1

(α)
(
A(α) + d

)
η(α),

f ′(αβ) = η−1
(β)f(αβ)η(α).

(3.4.27)

Remark 3.4.18 (Underlying principal G-bundle). In general, there is a forgetful functor

BGconn
frgt−−−−−−→ BG, (3.4.28)

which forgets the connection of the G-bundles. Thus, it is important to remark that a
cocycle M → BGconn does not contain only local connection data, but it remembers the
underlying bundle structure M → BG. For example, if G is an ordinary Lie group as in
the example above, then cocycles are mapped as

H(M,BGconn) 3
(
A(α), f(αβ)

) frgt7−−−−→ (f(αβ)) ∈ H(M,BG), (3.4.29)

so that the functor forgets the connection data, but retains the global geometric data.

Once we have defined the stack BGconn, we immediately have the following definition.

Definition 3.4.19 (∞-groupoid of G-bundles with connection). Given a smooth manifold
M and a Lie ∞-group G, the ∞-groupoid of G-bundles with connection on M is defined
as follows:

GBundconn(M) := H(M,BGconn). (3.4.30)

Remark 3.4.20 (Differential cohomology). Notice that we have the isomorphism

π0H(M,BGconn) ∼= Ĥ1(M,G), (3.4.31)

where Ĥ•(−, G) is the differential cohomology.

At this point, we must discuss how it is possible to construct, in general, the stack BGconn
for a given general Lie ∞-group G. This issue was discussed e.g. in [SW08; Wal17]. Such
a construction will have to generalise ordinary parallel transport to principal ∞-bundles.
Naïvely, we could expect to define our wanted stack by BGffconn : U 7−→ H

(
P(U), BG

)
,

where P(U) is the path ∞-groupoid of the smooth manifold U . However, this definition
works only for ordinary Lie groups. For a general Lie ∞-group G, the stack such a
definition makes the cocycles valued in BGffconn fake-flat connections, i.e. connections
whose 2-form component of the curvature is forced to vanish. This issue was discussed
already in [BS05] and more recently in [SS19a]. We could attempt a definition of
the form BGffconn : U 7−→ H

(
P(U), BInn(G)

)
, where Inn(G) is the ∞-group of inner

automorphisms of G (see remark 3.4.9), but this still leads to fake-flatness for higher Lie
groups. A proposed solution has been developed by [SS19a; KS20; BKS21]. To understand
it, we must introduce the notion of adjusted tangent L∞-algebras [BKS21] first.
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Definition 3.4.21 (Adjusted tangent L∞-algebra). Given an L∞-algebra g, we can define
the (firmly) adjusted tangent L∞-algebra Tadjg as deformation of the L∞-algebra structure
of the tangent L∞-algebra Tg, given as follows. Let {ti} and {ri} be respectively the
generators of g∗[2] and g∗[1]. We can obtain CE(Tadjg) by a coordinate transformation of
CE(Tg) the form

ti 7→ ti,

ri 7→ ri + pij1···jmk1···knr
j1 · · · rjmtk1 · · · tkn ,

(3.4.32)

such that the image of the resulting differential dCE on generators in g∗[2] contains no
generator in g∗[1], except for at most one of degree 1.

In analogy with definition 3.3.18, we can define the (firmly) adjusted Weil dg-algebra
[KS20] of an L∞-algebra g by Wadj(g) := CE(Tadjg). Let us now look at an important
example of such dg-algebras.

Example 3.4.22 (Adjusted Weil dg-algebra of the string 2-algebra string(g)). The
(firmly) adjusted Weil dg-algebra [KS20] of the string 2-algebra string(g) is given by

dta = −1
2C

a
bct

b ∧ tc + ra,

db = −kaa′Ca
′
bct

a ∧ tb ∧ tc − kabta ∧ rb + h,

dra = −Cabctb ∧ rc,
dh = −kabra ∧ rb

(3.4.33)

where Cabc are the structure constants of the ordinary Lie algebra g, where kab is a
Killing form on g and where {ta, b, ra, h} are respectively the 1-degree generators {ta},
the 2-degree generators {b, ra} and the 3-degree generator {h}. It is not hard to check
that this dg-algebra can be obtained from the usual Weil dg-algebra in example 3.3.20 by
the change of coordinates h 7→ h′ = h+ kabr

atb.

Now, we can construct the stack BGconn by defining an "adjusted" notion of parallel
transport which makes use of the idea of adjusted tangent L∞-algebra.

Definition 3.4.23 (Moduli stack of G-bundles with connection). Given a Lie ∞-group
G, the moduli stack of G-bundles with connection BGconn ∈ H is defined by the functor

BGconn : Diffop −→ ∞Grpd
M 7−→ H

(
P(M), BInnadj(G)

)
,

(3.4.34)

where P(M) is the path ∞-groupoid of the smooth manifold M and Innadj(G) is the
adjusted ∞-group of inner automorphisms of G, which can be defined by Lie-integration
of the adjusted tangent L∞-algebra Tadjg, where g := Lie(G).

For more details and discussion, we redirect to [KS20; BKS21].

For an ordinary Lie group G, a functor P(M) −→ BInnadj(G) can be equivalently given
by a functor P(M) −→ BG. For more details see [KS20].
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x y

P(M) BInnadj(G)

traA−−−−−−→ ∗ ∗

Figure 3.6: Parallel transport on a principal G-bundle is given by a functor between the path
∞-groupoid P(M) of the smooth manifold M and the stack BInnadj(G).

Example 3.4.24 (Ordinary parallel transport). Given an ordinary Lie group G and a
smooth manifold M , a functor traA : P(M) −→ BG is called parallel transport and it is
given by the map

traA : γ 7−→ P exp
(∫

γ
A

)
∈ G, (3.4.35)

where γ is any path on the base manifold M and A(α) ∈ Ω(Uα, g) is a local 1-form, which
is globally patched by

A(β) = f−1
(βα)

(
A(α) + d

)
f(βα), (3.4.36)

where f(αβ) : M −→ BG is the Čech cocycle of a principal G-bundle, i.e. satisfying

f(αβ)f(βγ) = f(αγ). (3.4.37)

Thus, a map traA is equivalently a cocycle
(
A(α), f(αβ)

)
∈ H(M,BGconn) which encodes

the global differential data of a principal G-bundle with connection. The functorial nature
of the parallel transport is clear from

traA(γ′) · traA(γ) = traA(γ′ ◦ γ), (3.4.38)

where ◦ is the composition of paths.

3.4.4 Bundle gerbes with connection

Let us now construct a bundle gerbe equipped with connection, which globally formalises
a Kalb-Ramond field. This is mostly based on [Mur96; MS00; Mur07; DCCT]. For bundle
gerbes, the construction of the stack B2U(1)conn is particularly simple.

Definition 3.4.25 (Bundle gerbe with connection). An abelian bundle gerbe with
connection is given by a cocycle M → B2U(1)conn where we defined the stack B2U(1)conn
in example 3.2.38.

Remark 3.4.26 (Bundle gerbe with connection in Čech-Deligne picture). An object
of the ∞-groupoid H(M,B2U(1)conn) is given in Čech-Deligne data for a good cover
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U = {Uα} of M by a collection (B(α),Λ(αβ), G(αβγ)) of 2-forms B(α) ∈ Ω2(Uα), 1-forms
Λ(αβ) ∈ Ω2(Uα ∩ Uβ) and scalars G(αβγ) ∈ C∞(Uα ∩ Uβ ∩ Uγ), patched by

B(β) −B(α) = dΛ(αβ),

Λ(αβ) + Λ(βγ) + Λ(γα) = dG(αβγ)

G(αβγ) −G(βγδ) +G(γδα) −G(δαβ) ∈ 2πZ
(3.4.39)

i.e. an abelian bundle gerbe with connection in Čech-Deligne data. The 1-morphisms
between these objects are Čech-Deligne coboundaries (in physical words the gauge
transformations of the bundle gerbe), given by collections (ηα, η(αβ)) of local 1-forms
η(α) ∈ Ω1(Uα) and local scalars η(αβ) ∈ C∞(Uα ∩ Uβ), so that

B(α) 7→ B(α) + dηα,
Λ(αβ) 7→ Λ(αβ) + ηα − ηβ + dη(αβ)

G(αβγ) 7→ G(αβγ) + η(αβ) + η(βγ) + η(γα)

(3.4.40)

The 2-morphisms between 1-morphisms (in physical words the gauge-of-gauge transfor-
mations of the bundle gerbe) are given by collections (ε(α)) of local scalars on each Uα so
that

η(α) Z⇒ η(α) + dε(α),

η(αβ) Z⇒ η(αβ) + ε(α) − ε(β).
(3.4.41)

In terms of diagrams we can write this 2-groupoid of abelian bundle gerbes with connection
as follows:

H
(
M,B2U(1)conn

) ∼=



M B2U(1)conn

(B(α),Λ(αβ),G(αβγ))

(B′(α),Λ
′
(αβ),G

′
(αβγ))

(η′(α), η
′
(αβ))(η(α), η(αβ))

(ε(α))



(3.4.42)

Definition 3.4.27 (Flat and trivial bundle gerbe). A flat bundle gerbe is defined as a
bundle gerbe (B(α),Λ(αβ), G(αβγ)) with vanishing curvature dB(α) = 0. We use the symbol
[B2U(1)conn for the moduli stack of flat bundle gerbes with connection. A trivial bundle
gerbe is defined as a bundle gerbe with trivial Dixmier-Douady class.

Remark 3.4.28 (Flat and trivial bundle gerbe in Čech-Deligne picture). Let us express
in local data a flat bundle gerbe (B(α),Λ(αβ), G(αβγ)) ∈ H(M, [B2U(1)conn). Since B(α)
is closed on each patch Uα we can rewrite

B(α) = dη(α),

Λ(αβ) = η(β) − η(α) + dη(αβ),

G(αβγ) = η(αβ) + η(βγ) + η(γα) + c(αβγ),

c(αβγ) − c(βγδ) + c(γδα) − c(δαβ) ∈ 2πZ

(3.4.43)
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Hence flat bundle gerbes are classified by holonomy classes [c(αβγ)] ∈ H2(M,U(1)discr).
The Čech-Deligne local data of a trivial bundle gerbe will be exactly (3.4.43), but with
trivial constants c(αβγ) = 0.

Definition 3.4.29 (Flat holonomy class). Flat bundle gerbes are classified by elements
of the cohomology group H2(M,U(1)discr) ∼= Hom

(
H2(M), U(1)discr

)
, where U(1)discr is

the circle equipped with discrete topology. Such class is called flat holonomy class of the
bundle gerbe.

Hence a class [c(αβγ)] ∈ H2(M,U(1)discr) encode the holonomy of the bundle gerbe,
meaning that to any surface [Σ] ∈ H2(M) of the base manifold will be associated
an angle hol(Σ, B(α)) ∈ U(1).

Remark 3.4.30 (Flat bundle gerbe has torsion Dixmier-Douady class). There exists a
natural map H2(M,U(1)discr)→ H2(M,U(1)) ∼= H3(M,Z) sending a flat bundle gerbe
to its Dixmier-Douady class. The Dixmier-Douady class of the flat bundle gerbe has not
to be zero, but its image in the de Rham cohomology H3(M,Z)→ H3(M,R) ∼= H3

dR(M)
must be zero, since dB(α) = 0. This implies that the Dixmier-Douady class is, in general,
torsion.

Remark 3.4.31 (Sections of the bundle gerbe). We can construct the 2-groupoid
Γ(M,G ) := H/M (idM ,Π) of sections of the bundle gerbe G

Π−→M according to definition
3.4.6. They will be given by a collection (x̃(α), φ(αβ)) ∈ Γ(M,M) where

x̃(α) ∈ Ω1(Uα), φ(αβ) ∈ C∞(Uα ∩ Uβ) (3.4.44)

are local 1-forms and scalars, such that they are patched on two-fold and three-fold
overlaps by using (Λ(αβ), G(αβγ)) as transition functions by

x̃(α) − x̃(β) = −Λ(αβ) + dφ(αβ),

φ(αβ) + φ(βγ) + φ(γα) = G(αβγ) mod 2πZ.
(3.4.45)

Gauge transformations between global sections are given by a collection of local functions
on each patch εα ∈ C∞(Uα) so that (x̃(α), φ(αβ)) 7→ (x̃(α) + dε(α), φ(αβ) + ε(α) − ε(β)).
Global sections (x̃(α), φ(αβ)) and gauge transformations (ε(α)) are respectively the objects
and the morphisms of the groupoid Γ(M,G ) of sections of the bundle gerbe.

Remark 3.4.32 (Sections of the bundle gerbe are twisted circle bundles). As explained
by [NSS15], sections of a principal 2-bundle f : M → BG can be interpreted as ordinary
principal bundles on M twisted by the cocycle f . Coherently with this, in the case of
the bundle gerbe we can immediately interpret sections (x̃(α), φ(αβ)) ∈ Γ(M,G ), which
are patched according to (3.4.45), as U(1)-bundles with connection on M twisted by the
Čech-Deligne cocycle (Λ(αβ), G(αβγ)).

Remark 3.4.33 (Principal action on the bundle gerbe in Čech-Deligne picture). This
principal action on the bundle gerbe is described in local Čech-Deligne data on sections
(x̃(α), φ(αβ)) ∈ Γ(M,G ) as follows:
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• a circle bundle onM , given by the Čech-Deligne cocycle (ηα, η(αβ)) ∈ H(M,BU(1)conn)
acting by

x(α) 7→ x(α)

x̃(α) 7→ x̃(α) + η(α)

φ(αβ) 7→ φ(αβ) + η(αβ),

(3.4.46)

• gauge transformations (η(α), η(αβ)) Z⇒ (η′α, η′(αβ)) are just gauge transformations
between circle bundles and are given in local data by a collection of functions
ε(α) ∈ C∞(Uα) acting by

η(α) Z⇒ η(α) + dε(α)

η(αβ) Z⇒ η(αβ) + ε(α) − ε(β).
(3.4.47)

In terms of diagrams we can rewrite the principal action on the bundle gerbe as the
groupoid

H(M, BU(1)conn) '


G G

(ηα, η(αβ))

(η(α)+dε(α), η(αβ)+ε(α)−ε(β))

(ε(α))


(3.4.48)

Remark 3.4.34 (Principal action gives global gauge transformations). Let us consider a
Čech-Deligne cocycle (B(α),Λ(αβ), G(αβγ)) ∈ H(M,B2U(1)conn). Then the principal action
ρ (remark 5.2.12) gives global gauge transformations (η(α), η(αβ)) ∈ H

(
M,BU(1)conn

)
of

the connection of the bundle gerbe. From the expression of coboundaries (3.4.40) we find

B(α) 7→ B(α) + dη(α)

Λ(αβ) 7→ Λ(αβ) + η(α) − η(β) + dη(αβ) = Λ(αβ)

G(αβγ) 7→ G(αβγ) + η(αβ) + η(βγ) + η(γα) = G(αβγ).

(3.4.49)

and the (3.4.47) are the gauge transformations of these gauge transformations. The
gerbe curvature H = dB(α) is clearly unaffected. Transformation (3.4.46) and (3.4.47)
can be also understood as a change of local trivialisation (e.g. like in [Hit01]) for the
cocycle (Λ(αβ), G(αβγ)) ∈ H

(
M,B(BU(1)conn)

)
. Where, for a circle bundle, a change of

local trivialisation is a global U(1)-valued function, for a bundle gerbe this is a global
U(1)-bundle. By using the curvature functor curv : BU(1)conn −→ Ω2

cl, which sends a U(1)-
bundle (η(α), η(αβ)) ∈ H

(
M,BU(1)conn

)
to the closed global 2-form b ∈ Ω2

cl(M) defined
by b|Uα = dη(α), we can rewrite this transformation as a global B-shift B(α) 7→ B(α) + b.

This generalises ordinary Kaluza-Klein, where the principal U(1)-action on the circle
bundle is given by global shifts in the angular coordinates θ(α) 7→ θ(α) + η(α) with
η(α) = η(β) and it encodes global gauge transformations A(α) 7→ A(α) + dη(α) and
G(αβ) 7→ G(αβ) + η(α) − η(β) = G(αβ).
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3.4.5 Global higher gauge fields and L∞-algebras

In this subsection we will discuss the relation between the definition of a higher gauge field
as a cocycleM → BGconn and the one that is more common in the literature, i.e. as a map
T [1]M → T [1]g[1] of NQ-manifolds. In particular we will discuss their global aspects.

In subsection 3.4.3 we learnt that a Čech cocycle
(
A(α), f(αβ)

)
encoding the global

data of a principal G-bundle with connection, where G is an ordinary Lie group, can
be expressed as a map (

A(α), f(αβ)
)

: P(M) −→ BG. (3.4.50)

The morphisms between such maps are nothing but global gauge transformations, i.e.

(
A(α), f(αβ)

) λ(α)7−−−−−−→
(
λ−1

(α)(A(α) + d)λ(α), λ(α)f(αβ)λ
−1
(β)

)
, (3.4.51)

where the gauge parameter λ(α) ∈ C∞(Uα, G) is a local G-valued function. Such cocycles
and such gauge transformations are exactly the objects and the morphisms of the
groupoid H(P(M),BG).

The infinitesimal version of the map (3.4.50) is a homomorphisms of L∞-algebroids

A : TM −→ b(Tg), (3.4.52)

where TM is regarded as an algebroid with Lie bracket [−,−]Lie and b(Tg) is just the
tangent L∞-algebra Tg regarded as an L∞-algebroid. Let us now consider its dual
map of Chevalley-Eilenberg dg-algebras. First of all, recall that CE(TM) =

(
Ω•(M),d

)
.

Thus, we have the following map of dg-algebras(
Ω•(M),d

)
←− CE(Tg) = W(g) : A. (3.4.53)

Such a map is nothing but a g-valued differential form

A ∈ Ω1(M, g) (3.4.54)

with curvature F := dA+ [A ∧, A] ∈ Ω2(M, g), which can be non-vanishing. Notice that,
equivalently, in NQ-manifold notation, this map can be rewritten as

A : T [1]M −→ T [1]g[1], (3.4.55)

which is a definition commonly adopted of gauge field in literature. The dg-algebra of
such maps is nothing but Maps(T [1]M, T [1]g[1]) = dgcAlg

(
W(g), CE(TM)

) ∼= Ω•(M, g)
from definition 3.3.21. Its underlying graded space will be given by the cochain complex

C∞(M, g)︸ ︷︷ ︸
gauge parameters

−→ Ω1(M, g)︸ ︷︷ ︸
gauge fields

−→ Ω2(M, g)︸ ︷︷ ︸
curvatures

−→ Ω3(M, g)︸ ︷︷ ︸
Bianchi identities

. (3.4.56)

It is important to notice that the space of such maps is itself an algebroid, whose objects
are A ∈ Ω1(M, g) and whose morphisms are infinitesimal gauge transformation

δλA = dλ+ [λ,A]g, (3.4.57)
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where the gauge parameter is a global g-valued function λ ∈ C∞(M, g). For any fixed
object A ∈ Ω1(M, g) we have a Lie algebra of gauge parameters, i.e. a gauge algebra:
this Lie algebra structure is given by the Lie bracket

λ12 = [λ1, λ2]g (3.4.58)

for any couple of gauge parameters λ1, λ2 ∈ C∞(M, g). It is intuitively clear that such
an algebroid is nothing but the infinitesimal version of the groupoid H

(
M,BGconn

)
=

H(P(M),BG) of G-bundles with connection.

Gauge fields
Groupoid Algebroid

H(P(M),BG) Maps(T [1]M, T [1]g[1])
Objects Čech cocycles

(
A(α), f(αβ)

)
g-valued 1-forms

A(α) ∈ Ω1(Uα, g) A ∈ Ω1(M, g)
f(αβ) ∈ C∞(Uα ∩ Uβ, G)

Morphisms Global gauge transformations Infinitesimal gauge transformations
λ(α) ∈ C∞(Uα, G) λ ∈ C∞(M, g)

Table 3.1: Global aspects of the definition of ordinary gauge fields in higher geometry.

However, notice that the infinitesimal definition of a gauge field as a globally-defined
1-form A ∈ Ω1(M, g) does not capture the global geometry of a general gauge field.
In fact, we know that a topologically non-trivial gauge field (e.g. in presence of non-
zero charges) cannot be defined as a global 1-form, but it must be given by a cocycle(
A(α), f(αβ)

)
∈ H(P(M),BG), which allows non-trivial patchings.

Everything we said in this subsection can be immediately generalised to higher gauge
fields by replacing the ordinary Lie group G with a Lie ∞-group.

Remark 3.4.35 (Global vs infinitesimal higher gauge theory). Given a Lie ∞-group G,
often in the literature a higher gauge field is defined as a map A : T [1]M → T [1]g[1]. Since
T [1]g[1] is the NQ-manifold corresponding to the tangent L∞-algebra Tg, this map is
equivalently a map of dg-algebras A : W(g)→ CE(TM). However, in subsection 3.4.3 we
learnt that we should replace the Weil dg-algebra with the adjusted Weil algebra Wadj(g)
to avoid fake-flatness. The dg-algebra dgcAlg

(
Wadj(g), CE(TM)

) ∼= (
Ω•(M, g),∇

)
of

such maps has the following underlying cochain complex

· · · −→ Ω−1(M, g)︸ ︷︷ ︸
gauge of gauge param.

−→ Ω0(M, g)︸ ︷︷ ︸
gauge parameters

−→ Ω1(M, g)︸ ︷︷ ︸
gauge fields

−→ Ω2(M, g)︸ ︷︷ ︸
curvatures

−→ Ω3(M, g)︸ ︷︷ ︸
Bianchi identities

,

where 1-degree elements A ∈ Ω1(M, g) are local higher gauge fields; 0-degree elements are
gauge parameters given by

δλA = [λ]1 + [λ ∧, A]2 + [λ ∧, A ∧, A]3 + . . . , (3.4.59)
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2-degree elements are curvatures given by

F = [A]1 + [A ∧, A]2 + [A ∧, A ∧, A]3 + . . . (3.4.60)

and 3-degree elements are Bianchi identities for higher gauge fields, given by

0 = [F ]1 + [F ∧, A]2 + [F ∧, A ∧, A]3 + . . . . (3.4.61)

Similarly to the case of the ordinary gauge field we previously discussed, by fixing an
object in dgcAlg

(
Wadj(g), CE(TM)

)
regarded as a L∞-algebroid, we obtain the gauge

L∞-algebra of the higher gauge field.

However, as we explicitly worked out for the particular example of an ordinary Lie algebra,
this definition does not capture at all the global geometry of the higher gauge field (e.g.
topologically non-trivial higher gauge fields), which are encoded by H

(
M,BGconn

)
=

H
(
P(M),BInnadj(G)

)
of G-bundles with connection.

3.5 Automorphisms of principal ∞-bundles

In this section we will apply the definition of automorphism ∞-groupoid from [FRS16]
to obtain the ∞-groupoid of finite symmetries of a principal ∞-bundle. The Lie
differentiation of such an ∞-groupoid will be closely related to generalised geometry.
This is closely related to [Bun20].

Definition 3.5.1 (Automorphism ∞-groupoid). Given any object X ∈ C of an (∞, 1)-
category C, we define its automorphism ∞-groupoid AutC(X) as the sub-∞-groupoid of
C(X,X) of invertible morphisms. For a given morphism f : X → Y , the automorphism
groupoid AutC/

(f) is analogously defined as the sub-∞-groupoid of C/(f, f) of invertible
morphisms.

Example 3.5.2 (Automorphisms of principal ∞-bundles). Let P → M be a principal
∞-bundle given by f : M → BG. The automorphism ∞-group of f (i.e. the ∞-group of
automorphisms of P preserving the principal structure) will sit at the center of a short
exact sequence of ∞-groups

1 −→ ΩfH(M,BG) −→ AutH/
(f) −→ Diff(M) −→ 1. (3.5.1)

We will also, equivalently, use the semidirect product notation

AutH/
(f) = Diff(M) n ΩfH(M,BG). (3.5.2)

Example 3.5.3 (Automorphisms of ordinary G-bundles). Let G be an ordinary Lie group
and let P be an ordinary principal G-bundle given by the cocycle f : M → BG. Hence
we have the isomorphism ΩfH(M,BG) ∼= Γ

(
M,Ad(P )

)
, where the associated bundle

Ad(P ) := P ×G G with the adjoint action Ad : G×G→ G is just the non-linear adjoint
bundle of P . So we have the usual automorphism group of a principal G-bundle

1 −→ Γ
(
M,Ad(P )

)
−→ AutH/

(f) −→ Diff(M) −→ 1. (3.5.3)

In other words, we have

AutH/
(f) = Diff(M) n Γ

(
M,Ad(P )

)
. (3.5.4)
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Example 3.5.4 (Automorphisms of circle bundles). For the case of the ordinary struc-
ture group G = U(1), we have ΩfH(M,BU(1)) ∼= C∞(M,U(1)) and hence the usual
automorphism 1-group of a circle bundle

1 −→ C∞(M,U(1)) −→ AutH/
(f) −→ Diff(M) −→ 1. (3.5.5)

In other words, we have

AutH/
(f) = Diff(M) n C∞

(
M,U(1)

)
. (3.5.6)

Example 3.5.5 (Automorphisms of bundle gerbes). It is possible to prove there exists
an equivalence of 2-groups ΩfH

(
M,B(BU(1)conn)

) ∼= H
(
M,BU(1)conn

)
for any bundle

gerbe f : M → B(BU(1)conn). Therefore global gauge transformations of this bundle
gerbe are global circle bundles with connection onM . Thus the 2-group of automorphisms
will sit at the center of the exact sequence of 2-groups

1 −→ H
(
M,BU(1)conn

)
−→ AutH/

(f) −→ Diff(M) −→ 1. (3.5.7)

Let us introduce the curvature map of stacks

curv : BU(1)conn −→ Ω2
cl (3.5.8)

which maps a circle bundle (η(α), η(αβ)) over a manifold M into a global closed 2-form
b ∈ Ω2

cl(M) such that b|Uα = dη(α). Then gauge transformations can be expressed as
global B-shifts of the form B(α) 7→ B(α) + b. Notice Diff(M)nΩ2

cl(M) is the gauge group
proposed by [Hul15] for DFT.

From remark 3.5.5 we know 1-morphisms between bundle gerbes over M are circle
bundles over M and 2-morphisms are gauge transformations between these circle bundles.
This corresponds, in general, to the idea that global gauge transformations of bundle
n-gerbes are bundle (n − 1)-gerbes and so on. This is a clear categorical feature of
these geometrical objects.

3.5.1 Atiyah L∞-algebroids and generalised geometry

In this section we will deal with the infinitesimal automorphisms of a principal ∞-
bundles and we will show how they are related to the more familiar generalised ge-
ometry (see [Gua11]). For an introduction to generalised geometry and Courant al-
gebroids, see appendix A.

Definition 3.5.6 (Atiyah L∞-algebroids). Let P →M be a principal ∞-bundle corre-
sponding to a map f : M → BG. The Atiyah L∞-algebroid of this principal ∞-bundle
was defined in [FRS16] as the Lie differentiation of its automorphism ∞-groupoid

at(P ) := Lie
(
AutH/

(f)
)
. (3.5.9)

This L∞-algebra encodes the infinitesimal symmetries of the principal structure. By
differentiating sequence (3.5.1) we have that it will sit at the center of the short exact
sequence of L∞-algebras

0 −→ Lie
(
ΩfH(M,BG)

)
−→ at(P ) −→ X(M) −→ 0. (3.5.10)
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Example 3.5.7 (Ordinary Atiyah algebroid). If P →M is a principal G-bundle for some
ordinary Lie group G we get the short exact sequence of ordinary algebras

0 −→ Γ
(
M, ad(P )

)
−→ at(P ) −→ X(M) −→ 0. (3.5.11)

Here, the symbol ad(P ) := P ×G g, where the G-action is the adjoint action ad : G→ g,
denotes the linear adjoint bundle of P .

Example 3.5.8 (Ordinary Atiyah algebroid of a circle bundle). If P → M is a circle
bundle we get the familiar short exact sequence of ordinary algebras

0 −→ C∞(M,R) −→ at(P ) −→ X(M) −→ 0. (3.5.12)

Locally, on any patch U ⊂M , this reduces to the familiar algebra at(P )|U = X(U)⊕C∞(U)
of infinitesimal gauge transformation of an abelian gauge field.

Example 3.5.9 (Courant 2-algebroid). If P → M is a bundle gerbe with connection
data corresponding to a map M → B(BU(1)conn), as explained in [Col11; Rog11], we get
that the Atiyah 2-algebroid is the so-called Courant 2-algebra sitting in the short exact
sequence of 2-algebras

0 −→ H(M,BRconn) −→ at(P ) −→ X(M) −→ 0. (3.5.13)

Locally, on a patch U ⊂M , this reduces the familiar Courant 2-algebra of infinitesimal
gauge transformations of the bundle gerbe, whose underlying complex is just

at(P )|U ∼=
(
C∞(U) d−→ X(U)⊕ Ω1(U)

)
. (3.5.14)

Notice that the definition of Courant 2-algebroid recovers the formalisation of Courant
algebroids in terms of symplectic differential-graded geometry by [Roy02].

3.6 Twisted ∞-bundles and G-structures

Given a smooth manifold M ∈ Diff , a smooth stack X ∈ H and an ∞-group K ∈
Grp(H), we are interested in cocycles of the form f̂ : M −→ X , where the new
stack V is a principal G-bundle on the original stack X . In other words, we are
interested in diagrams of the form

P ∗

Q V ∗

M V //K BK.

hofib(g)

hofib(f)

g

f

f̂ c

(3.6.1)
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The new cocycle f̂ : M −→ V //K can be thought as an object of the ∞-groupoid

f̂ ∈ H/BK(f, c). (3.6.2)

As derived by [NSS15], there exists an isomorphism of ∞-groupoids

H/BK(f, c) ∼= Γ(M, Q×K V ), (3.6.3)

which identifies such cocycles with sections of the V -associated bundle of the principal
K-bundle Q � M . This equivalence will be useful to simplify calculations.

Remark 3.6.1 (Equivariance of the twisted ∞-bundle). Notice that the following
subdiagram of the diagram (3.6.1)

V ∗

V //K BKc

(3.6.4)

is exactly an action ∞-groupoid, as defined in definition 3.4.7. Notice, then, that in
diagram (3.6.1) bothQ and V are both principalG-bundles and the morphism g : Q −→ V

is G-equivariant.

3.6.1 Twisted ∞-bundles

A first interesting case of the diagram (3.6.1) is the one of twisted ∞-bundles. This idea
was introduced by [SSS12] and further developed by [NSS15; DCCT].

Definition 3.6.2 (Twisted ∞-bundles). We define a twisted G-bundle P � M as a
diagram of the following form

P ∗

Q BG ∗

M BG//K BK

hofib(g)

hofib(f)

g

hofib(c)

f

f̂ c

(3.6.5)

where Q�M is its twisting principal K-bundle. In analogy with (3.4.5), we define the
∞-groupoid of twisted G-bundles with fixed twisting principal K-bundle f : M → BG by

GBund[f ](M) := Γ(M, Q×K BG). (3.6.6)
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Remark 3.6.3 (Trivial twisting bundle). From the definition, we immediately obtain
that, if the twisting K-bundle M → BG is trivial, then a twisted G-bundle reduces to a
principal G-bundle, i.e.

GBund[0](M) ∼= GBund(M). (3.6.7)

Example 3.6.4 (Ramond-Ramond fields). Let us define the stack

KU :=
∏
k∈N

B2k+1U(1), (3.6.8)

which is a moduli stack of a tower of abelian bundle 2k-gerbes for any k ∈ N. Now, let us
consider the twisted bundle D �M given as follows:

D ∗

G KU ∗

M KU//BU(1) B2U(1),

(3.6.9)

where the twisting principal bundle is a bundle gerbe G �M . The L∞-algebroid corre-
sponding to the smooth ∞-groupoid KU//BU(1) will be Lie(KU//BU(1)) = ku//BU(1)
and its Chevalley-Eilenberg dg-algebra will be

CE
(
ku//BU(1)

)
= R[f2, f4, f6, . . . , h3]/

(
dh3 = 0,
df2(k+1) = h3 ∧ f2k ∀k even

)
. (3.6.10)

The twisted cocycle M −→ KU//BU(1) is then the Čech cocycle of a tower of bundle
2k-gerbes on M , twisted by the cocycle of the Kalb-Ramond field. Its curvature will be
then the usual curvature of the Ramond-Ramond fields in Type IIA String Theory, i.e.

dH = 0, dFD0 = 0, dFD2 + FD0 ∧H = 0,
dFD4 + FD2 ∧H = 0, dFD6 + FD4 ∧H = 0, dFD8 + FD6 ∧H = 0,

(3.6.11)

when truncated at k = 4. For more details, see [FSS18b, p.22].

Example 3.6.5 (Twisted K-theory). Consider twisted U(n)-bundles for a given twisting
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principal BU(1)-bundle (i.e. a bundle gerbe) with Dixmier-Douady class [H] ∈ H3(M,Z).

K ∗

G BU(n) ∗

M BPU(n) B2U(1),

(3.6.12)

Notice that equivalence classes of such bundles are nothing but the objects studied by
twisted K-theory.

3.6.2 Principal Stringa(G)-bundle

Stringa(G)-bundles are extremely relevant in String Theory, since they formalise the
geometry underlying the gauge structure of the Supergravity limit of heterotic String
Theory. This structure was introduced by [SSS12] and further developed by [FSS15b].
For an introductory review of Stringa(G)-bundles, see [NW13].

Definition 3.6.6 (Stringa(G) 2-group). Let G be an ordinary Lie group whose Lie
algebra g = Lie(G) is equipped with a Killing form 〈−,−〉 : g ⊗ g −→ R. The 2-group
Stringa(G) is defined by the following diagram:

BStringa(G) ∗

BG B3U(1),

hofib(a)

a

(3.6.13)

where the map a = exp(a) is given by Lie exponentiating the map a : g → b2u(1) of
L∞-algebras which is dually defined by the map

R[t3]/〈dt3 = 0〉 3 t3
a∗7−−−−→ 〈−, [−,−]g〉 ∈ CE(g). (3.6.14)

From de definition, follows that the Chevalley-Eilenberg dg-algebra of the Lie 2-algebra
stringa(g) of the Lie 2-group Stringa(G) is

CE(stringa(g)) = R[eµ, B] /
(

deµ = 0,
dB = κµµ′C

µ′

νλe
µ ∧ eν ∧ eλ

)
, (3.6.15)

where κµν is the Killing form and Cµνλ are the structure constants of g.

Its definition implies that the Stringa(G) 2-group can also be thought as a Lie ∞-group
extension of the form BU(1) i

↪−−→ Stringa(G) π−−→→ G. Let us now consider a principal
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∞-bundle Ghet � M whose structure group is the Lie 2-group Stringa(G). From the
definition of the 2-group Stringa(G), we can obtain a diagram of the following form:

Ghet ∗

P B2U(1) ∗

M BStringa(G) BG,

hofib(g)

hofib(f̂)

hofib(f)

g

Bi

f̂

f

Bπ

(3.6.16)

where P � M is a principal G-bundle. We just proved the following corollary.

Lemma 3.6.7 (Stringa(G)-bundle as bundle gerbe on a G-bundle). A Stringa(G)-bundle
Ghet � M is a bundle gerbe Ghet � P on a principal G-bundle P � M such that its
Dixmier-Douady class dd(Ghet) ∈ H3(P,Z) restricted to the fibre G of P is a generator of
H3(G,Z) ∼= Z.

Remark 3.6.8 (Connection of a Stringa(G)-bundle). Locally, the connection of a
Stringa(G)-bundle is given by a couple

(
A(α), B(α)

)
, where A(α) ∈ Ω1(Uα, g) and B(α) ∈

Ω2(Uα) for every open set Uα ⊂M . The curvature of a Stringa(G)-bundle is locally given
by

F(α) = dA(α) + [A(α) ∧, A(α)]g,

H(α) = dB(α) + 1
2〈F(α) ∧, A(α)〉+ 1

3!〈A(α) ∧, [A(α) ∧, A(α)]g〉,
(3.6.17)

where
(
F(α), H(α)

)
where F(α) ∈ Ω2(Uα, g) and H(α) ∈ Ω3(Uα). On every open set, by

taking the differential of the curvature, we obtain the Bianchi identities

DAF(α) = 0,

dH(α) = 1
2〈F(α) ∧, F(α)〉.

(3.6.18)

Notice that the bosonic fields of heterotic Supergravity are encoded by the connection of
a Stringa(G)-bundle with Lie group G = Spin(d)× SO(32) or G = Spin(d)× E8 × E8.

3.6.3 11d Supergravity

Let us now briefly discuss the twisted ∞-bundle underlying the global geometry of 11d
Supergravity. See appendix B for a review of supergeometry.
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We can define the super-Minkowski space of 11d Supergravity as a super-algebra R1,10|32

whose Chevalley-Eilenberg dg-algebra is

CE(R1,10|32) = R[eµ, ψα] /
(

deµ = ψ̄Γµψ,
dψα = 0

)
(3.6.19)

where the degree of the generators are deg(eµ) = (1, even) and deg(ψα) = (1, odd).

Definition 3.6.9 (m2brane 3-algebra). Let us define the Lie 3-algebra m2brane as the
following fibration:

m2brane ∗

R1,10|32 b3u(1)

hofib(g4)

g4

(3.6.20)

where g4 is a map which can be dually defined by a map of Chevalley-Eilenberg dg-algebras
g∗4 : R[t4]/〈dt4 = 0〉 −→ CE(R1,10|32) which sends the generator t3 to the Lie algebra
cocycle

g4 = ψ̄Γµνψ ∧ eµ ∧ eν ∈ CE(R1,10|32), (3.6.21)

which satisfies the equation dg4 = 0. This implies that the Lie 3-algebra m2brane is given
by

CE(m2brane) = R[eµ, ψα, c3] /

 deµ = ψ̄Γµψ,
dψα = 0,
dc3 = g4

 . (3.6.22)

Definition 3.6.10 (m5brane 6-algebra). Let us define the Lie 6-algebra m5brane as the
following fibration:

m5brane ∗

m2brane b6u(1)

hofib(c3∧g4+ 1
2g7)

c3∧g4+ 1
2g7

(3.6.23)

where c3 ∧ g4 + 1
2g7 is a map which can be dually defined by a map of Chevalley-Eilenberg

dg-algebras
(
c3 ∧ g4 + 1

2g7
)∗ : R[t7]/〈dt7 = 0〉 −→ CE(m2brane) which sends the generator

t7 to the Lie algebra cocycle

c3 ∧ g4 + 1
2g7 ∈ CE(m2brane) with g7 := ψ̄Γµ1···µ5ψ ∧ eµ1 ∧ · · · ∧ eµ5 , (3.6.24)

which satisfies the equation d
(
c3 ∧ g4 + 1

2g7
)

= 0. This implies that the Lie 6-algebra
m5brane is given by

CE(m5brane) = R[eµ, ψα, c3, c6] /


deµ = ψ̄Γµψ,
dψα = 0,
dc3 = g4,

dc6 = c3 ∧ g4 + 1
2g7

 . (3.6.25)
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By putting everything together, we obtain the following fibration of super L∞-algebras:

m5brane ∗

m2brane b6u(1) ∗

R1,10|32 b6u(1)//b2u(1) b3u(1).

hofib
(
c3∧g4+ 1

2g7
)

hofib(g4)

c3∧g4+ 1
2g7

g4

(3.6.26)

Remark 3.6.11 (11d Supergravity). Let M be a (1, 10|32)-dimensional super-manifold.
We can, then, integrate the diagram (3.6.26) to the following twisted ∞-bundle:

GM5 ∗

GM2 B6U(1) ∗

M B6U(1)//B2U(1) B3U(1).

hofib(g)

hofib(f̂)

hofib(f)

g

f̂

f

(3.6.27)

By looking at equation (3.6.25), it is not hard to see that the curvature of this twisted
∞-bundle recovers the bosonic fields of 11d Supergravity. In other words, we have

G4 = dC3(α),

G7 = dC6(α) + C3(α) ∧G4.
(3.6.28)

By taking the differential on any patch of the base manifold, we recover the Bianchi
identities of 11d Supergravity, i.e.

dG4 = 0,
dG7 = G4 ∧G4.

(3.6.29)

This geometric structure underlying 11d Supergravity was introduced by [FSS14b; FSS15c].
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3.6.4 G-structures

One can ask if a principal K-bundle with structure group K "comes from" a subgroup
G of K. This is called reduction of the structure group to G. If we regard the frame
bundle FM � M as a GL(d,R)-bundle with d = dim(M), then a G-structure can be
seen as a reduction of the structure group G

i
↪−→ GL(d,R) of FM .

Definition 3.6.12 (G-structure). Let M be a d-dimensional smooth manifold. A G-
structure on M is a twisted bundle of the following form:

P ∗

FM GL(d)//G ∗

M BG BGL(d),

hofib(N) hofib(Bi)

N

N̂ Bi

(3.6.30)

where M N−−−→ BGL(d) is the Čech cocycle corresponding to the frame bundle of M . The
groupoid of all the G-structures on a smooth manifold M is defined by

GStruc(M) := Γ
(
M, FM ×GL(d) GL(d)//G

)
. (3.6.31)

M

Uα Uβ

Uα∩Uβ

G ⊂ GL(d,R)

eµ(α) eµ(β)

Figure 3.7: G-structure as a reduction of the structure group GL(d,R) of the frame bundle
FM �M , on a d-dimensional base manifold M .



3. Elements of higher geometry 67

Examples of ordinary G-structures
Structure G ⊂ GL(d,R)

Orientation structure SL(d,R)
Orthogonal structure O(d)

(almost) symplectic structure Sp(d,R)
(almost) complex structure GL(d/2,C)
(almost) Hermitian structure U(d/2)

(almost) para-complex structure GL(d/2,R)×GL(d/2,R)
(almost) para-Hermitian structure GL(d/2,R)

Table 3.2: Some relevant ordinary G-structures on a smooth manifold M with dim(M) = d.

3.6.5 Orthogonal structure

The orthogonal structure moduli stack is the stack which encodes a Riemannian metric
structure on a smooth manifold M . First, notice that, given a smooth manifold M ∈ Diff ,
the frame bundle FM � M of its tangent bundle can be seen as a principal GL(d)-
bundle with coefficients M N−−−→ BGL(d) given by its transition functions N(αβ) ∈
C∞
(
Uα ∩ Uβ, GL(d)

)
. Now, the existence of a Riemannian metric g on M is equivalent

to the fact that the structure group of the frame bundle FM � M can be reduced to
O(d), along the inclusion of Lie groups i : O(d) ↪→ GL(d). Therefore, we are exactly
in the situation of example 3.6.12. In particular, we have

GL(d)//O(d) ∗

BO(d) BGL(d).

hofib(Bi)

Bi

(3.6.32)

We want to determine the ∞-groupoid O(d)Struc(M) of orthogonal structures on a
d-dimensional smooth manifold M . Firstly, a map

M
(e(α),h(αβ))

−−−−−−−−−−−→ O(d)Struc (3.6.33)

is a collection (e, h) of local GL(d)-functions e(α) ∈ C∞
(
Uα, GL(d)

)
on patches and

of local O(d)-functions h(αβ) ∈ C∞
(
Uα ∩ Uβ, O(d)

)
on overlaps of patches, such that

they are patched by

e(α) = h(αβ) · e(β) ·N(αβ)

h(αγ) = h(αβ) · h(βγ)
(3.6.34)
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on two-fold and on three-fold overlaps. The morphisms η :
(
e(α), h(αβ)

)
Z⇒
(
e′(α), h

′
(αβ)

)
be-

tween these maps

M ∼= Č(U) O(d)Struc

(e(α),h(αβ))

(e′(α),h
′
(αβ))

(η(α)) (3.6.35)

are collections of local O(d)-functions η(α) ∈ C∞
(
Uα, O(d)

)
on each patch, such that they

give
e′(α) = η(α) · e(α)

h′(αβ) = η(α) · h(αβ) · η−1
β .

(3.6.36)

Notice that the e(α) ∈ C∞
(
Uα, GL(d)

)
are the vielbein matrices of the Riemannian metric.

Remark 3.6.13 (Trivialisable tangent bundle). If the tangent bundle TM of M is
trivialisable, an orthogonal structure is not twisted by the frame bundle and it can be
described by a simpler cocycle M −→ GL(d)//O(d). Indeed, for a trivial frame bundle
we have Γ

(
M, FM ×GL(d) GL(d)//O(d)

) ∼= H(M, GL(d)//O(d)).

Remark 3.6.14 (Moduli space of the orthogonal structure). Notice the moduli space
of an orthogonal structure is locally given by C∞

(
Uα, GL(d)/O(d)

)
and globally by non-

trivially gluing these spaces by involving the transition functions N(αβ) of the frame
bundle FM .

3.6.6 Cartan geometry

In this subsection we will formalise Cartan geometry with gauge group of the form
G = H n R1,d, so that the Klein coset space G/H ∼= R1,d is a (1 + d)-dimensional
Minkowski space. In particular, we will consider Cartan geometries with H := SO(1, d).
This approach will specialise some of the geometric ideas delineated by [HSS19]. We
will formalise a Cartan geometry on M as an H-structure on M , whose underlying
principal H-bundle is equipped with a principal connection. Thus we will define the
groupoid Cartan(M) of Cartan connections of the smooth manifold M as a refinement
of the groupoid HStruc(M) of H-structures on M .

Let U := {Uα} be a good open cover of a smooth manifold M . A Cartan connection,
i.e. an object of Cartan(M), is a map

M Cartan,
(ω(α), e(α), h(αβ))

(3.6.37)

and it is locally given by the following differential data:

ω(α) ∈ Ω1(Uα, so(1, d)
)

(spin connection),
e(α) ∈ Ω1(Uα, R1,d) (vielbein),
h(αβ) ∈ C∞

(
Uα ∩ Uβ, SO(1, d)

)
,

(3.6.38)
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which satisfy the patching following conditions:

ω(β) = Adh−1
(αβ)

ω(α) + h−1
(αβ)dh(αβ),

e(β) = h−1
(αβ) · e(α),

h(αγ) = h(αβ) · h(βγ),

(3.6.39)

where · is the group multiplication of ISO(1, d). A gauge transformation

M ∼= Č(U) Cartan

(ω(α), e(α), h(αβ))

(ω′(α), e
′
(α), h

′
(αβ))

(η(α)) (3.6.40)

between two Cartan connections is given by a coboundary

ω′(α) = Adη−1
(α)
ω(α) + η−1

(α)dη(α),

e′(α) = η−1
(α) · e(α),

h′(αβ) = η−1
(α) · h(αβ) · η(β).

(3.6.41)

Notice that the vielbein and the spin connection are not globally defined 1-forms on
the base manifold M .

3.7 Atlases and charts

In this section we define a notion of atlas for geometric stacks, by generalising the
atlas of a smooth manifold.

Remark 3.7.1 (0-truncation of stacks). Let H0 be the ordinary category of sheaves on
manifolds. Then, the inclusion H0 ↪→ H has a left adjoint τ0 : H→ H0 which is called
0-truncation and which sends a higher stack X ∈ H to its restricted sheaf τ0X ∈ H0 at
the 0-degree.

Definition 3.7.2 (Atlas of a smooth stack). The atlas of a smooth stack X ∈ H is
defined by a smooth manifold U ∈ Diff equipped with a morphism of smooth stacks

Φ : U −→ X (3.7.1)

which is, in particular, an effective epimorphism, i.e. whose 0-truncation τ0Φ : U −� τ0X

is an epimorphism of sheaves. See [Hei05] and [Lur06] for more detail.

This formalizes the idea that to any geometric stack X ∈ H we can associate an atlas
which is made up of ordinary manifolds U ∈ Diff . This provides a remarkably handy
tool to deal with higher geometric objects. Moreover, the notion of atlas will be a pivotal
in establishing a correspondence between doubled and higher geometry.
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Example 3.7.3 (Atlas for a smooth manifold). If our geometric stack is an ordinary
smooth manifold G := M , we can choose an atlas given by U := ⊔

α∈I Rd and by a
surjective map φ : ⊔α∈I Rd {φα}α∈I−−−−−−−→→ M given by the local charts {φα : Rd � Uα}α∈I of
any cover {U}α∈I of the manifold M . This formalizes the intuitive idea that any smooth
manifold looks locally like a Cartesian space Rd.

Rd Rd

M

φα φβ

Figure 3.8: Atlas of a smooth manifold.

We physicists, in fact, work not directly on a manifoldM , but on local charts of the form Rd.

Example 3.7.4 (Atlas for ordinary Kaluza-Klein theory). In ordinary Kaluza-Klein
Theory the space to consider is a circle bundle P on the base manifold M . On an open
cover {Uα}α∈I of the base manifold M this is locally trivialised by a collection of local
trivial bundles {Uα × U(1)}α∈I . From ordinary differential geometry we know that the
total space P of the bundle can be covered by local charts {φα : Rd+1 � Uα × U(1) ⊂
P}α∈I . These charts define an atlas for the total space of the bundle P of the form⊔
α∈I Rd+1 {φα}α∈I−−−−−−−→→ P . This corresponds to the well-known idea in differential geometry

that the total space P locally looks like a Cartesian space Rd+1. Any such map φα
uniquely factorizes as φα : R1,d+1 F−−→→ R1,d × U(1) ϕα−−−→→ Uα × U(1), where the first map
is just the surjection

F : Rd+1 −� Rd × U(1), (3.7.2)

which is the identity on R1,d and the quotient map R� U(1) = R/2πZ. Crucially, the
map F is an atlas of ordinary Lie groups.
The surjective map ⊔α∈I Rd × U(1) {ϕα}α∈I−−−−−−−→→ P is an atlas for the total space P , in the
stacky sense of the word. This corresponds to the intuitive idea that the total space of a
circle bundle locally looks like the Lie group Rd × U(1).

Remark 3.7.5 (The Čech nerve of an atlas). When we defined the atlas φ : U −� G for
the stack G , we said that it must be an effective epimorphism. An effective epimorphism
is defined as the colimit of a certain simplicial object which is called Čech nerve. In other
words we have(
U G

φ
)

= lim−→

(
· · · U ×G U ×G U U ×G U U

)
. (3.7.3)
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The Čech nerve of an atlas can be interpreted as a ∞-groupoid, which we will call Čech
groupoid. This groupoid encodes the global geometry of the stack in terms of the smooth
manifold U , which makes it easier to deal with. Besides the original stack can always be
recovered by the colimit of the nerve.

How do we construct such a simplicial object? Let us firstly consider the kernel pair of the
map φ, which is defined as the pullback (in the category theory meaning) of two copies of
the map φ. The coequalizer diagram of this kernel pair will thus be of the following form:

U ×G U U G .
φ (3.7.4)

This was the first step. By iterating this construction we obtain all the rest of the Čech
nerve.

Example 3.7.6 (Čech nerve of the atlas of a smooth manifold). Let us consider, like in
the first example, the case where our stack G = M is just a smooth manifold with an atlas⊔
α∈I Rd

{φα}α∈I−−−−−−−→→ M . In this case the kernel pair, defined in (3.7.4), is the following:⊔
α,β∈I

Rd ∩φ Rd
⊔
α∈I

Rd M,
{φα}α∈I (3.7.5)

where we called Rd∩φRd :=
{
(x, y) ∈ Rd×Rd|φα(x) = φβ(y)

}
. We notice that the kernel

pair of the atlas encodes nothing but the information about how the charts are glued
together over the manifold M . We intuitively have that the global geometry of a smooth
manifold M is entirely encoded in its Čech groupoid

( ⊔
α,β∈I Rd ∩φ Rd

⊔
α∈I Rd

)
.

We physicists are actually very familiar with this perspective: in fact we usually describe
our fields as functions on the local charts Rd of a manifold M and, if we want to describe
how they behave globally, we simply write how they transform on the overlaps Rd ∩φ Rd
of these charts. In the next paragraph we will formalize exactly this perspective on fields.

Remark 3.7.7 (Gluing morphisms of stacks). Given a geometric stack X ∈ H equipped
with an atlas Φ : U −→X , we can write the Čech nerve of Φ as the following simplicial
object

. . . U ×X U ×X U U ×X U U X .Φ (3.7.6)

For simplicity, let us now consider just a geometric 1-stack X ∈ H. A complicated
object such as a morphism of stacks σ : X −→ S , for some S ∈ H, can be equivalently
expressed on the atlas U of the stack X . This can be done as the map induced by the
atlas

U X SΦ

σ

σ (3.7.7)

together with an isomorphism of the two maps induced by the kernel pair of the atlas

U ×X U S

σ

σ′

(3.7.8)

such that it satisfies the cocycle condition on U ×X U ×X U . For more details, see [Hei05].
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The idea of gluing morphisms of stacks on the atlas will be useful in this section, when
we will have to consider geometric structures on a bundle gerbe.

Remark 3.7.8 (Gluing a field on a stack). Let U φ−−→→ G be an atlas for the stack G and
let F be another stack, which we will interpret as the moduli-stack of some physical field.
Now let A : G → F be a morphism of stacks (i.e. a physical field on G ). We obtain an
induced morphism A ◦φ : U → F together with an isomorphism between the two induced
morphisms U ×G U F which satisfies the cocycle condition on U ×G U ×G U .

Example 3.7.9 (Gluing a gauge field on a smooth manifold.). Let ⊔α∈I Rd {φα}α∈I−−−−−−→→ M

be an atlas for the smooth manifold M and let F := BGconn be the moduli-stack of
Yang-Mills fields with gauge group G. Then a gauge field A : M → BGconn on the smooth
manifold induces a local 1-form A(α) := A ◦ φα ∈ Ω1(Rd, g) on each chart of the atlas.
Notice that these 1-forms A(α)(x) depends on local coordinates x ∈ Rd, like we physicists
are used. On overlaps of charts we must also have an isomorphism between A(α) and A(β)
given by a gauge transformation A(α) = h−1

(αβ)(A(β)+d)h(αβ) with h(αβ) ∈ C∞(Rd∩φRd, G).
Again, these h(αβ)(x) are not G-valued functions directly on the manifold, but on the
atlas. Finally, these isomorphisms must satisfy the cocycle condition h(αβ)h(βγ)h(γα) = 1.

In this subsection we explained how geometric structures on smooth manifolds become
the familiar and more treatable objects on local Rd coordinates we physicists use. We
will see in the next subsection that these intermediate steps become much less trivial
if we want to glue local charts for DFT.

3.8 Higher geometric quantisation

Higher geometric quantisation generalises the method of canonical quantisation of ordinary
particles to (n+1)-dimensional branes, by replacing the ordinary prequantum U(1)-bundle
with a prequantum bundle n-gerbe on the phase space. See [Bun21] for an introduction.
For some physical systems, e.g. topological branes, the phase space is itself categorified
from a symplectic manifold to a symplectic Lie ∞-groupoid [Sev01]. Interestingly, this
second form of higher geometric quantisation will be crucial for deriving the BV-BRST
quantisation, which can be thought as its infinitesimal version.

3.8.1 Prequantum ∞-bundles

A prequantum bundle on a symplectic manifold (M,ω) is just a principal U(1)-bundle
P � M whose curvature is curv(P ) = ω ∈ Ω2

cl(M). The prequantum Hilbert space
is then defined by the vector space

Hpre := Γ(M,P ×U(1) C) (3.8.1)

where we defined the C-associated bundle

E := P ×U(1) C. (3.8.2)
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The elements |ψ〉 ∈ Hpre of the prequantum Hilbert space are nothing but local wave-
functions ψ(α) ∈ C∞(Uα,C) on Uα ⊂ M which are globally patched by

ψ(α) = eif(αβ)ψ(β), (3.8.3)

where f(αβ) : M → BU(1) are the transition functions of the prequantum bundle P �M .

Definition 3.8.1 (Prequantum ∞-Hilbert space). Let (M,ω) be an n-plectic manifold
[Rog11; Rog13], i.e. a smooth manifold M equipped with a closed (n + 1)-form ω ∈
Ωn+1

cl (M). A prequantum ∞-bundle on an n-plectic manifold (M,ω) is a bundle n-gerbe
G �M whose curvature is curv(G ) = ω ∈ Ωn+1

cl (M). The prequantum n-Hilbert space is
then defined by the stack

Hpre := Γ
(
M, G ×BnU(1) V

)
(3.8.4)

where we defined the V -associated ∞-bundle

E := G ×BnU(1) V (3.8.5)

where V ∈ H is any stack equipped with a BnU(1)-action.

Example 3.8.2 (Prequantum 2-Hilbert space). Notice that there exist a canonical
inclusion of unitary groups

U(1) ↪→ U(2) ↪→ · · · ↪→ U(N) ↪→ U(N + 1) ↪→ · · · . (3.8.6)

Let us define the moduli stack BU ∈ H of principal U(N)-bundles for any N ∈ N+ by

BU := lim
N→∞

BU(N). (3.8.7)

Given a prequantum bundle gerbe G , we can define its BU -associated bundle

E = G ×BU(1) BU. (3.8.8)

The prequantum 2-Hilbert space can thus be identified with the groupoid

Hpre = Γ
(
M, G ×BU(1) BU

)
, (3.8.9)

whose objects are U(N)-bundles twisted by G on the base manifold M and whose
morphisms are coboundaries between them. For a detailed construction of such 2-Hilbert
space (including a categorified notion of Hilbert product), we redirect to the seminal work
by [BSS17; BS17] in higher geometric quantisation.

Remark 3.8.3 (Transgression). Given a prequantum bundle n-gerbe G �M defined by
the cocycle

M
f−−→ Bn+1U(1), (3.8.10)

can be transgressed to a cocycle on the mapping space [Σd,M ], i.e.

[Σd,M ] [Σd,f ]−−−−−→ Bn−d+1U(1), (3.8.11)

where Σd is a d-dimensional smooth manifold.
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Example 3.8.4 (Transgression of a prequantum bundle gerbe). Let a prequantum bundle
gerbe G �M be given by a cocycle M f−→ B2U(1). We can transgress this cocycle to a
U(1)-bundle P on the loop space by

LM = [S1,M ] [S1,f ]−−−−→ [S1,B2U(1)] ∼= BU(1). (3.8.12)

Consequently, the BU -associated bundle G ×BU(1) BU � M given by a cocycle

M −→ BU//BU(1) (3.8.13)

is transgressed exactly to an ordinary C-associated bundle P ×U(1) C � LM given by
the transgressed cocycle

[S1,M ] −→ C//U(1) (3.8.14)

on the loop space LM = [S1,M ] of the smooth manifold M . See [SS11a; SS13] for
discussion of higher geometric quantisation and loop space.

Example 3.8.5 (Higher quantisation of stacks). In many applications, e.g. [Sev01;
FSS13a; FRS16], it is useful to consider a prequantum ∞-bundle on a stack X ∈ H, i.e.

X −→ Bn+1U(1). (3.8.15)

In particular, in quantum field theory, it is useful to consider prequantum bundle n-gerbes
on the moduli stack of G-bundles [FRS13; FSS13a; FRS16], i.e.

BG −→ Bn+1U(1) (3.8.16)

For example, for n = 2, we can consider the smooth refinement of the 2nd Chern class, i.e.
the map which sends a G-bundle with curvature F to a bundle 2-gerbe whose curvature
is the 4-form tr(F ∧ F ). Recall that we can transgress the prequantum ∞-bundle to an
ordinary prequantum bundle of the form

[Σ2,BG] −→ BU(1), (3.8.17)

where Σ2 is a smooth surface. This picture is closely related to the quantisation of 3d
Chern-Simons theory. In fact, if we transgress the prequantum ∞-bundle by using a
3-dimensional manifold Σ3, we obtain the map

[Σ3,BG] −→ U(1), (3.8.18)

which sends a gauge field A on Σ3 to the element exp
(
i
∫

Σ3
cs3(A)

)
∈ U(1).

3.8.2 BRST complex

Let M be a smooth manifold. Let F := [M,BGconn] be the groupoid of gauge fields with
structure Lie group G onM . In particular, let us consider a base manifoldM = U , which is
just an open set, so that we can rewrite the∞-groupoid of fields F as an action∞-groupoid

F|U ∼= Ω1(U, g)//ρ C∞(U,G), (3.8.19)
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where the action ρ : C∞(U,G)× Ω1(U, g)→ Ω1(U, g) is given by a gauge transformation
(λ, A) 7−→ λ−1(A+ d)λ with gauge parameter λ ∈ C∞(U,G). Thus, its Lie differentiation
aBRST := Lie(F|U ) is an action L∞-algebroid of the form

aBRST ∼= Ω1(U, g)//ρ C∞(U, g), (3.8.20)

where objects are gauge fields A ∈ Ω1(U) and the infinitesimal action is given by infinitesi-
mal gauge transformations δλA = dλ+[λ,A]g with infinitesimal parameter λ ∈ C∞(g). The
Chevalley-Eilenberg dg-algebra of the L∞-algebroid aBRST is exactly the BRST complex

CE(aBRST) = R[A, c] /
(
QA = DAc,

Qc = −1
2 [c, c]g

)
. (3.8.21)

Thus, we are interested in the cohomology Hn
Lie(aBRST) = Hn

(
CE(aBRST)

)
. Now, let us

rename the Lie algebras V := Ω1(U, g) and ĝ := C∞(U, g). We have the isomorphism
Hn

Lie(aBRST) ∼= Hn
Lie(V//ρ ĝ) ∼= Hn

Lie(ĝ;V ), where in the last cohomology group V is
regarded as a ĝ-module. This way, we make contact with the more common definition
in terms of cohomology of ĝ valued in the ĝ-module V .

3.8.3 Batalin–Vilkovisky quantisation

Let us define the NQ-manifoldMBRST corresponding to the BRST-algebroid, i.e.

C∞(MBRST) := CE
(
aBRST

)
. (3.8.22)

We can encode the field equations by a closed 1-form ε ∈ Ω1
cl(MBRST). Indeed, we can

locally express the differential of this 1-form by

ε = δS = δS

δΦi
δΦi, (3.8.23)

where δ is the functional derivative, S[Φ] is the action and the fields {Φi(x)} are the
coordinates of MBRST. We can also define Fshell := ker(ε) ⊂ F , which is exactly the
sub-∞-groupoid of fields which satisfy the Euler-Lagrange equations δS

δΦi = 0.

Now, we can define the phase space of the BV-BRST quantisation by

MBV := T ∗[−1]MBRST, (3.8.24)

i.e. as a (−1)-shifted cotangent bundle ofMBRST. Let {Φ(x),Φ+(x)} be the Darboux
coordinates of the phase space MBV, where Φ+(x) can be interpreted as antifields.
We can introduce a vector field

Qε := δS

δΦi

δ

δΦ+
i

∈ X(MBV), (3.8.25)

which maps the antifields to

QεΦ+
i = δS

δΦi
. (3.8.26)
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The dg-manifold MBV comes canonically equipped with a symplectic form

ωBV :=
∫
U

dnx
(
δΦ+

i (x) ∧ δΦi(x)
)
∈ Ω2

cl(MBV), (3.8.27)

which satisfies the equation ιQεωBV = δS. Now, we can define the vector

QBV := Qε +QBRST, (3.8.28)

which satisfies the Hamilton equation

ιQBVωBV = δSBV, (3.8.29)

where QBV plays the role of the Hamiltonian vector field and the Batalin–Vilkovisky action
SBV the one of the Hamiltonian. This is a functional SBV[Φ,Φ+] ∈ C∞(MBV) of the form

SBV[Φ,Φ+] =
∑
k∈N

1
(n+ 1)!〈Φ

+, [Φ, · · · ,Φ]k〉. (3.8.30)

Let us now focus on the concrete example of a Yang-Mills theory, so that we have fields
{Φ,Φ+} := {A, c,A+, c+} with the 0-degree A ∈ Ω1(U, g), 1-degree ghost c ∈ C∞(U, g),
(−1)-degree antifield A+ ∈ Ωn−1(U, g) and (−2)-degree antighost c+ ∈ Ωn(U, g). In
this context, the symplectic form becomes

ωBV =
∫
U

dnx
(
δA+

i ∧ δA
i + δc+

i ∧ δc
i
)
. (3.8.31)

The Batalin–Vilkovisky action will be of the form

SBV[A, c,A+, c+] =
∫
U

(1
2κijF

i ∧ ?F j −A+
i ∧DAc

i + 1
2c

+
i [c, c]i

)
. (3.8.32)

Finally, notice that the dg-algebra of function on the phase space is given by

C∞(MBV) = R
[
A, c,A+, c+

]
/


QBVA = DAc,

QBVc = −1
2 [c, c],

QBVA
+ = −DA ? F − [c, A+],

QBVc
+ = −DAA

+ − [c, c+]

 . (3.8.33)

For a detailed discussion of BV-BRST quantisation in the context of higher geometry,
we redirect to [BBS19].
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4.1 Non-associative proposal

The non-associative proposal was presented by [HZ13] and further developed by [HLZ13].
Its aim is to realise the group of gauge transformations of DFT by diffeomorphisms of
the doubled space. However, since the C-bracket structure on doubled vectors does not
satisfy the Jacobi identity, its exponentiation will not give us a Lie group, but a geometric
object which does not satisfy the associativity property.

In the proposal by [HLZ13] the doubled space M is just a 2d-dimensional smooth
manifold. This means that we can consider a cover {Uα}, so that ⋃α Uα = M, and
glue the coordinate patches on each two-fold overlap Uα ∩ Uβ of the doubled space by
diffeomorphisms x(β) = f(αβ)

(
x(α)

)
. Vectors of the tangent bundle TM will be then glued

on each T (Uα∩Uβ) by the GL(2d)-valued Jacobian matrix J(αβ) := ∂x(α)/∂x(β). However
these transformations do not work for doubled vectors from DFT, thus [HLZ13] proposed
that the doubled vectors should transform by the O(d, d)-valued matrix given by

F(αβ) := 1
2
(
J(αβ)J

−T
(αβ) + J−T

(αβ)J(αβ)
)
, (4.1.1)

which indeed preserves the O(d, d)-metric η := ηMNdxM ⊗ dxN . Now, if we go to the
three-fold overlaps of patches Uα ∩ Uβ ∩ Uγ we realise that these transition functions do
not satisfy the expected cocycle condition. In other words we generally have

F(αβ)F(βγ)F(γα) 6= 1. (4.1.2)

Notice that for the first time we see something resembling a gerbe-like structure spon-
taneously emerging in DFT geometry.

4.1.1 Modified exponential map

The solution proposed by [HLZ13] consists, first of all, in a modified exponential map expΘ :
X(U)→ Diff(U). This will map any vector X ∈ X(U) in the diffeomorphism given by

x′ = eΘ(X)x with Θ(X)M := XM +
∑
i

ρi∂
Mχi︸ ︷︷ ︸

O(X3)

, (4.1.3)

where ρi and χi are functions on x depending on the vector X in a way which guarantees
that Θ(X)M∂M = XM∂M when applied to any field satisfying the strong constraint. This
modified diffeomorphism crucially agrees with the gauge transformation V ′(x) = eLXV (x)
of DFT, where LX is the generalised Lie derivative defined by the D-bracket.

4.1.2 ?-product and non-associativity

In ordinary differential geometry the exponential map exp :
(
X(U), [−,−]

)
→
(
Diff(U), ◦

)
maps a vector X 7→ eX into the diffeomorphism that it generates. The usual exponential
map notoriously satisfies the property eX ◦ eY = eZ with Z ∈ X(U) given by the
Baker-Campbell-Hausdorff series Z = X + Y + [X,Y ]/2 + . . . for any couple of vectors
X,Y ∈ X(U). The idea by [HLZ13] consists in equipping the space of vector fields X(U)
with another bracket structure

(
X(U), J−,−KC

)
, where J−,−KC is the C-bracket of DFT.
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Now this algebra can be integrated by using the modified exponential map expΘ defined
in (4.1.3) to a quasigroup

(
Diff(U), ?

)
that satisfies

eΘ(X) ? eΘ(Y ) = eΘ(Z) with Z = X + Y + 1
2JX,Y KC + . . . (4.1.4)

It is possible to check that this ?-product is not associative: in other words the inequality

(f ? g) ? h 6= f ? (g ? h), (4.1.5)

where f, g, h ∈ Diff(U) are diffeomorphisms, generally holds. Now let us call the
diffeomorphisms f := eΘ(X), g := eΘ(Y ) and h := eΘ(Z) obtained by exponentiating three
vectors X,Y, Z ∈ X(U). Then the obstruction of the ?-product from being associative
is controlled by an element W which satisfies the equation

(f ? g) ? h = W ?
(
f ? (g ? h)

)
(4.1.6)

and which is given by W = exp Θ
(
−1

6J (X,Y, Z) + . . .
)
, where J (−,−,−) is the

Jacobiator of the C-bracket. Even if it is well-known that the Jacobiator is of the form
JM = ∂MN for a function N ∈ C∞(U), notice that the transformation W is non-trivial.
Also if we consider diffeomorphisms on doubled space which satisfy f(αβ) ? f(βγ) = f(αγ),
we re-obtain the desired property F(αβ)F(βγ) = F(αγ) for doubled vectors.

We know that the diffeomorphisms group of the doubled space is not homeomorphic to the
group GDFT of DFT gauge transformations eLX . But now, by replacing the composition
of diffeomorphisms with the ?-product, we can define a homomorphism

ϕ :
(
Diff(U), ?

)
−→ GDFT, (4.1.7)

which therefore satisfies the property

ϕ(f ? g) = ϕ(f)ϕ(g). (4.1.8)

This property determines the ?-product up to trivial gauge transformation. In the
logic of [HLZ13] this will allow to geometrically realise DFT gauge transformation as
diffeomorphisms of the doubled space.

4.2 Proposal with gerbe-like local transformations

The first paper in the literature explicitly recognising the higher geometrical property
of DFT is [BCP14]. In the reference it is argued that we can overcome many of the
difficulties of the non-associative proposal by describing the geometry of DFT modulo
local O(d, d)-transformations.

Their proposal starts from the same problem (4.1.2), but proposes a different solution.
We can rewrite the C-bracket of doubled vectors by JX,Y KC = [X,Y ]Lie + λ(X,Y )
where we called λM (X,Y ) := XN∂MYN . This means that we can rewrite the algebra
of DFT gauge transformations as [LX ,LY ] = L[X,Y ]Lie + ∆(X,Y ) where we defined
∆(X,Y ) := Lλ(X,Y ). In [BCP14] it is noticed that the extra ∆-transformation appearing
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in the DFT gauge algebra is non-translating, i.e. it involves no translation term if acting
on tensors satisfying the strong constraint. Thus the diffeomorphism eX and the gauge
transformation eLX agree up to a local transformation e∆ = 1 + ∆. In fact, if we impose
the strong constraint on fields and parameters

∆ N
M =

(
0 0

∂[µλ̃ν] 0

)
, (4.2.1)

where λ̃µ = XN∂µYN depends only on the d-dimensional physical subset U ⊂ U of our
doubled space patch. Hence the local ∆-transformation is just an infinitesimal gauge
transformation Lλ̃B = dλ̃ of the Kalb-Ramond field.

Further discussion. As noticed by [Hul15], ∆-transformations are integrated on a
patch U to the group Ω1(U) of finite gauge transformations of the Kalb-Ramond field,
while full gauge transformations generated by a strong constrained doubled vectors
are integrated to Diff(U) n Ω1(U) ⊂ Diff(U). Now we notice that the group of DFT
gauge transformations effectively becomes the homotopy quotient GDFT =

(
Diff(U) n

Ω1(U)
)
//Ω1(U), thus a 2-group.

The doubled space is still a 2d-dimensional manifoldM and then its coordinate patches
on each two-fold overlap Uα ∩ Uβ are still glued by by diffeomorphisms x(β) = f(αβ)

(
x(α)

)
.

The doubled vectors are still glued by the O(d, d)-valued matrix F(αβ) defined in (4.1.1),
like in the non-associative proposal. Now, according to [BCP14], on three-fold overlaps
of patches Uα ∩ Uβ ∩ Uγ the transition functions of doubled vectors satisfy

F(αβ)F(βγ) = F(αγ)e
∆(αβγ) , (4.2.2)

i.e. they satisfy the desired transitive property up to a local ∆-transformation. In a more
mathematical language we can say that doubled vectors would be sections of a stack on
the 2d-dimensional manifoldM. This is not surprising since the algebra of GDFT is of
the form

(
X(U)⊕Ω1(U)

)
//Ω1(U), which then must be glued on overlaps of patches by

B-shifts dλ̃. Thus we could replace the concept of non-associative transformations
with a gerbe-like structure.

4.3 Doubled-yet-gauged space proposal

The idea of doubled-yet-gauged space was proposed by [Par13] as a solution for the
discrepancy between finite gauge transformations and diffeomorphisms of the doubled
space, in alternative to the non-associative proposal. Then it was further explored in
[LP14], where a covariant action was obtained, and in [Par16], where it was generalised
to the super-string case. Very intriguingly this formalism led to novel non-Riemannian
backgrounds in [MP17], [CMP19] and [CP20c]. Recently a BRST formulation for the
action of a particle on the doubled-yet-gauged space has been proposed by [BJP20] and
related to the NQP-geometry involved by other proposals.
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4.3.1 The coordinate gauge symmetry

In doubled-yet-gauged space proposal the doubled spaceM is, at least locally, a smooth
manifold. A local 2d-dimensional coordinate patch U is characterised by coordinate
symmetry, i.e. there exists a canonical gauge action on its local coordinates expressed by

xM ∼ xM +
∑
i

ρi∂
Mχi(x) (4.3.1)

for any choice of functions ρi, χi ∈ C∞(U). This observation is motivated by the fact
that any strong constrained tensor satisfies the identity TA1...An

(
x+ λ(x)

)
= TA1...An(x)

where we called λM := ∑
i ρi∂

Mχi at any point x ∈ U .

Let us choose coordinates for our doubled patch U such that the strong constraint is
solved by letting all the fields and parameters depend only on the d-dimensional subpatch
U ⊂ U . Then the coordinate symmetry on the doubled space reduces to(

xµ, x̃µ
)
∼
(
xµ, x̃µ + λ̃µ(x)

)
, (4.3.2)

where λ̃µ = ∑
i ρi∂µχi. This coordinate symmetry, similarly to the ∆-transformations

in the previous proposal, can be identified with the local gauge symmetry of the Kalb-
Ramond field by δλ̃B = dλ̃, where the parameter is exactly λ̃ := λ̃µdxµ. We can thus
identify the physical d-dimensional patches with the quotients Uα ∼= Uα/ ∼. Thus,
as argued by [Par13], physical spacetime points must be identified with gauge orbits
of the doubled-yet-gauged space.

The coordinate gauge symmetry is also the key to solve the discrepancy between DFT
gauge transformations eLV and diffeomorphisms eV . Indeed, as argued by [Par13], the
two exponentials induce two finite coordinate transformations xM 7→ x′M and xM 7→ x′′M

whose ending points are coordinate gauge equivalent, i.e. x′M ∼ x′′M . Therefore, upon
section constraint, they differ just by a Kalb-Ramond field gauge transformation.

Further discussion: how can we globalise? Now, the doubled-yet-gauged formalism
encompasses the local geometry of the doubled space. However in this review we are
interested in the global aspects of DFT, so we may try to understand how these doubled
patches can be glued together. Let us first try a naïve approach, for pedagogical reasons:
we will try to glue our doubled patches by diffeomorphisms that respect the section
condition, i.e. on two-fold overlaps of patches Uα ∩ Uβ we will have

x(β) = f(αβ)
(
x(α)

)
, x̃(β) = x̃(α) + Λ(αβ)

(
x(α)

)
. (4.3.3)

This would imply the patching conditions B(β) = f∗(αβ)B(α) + dΛ(αβ) where the local
1-forms Λ(αβ) := Λ(αβ)µdxµ(β) are given by the gluing conditions (4.3.3). But then, with
these assumptions, the doubled spaceM would become just the total space (Rd)∗-bundle
on the physical d-dimensional spacetime M . If we compose the transformations (4.3.3) on
three-fold overlaps of patches Uα ∩ Uβ ∩ Uγ we immediately obtain the cocycle condition
Λ(αβ) + Λ(βγ) + Λ(γα) = 0, which is the cocycle describing a topologically trivial gerbe
bundle with [H] = 0 ∈ H3(M,Z) and not a general string background. Therefore this
naïve attempt at gluing by using the coordinate gauge symmetry is not enough.
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The doubled-yet-gauged formalism gives us an unprecedented interpretation of the
coordinates of DFT. Upon choice of coordinates which are compatible with the section
constraint, indeed, the coordinate gauge symmetry can be identified with the gauge
transformations of the Kalb-Ramond field. This is a fundamental link between the
geometry of the bundle gerbe formalising the Kalb-Ramond field and the geometry of the
doubled space. This also provides an interesting link with ordinary Kaluza-Klein geometry,
where the points of the base manifold of a G-bundle are in bijection with the gauge
G-orbits of the bundle. As we will see in chapter 5, the local coordinate gauge symmetry
which was discovered by [Par13] will be also recovered as fundamental property of the
double space which arises from the Higher Kaluza-Klein perspective. We will see that the
Higher Kaluza-Klein formalism recovers a globalised version of the doubled-yet-gauged
space with gluing conditions which are a gerby version of the naïve patching conditions
(4.3.3). Therefore the Higher Kaluza-Klein proposal can be seen also as a proposal of
globalization of the doubled-yet-gauged space approach.

4.4 Finite gauge transformations proposal

In [Hul15, pag. 23] it was proposed that, given a geometric background M , the group
of gauge transformations of DFT should be just

GDFT = Diff(M) n Ω2
cl(M), (4.4.1)

i.e. diffeomorphisms of the manifold M and B-shifts. In particular it was argued
that any try of realising the group of gauge transformations of DFT as diffeomor-
phisms of a 2d-dimensional space should fail, because it is not homomorphic to the
group of diffeomorphisms.

In [Hul15, pag. 20] it was then proposed that double vectors on a geometric background
M are just sections of a Courant algebroid E �M twisted by a bundle gerbe. In other
words, on any patch Uα of the manifold M , a doubled vector would be of the form

V(α) =
(

1 0
−B(α) 1

)(
v(α)
ṽ(α)

)
=
(

vµ(α)
ṽ(α)µ +B(α)µνv

ν
(α)

)
. (4.4.2)

It was also shown by [Hul15, pag. 23] that the O(d, d)-matrix (4.1.1) transforming double
vectors under a finite gauge transformation of DFT, i.e. a diffeomorphism x(β) =
f(αβ)

(
x(α)

)
and a B-shift dλ(αβ), reduces to

F(αβ) =
(
j(αβ) 0

0 j−T
(αβ)

)(
1 0

−B(α) 1

)(
1 0

dλ(αβ) 1

)
, (4.4.3)

where we called j(αβ) := ∂x(β)/∂x(α) the Jacobian matrix of the diffeomorphism. This
way it is natural to recover equation (4.2.2), i.e.

F(αβ)F(βγ)F(γα) = e∆(αβγ) , (4.4.4)

where e∆(αβγ) will generally be a non-trivial local B-shift.
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Further discussion. This proposal clarifies the previous ones by prescribing that,
whenever the strong constraint can be globally solved by letting the fields depend on a d-
dimensional submanifoldM , doubled vectors (which encode the infinitesimal symmetries of
Double Field Theory) must be seen as sections of a Courant algebroid twisted by a bundle
gerbe on M . For non-geometric backgrounds, however, this picture holds only locally.

4.5 C-space proposal

The idea of C-spaces was born in [Pap14], matured in [Pap15] and further explored in
[HP17] in relation to topological T-duality. This was the first proposal to suggest that a
global double space should consist of the total space of a bundle gerbe, equipped with
a particular notion of coordinates, which was renamed C-space.

The notation C
[H]
M for a C-space makes explicit that it is topologically classified only by

the base manifold M and by the Dixmier-Douady class [H] ∈ H3(M,Z), i.e. the H-flux.
According to [Pap15] we can introduce two sets of coordinates for a C-space C

[H]
M −�M

on some base manifold M . According to [Pap14; Pap15; HP17], we must consider new
coordinates y1

(α) on each patch Uα and θ(αβ) on each two-fold overlap of patches Uα ∩ Uβ
of M . Let us now recall that the differential data of a bundle gerbe on M is specified
by a Čech cocycle

(
B(α),Λ(αβ), G(αβγ)

)
, with B(α) ∈ Ω2(Uα), Λ(αβ) ∈ Ω1(Uα ∩ Uβ) and

G(αβγ) ∈ C∞(Uα ∩ Uβ ∩ Uγ) which satisfy

B(β) −B(α) = dΛ(αβ),

Λ(αβ) + Λ(βγ) + Λ(γα) = dG(αβγ),

G(αβγ) −G(βγδ) +G(γδα) −G(δαβ) ∈ 2πZ.
(4.5.1)

Then, the extra coordinates
(
y1

(α), θ(αβ)
)
, according to [HP17], have "the degree of a

1-form" and of a scalar, and must be then glued on two-fold and three-fold overlaps of
patches of M by using the transition functions of the gerbe, i.e. by

−y1
(α) + y1

(β) + dθ(αβ) = Λ(αβ),

θ(αβ) + θ(βγ) + θ(γα) = G(αβγ) mod 2πZ.
(4.5.2)

With this identification, a change of coordinates
(
y1

(α), θ(αβ)
)
7→
(
y1

(α) +η(α), θ(αβ) +η(αβ)
)

induces a gauge transformation for the Kalb-Ramond field given by

B(α) 7→ B(α) + dη(α),

Λ(αβ) 7→ Λ(αβ) + η(α) − η(β) + dη(αβ),

G(αβγ) 7→ G(αβγ) + η(αβ) + η(βγ) + η(γα),

(4.5.3)

in analogy with the extra coordinate of ordinary Kaluza-Klein Theory.

Moreover, if we take the differential of the first patching condition in (4.5.2), we obtain the
condition −dy1

(α) + dy1
(β) = dΛ(αβ) for the differentials. This means that if we rewrite in

components y1
(α) = y1

(α)µdxµ, we can also rewrite −dy1
(α)µ + dy1

(α)µ = dΛ(αβ)µ. If we define
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the dual vectors ∂/∂y1
(α)µ to the 1-forms dy1

(α)µ as vectors satisfying
〈
∂/∂y1

(α)µ, dy1
(α)ν

〉
=

δµν , we obtain doubled vector of the following form:

V(α) = vµ(α)
∂

∂xµ(α)
+
(
ṽ(α)µ +B(α)µν v

ν
(α)

)
∂

∂y1
(α)µ

, (4.5.4)

which are exactly the same as the ones in (4.4.2). Therefore the analogue of the
tangent bundle of the C-space can be identified with a Courant algebroid E � M

twisted by the gerbe (4.5.1).

Further discussion. The proposal seems to capture something quite fundamental of
the geometry of DFT, by suggesting that the doubled space should be the total space of
the gerbe itself. This looks consistent with the existing idea that doubled vectors should
belong to a Courant algebroid twisted by a gerbe, which is the analogous to the tangent
bundle for a gerbe. However this intuition is still waiting for a proper formalization: for
example it is not clear how to construct coordinates that are 1-forms on M . Moreover it is
still not clear what is the relation with the new extra coordinates and the T-dual spacetime.

4.6 Pre-NQP manifold proposal

The pre-NQP manifold proposal was developed by [DS18], generalised to Heterotic DFT
by [DHS18] and then applied to the particular example of nilmanifolds by [DS19]. This
approach to DFT is based on the fact that n-algebroids can be equivalently described
by differential-graded manifolds, including the Courant algebroid, which describes the
local symmetries of the bundle gerbe of the Kalb-Ramond field. The idea is thus that we
can describe the geometry of DFT by considering the differential graded manifold which
geometrises the Courant algebroid and by relaxing some of the conditions.

4.6.1 Symplectic L∞-algebroids as NQP-manifolds

Given a L∞-algebroid a � M on some base manifold M , we can always associate
to a its Chevalley-Eilenberg algebra CE(a), which is essentially the differential graded
algebra of its sections. This is defined by

CE(a) :=
(
∧• Γ(M, a∗•), dCE

)
, (4.6.1)

where the underlying complex is defined by

∧• Γ(M, a∗•) := C∞(M)︸ ︷︷ ︸
degree 0

⊕ Γ(M, a∗0)︸ ︷︷ ︸
degree 1

⊕ Γ
(
M, a∗1 ⊕ (a∗0 ∧ a∗0)

)︸ ︷︷ ︸
degree 2

⊕ . . . (4.6.2)

where the ak for any k ∈ N are the ordinary vector bundles underlying the L∞-algebroid.
In the definition dCE is a degree 1 differential operator on the graded complex ∧•Γ(M, a∗•)
which encodes the L∞-bracket structure of the original L∞-algebroid a.

Now a NQ-manifold is defined as a graded manifoldM equipped with a degree 1 vector
field Q satisfying Q2 = 0. The fundamental feature of NQ-manifolds is that the algebra
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of functions of any NQ-manifold M is itself a differential graded algebra (C∞(M), Q)
where the role of the differential operator is played by the vector Q, which is thus called
cohomological. This terminology was introduced in [Ale+97].

Crucially, there exists an equivalence between L∞-algebroids and NQ-manifolds given by

CE(m) =
(
C∞(M), Q

)
, (4.6.3)

so that any L∞-algebroid m can be equivalently seen as a NQ-manifold M. In the
particular case which is relevant for DFT we consider the 2-algebroid at(G) of infinitesimal
gauge transformation of the bundle gerbe of the Kalb-Ramond field on a manifold M .
This is notoriously given by a NQ-manifold T ∗[2]T [1]M by the usual identification

CE
(
at(G)

)
=
(
C∞
(
T ∗[2]T [1]M

)
, QH

)
, (4.6.4)

where QH is the cohomological vector twisted by the curvature H ∈ Ω3
cl(M) of the gerbe.

To show this, notice first that in this case the differential graded algebra of functions on
our NQ-manifold will be truncated at degree < 2. The degree 1 sections will be sums of
a vector and a 1-form X + ξ ∈ Γ(M,TM ⊕ T ∗M) and the degree 0 sections will be just
functions f ∈ C∞(M) on the base manifold. Now we can explicitly rewrite the underlying
chain complexes of the two differential graded algebras (4.6.4) by

CE
(
at(G)

)
=
(
C∞(M) d−−→ Γ(M, TM ⊕ T ∗M)

)
,(

C∞
(
T ∗[2]T [1]M

)
, QH

)
=
(
C∞(M) d−−→ Γ(M, TM ⊕ T ∗M)

)
,

(4.6.5)

moreover the derived bracket structure (see [Roy02; DS18] for details) defined by the
cohomological vector QH on C∞

(
T ∗[2]T [1]M

)
is exactly the bracket structure of the

Courant 2-algebroid, i.e.

`1(f) = df,

`2(X + ξ, Y + η) = [X,Y ] + LXη − LY ξ −
1
2d〈X + ξ, Y + η〉+ ιXιYH,

= [X + ξ, Y + η]Cou,

`2(X + ξ, f) = LXf,

`2(X + ξ, Y + η, Z + ζ) = 1
3!
〈
X + ξ, [Y + η, Z + ζ]Cou

〉
+ cycl. , (4.6.6)

where [−,−]Cou is the Courant bracket and 〈−,−〉 is the bundle metric defined by the
contraction 〈X+ξ, Y +η〉 = ιXη+ιY ξ for every sectionsX+ξ, Y +η ∈ Γ(M,TM⊕T ∗M).

The Courant 2-algebroid is canonically a symplectic 2-algebroid (see [Roy02] for details),
i.e. it can be equipped with a canonical symplectic form ω, which can be easily expressed
in local coordinates on the corresponding NQ-manifold. On each local patch of the NQ-
manifold T ∗[2]T [1]M we can choose local coordinates (xµ, eµ, ēµ, pµ) where the xµ are in
degree 0, while the (eµ, ēµ) are both in degree 1 and the pµ are in degree 2. On the local
patches we can express the symplectic form ω ∈ Ω2(T ∗[2]T [1]M) in local coordinates by

ω = dxµ ∧ dpµ + deµ ∧ dēµ. (4.6.7)
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We can also use Hamilton’s equations ιQHω = QH to express the vector QH by an
Hamiltonian function QH . We find

QH = eµpµ +Hµνλe
µeνeλ, (4.6.8)

where H ∈ Ω3
cl(M) is a representative of the Dixmier-Douady class [H] ∈ H3(M,Z) of

the original bundle gerbe G � M . This class in the literature of differential graded
manifolds changes name in Ševera class [Sev01].

4.6.2 A pre-NQP-manifold for Double Field Theory

By following [DS18], we choose as 2d-dimensional base manifold M = T ∗U the cotangent
bundle of some d-dimensional local patch. This is because we are interested in the local
geometry of the doubled space and we have still no information about how to patch together
these local 2d-dimensional T ∗U manifolds. Thus the Courant algebroid on T ∗U will be
given by the NQP-manifold T ∗[2]T [1](T ∗U), as we have seen. This will have coordinates
(xM , eM , ēM , pM ) still respectively in degrees 0, 1, 1 and 2, but with M = 1, . . . , 2d. We
must then think the local coordinates xM = (xµ, x̃µ) to be the doubled coordinates of DFT.

Since T ∗U is canonically equipped with the tensor ηMN , we can make a change of
degree 1 coordinates by

EM := 1√
2

(eM + ηMN ēN ), ĒM := 1√
2

(ēM − ηMNe
N ). (4.6.9)

Now we must restrict ourselves to the submanifold M := {ĒM = 0} of the original
manifold T ∗[2]T [1](T ∗U). It is not hard to check that this submanifold will be M =
(T ∗[2]⊕T [1])(T ∗U). The degree 1 functions onM will then be doubled vectors of the form

Xµ(x, x̃)
(

∂

∂xµ
+ dx̃µ

)
+ ξµ(x, x̃)

(
∂

∂x̃µ
+ dxµ

)
(4.6.10)

and the degree 0 functions will be just ordinary functions of the form f ∈ C∞(T ∗U). The
symplectic form restricted to the submanifold M will now be

ω|M = dxM ∧ dpM + 1
2ηMNdEM ∧ dEN . (4.6.11)

The new Hamiltonian function will be Q|M = EMpM +HMNLE
MENEL, where HMNL

now is the curvature of a bundle gerbe on the 2d-dimensional base T ∗U , which we should
think as the extended fluxes of DFT. Crucially ourM will still be a symplectic graded
manifold, however it will not be a NQP-manifold since the new restricted vector Q is not
nilpotent onM, i.e. we have that Q2 6= 0. This is exactly the reason why [DS18] named
M pre-NQP manifold and therefore this cannot be seen an L∞-algebroid.

However this pre-NQP manifold satisfies a very interesting property: the pre-NQP-
manifold has a number of sub-manifold which are proper NQP-manifolds and thus
well-defined sub-2-algebroids. Schematically we have

CE(a) ⊂
(
C∞(M), Q

)
, (4.6.12)
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where a is one of these sub-2-algebroids. On any of these, the bracket of doubled vectors in
degree 1 will be exactly the D-bracket of DFT, which will be given by JX,Y KD := {QX,Y }.
For instance we can choose the differential graded algebra of functions which are pullbacks
from the submanifold N := {x̃µ = p̃µ = 0} ⊂ M, which is exactly the Courant 2-algebroid
N = T ∗[2]T [1]U . This corresponds to choosing a sub-2-algebroid which satisfies the
strong constraint and therefore this restriction reduces the pre-NQP-geometry to bare
Generalised Geometry on the manifold U . Any other solution of the strong constraint
will correspond to a viable choice of sub-2-algebroid.

We can also introduce tensors of the form GMNE
M ⊗ EN on M and use the Poisson

bracket to define a natural notion of D- and C-bracket on tensors. This allows to define a
notion of generalised metric, curvature and torsion in analogy with Riemannian geometry.

4.6.3 An example of global pre-NQP manifold

It is well-known that higher geometry is the natural framework for geometric T-duality,
see the formalization by [BN15; FSS17a; FSS17b; FSS18a; FSS18b; NW19]. Assume
that we have two Tn-bundle spacetimes M π−→M0 and M̃ π̃−→M0 over a common (d− n)-
dimensional base manifold M0. A couple of bundle gerbes G

Π−→ M and G̃
Π̃−→ M̃ ,

formalising two Kalb-Ramond fields respectively on M and M̃ , are geometric T-dual
if the following isomorphism exists

G ×M0 M̃ M ×M0 G̃

G M ×M0 M̃ P̃

M M̃

M0

∼=
T-duality

Ππ̃ πΠ̃

Π ππ̃ Π̃

π π̃

(4.6.13)

This picture is nothing but the finite version of T-duality between Courant algebroids
illustrated by [CG11]. Now, in [DS19] it is proposed that we should consider the fiber
product of the pull-back of both the gerbes G and G̃ to the correspondence space
M ×M0 M̃ of the T-duality, which will be itself a gerbe of the form

Π⊗ Π̃ : G ⊗ G̃ −� M ×M0 M̃. (4.6.14)

Now, as previously explained, we can take the algebroid of infinitesimal gauge transfor-
mations of this gerbe at(G ⊗ G̃ ) −� M ×M0 M̃ and express it as a differential graded
manifold

(
T ∗[2]T [1](M ×M0 M̃), Q

)
with local coordinates (xµ, xI , eµ, eI , ēµ, ēI , pµ, pI)

with indices µ = 1, . . . , d−n and I = 1, . . . , n. Now, as we explained for the local doubled
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space, we can change coordinates to EI := (eI + ηIJ ēJ)/
√

2 and ĒI := (ēI + ηIJe
J)/
√

2
and set ĒI = 0 to zero so that we obtain a new differential graded manifoldM. This
new manifold will be locally isomorphic to (T ∗[2] ⊕ T [1])T 2n ⊕ T ∗[2]T [1]U on each
patch U ⊂ M0 of the base manifold, but which is globally well-defined. In [DS19] this
machinery is applied for fiber dimension n = 1 to the particular case where M and M̃
are nilmanifolds on a common base torus M0 = T 2.

Further discussion. This is the first proposal to interpret strong constrained doubled
vectors as sections of the 2-algebroid of the local symmetries of a gerbe: the Courant
2-algebroid. This suggests that it could be a complementary approach to the ones
attempting to realise the doubled space as a geometrization the bundle gerbe itself.

However there are still some open problems. The only non-trivial global case that was
constructed in this framework was, as we saw, on the correspondence space M ×M0 M̃

equipped with the pullback of both the gerbe G and its dual G̃ . But, for this construction,
the correspondence space of the T-duality is not derived from the pre-NQP manifold
theory, but it must be assumed and prepared by using the machinery of topological
T-duality. Besides, the total gerbe (4.6.14) has "repeated" information: for example, if we
start from a gerbe Gi,j with Dixmier-Douady number i on a nilmanifold with 1st Chern
number j, its dual will be a gerbe G̃j,i on a nilmanifold with inverted Dixmier-Douady
and 1st Chern number. Now the total gerbe Gi,j ⊗ G̃j,i contain each number twice: as
1st Chern number and as Dixmier-Douady number. Moreover, in literature, a globally
defined pre-NQP manifold for a non-trivially fibrated spacetime M was proposed only for
the case of geometric T-duality. Recently [Car+19] applied pre-NQP geometry to the
case of DFT on group manifolds. However the extension of this formalism to general
T-dualizable backgrounds is not immediate.

4.7 Tensor hierarchies proposal

The idea of tensor hierarchy was introduced in [HS13b] in the context of the dimensional
reduction of DFT, then further formalised in [HS19], [BH19a] and [BH19b] as a higher
gauge structure. See also work by [CP20a] and [CP20b].

4.7.1 Embedding tensor and Leibniz-Loday algebra

Let ρ : o(d, d)⊗R→ R be the fundamental representation of the Lie algebra o(d, d) of the
Lie group O(d, d). The vector space underlying the fundamental representation of O(d, d)
is nothing but R ∼= R2d. Let us use the notation x ⊗ Y 7→ ρxY ∈ R. The embedding
tensor of DFT is defined as a linear map Θ : X(R2d) ↪→ C∞(R2d, o(d, d)) which satisfies
the following compatibility condition, usually called quadratic constraint:

[Θ(X),Θ(Y )] = Θ(ρΘ(X)Y ), (4.7.1)

where [−,−] are the Lie bracket of the Lie algebra o(d, d). Concretely the embedding tensor
maps a vector field by XM 7→ (XM, ∂[MXN ]) ∈ C∞(R2d, o(d, d)). Now the embedding
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tensor defines a natural action of X(R2d) on itself by

◦ : X(R2d)⊗ X(R2d) −→ X(R2d) (4.7.2)
(X,Y ) 7−→ X ◦ Y := ρΘ(X)Y. (4.7.3)

This is exactly the D-bracket of DFT. Thus the anti-symmetric part will be the C-bracket

1
2(X ◦ Y − Y ◦X) = JX,Y KC. (4.7.4)

On the other hand the symmetric part of the D-bracket is given by X ◦ Y + Y ◦X =
D〈X,Y 〉, where D : C∞(R2d) −→ X(R2d) is defined by f 7→ ∂Mf and the metric is
defined by the contraction 〈X,Y 〉 := ηMNX

MY N . Therefore the D-bracket can be
expressed in terms of these operators by

X ◦ Y = JX,Y KC + 1
2D〈X,Y 〉. (4.7.5)

An interesting consequence is that the couple
(
X(R2n), ◦

)
is not a Lie algebra, since the D-

bracket is not anti-symmetric, but it is a Leibniz-Loday algebra, since it satisfies the Leibniz
property X ◦(Y ◦Z) = (X ◦Y )◦Z+Y ◦(X ◦Z) for any triple of vectors X,Y, Z ∈ X(R2n).

Now something remarkable happens: the Leibniz-Loday algebra
(
X(R2n), ◦

)
of in-

finitesimal DFT gauge transformations naturally defines a Lie 2-algebra
(
D(R2n), `i

)
of

infinitesimal DFT gauge transformations. This is given by the underlying cochain complex

D(R2n) :=
(
C∞(R2n) D−−→ X(R2n)

)
, (4.7.6)

equipped with the following L∞-bracket structure:

`1(f) = Df, (4.7.7)
`2(X,Y ) = JX,Y KC, (4.7.8)
`2(X, f) = 〈X,Df〉, (4.7.9)

`3(X,Y, Z) = −1
2〈JX,Y KC, Z〉+ cycl. , (4.7.10)

for any f ∈ C∞(R2d) and X,Y, Z ∈ X(R2n). Now notice that the quadratic constraint,
which is the condition controlling the closure of the Leibniz bracket X ◦ Y , requires
to impose an additional constraint: this condition is nothing but the strong constraint.
This makes the underlying complex of sheaves reduce to the one of sections of the
standard Courant 2-algebroid

Dsc(R2n) =
(
C∞(Rn) d−−→ X(Rn)⊕ Ω1(Rd)

)
. (4.7.11)

Hence if we want (X(R2n), ◦ ) to be a well-defined Leibniz-Loday algebra we need to
restrict to Generalised Geometry and the D-bracket ◦ must reduce to the Dorfman
bracket of Generalised Geometry, not twisted by any flux. At the present time no ways
to generalise this construction beyond the strong constraint have been found, despite
the community expecting such generalisation to exist.
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4.7.2 Tensor hierarchies

Now that we have our well-defined L∞-algebra
(
D(R2n), `n

)
, we can ask ourselves what

happens if we use it to construct an higher gauge field theory on a (d− n)-dimensional
manifold M . The answer is that the theory resulting from this gauging process is exactly
a tensor hierarchy, which is supposed to describe DFT truncated at codimension n.

Luckily for our gauging purposes, there exists a well-defined notion of the tensor product
of a commutative differential graded algebra with an L∞-algebra. Thus we can define the
prestack of local tensor hierarchies Ω

(
U, D(R2n)

)
by the tensor product of the differential

graded algebra of the de Rham complex (Ω•(U), d) with the L∞-algebra
(
D(R2n), `i

)
.

In other words we define Ω
(
U, D(R2n)

)
:= Ω•(U) ⊗ D(R2n) for any contractible open

set U ⊂ M . Its underlying complex of sheaves of this prestack will be

Ω
(
U, D(R2n)

)
= C∞(U × R2n)︸ ︷︷ ︸

degree 0

⊕
⊕
k>0

(
Ωk(U)⊗ C∞(R2n) ⊕ Ωk−1(U)⊗ X(R2n)︸ ︷︷ ︸

degree k

)

and the bracket structure is found by applying the definition by [Jur+19c]. Explicitly,
for any elements Ap ∈ Ω•(U) ⊗ X(R2n) and Bp ∈ Ω•(U) ⊗ C∞(R2n), we have the
following bracket structure:

`1(A+ B) = (dA+ DB) + dB,
`2(A1,A2) = −JA1 ∧, A2KC,

`2(A1,B2) = 〈A ∧, DB〉,
`2(B1,B2) = 0,

`3(A1,A2,A3) = −1
2〈JA1 ∧, A2KC ∧, A3〉+ cycl.,

`3(A1,A2,B3) = `3(A1,B2,B3) = `3(B1,B2,B3) = 0,

(4.7.12)

where we introduced the following compact notation for D(R2n)-valued differential forms:

• J− ∧, −KC is a wedge product on Ω•(U) and a C-bracket on X(R2n),

• 〈− ∧, −〉 is a wedge product on Ω•(U) and a contraction 〈−,−〉 on X(R2n).

The prestack Ω
(
U, D(R2n)

)
encodes the local fields of a tensor hierarchy on a local doubled

space of the form U × R2n with base manifold dim(U) = d− n. In our degree convention
the connection data of a tensor hierarchy is given by a degree 2 multiplet

AIµ ∈ Ω1(U)⊗ X(R2n),
Bµν ∈ Ω2(U)⊗ C∞(R2n).

(4.7.13)

If we consider differential forms valued in a suitable adjusted Weil algebra Wadj
(
D(R2n)

)
,

as in example 3.4.22, we can also introduce the curvature of the tensor hierarchy, which
will be given by the degree 3 multiplet

FIµν ∈ Ω2(U)⊗ X(R2n),
Hµνλ ∈ Ω3(U)⊗ C∞(R2n).

(4.7.14)
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Notice that all the fields of the hierarchy depend not just on the coordinates x of the base
manifold U , but also on the coordinates (y, ỹ) of the vector space R2n. The curvature of the
tensor hierarchy can be expressed in terms of the connection, as it is found in [HS13b], by

F = dA− JA ∧, AKC + DB,

H = DB + 1
2〈A

∧, dA〉 − 1
3!〈A

∧, JA ∧, AKC〉,
(4.7.15)

where we introduced the covariant derivative D := d − A ◦ ∧ defined by the 1-form
connection A, which acts explicitly by DA = dA+ JA ∧, AKC and DB = dB + 〈A ∧, DB〉.
Notice the characteristic C-bracket Chern-Simons term in the expression of 3-form
curvature. We will call CS3(A), so we will be able to write the curvature of the tensor
hierarchy in a compact fashion:

F = DA+ DB,

H = DB + 1
2CS3(A).

(4.7.16)

By calculating the differential of the field curvature multiplet, this immediately gives
the Bianchi identities of the tensor hierarchy:

DF + DH = 0 ∈ Ω3(U)⊗ X(R2n),

DH− 1
2〈F

∧, F〉 = 0 ∈ Ω4(U)⊗ C∞(R2n).
(4.7.17)

The infinitesimal gauge transformations of a tensor hierarchy are given by 1-degree
multiplets of the form

λI ∈ C∞(U)⊗ X(R2n),
Ξµ ∈ Ω1(U)⊗ C∞(R2n),

(4.7.18)

so that
A 7−→ A+ Dλ+ DΞ,
B 7−→ B + DΞ− 〈λ,F〉,

(4.7.19)

where the covariant derivative acts by Dλ = dλ+ JA, λKC and DΞ = dΞ + 〈A ∧, DΞ〉.
Notice the extraordinary similarity of these equations to the ones defining a principal
String-bundle. This similarity will be discussed in chapter 6.

Example 4.7.1 (Topological T-duality). Notice that, in the particular case of a tensor
hierarchy where none of the fields depend on the internal space R2n, the curvature reduces
to the familiar equations of a doubled torus bundle, i.e.

F = dA ∈ Ω2
cl(U,R2n),

H = dB + 1
2〈A

∧, dA〉 ∈ Ω3
cl(U),

(4.7.20)

which is exactly the curvature of the String(Tn × Tn)-bundle arising in the case of a
globally geometric T-duality. Also the gauge transformations reduce to

AI 7→ AI + dλI ,
B 7→ B + dΞ− 〈λ,F〉.

(4.7.21)
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The local field F ∈ Ω2
cl(U,R2n) can thus be globalised to the curvature of a doubled torus

bundle with 1st Chern class [F ] ∈ H2(M,Z2n). At this point topological T-duality is
immediately encompassed by the O(n, n;Z)-rotation [F̃ ]I := ηIJ [F ]J of the 1st Chern
class of the doubled torus bundle.

This particular example of tensor hierarchy allows a globalization to a principal 2-bundle
with gauge 2-group String(Tn× Tn). Moreover, if we forget the higher form field, we stay
with a well-defined T 2n-bundle on the (d−n)-dimensional base manifold M . This leads to
the question about how to geometrically globalise and interpret general tensor hierarchies.

4.7.3 The puzzle of the global tensor hierarchy

This proposal is the first to understand that the doubled connections AIµ, which we
have also for the doubled torus bundles, are just a part of the full connection of the
prestack Ω(−,D(R2n)), including also Bµν . Thus the doubled space is intrinsically
a higher geometric object.

In [BH19a] it was proposed that the global higher gauge theory of tensor hierarchies on a
(d−n)-dimensional manifold M should consist in the L∞-algebra of Wadj

(
D(R2n)

)
-valued

differential forms on M . However this must be taken as a local statement, since we
know that gauge and p-form fields are not generally global differential forms on M ,
unless their underlying principal bundles are topologically trivial. Exactly like gauge
fields, the global stack of tensor hierarchies can be constructed by using the notion of
parallel transport, as we have seen in chapters 3. This is true, at least, if we want to
formalise tensor hierarchies as higher gauge theories. In chapter 6 we will discuss a
different perspective. Let exp D(R2n) ∈ H be the Lie integration of the Lie 2-algebra
D(R2n). Now we can define the higher gauge theory

TH : M 7−→ H
(
P(M), BInnadj

(
exp D(R2n)

))
, (4.7.22)

where P(M) is the path ∞-groupoid of the smooth manifold M . By construction this
means that on any set U ⊂ M of a good cover of our (d − n)-dimensional manifold
M we will have the isomorphism

TH (U) ∼= Ω•(U)⊗Wadj
(
D(R2n)

)
, (4.7.23)

This conveys the intuition that TH (−) is a globalization of the prestack of Wadj
(
D(R2n)

)
-

valued forms, but not necessarily a topologically-trivial one. By construction TH (−)
maps any (d − n)-dimensional smooth manifold M to the 2-groupoid TH (M) whose
objects are tensor hierarchies and whose morphisms are gauge transformations of ten-
sor hierarchies on M .

In more concrete terms a global tensor hierarchy, which is an object of the 2-groupoid
TH (M), can be expressed in a local trivialization by a Čech cocycle. Given any good
cover {Uα} for the (d− n)-dimensional manifold M , such a cocycle will be of the form(

FI(α), H, A
I
(α), B(α), λ

I
(αβ), Ξ(αβ), g(αβγ)

)
∈ TH (M), (4.7.24)
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where the fields are of the following differential forms:

FI(α)µµ ∈ Ω2(Uα)⊗ X(R2n),
Hµνλ ∈ Ω3(M)⊗ C∞(R2n),

AI(α)µ ∈ Ω1(Uα)⊗ X(R2n),
B(α)µν ∈ Ω2(Uα)⊗ C∞(R2n),

λI(αβ) ∈ C
∞(Uα ∩ Uβ)⊗ X(R2n),

Ξ(αβ)µ ∈ Ω1(Uα ∩ Uβ)⊗ C∞(R2n),

g(αβγ) ∈ C∞(Uα ∩ Uβ ∩ Uγ × R2n),

(4.7.25)

and they are glued on two-fold, three-fold and four-fold overlap of patches as follows:

F(α) = DA(α) + DB(α),

H = DB(α) + 1
2CS3(A(α)),

A(α) = e−λ(αβ)(A(β) + d)eλ(αβ) + DΞ(αβ),

B(α) − B(β) = DΞ(αβ) − 〈λ(αβ),F(α)〉,

eλ(αβ)eλ(βγ)eλ(γα) = eDg(αβγ) ,

Ξ(αβ) + Ξ(βγ) + Ξ(γα) = dg(αβγ),

g(αβγ) − g(βγδ) + g(γδα) − g(δαβ) ∈ 2πZ,

(4.7.26)

where the covariant derivatives are D = d−A(α) ◦∧. Notice the similarity, at least locally,
of the potential A(α) ∈ Ω1(Uα × R2n, Uα × TR2n) with the non-principal connection
defined for instance in [KSM93, pag. 77] for a general bundle.

In chapter 6 we discuss the possibility of a more general definition of global tensor
hierarchy, which can be obtained by directly dimensionally reducing the bundle gerbe
and not as a higher gauge theory.

However, if we accept that the global picture of tensor hierarchies is a higher gauge algebra,
we would still have some open questions. From [HS13b] we know that a tensor hierarchy
is supposed to be a split version of DFT with a (d− n)-dimensional base manifold M and
2n-dimensional fibers for an arbitrary n. But since tensor hierarchies are higher gauge
theories, this hints that the full 2d-dimensional doubled space should carry a bundle gerbe
structure. Such structure, as we have seen for previous proposals, still needs to be clarified.

4.8 Born Geometry

The first proposal of formalisation of the geometry underlying Double Field Theory as a
para-Kähler manifold was developed by [Vai12a] and then generalised to a para-Hermitian
manifold by [Vai13]. The para-Hermitian program was further developed by [FRS17;
Svo18; MS18; FRS19; MS19; Shi19; HLR19; BPV20; BP20; IS20; Svo20].
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4.8.1 Para-Hermitian geometry

An almost para-complex manifold (M, J) is a 2d-dimensional smooth manifoldM which
is equipped with a (1, 1)-tensor field J ∈ End(TM), called almost para-complex structure,
such that J2 = idTM and that the ±1-eigenbundles L± ⊂ TM of J have both rank(L±) =
d. A para-complex structure is, then, equivalently given by a splitting of the form

TM = L+ ⊕ L− (4.8.1)

Therefore, the structure group of the tangent bundle TM of the almost para-complex
manifold is reduced to GL(d,R)×GL(d,R) ⊂ GL(2d,R). The para-complex structure
also canonically defines the following projectors to its eigenbundles:

Π± := 1
2(1± J) : TM −� L±. (4.8.2)

An almost para-complex structure J is said to be, respectively, ±-integrable if L± is
closed under Lie bracket, i.e. if it satisfies the property

[
Γ(M, L±), Γ(M, L±)

]
Lie ⊆ Γ(M, L±). (4.8.3)

The ±-integrability of J implies the existence a foliation F± of the manifold M such
that L± = TF±. An almost para-complex manifold (M, J) is a para-complex manifold
if and only if J is both +-integrable and −-integrable at the same time.

An almost para-Hermitian manifold (M, J, η) is an almost para-complex manifold (M, J)
equipped with a metric η ∈⊙2 T ∗M of Lorentzian signature (d, d) which is compatible
with the almost para-complex structure as follows:

η(J−, J−) = −η(−,−). (4.8.4)

A para-Hermitian structure (J, η) canonically defines an almost symplectic structure ω ∈
Ω2(M), called fundamental 2-form, by ω(−,−) := η(J−,−). An almost para-Hermitian
manifold can be equivalently expressed as (M, J, ω), since the para-Hermitian metric can
be uniquely determined by η(−,−) = ω(J−,−). Notice that the subbundles L± are both
maximal isotropic subbundles respect to η and Lagrangian subbundles respect to ω.

4.8.2 Recovering generalised geometry

The para-Hermitian metric immediately induces an isomorphism η] : L±
∼=−−→ L∗∓. In

the case of a +-integrable para-Hermitian manifold, this implies the existence of an isomor-
phism

TM ∼= TF+ ⊕ T ∗F+ (4.8.5)

given by X 7→ Π+(X) + η](Π−(X)), for any vector X ∈ TM. As shown by [FRS17;
MS18], it is possible to define a bracket structure J−,−KD : X(M) × X(M) → X(M)
which is compatible with the para-Hermitian metric, so that (TM, J−,−KD, η) is a
metric algebroid, and which makes a generalised version of the Nijenhuis tensor of J
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vanish [MS18, p. 13]. If we consider any couple of sections X + ξ, Y + ζ ∈ Γ(M, TF+ ⊕
T ∗F+), the bracket can be rewritten as

JX + ξ, Y + ζKD =
(
[X,Y ] + LXζ − ιY dξ

)︸ ︷︷ ︸
Dorfman bracket on TF+⊕T ∗F+

+
(
[ξ, ζ]∗ + L∗ξY − ιζd∗X

)
(4.8.6)

where [−.−]∗, L∗(−) and d∗ are operators induced by the Lie bracket of TM. Therefore, if we
restrict ourselves to couples of strongly foliated vectors, i.e. X+ξ, Y +ζ ∈ X(F+)⊕Ω1(F+),
we recover the usual Dorfman bracket

JX + ξ, Y + ζKD = [X,Y ] + LXζ − ιY dξ, (4.8.7)

i.e. we recover generalised geometry.

An almost para-Hermitian manifold (M, J, η) is, in particular, a para-Kähler manifold
if the fundamental 2-form is symplectic, i.e. dω = 0. In the general case, the closed
3-form K ∈ Ω3

cl(M) defined by K := dω, which embodies the obstruction of ω from being
symplectic, is interpreted as the generalised fluxes of Double Field Theory.

4.8.3 Born geometry

A Born geometry is the datum of an almost para-Hermitian manifold (M, J, ω) equipped
with a Riemannian metric G ∈ ⊙2 T ∗M which is compatible with both the metric η
and the fundamental 2-form ω as follows:

η−1G = G−1η and ω−1G = −G−1ω. (4.8.8)

Such a Riemannian metric can be naturally identified with the generalised metric of
Double Field Theory.

The generalised diffeomorphisms of Double Field Theory can now be identified with
diffeomorphisms ofM which preserve the para-Hermitian metric η, i.e isometries Iso(M, η).
The push-forward of a generalised diffeomorphism f ∈ Iso(M, η) is nothing but an O(d, d)-
valued function f∗ ∈ C∞(M, O(d, d)). This group of symmetries can be further extended
to the group of general bundle automorphisms of TM preserving the para-Hermitian
metric η. A generalised diffeomorphism induces a morphism of Born geometries

(M, J, ω, G) 7−→ (M, f∗J, f∗ω, f∗G), (4.8.9)

which is an isometry of the para-Hermitian metric, i.e. such that it preserves η = f∗η.

Particularly interesting is the case of b-shifts, which can be seen as a bundle morphisms
eb : TM → TM covering the identity idM of the base manifold. This transforms the
para-complex structure by J 7→ J + b, which also implies ω 7→ ω + b. Therefore, a
b-shift maps the splitting TM = L+ ⊕ L− to a new one TM = L′+ ⊕ L−, preserving the
eigenbundle L−, but not L+. Therefore, it does not preserve +-integrability.

Further discussion. We can notice that Born Geometry is not (at least immediately)
related to bundle gerbes, even if theory of foliations is closely related to higher structures
as seen by [Vit14]. In the next subsection we will mostly discuss the relation between
Born Geometry and the bundle gerbe of the Kalb-Ramond field, trying to clarify it.



96 4.9. Can DFT actually recover bosonic supergravity?

4.9 Can DFT actually recover bosonic supergravity?

4.9.1 Recovering a string background

We will now try to recover a general bosonic string background, consisting in a pseudo-
Riemannian manifold (M, g) equipped with a Kalb-Ramond field whose H-flux [H] ∈
H3(M,Z) is generally non-trivial, from Born Geometry as prescribed by [MS19] and
[Svo20].

Let us start from the almost para-Hermitian manifold (M,K, η). The para-complex
structure K splits the tangent bundle TM = L+ ⊕L− where L± are its ±1-eigenbundles.
Since we want to recover a conventional supergravity background let us firstly assume
that L− is integrable (physically this corresponds to set the R-flux to zero, see [MS19]).
This implies that there exists a foliation F− of M such that L− = TF−. Secondly,
since we want to recover a conventional supergravity background, let us require that
the leaf space M :=M/F− of this foliation is a smooth manifold. Indeed, according to
[MS19] and [Svo20], physical spacetime must be identified with the leaf space M . Thus
the foliation F− is simple and the canonical quotient map π : M � M = M/F− is a
surjective submersion, making M a fibered manifold.

Now we can use adapted (or fibered) coordinates (x(α), x̃(α)) on each patch Uα of a
good cover of the manifoldM = ⋃

α Uα. Thus there exist a frame {Zµ, Z̃µ} and a dual
coframe {eµ, ẽµ}, given on local patches Uα as follows

Z(α)µ = ∂

∂xµ(α)
+N(α)µν

∂

∂x̃(α)ν
, Z̃µ(α) = ∂

∂x̃(α)µ
,

eµ(α) = dxµ(α), ẽ(α)µ = dx̃(α)µ +N(α)µνdxν(α),

(4.9.1)

such that they diagonalise the tensor K and such that {Zµ} is a local completion of the
holonomic frame for Γ(L−). Notice that the N(α)µν ∈ C∞(Uα) are local functions. In this
frame we can express the global O(d, d)-metric η = ηµν ẽµ� eν and the fundamental 2-form
ω = ηµν ẽµ∧eν . In local coordinates (x(α), x̃(α)) the latter can be written on each patch Uα as

ω|Uα = ηµν dx̃µ(α) ∧ dxν(α) + ηµνN(α)µλdxλ(α) ∧ dxν(α). (4.9.2)

Now, by following [MS19], we can define a local 2-form B(α) ∈ Ω2(Uα) by the second
term of the 2-form ω|Uα , i.e.

B(α) := ηµνN(α)µλdxλ(α) ∧ dxν(α). (4.9.3)

Now we must ask: what is the condition to make the local 2-form B(α) on Uα descend to
a proper local 2-form on the leaf space M =M/F− (which is the physical spacetime)?
By following [MS19] we can impose the condition that N(α)µλ are basic functions, i.e.

LX−N(α)µλ = 0 ∀X− ∈ Γ(L−), (4.9.4)

which assures exactly this. In local coordinates on Uα this condition can be rewritten as
∂N(α)µν
∂x̃(α)λ

= 0, (4.9.5)

which is solved by N(α)µν = N(α)µν
(
x(α)

)
, i.e. by asking that the N(α)µν are local functions

only of the x(α)-coordinates on each patch Uα. Therefore, if our local 2-form is of the form
B(α) = B(α)µν

(
x(α)

)
dxµ(α) ∧ dxν(α) it will descend to a local 2-form π∗B(α) ∈ Ω2(Uα) on M .
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4.9.2 Papadopoulos’ puzzle revised

In the adapted (or fibered) coordinates the transition functions ofM on two-fold overlaps
of patches Uα ∩ Uβ will have the simple following form:

x(α) = f(αβ)
(
x(β)

)
, x̃(α) = f̃(αβ)

(
x(β), x̃(β)

)
. (4.9.6)

An adapted atlas will be also provided with the property that the sets Uα := π(Uα),
where π : M � M = M/F− is the quotient map, are patches of the leaf space M
with local coordinates (q(α)) defined by the equation xµ(α) = qµ(α) ◦ π. These charts
(Uα, q(α)) are uniquely defined. The local 2-form B(α) will then descend to the local
2-form π∗B(α) = B(α)µν

(
q(α)

)
dqµ(α) ∧ dqν(α).

Since ω ∈ Ω2(M) is a global 2-form, on each two-fold overlap of patches Uα ∩ Uβ we have

dx̃µ(α) ∧ dxµ +B(α) = dx̃µ(β) ∧ dxµ +B(β), (4.9.7)

where we suppressed the patch indices on the 1-forms {dxµ}: this is because {eµ} are
global 1-forms on M and thus we can slightly abuse the notation by calling eµ ≡
dxµ. Thus we have

(dx̃(α)µ − dx̃(β)µ) ∧ dxµ = B(β) −B(α). (4.9.8)

Since the local 2-forms B(α) descend to local 2-forms on patches Uα ⊂ M =M/F− of
the leaf space and these, according to [MS19] and [Svo20], must be physically identified
with the local data of the Kalb-Ramond Field, we must have bundle gerbe local data
of the following form:

π∗B(β) − π∗B(α) = dΛ(αβ) on Uα ∩ Uβ,
Λ(αβ) + Λ(βγ) + Λ(γα) = dG(αβγ) on Uα ∩ Uβ ∩ Uγ ,

G(αβγ) +G(βαδ) +G(γβδ) +G(δαγ) ∈ 2πZ on Uα ∩ Uβ ∩ Uγ ∩ Uδ.
(4.9.9)

Now, from the patching relations (4.9.6) of the adapted coordinates we obtain

dx̃(α)µ =
∂f̃(αβ)µ
∂xν(β)

dxν(β) +
∂f̃(αβ)µ
∂x̃(β)ν

dx̃(β)ν . (4.9.10)

This, combined with (4.9.8) and (4.9.9), implies the following equations

∂f̃(αβ)µ
∂x̃(β)ν

= δ ν
µ ,

∂f̃(αβ)µ
∂xν(β)

=
(
dΛ(αβ)

)
µν . (4.9.11)

We can immediately solve the first equation by decomposing f̃(αβ)
(
x(β), x̃(β)

)
= x̃(β) +

f̃ ′(αβ)(x(β)), where f̃ ′(αβ)(x(β)) is a new basic function of the x(β)-coordinates only. Now
the second equation is equivalent to the new equation d(f̃ ′(αβ)µdxµ) = −dΛ(αβ) on
Uα ∩ Uβ, which is solved by

f̃ ′(αβ)µdxµ = −Λ(αβ)µdxµ + dη(αβ), (4.9.12)
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where dη(αβ) ∈ π∗Ω1
ex(Uα ∩ Uβ) are local exact basic 1-forms on overlaps of patches.

The cocycle condition for transition functions of a manifold on three-fold overlaps
of patches implies then

d(η(αβ) + η(βγ) + η(γα)) = Λ(αβ) + Λ(βγ) + Λ(γα). (4.9.13)

Since Λ(αβ) + Λ(βγ) + Λ(γα) = dGαβγ from (4.9.9), then we must have the trivialization

G(αβγ) =
(
η(αβ) + η(βγ) + η(γα)

)
+ c(αβγ), (4.9.14)

where c(αβγ) ∈ R are local constants which must satisfy the following cocycle condition

c(αβγ) + c(βαδ) + c(γβδ) + c(δαγ) ∈ 2πZ (4.9.15)

on each four-fold overlaps of patches of the leaf space.

This implies that the gerbe (π∗B(α),Λ(αβ), G(αβγ)) on our physical spacetimeM =M/F−
is flat, i.e. that the curvature of the Kalb-Ramond field H ∈ Ω3

ex(M) is exact and that
the topological Dixmier-Douady class [H] ∈ H3(M,Z) of the gerbe is torsion. To see this,
it is enough to check that the equation (4.9.13) implies that Λ(αβ) = dη(αβ) + τ(α) − τ(β)
for some local 1-forms τ(α) ∈ Ω1(Uα). But this implies that π∗B(α) − π∗B(β) = τ(β) − τ(α)
so that, in other words, there exist a global 2-form on the leaf space M =M/F− given by
gauge transformations of the Kalb-Ramond field and expressed on overlaps of patches by

π∗B(α) + dτ(α) = π∗B(β) + dτ(β). (4.9.16)

If we call B′|Uα := π∗B(α) + dτ(α) the gauge transformed Kalb-Ramond field, we
immediately see that it satisfies H = dB′ globally on M = M/F−. Therefore in
the de Rham cohomology we have the class [H] = 0 ∈ H3

dR(M), which is mapped to a
torsion element of the integral cohomology H3(M,Z). In this context the constants c(αβγ)
are interpreted as a representative of the flat holonomy class [c(αβγ)] ∈ H2(M,R/2πZ)
of the flat bundle gerbe.

Open problem. Therefore it does not seem possible to recover a general geometric string
background made of a smooth manifold M equipped with a non-trivial Kalb-Ramond field
[H] ∈ H3(M,Z). And, since DFT was introduced to extend supergravity, the impossibility
of recovering supergravity poses a problem. This means that the original argument by
[Pap14] is still relevant whenever we try to construct the doubled space as a manifold.

However, as we will see, Born geometry is still extremely efficient in dealing with
doubled group manifold and, in particular, Drinfel’d doubles. Remarkable results
from the application of para-Hermitian geometry to group manifolds can be found
in [MS18], [HLR19] and [MS19]. These groups, where fluxes are constant, allow a simple
geometrization of the gerbe with a group manifold which is not possible in the general case.
Notice that a link between Drinfel’d doubles and bundle gerbes was firstly found by [Wil08].

The Higher Kaluza-Klein proposal is an attempt to attack this problem and allow the
geometrization of general bundle gerbes. In the Higher Kaluza-Klein perspective the
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doubled space would be identified with the total space of a gerbe G � M . Thus the
quotient π : M � M = M/F− is reinterpreted as a local version of the projector of
the gerbe as a principal ∞-bundle, i.e.

Π : G −� M ∼= G //BU(1), (4.9.17)

which is the higher geometric version of the statement π : P � M ∼= P/G for any
G-bundle P . See the next section for an introduction.



Definitio ut dicatur perfecta, debebit intimam essentiam
rei explicare, et cavere, ne eius loco propria quaedam
usurpemus.

A definition, if it is to be called perfect, must explain
the inmost essence of a thing, and must take care not to
substitute for this any of its properties.

— Spinoza, Tractatus de Intellectus Emendatione

5
Global Double Field Theory as higher

Kaluza-Klein theory

Contents

5.1 Doubled/higher correspondence . . . . . . . . . . . . . . . . . . 101
5.2 Doubled space as atlas of a bundle gerbe . . . . . . . . . . . . 104
5.3 Global generalised metric . . . . . . . . . . . . . . . . . . . . . 108
5.4 Global strong constraint as higher cylindricity . . . . . . . . . 109
5.5 Recovering generalised geometry . . . . . . . . . . . . . . . . . 115

5.5.1 Generalised tangent bundle on the atlas . . . . . . . . . . . . . 115
5.5.2 Finite symmetries . . . . . . . . . . . . . . . . . . . . . . . . . 115
5.5.3 Courant algebroid as Atiyah L∞-algebroid . . . . . . . . . . . . 117
5.5.4 A prequantum interpretation for the bundle gerbe . . . . . . . 123

5.6 NS5-brane as higher Kaluza-Klein monopole . . . . . . . . . . 125
5.6.1 Higher Dirac monopole of the Kalb-Ramond field . . . . . . . . 126
5.6.2 Higher Kaluza-Klein monopole in 10d . . . . . . . . . . . . . . 128
5.6.3 Berman-Rudolph DFT monopole in 9d . . . . . . . . . . . . . . 131
5.6.4 Berman-Rudolph DFT monopole in 8d . . . . . . . . . . . . . . 133

In this chapter we will give a formal definition of higher Kaluza-Klein Theory and we will
explain how this can be interpreted as a global version of Double Field Theory (DFT).
In this chapter we will construct the correspondence between the doubled geometry of
Double Field Theory and the higher geometry of bundle gerbes. We will define the
atlas of a bundle gerbe and we will show that it can be identified with the doubled
space of Double Field Theory. This will have the consequence that Double Field Theory
can be globally interpreted as a field theory on the total space of a bundle gerbe, just
like ordinary Kaluza-Klein theory lives on the total space of a principal bundle. This
chapter is based on [Alf20a; Alf21]
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5.1 Doubled/higher correspondence

The aim of this section will be to prove the existence of a correspondence between
doubled and higher geometry in a linearised form.

Definition 5.1.1 (string Lie 2-algebra). Let us call string := Rd ⊕ bu(1) the 2-algebra
of the abelian Lie 2-group Rd × BU(1). It is well-understood that any L∞-algebra g

is equivalently described in terms of its Chevalley-Eilenberg dg-algebra CE(g). In our
particular case this is

CE(string) = R[ea, B]/〈dea = 0, dB = 0〉, (5.1.1)

where {ea}a=0,...,d−1 are generators in degree 1 and B is a generator in degree 2.

The Lie 2-algebra string = Rd ⊕ bu(1) � Rd can be interpreted as a linearisation of a
bundle gerbe, in the sense proposed by [FSS14b]. Thus, such a Lie 2-algebra can be
thought as trivially made up of a flat Minkowski space and a trivial Kalb-Ramond field.
Now, we want to introduce a notion of atlas for this 2-algebra.

Remark 5.1.2 (Atlas of an L∞-algebra). By linearising the notion of atlas of a smooth
stack [KS17], we obtain that the atlas of an L∞-algebra g can be defined by an ordinary
Lie algebra atlas equipped with a homomorphism of L∞-algebras φ : atlas −→ g that is
surjective onto the 0-truncation of g. In this dissertation, we will also require the dual
homomorphism φ∗ : CE(g) ↪→ CE(atlas) of dg-algebras to be injective.

We will also need the following slight specialisation of the notion of atlas of an L∞-algebra,
which will be useful to deal with our physically motivated examples.

Definition 5.1.3 (Lorentz-compatible atlas). Let g� Rd be an L∞-algebra fibrated on
a Minkowski space and equipped with an atlas φ : atlas −� g. We say that the atlas is
Lorentz-compatible if atlas comes equipped with a SO(1, d− 1)-action such that

1. it non-trivially extends the natural SO(1, d− 1)-action on Rd,

2. φ is SO(1, d− 1)-equivariant,

and if dim(atlas) is the minimal dimension for which the above conditions are satisfied.

Notice that, in a Lorentz-compatible atlas, the images of the higher generators of g
through the map φ∗ : CE(g) ↪→ CE(atlas) are non-zero elements which are invariant under
Lorentz action. We are now ready to present the main result of this section.

Lemma 5.1.4 (double/string correspondence). The Lorentz-compatible atlas of the Lie
2-algebra string is the para-Kähler vector space

(
Rd ⊕ (Rd)∗, J, ω

)
, where

• J is the para-complex structure corresponding to the canonical splitting Rd⊕ (Rd)∗,

• ω is the symplectic structure given by the transgression of the higher generator of
string to the space of the atlas Rd ⊕ (Rd)∗.
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Proof. Recall the definition 5.1.2 of atlas φ : atlas −� string for an L∞-algebra. The
map φ can be dually given as an embedding φ∗ : CE(string) ↪−→ CE(atlas) between their
Chevalley-Eilenberg dg-algebras. Thus, we want to identify an ordinary Lie algebra atlas

such that its Chevalley-Eilenberg dg-algebra contains a 2-degree element

ω := φ∗(B) ∈ CE(atlas) (5.1.2)

which is the image of the 2-degree generator of CE(string) and which must satisfy the
equation

dω = 0, (5.1.3)

given by the fact that a homomorphism of dg-algebras maps φ∗(0) = 0. Recall that atlas
must be an ordinary Lie algebra, so its Chevalley-Eilenberg dg-algebra CE(atlas) will only
have 1-degree generators. Since we want a Lorentz-compatible atlas, ω must also be a
singlet under Lorentz transformations. Thus the generators of the atlas must consist not
only in the images {ea := φ∗(ea)}a=0,...,d−1, but also in an extra set {ẽa}a=0,...,d−1 which
generates (Rd)∗. This way the image of the generator b ∈ CE(string) is

ω = ẽa ∧ ea, (5.1.4)

which is Lorentz-invariant. Indeed, the generators {ea} of Rd transform by ea 7→ Na
be
b for

N ∈ SO(1, d− 1), while the generators {ẽa} of (Rd)∗ transform by ẽa 7→ (N−1) ba ẽb. Now,
the equation dω = 0, combined with the equation dea = 0, implies that the differential of
the new generator is zero, i.e. dẽa = 0. Therefore, we found the dg-algebra

CE(double) = R[ea, ẽa]/〈dea = 0, dẽa = 0〉 (5.1.5)

where we renamed the Lie algebra atlas to double. This ordinary Lie algebra is immediately
double =

(
Rd ⊕ (Rd)∗, [−,−] = 0

)
, i.e. the abelian Lie algebra whose underlying 2d-

dimensional vector space is Rd ⊕ (Rd)∗. Now, recall that the Chevalley-Eilenberg dg-
algebra CE(g) of any ordinary Lie algebra g is isomorphic to the dg-algebra

(
Ω•li(G), d

)
of left-invariant differential forms on the corresponding Lie group G = exp(g). Therefore,
we have the isomorphism

CE(double) ∼=
(
Ω•li(Rd,d), d

)
(5.1.6)

where we called Rd,d the abelian Lie group integrating double whose underlying smooth
manifold is still the linear space Rd × (Rd)∗. Thus, the smooth functions C∞(Rd,d) are
generated by coordinate functions xa and x̃a and the basis of left-invariant 1-forms on
Rd,d is simply given by

ea = dxa, ẽa = dx̃a (5.1.7)

Thus, the transgressed element ω ∈ CE(double) is equivalently the symplectic form
ω = dx̃a ∧ dxa. Moreover, the canonical splitting Rd ⊕ (Rd)∗ induces a canonical para-
complex structure J , which is compatible with the symplectic form ω. Therefore, the
atlas of string is equivalently a para-Kähler vector space

(
Rd ⊕ (Rd)∗, J, ω

)
.
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atlas
(
Rd ⊕ (Rd)∗, J, ω

)
Rd ⊕ bu(1)

bundle gerbe para-Hermitian manifold
(i.e. doubled space)

Figure 5.1: para-Hermitian geometry (i.e. the geometry of doubled spaces) as the atlas description
of bundle gerbes.

Remark 5.1.5 (Emergence of para-Hermitian geometry). On one side of the correspon-
dence, the Lie 2-algebra string = Rd ⊕ bu(1) is the linearisation of a bundle gerbe and,
on the other side, the para-Kähler vector space

(
Rd ⊕ (Rd)∗, J, ω

)
is the linearisation of

a para-Hermitian manifold. The latter is the atlas of the former.

Notice that the subgroup of linear transformations GL(2d) preserving the para-complex
structure J is given by GL(d)×GL(d). The subgroup preserving the fundamental 2-form ω

is Sp(2d,R), while the one preserving para-hermitian metric η is O(d, d). The subgroup of
linear transformations GL(2d) preserving the whole para-Kähler structure (J, ω, η) is just
the group of linear transformations of the base GL(d). Hence, we have the usual identities

O(d, d) ∩ Sp(2d,R) = GL(d),
Sp(2d,R) ∩

(
GL(d)×GL(d)

)
= GL(d),(

GL(d)×GL(d)
)
∩ O(d, d) = GL(d).

(5.1.8)

Remark 5.1.6 (Kernel pair of the atlas of string). Now let us discuss the kernel pair
of the atlas φ : atlas −� string. This is defined as the pullback (in the category theory
sense) of two copies of the map φ of the atlas. The coequalizer diagram of these maps is

double×string double double string.
φ (5.1.9)

To deal with it, we can consider the Chevalley-Eilenberg algebras of all the involved
L∞-algebras and look at the equalizer diagram of the cokernel pair which is dual to the
starting kernel pair (5.1.9). This will be given by the following maps of differential graded
algebras:

CE(double) tCE(string) CE(double) CE(double) CE(string).φ∗ (5.1.10)

Let us describe this in more detail. When composed with φ∗, the two maps at the centre
of the diagram both send the generators ea ∈ CE(string) to ea ∈ CE(double) tCE(string)
CE(double). However, they map the generator B ∈ CE(string) to two different elements
ω = ẽa ∧ ea and ω′ = ẽ′a ∧ ea, where ẽa and ẽ′a are such that they both satisfy the
same equation dẽ′a = dẽa. This implies that they are related by a gauge transformation
ẽ′a = ẽa+dλa. This can be seen as a consequence of the gauge transformations B′ = B+dλ
with parameter λ := λae

a.
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Remark 5.1.7 (T-duality on the double algebra). The ordinary Lie algebra double is not
the atlas only of the Lie 2-algebra string, but of an entire class of Lie 2-algebras. For
example, we have

double

string s̃tring

φ̃φ (5.1.11)

where we called s̃tring the Lie 2-algebra whose Chevalley-Eilenberg dg-algebra is given
by CE

(
s̃tring

)
= R

[
ẽa, B̃

]
/〈dẽa = 0, dB̃ = 0〉 and where φ̃ is the atlas mapping the

generators by ẽa 7→ ẽa and B̃ 7→ ea ∧ ẽa. The Lie 2-algebra s̃tring = (Rd)∗ ⊕ bu(1) can be
immediately seen as the T-dualisation of string along all the d directions of the underlying
spacetime. More generally, double will be the atlas of any T-dual of the Lie 2-algebra
string: this is nothing but a linearised version of T-duality of bundle gerbes. This remark
can look quite trivial, but it will be important both in the next section and in chapter 7.

5.2 Doubled space as atlas of a bundle gerbe

In the previous section, we established a correspondence between linearised doubled
geometries and L∞-algebras, which interprets the former as the atlas description of the
latter. In this section we will globalise this relation to construct a correspondence between
doubled spaces and bundle gerbes based on the notion of atlas of a smooth stack.

Remark 5.2.1 (On the nature of the extra coordinates). The 2d-dimensional atlas
of the bundle gerbe is the natural candidate for being an atlas for the doubled space
where Double Field Theory lives. This way, we can completely avoid the conceptual
issue of postulating many new extra dimensions in extended geometry, because the extra
coordinates which appears in the extended charts describe the degrees of freedom of
a bundle gerbe. In this sense, a flat doubled space Rd,d can be seen as a coordinate
description of a trivial bundle gerbe.

Remark 5.2.2 (Atlas for the Lie 2-group). Let Rd ×BU(1) be the Lie 2-group which
integrates the Lie 2-algebra string := Rd ⊕ bu(1). Let us call again Rd,d the ordinary Lie
group which integrates the ordinary abelian Lie algebra Rd ⊕ (Rd)∗. Therefore, we have a
homomorphism of Lie groups

exp(φ) : Rd,d −� Rd ×BU(1), (5.2.1)

which exponentiates the homomorphism of Lie algebras φ : atlas −� string from the
previous section. Consequently, this is also a well defined atlas for Rd ×BU(1), seen as a
smooth stack.

Definition 5.2.3 (Lorentz-compatible atlas of an ∞-bundle). Let us define a Lorentz-
compatible atlas for an ∞-bundle P

Π−−→→ M as an atlas whose charts are Lorentz-
compatible in the sense of definition 5.1.3.

Lemma 5.2.4 (Doubled space/bundle gerbe correspondence). The Lorentz-compatible
atlas of a bundle gerbe G

Π−−→→ M is a para-Hermitian manifold (M, J, ω), where
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• J is the para-complex structure corresponding to the splitting of TM into horizontal
and vertical bundle induced by the connection of the bundle gerbe,

• ω is the fundamental 2-form given by the transgression of the connection of the
bundle gerbe, i.e. which satisfies π∗H = −dω with H ∈ Ω3

cl(M) curvature of the
bundle gerbe.

Proof. Let G � M be a bundle gerbe on a base manifold M . Thus G can be locally
trivialised as a collection of local trivial gerbes {Uα × BU(1)}α∈I on a given open
cover {Uα}α∈I of the base manifold M . Thus, we have an effective epimorphism ϕα :
Rd ×BU(1)� Uα ×BU(1) for any chart. These can be combined in a single effective
epimorphism ⊔

α∈I Rd × BU(1) {ϕα}α∈I−−−−−−−→→ G . Thus, we can cover the bundle gerbe
with copies of the Lie 2-group Rd × BU(1). Since this Lie 2-group comes equipped
with the natural atlas (5.2.1), we can define the composition maps Φα : Rd,d exp(φ)−−−−−−→→
Rd × BU(1) ϕα−−−→→ Uα × BU(1). By combining them we can construct an effective
epimorphism

Φ :
⊔
α∈I

Rd,d {Φα}α∈I−−−−−−−→→ G (5.2.2)

From now on, let us call the total space of the atlas M := ⊔
α∈I Rd,d. Notice that, in

general, this is a disjoint union of Rd,d-charts. We can now use the map (5.2.2) to explicitly
construct the Čech nerve of the atlas. What we obtain is the following simplicial object:

⊔
α,β,γ∈I

Rd,d ×G Rd,d ×G Rd,d
⊔

α,β∈I
Rd,d ×G Rd,d

⊔
α∈I

Rd,d G ,
{Φα}α∈I

which tells us how the charts of the atlas are glued by morphisms. Let us describe this
diagram in more detail in terms of its dual diagram of Chevalley-Eilenberg dg-algebras.
Let us also call

(
B(α), Λ(αβ), G(αβγ)

)
the Čech cocycle of the bundle gerbe. The two

maps of the kernel pair send the local 1-degree generator to dxµ and the local 2-degree
generator to a couple of local 2-forms ωtriv

(α) = dx̃(α)µ ∧ dxµ and ωtriv
(β) = dx̃(β)µ ∧ dxµ on

the fiber product of the α-th and β-th charts. Now the local 1-forms dx̃(α)µ and dx̃(β)µ
are required to be related by a gauge transformation dx̃(α)µ = dx̃(β)µ + dΛ(αβ)µ where
the gauge parameters Λ(αβ)µ are given by the cocycle of the bundle gerbe. Equivalently,
the two 2-forms must be related by a gauge transformation ωtriv

(α) = ωtriv
(β) + dΛ(αβ) with

gauge parameter Λ(αβ) := Λ(αβ)µdxµ. The gauge parameters are required to satisfy the
cocycle condition Λ(αβ) + Λ(βγ) + Λ(γα) = dG(αβγ) on three-fold overlaps of charts.

On the atlasM of the bundle gerbe, we can define a 2-form ω ∈ Ω2(M) by taking the
difference ω(α) := ωtriv

(α) − π
∗B(α) of the local 2-form ωtriv

(α) and the pullback of the local
connection 2-form B(α) of the bundle gerbe from the base manifold on each chart Rd,d.
This definition assures that ω(α) = ω(β) on overlaps of charts Rd,d×G Rd,d. Therefore, this
2-form is globally well-defined and we can write it simply as ω, by removing the α-index.
In local coordinates we can write

ω =
(
dx̃(α)µ +B(α)µνdxν

)
∧ dxµ (5.2.3)
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Notice that the form ω is, more generally, invariant under gauge transformations of the
bundle gerbe. From the definition of ω, we obtain the relation with curvature of the
bundle gerbe:

π∗H = −dω, with H ∈ Ω3
cl(M). (5.2.4)

Now, we want to show thatM is canonically para-Hermitian with fundamental 2-form ω.
The projection π :M�M induces a short exact sequence of vector bundles:

0 ↪−→ Ker(π∗) ↪−→ TM π∗−−→→ π∗TM −−→→ 0 (5.2.5)

From the definition of the 2-form ω, we can see that it is a projector to the vertical bundle

ω : TM −� Ker(π∗) (5.2.6)

Therefore, the 2-form ω defines the splitting π∗ ⊕ ω into horizontal and vertical bundle

TM ∼= π∗TM ⊕ Ker(π∗). (5.2.7)

This splitting canonically defines a para-complex structure J ∈ Aut(TM). If we split
any vector in horizontal and vertical projection X = XH + XV , the para-complex
structure J is defined such that J(X) = XH − XV . Notice that, since J defines a
splitting TM = L+ ⊕L− of the tangent bundle ofM, as seen in chapter 4, this identifies
L+ ≡ π∗TM and L− ≡ Ker(π∗). Therefore, the atlas of a bundle gerbe is a para-Hermitian
manifold (M, J, ω) with para-complex structure J and fundamental 2-form ω, defined
above. Thus, we have the conclusion of the lemma.

Therefore, we can now make the following identification.

Postulate 5.2.5 (Doubled space). A doubled space M is the atlas of a bundle gerbe
G

�−→M with connective structure (i.e. a principal BU(1)-bundle on a smooth manifold
M).

Remark 5.2.6 (Topological classification of doubled spaces). Notice that the trivialisation
we introduced defines Čech cocycle

[
G(αβγ)

]
∈ H2(M, C∞(−, S1)

)
, where C∞(−, S1) is

the sheaf of maps to the circle. It is a well-established result (e.g. see see [Hit01] for details)
that there exists an isomorphism H2(M, C∞(−, S1)

) ∼= H3(M,Z), induced by the short
exact sequence of sheaves 0→ Z→ C∞(−,R)→ C∞(−, S1)→ 0. The image of

[
G(αβγ)

]
along such an isomorphism will be an element of the 3rd cohomology group of the base
manifold M , which we will call Dixmier-Douady class dd(G ) ∈ H3(M,Z) of the bundle
gerbe. Thus, bundle gerbes G ∈ H are topologically classified by a Dixmier-Douady class
dd(G ) ∈ H3(M,Z).

Remark 5.2.7 (Principal connection of the bundle gerbe). Let Ω2 ∈ H be the usual
sheaf of differential 2-forms over smooth manifolds. We can define a differential 2-form ω

on the bundle gerbe G as a map G
ω−→ Ω2. Notice that, given the fundamental 2-form ω

in (5.2.3), we can construct a 2-form G
ω−→ Ω2 given as follows:

M G Ω2Φα

ω(α)

ω
, M×G M Ω2

ω(α)

ω(β)

.
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Since Ω2 is a 0-truncated stack, the 2-morphism in the second diagram is just an identity.
In other words we obtain that ω ∈ Ω2(G ) is given on the atlas by a collection of local
2-forms ω(α) =

(
dx̃(α)µ +B(α)µνdxν

)
∧ dxµ on any chart, which satisfy ω(α) = ω(β) on any

overlap of charts. Thus, the fundamental 2-form ω on the atlas M from the previous
theorem can be interpreted as a 2-form ω on the bundle gerbe G .

Remark 5.2.8 (Analogy with a principal U(1)-bundle). The way of expressing the
fundamental 2-form on our atlas as in remark 5.2.7 is, despite of the appearance, very
natural and familiar. When we write the connection of a U(1)-bundle in local coordinates,
we are exactly writing a 1-form ω(α) := dθ(α) +A(α)µ(x(α))dxµ(α) ∈ Ω1(Rd+1) on the local
chart Rd+1, where

{
dθ(α),dxµ(α)

}
is the coordinate basis of Ω1(Rd+1). On the overlaps

of charts we have ω(α) = ω(β), which assures that the 1-form we are writing in local
coordinates is equivalently the pullback ω(α) = φ∗αω of a well-defined 1-form ω on the
total space of the U(1)-bundle. Notice that this is in perfect analogy with remark 5.2.7.

Example 5.2.9 (Topologically trivial doubled space). Let us consider a topologically
trivial bundle gerbe G = M × BU(1) with connective structure. The corresponding
doubled space is a para-Kähler manifold (M, J, ω), whereM = T ∗M is just the cotangent
bundle of the base manifold, the para-complex structure J corresponds to the canonical
splitting TM∼= TM⊕T ∗M and the connection ω = dx̃µ∧dxµ is the canonical symplectic
form on T ∗M with {xµ, x̃µ} Darboux coordinates.

Example 5.2.10 (Doubled Minkowski space). If, in the previous example, we choose as
base manifold the Minkowski space M = Rd, the corresponding doubled space will be the
para-Kähler vector space (Rd,d, J, ω).

Remark 5.2.11 (Correspondence between sections of the bundle gerbe and the doubled
space). Let us consider again a topologically trivial bundle gerbe G = M ×BU(1) with
connective structure. Any sectionM I

↪−→ G will be a U(1)-bundle I �M with connection,
while any section M

ι
↪−→ M will be an embedding x̃ = x̃(x). These two objects are

immediately related by
ι∗ω = curv(I) (5.2.8)

where curv(−) is the curvature 2-form of a U(1)-bundle. Since any bundle gerbe can be
locally trivialised, it is possible to generalise this relation to the general topologically
non-trivial case. The correspondence between bundle gerbes and doubled spaces was
firstly presented and studied in [Alf20a] by using this observation.

Remark 5.2.12 (Principal action on the bundle gerbe). By definition (see postulate
5.2.5) the doubled space is nothing but the atlas of a bundle gerbe G with connective
structure, which, therefore, will be canonically equipped with a higher principal action
ρ : BU(1)conn × G −→ G . This means that we will have not only transformations, but
also isomorphisms between them. On the base manifold this is a functor

H
(
M,BU(1)conn

)
× Γ(M,G ) −→ Γ(M,G ). (5.2.9)

Since local sections ofM are local circle bundles Pα, for any Q ∈ H(M,BU(1)conn), this
action is locally given by the tensor product of BU(1)conn from remark 3.2.40, i.e. by
(Q, Pα) 7→ Q⊗ Pα.



108 5.3. Global generalised metric

Notice this generalises the principal circle action of ordinary Kaluza-Klein Theory. Indeed
a section of a circle bundle is in local data a collection of U(1)-functions θ(α) and the
U(1)-action is given by a global shift (g, θ(α)) 7→ g · θ(α), where g is a global U(1)-function.

Remark 5.2.13 (Basis of global forms). In general it is also possible to express the
principal connection ω = ẽa ∧ ea in terms of the globally defined 1-forms ẽa = dx̃(α)a +
B(α)aνdxν and ea = dxa on the atlas. We pack both in a single global 1-form EA with
index A = 1, . . . , 2d which is defined by Ea := ea and Ea := ẽa. In this basis, we have that
the connection can be expressed by ω = ωAB E

A ∧EB , where ωAB is the 2d-dimensional
standard symplectic matrix.

5.3 Global generalised metric

In this subsection we will give a global definition of a generalised metric on our doubled
space. This will clarify the fundamental intuition by [BCP14], that firstly discussed
the intrinsic higher geometric nature of a generalised metric structure. Here, we will
introduce a generalised metric structure as a structure reduction of the tangent bundle
of the doubled space, in the spirit of [DCCT].

Definition 5.3.1 (Generalised metric). A global generalised metric can be defined, in
analogy with a Riemannian metric from example 3.6.5, as an orthogonal structure

G
G
−−−→ O(2d)Struc, (5.3.1)

on the bundle gerbe.

On the atlas (M, J, ω), this will be given by a collection of Riemannian metrics G(α)
with the following patching conditions:

M G O(2d)StrucΦα

G(α)

G
, M×G M O(2d)Struc

G(α)

G(β)

.

Now, the tangent stack of the bundle gerbe G is given by the short exact sequence

0 ↪−→ G n bu(1)conn ↪−→ TG
π∗−−→→ π∗TM −−→→ 0. (5.3.2)

This is nothing but the stack version of the short exact sequence (5.2.5). The connection
of the bundle gerbe induces the isomorphism of stacks

TG ∼= π∗TM ⊕ G n bu(1)conn. (5.3.3)

The bundle TG naturally corresponds to a cocycle valued in BGL(d) n bu(1)conn. Notice
that this can be embedded in a cocycle valued in BO(d, d), i.e.

BGL(d) n bu(1)conn ↪→ BO(d, d) ↪→ BGL(2d). (5.3.4)
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Such a cocycle is given by the following O(d, d)-valued matrices on each overlap of patches:

N(αβ) =
(
N(αβ) 0
dΛ(αβ) N−T

(αβ)

)
, (5.3.5)

where N(αβ) are the transition corresponding to TM and (Λ(αβ), G(αβγ)) is the cocycle
corresponding to the bundle gerbe. The cocycle N(αβ) can be seen as the cocycle
corresponding to TM appearing in the short exact sequence (5.2.5). Moreover, notice
that O(d, d) ∩O(2d) ∼= O(d)×O(d). Therefore the inclusion BO(2d) ↪→ BGL(2d) which
defines a general orthogonal structure reduces to B

(
O(d) × O(d)

)
↪→ BO(d, d).

Thus, in local data, a generalised metric can be seen as locally given by matrices E(α) ∈
C∞
(
Rd,d, GL(2d)

)
which are patched by

E(α) = O(αβ) · E(β) · N(αβ),

O(αγ) = O(αβ) · O(βγ),
(5.3.6)

where O(αβ) is a
(
O(d)×O(d)

)
-cocycle andN(αβ) are the transition functions of the tangent

bundle TM. The generalised metric from definition 5.3.1 can be recovered by defining

G(α) := ET
(α)E(α) (5.3.7)

and patched by the condition G(β) = NT
(αβ)G(α)N(αβ).

Hence, the moduli space of a general generalised metric is locally given by a mapping
space C∞

(
Rd,d, O(d, d)/(O(d) × O(d))

)
, which is what we expect from a generalised

metric on M, in the spirit of definition 5.3.1.

Remark 5.3.2 (Field content of Double Field Theory). Thus, the field content of Double
Field Theory is given by a bundle gerbe G (postulate 5.2.5) equipped with a generalised
metric G (definition 5.3.1) on it.

5.4 Global strong constraint as higher cylindricity

In this subsection we will give a global definition of the strong constraint and we will explain
how it can be used to formulate a higher Kaluza-Klein reduction of the generalised metric.

Postulate 5.4.1 (Global strong constraint). The bundle gerbe G with generalised metric
G must satisfy the strong constraint, i.e. the generalised metric structure G

G−→ O(2d)Struc
must be equivariant under the principal action of G (remark 5.2.12).

This is exactly an higher version of the cylindricity condition in Kaluza-Klein Theory,
which forbids the dependence of the bundle metric on the extra coordinate by asking
it is invariant under the principal U(1)-action. Since for a principal circle bundle P we
have P/U(1) ∼= M , the bundle metric will be actually a structure on the base manifold
M . Analogously for the doubled space we have the following.
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Remark 5.4.2 (Geometry of the global strong constraint). From postulate 5.4.1 we
can easily derived the familiar formulation of the strong constraint we know from DFT
literature. Recall the principal action ρ from remark 5.2.12 on the doubled space. The
equivariance implies that the generalised metric is actually not a structure on G , but on
the (homotopy) quotient induced by the principal action

G //ρ BU(1) ∼= M, (5.4.1)

i.e. on the base manifold. Thus, the generalised metric locally depends only on physical
{xµ} coordinates of the smooth manifold M .

Remark 5.4.3 (A doubled-yet-gauged space). The principal action of the bundle gerbe
is transgressed to the atlas by a shift (xµ, x̃µ) 7→ (xµ, x̃µ + λµ(x)) in the unphysical
coordinates, which can be identified with a gauge transformation B 7→ B + d(λµdxµ) of
the Kalb-Ramond field. Moreover, the property G //BU(1) ∼= M of bundle gerbes, when
transgressed to the atlas, can be identified with the idea that physical points correspond
to gauge orbits of the doubled space [Par13]. This was further explored in [LP14; Par16;
KPS17; ACP18]. Remarkably, this will provide a global geometric interpretation of the
strong constraint of Double Field Theory in the next section. Therefore, the atlas M
of the bundle gerbe is naturally a doubled-yet-gauged space, according to the definition
given by [Par13].

Now we will introduce the powerful notion of higher Kaluza-Klein reduction [FSS18b;
BSS19; DCCT].

Definition 5.4.4 (Higher Kaluza-Klein reduction). For any principal∞-bundle P π−−→M

defined by the cocycle M f−−→ BG and any stack S ∈ H, there is an equivalence

H
(
P, S

) ∼= H/BG
(
M, [G,S ]//G

)
,

reduction

oxidation
(5.4.2)

where the reduction (which we will also call Kaluza-Klein reduction) is given by the map

(
P Ss

)
7→


[G,S ] //G

M BG

ŝ

f

 (5.4.3)

This equivalence is also called double dimensional reduction in the reference.

Definition 5.4.5 (Equivariant structure). In this thesis we callM s−→ S a G-equivariant
structure if the morphism s is G-equivariant with respect to a G-action on M .

Lemma 5.4.6 (Higher Kaluza-Klein reduction of equivariant structure). When the
structure P s−→ S on a principal G-bundle P is G-equivariant, its higher Kaluza-Klein
reduction (definition 5.4.4) will be a structure M s/G−−→ S //G on the base manifold.
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Proof. Structure P s−→ S is equivariant if there exists a map P//G ∼= M
s/G−−→ S //G such

that s/G ◦ π ∼= π′ ◦ s, where π : P �M and π′ : S � S //G are the bundle projections.
This means that the reduction decomposes as ŝ : M s/G−−−→ S //G ↪−→ [G,S ]//G, where
the last embedding comes immediately from the embedding M ∼= [ ∗ ,M ] ↪−→ [G,M ].

In the following discussion we will apply this abstract definition to the concrete cases of
ordinary Kaluza-Klein theory and, finally, of the bundle gerbe with generalised metric.

Example 5.4.7 (Ordinary Kaluza-Klein reduction of the circle bundle). Before looking
at what happens to doubled space let us reformulate ordinary Kaluza-Klein reduction.
Let us consider a circle bundle P →M and an U(1)-invariant Riemannian metric G on P .
We have the following reduction:

(
P O(2d)StrucG

)
7→



O(d)Struc× R×BU(1)conn

M BU(1)

∗× frgt
(g,ϕ,A(α),f(αβ))

f(αβ)


. (5.4.4)

Let us now explain how this reduction is obtained. Firstly, let us recall that at(P ) =
TP/U(1) is locally given by sections of TUα × R patched on overlaps Uα ∩ Uβ by

N(αβ) =
(
N(αβ) 0
df(αβ) 1

)
. (5.4.5)

Hence to have a U(1)-equivariant orthogonal structure we need to restrict the structure
group GL(d) nRd × R ⊂ GL(d+ 1). Since Ω1(Uα) ∼= C∞(Uα,Rd) are isomorphic we can
write the vielbein as

E(α) =
(

e(α) 0
ϕ(α)A(α) ϕ(α)

)
. (5.4.6)

But also O(d) ⊂ O(d+ 1). Therefore we have e(α) = h(αβ) · e(β) ·N(αβ) and ϕ(α) = ϕ(β),
but also A(α) − A(β) = df(αβ). This means that the cocycle P → O(d + 1)Struc is
Kaluza-Klein reduced to a cocycle M → O(d)Struc× R×BU(1)conn and the map frgt is
just the forgetful functor BU(1)conn −→ BU(1) which forgets the connection data. Hence,
if we call g(α) := eT

(α)e(α), we can rewrite our metric on each local patch as

G(α) = ET
(α)E(α) =

(
g(α) + ϕ2AT

(α)A(α) ϕ2AT
(α)

ϕ2A(α) ϕ2

)
(5.4.7)

satisfying G(α) = NT
(αβ)G(β)N(αβ) on two-fold overlaps of patches Uα ∩ Uβ. This assures

that g is a global Riemannian metric on M and the 1-form is a U(1)-gauge field patched
by A(β) −A(α) = df(αβ). Thus, globally, we have

G = g ⊕ ϕ2(dθ(α) +A(α))⊗ (dθ(α) +A(α)). (5.4.8)

Let us now higher Kaluza-Klein reduce our generalised metric structure in a totally analo-
gous way.
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Lemma 5.4.8 (Higher Kaluza-Klein reduction of the doubled space). A bundle gerbe
G equipped with generalised metric G which satisfies global strong constraint (postulate
5.4.1) reduces to a bosonic supergravity background M with a Riemannian metric g and
a bundle gerbe structure with connection (B(α),Λ(αβ), G(αβγ)). In diagrams we have the
following reduction

(
G O(2d)StrucG

)
7→



O(d)Struc×B2U(1)conn

M B2U(1)

∗× frgt

(
g,B(α),Λ(αβ),G(αβγ)

)

G(αβγ)


(5.4.9)

Proof. As seen in lemma 5.5.13, the local data of a Courant 2-algebroid at(G ) ∼=
TG //BU(1)conn is given by a cocycle N(αβ) : M −→ BGL(d) which describes the tangent
bundle TM and the cocycle dΛ(αβ) : M −→ B ∧2 Rd. Hence, its sections Γ

(
M, at(G )

) ∼=
X(M)nH(M,bu(1)conn) are patched by transition functions in C∞

(
Uα∩Uβ, GL(d)n∧2Rd

)
where GL(d) n ∧2Rd ⊂ O(d, d) is exactly the so-called geometric group. Thus, we can
rewrite the transition functions as O(d, d)-valued functions on overlaps of patches, up to
gauge transformations of the cocycle (Λ(αβ), G(αβγ)), as

N(αβ) =
(
N(αβ) 0
dΛ(αβ) N−T

(αβ)

)
, (5.4.10)

Consequently, we can write the vielbein as a local O(d, d)-valued function on each patch
Uα as

E(α) =
(

e(α) 0
−e−T

(α)B(α) e−T
(α)

)
(5.4.11)

where e(α) and B(α) are respectively a GL(d)-valued and a ∧2Rd-valued function on
patches Uα. Since O(d, d) ∩ O(2d) = O(d) × O(d), the local O(2d) symmetry of the
vielbein breaks to O(d)×O(d). Hence we can write the generalised metric as

G(α) = ET
(α)E(α) =

(
g(α) −B(α)g

−1
(α)B(α) B(α)g

−1
(α)

−g−1
(α)B(α) g−1

(α)

)
(5.4.12)

where we called the symmetric matrix g(α) := eT
(α)e(α). On two-fold overlaps of patches

Uα ∩ Uβ the generalised metric is hence patched by G(α) = NT
(αβ)G(β)N(αβ), which assures

that g is a globally defined tensor on M and that B(α) is patched by B(β)−B(α) = dΛ(αβ)
and hence it is a gerbe connection. Therefore, the equivariant cocycle M → O(2d)Struc
"breaks" to a cocycle M −→ O(d)Struc×B2U(1)conn and the map frgt is just the forgetful
functor B2U(1)conn � B2U(1) which forgets the connection.

Thus, if we require the generalised metric structure to be invariant under the principal
BU(1)-action of the bundle gerbe, by using the differential forms of remark 5.2.13,
this will have to be of the form

G = GAB EA � EB = gab e
a � eb + gab ẽa � ẽb (5.4.13)
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where we called the matrix GAB := (g⊕ g−1)AB and where g ∈ �2Ω1(M) is a Riemannian
metric on the base manifold. In the coordinate basis {dxµ(α), dx̃(α)µ} we find the expression

G = g ⊕ gµν(dx̃(α)µ +B(α)µλdxλ)⊗ (dx̃(α)ν +B(α)νλdxλ). (5.4.14)

Notice the gerbe connection ω = dx̃(α)µ ∧ dxµ(α) − B(α) plays an analogous role of the
connection 1-form of a circle bundle in a Kaluza-Klein metric. Therefore, we recover
the usual matrix expression

G(α)MN =
(
gµν −B(α)µλg

λρB(α)ρβ B(α)µλg
λν

−gµλB(α)λν gµν

)
, (5.4.15)

where B(α) is the connection of the bundle gerbe.

The moduli space, which is locally given by C∞
(
Uα, GL(2d)/O(2d)

)
, is therefore bro-

ken to C∞
(
Uα, O(d, d)/

(
O(d) × O(d)

))
and glued by the transition functions N(αβ) of

the Courant 2-algebroid at(G ). Hence we recovered generalised geometry by higher
Kaluza-Klein reduction.

Remark 5.4.9 (Check: invariance of generalised metric). For any gauge transformation,
i.e. circle bundle (η(α), η(αβ)) ∈ H(M,BU(1)conn), sections transform according to x̃(α) 7→
x̃(α) + η(α) on each patch, while the connection to B(α) 7→ B(α) + η(α). Hence generalised
metric (5.4.14) is invariant.

Digression 5.4.10 (Recovering Born geometry). The generalised metric we defined (see
definition 5.3.1) can be reduced to the one introduced in para-Hermitian geometry by
[Svo18] and further clarified by [MS18; MS19]. Recall that the atlas of the bundle gerbe
is a para-Hermitian manifold. Our generalised metric G on each patch Rd,d of the atlas
M automatically satisfy the equations

η−1G = G−1η, ω−1G = −G−1ω. (5.4.16)

It is immediate to check it by using the basis of remark 5.4.12, so that we obtain

ηMN =
(

0 1
1 0

)
, ωMN =

(
0 1
−1 0

)
, GMN =

(
g 0
0 g−1

)
. (5.4.17)

A linear transformation of Rd,d which preserves both the para-Hermitian structure and
the generalised metric is then a linear isometry of the Riemannian metric g on Rd. In
terms of structure groups we have the familiar expression

O(d, d) ∩ Sp(2d,R) ∩ O(2d) = O(d). (5.4.18)

Remark 5.4.11 (Isometry 2-group of the generalised metric). Given a bundle gerbe G

with generalised metric G which satisfies global strong constraint (postulate 5.4.1) there is
a sub-2-group Iso(G ,G) ⊂ AutH/

(G ) = Diff(M) n H(M, BU(1)conn) of automorphisms
of the bundle gerbe which preserve the generalised metric structure:

1 H(M, BU(1)conn) Iso(G ,G) Iso(M, g) 1. (5.4.19)

i.e. the 2-group of automorphisms covering the group of isometries of the Riemannian
base manifold (M, g).
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Remark 5.4.12 (Generalised vielbein). There are 2d global sections of at(G )hor (see
remark 5.5.22) giving the generalised vielbein E(α) in terms of horizontal generalised
vectors

EM :=
{

(eµ + ιeµB(α), 0), M = µ

(eµ, 0), M = d+ µ
. (5.4.20)

where {eµ} ⊂ Ω1(M) are the d vielbein 1-forms of the Riemannian metric g = δµν e
µ ⊗ eν

on the base manifold M , while {eµ} ⊂ X(M) are their dual vielbein vectors.

Let us now conclude this subsection by giving a quick example of a relevant higher
Kaluza-Klein reduction of some structure which is not the generalised metric.

Example 5.4.13 (D-branes as objects in the doubled space). Recall from chapter 3 the
definition of the stack KU ∈ H, i.e.

KU :=
∏
k∈N

B2k+1U(1), (5.4.21)

which is the moduli stack of an abelian bundle 2k-gerbes for each k ∈ N. Let us consider
a morphism G → KU from a bundle gerbe to this stack such that it fits in a twisted
∞-bundle diagram of the form

D ∗

G KU ∗

M KU//BU(1) B2U(1).

(5.4.22)

Now, such morphism to this stack is immediately higher Kaluza-Klein reduced as follows:

(
G KU

)
7−→


KU//BU(1)

M B2U(1)

(H,FDp)

G(αβγ)

 (5.4.23)

The reduced map M → KU//BU(1) is then the Čech cocycle of bundle 2k-gerbes on M
twisted by the cocycle (G(αβ)) of the Kalb-Ramond field. Recall that we have

CE(ku//BU(1)) = R[ω2, ω4, ω6, . . . , h3]/
(

dh3 = 0,
dω2(k+1) = h3 ∧ ω2k ∀k even

)
. (5.4.24)

It is easy to see that the curvature of the structure M → KU//BU(1) will be given by
the usual expression for the RR fields for Type IIA String Theory:

dH = 0, dFD0 = 0, dFD2 + FD0 ∧H = 0,
dFD4 + FD2 ∧H = 0, dFD6 + FD4 ∧H = 0, dFD8 + FD6 ∧H = 0,

(5.4.25)
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as explained in a more general setting and formally by [FSS18b, p.22]. This means that
RR fields are simpler if they are thought as fields on the bundle gerbe rather than on the
base manifold. This appears consistent with the unified algebra description of spacetime
and branes by Lie algebra extensions in [FSS18a].

5.5 Recovering generalised geometry

Here we will show that generalised geometry is naturally recovered from the bundle
gerbe perspective upon imposition of the strong constraint, i.e. invariance under the
principal BU(1)-action.

5.5.1 Generalised tangent bundle on the atlas

Remark 5.5.1 (Generalised geometry on the atlas). Let {∂M} = {∂µ, ∂̃µ} be the local
coordinate basis of TM. A vector on the atlas (M, J, ω) can be written in local coordinates
as V = VM

(α)∂M = vµ(α)∂µ + ṽ(α)µ∂̃
µ, where the components VM

(α) are locally defined. The
fundamental 2-form ω will project this into a vertical vector ω(V ) = (ṽ(α)µ+B(α)µνv

ν
(α))∂̃µ.

Now, if we call {DA} the basis of globally defined vectors onM dual to the global 1-forms
{EA}, we can write a vector on the atlas by V = V ADA, where now the components V A

are globally defined. We can now express the isomorphism π∗ ⊕ ω in (5.2.7) by

V ADA = vµ(α)∂µ +
(
ṽ(α)µ +B(α)µνv

ν
(α)
)
∂̃µ (5.5.1)

Notice that, if we restrict ourselves to strong constrained vectors, i.e. vectors whose
components VM

(α) only depend on the coordinates of the base manifold M , these are
immediately sections of a Courant algebroid twisted by the bundle gerbe G �M with
local potential B(α).

We have already shown that strong constrained vectors on the atlas reduce to sections of
a Courant algebroid. Now, we want to show that the bracket structure of the Courant
algebroid also comes from the bundle gerbe. To show this, we will need to start from
the 2-group of automorphisms of bundle gerbe and Lie differentiate it.

5.5.2 Finite symmetries

In this subsection we will deal with finite symmetries of the bundle gerbe and we will
prove they are the gauge transformations we expect for Double Field Theory.

Remark 5.5.2 (2-group of gauge transformations). The automorphisms 2-group of the
principal structure (example 3.5.5) of the bundle gerbe G

�−→M with connective structure
is exactly the 2-group extending the diffeomorphisms of the base M through gauge
transformations of the gerbe

AutH/
(G ) = Diff(M) n H(M,BU(1)conn). (5.5.2)

This 2-group is the refined version of the gauge group of DFT proposed by [Hul15], i.e.

GNS = Diff(M) n Ω2
cl(M), (5.5.3)

which is obtained by taking the curvature of the circle bundle, as seen in example 3.5.5.
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Notice (5.5.2) is exactly the analogous to the familiar Diff(M) n C∞(M,U(1)) ⊂ Diff(P )
of gauge transformations in ordinary Kaluza-Klein theory, where P is a circle bundle.

The map between (5.5.2) and (5.5.3) is just the curvature

curv : H(M,BU(1)conn)→ Ω2
cl(M),

which maps (η(α), η(αβ)) 7→ b where b|Uα := dη(α) on each patch, in accord with remark
3.4.34. This global closed 2-form b ∈ Ω2

cl(M) is usually called B-shift in DFT literature.

Remark 5.5.3 (2-group of gauge transformations of DFT in Čech data). The 2-group of
gauge transformations AutH/

(G ) = Diff(M) n H(M,BU(1)conn) from remark 5.5.2 will
naturally define an action on the groupoid Γ(M,M) of sections of the bundle gerbe by
the functor

AutH/
(G ) × Γ(M,M) −→ Γ(M,M). (5.5.4)

In local Čech data on the base manifold M this action will be given by the following.

• objects of AutH/
(G ) are triples (f, η(α), η(αβ)), made up of a diffeomorphism f ∈

Diff(M) and a circle bundle (η(α), η(αβ)) ∈ H(M,BU(1)conn) and acting on sections
(x̃(α), φ(αβ)) ∈ Γ(M,G ) by

(f, η(α), η(αβ)) : (x̃(α), φ(αβ)) 7→
(
f∗x̃(α) + η(α), φ(αβ) + η(αβ)

)
(5.5.5)

• isomorphisms of AutH/
(G ) between these objects are just ordinary gauge transfor-

mations of circle bundles, made up of local functions ε(α) ∈ C∞(Uα)acting by

(ε(α)) : (f, η(α), η(αβ)) Z⇒ (f, η(α) + dε(α), η(αβ) + ε(α) − εβ). (5.5.6)

In terms of diagrams, we can rewrite the 2-group of automorphisms of the bundle gerbe
G as follows:

AutH/
(G ) ∼=


G G

(f , η(α), η(αβ))

(f , η(α)+dε(α), η(αβ)+ε(α)−εβ)

(ε(α))


. (5.5.7)

Hence the action of the sub-2-group H(M,BU(1)conn) ⊂ AutH/
(G ) of automorphisms

which cover the identity idM ∈ Diff(M) is exactly the principal action of the bundle
gerbe G from remark 5.2.12. This is directly analogous to Kaluza-Klein theory, where the
translation along the compactified dimension coincides with the principal circle action.

Digression 5.5.4 (Generalised diffeomorphisms). In the DFT literature the automor-
phisms AutH/

(G ) from remark 5.5.3 are usually called generalised diffeomorphisms (or
large gauge transformations). Notice that the research by [DS18] and by [HS19] are
independently already pointing in the direction of generalised diffeomorphisms having a
higher group structure.
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Now we can explain how automorphisms of definition 5.5.2 can be used to glue the doubled
space in a way that is not affected by Papadopolous’ puzzle (section 4.9.2).

Remark 5.5.5 (Doubled space is glued in a (∞, 1)-category). Gluing local patches of the
doubled space has always been a puzzle in DFT (which becomes even more problematic
in Exceptional Field Theory). In our proposal the solution to this puzzle is given by the
fact that our doubled space is not a manifold, but the atlas of a bundle gerbe: therefore
it is glued not in the category of smooth manifolds, but in the (∞, 1)-category of smooth
stacks. Let us call Gα := G

∣∣
Uα

. These are trivial bundle gerbes on each patch Uα and
their groupoid of sections Γ(Uα,Gα) ∼= H(Uα,BU(1)) are just the groupoids of local circle
bundles Pα. The sub-spaces Gα, Gβ and Gγ . They are then patched by automorphisms
e(αβ) ∈ Diff(Uα∩Uβ)nH(Uα∩Uβ, BU(1)conn) on two-fold overlaps Gα|Uα∩Uβ ∼= Gβ|Uα∩Uβ .
On three-fold overlaps we have gauge transformations of automorphisms (see remark
5.5.3) which are given by e(αβ) ◦ e(βγ)

G(αβγ)=====⇒ eαγ , or equivalently by the 2-commuting
diagram

Gβ|Uα∩Uβ∩Uγ

Gα|Uα∩Uβ∩Uγ Gγ |Uα∩Uβ∩Uγ

e(βγ)
G(αβγ)

eαγ

e(αβ) (5.5.8)

Therefore we can glue the local {Gα} by automorphisms to get the global bundle gerbe G .

This idea of higher gluing the doubled space in a (2, 1)-category, contrary to appearances, is
not totally unprecedented. Let us mention some of its relevant progenitors in the literature.

Digression 5.5.6 (Hints of higher gluing). Notice that [BCP14] proposed for the first
time non-trivial patching conditions on three-fold overlaps of patches of the doubled space.
More recently the local differential-graded patches T ∗[2]T [1]Uα with Uα ⊂M proposed
by [DS18] would need to be glued together in the 2-category of derived spaces to give
a global picture. This is because differential-graded manifolds are a simple model for
derived spaces (see [Joy14]). But this is consistent with our proposal: we will see in
chapter 6 that the formalism by [DS18] can be related to an infinitesimal version of our
doubled space when there is T-duality.

Digression 5.5.7 (Recovering Papadopolous’ C-space). Recall that sections (x̃(α), φ(αβ)) ∈
Γ(M,G ) of the bundle gerbe are patched by condition (3.4.45). Notice that these are
exactly of the same form of the coordinates of a C-space, defined by Papadopolous in
[Pap14], [Pap15] and further developed by [HP17], which was prescribed in the references
to accommodate DFT geometry. Hence our construction of G may be seen also as a
formalisation of that intuition.

5.5.3 Courant algebroid as Atiyah L∞-algebroid

In this subsection we will deal with infinitesimal symmetries of the bundle gerbe and we
will prove they locally reduce to the one expected from DFT. Indeed we will show that
the Courant 2-algebroid formalism can be recovered as infinitesimal descriptions of the
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geometry of the bundle gerbe. Finally, from the Courant 2-algebroid, we will explicitly
recover ordinary generalised geometry. Recall that generalised geometry has been revealed
by [Gra+09; CSW11; CSW14] to be the natural language to express Type II supergravity.

Definition 5.5.8 (Infinitesimally thickened point). An infinitesimally thickened point
is defined (see [DCCT]) as the locally ringed space given by the spectrum of the ring of
dual numbers

D1 := Spec
(R[ε]
〈ε2〉

)
. (5.5.9)

Hence, its underlying topological space is just a single point {∗}, but its smooth algebra
of functions is OD1({∗}) = R[ε]/〈ε2〉 ∼= R ⊕ εR with ε2 = 0, i.e. it is the ring of dual
numbers.

Remark 5.5.9 (Technicalities about the infinitesimally thickened point). Notice that
D1 is not a smooth stack, as we defined it. However, it is possible to define a new
(∞, 1)-category Hformal by enlarging the category Diff of smooth manifolds (on which
the objects of H are sheaves) to the category Diff formal of formal smooth manifolds, i.e.
smooth manifolds equipped with infinitesimal extension [KS17]. In this dissertation, we
will commit a slight abuse of notation and we will denote Hformal just by H.

Example 5.5.10 (Tangent bundle of a manifold). This idea is widely used in algebraic
geometry to define tangent spaces. For example a map D1 X−→M is given on the underlying
topological spaces by sending {∗} to a point x in a manifold M and on the algebras of
smooth functions by a map C∞(M) X]

−−→ R⊕ εR, which is given by f 7→ f(x) + εXµ∂µf(x)
for some X ∈ TxM . Thus vectors X on M can equivalently be seen as maps D1 X−→M

and therefore TM ∼= [D1, M ].

This motivates the following definition for the tangent stack of a bundle gerbe G .

Definition 5.5.11 (Tangent stack of a bundle gerbe). We define the tangent bundle
of a bundle gerbe G as the internal hom stack (definition 3.2.23) of maps from the
infinitesimally thickened point D1 to G

TG :=
[
D1, G

]
(5.5.10)

Remark 5.5.12 (Atiyah sequence of the bundle gerbe). A calculation shows that
[D1,M ] = TM and [D1,BU(1)conn] = BU(1)conn n bu(1)conn, where bu(1)conn is the
Lie 2-algebra of the Lie 2-group BU(1)conn and it can be seen as the stack of real line
bundles with connection. From this result, given a bundle gerbe G with connective
structure, we obtain the short exact sequence

0 ↪−→ G n bu(1)conn ↪−→ TG
π∗−−−→→ π∗TM −−→→ 0, (5.5.11)

where π : G �M is the bundle projection. This sequence is nothing but the stack version
of the short exact sequence (5.2.5). The connection of the bundle gerbe induces the
isomorphism of stacks

TG ∼= π∗TM ⊕ G n bu(1)conn, (5.5.12)

which is the stack version of the isomorphism (5.2.7).
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Lemma 5.5.13 (Tangent stack of a bundle gerbe in local data). Let us consider the bundle
gerbe G equipped with connection structure (Λ(αβ), G(αβγ)) ∈ H

(
M,B(BU(1)conn)

)
. On

a patch U ⊂M of the base manifold we have the isomorphism

Γ(U, TG ) ∼= Γ(U, G ) n
(
X(U) n H(U,bu(1)conn)

)
. (5.5.13)

These local sections will be non-trivially glued on the whole smooth base manifold M
and the patching conditions are the following:

• local vectors X ∈ X(U) will be patched to global vectors X ∈ X(M) on M ,

• local u(1)-bundles (ξ(α), η(αβ)) ∈ H(U,bu(1)conn) will be patched by the Lie deriva-
tives of the transition functions of the bundle gerbe (LXΛ(αβ), LXG(αβγ)), i.e.

ξ(α) − ξ(β) = −LXΛ(αβ) + dη(αβ),

η(αβ) + η(βγ) + η(γα) = LXG(αβγ).
(5.5.14)

Notice that we can reparametrize the scalars f(αβ) := η(αβ) − ιXΛ(αβ) in (5.5.14) and
obtain sections X := (X + ξα, f(αβ)), which are now patched by the familiar condition

ξ(α) − ξ(β) = −ιXdΛ(αβ) + df(αβ),

f(αβ) + f(βγ) + f(γα) = 0,
(5.5.15)

Proof. Since local sections of G are local circle bundles Γ(U,G ) ∼= H(U,BU(1)conn)
equipped with connection, we can find the 2-groupoid of sections of the tangent stack
TG |U ∼=

[
D1, U ×BU(1)conn

]
by calculating

H(U × D1, U) ∼= Diff(U)× X(U),
H(U × D1,BU(1)conn) ∼= H(U,BU(1)conn)×H(U,bu(1)conn),

(5.5.16)

and then by considering only the subgroupoid of maps covering the identity idU ∈ Diff(U).
Hence a local section in Γ(U, TG ) ∼= Γ(U × D1, G ) must be given by (5.5.13). The
transition functions of the tangent stack TG � G are pullbacks of functions on the base
manifold M , because the transition functions (Λ(αβ), G(αβγ)) of G are functions on M .
Since the bundle gerbe is patched by bundle automorphisms Diff(U)nH(U,BU(1)conn), its
tangent stack will be patched by their linearised version C∞

(
U, GL(d)

)
nH(U, bu(1)conn).

Hence TG naturally induces a bundle with transition functionsM → B(GL(d)nbu(1)conn).
The transition functions M → BGL(d) are just the ones of the frame bundle FM , while
the cocycle M → bu(1)conn is just the collection (LXΛ(αβ), LXG(αβγ)). Thus, sections
are patched as in equation (5.5.14).

Notice (5.5.13) is analogous to the familiar idea that the tangent bundle TP of a circle
bundle P is locally of the form TU × U(1) × R and patched by using the transi-
tion functions of P .

Hence, the Čech data of a doubled vector X = (X + ξ(α), f(αβ)) are the data of an
infinitesimal gauge transformation given by x 7→ x + εX on the base manifold and by
(x̃α, φ(αβ)) 7→ (x̃α + εξα, φ(αβ) + εf(αβ) + ειXΛ(αβ)) on sections of the bundle gerbe.

The only doubled vectors we are actually interested in are the ones which are invariant
under the principal action of the bundle gerbe G , i.e. the doubled vectors which satisfies
the strong constraint. These are also called strongly foliated by [Vai12b].
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Remark 5.5.14 (Atiyah L∞-algebroid of the bundle gerbe). We can define the Atiyah L∞-
algebroid of our bundle gerbe with connective structure by at(G ) := TG //BU(1)conn �M ,
in perfect analogy with the Atiyah algebroid of a principal bundle.

Definition 5.5.15 (Courant 2-algebroid). The 2-algebra of sections of the Courant 2-
algebroid over the base manifold M sits in the center of the following short exact sequence
of 2-algebras:

0 H
(
M,bu(1)conn

)
Γ
(
M, at(G )

)
X(M) 0,injection anchor (5.5.17)

where X(M) is the algebra of vector fields on M and H
(
M,bu(1)conn

)
is the abelian

2-algebra of line bundles with connection on M , i.e. of infinitesimal gauge transformations
of the gerbe. This is obtained by differentiating the finite automorphisms sequence (3.5.7).

Remark 5.5.16 (Analogy with Atiyah 1-algebroid). Definition 5.5.15 is analogous to
Atiyah algebroid in Kaluza-Klein, which encodes vectors on a circle bundle P invariant
under principal action. As explained in [Col11] and [Rog13] exact sequence (5.5.23) is the
higher version of the ordinary Atiyah sequence

0 C∞(M,R) Γ
(
M, at(P )

)
X(M) 0.injection anchor (5.5.18)

Definition 5.5.17 (Standard Courant 2-algebroid). We define the standard Courant
2-algebroid by the semidirect sum of 2-algebroids

at(G ) ∼= TM ⊕s M × bu(1)conn. (5.5.19)

Thus, the 2-algebra of its sections will be semidirect sum of 2-algebras

Γ
(
M, at(G )

) ∼= X(M) ⊕s H
(
M,bu(1)conn

)
. (5.5.20)

This means its sections will be of the form (X + ξα, f(αβ)) where X ∈ X(M) is a global
vector and (ξα, f(αβ)) is a Čech cocycle

ξ(α) − ξ(β) = df(αβ),

f(αβ) + f(βγ) + f(γα) = 0.
(5.5.21)

The morphisms will be gauge transformations (ε(α)) : (X + ξ(α), f(αβ)) 7→ (X + ξ(α) +
dε(α), f(αβ) + ε(α) − ε(β)) between line bundles, as usual. By slightly extending [Col11],
the 2-algebra structure of this semidirect sum is isomorphic to the bracket structure given
by the following bracket structure

q
(ε(α))

y
std =

(
dε(α), ε(α) − ε(β))

q
(X + ξ(α), f(αβ)), (Y + η(α), g(αβ))

y
std =

(
[X,Y ] + LXη(α) − LY ξ(α) −

1
2d(ιXη(α) − ιY ξ(α)),

1
2X(g(αβ))−

1
2Y (f(αβ))

)
q
(X + ξ(α), f(αβ)), (ε(α))

y
std = (LXε(α))

q
(X + ξ(α), f(αβ)), (Y + η(α), g(αβ)), (Z+ζ(α), h(αβ))

y
std = 1

3!

(
ιXιY dζ(α) + 3

2 ιXdιY ζ(α) + perm.
)

(5.5.22)
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Let us notice that the underlying groupoid of sections X(M) ⊕ H
(
M,bu(1)conn

)
of

the standard Courant 2-algebroid is nothing but the stackification (in other words the
globalisation) of the familiar local C∞(U,R) d−→ X(U)⊕Ω1(U) on patches U ⊂M of the
base manifold.

Lemma 5.5.18 (General Courant 2-algebroid). Given the higher Atiyah sequence (5.5.17),
for any choice of splitting homomorphism

0 H
(
M,bu(1)conn

)
Γ
(
M, at(G )

)
X(M) 0.injection anchor

splitting

(5.5.23)
we obtain the following results.

• A section X := (X + ξ(α), f(αβ)) consists of a global vector field X ∈ X(M), a
collection of 1-forms ξ(α) ∈ Ω1(Uα) on each patch Uα of M and a collection of
functions f(αβ) ∈ C∞(Uα ∩ Uβ) on each overlap Uα ∩ Uβ of M , such that they are
glued according to

ξ(α) − ξ(β) = −ιXdΛ(αβ) + df(αβ),

f(αβ) + f(βγ) + f(γα) = 0.
(5.5.24)

• A morphism between two sections is a gauge transformation (ε(α)) of line bundles,
given in local data by a collection of local functions ε(α) ∈ C∞(Uα) so that

(ε(α)) : (X + ξ(α), f(αβ)) 7→ (X + ξ(α) + dε(α), f(αβ) + ε(α) − ε(β)) (5.5.25)

• The brackets of at(G ) are induced by the one of the standard Courant algebroid by
q
(s(X)+ξ(α), f(αβ)), (s(Y )+η(α), f(αβ))

y
:=

q
(X+ξ(α), f(αβ)), (Y +η(α), f(αβ))

y
std

(5.5.26)
and analogously for the other brackets by using the remaining (5.5.22).

Proof. By using the splitting s and the injection i in (5.5.23) we can construct an
isomorphism of 2-algebras s⊕ i : X(M)⊕H

(
M,bu(1)conn

) ∼=−−→ at(G ). As explained in
[Rog13], we have a splitting for any connection local data B(α) ∈ Ω2(Uα) which satisfy
B(β)−B(α) = dΛ(αβ). The isomorphism s⊕ i is then given by the map (X+ξ′(α), f(αβ)) 7→
(X+ ιXB(α) +ξ′(α), f(αβ)) for objects and by the identity for gauge transformations. Recall
that (ξ′(α), f(αβ)) is patched by ξ′(α) − ξ

′
β = df(αβ) and f(αβ) + f(βγ) + f(γα) = 0. Now we

only have to redefine ξ(α) := ιXB(α) + ξ′(α) to get the wanted patching conditions.

Digression 5.5.19 (Twisted and untwisted generalised vectors). The isomorphism of
L∞-algebras

X(M)⊕H
(
M,bu(1)conn

)︸ ︷︷ ︸
untwisted gen. vectors

∼= Γ
(
M, at(G )

)︸ ︷︷ ︸
twisted gen. vectors

(5.5.27)

we used in lemma 5.5.18 is exactly the isomorphism locally presented by [Hul15] between
twisted and untwisted generalised vectors, but globally defined. Indeed, in the reference,
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on a given patch Uα ⊂M , if X+ξ′(α) is an untwisted generalised vector, then X+ιXB(α) +
ξ′(α) is its twisted form. This perfectly matches with our construction. Moreover, our
construction gives to the notion of twisted generalised vectors a precise higher geometrical
interpretation: the connection B(α) splits the Courant 2-algebroid in a horizontal bundle
TM and vertical bundle M × bu(1)conn.

This is analogous to how the tangent bundle of an ordinary circle bundle P →M is split
in horizontal and vertical bundle TP ∼= TM ⊕ R by a connection A(α).

Remark 5.5.20 (Twisted bracket). By explicitly writing the bracket structure (5.5.26),
we recover the H-twisted bracket of generalised geometry:
q
(X + ξ(α), f(αβ)), (Y + η(α), g(αβ))

y
=

=
(

[X,Y ] + LXη(α)− LY ξ(α)−
1
2d(ιXη(α)− ιY ξ(α)) + ιXιYH,

1
2X(g(αβ))−

1
2Y (f(αβ))

)
.

Remark 5.5.21 (Pushforward of automorphisms as local O(d, d) transformations). We
will now see how the Courant 2-algebroid transforms under automorphisms of the bundle
gerbe. Given an automorphism (ϕ, η(α), η(αβ)) ∈ Diff(M) n H(M,BU(1)conn), any
section (X + ξ(α), f(αβ)) ∈ Γ

(
M, at(G )

)
will transform under its pushforward, which

is its infinitesimal version, by(
X + ξ(α), f(αβ)

)
7→

(
ϕ∗X + (ϕ∗)−1ξ(α) + ιXdη(α), f(αβ) ◦ ϕ

)
. (5.5.28)

Therefore on each local patch Uα ⊂M we recover the following transformations(
X
ξ(α)

)
7→

(
ϕ∗ 0

dη(α) (ϕ∗)−1

)(
X
ξ(α)

)
(5.5.29)

Since we have ϕ∗ ∈ C∞(M,GL(d)) and dη(α) ∈ Ω2
cl(M), we can interpret this as a local

GL(d) n ∧2Rd ⊂ O(d, d) transformation. Hence, we recover the local geometric O(d, d)
transformations of a Courant algebroid.

Remark 5.5.22 (Recovering ordinary generalised geometry). The 2-algebra Γ
(
M, at(G )

)
immediately reduces to the one appearing in [DS18] and [Col11] for sections of the form
(X + ξ(α)) := (X + ξ(α), 0) with f(αβ) = 0. Therefore these sections satisfy the patching
condition ξ(α) − ξ(β) = −ιXdΛ(αβ) on overlaps of patches and their morphisms are gauge
transformations given by global functions ε ∈ C∞(M). These are exactly the sections
which [Col11] calls "horizontal lifts" of a vector X. Moreover their brackets (5.5.22) reduce
to the 2-algebra structure which appears in [DS18]:

q
ε
y

= dε
q
(X + ξ(α)), (Y + η(α))

y
=
(

[X,Y ] + LXη(α) − LY ξ(α) −
1
2d(ιXη(α) − ιY ξ(α)) + ιXιYH

)
q
(X + ξ(α)), ε

y
= LXε

q
(X + ξ(α)), (Y + η(α)),(Z + ζ(α))

y
= 1

3!

(
ιXιY dζ(α) + 3

2 ιXdιY ζ(α) + perm.
)

(5.5.30)
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We will denote this 2-algebra with the symbol Γ
(
M, at(G )

)
hor. Notice that these horizontal

sections (X+ξ(α)) ∈ Γ
(
M, at(G )

)
hor equipped with the bracket J−,−K from (5.5.30) can be

also seen as sections (X + ξ(α)) ∈ Γ(M,E) of an ordinary Courant algebroid E appearing
in generalised geometry at the center of a short exact sequence T ∗M → E → TM .
In other words the underlying chain complex of the 2-algebra Γ

(
M, at(G )

)
hor will be

C∞(M) d−→ Γ(M,E). Hence if we restrict to horizontal sections we recover explicitly
ordinary generalised geometry (see [Gua11] for details).

Notice from remark 5.5.22 that dΛ(αβ) satisfies the cocycle condition, even if Λ(αβ) does
not. This is why the transition functions of the Courant 2-algebroid define a global
vector bundle, i.e. the vector bundle underlying the ordinary Courant algebroid. Now the
reader may wonder why we considered sections from lemma 5.5.18 with non-vanishing
gauge transformations on two-fold overlaps of patches instead of just horizontal ones.
The answer is that there are applications where these data cannot be neglected, such
as in geometry of T-duality in the next section.

Let us conclude this section by mentioning the relation between this stack perspective
on generalised geometry and symplectic dg-geometry.

Digression 5.5.23 (Relation with NQP-manifolds). Let us recall that a differential-
graded manifold (or NQ-manifold) is a locally ringed space (N, C∞) where N is a
topological space and C∞ a sheaf of differential-graded algebras on N satisfying some
extra properties. It is well-understood that, given a L∞-algebroid a�M , its Chevalley-
Eilenberg dg-algebra CE(a) can be seen as the dg-algebra of functions on a dg-manifold,
also known as NQ-manifold. The differential graded manifold T ∗[2]T [1]U with U ⊂M
and local coordinates {xµ, ζµ, χµ, pµ} respectively in degree 0, 1, 1, 2 and a sheaf of
functions C∞(−) with differential QH . As shown by [Roy02], remarkably, its differential-
graded algebra of functions is exactly the Chevalley-Eilenberg dg-algebra of the Atiyah
L∞-algebroid at(G |U ), i.e.(

C∞(T ∗[2]T [1]U), QH
)

= CE
(
at(G |U )

)
, (5.5.31)

where the dg-manifold T ∗[2]T [1]M , called Vinogradov algebroid, is canonically symplectic,
i.e. it is canonically a NQP-manifold. In other words T ∗[2]T [1]U is just an alternative
way to express at(G |U ). Notice that this recovers Extended Riemannian Geometry by
[DS18] in the simple case of generalised geometry. We will explain how we can to recover
their geometry of doubled torus bundles in the section 4. Inspired by this relation, a
purely dg-geometric approach to Double Field Theory was developed by [DS18; DHS18;
Car+19; DS19].

5.5.4 A prequantum interpretation for the bundle gerbe

Let us now conclude this section with an interesting digression. In fact, higher Kaluza-
Klein Theory is also able to explicitly link DFT with a distinct field of research: higher
geometric quantisation for String Theory. See the following digression for a brief discussion.
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Digression 5.5.24 (A relation with higher geometric prequantisation). Notice our higher
Kaluza-Klein is as closely related to higher geometric prequantisation as ordinary Kaluza-
Klein is to ordinary geometric prequantisation. The parallel transport of a section
(θ(α)) ∈ Γ(M,P ) along a vector flow `(t, x) with `(0, x) = x of some Hamiltonian vector
field X is given by

θ(α)
(
`(t, x)

)
= exp 2πi

(∑
`α

∫
`α
A(α) +

∑
xαβ

f(αβ)(xαβ)
)
· θ(α)(x) (5.5.32)

which is a global gauge transformation in C∞(M,U(1)) at any t ∈ R. Recall that the
underlying vector space of an ordinary prequantisation Hilbert space is Γ(M, P ×U(1) C),
i.e. the space of sections of the associated bundle P ×U(1) C. Hence parallel transport
(5.5.32) can be immediately generalised to prequantum states (ψ(α)) ∈ Γ(M, P ×U(1) C).
Analogously in higher Geometric Prequantisation we can define a parallel transport of
a section (x̃(α), φ(αβ)) ∈ Γ(M,M) of the bundle gerbe along a vector flow `(τ, x) with
`(0, x) = x of a Hamiltonian vector field X by

`(τ,−)∗
(
x̃(α), φ(αβ)

)
=
(∑

lα

∫
lα
B(α) +

∑
xαβ

Λ(αβ)(xαβ),

∑
lα

∫
lα

Λ(αβ) +
∑
xαβγ

G(αβγ)(xαβγ)
)
⊗
(
x̃(α), φ(αβ)

) (5.5.33)

which is a global gauge transformation in H(M,BU(1)conn) at any τ ∈ R. In [FSS15a;
FRS16; BMS19] is explained, and reviewed in chapter 3, that the prequantum 2-Hilbert
space is defined by Hpre := Γ(M, G ×BU(1)BU), i.e. by the groupoid of sections of the asso-
ciated 2-bundle G ×BU(1)BU where the fiber stack is the direct limit BU := lim

N→∞BU(N).
Hence parallel transport (5.5.33) can be immediately generalised to prequantum 2-states
of the form (ψ(α), ψ(αβ)) ∈ Γ(M, G ×BU(1)BU). These are principal U(N)-bundles on
the base manifold M for any N ∈ N+, twisted by the bundle gerbe G

�−→ M with
cocycle (B(α),Λ(αβ), G(αβγ)). These twisted U(N)-bundles are given in Čech data by
ψ(α) ∈ Ω1(Uα, u(N)

)
and ψ(αβ) ∈ C∞

(
Uα ∩ Uβ, U(N)

)
patched by

ψ(α) − ψ−1
(αβ)

(
ψβ + d

)
ψ(αβ) = −Λ(αβ)

ψ(αβ) · ψ(βγ) · ψ(γα) = exp i2πG(αβγ)

and they can be interpreted as states of N coincident D-branes in a Kalb-Ramond field
background. In [BMS19] this was explicitly calculated, in an infinitesimal fashion, for
M = Rd and its non-associative behaviour was pointed out. As explained by [Rog13]
and [FSS15a] we recover an ordinary prequantisation on the loop space LM := [S1,M ].
Indeed, given any loop S1

0 ⊂M , its evolution S1
τ := `(τ, S1

0) with τ ∈ R can be seen both
as a surface Σ ⊂M with ∂Σ = S1

0 tS1
τ or as a path in the loop space LM . By integrating

along surface Σ and taking the trace we get

Hol`(τ,−)∗(ψ(α),ψ(αβ))(S1
τ ) = Hol(Bα,Λ(αβ),G(αβγ))(Σ) · Hol(ψ(α),ψ(αβ))(S1

0)
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where the holonomy of a twisted U(N)-bundle (ψ(α), ψ(αβ)) along a loop S1 ⊂M and the
holonomy of a gerbe (Bα,Λ(αβ), G(αβγ)) along a surface Σ ⊂M are respectively given by
the usual expressions

Hol(ψ(α),ψ(αβ))(S1) := TrP
(

exp 2πi
(∫

lα
ψ(α)

)
·
∏
xαβ

ψ(αβ)(xαβ)
)
,

Hol(B(α),Λ(αβ),G(αβγ))(Σ) := exp 2πi
(∑

α

∫
Σα
B(α) +

∑
l(αβ)

∫
l(αβ)

Λ(αβ) +
∑
xαβγ

G(αβγ)(xαβγ)
)
.

More generally, for an open surface Σ ⊂ M such that the boundary ∂Σ = tiS1
i is a

disjoint union of loops of any orientation, we recover Bohr-Sommerfeld condition for a
surface with boundary

Hol(B(α),Λ(αβ),G(αβγ))(Σ) ·
∏
i

Hol(ψ(α),ψ(αβ))(S1
i ) = 1 (5.5.34)

Notice that this is nothing but the bosonic part of Freed-Witten anomaly cancellation of
a string.

Figure 5.2: Parallel transport along surfaces Σ, open and closed.

Remark 5.5.25 (A prequantum interpretation of the sections). It is suggestive to notice
that in higher prequantisation (see digression 5.5.24) a section of the bundle gerbe
(x̃(α), φ(αβ)) on the world-volume of N coincident D-branes plays the role of a "higher
phase" for the U(N)-field (ψ(α), ψ(αβ)). This is analogous to the well-known fact that a
section (θ(α)) of the prequantum circle bundle plays the role of the phase of a wave-function
(ψ(α)). This provides an evocative interpretation of the bundle gerbe underlying DFT in
the context of prequantisation.

5.6 NS5-brane as higher Kaluza-Klein monopole

In this section we will present a new, globally defined monopole for higher Kaluza-Klein
Theory, by directly generalising the ordinary Kaluza-Klein monopole by [GP83]. This can
be interpreted as a globally defined monopole for DFT which does not need compactified
dimensions to be well-defined. We will show that this monopole is an NS5-brane with
non-trivial H-charge by higher Kaluza-Klein reduction. Finally we will prove that by
smearing it we recover the familiar Berman-Rudolph DFT monopole.
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Prequantisation Higher Prequantisation

Phase θ(α) − θ(β) = G(αβ) mod 2πZ x̃(α) − x̃(β) − dφ(αβ) = −Λ(αβ),
φ(αβ) + φ(βγ) + φ(γα) = G(αβγ) mod 2πZ

Matter ψ(α) · ψ−1
(β) = exp i2πG(αβ)

ψ(α) − ψ−1
(αβ)

(
ψ(β) + d

)
ψ(αβ) = −Λ(αβ)

ψ(αβ) · ψ(βγ) · ψ(γα) = exp i2πG(αβγ)

Table 5.1: A comparison of phases and states between ordinary and higher prequantisation.

5.6.1 Higher Dirac monopole of the Kalb-Ramond field

Let us give a quick review of the Dirac monopole in classical electromagnetism in this
subsection. Then we will directly generalize this notion to a Kalb-Ramond field monopole.

Definition 5.6.1 (Dirac monopole). A Dirac monopole is a circle bundle of the form

R1 ×
(
R3 − {0}

)
−→ BU(1). (5.6.1)

with non-trivial first Chern class [F ] ∈ H2(R3 −{0}, Z
)
on the transverse space R3 −{0}

and trivial on the time line R1. Here R1 can be seen as a magnetically charged world-line.

Remark 5.6.2 (Dirac charge-quantisation). This spacetime can be alternatively written
as

R1 ×
(
R3 − {0}

)
' R1 × R+ × S2 (5.6.2)

where R+ is the radial direction in the transversal space and S2 embodies the angular
directions. Since R+ × S2 is homotopy equivalent to the 2-sphere, its cohomology groups
will be clearly isomorphic to the ones of the 2-sphere. The underlying topological space
of the stack BU(1) is the classifying space BU(1) of circle bundles, i.e. the second
Eilenberg–MacLane space

|BU(1)| = BU(1) = K(Z, 2), (5.6.3)

where | − | gives the geometric realisation of an ∞-groupoid. Circle bundles over the
2-sphere are then classified by maps S2 → K(Z, 2) whose group is just π2

(
K(Z, 2)

) ∼= Z.
Dually the second cohomology group of the 2-sphere is H2(S2,Z) ∼= Z. Hence the first
Chern number of any such bundle will be an integer

1
2π

∫
S2
F = m ∈ Z (5.6.4)

and the curvature of the bundle will be a closed non-exact form F = mVol(S2)/2. The
trivial fibration S2 × S1 → S2 corresponds to m = 0 and the Hopf fibration S3 → S2 to
m = 1, while in general we will have a Lens space fibration L(1,m)→ S2 for any m ∈ Z.
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Remark 5.6.3 (Local description of Dirac monopole). Let us quickly look at what this
means in terms of gauge fields. As very well known we can cover the 2-sphere with just
two open sets U = {U,U ′} such that in spherical coordinates (φ, θ) they are overlapping
spherical caps U = [0, 2π)× [0, π/2 + u) and U ′ = [0, 2π)× (π/2− u, π] for some u� π/2.
The curvature can be explicitly written as F = sin θ dθ ∧ dφ. On the two charts the
connection of the bundle S2 → K(Z, 2) will then be given respectively by

A = m

2 (1− cos θ)dφ, A′ = −m2 (1 + cos θ)dφ. (5.6.5)

We can see that on the overlap U ∩U ′ = (π/2− u, π/2 + u)× S1 we have A−A′ = m dφ,
which, integrated along the equator, gives 4πm and equivalently the Dirac quantisation
condition 1

2π

∫
S1
A−A′ = m. (5.6.6)

Definition 5.6.4 (Higher Dirac monopole). A higher Dirac monopole is a bundle gerbe
of the form

R1,5 ×
(
R4 − {0}

)
−→ B2U(1), (5.6.7)

with non-trivial Dixmier-Douady class [H] on the transverse space R4 − {0} and trivial
over R1,5. Here R1,5 can be seen as a magnetically H-charged world-volume.

Remark 5.6.5 (Higher Dirac charge-quantisation). This spacetime can be also written
as

R1,5 ×
(
R4 − {0}

)
' R1,5 × R+ × S3, (5.6.8)

where R+ is the radial direction in the transversal space, while S3 embodies the angular
directions. Since R+ × S3 is homotopy equivalent to the 3-sphere, the cohomology groups
of the transversal space will be immediately isomorphic to the ones of the 3-sphere. The
classifying space of abelian gerbes is the third Eilenberg–MacLane space∣∣∣B2U(1)

∣∣∣ = B2U(1) = K(Z, 3) (5.6.9)

and the gerbes on the 3-spheres are given by maps S3 → K(Z, 3). The group of these
maps is just the third homotopy group of the Eilenberg–MacLane space

π3
(
K(Z, 3)

) ∼= Z (5.6.10)

which is isomorphic to the integers. Dually the third cohomology group of the 3-sphere is
H3(S3,Z) ∼= Z. Hence the Dixmier-Douady number of any such bundle will be an integer

1
4π2

∫
S3
H = m ∈ Z (5.6.11)

that we may call higher magnetic charge or just H-charge. Then the curvature of the
gerbe will be in general a non-exact 3-form

H = m

2 Vol(S3), (5.6.12)

in direct analogy with the ordinary Dirac monopole.
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Remark 5.6.6 (Atlas for the 3-sphere). A 3-sphere S3 can be seen as the submanifold of
C2 defined by the condition w∗1w1 + w∗2w2 = 1 on the complex coordinates (w1, w2) ∈ C2.
This condition can be solved by

w1 = ei(ψ1+ψ2) sinχ, w2 = ei(ψ1−ψ2) cosχ, (5.6.13)

where (χ, ψ1, ψ2) with ranges χ ∈ [0, π/2], ψ1 ∈ [0, 2π) and ψ2 ∈ [0, π), are called Hopf
coordinates. Topologically S3 −{∗} ' R3, thus we can give S3 an open cover U = {U,U ′}
of just two open sets, for example the ones of S3 deprived respectively of north and south
pole.

Remark 5.6.7 (Local description of higher Dirac monopole). We can cover the 3-sphere
with two open spherical caps U = {U,U ′} and solve the gerbe curvature H = mVol(S3)/2
by

B = m

2 (1− cos 2χ) dψ1 ∧ dψ2, B′ = −m2 (1 + cos 2χ) dψ1 ∧ dψ2. (5.6.14)

The overlap of the patches U ∩ U ′ ' (u, π/2 − u) × T 2 for some u � π/2 is homotopy
equivalent to T 2, so that H2(T 2,Z) ∼= Z and hence we have

1
4π2

∫
T 2
B −B′ = m, (5.6.15)

which is exactly the charge-quantisation condition for String Theory with the constant
α′ = 1.

5.6.2 Higher Kaluza-Klein monopole in 10d

In this subsection we will define the higher Kaluza-Klein monopole and we will look
at its properties. Moreover we will show that it physically reduces to the NS5-brane.
First of all let us give a quick review of the ordinary Kaluza-Klein monopole that
we are going to generalize

Digression 5.6.8 (Kaluza-Klein monopole by [GP83]). A Kaluza-Klein monopole is a
spacetime (M, g) such that M = R1 × R+ × L(1,m), where L(1,m) is a Lens space, and
the metric is

g = −dt2 + h(r)δijdyidyj + 1
h(r)(dỹ +Aidyi)2 (5.6.16)

where we called r2 := δijy
iyj the radius in the transverse space, t the coordinate on R1,

{yi}i=1,2,3 the coordinate of the transverse space and ỹ the coordinate of the fiber S1.
This spacetime encompass a Dirac monopole on the base manifold R1 ×

(
R3 − {0}

)
'

R1 × R+ × S2 The gauge field A is required to satisfy the following conditions

F = ?R3dh, h(r) = 1 + m

r
(5.6.17)

for m ∈ Z. In other words the curvature of the bundle will be F = mVol(S2)/2 with first
Chern number m, representing the magnetic charge. If we cover the 2-sphere with two
charts we can rewrite this metric in polar coordinates (r, θ, φ) and we obtain on the first
one

g = −dt2 + h(r)(dr2 + r2dθ2 + r2 sin2 θ dφ2) + 1
h(r)

(
dỹ + m

2 (1− cos θ)dφ
)2

(5.6.18)
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while on the second one the gauge field is A′ = −m(1 + cos θ)dφ/2, in agreement with
remark 5.6.3.

Now we can give a precise definition of a new monopole, which directly generalises the ordi-
nary Kaluza-Klein monopole and which geometrises the higher Dirac monopole of definition
5.6.4.

Definition 5.6.9 (Higher Kaluza-Klein monopole). A higher Kaluza-Klein monopole is
a bundle gerbe G with generalised metric G such that

• G is a bundle gerbe on the base manifold M = R1,5 ×
(
R4 − {0}

)
' R1,5 ×R+ × S3

which is non-trivial only on S3,

• G is a (global) generalised metric, which is given on the atlasM of the bundle gerbe
G by

G = ηµνdxµdxν + ηµνdx̃µdx̃ν + h(r)δijdyidyj + δij

h(r)(dỹi +Bikdyk)(dỹj +Bjkdyk),

(5.6.19)
where {xµ} and {yi} are respectively the coordinates of R1,5 and R+ × S3 and where the
curvature of the gerbe and the harmonic function are respectively constraint to

H = ?R4dh, h(r) = 1 + m

r2 (5.6.20)

for any m ∈ Z, with r2 := δijy
iyj radius in the four-dimensional transverse space.

This generalised metric encompasses a higher Dirac monopole from definition 5.6.4 on
the base manifold, just as the Kaluza-Klein monopole does with an ordinary Dirac
monopole. In other words the curvature of the gerbe will be H = mVol(S3)/2 with
non-trivial H-charge m ∈ Z.

Remark 5.6.10 (Correspondence space of higher Kaluza-Klein monopole). By using the
fact that S3 is a U(1)-bundle (Hopf fibration) on S2 we can apply the result of lemma
6.3.1. Thus, our bundle gerbe G |S3 � S3, restricted to the 3-sphere, is Kaluza-Klein
reduced to a String-bundle S2 −→ BString(S1 × S1), whose underlying (S1 × S1)-bundle
is the correspondence space

S3 ×S2 L(1,m)

S1 S3 L(1,m) S1

S2.

ππ̃

π
π̃

(5.6.21)

Remark 5.6.11 (NS5-brane is higher Kaluza-Klein monopole). By higher Kaluza-Klein
reduction of the generalised metric (5.6.19) to the base manifold M = R1,5 ×R+ × S3 we
get the following metric and gerbe connection:

g = ηµνdxµdxν + h(r)δijdyidyj ,
B = Bij dyi ∧ dyj

(5.6.22)
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which satisfy the conditions (5.6.20) on the transversal space. If we rewrite this metric
and B-field on a chart in spherical coordinates (r, χ, ψ1, ψ2) we obtain

g = ηµνdxµdxν + h(r)dr2 + h(r)r2
(
dχ2 + dψ2

1 + dψ2
2 − 2 cos 2χ dψ1dψ2

)
B = −m2 cos 2χ dψ1 ∧ dψ2

(5.6.23)

These are exactly the metric and Kalb-Ramond field of an NS5-brane with non-trivial H-
charge m in 10d spacetimeM . Hence in our higher Kaluza-Klein framework encompassing
NS5-branes is as natural as considering the direct higher version of a Kaluza-Klein
monopole.
Remark 5.6.12 (Geometric interpretation of the NS5-brane). We know that the Kaluza-
Klein brane appears when spacetime P → M is a non-trivial circle bundle with some
first Chern class [F ] ∈ H2(M,Z). In perfect analogy, the NS5-brane appears when the
bundle gerbe G → M underlying the doubled space is a non-trivial bundle gerbe with
Dixmier-Douady class [H] ∈ H3(M,Z).
Remark 5.6.13 (Angular T-dual of the NS5-brane). The 3-sphere is nothing but the Lens
space L(1, 1) = S3 corresponding to the Hopf fibration. As we have seen the transverse
space of the NS5 brane with H-charge m is R+ × S3. Let us perform a T-duality along
the ψ1 circle fiber

g̃ = ηµνdxµdxν + h(r)dr2 + h(r)r2
(
dχ2 + sin2 2χ dψ2

2

)
+ 1
h(r)r2

(dψ̃1
2 − m

2 cos 2χ dψ2

)2
,

B̃ = −1
2 cos 2χ dψ̃1 ∧ dψ2.

This is again a supergravity solution, but it is not asymptotically flat: the ψ̃1 circle is not
Hopf-fibered over the 2-sphere, but it is be fibered with first Chern number m, generally
making the whole bundle a Lens space L(1,m). In other words the H-charge of the
NS5-brane is mapped to a NUT charge m under T-duality. However this background is
not actually Taub-NUT, because the harmonic function is h(r) = 1 + 1/r2.
Digression 5.6.14 (Recovering angular T-dualities). The previous is the Plauschinn-
Camell solution appearing in [PV18]. The authors perform angular T-dualities of NS5-
brane backgrounds and speculate about implementing them in DFT. In our formulation
this is totally natural as long as the angular directions are isometries of the generalised
metric G.
Remark 5.6.15 (Array of higher Kaluza-Klein monopoles). Since higher Kaluza-Klein
monopoles do not interact, we can construct a multi-monopole solution. This will be a
bundle gerbe G on the base base manifold R1,5 ×

(
R4 − {yp}

)
, but non-trivial only on the

transverse space R4 − {yp}, which is equipped with the generalised metric G given by

G = ηµνdxµdxν + ηµνdx̃µdx̃ν + h(r)δijdyidyj + δij

h(r)(dỹi +Bikdyk)(dỹj +Bjkdyk)

satisfying the conditions

H = ?R4dh, h(y) = 1 +
∑
p

mp

|y − yp|2
, (5.6.24)

where yp are the positions of the monopoles in the transverse space and mp are their
H-charges.
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5.6.3 Berman-Rudolph DFT monopole in 9d

In this subsection we will give a global definition of the usual DFT monopole in our
formalism. See [BR15a] for its original definition and [Jen11] for seminal work. Then we
will show that it is immediately related to our higher Kaluza-Klein monopole.

Definition 5.6.16 (DFT monopole). The Berman-Rudolph DFT monopole [BR15a] is a
bundle gerbe G equipped with generalised metric G such that

• G is a bundle gerbe on the base manifold M = R1,5 ×
(
R3 − {0}

)
× S1 ' R1,5 ×

R+ × S2 × S1 which is non-trivial only on S2 × S1,

• G is the (global) generalised metric given by

G = ηµνdxµdxν + ηµνdx̃µdx̃ν + h(r)δijdyidyj + δij

h(r)dỹidỹj

+ h(r)dz2 + 1
h(r)(dz̃ +Akdyk)2,

(5.6.25)

where {xµ}, {z} and {yi} are respectively coordinates for R1,5, R+ × S2 and S1, where
we decomposed the connection by B(α) = A(α)i ∧ dzi, and where the curvature of the
connection and the harmonic function are respectively constraint to

dA = ?R3dh, h(r) = 1 + m′

r
. (5.6.26)

Remark 5.6.17 (Doubled space of the DFT monopole). The global doubled space of the
DFT monopole of definition 5.6.16 is similar, but simpler respect to the one of a general
higher Kaluza-Klein monopole. The circle coordinate z ∈ R/Z is trivially fibered over
the 2-sphere, while its dual z̃(α) is in general non-trivially fibered by a connection A(α)
over it. Hence, by lemma 6.3.1, our bundle gerbe G |S3 � S3, is Kaluza-Klein reduced
to a String-bundle S2 −→ BString(S1 × S1), whose underlying (S1 × S1)-bundle is the
following correspondence space:

S1 × L(1,m)

S1 S2 × S1 L(1,m′) S1

S2.

ππ̃

π
π̃

(5.6.27)

In this case the original connection ωB of the bundle gerbe has no ω(2)
B component, but,

on the other hand, the component ω(1)
B = dz̃(α) +A(α) is exactly the connection of L(1,m′)

on S2.

Lemma 5.6.18 (Recovering the DFT monopole). A Berman-Rudolph DFT monopole
(definition 5.6.16) is a smeared higher Kaluza-Klein monopole (definition 5.6.9).
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Proof. The transverse space is a trivial circle fibration (R3 − {0}) × S1 with trivial
connection dz. As usual can decompose B(α) = B

(2)
(α) + B

(1)
(α) ∧ dz, where B(2)

(α) and B(1)
(α)

are respectively a gerbe connection and a circle connection on R3 − {0}. Now we can
gauge away the component B(2)

(α) on R3 − {0} since this space is homotopy equivalent to
a 2-sphere and H3(S2,Z) = 0 implies that any gerbe over S2 is trivial. Thus the only
non-trivial contribution to the H-flux will come from the connection A(α) := B

(1)
(α) of the

dual circle bundle and the gerbe curvature is dB(α) = dA(α) ∧ dz.

h(r, z) = 1 +
∑
p∈Z

m

r2 + (z − 2πp)2
r�1−−−−−→ 1 + m′

r
(5.6.28)

with modified charge m′ := m/2. Moreover we have ?R4dh = (?R3dh) ∧ dz and thus the
condition dB(α) = ?R4dh becomes the equation (5.6.26).

Remark 5.6.19 (DFT monopole is smeared NS5-brane). By higher Kaluza-Klein
reduction of (5.6.25) to M = R1,5×R+×S2×S1 we get the metric and gerbe connection

g = ηµνdxµdxν + h(r)
(
δijdyidyj + dz2),

B = Akdyk ∧ dz.
(5.6.29)

This solution is unsurprisingly the smeared NS5-brane background. Notice the asymptotic
geometry is the trivial Lens space L(1, 0) = S2 × S1.

Remark 5.6.20 (KK5-brane is the T-dual of NS5-brane). By higher Kaluza-Klein
reduction of the generalised metric (5.6.25) to the dual bundle M̃ = R1,5 × R+ × L(1,m)
we get the metric and bundle gerbe connection

g̃ = ηµνdxµdxν + h(r)δijdyidyj + 1
h(r)(dz̃ +Akdyk)2

B̃ = 0.
(5.6.30)

The transverse space is a Taub-NUT space with asymptotic geometry L(1,m) and it has
zero H-charge. This solution is exactly the KK5-brane with isometry along the z̃(α) circle.

Digression 5.6.21 (Localisation of DFT monopole in the previous literature). In [BR15a]
we have a (local) definition of the DFT monopole and then a bottom-up generalisation to
its non-smeared version on R1,5 × (R3 − {0})× S1. The winding mode corrections of this
process are studied in [KS13]. The resulting generalised metric is a (locally defined) version
of higher Kaluza-Klein monopole on this particular background. In [Ber19] it is argued
that, in the case of an torus compactified spacetime we can write higher Dirac monopole
in terms of an ordinary Dirac monopole by H3(S2 × S1,Z) ∼= H2(S2,Z) ⊗Z H

1(S1,Z).
But also that a full DFT monopole should require a geometrisation of the gerbe which is
impossible to achieve with just manifolds: higher Kaluza-Klein geometry is hopefully an
answer to this.
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5.6.4 Berman-Rudolph DFT monopole in 8d

In this subsection we will take a quick look to a further dimensional reduction of our
monopole.

Remark 5.6.22 (Reduction to 8d and 52
2-brane). If we compactify again spacetime to a

trivial torus bundle M = R1,5 × (R2 − {0})× T 2, we can further smear and Kaluza-Klein
reduce our higher Kaluza-Klein monopole to recover the zoo of exotic branes by [BKM16].
By explicitly writing the T-dualities along the two directions we have the following
commutative diagram

NS512 KK5 2
1

NS51
2 (52

2)12

T1

T2 T2

T1

(5.6.31)

where NS512 is the NS5-brane smeared along both the directions of the T 2 fiber, while
NS5ab is the KK-brane with isometry along the a-th direction and smeared along the b-th
direction, while (52

2)12 is the 52
2-brane with isometry along both the directions.

Let {za} be coordinates of T 2 with a = 1, 2 and {yi} be coordinates of R2 − {0} with
i = 3, 4. The generalised correspondence space K of the transverse space will be a
non-trivial T 2-bundle on (R2 − {0}) × T 2 with curvature F̃a = H

(1)
ab ∧ dzb.

Remark 5.6.23 (Geometric interpretation of 52
2-brane). The NS5-brane is associated

to a non-trivial Dixmier-Douady class [H] ∈ H3(R4 − {0},Z) on the transverse space. If
spacetime is a trivial T 2-fibration and the NS5-brane is smeared along these directions,
there will be a non-trivial flux compactification [H(1)

12 ] ∈ H1(R2 − {0},Z) ∼= Z on the
reduced transverse space. A T-duality along the 1st direction gives a [F (1)1

2] ∈ H1(R2 −
{0},Z). Indeed notice that H>1(R2 − {0},Z) = 0 so there are no non-trivial abelian
gauge field on the transverse space. Now by performing a T-duality in the 2nd direction
we get a flux [Q(1)12] ∈ H1(R2 − {0},Z). Just like the Kaluza-Klein brane generally
appears when spacetime is a circle fibration with non-trivial first Chern class, a 52

2 brane
appears when spacetime is T 2-fibration with nontrivial Q-flux given by the cohomology
class [Q(1)12] ∈ H1(R2 − {0},Z) ∼= Z. Notice that this class corresponds to an integer
number which we can name Q-charge of the 52

2-brane.

Remark 5.6.24 (Reduction to 8d and 53
2-brane). Now recall that our spacetime manifold

is M = R1,5 × (R2 − {0})× T 2. Now translations along the two circles of the torus are
legit isometries, while translations along any fixed direction in 〈y3〉 ⊂ R2 − {0} are not.
As explained by [BKM16], we can still perform a local T3 ∈ O(10, 10) transformation
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along this direction on the patches R10,10 of the doubled spaceM, even if it will not be a
global T-duality. Hence we will recover the usual picture of exotic branes by the diagram

NS5123 KK51
23

KK5 3
12 (52

2)1 3
2

KK5 2
1 3 (52

2)12
3

(52
2) 23

1 (53
2)123

T1

T2

T3

T2

T3

T1

T2
T1

T3

T3

T1

T2
(5.6.32)

where the superscript 3 and the subscript 3 this time do not mean isometry/smearing like
for 1 and 2, but they respectively mean dependence either on the coordinate y3 or its
dual ỹ3.

Remark 5.6.25 (Geometric interpretation of 53
2-brane). A geometric interpretation

can be adopted also for the hypothetical 53
2-brane, which will correspond to a T 2-

compactification carrying a non-trivial R-flux class [R ] ∈ H1(R2 − {0},Z) ∼= Z which we
may call R-charge.
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This chapter will be devoted to the study of T-duality covariant string compactifications
with non-trivial fluxes. The global moduli stack of such non-trivial compactifications will
be derived by Kaluza-Klein reducing the total space of the bundle gerbe we introduced in
chapter 5. This way, we will retain global geometric data on the base manifold, which
will give the global geometry of the string compactification. Crucially, we will provide
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e a unifying framework for defining tensor hierarchies and determining their topology
and global properties. This chapter is based on [Alf20a; Alf20b; Alf21].

In section 6.3 and 6.4, from the reduction of the bundle gerbe we will recover the usual
global geometry of abelian T-duality developed by [BEM04b; BEM04a; BHM04; BHM05;
BP09], both geometric and non-geometric. In addition we will lift such T-duality to the
doubled space, i.e. the atlas of the underlying bundle gerbe, and show it provides the
familiar picture in a global fashion. Moreover, we will focus on the global geometry of the
tensor hierarchies which the reduction provides. In section 6.5 we will generalise these
results to the most general case of abelian T-duality. In section 6.6 we will widen the
discussion to non-abelian T-duality. In particular, we will provide a global definition of
non-abelian T-fold and we will discuss the topology of the corresponding global tensor
hierarchy. In section 6.7 we will generalise the previous results to Poisson-Lie T-duality.
Thus, we will provide a global definition of Poisson-Lie T-fold and we will discuss the
global geometry of generalised Scherk-Schwarz reductions.

6.1 Moduli stack of global string compactifications

The aim of this first section will be the introduction of the concept of moduli stack of
global DFT compactifications, by starting from the idea of flux compactification.

Let us consider a spacetime smooth manifold M . We require that the spacetime M is
compactified, i.e. that it is the total space of a G-bundle for some compact Lie group
G. We have a diagram of the form

G M

M0,

ι

π (6.1.1)

where ι is the embedding of the fibre and π is the principal projection. Recall from
chapter 3, that a G-bundle can be expressed by the pullback diagram

M ∗

M0 BG,

π

g(αβ)

(6.1.2)

where g(αβ) : M0 → BG is the Čech cocycle which encodes the transition functions
of the G-bundle M .

Now let S ∈ H be a stack encoding some higher structure. Let us consider a cocycle
s : M → S on the total space M of our fibration. As seen in chapter 5, there is an
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isomorphism, known as Kaluza-Klein reduction,

H(M,S ) ∼= H/BG
(
M, [G,S ]//G

)

(
M Ss

)
7→


[G,S ]//G

M0 BG

ŝ

g(αβ)

 ,
(6.1.3)

which sends a cocycle M → S on the total space M to some cocycle M0 → [G,S ]//G
on the base manifold M0. This resulting cocycle can be interpreted as the Kaluza-Klein
reduction of the original higher structure.

We stress that this definition of Kaluza-Klein reduction is global. Let S be the moduli
stack of some field. By reducing a cocycle M → S to a cocycle M0 → [G,S ]//G, we
retain both the global geometric data of the structure M → S and of M � M0 as a
generally non-trivial principal bundle on M0. In more concrete words, we must start
from the local sections s(α) : Uα × G −→ S on a local trivialisation of M and reduce
them to sections ŝ(α) : Uα −→ [G,S ]//G, then glue all the sections together by taking
into account the transition functions g(αβ) of M .

Uα G

×

Figure 6.1: Field (represented as a vector field) on the local trivialisation Uα×G of a compactified
spacetime with non-trivial flux on the fibre.

Let us provide an algebraic topological sense of why taking into account these global
data matters. It is relevant to notice that, if M � M0 is a non-trivial G-bundle,
Künneth theorem does not hold, i.e.

Hn(M,Z) 6=
n⊕
i=0

Hn−i(M0,Z)⊗Z H
i(G,Z), (6.1.4)

and, thus, the identification of the fluxes, or charges, of the reduced theory on the base
manifold M0 becomes complicated, even for abelian fields. Dimensionally reducing the
cocycles as in (6.1.3) provides us all the global information of the reduced theory on M0.
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6.1.1 Moduli stack of generalised Scherk-Schwarz reductions

We are interested in globally-defined generalised Scherk-Schwarz reductions of the field
content of Double Field Theory of the following form:

{
GMN︸ ︷︷ ︸

generalised
metric

, ϕ︸︷︷︸
dilaton

} ∼=−−−−−−−−−−→
gSS reduction

{
gµν︸︷︷︸
metric

, GIJ︸︷︷︸
moduli

generalised
metric

, AIµ, Bµν︸ ︷︷ ︸
tensor

hierarchy

, ϕ︸︷︷︸
dilaton

}
. (6.1.5)

The aim of this chapter will be exactly the global study and the classification of these
reductions, which are known as gauged Supergravities [Gei11; Gei+13].

String Theory

10d Sugra

(10−n)d Sugra

DFT

(10−n)d
gauged Sugra

Strong
constraint

Low
energy

gauging

generalised
Scherk-Schwarz

reduction
with fluxes
and torsion

without fluxes
and torsion

Truncation of
Closed String
Field Theory

Figure 6.2: Relation between String Theory, Double Field Theory, Supergravity and gauged
Supergravity, where T-duality is generally promoted to a gauge symmetry.

Notice that, according to chapter 5, on the left hand side of the reduction we must
have a bundle gerbe G � M on a spacetime M equipped with a generalised metric
G

G−→ O(2d)Struc. Thus, the moduli stack of the global generalised Scherk-Schwarz
reductions will be obtained by higher Kaluza-Klein reduction (6.1.3) of this higher
structure to the base manifold M0 of a G-bundle M � M0, which formalises the idea
that spacetime is compactified with fibre G.

Let us put aside String Theory for a moment and first look at a simpler example of
reduction, to gain some intuition about the problem: an electromagnetic field.

6.1.2 Toy example: electromagnetic flux compactifications

Let us consider a spacetime M which is a principal Tn-bundle on some d-dimensional
base manifold M0, i.e.

M ∗

M0 BTn
π (6.1.6)
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Let us consider an electromagnetic field on M , which is globally given by a principal U(1)-
bundle P �M . Now, we want to study the dimensional reduction of this electromagnetic
field, from the total space of the bundle M to the base manifold M0.

In local coordinates of M , the operation of dimensional reduction is nothing but the
coordinate split {xµ}µ=1,...,d+n 7→ {xµ, θi}i=1,...n

µ=1,...d, where the {θi}i=1,...n are the local
coordinates of the Tn-fibre. Notice that we are not truncating the dependence of the
electromagnetic field on the fibre coordinates {θi}. The stack formalism will allow us
to deal with the global geometric picture of such a local coordinates split.

Generally, P �M0 is not a principal (U(1)× Tn)-bundle on the base manifold M0, since
the principal Tn-action of M cannot generally be lifted to a Tn-action on M . Therefore,
generally, an electromagnetic field P �M is not dimensional reduced to a well-defined
electromagnetic field on the base manifoldM0. In this general case, a dimensional reduction
of a principal U(1)-bundle P �M with Čech cocycleM

g(αβ)−−−−→ BU(1) is given as follows:

(
M BU(1)

g(αβ)
)

∼=7−→


[Tn,BU(1)]/Tn

M0 BTn

 , (6.1.7)

where [Tn,BU(1)]/Tn is, essentially by definition, the moduli stack of the dimensionally
reduced circle bundles. The stack [G,−]/G is a generalization of the cyclic loop space:
in fact in the particular case where G = Tn and N is a smooth manifold, this reduces
to the space [Tn, N ]/Tn = C∞(Tn, N)/Tn.

However, there is a particular case where P is a proper principal (U(1) × Tn)-bundle
on the base manifold M0. This happens when the U(1)-bundle P � M is equivariant
under the principal Tn-action of M , i.e. when the transition functions g(αβ) of the U(1)-
bundle are independent from the fibre coordinates {θi}. In this case, the dimensional
reduction has the simple form(

Tn-equivariant U(1)-bundle on M
) ∼=7−→

(
(U(1)× Tn)-bundle on M0

)
. (6.1.8)

In other words, if we consider a Tn-equivariant cocycle f eqv
(αβ) : M → BU(1), this will

be dimensionally reduced as follows

(
M BU(1)

geqv
(αβ)

)
∼=7−→


BTn+1

M0 BTn

 . (6.1.9)

Thus, in this particular case, the electromagnetic field P �M is dimensionally reduced
to a globally well-defined electromagnetic field on the base manifold M0.



140 6.1. Moduli stack of global string compactifications

6.1.3 Moduli stack of Kalb-Ramond flux compactifications

Let us now generalise the previous subsection by investigating the Kaluza-Klein reduction
the bundle gerbe underlying the Kalb-Ramond flux.

Let us consider a bundle gerbe G
Π−−→M defined by a cocycle M

G(αβγ)−−−−→ B2U(1), where
spacetime M is itself a principal Tn-bundle on a smooth base manifold M0, i.e.

M ∗

M0 BTn
π (6.1.10)

Hence, we need to look at the following Kaluza-Klein reduction:

(
M B2U(1)

G(αβγ)

)
∼=7−→



[Tn,B2U(1)]/Tn

M0 BTn

?


, (6.1.11)

Since M is a principal Tn-bundle over M0, we can choose a good cover V = {Vα} for
M such that U = {Uα} with Uα = π(Vα) is a good cover for the base M0. Since we
are not working with a good cover for M , we will consider differential forms which are
allowed to have integral periods. We can use definition 5.4.4 to Higher Kaluza-Klein
reduce the doubled space to the base M0 by

H
(
M, B2U(1)conn

) ∼= H
(
M0,

[
Tn, B2U(1)conn

]
/Tn

)
(
B(α), Λ(αβ), G(αβγ)

)
7→

(
B

(2)
(α), B

(1)
(α), B

(0)
(α), Λ(1)

(αβ), Λ(0)
(αβ), G(αβγ)

)
.

(6.1.12)

We can split the curvature H ∈ Ω3
cl(M) of the doubled space in horizontal and vertical com-

ponents by

H = H(3) +H
(2)
i ∧ ξ

i + 1
2H

(1)
ij ∧ ξ

i ∧ ξj + 1
3!H

(0)
ijkξ

i ∧ ξj ∧ ξk (6.1.13)

where H(k) are globally defined ∧3−kRn-valued differential k-forms on the base manifold
M0. Now on patches Vα and overlaps Vα ∩ Vβ of M we can use the connection of the
torus bundle to split the connections of the gerbe in a horizontal and vertical part

B(α) = B
(2)
(α) +B

(1)
(α)i ∧ ξ

i + 1
2B

(0)
(α)ijξ

i ∧ ξj

Λ(αβ) = Λ(1)
(αβ) + Λ(0)

(αβ)iξ
i

(6.1.14)

where B(k)
(α), and Λ(k)

(αβ) are all local horizontal differential forms on spacetime M . For
the following calculations we will follow the ones in [BHM07]. The expression of the
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curvature of the doubled space becomes

H
(0)
ijk = ∂[iB

(0)
(α)jk]

H
(1)
ij = dB(0)

(α)ij − ∂[iB
(1)
(α)j]

H
(2)
i = dB(1)

(α)i + L∂iB
(2)
(α) −B

(0)
(α)ijF

j

H(3) = dB(2)
(α) −B

(1)
(α)iF

i

(6.1.15)

where d : Ωp(M0)→ Ωp+1(M0) is the exterior derivative on the base manifold M0. The
patching conditions of the connection 2-form now become

B
(0)
(β)ij −B

(0)
(α)ij = ∂[iΛ

(0)
(αβ)j]

B
(1)
(β)i −B

(1)
(α)i = dΛ(0)

(αβ)i − L∂iΛ
(1)
(αβ)

B
(2)
(β) −B

(2)
(α) = dΛ(1)

(αβ) + Λ(0)
(αβ)iF

i

(6.1.16)

where F = dξ ∈ Ω2(M0) is the curvature of the torus bundle M π−→ M0. Finally
on three-fold overlaps we get

Λ(0)
(αβ)i + Λ(0)

(βγ)i + Λ(0)
(γα)i = ∂

∂θi
G(αβγ)

Λ(1)
(αβ) + Λ(1)

(βγ) + Λ(1)
(γα) = dG(αβγ)

(6.1.17)

where θi(α) are the adapted coordinates on the torus fibre and ∂i := ∂/∂θi.
Let us now focus on the most interesting part of the field content of Double Field
Theory: the tensor hierarchy.

6.1.4 Moduli stack of global tensor hierarchies

In this subsection we specialise our discussion to the tensor hierarchy and we show that
our definition by the reduction (6.1.5) is more general than a higher gauge theory. This
global definition will allow us to identify the field content of a T-fold (which is not a
higher gauge theory) with a global tensor hierarchy, as we will see later.

Recall that in literature tensor hierarchies are usually defined as higher gauge theories,
as we have reviewed in chapter 4.

Motivations for a slightly more general definition.

• In chapter 4, we reviewed the definition of tensor hierarchy as a higher gauge
theory. This definition can be immediately globalised, since higher gauge theories
are globally well-defined. Moreover, the fields of a higher gauge theories can be
identified with the connection of some (non-abelian) bundle gerbe. This would
suggest that any global tensor hierarchy is geometrised by a (non-abelian) bundle
gerbe structure. However, in [HS13b], tensor hierarchies are introduced as the result
of a general dimensional reduction (i.e. split of the coordinates) of a doubled space.
As we have seen, the dimensional reduction of a geometric structure does not give,
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in general, something as nice and regular as a globally well-defined bundle, but the
split coordinates will be generally glued by monodromies. Therefore, generally, the
dimensional reduction of the doubled space will not lead to a globally well-defined
higher gauge theory.

• The doubled space encoding a T-fold can be obtained by dimensionally reducing a
doubled space [BHM07]. Therefore, by following the idea by [HS13b], the doubled
space underlying the T-fold should be considered a global tensor hierarchy. However,
such doubled spaces cannot be obtained by gauging the local tensor hierarchy
algebra of chapter 4, i.e. the local prestack Ω

(
U,D(R2n)

)
, because the fields are

patched also by cocycles of monodromies. Therefore, they are not globally given by
a higher gauge theory.

These two points suggest that, even if the picture of tensor hierarchy as higher gauge
theory holds locally, it could be not the most general global picture.

Let us recall that tensor hierarchies require the strong constraint to be well-defined.
We can thus replace the C-bracket with the anti-symmetrised Roytenberg bracket of
Generalised Geometry, which is the direct generalisation of the Courant bracket where all
the non-geometric fluxes are allowed. We can then solve the strong constraint and obtain
locally the curvature as Dsc(R2n)-valued differential forms (see chapter 4 for details)

F = dA− [A ∧, A]Roy + DB,

H = DB + 1
2〈A

∧, dA〉 − 1
3!〈A

∧, [A ∧, A]Roy〉,
(6.1.18)

where now the bracket [−,−]Roy is the anti-symmetrised Roytenberg bracket. In co-
ordinates this corresponds to setting ∂̃i(−) = 0 on any field so we will also have
(DB)i = ∂iB, which implies DB = dB + Ai ∧ ∂iB. Analogously for all the others
Dsc(R2n)-valued differential forms.

Global tensor hierarchies. The definition of global tensor hierarchy which we can
extract from (6.1.3) is the following. A global DFT tensor hierarchy on M0 is the
result of the dimensional reduction of the connection of a bundle gerbe on a principal G-
bundle M �M0. Therefore the 2-groupoid TH G

sc (M0) of global DFT tensor hierarchies
on M0 is given as follows:

TH G
sc (M0) :=



[
G,B2U(1)

]
/G

M0 BG


. (6.1.19)

where
[
G,B2U(1)

]
/G is the moduli stack of dimensionally reduced bundle gerbes we

already used in this chapter.
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From the proposed definition of global tensor hierarchy (6.1.19) and from the definition
of Kaluza-Klein reduction (6.1.3) we immediately have the natural isomorphism of 2-
groupoids ⊔

M s.t. M�M0
is a G-bundle

BU(1)Bund(M) ∼= TH G
sc (M0). (6.1.20)

In other words, this means that a global strong constrained tensor hierarchy on M0 is
identified with a bundle gerbe on some G-bundle M � M0.

6.2 Topology of a bundle gerbe on a T n-bundle

As seen in chapter 3, bundle gerbes G over a base manifold M are topologically classified
by their Dixmier-Douady class dd(G ) ∈ H3(M,Z), which physically encodes the H-flux.
In this section we will follow [BHM05] to introduce the machinery which we will need to
describe the topological data of a bundle gerbe on a torus bundle. This will be particularly
useful in dealing with abelian T-duality. Let us start from the trivial example.

Example 6.2.1 (Bundle gerbe on a trivial torus bundle). For trivial torus bundles
M = M0× Tn one can just use Künneth theorem to rewrite the 3rd cohomology group as

H3(M0 × Tn,Z) ∼=
3⊕

k=0
H3−k(M0,Z)⊗Z H

k(Tn,Z) (6.2.1)

The cohomology ring of the torus is H∗(Tn,Z) ∼= Z[u1, . . . , un]/〈u2
1, . . . , u

2
n〉 where ui are

generators of H1(S1,Z). Hence we have that ui := [dθi] for i = 1, . . . , n are the generators
of H1(Tn,Z), while the cup products [dθi] ^ [dθj ] = [dθi ∧ dθj ] are the generators of
H2(Tn,Z) and so on. Therefore we can expand the Dixmier-Douady class as

[H] = [H(3)] + 〈[H(2)] ^ [dθ]〉 + 1
2〈[H

(1)] ^ [dθ ∧ dθ]〉 + 1
3!〈[H

(0)] ^ [dθ ∧ dθ ∧ dθ]〉,

where H(k) ∈ Ωk(M0,∧3−kRn) are differential forms on the base manifold M0 and 〈−,−〉
is just the contraction of all the indices of the exterior algebra ∧Rn. Hence the topology
of this doubled space is encoded by the cohomology classes [H(k)] ∈ Hk(M0,∧3−kZn)
with k = 0, 1, 2, 3.

However this construction cannot be immediately extended to non-trivial torus bundles.

Definition 6.2.2 (Tn-invariant forms). We define the Tn-invariant forms Ωp(M)Tn as
the subset of 1-forms α ∈ Ωp(M) such that L∂iα = 0, with ∂i := ∂/∂θi in adapted
coordinates {θi}. Let us define the differential forms

Ωp,q(M0,∧Rn) :=
p⊕

k=0
Ωk(M0, ∧p+q−kRn) (6.2.2)

Let ξ ∈ Ω1(M,Rn) be the connection 1-form of the torus bundle M π−→ M0. There is a
natural isomorphism Ωp(M)Tn ∼= Ωp,0(M0,∧Rn) given by

I : α =
p∑

k=0

1
(p− k)!〈α

(k) ∧, ξ ∧ · · · ∧ ξ〉 7→
(
α(p), α(p−1), · · · , α(0)) (6.2.3)
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and we call D := I ◦ d ◦ I−1 the differential under the isomorphism. The sequence
Ω•,q(M0,∧Rn) for a fixed q equipped with differential D defines a cochain complex,
whose integer cohomology we call H•,qD (M0,∧Zn). Therefore we have the isomorphism
Hp(M,Z)Tn ∼= Hp,0

D (M0,∧Zn).

It is also possible to prove that there is isomorphism Ω2(M,Rn)Tn ∼= Ω2,1(M0,∧Rn) for
Tn-invariant Rn-valued 2-forms, which imply H2(M,Zn)Tn ∼= H2,1

D (M0,∧Zn).

Lemma 6.2.3 (Tn-invariant representatives). Any element of the cohomology group
Hp(M,Z) of a Tn-bundle M π−→M0 can be represented by a closed Tn-invariant form, i.e.
there is an isomorphism Hp(M,Z) ∼= Hp(M,Z)Tn .

Remark 6.2.4 (Dimensionally reduced Gysin sequence). Any torus bundle M π−→ M0
comes with a long exact sequence, which is called dimensionally reduced Gysin sequence.
This is given by

· · · → Hp(M0,Z) π∗−→ Hp,0
D (M0,∧Zn) π∗−→ Hp−1,1

D (M0,∧Zn) 〈−^ [F ] 〉−−−−−−→ Hp+1(M0,Z)→ · · ·

where [F ] is the first Chern class of the bundle, while π∗ on a given representative
α is just the injection α 7→ (α, 0, · · · , 0), while π∗ on a given representative α is the
integration along each circle of the fibre S1

i ⊂ Tn, which depends only on the homology
class [S1

i ] ∈ H1(M,Z) of the circle and not on its particular representative. Hence map
π∗ will be given on the representative by (α(p), α(p−1), · · · , α(0)) 7→ (α(p−1), · · · , α(0)).

The Dixmier-Douady class [H] ∈ H3(M,Z) of a bundle gerbe on M
π−→ M0 then

corresponds to a cohomology class [(H(3), H(2), H(1), H(0))] ∈ H3,0
D (M0,∧Zn) given by

H = H(3) +H
(2)
i ∧ ξ

i + 1
2H

(1)
ij ∧ ξ

i ∧ ξj + 1
6H

(0)
ijkξ

i ∧ ξj ∧ ξk. (6.2.4)

In the following discussion, for clarity, we will always underline the differential forms
on the total space M of the bundle.

Remark 6.2.5 (Closedness). If H ∈ Ω3(M)Tn is closed on M we have dH = 0, which is
translated under isomorphism (6.2.3) to D(H(3), H(2), H(1), H(0)) = 0. Hence we get the
equations

dH(p) + 〈H(p−1) ∧, F 〉 = 0, (6.2.5)
where d is the differential on the base M0 and F ∈ Ω2(M0,Rn) is the curvature of the
Tn-bundle M π−→ M0. Notice we recover the trivial case (6.2.1) for F = 0. Also notice
that H(0) is always closed on M0, while H(1) is closed on M0 either if the torus bundle is
trivial or if H(0) = 0.

Remark 6.2.6 (Exactness). If H ∈ Ω3(U)Tn is exact on U ⊂M , there exists a 2-form
B ∈ Ω2(U) such that H = dB on U , which is translated under isomorphism (6.2.3) to

H
(0)
ijk = L∂[iB

(0)
jk] ,

H
(1)
ij = dB(0)

ij − L∂[iB
(1)
j] ,

H
(2)
i = dB(1)

i + L∂iB(2) −B(0)ijF j ,

H(3) = dB(2) −B(1)i ∧ F i,

(6.2.6)

Notice that we did not require B to be Tn-invariant here. This will be useful later.
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6.3 Geometrisation of T-duality

It was understood by [BHM07] that a gerbe structure over a principal torus Tn-bundle,
if it is equivariant under its principal torus action, automatically defines a principal
T 2n-bundle over its base manifold. This bundle is nothing but the correspondence space
of a T-duality, also known as doubled torus bundle in DFT literature. In this section we
will explain how the correspondence space can be recovered from our doubled space by
higher Kaluza-Klein reduction and how T-duality is naturally encoded.

6.3.1 Correspondence space

Lemma 6.3.1 (Topological T-duality). Let G
Π−→→ M be a bundle gerbe whose base

manifold is itself a principal Tn-bundle M π−→→ M0. Now, if the bundle gerbe G
�−→ M

is equivariant under the principal Tn-action of M , then it is Kaluza-Klein reduced to a
String(Tn × T̃n)-bundle on M0 by

(
M B2U(1)

G(αβγ)

)
∼=7−→



BString(Tn × T̃n)

M0 BTn
f(αβ)


, (6.3.1)

where the Lie 2-group String(Tn × T̃n) is defined by the following fibration

BString(Tn × T̃n) ∗

B(Tn × T̃n) B3U(1),

hofib(〈 c1 ^ c1 〉)

〈 c1 ^ c1 〉

(6.3.2)

where 〈 c1 ^ c1 〉 : B(Tn × T̃n) → B3U(1) is the map which sends a (Tn × T̃n)-bundle
with curvature (F i, F̃i) to the bundle 2-gerbe with curvature F̃i ∧ F i.
The principal (Tn× T̃n)-bundle K := M ×M0 M̃ on the base manifold M0 underlying the
String(Tn × T̃n)-bundle (6.3.1) has first Chern classes c1(M) = [F ] and c1(M̃) = [π∗H]
and is known in the literature as the correspondence space of a couple of T-dual spacetimes
M and M̃ . We have the diagram:

M ×M0 M̃

M M̃

M0

1⊗π̃ π⊗1

π π̃

(6.3.3)
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Proof. By using the connection ξ ∈ Ω1(M,Rn) of the torus bundle M π−→→ M0, we can
split the gerbe connection in horizontal and vertical components

B(α) = π∗B
(2)
(α) + π∗B

(1)i
(α) ∧ ξ

i + 1
2π
∗B

(0)ij
(α) ξi ∧ ξj , (6.3.4)

where B(k)
(α) are local k-forms on patches Uα. We can do the same for the Čech cocycle

(Λ(αβ), G(αβγ)) of the bundle gerbe

Λ(αβ) = π∗λ(αβ) + π∗f̃(αβ)iξ
i

G(αβγ) = π∗g(αβγ)
(6.3.5)

where λ(αβ) is a local 1-form on two-fold overlaps of patches Uα ∩ Uβ and f̃(αβ) and
g(αβγ) are local functions respectively on two-fold and three-fold overlaps of patches. The
patching condition B(β) −B(α) = dΛ(αβ) on two-fold overlaps of patches becomes

B
(0)
(β)ij −B

(0)
(α)ij = 0

B
(1)
(β)i −B

(1)
(α)i = df̃(αβ)i

B
(2)
(β) −B

(2)
(α) = dλ(αβ) + f̃(αβ)iF

i

(6.3.6)

where F = dξ is the curvature of M →M0, while the patching condition Λ(αβ) + Λ(βγ) +
Λ(γα) = dG(αβγ) on three-fold overlaps of patches becomes

f̃(αβ)i + f̃(βγ) i + f̃(γα)i = 0
λ(αβ) + λ(βγ) + λ(γα) = dg(αβγ)

(6.3.7)

From (6.3.6) we get that B(0) are globally defined scalar fields on the base manifold M0
and hence H(1) = dB(0) globally, which assures

[
H(1)] = 0. From (6.3.6) and (6.3.7) we

get that
(
B

(1)
(α), f̃(αβ)

)
is a cocycle defining a torus Tn-bundle M̃ with connection on the

base manifold M0. Together with the torus bundle M given by the cocycle (A(α), f(αβ))
we have the following two torus bundles (or equivalently a single T 2n-bundle) on M0 with
local data

A(β) −A(α) = df(αβ), B
(1)
(β) −B

(1)
(α) = df̃(αβ),

f(αβ) + f(βγ) + f(γα) = 0, f̃(αβ) + f̃(βγ) + f̃(γα) = 0,
(6.3.8)

with first Chern classes given by

c1(M) =
[
dA(α)

]
=
[
F
]
, c1(M̃) =

[
dB(1)

(α)
]

=
[
H(2) + 〈B(0), F 〉

]
=
[
π∗H

]
(6.3.9)

The coordinates on Tn × T̃n are given by θ(β) − θ(α) = f(αβ) and θ̃(β) − θ̃(α) = f̃(αβ).
Finally, notice that the 3-form H(3) ∈ Ω3(M0) is related to the connection by the equation

H(3) = dB(2)
(α) −B

(1)
(α)i ∧ F

i, (6.3.10)

which immediately leads to the Bianchi identity

dH(3) = F i ∧ F̃i. (6.3.11)

By putting all together we obtain the cocycle

(f(αβ), f̃(αβ), g(αβγ)) : M0 −→ BString(Tn × T̃n),

which defines a String(Tn × T̃n)-bundle and, hence, the conclusion of the lemma.
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Digression 6.3.2 (H-flux and F -flux). The Dixmier-Douady class [H] ∈ H3(M,Z) and
the first Chern class [Fi] ∈ H2(M0,Z) are respectively called H-flux and F -flux (or
geometric flux) in String Theory literature. Moreover the first Chern class [π∗H]i =
[H(2)

i + 〈B(0), F 〉i] ∈ H2(M0,Z), which is given by the integral of [H] on a basis of 1-cycles
[S1
i ] ∈ H1(Tn,Z) of the torus fibre, represents a non-trivial flux compactification of the

Dixmier-Douady class.

Remark 6.3.3 (Geometrical interpretation of fluxes). Notice that in our Higher-Kaluza
Klein framework the H-flux and the F -flux are not something one puts on the doubled
space by hand (for instance by defining some 3-form on a 2d-dimensional manifold like in
the usual approach), but they are natural topological properties of the geometry itself of
the doubled spaceM.

Remark 6.3.4 (Bundle gerbe curvature). The equation for the curvature H = dB(α)

under isomorphism (6.2.3) becomes (H(3), H(2), H(1), H(0)) = D(B(2)
(α), B

(1)
(α), B

(0)), which
is equivalent to

H
(0)
ijk = 0,

H
(1)
ij = dB(0)

ij ,

H
(2)
i = dB(1)

(α)i −B
(0)
ij F

j ,

H(3) = dB(2)
(α) −B

(1)
(α)i ∧ F

i.

(6.3.12)

We can refine the lemma 6.3.1 by explicitly writing the higher Kaluza-Klein reduction
of the generalised metric.

Lemma 6.3.5 (T-duality). In the hypothesis of lemma 6.3.1 the generalised metric
structure G

G−→ O(2d+ 2n)Struc is Kaluza-Klein as follows:

(
G O(2d+ 2n)StrucG

)
∼=7−→



O(d)Struc×BString(Tn × Tn)conn ×O(n, n)

M0 BTn
f(αβ)


,

where M0
g−→ O(d)Struc is a Riemannian metric, M0 → BString(Tn × Tn)conn is the

bundle of lemma 6.3.1 with connection and M0
G(0)
−−−→ O(n, n) is a moduli field.

Proof. We can immediately split the generalised metric G of G in a Riemannian metric g
and a gerbe connection B(α) on M . Now, by using the torus connection ξ ∈ Ω1(M,Rn),
we can split these metric and gerbe connection in horizontal and vertical components

g = π∗g(2) + 〈π∗g(0), ξ � ξ〉

B(α) = π∗B
(2)
(α) + 〈π∗B(1)

(α)
∧, ξ〉+ 1

2〈π
∗B

(0)
(α), ξ ∧ ξ〉

(6.3.13)
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where g(2) and g(0) are respectively a metric and a set of moduli fields on M0, while B(k)
(α)

are local k-forms on patches Uα. We can do the same for the Čech cocycle (Λ(αβ), G(αβγ))
of the bundle gerbe

Λ(αβ) = π∗λ(αβ) + 〈π∗f̃(αβ), ξ〉
G(αβγ) = π∗g(αβγ)

(6.3.14)

where λ(αβ) is a local 1-form on two-fold overlaps of patches Uα ∩ Uβ and f̃(αβ) and
g(αβγ) are local functions respectively on two-fold and three-fold overlaps of patches. The
patching conditions of the cocycle (B(α),Λ(αβ), G(αβγ)) of the bundle gerbe are the ones
of lemma 6.3.1. Thus the generalised metric G reduces on the base M0 to: a Riemannian
metric g(2), a String(Tn × T̃n)-connection (Ai(α), B

(1)
(α)i, B

(2)
(α)) and a set of global moduli

fields (g(0)
ij , B

(0)
ij ). Now, we can pack these fields again as follows:

Θ(α) :=

θ(α)

θ̃(α)

 , G(0) :=

g(0)
ij −B

(0)
ik g

(0)klB
(0)
lj B

(0)
ik g

(0)kj

−g(0)ikB
(0)
kj g(0)ij

 , A(α) :=

A(α)

B
(1)
(α)

 ,
which are respectively the coordinates of the fibres of the (Tn × T̃n)-bundle, the globally-
defined moduli field of the generalised metric on the base manifold M0 and the principal
(Tn × T̃n)-connection on M0. Thus we have the conclusion.

Remark 6.3.6 (Interpretation of T-duality). Notice that the higher structure which
we obtain by Kaluza-Klein reducing the bundle gerbe equipped with generalised metric
contains an ambiguity. This structure, indeed, can be obtained both by reducing a bundle
gerbe G �M or its T-dual G̃ � M̃ to the base M0, up to a gauge transformation. The
fact that H(3) ∈ Ω3(M0) is the same in both pictures implies that we can write both
H(3) = dB(2)

(α) − 〈B
(1)
(α)
∧, F 〉 and H(3) = dB̃(2)

(α) − 〈A(α) ∧, π∗H〉 where B̃
(2)
(α) is the T-dual of

B
(2)
(α). But this means that we recover the familiar relation

B̃
(2)
(α) = B

(2)
(α) +Ai(α) ∧B

(1)
(α)i. (6.3.15)

Now, there is a natural group action O(n, n;Z), whose elements O act by

Θ(α) 7→ O−1Θ(α), G(0) 7→ OTG(0)O, A(α) 7→ O−1A(α), (6.3.16)

so that we recover exactly the Buscher rules. Notice that the first Chern class of the
correspondence space is rotated by [dA(α)] 7→ O−1[dA(α)], while the component H(3) is
invariant. Hence the doubled torus bundle introduced by [Hul07a] is nothing but the
principal (Tn × T̃n)-bundle K �M0 that we obtain by higher Kaluza-Klein reduction
of the bundle gerbe G to the base manifold M0.

Notice that the connection of the String(Tn × T̃n)-bundle recovers a global differential
T-duality structure as defined by [KV09].
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6.3.2 Atlas formulation

Recall that the doubled space M, i.e. the atlas of the bundle gerbe is naturally a
para-Hermitian manifold.

Lemma 6.3.7 (Topological T-duality on the doubled space). Let G
Π−−→→ M and G̃

Π̃−−→→ M̃

be two topological T-dual bundle gerbes. Then their atlases, respectively (M, J, ω) and
(M, J̃ , ω̃), are related by a para-Hermitian isometry, i.e. a change of polarisation as
defined by [MS18].

Proof. Let us start from the T-duality diagram of two topologically T-dual bundle gerbes.
The atlas will sit on top of the diagram as follows:

M

G ×M0 M̃ M ×M0 G̃

G M ×M0 M̃ G̃

M M̃

M0

Φ Φ̃

Ππ π̃Π̃

Π π
π̃ Π̃

π π̃

(6.3.17)

Let us consider the atlas (M, J, ω) of the bundle gerbe G �M . Let ei ∈ Ω1(M) be the
connection of the Tn-bundle M �M0. As shown in [Alf20a, p. 46], we can expand the
local 2-form potential of the bundle gerbe in the connection ei ∈ Ω1(M) by

B(α) = B
(0)
ij e

i ∧ ej +B
(1)
(α)µidx

µ ∧ ei +B
(2)
(α)µνdxµ ∧ dxν (6.3.18)

where B(0)
ij is a globally defined scalar moduli field on M and, therefore, we omitted the

α-index. The corresponding fundamental 2-form on the atlasM will be

ω =
(
ẽi +B

(0)
ij e

j) ∧ ei + ẽµ ∧ eµ, (6.3.19)

where we patch-wise defined the following global 1-forms on the atlas:

eµ = dxµ ei = dθi(α) +Ai(α)µdxµ

ẽµ = dx̃(α)µ +B
(2)
(α)µνdxν ẽi = dθ̃(α)i +B

(1)
(α)iµdxµ

(6.3.20)

Let us explicitly construct the para-Hermitian metric η of the atlas. This will globally be

η(−,−) := ω(J−,−) ⇒ η = ẽi � ei + ẽµ � eµ (6.3.21)
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Since b := B
(0)
ij e

i ∧ ej ∈ Ω2(M) is a global 2-form, the moduli field B(0)
ij ∈ C∞(M, so(n))

can be interpreted as a global B-shift. Thus, there exists an isometry of our para-Hermitian
manifold [MS18, p. 15] given by

ω′ = eb ω = ẽi ∧ ei + ẽµ ∧ eµ, (6.3.22)

By using this isometry, we forgot the moduli field and we retained only the topologically
relevant component of the connection. Now, let (M, J̃ , ω̃) be the atlas of the bundle gerbe
G̃ � M̃ . Since we started from a couple of T-dual geometric backgrounds G and G̃ , we
already know that the potential 2-form of the latter is

B̃(α) = B̃(0)ij ẽi ∧ ẽj +Ai(α)µdxµ ∧ ẽi +B
(2)
(α)µνdxµ ∧ dxν (6.3.23)

where B̃(0)ij is a global moduli field (which can be explicitly obtained by using the Buscher
rules) and Ai(α)µ is the 1-form potential of the Tn-bundle M �M0. Therefore, the T-dual
corresponding fundamental 2-form will be

ω̃ =
(
ei + B̃(0)ij ẽj

)
∧ ẽi + ẽµ ∧ eµ (6.3.24)

Similarly to the first bundle gerbe, b̃ := B̃(0)ij ẽi ∧ ẽj is a global 2-form and, thus, the map

ω̃′ = ẽb ω̃ = ei ∧ ẽi + ẽµ ∧ eµ (6.3.25)

is an isometry of the para-Hermitian metric. Now, let us call J ′ and J̃ ′ the para-complex
structures corresponding to ω′ and ω̃′. We need to find a morphism of para-Hermitian
manifolds f : (M, J ′, ω′) −→ (M, J̃ ′, ω̃′) such that ω̃′ = f∗ω′ and check that it is an
isometry. This is immediately the map f :

(
x(α), x̃(α), θ(α), θ̃(α)

)
7→
(
x(α), x̃(α), θ̃(α), θ(α)

)
,

which is given by the exchange of the torus coordinates θ and θ̃ on each chart and is
clearly an isometry. Therefore, by composition, we obtained an isometry eb ◦ f ◦ e−b̃ :
(M, J, ω) −→ (M, J̃ , ω̃).

Remark 6.3.8 (Buscher rules). It is not hard to see that the Buscher transformations
(g(0)
ij , B

(0)
ij ) 7→ (g̃(0)ij , B̃(0)ij) of the moduli field of the metric and the Kalb-Ramond field

follow directly from applying the isometry of the lemma to the generalised metric, i.e.
G̃ = f∗G.

6.3.3 Global tensor hierarchy

In this subsection we will interpret the case (6.3.1) as a simple example of globally-
defined tensor hierarchy.

For any Lie group G let us call G-equivBU(1)Bund(M) the groupoid of G-equivariant
gerbes onM and, for any Lie∞-group H, let us call HBund(M0) the groupoid of principal
H-bundles on M0. As we have seen, we have the equivalence⊔

M s.t. M�M0
is a Tn-bundle

Tn-equivBU(1)Bund(M) ∼= String(Tn× T̃n)Bund(M0). (6.3.26)
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This reads as follows: any gerbe on the total space of a Tn-bundle M � M0 which is
equivariant under the principal Tn-action is equivalently a String(Tn× T̃n)-bundle on the
base manifold M0. If we forget the higher form fields, we remain with a Tn × T̃n-bundle,
which is nothing but the correspondence space K = M ×M0 M̃ of a topological T-duality.

Let us make the following field redefinitions in lemma 6.3.1:

FI(α) :=

 δij 0

B
(0)
(α)ij δji

 F j

H
(2)
j

 , H := H(3),

AI(α) :=

A(α)

B
(1)
(α)

 , B(α) := B
(2)
(α),

λI(αβ) :=

 λi(αβ)

Λ(0)
(αβ)i

 , Ξ(αβ) := Λ(1)
(αβ).

(6.3.27)

where the local 1-forms Ai(α) and scalars λi(αβ) are respectively the local potential and
the transition functions of the original torus bundle M �M0. The Bianchi equation of
the bundle gerbe curvature, together with the Bianchi equation dF = 0 of the curvature
of the torus bundle can now be equivalently rewritten as

dF(α) = 0,

dH− 1
2〈F(α) ∧, F(α)〉 = 0,

(6.3.28)

where, as usual, we defined the product 〈X,Y 〉 = ηIJX
IY J . These are a particular case

of the Bianchi equations of a particularly simple abelian tensor hierarchy. We can now
rewrite all the patching conditions in the following equivalent form:

F = dA(α),

H = dB(α) + 1
2〈A(α) ∧, F〉,

A(α) −A(β) = dλ(αβ),

B(α) − B(β) = dΞ(αβ) − 〈λ(αβ),F〉,

λ(αβ) + λ(βγ) + λ(γα) = 0,
Ξ(αβ) + Ξ(βγ) + Ξ(γα) = dg(αβγ),

G(αβγ) −G(βγδ) +G(γδα) −G(δαβ) ∈ 2πZ.

(6.3.29)

This way, we explicitly expressed the connection {AIµ,Bµν} of the String(Tn× T̃n)-bundle
obtained by Kaluza-Klein reduction of the bundle gerbe as a global tensor hierarchy.

6.3.4 Relation with pre-NQP-manifolds

Let us now give a brief look to the relation between our proposal and the local geometry
for DFT developed by [DS18] and [DS19], that is called Extended Riemannian Geometry.
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Digression 6.3.9 (Recovering Extended Riemannian Geometry by [DS18]). Given a
patch U ⊂ M0, we can write the local algebroids of the infinitesimal symmetries of
the bundle gerbe G pulled back to the correspondence space K, on the base M and
Kaluza-Klein reduced to M0 by

π̃∗G G G /Tn

T ∗[2]T [1](U × T 2n) T ∗[2]T [1](U × Tn) T ∗[2]T [1]U ⊕ R2n[1],

T ∗[2]T [1]U ⊕ (T [1]⊕ T ∗[2])T 2n

reductionπ̃∗

C∞(−)/〈dθi〉
p

where the dotted maps send a doubled spaceN to the differential-graded manifold N which
describes its local symmetries, i.e. which satisfies C∞(N) = CE

(
at(N|V )

)
on any patch V

of the considered base manifold. Notice that the submanifold T ∗[2]T [1]U⊕(T [1]⊕T [2]∗)T 2n

over a patch U ×T 2n of the correspondence space K is the structure considered by [DS18]
and [DS19]. Now notice that the 0-degree space of functions on this manifold are sections
Γ
(
TU ⊕ T ∗U ⊕ TT 2n) ∼= Γ

(
T (U × Tn) ⊕ T ∗(U × Tn)

)
. Hence it is isomorphic to the

one of T ∗[2]T [1](U × Tn) and this isomorphism defines the projection p in the diagram.
Of course these local patches can be glued to give a differential-graded fibration on K.
What is indeed called "doubled space" by the references is exactly the correspondence
space K = M ×M0 M̃ , but equipped with this graded bundle structure. Hence Extended
Riemannian Geometry can be seen as an infinitesimal description of the doubled space
M pulled back to the correspondence space K.

6.4 Geometrisation of non-geometric T-duality

In this section we will relax the hypothesis of lemma 6.3.1: this time the bundle gerbe
G

�−→M will not be necessarily equivariant under the principal Tn-action of M . In the
literature the case where the gerbe connection is only required to satisfy LkiB(α) = 0 on
each patch is called (globally) non-geometric T-duality. In terms of transition functions,
the differential forms (Λ(αβ), G(αβγ)) are allowed to depend on the coordinates of the
fibres as long as LkiB(α) = 0 is satisfied. From (6.2.6) we get that the class [H(0)] is
still trivial, but [H(1)] generally is not.

6.4.1 Generalised correspondence space formulation

Lemma 6.4.1 (Globally non-geometric T-duality). Let G be a bundle gerbe with
generalised metric G which satisfies the strong constraint and such that the base manifold of
G

Π−→M is itself a principal Tn-bundleM π−→M0. Now, if the automorphisms C∞(M0, T
n)

of M π−→M0 are lifted to isometries of the generalised metric structure, by applying higher
Kaluza-Klein reduction 6.1.3 we have the following.
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(a) If we forget the higher part of the bundle gerbe G with connective structure, we are
left with an ordinary principal Tn-bundle K �M on spacetime, with first Chern
class c1(K) = [π∗H] = [H(2) − 〈H(1) ∧, ξ〉] ∈ H2(M,Z)n given by the H-flux. Thus,
we have a diagram:

K

M

M0

π

(6.4.1)

This can be equivalently seen as an affine T 2n-bundle over the base manifold M0,
known in the literature as the generalised correspondence space (see digression 6.4.2).

(b) The generalised metric G reduces on M0 to a metric g(0), a Kalb-Ramond field B(2)
(α),

a Tn-connection Ai(α) for M , a Tn-connection Ã(α)i for K and a set of global moduli
fields g(0)

ij .

Digression 6.4.2 (T-fold). The generalised correspondence space K is an affine (non
principal) T 2n-bundle over the base manifold M0. Recall that the affine group of the
torus is Aff(T 2n) = GL(2n,Z) n T 2n and that an affine torus bundle is defined as the
associated bundle K := Q×Aff(T 2n)T

2n to some principal Aff(T 2n)-bundle Q. Generalised
correspondence spaces are a special class of affine torus bundles where the structure group
is restricted to ∧2Zn n T 2n ⊂ Aff(T 2n), where ∧2Zn encodes the monodromy. Since K
has monodromy there is no well-defined torus subbundle M̃ →M0 which can be seen as
the T-dual to the starting M →M0. In fact we could perform T-duality on each patch
Uα of M , but we would obtain a collection of string-background patches which cannot be
glued together. In DFT literature this object has been named T-fold. Morally speaking
we would have a diagram generalising (6.3.3) of the form

K

M T-fold

M0

π

(6.4.2)

where the dotted arrows are not actual maps between spaces, but only indicative ones.
Since there is no well defined dual manifold, this T-duality has no underlying topological
T-duality. We will explain what are the differential data of this kind of T-duality in
remark 6.4.5.

Proof of lemma 6.4.1. The assumption that the automorphisms of M π−→ M0 are the
isometries of the generalised metric, i.e. Iso(G ,G) = C∞(M0, T

n), implies that LkiB(α) = 0
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on each Uα where {ki} are the fundamental vectors. This assures that F̃i := ιkiH is a
closed 2-form on M by

F̃i = −dιkiB(α)

= d(B(1)
(α)i −B

(0)
(α)ijξ

j)
(6.4.3)

Now we can define on each patch the local connection 1-forms for this curvature

Ã(α)i := −ιkiB(α) = B
(1)
(α)i −B

(0)
(α)ijξ

j . (6.4.4)

We will closely follow [BHM07] for the next calculations. In the reference it is proven
that these 1-forms are indeed patched like the connection of a Tn-bundle as

Ã(β)i − Ã(α)i = dΛ(0)
(αβ)i − 2(∂iΛ(0)

(αβ)j)ξ
j − ∂iΛ(1)

(αβ)

= df̃(αβ)i − n(αβ)ij
(
dθj(β) + 1

2df j(βα)

)
= d

(
f̃(αβ)i − n(αβ)ij

(
θj(β) + 1

2f
j
(βα)

))
.

(6.4.5)

The principal connection Ξ ∈ Ω1(K,Rn) of the generalised correspondence space K →M

seen as a Tn-bundle over M is then

Ξi := dθ̃(α)i +B
(1)
(α)i −B

(0)
(α)ijξ

j . (6.4.6)

If in analogy with geometric T-duality we define the local differential 1-form ξ̃(α) :=
dθ̃(α) +B

(1)
(α), this cannot clearly be globalised. Since we know that H(1) is a closed 1-form

on M0, i.e. dH(1) = 0, this will define a Čech cocycle with patching conditions

H(1) = dB(0)
(α)

B
(0)
(β) −B

(0)
(α) = n(αβ)

(6.4.7)

where n(αβ)ij ∈ 2πZ. On the other hand the principal connection ξ = dθ(α) + A(α) is
global on M . Therefore from B

(0)
(β) −B

(0)
(α) = n(αβ) we get the patching conditions

ξ(β)

ξ̃(β)

 =
( 1 0
n(αβ) 1

)ξ(α)

ξ̃(α)

 (6.4.8)

Where n(αβ) is the monodromy matrix of the dual torus fibres. Hence K is equivalently
an affine torus T 2n-bundle on the base manifold M0. The affine transitions functions can
be written as θ(β) − 1

2f(αβ)

θ̃(β) − 1
2 f̃(αβ)

 =
( 1 0
n(αβ) 1

)θ(α) − 1
2f(βα)

θ̃(α) − 1
2 f̃(βα)

 (6.4.9)

It has been also proven by [BHM07] that the horizontal components of B(α) are patched
by

B
(2)
(β) −B

(2)
(α) = dλ(αβ) + 〈f̃(αβ), F 〉+ 1

2

〈
n(αβ),

(
A(β) −

1
2df(αβ)

)
∧
(
A(β) −

1
2df(αβ)

)〉
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on two-fold overlaps, while on three-fold overlaps the 1-forms λ(αβ) ∈ Ω1(Uα ∩ Uβ) by

λ(αβ) + λ(βγ) + λ(γα) = dg(αβγ) + f(βα)(n(αβ) + n(γβ))f(βγ)+

− 1
8(f(βα)n(γβ)df(βα) + f(βα)n(γα)df(βγ) + f(βγ)n(βα)df(βγ) + f(βγ)n(γα)df(βα))

and on four-fold overlaps the local functions g(αβγ) ∈ C∞(Uα ∩ Uβ ∩ Uγ) are patched by

g(αβγ) − g(βγδ) + g(γδα) − g(δαβ) = −1
6(f(δγ)n(δβ)f(αδ) − f(βγ)n(αδ)f(δγ) + f(βδ)n(γδ)f(δα)).

It is clear that (λ(αβ), g(αβγ)) is not the local data of a gerbe. Finally, a global section
Γ(M0,K) of the generalised correspondence space will be of the form (θ(α), θ̃(α)), patched
as follows:

θi(β) − θi(α) = f i(βα),

θ̃(β)i − θ̃(α)i = f̃(βα)i − n(αβ)ij

(
θj(β) −

1
2f

j
(βα)

)
.

(6.4.10)

Hence we have an affine T 2n-bundle K →M0 and we find the conclusion of the lemma.

Notice that in the particular case of a trivial class [H(1)] = 0 we have n(αβ) = 0 and hence
we recover exactly the global geometric case discussed in the previous section.

Remark 6.4.3 (H-flux and F -flux). The H-flux and the F -flux are still respectively
the Dixmier-Douady class [H] and the first Chern class [F ]. However in this case the
H-flux compactification on 1-cycles [S1

i ] ∈ H1(Tn,Z) cannot be seen as a first Chern
class on the base manifold M0 like in the previous section, but it is a cohomology class
[(H(2), H(1), 0)] ∈ H2,1

D (M0, ∧Zn). Notice the geometric F -flux can be also seen as a
class [(F, 0, 0)] ∈ H2,1

D (M0, ∧Zn). Moreover the integration of the Dixmier-Douady class
[H] along 2-cycles [T 2

ij ] ∈ H2(Tn,Z) in the fibre is now non-trivial and it is given by the
integral cohomology class

[
H

(1)
ij

]
∈ H1(M0,Z).

Let us now generalize our discussion to the less simple case (but still abelian) of spacetime
being a torus bundle with monodromy.

Remark 6.4.4 (Torus bundle with monodromy). Let us now generalize our torus bundle
spacetimeM π−→M0 to a torus bundle with monodromy given by the matrix nF(αβ) ∈ ∧

2Zn.
This can be seen as a cohomology class [F (1)] ∈ H1(M0,Z) such that we have the Čech
cocycle

F (1) = dA(0)
(α),

A
(0)
(β) −A

(0)
(α) = nF(αβ).

(6.4.11)

Hence we can update the F -flux in remark 6.4.3 by adding the monodromy class to
the curvature to obtain the class [(F (2), F (1), 0)] ∈ H2,1

D (M0, ∧Zn). Now, by looking at
(6.4.8), we can generalize the patching conditions of the generalised correspondence space
K �M0 by ξ(α)

ξ̃(α)

 =

1 + nF(αβ) 0
nH(αβ) 1− (nF(αβ))T

ξ(β)

ξ̃(β)

 , (6.4.12)
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where nH(αβ) is the monodromy matrix given by the H-flux [H(1)] ∈ H1(M0,∧2Zn) and
nF(αβ) is the one given by the F -flux [F (1)] ∈ H1(M0,∧2Zn). Hence the generalised
correspondence space K → M0 will be an affine torus bundle patched by transition
functions in the subgroup

(
GL(n;Z)n∧2Z

)
nT 2n ⊂ Aff(T 2n) on overlaps Uα ∩Uβ ⊂M0,

as found by [HR09].

Remark 6.4.5 (T-duality O(n, n;Z)-action). Similarly to the previous section, we can
still write our moduli fields of the Kaluza-Klein reduction by using the generalised metric
as follows

Θ(α) :=

θ(α)

θ̃(α)

 , G(0)
(α) :=

g(0)
ij −B

(0)
(α)ikg

(0)klB
(0)
(α)lj B

(0)
(α)ikg

(0)kj

−g(0)ikB
(0)
(α)kj g(0)ij

 , A(α) :=

A(α)

B
(1)
(α)

 .
We still have a natural O(n, n;Z) group action, whose elements O act as follows:

Θ(α) 7→ O−1Θ(α), G(0)
(α) 7→ O

TG(0)
(α)O, A(α) 7→ O−1A(α).

However now the O(n, n)-moduli field G(0)
(α) is not globally defined on the base manifold

M0. This means that by applying a general O(n, n;Z) transformation we obtain new
differential data Ã(α), B̃

(0)
(α), B̃

(1)
(α) which in general cannot be interpreted anymore as a

Tn-bundle with gerbe connection. Only a transformation belonging to the geometric
subgroup O ∈ GL(d,Z) n ∧2Z ⊂ O(n, n;Z) will send a background consisting of global
Tn-bundle M with gerbe connection to another one consisting of a Tn-bundle M̃ with
gerbe connection.

Moreover notice that the transition functions (6.4.12) are not closed under O(n, n;Z)-
action on the torus fibre, but only under its geometric subgroup. Hence if we want an
interpretation for the non-geometric T-duals need to introduce the Q-flux which encodes T-
folds.

Remark 6.4.6 (Q-flux). We can perform a general O(n, n;Z) transformation of the
transition functions (6.4.8) to the correspondence space K �M0 to obtain the following
new ones ξ′(α)

ξ̃′(α)

 =

1 + nF ′(αβ) nQ ′(αβ)

nH ′(αβ) 1− (nF ′(αβ))T

ξ′(β)

ξ̃′(β)

 . (6.4.13)

Notice we have a new monodromy matrix nQij(αβ), which patches the dual B̃(0)ij
(β) − B̃

(0)ij
(α) =

nQij(αβ) and hence it is a cohomology class. Therefore the dual background has a new flux,
which we call locally non-geometric flux or just Q-flux, given by the cohomology class[
Q(1)ij] ∈ H1(M0,Z). The Čech cocycle of the Q-flux is then by construction

Q(1) = dB̃(0)
(α),

B̃
(0)
(β) − B̃

(0)
(α) = nQ(αβ),

(6.4.14)

where the moduli field B̃(0)
(α) is the dual of the original moduli field B(0)

(α).
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Let us resume everything in a familiar example. If we start from a background with only a
H-flux [H(1)

ij ] ∈ H1(M0,Z) and we perform a T-duality along the i-th circle S1
i of the torus

fibre we get a background with F -flux [F (1) j
i ] ∈ H1(M0,Z) on the dual [S̃1

i ] ∈ H1(M0,Z)
circle. If now we perform another T-duality along the j-th circle S1

j we end up with
non-trivial Q-flux [Q(1)ij ] ∈ H1(M0,Z) on the dual torus [S̃1

i × S̃1
j ] ∈ H2(M0,Z) of the

fibre. This argument can be condensed in the following commuting diagram

[
H

(1)
ij

] [
F

(1) j
i

]

[
F

(1)i
j

] [
Q(1)ij

]

OB

Ti

Tj Tj

ONi

ONj

Ti

O
B̃

(6.4.15)

where OB :=
( 1 0
b 1
)
∈ O(n, n;Z) is any B-shift, while ONi := T T

i OBTi, ONj := T T
j OBTj

and O
B̃

:= (TjTi)TOB(TjTi) are transformations which preserve the respective fluxes.

Remark 6.4.7 (Geometrical interpretation of fluxes). We remark again that the H-flux,
the geometric flux and the locally non geometric flux are not put on the doubled space by
hand like in the usual approaches, but they are topological properties of the bundle gerbe
G itself.

6.4.2 Atlas formulation

We identified the isometries of our atlas (M, J, ω) with changes of polarisation, i.e. with
changes of T-duality frame. However, in general, it is not be possible to identify the
image (M, J̃ , ω̃) of an isometry with the atlas of another bundle gerbe. In general,
we can also obtain an almost para-complex structure J̃ which is not integrable. In
this case, the background described by the transformed atlas (M, J̃ , ω̃) is, then, a
non-geometric background.

For example, consider a bundle gerbe G � M such that (1) its base M � M0 is a Tn-
bundle with connection ei and (2) its 2-form potential satisfies the equation LkiB(α) = 0
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for vector fields ki dual to ei. Thus, we have a T-duality of the form

M

G ×M K

G K
non-geometric
background

M

M0

Φ

Ππ

Π π̃

π

(6.4.16)

where the dotted arrows are not actual maps, but just qualitative relations.

6.4.3 T-fold as global tensor hierarchy

In this subsection we will briefly explain the global geometry of a T-fold, which is obtained
by dimensionally reducing a bundle gerbe on a torus bundle spacetime. Then we will
explain how the geometric structure underlying the T-fold can be naturally interpreted
as a particular case of the global tensor hierarchies we defined. Crucially, these T-fold
geometries cannot be obtained by gauging the algebra of local tensor hierarchies from
chapter 4. This will give practical motivation to the definition of the previous subsection.

The generalised correspondence space of T-duality. Let us start from the Tn-
bundle M �M0, whose total space M is equipped with a Riemannian metric g and gerbe
structure with curvature H ∈ Ω3

cl(M). In the following we will use the underlined notation
for the fields living on the total space M . We can now use the principal connection
ξ ∈ Ω1(M,Rn) of the torus bundle to expand metric g and curvature H in horizontal
and vertical components respect to the fibration. We will obtain

g = g(2) + g
(0)
ij ξ

i � ξj , (6.4.17)

H = H(3) +H
(2)
i ∧ ξ

i + 1
2H

(1)
ij ∧ ξ

i ∧ ξj + 1
3!H

(0)
ijkξ

i ∧ ξj ∧ ξk, (6.4.18)

where we can choose H(3), H
(2)
i , H

(1)
ij , H

(0)
ijk as globally defined differential forms which are

pullbacks from base manifold M0, so that they do not depend on the torus coordinates.
Recall that the differential data of a bundle gerbe onM with curvature H ∈ Ω3

cl(M) is em-
bodied by a Čech cocycle

(
B(α),Λ(αβ), g(αβγ)

)
satisfying the following patching conditions:

H = dB(α),

B(α) −B(β) = dΛ(αβ),

Λ(αβ) + Λ(βγ) + Λ(γα) = dg(αβγ),

g(αβγ) − g(βγδ) − g(γδα) + g(δαβ) ∈ 2πZ.

(6.4.19)
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Now, on patches and two-fold overlaps of patches of a good cover of M we can use the
connection of the torus bundle to split the differential local data of the connection of
the gerbe in horizontal and vertical part too. We obtain

B(α) = B
(2)
(α) +B

(1)
(α)i ∧ ξ

i + 1
2B

(0)
(α)ijξ

i ∧ ξj ,

Λ(αβ) = Λ(1)
(αβ) + Λ(0)

(αβ)iξ
i.

(6.4.20)

The Bianchi identity of the gerbe on the total space M reduces to the base M0 as follows:

dH = 0 =⇒



dH(0)
ijk = 0,

dH(1)
ij +H

(0)
ijk ∧ F

k = 0,

dH(2)
i +H

(1)
ij ∧ F

j = 0,

dH(3) +H
(2)
i ∧ F

i = 0,

(6.4.21)

where d and d are respectively the exterior derivative on the total space M and on the
base manifold M0. Analogously, the expression of the curvature of bundle gerbe on
local patches becomes

H = dB(α) =⇒



H
(0)
ijk = ∂[iB

(0)
(α)jk],

H
(1)
ij = dB(0)

(α)ij − ∂[iB
(1)
(α)j],

H
(2)
i = dB(1)

(α)i + ∂iB
(2)
(α) −B

(0)
(α)ijF

j ,

H(3) = dB(2)
(α) −B

(1)
(α)i ∧ F

i,

(6.4.22)

where ∂i = ∂/∂θi is the derivative respect to the i-th coordinate of the torus fibre. The
patching conditions of the connection 2-form on two-fold overlaps of patches are as follow-
ing:

B(β) −B(α) = dΛ(αβ) =⇒



B
(0)
(β)ij −B

(0)
(α)ij = ∂[iΛ

(0)
(αβ)j],

B
(1)
(β)i −B

(1)
(α)i = dΛ(0)

(αβ)i − ∂iΛ
(1)
(αβ),

B
(2)
(β) −B

(2)
(α) = dΛ(1)

(αβ) + Λ(0)
(αβ)iF

i.

(6.4.23)

And the patching conditions of the 1-forms on three-fold overlaps of patches become

Λ(αβ) + Λ(βγ) + Λ(γα) = dg(αβγ) =⇒

 Λ(0)
(αβ)i + Λ(0)

(βγ)i + Λ(0)
(γα)i = ∂ig(αβγ),

Λ(1)
(αβ) + Λ(1)

(βγ) + Λ(1)
(γα) = dg(αβγ).

The tensor hierarchy of a T-fold. To show that this geometric structure we obtained
from the reduction of the bundle gerbe is a particular case of global tensor hierarchy, let
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us make the following redefinitions to match with the notation we used in chapter 4:

FI(α) :=

 δij 0

B
(0)
(α)ij δji

 F j

H
(2)
j

 , H := H(3),

AI(α) :=

A(α)

B
(1)
(α)

 , B(α) := B
(2)
(α),

λI(αβ) :=

 λi(αβ)

Λ(0)
(αβ)i

 , Ξ(αβ) := Λ(1)
(αβ).

(6.4.24)

where the local 1-forms Ai(α) and scalars λi(αβ) are respectively the local potential and the
transition functions of the original torus bundle M �M0. Since our fields are assumed
to be strong constrained, we well have simply DI = (0, ∂i) with ∂i = ∂/∂θi on horizontal
forms. The Bianchi equation (6.4.21) of the gerbe curvature, together with the Bianchi
equation dF = 0 of the curvature of the torus bundle can now be equivalently rewritten as

dF(α) = 0,

dH− 1
2〈F(α) ∧, F(α)〉 = 0,

(6.4.25)

which are a particular case of the Bianchi equations of a tensor hierarchy. We can now
rewrite all the patching conditions in the following equivalent form:

F(α) = dA(α) + DB(α),

H = dB(α) + 1
2〈A(α) ∧, F(α)〉,

A(α) −A(β) = dλ(αβ) + DΞ(αβ),

B(α) − B(β) = dΞ(αβ) − 〈λ(αβ),F(α)〉,

λ(αβ) + λ(βγ) + λ(γα) = Dg(αβγ),

Ξ(αβ) + Ξ(βγ) + Ξ(γα) = dg(αβγ),

g(αβγ) − g(βγδ) + g(γδα) − g(δαβ) ∈ 2πZ,

(6.4.26)

which, at first look, appears a particular (and strong constrained) case of the global tensor
hierarchy in (4.7.26). However we will see in the following that it is not completely the case.
This will motivate more the identification of a T-fold with an element of TH Tn

sc (M0).

It is well-known that, to be T-dualizable, the string background we started with must
satisfy the T-duality condition L∂iH = 0 on the curvature of the bundle gerbe. From now
on we will assume a simple solution for this equation: the invariance of Kalb-Ramond
field under the torus action. In other words we will require L∂iB(α) = 0, but the other
differential data Λ(αβ), g(αβγ) of the gerbe are still allowed to depend on the torus
coordinates. Notice that this immediately implies that F(α) = dA(α) in equation (6.4.26).
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Topology of the tensor hierarchy of a T-fold. Now it is important to show that
the curvature FI(α) is not in general the curvature of a T 2n-bundle on the (d − n)-
dimensional base manifold M0. To see this let us split FI(α) = (F i(α), F̃(α)i) and consider
[π∗H] ∈ H2(M,Zn). We can see that

[(π∗H)i] =
[
H

(2)
i −H

(1)
ij ξ

j
]
6=
[
H

(2)
i +B

(0)
(α)ijF

j
]

= [F̃(α)i]. (6.4.27)

Notice that the inequality (6.4.27) becomes an equality if and only if H(1) is an exact
form on the base manifold M0, as we have seen. In this case we would have H(0) = 0
and H(1) = dB(0), where B(0) would be a global ∧2Rn-valued scalar on M0, which indeed
implies [dB(0)

ij ξ
j ] = −[B(0)

ij F
j ]. As explained in the previous section, this particular

case corresponds to geometric T-duality, which is the case where the T-dual spacetime
is a well-defined manifold and not a non-geometric T-fold. Thus geometric T-duality
is exactly the special case where FI(α) is the curvature of a T 2n-bundle on M0. But
what is the geometric picture for a T-fold?

In the T-fold case, as we have seen, we can think about [π∗H] ∈ H2(M0,Zn) as the
curvature of a Tn-bundle K � M over the total spacetime M . The total space K
is called generalised correspondence space.

K c1(K) = [π∗H],

M BT̃n c1(M) = [F ].

M0 BTn

π

(6.4.28)

Now the picture of the doubled torus bundle holds only locally on Uα × T 2n for each
patch Uα ⊂ M0. Now, if we call collectively ΘI

(α) :=
(
θi(α), θ̃(α)i

)
the 2n coordinates

of the fibre T 2n, we can construct the Ehresmann connection of any local doubled
torus bundle Uα × T 2n by

dΘI
(α) +AI(α) ∈ Ω1

(
Uα × T 2n

)
. (6.4.29)

The geometrical meaning of the curvature F(α) ∈ Ω2
cl
(
Uα × T 2n) is being at every patch

the curvature of the local torus bundle Uα × T 2n, even if these ones are not globally
glued to be a Tn-bundle on M0. This corresponds indeed to the well-known fact that a
non-geometry is a global property. In fact we can always perform geometric T-duality
if we restrict ourselves on any local patch: the problem is that all these T-dualised
patches will in general not glue together.

As derived by [BHM07] and more recently by [NW19], T-folds are characterised by a
monodromy matrix cocycle

[
n(αβ)

]
, which is a collection of an anti-symmetric integer-

valued matrix n(αβ) at each two-fold overlap of patches, satisfying the cocycle condition
n(αβ) + n(βγ) + n(γα) = 0 on each three-fold overlap of patches. The monodromy matrix
cocycle is nothing but the gluing data for the local B(0)

(α) moduli fields, i.e. it encodes
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integer B-shifts B(0)
(α) −B

(0)
(β) = n(αβ) on each two-fold overlap of patches. This arises from

equation (6.4.23) combined with the T-dualizability condition L∂iB(α). The consequence
of the presence of the monodromy matrix cocycle is that the local connections (6.4.29)
are glued on two-fold overlaps of patches (Uα ∩ Uβ) × T 2n by(

dΘ(α) +A(α)
)I =

(
en(αβ)

)I
J

(
dΘ(β) +A(β)

)J
. (6.4.30)

This immediately comes from the definition of these connections in equation (6.4.24).
Moreover this immediately implies that the curvature is glued by the monodromy
matrix cocycle too as

FI(α) =
(
en(αβ)

)I
J
FJ(β). (6.4.31)

In this sense, a T-fold is patched by a cocycle en(αβ) ∈ O(n, n;Z) valued in the T-duality
group.

If, instead, we want to look at the T-fold as a globally defined Tn-bundle K �M with
first Chern class [π∗H] ∈ H2(M,Zn), we can easily construct its connection by noticing
that the following 1-form is global on the total space K of the bundle:(

e
−B(0)

(α)
)I
J

(
dΘ(α) +A(α)

)J =
(
e
−B(0)

(β)
)I
J

(
dΘ(β) +A(β)

)J
. (6.4.32)

We can thus define the global 1-form

ΞI :=
(
e
−B(0)

(α)
)I
J

(
dΘ(α) +A(α)

)J ∈ Ω1(K,R2n), (6.4.33)

whose first n components are just the pullback of connection Ξi = ξi of spacetime
M �M0 and whose last n components Ξi are the wanted connection of the generalised
correspondence space K �M . As desired, the differential dΞi on K gives the pullback
on K of the globally-defined curvature π∗H ∈ Ω2

cl(M,Rn).

Similarly to F(α), the moduli field G(α)IJ of the generalised metric is not a global O(n, n)-
valued scalar on the base manifold M0, but it is glued on two-fold overlaps of patches Uα∩
Uβ ⊂M0 by the integer B-shifts encoded by the monodromy matrix n(αβ) of the T-fold as

G(α)IJ =
(
en(αβ)

)K
I
G(β)KL

(
en(αβ)

)L
J
. (6.4.34)

Only the 3-form field H of the tensor hierarchy, as we have seen, is a globally defined
(but not closed) differential form on the (d − n)-dimensional base manifold M0.

T-duality on the tensor hierarchy of a T-fold. Given any element O ∈ O(n, n;Z)
of the T-duality group, we can see that there is a natural action on the local 2n coordinates
of the torus by ΘI

(α) 7→ O
I
JΘJ

(α) and on the fields of the tensor hierarchy by

FI(α) 7→ O
I
JFJ(α), H 7→ H, G(α)IJ 7→ OKI G(α)KLOLJ . (6.4.35)

If we include also the dimensionally reduced global pseudo-Riemannian metric g on M0,
we can sum how the fields transform under T-duality in the table 6.1.
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Uα Uβ

Uα ∩ Uβ

en(αβ)∈O(n, n;Z)

gluing
T 2n T 2n

F(α), G(α)

F(β), G(β)

Figure 6.3: The gluing conditions on the T 2n fibres and the fields F(α), G(α) for a simple T-fold.

Fields under O(n, n;Z)-action
Singlet rep. Fundamental rep. Adjoint rep.
g,B(α) AI(α) G(α)IJ

Table 6.1: A summary of the fields transforming under T-duality.

Clearly, together with the torus coordinates, this will transform our monodromy matrix
cocycle (en(αβ))IJ to a new O(d, d;Z)-cocycle OIK(en(αβ))KJ , but, since the fields depend
only on the physical coordinates, the global geometric interpretation in the generalised
correspondence space does not change.

On the other hand, if we want an intrinsic and "non-doubled" description of the T-dual
string backgrounds, as explained by [BP09], we obtain a non-commutative Tn-bundle on
M0 which is classified by the cocycle

[
n(αβ)

]
∈ H1(M0, ∧2Z2) on its base manifold.

We can finally summarize these two equivalent descriptions within the table 6.2.
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T-fold
Tensor

hierarchy
description

Generalised
correspondence space

description

Space of
the T-fold

Local Uα × T 2n

glued by en(αβ)

Global Tn-bundle
K �M

on spacetime M
Connection

data dΘI
(α) +AI(α) ΞI

Curvature
data FI(α) F i, (π∗H)i

Main
feature

Fields of the
tensor hierarchy
are manifest

Topology (including
non-geometry)
is manifest

Relation Related by a eB
(0)
(α)-twist on each patch

Table 6.2: A brief summary of the two descriptions for the T-fold.

T-fold as global tensor hierarchy. There is an important subtlety in this discussion:
the most general tensor hierarchy of the T-fold does not arise by gauging the tensor
hierarchy 2-algebra. This means that the tensor hierarchy of the T-fold is not a higher
gauge theory on M0. This is due to the presence of the monodromy matrix cocycle
n(αβ), which glues the curvatures by FI(α) =

(
en(αβ)

)I
J
FJ(β) and which is not a gauge

transformation of the connection.

Thus the most general global formalisation of the tensor hierarchy of a T-fold must then
be given by the dimensional reduction of a bundle gerbe, i.e. by a diagram of the form

TH Tn

sc (M0) =



[
Tn,B2U(1)

]
/Tn

M0 BTn


. (6.4.36)

6.5 Geometrisation of general abelian T-duality

Until now we investigated simple examples of T-dualities. In this section we want to give
some insight of the general case by starting from a result by [BHM07]. In the previous
sections we assumed the invariance of the gerbe connection under the principal torus action.
This condition can be immediately relaxed by requiring just LkiH = 0 and hence that
the connection gauge transforms like LkiB(α) = dη(α) for some local 1-form η(α) under it.

Lemma 6.5.1 (Bundle gerbe with Tn-invariant curvature). It was proven by [BHM07]
that the principal Tn-action onM can be lifted to a Tn-action on a gerbe with Tn-invariant
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curvature. The local data of this action on a good cover {Uα} for M are given by a
collection of 1-forms η(α) ∈ Ω1(Uα,Rn) on patches, of functions η(αβ) ∈ C∞(Uα ∩ Uβ,Rn)
on two-fold overlaps of patches and of constants c(αβγ) ∈ Rn on three-fold overlaps of
patches which satisfy

LkiB(α) = dη(α)i

LkiΛ(αβ) = η(β)i − η(α)i − dη(αβ)i

LkiG(αβγ) = η(αβ)i + η(βγ)i + η(γα)i + c(αβγ)i

c(αβγ)i − c(βγδ)i + c(γδα)i − c(δαβ)i ∈ 2πZ.

(6.5.1)

Proof. We can see LkiH = 0 as the curvature of a flat bundle gerbe on M for any
i = 1, . . . , n. Therefore, we can obtain the gluing conditions for the differential data
(LkiB(α), LkiΛ(αβ), LkiG(αβγ)) from equation (3.4.43).

Notice that the cohomology class [c(αβγ)] ∈ H2(M,Tn) can be interpreted as the flat
holonomy class (definition 3.4.29) of this flat bundle gerbe.

The case in which the bundle gerbe connection simply satisfies LkiB(α) = 0 on each patch
Uα is clearly a particular case of the general case (6.5.1).

Remark 6.5.2 (Underlying generalised vector). If the holonomy class [c(αβγ)] is trivial,
then the collection (ki, η(αβ)i, η(α)i) is exactly the Čech data of a section of the stack
TG of the form (5.5.14) from lemma 5.5.13. If we reparametrize the scalars by η̂(αβ)i :=
η(αβ)i − ιkiΛ(αβ) according to lemma 5.5.13 we get the local data of a global generalised
vector ki := (ki + η(α)i, η̂(αβ)i) ∈ Γ

(
M, at(G )

)
.

Notice this is an application where our global definition of doubled vector (see lemma
5.5.13), which is equipped with scalars η̂i(αβ) on two-fold overlaps of patches, is indis-
pensable. Indeed global differential T-duality is formalised in terms of our generalised
vectors ki := (ki + η(α)i, η̂αβi) (see definition 5.5.15), but not of the usual generalised
vectors from Generalised Geometry.

Definition 6.5.3 (Fundamental generalised vector). The principal torus action on M
induces a Lie algebra homomorphism u(1)n → X(M) which maps an element of the algebra
to a fundamental vector ki. Thus this can be lifted to a Lie 2-algebra homomorphism

u(1)n −→ Γ
(
M, at(G )

)
(6.5.2)

which maps an element of the algebra in a generalised vector ki := (ki+ηi(α), η̂
i
(αβ)), where

ki is the fundamental vector of the action u(1)n → X(M) and the local data (ηi(α), η̂
i
(αβ))

are defined by conditions (6.5.1) with redefinition η̂(αβ)i := η(αβ)i − ιkiΛ(αβ) of remark
6.5.2.

It is easy to check that Jki, kjK = 0 for i, j = 1, . . . , n.

Definition 6.5.4 (Killing generalised vector). A generalised vector k is Killing if Jk, eIK =
0. We will use the symbol iso(G ,G) ⊂ at(M) for the sub-2-algebra of Killing generalised
vectors.
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Lemma 6.5.5 (General T-duality on the doubled space). There exists a Tn-bundle
K →M with first Chern class c1(K) = [π∗H] = [H(2) − 〈H(1) ∧ ξ〉] ∈ H2(M,Z)n if and
only if the fundamental generalised vectors {ki} of the principal Tn-action on M are
Killing.

Proof. From lemma 6.5.1 we get the patching conditions for the closed form F̃i := ιkiH

F̃i = d(η(α)i − ιkiB(α))
(η(β)i − ιkiB(β))− (η(α)i − ιkiB(α)) = d(ιkiΛ(αβ) + η(αβ)i)

(ιkiΛ(αβ) + η(αβ)i) + (ιkiΛ(βγ) + η(βγ)i) + (ιkiΛ(γα) + η(γα)i) = c(αβγ)i
(6.5.3)

These are precisely the Čech data for a principal Tn-bundle on M if and only if c(αβγ)i ∈
2πZ. If the fundamental generalised vectors {ki} are Killing, then ordinary vectors {ki}
are Killing respect to the ordinary metric g, i.e. Lkig = 0. Also the flat gerbes defined by
LkiH = 0 in lemma 6.5.1 are trivial, which is equivalent to the fact that the flat holonomy
classes [cαβγi] are trivial. This means that the local data (6.5.3) define a Tn-bundle and
hence the conclusion.

Remark 6.5.6 (Generalised correspondence space). From the proof of lemma 6.5.5
we obtain the Čech data of a principal Tn-bundle K → M , which we call generalised
correspondence space. This has first Chern class

[
F̃i
]

=
[
ιkiH

]
and global connection

1-form Ξ ∈ Ω1(K,Rn) given by

Ξi := dθ̃(α)i + η
(1)
(α)i +B

(1)
(α)i + (η(0)

(α)ij −B
(0)
(α)ij)ξ

j (6.5.4)

where we called its local fibre coordinates (θ̃(α)) and we split η(α)i = η
(1)
(α)i + η

(0)
(α)ijξ

j in
horizontal and vertical components. Again the picture (6.4.2) holds:

K

Tn M T-fold

M0

π

(6.5.5)

Recall that generalised vectors are infinitesimal automorphisms of the doubled space.
Notice that Killing generalised vectors iso(G ,G) are infinitesimal isometries of the doubled
space and therefore they can be integrated to finite isometries of the generalised metric
structure (remark 5.4.11), i.e. to elements of Iso(G ,G) = Iso(M, g) n H(M,BU(1)conn).
By integrating lemma 6.5.5 we get the following statement.

Lemma 6.5.7 (General T-duality on the doubled space, finite formulation). There exists a
Tn-bundleK →M with first Chern class c1(K) = [π∗H] = [H(2)−〈H(1)∧ξ〉] ∈ H2(M,Z)n
if and only if any automorphism in C∞(M0, T

n) of spacetime M π−→ M0 is lifted to an
isometry in Iso(G ,G) of the doubled space.
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Figure 6.4: Generalised correspondence space K is defined by Killing generalised vectors.

More generally this suggests that the presence of finite isometries of the doubled space
implies T-duality. Therefore again the generalised correspondence space K is inside
the total space of the doubled space, and it is well-defined whenever the bundle gerbe
with generalised metric has an isometry.

Remark 6.5.8 (Physical interpretation of general T-duality conditions). The holonomy
of the gerbe is nothing but a global expression for the Wess-Zumino-Witten action of a
world-sheet

exp 2πiSWZ(Σ) := Hol(B(α),Λ(αβ),G(αβγ))(Σ). (6.5.6)

Then the holonomy of the gerbe of lemma 6.5.1 is the global variation of the Wess-Zumino
term

exp 2πiδjSWZ(Σ) := Hol(LkjB(α),LkjΛ(αβ),LkjG(αβγ))(Σ). (6.5.7)

This needs to vanish for any closed surface Σ ⊂M to make the background T-dualizable.

Again, even if para-Hermitian geometry cannot geometrize the whole gerbe data, it is
enough to encode the data of the generalised correspondence space. Similarly to the previ-
ous section the para-Hermitian T 2n-fibre is non-trivially fibrated over the base manifoldM .
After digression 5.5.24 we will now highlight another analogy between doubled geometry
and higher geometric quantisation, this time regarding the conditions for a general T-
duality.

Digression 6.5.9 (A formal similarity with 2-plectic geometry). In [Rog11] and [Rog13]
Higher Prequantisation of a 2-plectic manifold (M,ω) is presented, where the 2-plectic form
ω ∈ Ω3

cl(M) is non-degenerate and closed. In the references the 2-algebra of Hamiltonian
forms C∞(U) d−→ Ω1

Ham(U) on a patch U ⊂M is defined. Notice this is a sub-2-algebra of
H(U,BU(1)conn) ∼=

(
C∞(U) d−→ Ω1(U)

)
. Hence the stackification on M of this 2-algebra

of Hamiltonian forms will be a sub-2-algebra of H(M,BU(1)conn) of circle bundles L
satisfying

ιXLω = curv(L) (6.5.8)

for some vector XL ∈ X(M) that we will call Hamiltonian vector field of L. If we interpret
our background (M,H) as a 2-plectic manifold we can see that the T-duality condition

ιkiH = curv(K)i (6.5.9)
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is formally identical to (6.5.8), where curv(K)i = F̃i is the curvature of the generalised
correspondence space K → M from remark 6.5.6. Therefore we can reformulate the
conditions for T-duality in the language of Higher Prequantum Geometry as follows: to
have T-duality the fundamental vector fields {ki} of the bundle M π−→M0 must be both
Killing and Hamiltonian.

6.6 Geometrisation of non-abelian T-duality

In this section we will briefly deal with non-abelian T-duality, to show that it is
encompassed in our formalism. This means that in the following discussion we can drop at
once the assumptions that [H(0)] = 0 and that spacetime is an abelian principal bundle.

Let us assume that the spacetime M is a principal G-bundle over a smooth base manifold,
i.e.

M ∗

M0 BG

π (6.6.1)

The bundle gerbe G
�−→M must now be reduced by a composition of an Higher Kaluza-

Klein reduction from G to its baseM and an ordinary non-abelian Kaluza-Klein reduction
from M to its base M0. See the following pullback diagram for the total reduction

(
M B2U(1)

G(αβγ)

)
∼=7−→


[
G,B2U(1)

]
/G

M0 BG

 , (6.6.2)

The curvature 3-form of the doubled space can as usual be expanded in the connection
1-form ξ ∈ Ω1(M, g) of the G-bundle M by

H = H(3) +H
(2)
i ∧ ξ

i + 1
2H

(1)
ij ∧ ξ

i ∧ ξj + 1
6H

(0)
ijkξ

i ∧ ξj ∧ ξk (6.6.3)

Now we can define the usual 2-form dual curvature by F̃i := ιkiH. Therefore we obtain
the following 2-form curvature on spacetime M

F i = dξi + 1
2 F

(0) i
jk ξ

j ∧ ξk

F̃i =
(
H

(2)
i −H

(1)
ij ∧ ξ

j) + 1
2 H

(0)
ijk ξ

j ∧ ξk
(6.6.4)

We assume that there is a non-abelian group of isometries of the generalised metric
space Iso(G ,G) = Γ

(
M0, Ad(M)

)
given by the group of automorphisms of the G-bundle

M
π−→ M0. We will see that in this case the generalised correspondence space will be

a Tn-bundle K → M on spacetime, where we defined n := dimG. Let us expand the
differential data of the doubled space

B(α) = B
(2)
(α) +B

(1)
(α)i ∧ ξ

i + 1
2B

(0)
ij ξ

i ∧ ξj ,

dΛ(αβ) = dΛ(1)
(αβ) + Λ(0)i

(αβ)F
i + dΛ(0)i

(αβ)ξ
i − 1

2Λ(0)
(αβ)iF

(0) i
jk ξ

j ∧ ξk,
(6.6.5)
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where a new final vertical term appears respect to the abelian case. Now, to hugely
simplify the discussion, let us assume that (Λ(αβ), G(αβγ)) : M → B(BU(1)conn) is
an equivariant structure under the principal G-action on M . The patching condition
B(β) − B(α) = dΛ(αβ) becomes

B
(0)
(β)ij −B

(0)
(α)ij = −ε k

ij f̃αβk,

B
(1)
(β)i −B

(1)
(α)i = df̃αβi,

B
(2)
(β)ij −B

(2)
(α) = dλ(αβ) + f̃(αβ)iF

i,

(6.6.6)

where F is the curvature of the principal G-bundle and where we called Λ(0)
(αβ) =: f̃(αβ)

in analogy with the abelian case. On three-fold overlaps we have the simple patching condi-
tions

f̃(αβ)i + f̃(βγ)i + f̃(γα)i = 0
λ(αβ) + λ(βγ) + λ(γα) = dg(αβγ)

(6.6.7)

We can define the 1-forms Ã(α) := −ιkiB(α) on spacetime, which must be patched
by the 1-forms (6.6.5) as

Ã(β)i − Ã(α)i = dΛ(0)
αβi + [ξ,Λ(0)

(αβ)]i − 2LkiΛ
(0)
αβjξ

j − LkiΛ
(1)
(αβ) (6.6.8)

In the simple case where the doubled space is equivariant under the principal G-action
we only have Ã(β) − Ã(α) = dΛ(0)

(αβ) + [ξ,Λ(0)
(αβ)], which can be written as

Ã(β) − Ã(α) = DξΛ(0)
(αβ) (6.6.9)

where Dξ is the covariant derivative defined by the connection ξ ∈ Ω1(M, g). The principal
connection Ξ ∈ Ω1(K,R3) on the non-abelian generalised correspondence space K �M ,
seen as a torus Tn-bundle on spacetime M , will be the usual 1-form

Ξ = dθ̃(α) + Ã(α) = ξ̃(α) −B
(0)
(α)ijξ

j (6.6.10)

where we called ξ̃(α) := dθ̃(α)+B
(1)
(α). According to (6.2.6) the [H(0)] class of theH-flux satis-

fies
H

(0)
ijk = Lk[iB

(0)
(α)ij] +B

(0)
(α)[i|`F

(0) `
|jk] (6.6.11)

which can be solved by imposing

B
(0)
(α)ij = b(α)ij +H

(0)
ijkθ

k
(α) (6.6.12)

where b(α)ij are scalars depending only on the base manifold Uα, where θ(α) is a local
coordinate of the fibre G and where θ̃(α) must satisfy θ̃(α) − θ̃(β) = f̃(αβ). Hence θ̃(α)
are the coordinates of the linear Rn fibre of the local principal bundles Uα × Rn with
local connection ξ̃(α) := dθ̃(α) + B

(1)
(α).

Remark 6.6.1 (Non-abelian T-fold). The concept of non-abelian T-fold was recently
introduced for S3 in [Bug19]. We will directly generalize this idea to a G-bundle spacetime,
in analogy with the abelian T-fold. The non-abelian T-dual space will necessarily have a
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non-trivial locally non-geometric Q-flux, which implies it will be a T-fold. We then have
a picture

K

M
non-abelian

T-fold

M0

π

(6.6.13)

Here again, like for abelian T-fold, the arrows on the right side are not actual maps
between actual spaces, but they are only indicative. This is because the non-abelian
T-fold, similarly to its abelian version, can only be geometrised inside the non-principal
Gn Tn-bundle K →M0.

Remark 6.6.2 (Recovering the usual formulation of non-abelian T-duality). We use the
basis ξI(α) := (ξi, ξ̃(α)i) of local connections of respectively Uα ×G and Uα × Rn. In this
basis we must then write the moduli field G(0)

(α) of the generalised metric by using the
moduli field of the Kalb-Ramond field B(0)

(α)ij . Now we can express non-abelian T-duality
as the following O(n, n)-transformation

TNATD :=
(

0 1
1 F

(0) k
ij θ̃(α)k

)
(6.6.14)

which encodes the shift B(0)
(α)ij 7→ B

(0)
(α)ij + F

(0) k
ij θ̃(α)k. Therefore the non-abelian T-dual

of the moduli field of the generalised metric in this basis will be G̃(0)
(α) = T T

NATDG
(0)
(α)TNATD.

Its local components g̃(0)
(α) and B̃(0)

(α) will be the local data of the non-abelian T-fold.

We will now explore a simple example of background which has non-abelian T-duality.

Example 6.6.3 (3-sphere bundle). Let us consider an S3-bundle spacetime given by
the sequence of manifolds S3 ↪→ M � M0. Recall that H3(S3,Z) ∼= Z, so [H(0)] is
determined by a single integer. For simplicity let us assume the doubled space is trivial
with Dixmier-Douady class [H] = 0. Even if the gerbe structure is trivial on the 3-sphere
fibre, in contrast with the abelian case, the moduli fields B(0)

(α) are not globally defined
scalars. B

(0)
(β)ij − B

(0)
(α)ij = ε k

ij (θ̃(β)k − θ̃(α)k) Thus the connections will be patched on
two-fold overlaps by (

ξ(α)
ξ̃(α)

)
=
(

1 0
ε k
ij f̃(αβ)k 1

)(
ξ(β)
ξ̃(β)

)
(6.6.15)

where f̃(αβ) = θ̃(α) − θ̃(β) are the transition functions for the dual torus coordinates.
Therefore the monodromy matrix of these coordinates will be given by

nH(αβ) =

 0 f̃(αβ)3 −f̃(αβ)2
−f̃(αβ)3 0 f̃(αβ)1
f̃(αβ)2 −f̃(αβ)1 0

 . (6.6.16)
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Hence actually the R3 fibres are not non-compact, but they are glued as a non-abelian
T-fold. Differently from its abelian counterpart, notice that in the non-abelian T-fold
the monodromy matrix is in general not constant. Now let us write the locally defined
moduli field G(0)

(α) of the reduction of the generalised metric to the base manifold M0. We
will suppress few indices, by defining b := ?S3B

(0)
(α), so we can write

G(0)
(α) =



1 + b22 + b23 −b1b2 −b1b3 0 −b3 b2
−b1b2 1 + b21 + b23 −b2b3 b3 0 −b1
−b1b3 −b2b3 1 + b21 + b22 −b2 b1 0

0 b3 −b2 1 0 0
−b3 0 b1 0 1 0
b2 −b1 0 0 0 1


(6.6.17)

where the metric is just the round metric of the 3-sphere. Let us call Bi := bi + θ̃i the
Hodge dual of the full B(0)

(α) moduli field. Now we can perform the T-duality transformation
TS3 = ( 0 1

1 0 ) to obtain the non-abelian T-dual generalised metric moduli field

G̃(0)
(α) =



1 0 0 0 B3 −B2
0 1 0 −B3 0 B1
0 0 1 B2 −B1 0
0 −B3 B2 1 +B2

2 +B2
3 −B1B2 −B1B3

B3 0 −B1 −B1B2 1 +B2
1 +B2

3 −B2B3
−B2 B1 0 −B1B3 −B2B3 1 +B2

1 +B2
2


(6.6.18)

Thus the non-abelian T-dual background takes the following familiar expression

g̃
(0)
(α) = 1

1 +B2
1 +B2

2 +B2
3

1 +B2
1 B1B2 B1B3

B1B2 1 +B2
2 B2B3

B1B3 B2B3 1 +B2
3

 ,
B̃

(0)
(α) = 1

1 +B2
1 +B2

2 +B2
3

 0 −B3 B2
B3 0 −B1
−B2 B1 0

 .
(6.6.19)

The new local metric and Kalb-Ramond field will be respectively g̃(0)
(α) = g̃

(0)ij
(α) ξ̃(α)i � ξ̃(α)j

and B̃(0)
(α) = B̃

(0)ij
(α) ξ̃(α)i∧ξ̃(α)j . These are the differential data of the fibres of our non-abelian

T-fold and indeed they cannot be patched globally on the base manifold.

Example 6.6.4 (Twisted torus bundle). In the case of the twisted torus bundle G ↪→
M �M0, where G is a twisted torus with dim(G) > 2, we recover the general commuting
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diagram of T-dualities by [Bug19] along any circle of the fibre, i.e.

H
(0)
ijk F

(0)i
jk

F
(0) k
ij Q

(0)i k
j

F
(0) j

i k Q
(0)ij

k

Q
(0) jk
i R(0)ijk

Ti

Tj
Tk

Tj

Tk

Ti

Tj Ti

Tk
Tk

Ti

Tj
(6.6.20)

Let us now give a quick final look to the general case.

Remark 6.6.5 (General non-abelian case). In the general case, where we require just the
local LkiB(α) = dηi(α), analogously to its abelian version, we obtain a connection 1-form
Ξ ∈ Ω1(K,Rn) of a principal Tn-bundle over spacetime M by

Ξi = dθ̃(α)i + η
(1)
(α)i +B

(1)
(α)i +

(
η

(0)
(α)ij −B

(0)
(α)ij

)
ξj (6.6.21)

where η(α)i = η
(1)
(α)i + η

(0)
(α)ijξ

j is split in horizontal and vertical part. Again the generalised
vectors ki := (ki + η(α)i, η(αβ)i) are Killing and hence therefore can be integrated to finite
isometries of the doubled space in Γ

(
M0, Ad(M)

)
n H(M,BU(1)conn) ∼= Iso(G ,G).

6.6.1 Non-abelian T-fold as global tensor hierarchy

In this subsection we will consider (1) a spacetime which is a general S3-fibrationM �M0
on some base manifold M0 and (2) a gerbe bundle M � M with satisfies the simple
T-dualisation condition LeiB(α) = 0, where B(α) is the gerbe connection and {ei} are
a basis of SU(2)-left invariant vectors on spacetime M .

As seen in the previous subsection the dimensional reduction of these gerbe contains a
global bundle K, the generalised correspondence space, defined by the following diagram:

K

M BT 3

M0 BSU(2).

(6.6.22)
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This case is often called semi-abelian, because spacetime is a principal fibration whose alge-
bra has non-zero structure constants [ei, ej ]su(2) = εkij ek, but the dual ones C̃

jk
i = 0 vanish.

From calculations which are analogous to the ones for the abelian T-fold we find that
the moduli of the flux are related to the moduli of the Kalb-Ramond field by H(0)

ijk =
D[iB

(0)
(α)jk] +B

(0)
(α)[i|` ε

`
|ij] where Di = Lei . Also notice that the moduli of the Kalb-Ramond

field is patched on overlaps of patches by B(0)
(β)ij −B

(0)
(α)ij = D[iΛ

(0)
(αβ)j] + Λ(0)

(αβ)` ε
`
ij . This

will be useful very soon. We must now apply all the machinery from the previous
subsection to this particular example.

• We can combine the pullback on K of the global connection of the SU(2)-bundle
M �M0 and the global connection of the T 3-bundle K �M in a single object by

ΞI =

 ξi

dθ̃(α)i +B
(1)
(α)i −B

(0)
(α)ijξ

j

 ∈ Ω1(K, su(2)⊕ R3). (6.6.23)

• Now we can consider a local patch Uα ⊂M0 of the base manifold. The total space
K restricted on this local patch will be isomorphic to K|Uα = Uα × SU(2) × T 3.
These local bundles can be equipped with local connections ξi

dθ̃(α)i +B
(1)
(α)i

 ∈ Ω1(Uα × SU(2)× T 3, su(2)⊕ R3). (6.6.24)

As derived in [Alf20a, pag. 61], these local connections are glued on two-fold overlaps
of patches (Uα ∩ Uβ)× SU(2)× T 3 by a cocycle of B-shifts of the form ξi

dθ̃(α)i +B
(1)
(α)i

 =

 δij 0

n(αβ)ij + ε k
ij λ̃(αβ)k δ ji

 ξj

dθ̃j +B
(1)
(β)j

 , (6.6.25)

where we defined the matrix n(αβ)ij := D[iΛ
(0)
(αβ)j]. Notice that the T-dualizability

condition we imposed on the gerbe implies that n(αβ)ij is a ∧2Z3-valued Čech cocycle,
similarly to the monodromy matrix cocycle appearing in the abelian T-fold.

As we will explain later, these are the local connection used in most of the non-
abelian T-duality literature (before the introduction of Drinfel’d doubles). As
noticed by [Bug19, pag. 13] they look very similar to an abelian T-fold, but with
the monodromy depending on the coordinates via the term ε k

ij Λ(0)
(αβ)k. However we

will see that it is better to construct and use proper local D-connections to make
the tensor hierarchy really manifest.

• Now we must use the fact that the adjoint action of T 3 on D = SU(2) n T 3 is
specified by setting ũ i

(α)j = δij and b̃(α)ij = ε k
ij θ̃(α)k. Thus we can construct the

local connection for each local D-bundle Uα×D by b̃(α)-twisting the local connection
(6.6.24), obtaining(

Γ−1
(α)dΓ(α) + AdΓ−1

(α)
A(α)

)I
=

 ξi

dθ̃i +B
(1)
(α)i + ε k

ij θ̃(α)kξ
j

 ∈ Ω1(Uα ×D, d).

(6.6.26)
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Crucially, this new 1-form is invariant under gauge transformation B(α) 7→ B(α) +
dη(α) of the original gerbe bundle on M , with gauge parameter η(α) ∈ Ω1(Uα×G)G.
Thus this gives a proper local connection for the internal manifold-fibration rising
from the vertical part of the dimensional reduction of the bundle gerbe.

To verify that the 1-form (6.6.26) is a proper connection we need to verify that the local
potential A(α) ∈ Ω1(Uα, d) is actually the pullback of a 1-form from the base Uα. Since for
D = SU(2) n T 3 we have βij = 0, the first component Ai = Ai is just the local potential
of the SU(2)-bundle. To check the second component Ã(α)i, let us notice that the T-
dualizability condition LeiB(α) = 0 on the gerbe immediately implies Lei(B

(1)
(α)k ∧ ξ

k) = 0.
Now notice that, since the matrix uT

(α) encompasses the adjoint action of the inverse of
γ(α) = exp(θi(α)ei), it must be equal to the exponential of the matrix εijkθk(α). Therefore we
can re-write the 1-form B

(1)
(α)k = Ã(α)i(uT

(α))ik, where the Ã(α)i depend only on the base Uα.

The field strengths of these principal connections is then given by their covariant derivative

F(α) = dA(α) +
[
A(α) ∧, A(α)

]
d
∈ Ω2(Uα, d). (6.6.27)

In components of the generators of the algebra d, these assume the following form:

F i(α) = dAi(α) + εijkA
j
(α) ∧ A

k
(α),

F̃(α)i = dÃ(α)i + εkijA
j
(α) ∧ Ã(α)k.

(6.6.28)

What we need to find out now is how these local D-bundles are globally glued together.
We can immediately see that the global connections of the generalised correspondence
space encoded in the global 1-form ΞI are related to the local SU(2) n T 3-connections
(6.6.26) by a local patch-wise B-shift U I

(α)J of the following form:

ΞI =

 δij 0

−
(
B

(0)
(α)ij + εkij θ̃(α)k

)
δ ji

(Γ−1
(α)dΓ(α) + AdΓ−1

(α)
A(α)

)J
(6.6.29)

which, crucially, depends both on the physical and on the extra coordinates. The geometric
flux is here just given by the structure constants ε k

ij of su(2). Thus from this expression
we immediately get that the wanted patching condition on twofold overlaps of patches are(

Γ−1
(α)dΓ(α) + AdΓ−1

(α)
A(α)

)I
=
(
en(αβ)

)I
J

(
Γ−1

(β)dΓ(β) + AdΓ−1
(β)
A(β)

)J
, (6.6.30)

where, generalising the abelian case, the monodromy cocycle en(αβ) ∈ Aut(D; Z) is an
integer-valued automorphism of the Drinfel’d double. The interesting point is that semi-
abelian T-folds are still glued by integer B-shifts, similarly to the abelian ones, if we
consider local D-bundles. Consequently the curvatures are glued by

FI(α) =
(
en(αβ)

)I
J

(
Adλ−1

(αβ)
F(β)

)J
, (6.6.31)

where λi(αβ) are the expected transition functions of the SU(2)-bundleM �M0. As usual,
if we want to include also the higher form field of which characterizes a tensor hierarchy

H = dB(α) + 1
2
〈
A(α) ∧, dA(α)

〉
− 1

3!
〈
A(α) ∧, [A(α) ∧, A(α)]d

〉
,

this will be a globally defined, but not closed, 3-form on the base manifold.
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Non-abelian T-duality in the literature. We will now explain how the conven-
tional non-abelian T-duality picture we are used in the literature, see for instance
[Kel+15] and [Bug19, pag. 13], emerges and is clarified. Usually, in the literature,
(1) we start from the moduli field of the Kalb-Ramond field B

(0)
(α)ijξ

i ∧ ξj and of the
metric g(0)

ij ξ
i ⊗ ξj . Then (2) we perform a shift which depends on the dual coordinates

B
(0)
(α)ijξ

i ∧ ξj 7→
(
B

(0)
(α)ij + ε k

ij θ̃(α)k
)
ξi ∧ ξj . Finally (3) we perform the proper inversion

of the matrix of the moduli field by

g̃(0)ij + B̃
(0)ij
(α) :=

(
g

(0)
ij +B

(0)
(α)ij + ε k

ij θ̃(α)k
)−1

, (6.6.32)

to obtain the non-abelian T-dual Kalb-Ramond field B̃
(0)ij
(α) ξ̃(α)i ∧ ξ̃(α)j where the role

of the connection is now played by the local 1-forms ξ̃(α)i = dθ̃(α)i + B
(1)
(α)i, which are

nothing but the last three components of (6.6.24). As we know, these connections are
not globally defined and hence, as already observed in [Bug19, pag. 13], we obtain a
particular T-fold. If we explicit the transition functions λ̃(αβ) = θ̃(β) − θ̃(α) of K and we
consider the simplest case with n(αβ) = 0, we indeed notice that the B-shifts (6.6.25)
which glue the ξi and ξ̃(α)i reduce to the transformations ε k

ij

(
θ̃(β) − θ̃(α)

)
k
which were

firstly illustrated by [Bug19, pag. 13] for S3.

However these operations and their underlying geometry can be better understood in
terms of local D-bundles Uα × D. This is because, as seen in equation (6.6.29), the
"effective" moduli field of the Kalb-Ramond field is the sum B

(0)
(α)ij +ε k

ij θ̃(α)k and T-duality
is nothing but an automorphism of the fibre D. As we have shown, working by considering
local D-bundles leads to the simpler patching conditions (6.6.26), than the ones (6.6.25)
that are obtained by analogy with abelian T-folds.

The geometric case: the global String(SU(2) n T 3)-bundle. When our bundle
gerbe M � M is equivariant under the principal SU(2)-action of M , we get that the
flux is just H(0)

ijk = B
(0)
(α)[i|` ε

`
|jk] and the monodromy matrix cocycle n(αβ) = 0 vanishes.

This means that the local D-bundles Uα × D are glued together to form a global D-
bundle on the base manifold M0. If we include also the higher form field H, we will
have a global String(D)-bundle on the base manifold M0. In other words we have the
following equivalence of 2-groupoids⊔

M s.t. M�M0
is a SU(2)-bundle

SU(2)-equivBU(1)Bund(M) ∼= String(SU(2)n T̃ 3)Bund(M0), (6.6.33)

where we called SU(2)-equivBU(1)Bund(M) the 2-groupoid of SU(2)-equivariant gerbes
on M and String(SU(2)n T̃ 3)Bund(M0) the 2-groupoid of String(SU(2)n T̃ 3)-bundles on
the base M0.

For example, we can look at the case where both our spacetime M = M0 × S3 is a trivial
fibration and our gerbe bundleM�M is topologically trivial with vanishing Dixmier-
Douady class [H] = 0 ∈ H3(M,Z). In this case we obtain a trivially-fibred generalised
correspondence space K = M0 ×D with doubled fibre D = SU(2) n T 3. Consequently
the global tensor hierarchy rising from the dimensional reduction of this trivial gerbe will
be just the connection of the trivial principal ∞-bundle M0 × String(D) � M0.
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6.7 Geometrisation of Poisson-Lie T-duality

In this section we will briefly deal with the generalised correspondence space underlying
Poisson-Lie T-duality in our framework. See [Has17] for an introduction of Poisson-Lie
T-duality in Double Field Theory.

Let spacetime be a principal G-bundle M
π−→ M0. Let us assume that the funda-

mental vector fields {ki} ⊂ X(M) are Killing, i.e. Lkig = 0, but such that the
gerbe connection satisfies

LkiB(α) =
[
Ã(α) ∧, Ã(α)

]̃g
i

(6.7.1)

where Ã(α)i := −ιkiB(α) is a local g∗-valued 1-form on the total spacetime M and [−,−]̃g
is the commutator of some Lie algebra g̃ whose underlying vector space is g∗. Notice that
this implies that the automorphisms to the G-bundle are not lifted to isometries of the
doubled space, i.e. Γ

(
M0, Ad(M)

)
6⊂ Iso(G ,G). However these transformations defy the

isometry in a very controlled way. The equation (6.7.1) implies that F̃i := ιkiH can be
seen as the curvature of a principal G̃-bundle with Lie(G̃) = g̃, indeed we have

F̃i := ιkiH

= LkiB(α) − dιkiB(α)

=
[
Ã(α) ∧, Ã(α)

]̃g
i

+ dÃ(α)i

(6.7.2)

Hence the generalised correspondence space K → M will be a principal G̃-bundle on
spacetime M with curvature F̃i. Notice we have Ã(α)i := ιkiB(α) = B

(1)
(α)i − B

(0)
(α)ijξ

j

where ξ ∈ Ω1(M, g) is the connection of the G-bundle M . Hence it can be interpreted as
the pullback Ã(α) = σ∗(α)Ξ of a global 1-form connection Ξ ∈ Ω1(K, g̃) by a choice
of local sections σ(α).

Remark 6.7.1 (Q-flux). Hence we have both the geometric flux F (0) k
ij := ε k

ij , given by
the bracket [−,−]g, and locally non-geometric flux Q(0)ij

k := ε̃ijk, given by the bracket
[−,−]̃g. We will see now that this means that we have a Manin triple of Lie algebras
d := g⊕ g̃ which can be integrated to a Drinfel’d double D = G ./ G̃.

Remark 6.7.2 (Poisson-Lie T-fold). Now the generalised correspondence space K will
be a principal G̃-bundle on spacetime M with connection 1-form Ξ ∈ Ω1(K, g̃) given by

Ξi = θ̃∗(α)τ̃i + Ad
θ̃−1

(α)

(
B

(1)
(α)i −B

(0)
(α)ijξ

j) (6.7.3)

where θ̃(α) : Uα × G̃ → G̃ is a canonical local trivialisation of the G̃-bundle given by
σ(α) and where τ̃ is the left-invariant Maurer-Cartan form on G̃. Locally the generalised
correspondence space K will be given by patches of the form Uα ×D where Uα is a patch
of M0 and the group D := G ./ G̃ is a Drinfel’d double. In the special case where Ã(α) is
the pull-back of a local 1-form on the base manifold M0, then we have a proper principal
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D-bundle on M0, otherwise the patching conditions will be more complicated. We have
the following picture

K

G M
Poisson-Lie

T-fold

M0

π

(6.7.4)

where the dotted arrows are again not actual maps, but they are only indicative.

Remark 6.7.3 (Recovering abelian and non-abelian T-duality). Notice that in the
particular case of a Drinfel’d double D = Tn × T̃n we recover exactly abelian T-duality.
Moreover in the particular case of a Drinfel’d double D = T ∗G ∼= GnRdimG with dual
fibre G̃ := RdimG we recover exactly the non-abelian T-duality of the previous section.

6.7.1 Poisson-Lie T-folds as non-abelian global tensor hierarchies

Non-abelian T-duality is a generalisation of abelian T-duality for string backgrounds whose
group of isometries is non-abelian. Poisson-Lie T-duality is a further generalisation of this
concept where the string background is not even required to have isometries, but which
relies on the existence of a more subtle rigid group structure. See [BPV20] for discussion
of Poisson-Lie T-duality of a σ-model in a group manifold and [Has17; HLR19; DHT19a]
for discussion of Poisson-Lie T-duality in DFT. For recent applications concerning the
Drinfel’d double SL(2,C) = SU(2) ./ SB(2,C) see [Bas+19; Vit19; BP20].

In this subsection we will introduce the notion of Poisson-Lie T-fold and we will show
that it can be formalised by our definition of global tensor hierarchy.

The generalised correspondence space of Poisson-Lie T-duality. As we have
just seen, a bundle gerbe on a Tn-bundle spacetime π : M �M0 is abelian T-dualizable
if [π∗H] ∈ H2(M,Zn), so that π∗H becomes the curvature of a Tn-bundle K � M ,
the generalised correspondence space. In the simplest case we examined, we had
(π∗H)i = d(−ιeiB(α)), which makes Ξ̃i = dθ̃(α) − ιeiB(α) the global connection 1-form
of the bundle K. Now we want to study the generalisation of this from abelian T-
duality to Poisson-Lie T-duality.

We say that a bundle gerbe G �M on a G-bundle spacetime π :M �M0 is Poisson-Lie
T-dualizable if π∗H is the curvature of a G̃-bundle K �M , where G̃ is some Lie group
with the same dimension dimG = dim G̃. Here, (π∗)i = ιei , where {ei}i=1,...,dimG is a basis
of vertical G-left-invariant vectors onM . In the simple case we examined, this implies that

(π∗H)i = d(−ιeiB(α)) + 1
2 C̃

jk
i (−ιejB(α)) ∧ (−ιekB(α)), (6.7.5)

where C̃ jk
i are the structure constants of the Lie algebra g̃ := Lie(G̃). Notice that the

local 1-form −ιeiB(α) is now the local potential of a non-abelian principal bundle. In
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analogy with abelian T-duality we call the total space K the generalised correspondence
space of the Poisson-Lie T-duality. Therefore we have a diagram of the following form:

K

M BG̃

M0 BG.

(6.7.6)

Crucially the composition K �M0 is a fibre bundle on M0 with fibre G× G̃, but it is
not a principal bundle. However, for any good cover {Uα} of the base manifold M0, the
total space K will be still locally of the form K|Uα ∼= Uα × G × G̃.

The hidden Drinfel’d double fibre. The generalised correspondence space K, on
any patch Uα of the base manifold M0, can be restricted to a local trivial bundle
K|Uα ∼= Uα ×G× G̃. For the fibre G× G̃ we can introduced the parametrisation defined
by γ(α) = exp(θi(α)ei) and γ̃(α) = exp(θ̃(α)iẽ

i), where θ(α) and θ̃(α) are local coordinates
on the group G× G̃ near the identity element. Now, on each trivial local G× G̃-bundle
K|Uα ∼= Uα ×G× G̃ we can construct the following local g⊕ g̃-valued differential 1-form:(

ξ(α)

ξ̃(α)

)
:=

γ
−1
(α)dγ(α) + Adγ−1

(α)
A(α)

γ̃−1
(α)dγ̃(α) + Adγ̃−1

(α)
B

(1)
(α)

 ∈ Ω1(Uα ×G× G̃, g⊕ g̃
)
, (6.7.7)

where we called A(α) = Ai(α) ⊗ ei and B
(1)
(α) = B

(1)
(α)i ⊗ ẽi. Here we used the vector

notation for elements of g ⊕ g̃. Notice that this is a local G × G̃-connection 1-form
for our local bundle Uα × G × G̃.

Now, the global connection data of the generalised correspondence space K is given by
the connection of the G-bundle M �M0 and the one of the G̃-bundle K �M . We can
combine them in a global g ⊕ g̃-valued 1-form on the total space K as follows

Ξ :=

 γ−1
(α)dγ(α) + Adγ−1

(α)
A(α)

γ̃−1
(α)dγ̃(α) + Adγ̃−1

(α)

(
B

(1)
(α) −B

(0)
(α)kξ

k
)
 ∈ Ω1(K, g⊕ g̃

)
. (6.7.8)

The relation between the global 1-form Ξ encoding the global connection data of the
generalised correspondence space and the local G × G̃-connections ξ(α), ξ̃(α) defined
in (6.7.7) is given by

Ξ =

 ξ

ξ̃(α) −Adγ̃−1
(α)

(
B

(0)
(α)kξ

k
)
 . (6.7.9)

We can rewrite the relation by making the generators {ei, ẽi}i=1,...,n of the algebra g⊕ g̃ ex-
plicit

Ξ =
(
ξi, ξ̃(α)i

)(δ ji −B(0)
(α)`i ũ

`
(α)j

0 δij

)(
ej

ẽj

)
, (6.7.10)
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where the matrix ũ i
(α)j is defined by the adjoint action Adγ̃−1

(α)
(ẽi) = ũ i

(α)j ẽ
j of the group

G̃ on its algebra g̃ and depends only on the local coordinates θ̃(α).

Let us not introduce the concept of Drinfel’d double D := G ./ G̃. A Drinfel’d double D
is defined as an even-dimensional Lie group whose Lie algebra d = Lie(D) has underlying
vector space g⊕g̃ generated by the generators {ei, ẽi}n=1,...,i and bracket structure given by

[ei, ej ]d = C k
ij ek,

[ei, ẽj ]d = C j
ki ẽ

k − C̃kjie
k,

[ẽi, ẽj ]d = C̃ijkẽ
k.

(6.7.11)

Thus we can write its Lie algebra in the split form d = g ./ g̃, where g is the subalgebra
generated by the generators {ei}n=1,...,i and g̃ is the subalgebra generated by the generators
{ẽi}i=1,...,n. We can also write D = G ./ G̃, where G is the Lie group integrating g and
G̃ is the one integrating g̃. Notice that the manifold underlying the Drinfel’d double
group D = G ./ G̃ is the same manifold underlying the direct product G × G̃, but it
crucially comes equipped with a different Lie group structure. Now let us choose the
parametrisation Γ(α) := γ(α)γ̃(α) ∈ D for the Drinfel’d double D = G ./ G̃, where we
are still calling γ(α) = exp(θi(α)ei) ∈ G and γ̃(α) = exp(θ̃(α)iẽ

i) ∈ G̃ with
(
θ(α), θ̃(α)

)
local coordinates on the product manifold G× G̃. As explained by [Hul07b], the adjoint
action of the subgroup G̃ on the Lie algebra d of the full Drinfel’d double D = G ./ G̃

is specified on the generators by the following matrix

γ̃−1
(α)

(
ei

ẽi

)
γ̃(α) =

(ũ−T
(α)) ji b̃(α)ij

0 ũ i
(α)j

(ej
ẽj

)
, (6.7.12)

where the submatrices ũ(α) and b̃(α) depend only on the local coordinates of G̃ and
b̃(α) is skew-symmetric. Similarly, the adjoint action of the subgroup G on the Lie
algebra d is given on generators by

γ−1
(α)

(
ei

ẽi

)
γ(α) =

(u(α)) ji 0

βij(α) (u−T
(α))ij

(ej
ẽj

)
, (6.7.13)

where this time the matrices u(α) and β(α) depend only on the local coordinates of
G and β(α) is skew-symmetric.

Recall that we are parametrising the points of our local bundle by
(
x(α), Γ(α)

)
∈ Uα ×D.

It was shown by [HR09] that on each D fibre the Maurer-Cartan 1-form is given by

Γ−1
(α)dΓ(α) =

((
γ−1

(α)dγ(α)
)i
,
(
γ̃−1

(α)dγ̃(α)
)
i

)(ũ−T
(α)
) j
i

b̃(α)ij

0 δij

(ej
ẽj

)
, (6.7.14)

where γ−1
(α)dγ(α) is the Maurer-Cartan 1-form on the subgroup G and γ̃−1

(α)dγ̃(α) is the
one on G̃. If we write the Maurer-Cartan 1-form in terms of the generators of the
Drinfel’d double we get

(
Γ−1

(α)dΓ(α)
)J

=


(
ũ−T

(α)
) j
i

(
γ−1

(α)dγ(α)
)i

(
γ̃−1

(α)dγ̃(α)
)
i
+ b̃(α)ij

(
γ−1

(α)dγ(α)
)i
 . (6.7.15)



180 6.7. Geometrisation of Poisson-Lie T-duality

Now, on our local bundle K|Uα ∼= Uα×D, we can define the following local d-valued 1-form

Γ−1
(α)dΓ(α) + AdΓ−1

(α)
A(α) ∈ Ω1(Uα ×D, d) (6.7.16)

by requiring the identity

Γ−1
(α)dΓ(α) + AdΓ−1

(α)
A(α) :=

(
ξi, ξ̃(α)i

)(ũ−T
(α)
) j
i

b̃(α)ij

0 δij

(ej
ẽj

)
, (6.7.17)

where ξi and ξ̃(α)i are the local connections defined in (6.7.7). This 1-form can be seen
as a D-connection (not necessarily principal) on each local bundle Uα × D. In terms
of generators of the Drinfel’d double we have the 1-forms

(
Γ−1

(α)dΓ(α) + AdΓ−1
(α)
A(α)

)J
=

 (
ũ−T

(α)
) j
i
ξi

ξ̃i + b̃(α)ij ξ
i

 . (6.7.18)

From equation (6.7.17) combined with the identity AdΓ−1
(α)

= Adγ̃−1
(α)
◦Adγ−1

(α)
we can get

an explicit expression for the local 1-form A(α) = AI(α) ⊗EI where {EI} are collectively
the generators of d. We find that the relation between A(α) and the potential Ai(α) and
the component B(1)

(α)i of the Kalb-Ramond field is

Ai(α) = Ai −B(1)
(α)k(u

T
(α))k` β`n(α) (u−1

(α))
i
n and Ã(α)i = B

(1)
(α)k(u

T
(α))ki. (6.7.19)

When the Drinfel’d double D is an abelian group we immediately recover the usual abelian
1-form potentials AI(α) =

(
Ai(α), B

(1)
(α)i
)
∈ Ω1(Uα, R2n) of the abelian T-fold.

We can now combine equation (6.7.10) with equation (6.7.17) to find the relation between
the global 1-form ΞI , encoding the global connection data of the generalised correspondence
space, and the local D-bundle connection in (6.7.19). The relation is thus given as follows:

ΞI = U I
(α)J

(
Γ−1

(α)dΓ(α) + AdΓ−1
(α)
A(α)

)J
, (6.7.20)

where we defined the following matrix

U I
(α)J :=

 ũ i
(α)j 0(

b̃(α)i` − ũ k
(α)iB

(0)
(α)k`

)
ũ `

(α)j δ ji

 , (6.7.21)

which generally depends on both the local coordinates
(
θi(α), θ̃(α)i

)
of the fibres. Now

we must calculate its inverse matrix and find

(
U−1

(α)

)I
J

=

 (ũ−1
(α))

i
j 0

ũ k
(α)iB

(0)
(α)kj − b̃(α)ij δ ji

 . (6.7.22)

Finally we can define a Čech cocycle which is given on two-fold overlaps of patches by

N(αβ) := U−1
(α) U(β). (6.7.23)
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We can calculate this matrix and find

N I
(αβ)J =

 (ũ−1
(α))

i
k ũ

k
(β)j 0[(

ũ m
(α)iB

(0)
(α)m` − b̃(α)i`

)
−
(
ũ m

(β)iB
(0)
(β)m` − b̃(β)i`

)]
ũ `

(β)j δ ji

 . (6.7.24)

Thus we can finally write the patching conditions for our local D-bundle connections by(
Γ−1

(α)dΓ(α) + AdΓ−1
(α)
A(α)

)I
= N I

(αβ)J

(
Γ−1

(β)dΓ(β) + AdΓ−1
(β)
A(β)

)J
. (6.7.25)

Therefore the cocycle N(αβ) represents the obstruction of the generalised correspondence
space K from being a global D-bundle on the base manifold M0. In physical terms
this means that, whenever the cocycle N(αβ) is non-trivial, the Poisson-Lie T-dual
spacetime is not a geometric background, but a T-fold. This is directly analogous to
how the abelian T-fold rises from the generalised correspondence space not being a
global T 2n-bundle (see previous section).

Moreover, if we include the higher form field, we have that the cocycle N(αβ) is also
the obstruction of the bundle gerbe G from being equivalent to a global String(G ./ G̃)-
bundle on M0. This observation is the key to understand how the tensor hierarchy of
the Poisson-Lie T-fold is globalised on the base manifold.

In the next part of the subsection, like we did for the abelian T-fold, we will compare this
structure with the one emerging by gauging the algebra of tensor hierarchies we defined in
chapter 4. We will briefly show that they do not perfectly match, like in the abelian case.

Tensor hierarchy of a Poisson-Lie T-fold. Let us define the 2-algebra of doubled
vectors D(D) on the Drinfel’d double D = G ./ G̃ by directly generalising the 2-algebra
D(R2n) we saw in (4.7.6). We can then consider the 2-algebra

D(D) :=
(
C∞(D) D−−→ X(D)

)
. (6.7.26)

The manifestly strong constrained version of the 2-algebra D(D) will be given by the follow-
ing

Dsc(D) =
(
C∞(G) D−−→ Γ(G, TG⊕ T ∗G)

)
, (6.7.27)

since there exists an isomorphism T ∗G ∼= TG̃, which implies TG⊕T ∗G ∼= TG⊕TG̃ ∼= TD.
The algebroid TG⊕ T ∗G is then generally equipped with anti-symmetrised Roytenberg
brackets. However notice that, for a frame {EI} of D-left-invariant generalised vectors,
the anti-symmetrised Roytenberg bracket are just

[EI , EJ ]Roy = CKIJ EK, (6.7.28)

where the CKIJ are the structure constants of the Drinfel’d double algebra d = g ./ g̃.
This means that for such generalised vectors the anti-symmetrised Roytenberg bracket
reduces to the Lie bracket [−,−]Roy = [−,−]d of the Drinfel’d double algebra d.
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Remark 6.7.4 (Comparison with higher gauge theory formulation of tensor hierarchies).
Now let us briefly mention how our construction of tensor hierarchies based on higher
Kaluza-Klein reduction can be related to a more usual definition of tensor hierarchies as
a higher gauge theory. Let exp Dsc(D) ∈ H be the Lie integration of the Lie 2-algebra
Dsc(D). As we have seen in chapters 3 and 4, we can define the higher gauge theory

TH : M 7−→ H
(
P(M), BInnadj

(
exp Dsc(D)

))
, (6.7.29)

where P(M) is the path ∞-groupoid of the smooth manifold M . The local data of the
connection of such a higher gauge theory will be of the form

A(α) = AI(α) ⊗ EI ∈ Ω1(Uα)⊗ Γ(G,TG⊕ T ∗G), B(α) ∈ Ω2(Uα)⊗ C∞(G), (6.7.30)

where {EI} is a frame of vertical D-left-invariant generalised vectors, and the local data
of the curvature will be given by the forms

F(α) = dA(α) +
[
A(α) ∧, A(α)

]
d

+ DB(α),

H = dB(α) + 1
2
〈
A(α) ∧, F(α)

〉
+ 1

3!
〈
A(α) ∧,

[
A(α) ∧, A(α)

]
d

〉
.

However, by higher Kaluza-Klein reduction we can obtain global tensor hierarchies which
are not, strictly speaking, higher gauge theories. This is because the higher gauge
theory formulation does not take into account the obstruction N(αβ) cocycle, appearing
in equation (6.7.25), which we get by dimensional reduction of the bundle gerbe.

Poisson-Lie T-fold as global tensor hierarchy. Thus this discussion motivates
again the definition of global strong constrained tensor hierarchy by the following
dimensional reduction of a bundle gerbe:

TH G
sc (M0) =



[
G,B2U(1)

]
/Tn

M0 BG


. (6.7.31)

6.8 Physical insights from global DFT compactifications

Let us conclude this chapter with some remarks about applications to String Theory.

6.8.1 The puzzle of the T-dual fibre

For simplicity, let us consider a SU(2)-equivariant bundle gerbe G �M on a spacetime
which is an SU(2)-bundle SU(2) ↪→M �M0. As seen in subsection 6.6.1, this induces a
generalised correspondence spaceK that is a principalD-bundle onM0, withD = SU(2)n
T 3. We can now verify that the extended fibre is compact and, in particular, a 3-torus T 3.

Let us start from the patching equation B(β) − B(α) = dΛ(αβ) on M . Similarly to
subsection 6.4.3, we can expand both the differential forms in the connection ξ ∈
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Ω1(M, su(2)) of the SU(2)-bundle M . As firstly worked out in [Alf20a, p. 59], this
leads to the patching conditions

B
(0)
(β)ij −B

(0)
(α)ij = −εkijΛ

(0)
(αβ)k,

B
(1)
(β)i −B

(1)
(α)i = dΛ(0)

(αβ)i,

B
(2)
(β) −B

(2)
(α) = dΛ(1)

(αβ) + Λ(0)
(αβ)kF

k.

(6.8.1)

Analogously, the patching condition Λ(αβ) + Λ(βγ) + Λ(γα) = dg(αβ) reduces to

Λ(0)
(αβ)i + Λ(0)

(βγ)i + Λ(0)
(γα)i = 0,

Λ(1)
(αβ) + Λ(1)

(βγ) + Λ(1)
(γα) = dg(αβγ),

(6.8.2)

where g(αβγ) is the Čech cocycle corresponding to the bundle gerbe G �M . Notice that,
with this assumptions, the 1-form B

(1)
(α)i is the connection of a principal T 3-bundle. A

similar, but more complicated, statement will hold for a general T-dualizable bundle
gerbe on M . In the rest of this subsection we will attempt to clarify other geometric
aspects of non-abelian T-duality.

6.8.2 Application to holographic backgrounds

Non-abelian T-duality has been used a fundamental tool in studying the structure of
AdS/CFT correspondence and in generating new solutions. See seminal work by [Loz+13;
Its+13]. Moreover, T-duality in AdS/CFT correspondence is also closely related to the
fundamental notion of integrability e.g. see [Tho16; HT16; DHT19b]. We redirect to
[Tho19] for a broad introduction to these topics.

Let us consider the spacetime M = AdS3×S3×T 4, which underlies the geometry of a set
of NS5-branes wrapped on a 4-torus T 4 and of fundamental strings smeared on the same
T 4 such that they are all located at the same point in the transverse space. The S3-bundle
AdS3×S3×T 4 −� AdS3×T 4 is immediately topologically trivial. Therefore, to investigate
its non-abelian T-dual, we need to apply our semi-abelian T-fold construction to a trivial
S3-bundle. In particular, we can focus on the 3-sphere and consider a S3-bundle over the
point S3 � ∗, i.e. where the base manifold M0 = {0} is just a point. In this particular
case, the generalised correspondence space will be just the Lie group D = SU(2) n T 3.

Now, let us momentarily forget our geometric construction and follow the literature. This
will help us to underline some new insights. As discussed in equation (6.6.32), in the
literature on non-abelian T-duality, one commonly starts from a metric g = gijξ

i⊗ ξj and
the Kalb-Ramond field B = Bijξ

i ∧ ξj on S3, such that gij and Bij are constant matrices
and ξi are a basis of left SU(2)-invariant 1-forms. Then, one can T-dualize by

g̃ij + B̃ij :=
(
gij +Bij + ε k

ij θ̃k
)−1

, (6.8.3)

So that we obtain the T-dual tensors g̃ = g̃ij(θ̃)dθ̃i ⊗ dθ̃j and B̃ = B̃ij(θ̃)dθ̃i ∧ dθ̃j .
For simplicity, in the following discussion we can choose Bij = 0. Commonly, one
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defines a new set of coordinates

θ̃1 = r sinϑ,
θ̃2 = r cosϑ sinφ,
θ̃3 = r cosϑ cosφ,

(6.8.4)

so that the T-dual metric and Kalb-Ramond field take the following simple form:

g̃ = dr2 + r2

1 + r2 (dϑ2 + sin2 ϑ dφ2), B̃ = − r3

1 + r2 sinϑ dϑ ∧ dφ. (6.8.5)

This fact would lead one to think that the new fibre is a non-compact space R3. However,
as noticed by [Bug19], there is no diffeomorphism relating our tensors at (r, ϑ, φ) and at
(r + ∆r, ϑ, φ) for any choice of radius ∆r. Let us now naïvely combine these matrices g̃ij
and B̃ij in a O(3, 3)-covariant matrix G̃IJ . We immediately recognize that we can
recast T-duality (6.8.3) as

G̃IJ(θ̃) =

 δ`i 0

ε k
`i θ̃k δ i`

GLM
 δmj 0

ε k
mj θ̃k δ j

m

 . (6.8.6)

However, given any translation ∆θ̃i in the coordinates (θ̃1, θ̃2, θ̃3), one can calculate that

G̃IJ(θ̃ + ∆θ̃) =

 δ`i 0

ε k
`i ∆θ̃k δ i`

 G̃LM (θ̃)

 δmj 0

ε k
mj ∆θ̃k δ j

m

 . (6.8.7)

At this point, one can have intuition of the fact that we are dealing with a T-fold or, in
other words, that the T-dual space is compactified, but in an exotic non-geometric way.
Can our geometric construction from subsection 6.6.1 shed some light on this puzzle?

The generalised correspondence space will be a bundle over the point D = SU(2) n
T 3 � ∗. Now, the basis of 1-forms (

ξi

dθ̃i

)
(6.8.8)

that we were trying to use in the previous paragraph do not give a connection for this
bundle, since they are not left D-invariant. If we try to use these forms as a basis for
our doubled geometry, we obtain monodromies of the form

(
ξi

dθ̃i

)∣∣∣∣∣
θ̃+∆θ̃

=

 δij 0

ε k
ij ∆θ̃k δ ji

 ( ξj
dθ̃j

)∣∣∣∣∣
θ̃

. (6.8.9)

This comes directly from equation (6.6.25), in our particular trivial case. On the other
hand,

(Γ−1dΓ)I :=

 ξi

dθ̃i + ε k
ij θ̃kξ

j

 ∈ Ω1(D, d) (6.8.10)
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is a left D-invariant globally-defined 1-form on D = SU(2) n T 3. Consequently, on the
generalised correspondence space the monodromy disappears, i.e.

(
ξi

dθ̃i + ε k
ij θ̃kξ

j

)∣∣∣∣∣
θ̃+∆θ̃

=
(

ξi

dθ̃i + ε k
ij θ̃kξ

j

)∣∣∣∣∣
θ̃

. (6.8.11)

The T-dual of S3 is a T-fold, hence there is no obvious undoubled description for it. In
other words, since the T-dual background is non-geometric, we can only describe it in the
generalised correspondence space D = SU(2) n T 3. The total generalised correspondence
space will thus be the manifold K = AdS3 × (SU(2) n T 3)× T 4. A completely analogous
statement will hold for the manifold formalising the near horizon geometry of a 1

2BPS
NS5-brane, i.e. M = AdS7 × S3. In this case, the generalised correspondence space
will be, immediately, K = AdS7 × (SU(2) n T 3).

6.8.3 Application to general brane configurations

The spacetime underlying the 1
2BPS NS5-brane is, near horizon, M = AdS7 × S3,

where the 7-dimensional Anti-de Sitter space AdS7 ∼= R1,5 × R+ is diffeomorphic to the
product of a world-volume R1,5 and a radial direction R+ := (0,+∞) ⊂ R. However,
a general spacetime M underlying a fivebrane charged under the Kalb-Ramond field is
only required to satisfy the condition M/WNS5 ∼= R4 − {0}, where WNS5 is a general
world-volume of an NS5-brane. Since R4 − {0} ∼= S3 × R+, our spacetime will be, in
general, a fibration of the following form:

M ∗

WNS5 × R+ BS3.

(6.8.12)

This allows us to formalize the spacetime underlying more general fivebrane configurations
by generalising the highly symmetric 1

2BPS configuration AdS7 × S3. For example, we
can consider the near horizon geometry of an NS5-brane wrapping a Riemannian surface
Σg with genus g. Such a spacetime will be M = AdS5 ×w N , where the transverse
space N is given by a fibration

N ∗

Σg BS3,

(6.8.13)

which is, generally, a topologically non-trivial S3-bundle on the Riemannian manifold
Σg. Now, if we consider a bundle gerbe G �M on the manifold (6.8.12) satisfying the
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T-dualisation condition, this will define a generalised correspondence space K of the form

K

M BT 3

WNS5 × R+ BS3,

(6.8.14)

Therefore, the generalised correspondence space K is not generally a principal D-bundle
on WNS5 × R+. As we have seen, it will be generally patched by a cocycle of monodromy
matrices n(αβ) on the base manifoldWNS5×R+, on the world-volume. In general, then, the
field content on the base manifoldWNS5×R+ will be given by

{
g,B(α),AI(α),G(α)IJ

}
, where

g is the reduced metric, G(α)IJ is the moduli field of the generalised metric and
{
B(α),AI(α)

}
is the tensor hierarchy, whose fields correspond respectively to the singlet and fundamental
representations of the Drinfel’d double D. See table 6.3 for a sum. Now, the fields which
carry D-indices, i.e. the moduli of the generalised metric G(α)IJ and the field AI(α), will
be globally patched by a cocycle n(αβ) ∈ H1(WNS5 × R+, ∧2Zn) of monodromy matrices

(
Γ−1

(α)dΓ(α) + AdΓ−1
(α)
A(α)

)I
=
(
en(αβ)

)I
J

(
Γ−1

(β)dΓ(β) + AdΓ−1
(β)
A(β)

)J
,

G(α)IJ =
(
en(αβ)

)K
I
(
en(αβ)

)L
J G(β)KL,

(6.8.15)

on the overlaps of patches of the base manifold WNS5 × R+. Notice that, if the S3-
fibration is trivial, e.g. the example M = AdS3 × S3 × T 4 we previously discussed,
the cocycle n(αβ) is immediately trivial.
In the context of holography, the global structure of the duality-covariant fields on the
general base manifold WNS5 × R+, which is given in equation 6.8.15, will be relevant
for the understanding beyond the current known examples.

Singlet rep. Fundamental rep. Adjoint rep.
g,B(α) AI(α) G(α)IJ

Table 6.3: A summary of the fields transforming under non-abelian T-duality.

Finally, since the global geometry of the moduli space of the string compactifications
is supposed to be related to non-perturbative effects in String Theory, the investiga-
tion of the global properties of such geometric and non-geometric compactifications
is likely to have some relevance in the study of the String Landscape, or in the un-
derstanding the Swampland.



Τὰ µέλλοντα µὴ ταρασσέτω· ἥξεις γὰρ ἐπ΄ αὐτά, ἐὰν δεήσῃ,
φέρων τὸν αὐτὸν λόγον ᾧ νῦν πρὸς τὰ παρόντα χρᾷ.

Never let the future disturb you. You will meet it, if you
have to, with the same weapons of reason which today
arm you against the present.

— Marcus Aurelius, Meditations
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Higher Kaluza-Klein does not only provide a formal underlying explanation for the existing
geometric features of DFT (e.g. para-Hermitian geometry), but it can also overcome their
difficulty in being directly generalised to M-theory. Indeed the higher Kaluza-Klein theory
we presented in this dissertation has a large number of immediate natural generalisations:

• The principal ∞-bundle has a structure n-group with n > 2: this could allow us to
formulate global ExFT.

• The principal∞-bundle has a non-abelian structure n-group: this can not only allow
us to formulate global heterotic DFT, but also to go slightly beyond Exceptional
Field Theory to embody the global spin-twisted structures by [SSS12] and thus to
geometrise the complicated interplay of gravity and bundle gerbe.

• The base manifold is a super-manifold: this can immediately allow us to generalise
everything we mentioned to their global super-space formulation.

187
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We are intrigued by the possibility that a super (non-abelian) higher Kaluza-Klein theory
on the total space of the M2/M5-brane twisted ∞-bundle on the 11d super-spacetime of
[FSS18a] can be something closer to a geometrised M-theory than what previously allowed.

In this section we will take the first important steps in each of these directions of
generalisation. Most of the content of this section was not previously published.

7.1 Towards global heterotic Double Field Theory

Generalising our discussion of Double Field Theory on bundle gerbes to a principal
bundle with non-abelian structure 2-group can lead to a global formulation of heterotic
Double Field Theory as introduced by [HK11].

7.1.1 An atlas for heterotic Double Field Theory

The heterotic doubled space will be identified with the total space of a principal string-
bundle Ghet � M on spacetime M .

Definition 7.1.1 (Heterotic Stringc2
het(d)-bundle). The string 2-group Stringc2

het(d) which
encodes the higher gauge theory of heterotic Supergravity is defined by the following
commuting diagram:

BStringc2
het(d) ∗

B
(
Spin(d)×G

)
B3U(1),

hofib( 1
2 p1−c2)

1
2 p1−c2

(7.1.1)

where

• the map 1
2p1 : BSpin(1, 9)→ B3U(1) is the smooth refinement of the 1st fractional

Pontryagin class of the frame bundle FM � M given by a non-abelian cocycle
M → BSpin(1, 9),

• the map c2 : BG→ B3U(1) is the smooth refinement of the second Chern class of
a principal G-bundle P �M given by a cocycle M → BG.

and where we called BStringc2
het(d) the moduli-stack of BStringc2

het(d)-bundles.

Remark 7.1.2 (Heterotic Supergravity). The choices of gauge group in heterotic String
Theory are the following:

G := SO(32) or E8 × E8. (7.1.2)
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Thus, the Stringc2
het(d)-bundle Ghet �M will be a twisted ∞-bundle of the following form:

Ghet ∗

FM×MP B2U(1) ∗

M BStringc2
het(d) B(Spin(d)×G).f

(7.1.3)

Locally on a patch Uα ⊂M , the connection of the Stringc2
het(d)-bundle is given by a triple(

ω(α), A(α), B(α)
)
, where

ω(α) ∈ Ω1(Uα, spin(d)),
A(α) ∈ Ω1(Uα, g),
B(α) ∈ Ω2(Uα).

(7.1.4)

The curvature of a Stringc2
het(d)-bundle will be given by

R a
(α)b = dω a

(α)b + ω a
(α)c ∧ ω

c
(α)b,

F(α) = dA(α) +
[
A(α) ∧A(α)

]
g
,

H(α) = dB(α) − cs3
(
A(α)

)
+ cs3

(
ω(α)

)
,

(7.1.5)

where cs3
(
A(α)

)
and cs3

(
A(α)

)
are the Chern-Simons super 3-forms of the two connections,

which are defined by the expressions

cs3
(
A(α)

)
:= trg

(
A(α) ∧ F(α) + 2

3A(α) ∧
[
A(α) ∧A(α)

]
g

)
,

cs3
(
ω(α)

)
:= trspin(d)

(
ω(α) ∧R(α) + 2

3ω(α) ∧
[
ω(α) ∧ ω(α)

]
spin(1,9)

)
.

(7.1.6)

Remark 7.1.3 (Heterotic L∞-algebra). Let us consider the L∞-algebra stringc2
het(d) of

the Lie ∞-group Stringc2
het(d). Let us define the L∞-algebra stringhet := Rd× stringc2

het(d),
whose Chevalley-Eilenberg dg-algebra is the following:

CE
(
stringhet

)
= R

[
eµ, τa, ti, B

]
/


deµ = 0,
dτa = Cabcτ

b ∧ τ c,
dti = Cijkt

j ∧ tk,
dB = κaa′C

a′
bcτ

a ∧ τ b ∧ τ c − κii′Ci
′
jkt

i ∧ tj ∧ tk

 ,

where Cabc and Cijk are respectively the structure constants of spin(d) and g, while the
degree of the generators are deg(eµ) = 1, deg(τa) = 1, deg(ti) = 1 and deg(B) = 2.

The L∞-algebra stringhet can be thought as a linearised version of a Stringc2
het(d)-bundle.
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Remark 7.1.4 (Heterotic doubled space). In perfect analogy with the abelian case, let
us now find an atlas for the L∞-algebra stringhet. The underlying space of such atlas will
be our local chart of heterotic doubled space. Thus, we have an atlas of the form:

φ : doublehet −→ stringhet. (7.1.7)

It is not difficult to derive that doublehet must have a Chevalley-Eilenberg dg-algebra of
the following form:

CE
(
doublehet

)
= R

[
eµ, ẽµ, τ

a, ti
]
/


deµ = 0,
dẽµ = 0,
dτa = Cabcτ

b ∧ τ c,
dti = Cijkt

j ∧ tk

 ,
where all the generators are in degree 1. As in the abelian case, we have a 2-degree
element ω ∈ CE(doublehet) given by

ω := ẽµ ∧ eµ + κabτ
a ∧ τ b − κijti ∧ tj , (7.1.8)

whose differential satisfies the same equation of the generator B ∈ CE(stringhet), i.e.

dω = κaa′C
a′
bcτ

a ∧ τ b ∧ τ c − κii′Ci
′
jkt

i ∧ tj ∧ tk. (7.1.9)

Therefore, the element ω ∈ CE(doublehet) is the transgression of the generator B ∈
CE(stringhet) to the atlas doublehet.

Remark 7.1.5 (Heterotic para-Hermitian geometry). As in the abelian case, the atlas
doublehet is equipped with the following coordinates

C∞(doublehet) = 〈xµ, x̃µ, ϑa, θi〉 (7.1.10)

Recall that there exists an isomorphism CE(doublehet) ∼= Ω•li(Doublehet) where Doublehet
is the Lie group which exponentiates the Lie algebra doublehet. This isomorphism is given,
in local coordinates, by

dxµ = eµ,

dx̃µ = ẽµ,

dϑa = τa,

dθi = ti.

(7.1.11)

Thus, the element ω ∈ CE(doublehet) can be interpreted as a left-invariant differential
form ω ∈ Ω2

li(Doublehet) by

ω = dx̃µ ∧ dxµ + κabdϑa ∧ dϑb − κijdθi ∧ dθj . (7.1.12)

This is nothing but a heterotic generalisation of the fundamental form of para-Hermitian
geometry.

This means that the string-bundle Ghet can be covered by a collection of manifolds
Doublehet = Rd,d × Spin(d) × G. These are glued such that the submanifolds Rd ×
Spin(d) × G make up an atlas for the (Spin(d) × G)-bundle FM ×M P � M , while
the Rd,d are, intuitively, patched with bundle gerbe 2-gauge transformations twisted by
non-abelian (Spin(d) × G)-gauge transformations.
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7.1.2 Atiyah L∞-algebroid for heterotic Double Field Theory

Remark 7.1.6 (Heterotic Courant algebroid). The 2-group of automorphisms of this het-
erotic string-bundle will extend not only the group of diffeomorphisms of the base manifold
M , but also the group of automorphisms of the principal (Spin(d)×G)-bundle P →M

(see example 3.5.3). Explicitly, for a string-bundle given by f : M → BStringc2
het(d), the

2-group of its automorphisms will be

AutH/
(f) =

(
Diff(M) n Γ

(
M, Ad(P )

))
n H(M, BU(1)conn). (7.1.13)

Let us consider the Atiyah L∞-algebroid at(Ghet) = Lie
(
AutH/

(f)
)
of our string-bundle.

Notice that, on local patches U ⊂M , this will have the following underlying complex:

at(Ghet)|U =
(
C∞(U) d−−−→ Γ(TU ⊕ ad(P )⊕ T ∗U)

)
. (7.1.14)

This can be interpreted as a heterotic Courant 2-algebroid.

Remark 7.1.7 (Heterotic strong constraint). Notice that we will have a non-abelian
global strong constraint

Ghet//ρ Stringc2
het(d) ∼= M, (7.1.15)

which remarkably combines the abelian strong constraint with the cylindricity condition
on the Spin(d)-bundle. Thus doubled metric will depend only on physical coordinates of
spacetime M .

7.2 Towards global super-Double Field Theory

See appendix B for an introduction to supergeometry and Type II Supergravity.

7.2.1 An atlas for super-Double Field Theory

Definition 7.2.1 (Type IIA string super Lie 2-algebra). Following [FSS14b], let us define
stringIIA as the super L∞-algebra whose Chevalley-Eilenberg dg-algebra is the following:

CE(stringIIA) = R[eµ, ψα, B] /

 deµ = ψ̄ΓµIIAψ,
dψα = 0,
dB = iψ̄ΓIIA

µ Γ10ψ ∧ eµ

 , (7.2.1)

where the degree of the generators are deg(eµ) = (1, even), deg(ψα) = (1, odd) and
deg(B) = (2, even).

Definition 7.2.2 (Doubled superspace). Let us define doubleII as the ordinary Lie super-
algebra whose Chevalley-Eilenberg dg-algebra is the following:

CE(doubleII) = R
[
eµ, ẽµ, ψ

α, ψ̃α

]
/


deµ = ψ̄ΓµIIAψ,
dẽµ = iψ̄ΓIIA

µ Γ10ψ,

dψα = 0,
dψ̃α = (ψ̄ΓµIIA)α ∧ ẽµ

 , (7.2.2)

where deg(eµ) = deg(ẽµ) = (1, even) and deg(ψα) = deg(ψ̃α) = (1, odd).
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Lemma 7.2.3 (doubleII/stringIIA correspondence). The atlas of the super Lie 2-algebra
stringIIA is the super Lie-algebra doubleII, equipped with a fundamental 2-form ωIIA which
is given by the transgression of the higher generator of stringIIA, i.e. such that

dωIIA = iψ̄ΓIIA
µ Γ10ψ ∧ eµ. (7.2.3)

Proof. Let us consider a homomorphism of L∞-algebras of the form

φIIA : doubleIIA −� stringIIA. (7.2.4)

Let us consider its dual homomorphism of Chevalley-Eilenberg dg-algebras, i.e.

φ∗IIA : CE(stringIIA) ↪−→ CE(doubleIIA), (7.2.5)

which maps the low-degree generators by eµ 7→ eµ and ψα 7→ ψα. Moreover, we must find
an element ωIIA with degree deg(ωIIA) = (2, even) such that

• ωIIA = φ∗IIA(B) ∈ CE(doubleIIA),

• dωIIA = φ∗IIA(dB) ∈ CE(doubleIIA).

Let us posit
ωIIA := ẽµ ∧ eµ + ψ̃α ∧ ψα. (7.2.6)

The generators ψ̃ satisfy the differential equation dψ̃ = ψ̄ΓµIIA ∧ ẽµ. Since dψ = 0, we have
d(ψ̃α ∧ψα) = d(ψ̃α)∧ψα = (ψ̄ΓµIIA)α ∧ ẽµ ∧ψα = −(ψ̄ΓµIIA)α ∧ψα ∧ ẽµ = −(ψ̄ΓµIIAψ)∧ ẽµ.
Therefore, we have that it satisfies

dωIIA = dẽµ ∧ eµ − ẽµ ∧ deµ + d(ψ̃α ∧ ψα)
= iψ̄ΓIIA

µ Γ10ψ ∧ eµ + deµ ∧ ẽµ − ψ̄ΓµIIAψ ∧ ẽµ
= iψ̄ΓIIA

µ Γ10ψ ∧ eµ.

(7.2.7)

Moreover, we can check that the generators ψ̃ satisfy the property d2 = 0 of a differential-
graded algebra, i.e.

d2ψ̃α = i(ΓµIIAψ)α ∧ ψ̄ΓIIA
µ Γ10ψ = (dH)αβγδ ψβ ∧ ψγ ∧ ψδ = 0. (7.2.8)

Therefore we have that φIIA : doubleIIA −� stringIIA is a well-defined atlas.

Remark 7.2.4 (Coordinates for the doubled superspace). The underlying super vector
space of the super Lie algebra doubleII will be (20|64)-dimensional and naturally equipped
with the following coordinates:

C∞(doubleII) =
〈
xµ, x̃µ, ϑ

α, ϑ̃α
〉
. (7.2.9)

Now, let DoubleII be the super Lie group given by Lie integrating the super Lie algebra
doubleII. Then, the Chevalley-Eilenberg dg-algebra of doubleII can be interpreted as the
dg-algebra of the left-invariant differential forms on the super Lie group DoubleII, i.e.

CE(doubleII) ∼=
(

Ω•li(DoubleII), d
)
. (7.2.10)



7. Towards global super-Exceptional Field Theory 193

This algebra is generated by the following 1-forms, expressed in the local coordinates as
eµ = dxµ + ϑ̄ΓµIIAdϑ,
ẽµ = dx̃µ + iϑ̄ΓIIA

µ Γ10dϑ,
ψα = dϑα,
ψ̃α = dϑ̃α + (ϑ̄ΓµIIA)αẽµ.

(7.2.11)

These can be interpreted as super-vielbein for the flat doubled superspace. Notice that,
consistently with the literature, not only the bosonic coordinates are doubled, but also
the fermionic ones. In coordinates, we can rewrite the transgression element by

ωIIA = (dx̃µ + iϑ̄ΓIIA
µ Γ10dϑ) ∧ (dxµ + ϑ̄ΓµIIAdϑ) + ψ̃α ∧ ψα. (7.2.12)

Remark 7.2.5 (Super para-Hermitian geometry). Notice that the underlying super
vector space of doubleII is isomorphic to R10,10|64. Moreover, let J be the automorphism
induced by the natural splitting R10,10|64 = R10|32 ⊕ (R10|32)∗. Now, notice that the triple
(R10,10|64, J, ωIIA) can be interpreted as a super-geometric generalisation of an almost
para-Hermitian vector space.
Notice that, analogously to [Ced16], we can introduce a generalised metric as an
OSp(10, 10|64)-structure, which restricts the natural GL(10|32)×GL(10|32) frame.
Definition 7.2.6 (Type IIB string super Lie 2-algebra). Let us define stringIIB as the
super L∞-algebra whose Chevalley-Eilenberg dg-algebra is the following:

CE(stringIIB) = R[eµ, ψα, B] /

 deµ = ψ̄ΓµIIBψ,
dψα = 0,
dB = iψ̄ΓIIB

µ Γ10ψ ∧ eµ

 , (7.2.13)

where the degree of the generators are deg(eµ) = (1, even), deg(ψα) = (1, odd) and
deg(B) = (2, even).

7.2.2 T-duality on the doubled superspace

Lemma 7.2.7 (T-duality on the doubled superspace). The super Lie algebra doubleII is
an atlas for both the Type IIA and IIB string 2-algebras, i.e. there exists a span

doubleII

stringIIA stringIIB.

φIIBφIIA (7.2.14)

Proof. Let us start from our definition doubleII and let us split the bosonic part of the basis
of left-invariant forms as {eµ, ẽµ}µ=0,...,9 = {eµ̂, e9, ẽµ̂, ẽ9}µ=0,...,8. These will immediately
satisfy the following differential equations:

deµ̂ = ψ̄Γµ̂ψ (µ̂ = 0, . . . , 8),
dẽµ̂ = iψ̄Γµ̂Γ10ψ (µ̂ = 0, . . . , 8),
de9 = ψ̄Γ9

IIAψ (µ = 9),
dẽ9 = ψ̄ΓIIB

9 ψ (µ = 9),
dψα = 0,
dψ̃α = (ψ̄Γµ̂)α ∧ ẽµ̂ + (ψ̄Γ9

IIA)α ∧ ẽ9,

(7.2.15)
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where we used the identity
iΓIIA

9 Γ10 = ΓIIB
9 . (7.2.16)

Now, the algebra doubleII can be an atlas for stringIIA if there exists a (2, even)-degree
element ωIIB ∈ CE(doubleII) such that

dωIIB = iψ̄ΓIIB
µ Γ10ψ ∧ eµ. (7.2.17)

Notice that, if we define the element ωIIB ∈ CE(doubleII) by

ωIIA − ωIIB = ẽ9 ∧ e9, (7.2.18)

then it satisfies the required condition (7.2.17). Since e9 and ẽ9 are both (1, even)-degree
elements of the dg-algebra CE(doubleII) and ωIIA is a (2, even)-degree element of the same
dg-algebra, then we have that ωIIB ∈ CE(doubleII).

Notice that we can express the super Lie algebra doubleII by choosing generators adapted
to the super Lie 2-algebra stringIIB as follows:

CE(doubleII) = R
[
eµ, ẽµ, ψ

α, ψ̃α

]
/


deµ = ψ̄ΓµIIBψ,
dẽµ = iψ̄ΓIIB

µ Γ10ψ,

dψα = 0,
dψ̃α = (ψ̄ΓµIIB)α ∧ ẽµ

 . (7.2.19)

Remark 7.2.8 (T-duality of Type IIA/B string super Lie 2-algebras). Thus, the doubled
superspace doubleII we defined fits in following diagram:

doubleII

π̃∗stringIIA π∗stringIIB

stringIIA R1,9|16⊕16×
R1,8|16⊕16

R1,9|16⊕16 stringIIB

R1,9|16⊕16 R1,9|16⊕16

R1,8|16⊕16

φIIA φIIB

Ππ̃ πΠ̃

Π ππ̃ Π̃

π π̃

(7.2.20)

where, for visual clarity, we used the symbol g×
h
g̃ for the fiber product of two super Lie

algebras g and g̃ over a base h.
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Similarly to the bosonic case, in principle, we can integrate this diagram to obtain the
diagram of topological T-duality of super bundle gerbes.

Definition 7.2.9 (Type IIA/B string super Lie 2-groups). Let StringIIA and StringIIB
be the super Lie 2-groups which integrate respectively the super Lie 2-algebras stringIIA
and stringIIB.

Remark 7.2.10 (T-duality of Type IIA/B string super Lie 2-groups). By Lie integrating
the super L∞-algebras and the homomorphisms in lemma 7.2.7, we obtain the atlas

DoubleII

StringIIA StringIIB.

ΦIIBΦIIA (7.2.21)

Notice that Π : StringIIA −� R1,9|16⊕16 can be interpreted as the bundle gerbe encoding
the Type IIA string background at the vacuum and analogously for StringIIB. Thus, the
doubled superspace DoubleII is the atlas of both these bundle gerbes.

Remark 7.2.11 (T-duality of Type II of bundle super-gerbes). By integrating the
diagram (7.2.20) of super L∞-algebras to a diagram of super bundle gerbes, where we
denote the atlas byM, we find the following:

M

π̃∗GIIA π∗G̃IIB

GIIA M ×M0 M̃ G̃IIB

M M̃

M0

Φ Φ̃

Ππ̃
πΠ̃

Π ππ̃ Π̃

π π̃

(7.2.22)

where GIIA �M and GIIB � M̃ are two topologically T-dual super bundle gerbes.

Remark 7.2.12 (Correspondence superspace). The principal T 2n-bundle M ×M0 M̃ �

M0 appearing in the centre of the diagram (7.2.22) is, thus, the correspondence superspace
of the topological T-duality between the Type IIA and IIB spacetimes M and M̃ .
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7.3 Towards global Exceptional Field Theory

The correspondence between doubled spaces and bundle gerbes we explored in this
dissertation sheds new light on the global geometry underlying Double Field Theory.
Moreover, it provides a higher geometric explanation for the appearance of the extra
coordinates and for para-Hermitian geometry. These results are particularly important
for the investigation of the other extended geometries, i.e. the exceptional geometries
underlying Exceptional Field Theories, whose globalisation is significantly more obscure.
In particular, the higher geometric perspective will allow to find a generalisation of
para-Hermitian geometry for Exceptional Field Theory. Even if exceptional generalised
geometry [PW08; CSW11; CSW14] is well-understood, such a generalisation is still
quite unclear. A generalised para-Hermitian formalism would be extremely fruitful, for
example, in the current research in exceptional Drinfel’d geometries[Sak20a; MT20;
BTZ20; MS20; Sak20b; MST21].

7.3.1 An atlas for Exceptional Field Theory

Remark 7.3.1 (Twisted ∞-bundle structure of 11d Supergravity). The higher structure
which encompasses the global geometry of the C-field of 11-dimensional supergravity can
be seen as a bundle 5-gerbe twisted by a bundle 2-gerbe [FSS15c], which gives rise to the
following diagram:

GM5 ∗

GM2 B6U(1) ∗

M B6U(1)//B2U(1), B3U(1),

ΠM5

fM5

ΠM2

fM2/5

fM2

(7.3.1)

where the twisted cocycle fM2/5 can be also generalised to a 4-cohomotopy cocycle

M
fM2/5−−−−−→ S4, where the 4-sphere can be given in terms of its minimal Sullivan dg-

algebra by
CE(S4) = R[g4, g7]/〈dg4 = 0, dg7 + g4 ∧ g4 = 0〉, (7.3.2)

where g4 and g7 are respectively 4- and 7-degree generators.

Remark 7.3.2 (Atlas for ExFT). The total space of the twisted ∞-bundle GM5 −�M

can be locally trivialised by the Lie∞-group R1,10×B2U(1)×B5U(1), whose L∞-algebra
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is immediately R1,10⊕b2u(1)⊕b5u(1). It is possible to define an atlas for this L∞-algebra
by

φ : R1,10
ex −� R1,10 ⊕ b2u(1)⊕ b5u(1), (7.3.3)

whose underlying vector space is given by

R1,10
ex = R1,10 ⊕ ∧2(R1,10)∗ ⊕ ∧5(R1,10)∗. (7.3.4)

This can also be interpreted as the atlas of the linearised version of the bundle gerbe
GM5 � M . In the context of super L∞-algebras, a notion of super exceptional space
R1,10|32

ex has been defined by [FSS18a; FSS19a; FSS20a]. Interestingly, the bosonic form
of R1,10|32

ex is exactly R1,10
ex from equation (7.3.4). If we split the base space in time and

space by R1,10 = R1
t ⊕ R10, we obtain the decomposition

R1,10
ex = R10︸︷︷︸

pp-wave
⊕ ∧2(R10)∗︸ ︷︷ ︸

M2-brane

⊕ ∧2R10︸ ︷︷ ︸
M9-brane

⊕∧5(R10)∗︸ ︷︷ ︸
M5-brane

⊕ ∧6R10︸ ︷︷ ︸
KK-monopole

, (7.3.5)

which agrees with the description of brane charges in M-theory [Hul98]. Notice that, if
we split the base space in an internal and external space by R1,10 = R1,3 ⊕ R7, we obtain

R1,10
ex = R1,3 ⊕

(
R7 ⊕ ∧2(R7)∗ ⊕ ∧5(R7)∗ ⊕ ∧6R7

)
⊕ · · · , (7.3.6)

where the terms we explicitly wrote correspond to the (4+56)-dimensional extended space
underlying E7(7) Exceptional Field Theory [HS14b]. Moreover, the terms we omitted are
mixed terms involving wedge products between R1,3 and R7 which correspond to tensor
hierarchies [CCM19; HS19] at 0-degree.

7.3.2 Atiyah L∞-algebroid for Exceptional Field Theory

Remark 7.3.3 (Exceptional generalised tangent bundle). The 5-group AutH/
(fM5) of

automorphisms of the twisted bundle GM5 �M will be defined defined by the following
short exact sequences

1 H
(
M,B2U(1)conn

)
AutH/

(fM2) Diff(M) 1,

1 H
(
M,B5U(1)conn

)
AutH/

(fM5) AutH/
(fM2) 1.

(7.3.7)

These can be immediately recognised as the finite version of the short exact sequences
defining the Exceptional algebroid EM5 →M which appears in exceptional generalised
geometry:

0 ∧2T ∗M EM2 TM 0,

0 ∧5T ∗M EM5 EM2 0.
(7.3.8)

See [PW08] for a comparison.



198 7.4. Towards global super-Exceptional Field Theory

7.3.3 U-duality from higher geometry

Remark 7.3.4 (U-duality and tensor hierarchy). The twisted ∞-bundle GM5 �M , in
analogy with doubled space in chapter 5, can be interpreted as the extended space of
Exceptional Field Theory. The differential data of such a higher structure will be encoded
by a particular Čech cocycle, which includes a collection of 2-forms ΛM2

(αβ) and 5-forms
ΛM5

(αβ) on two-fold overlaps of patches Uα∩Uβ . By generalising section 6, we can obtain the
field content of a general tensor hierarchy and its underlying manifold by dimensionally
reducing the twisted∞-bundle GM5 �M on a spacetime which is a torus bundle on some
base manifold M0.

Example 7.3.5 (ExFT in 5d). Now assume that spacetime M is itself a torus T 6-bundle
over a 5d base manifoldM0 with transition functions f i(αβ) and that the gerbe is equivariant
under its torus action. Analogously to the DFT case the 2-forms will dimensionally reduce
to a collection of 2, 1, 0-forms ΛM2(2)

(αβ) , ΛM2(1)
(αβ)i and ΛM2(0)

(αβ)ij on the base M0 describing the
winding modes of the M2-brane on the base. Similarly the 5-forms on M will split in a
collection of 5, 4, 3, 2, 1, 0-forms on M0 describing the winded M5-brane on the base. Let
us simplify the assumptions by requiring that the 5-gerbe is not twisted by the 2-gerbe.
Hence transition functions f i(αβ) will describe a T 6-bundle, while Λ(0)M2

(αβ)ij a T
15-bundle and

Λ(0)M5
(αβ)ijkln a T 6-bundle on the base M0. In total this is a T 27-bundle over the 5d manifold
M0 and can be interpreted as the extended manifold of ExFT in 5d (see [HS14a]) where
the T 27 fiber is the so-called internal space. We can then equip it with a E6(6)(Z)-action
which mixes, topologically, the first Chern classes of the T 27-bundle and, differentially,
the components of the moduli fields g(0)

ij , C(0)
ijk and ?C(0)

ijklnm. Hence the extended manifold
(and generally a U-fold) will be possible to be understood through Higher Kaluza-Klein
Theory. Moreover the 1, 2, 3, 4, 5, 6-form components of the dimensional reduction of
the connection of the gerbe and its n-gauge transformations can describe ExFT tensor
hierarchy. See [HS19] for remarkable hints in this direction, in infinitesimal fashion. If we
drop the simplifying unphysical assumption that the 5-gerbe is not twisted, the extended
manifold will be a more complicated globalisation of Uα × T 27.

Example 7.3.6 (ExFT in 7d). Let us make another simpler example. If we choose
M to be a T 4-bundle over a 7d base manifold M0 with transition functions f i(αβ), the
local data ΛM2

(αβ) will include the transition functions ΛM2(0)
(αβ)ij of a T

6-bundle over M0. On
the other hand the local data ΛM5

(αβ) will not. Hence, coherently with ExFT in 7d (see
[BM15]), the transition functions f i(αβ) and ΛM2(0)

(αβ)ij will define a just a T 10-bundle over
M0, which can be equipped with a SL(5,Z)-action mixing the components of the moduli
fields {g(0)

ij , C
(0)
ijk}.

7.4 Towards global super-Exceptional Field Theory

7.4.1 An atlas for super-Exceptional Field Theory

Recall, from chapter 3, that the higher structure which encodes the geometry of the fluxes
of 11d Supergravity can be linearised by the L∞-brane m5brane (3.6.25), which can be
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dually defined by its Chevalley-Eilenberg dg-algebra as follows:

CE(m5brane) = R[ea, ψα, c3, c6]
dea = ψΓaψ,
dψα = 0,
dc3 = ψΓabψ ∧ ea ∧ eb,
dc6 = c3 ∧

(
ψΓabψ ∧ ea ∧ eb

)
+ 1

2ψΓa1···a5ψ ∧ ea1 ∧ · · · ∧ ea5



.

Just like the previous cases, we want to find an atlas for this super L∞-algebra of the form

φ : R1,10|32
exc −→ m5brane, (7.4.1)

where R1,10|32
exc is some super Lie algebra. In [FSS19a; FSS20a] the following super

Lie algebra was proposed:

CE
(
R1,10|32

exc
)

=
R
[
ea, ẽa1···a5 , ψ

α, ψ̃α
]



dea = ψΓaψ,
dẽab = i

2ψΓabψ,
dẽa1···a5 = 1

5!ψΓa1···a5ψ,

dψ = 0,
dψ̃ = (s+ 1)ieaΓaψ + ẽabΓabψ + (1 + s

6)ẽa1···a5Γa1···a5ψ



.

Notice that the Lie algebra R1,10
exc previously defined in (7.3.5) is exactly the bosonic

component of the super Lie algebra R1,10|32
exc . In [FSS19a] it was also shown that there

exists a (3, even)-degree element ωM2 ∈ CE
(
R1,10|32

exc
)
which transgresses the M2-brane

cocycle to the atlas, i.e. such that

dωM2 = ψΓabψ ∧ ea ∧ eb. (7.4.2)

In [FSS19a] it was shown that such an element will be of the following form:

ωM2 := k0(s) ẽab ∧ ea ∧ eb +
+ k1(s) ẽa1

a2 ∧ ẽ
a2
a3 ∧ ẽ

a3
a1 +

+ k2(s) εa1···a5b1···b5c ẽ
a1···a5 ∧ ẽb1···b5 ∧ ec +

+ k3(s) εa1···a6b1···b5 ẽ
a1a2a3

c1c2 ∧ ẽ
a4a5a6c1c2 ∧ ẽb1···b5 +

+ −1
2ηβ ∧ ψ

α ∧
(
k4(s) Γ α

a βe
a + k5(s) Γabαβẽab + k6(s) Γa1···a5 α

βẽa1···a5

)
,

(7.4.3)

where the ki(s) are analytic functions of the parameter s ∈ R − {0}.

7.4.2 Relation with D’Auria-Fré algebra, M-algebra and osp(1|32)

Now, we will briefly explain how the super algebra R1,10|32
exc , which underlies Exceptional

Field Theory, is related to the D’Auria-Fré super algebra, which was independently
discovered by studying 11d Supergravity, without U-duality.



200 7.4. Towards global super-Exceptional Field Theory

Remark 7.4.1 (Relation with D’Auria-Fré super algebra). The L∞-algebra m5brane

can be seen as a linearised version of twisted ∞-bundle of 11d supergravity. However,
the full field content of 11d supergravity includes a spin-connection ωab, whose curvature
Rab = dωab + ωac ∧ ωcb can be identified with the notion of curvature of general relativity.
Thus, the full field content of 11d supergravity will be given by a sugra11-valued connection
where the L∞-algebra sugra11 is dually defined as follows:

CE
(
sugra11

)
= R[ωab, eµ, ψα, c3, c6]

Dωab = 0,
Deµ = ψΓµψ,
Dψα = 0,
dc3 = ψΓabψ ∧ ea ∧ eb,
dc6 = c3 ∧

(
ψΓabψ ∧ ea ∧ eb

)
+ 1

2ψΓa1···a5ψ ∧ ea1 ∧ · · · ∧ ea5



.

where D is the spin-covariant derivative. This super L∞-algebra underlying 11d Su-
pergravity was introduced by [FSS14b]. Notice that there is a natural projection
sugra11 � m5brane of super L∞-algebras given by the quotient map

m5brane ∼= sugra11/so(1, 10). (7.4.4)

The D’Auria-Fré super algebra df-algebra, introduced in [DF82], can be dually defined by
its Chevalley-Eilenberg dg-algebra:

CE
(
df-algebra

)
=

R
[
ωab, e

a, ẽab, ẽa1···a5 , ψ
α, ψ̃α

]


Dωab = 0,
Dea = ψΓaψ,
Dẽab = i

2ψΓabψ,
Dẽa1···a5 = 1

5!ψΓa1···a5ψ,

Dψ = 0,
Dψ̃ = (s+ 1)ieaΓaψ + ẽabΓabψ + (1 + s

6)ẽa1···a5Γa1···a5ψ


where D is the spin-covariant derivative and s ∈ R− {0} is a constant. Notice that there
is a natural projection df-algebra� R1,10|32

exc of super Lie algebras given by the quotient
map

R1,10|32
exc

∼= df-algebra/so(1, 10), (7.4.5)

where R1,10|32
exc is the super-exceptional space proposed appearing in [FSS19a]. The results

of [DF82] imply that there exists an atlas

φ′ : df-algebra −� sugra11. (7.4.6)

This atlas naturally extends the atlas (7.4.1) we constructed in the previous paragraph.

Now, we will illustrate the interesting relation between these algebras and other indepen-
dently studied super algebras in M-theory: the M-algebra and osp(1|32).
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Remark 7.4.2 (Relation with M-algebra and osp(1|32)). The M-algebra was defined in
[Sez97] and it can be dually given by its Chevalley-Eilenberg dg-algebra

CE
(
m-algebra

)
= R[ωab, ea, ẽab, ẽa1···a5 , ψ

α]

Dωab = 0,
Dea = ψΓaψ,
Dẽab = i

2ψΓabψ,
Dẽa1···a5 = 1

5!ψΓa1···a5ψ,

Dψ = 0



,

where D is the spin-covariant derivative. In terms of generators of m-algebra, where we
call {qα, pa, zab, za1···a5} the dual generators respectively of {ψα, ea, ẽab, ẽa1···a5}, we obtain
the usual commutation relation

{q, q} = i(CΓa)pa + 1
2(CΓab)zab + i

5!(CΓa1···a5)za1···a5 . (7.4.7)

Notice that the m-algebra can be immediately embedded in the df-algebra. In fact, the
df-algebra can be obtained by extension of the m-algebra with the extra odd generators
ψ̃α. Now, the super Lie algebra osp(1|32), decomposed in terms of its subalgebra so(1, 10),
is dually given by its Chevalley-Eilenberg dg-algebra

CE
(
osp(1|32)

)
= R[ωab, ea, ẽa1···a5 , ψ

α]

Dωab = −s2ea ∧ eb − s2

4! ẽ
ab1···b4 ∧ ẽbb1···b4

− s
2ψΓabψ,

Dea = i
2ψΓaψ + s

2(5!)2 ε
ab1···b5c1···c5 ẽb1···b5 ∧ ẽc1···c5 ,

Dẽa1···a5 = s
5!ε

a1···a5b1···b6 ẽb1···b5 ∧ eb6+
−5s

6! ε
a1···a5b1···b6 ẽc1c2

b1b2b3
∧ ẽc1c2b4···b6 + i

2ψΓa1···a5ψ,

Dψ = i
2Γaψ ∧ ea + is

2·5!Γa1···a5ψ ∧ ẽa1···a5



,

where D is the spin-covariant derivative and s is a constant. The super Lie algebra
osp(1|32) was related to the M-algebra by a procedure known as S-expansion by [IRS06].
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osp(1|32)

{ωab, ea, ẽa1···a5 , ψ}

m-algebra

{ωab, ea, ẽab, ẽa1···a5 , ψ}

df-algebra{
ωab, e

a, ẽab, ẽa1···a5 , ψ, ψ̃
}

sugra11

{ωab, ea, c3, c6, ψ}

R1,10|32
exc{

ea, ẽab, ẽa1···a5 , ψ, ψ̃
}

m5brane

{ea, c3, c6, ψ}

R1,10
exc

{ea, ẽab, ẽa1···a5}

R1,10⊕b2u(1)⊕b5u(1)

{ea, c3, c6}

S-expansion

Forget ψ̃

atlas atlas atlas

Forget ω

Forget ω

Forget ψ, ψ̃

Forget ψ

Figure 7.1: Web of relations between the main super Lie algebras and super L∞-algebras
underlying M-theory. The L∞-algebra sugra11 underlies the super-Cartan geometry of 11d
Supergravity. Its atlas is the super algebra df-algebra [DF82], which can be also obtained as a
ψ̃-extension of the m-algebra [Sez97]. The super algebra osp(1|32) is related to the m-algebra
by S-expansion [IRS06]. By considering the df-algebra and forgetting the Lorentz generators ωab
we obtain the super algebra R1,10|32

exc , which is the atlas of m5brane. By forgetting also the odd
generators, we obtain the bosonic algebra R1,10

exc , which can be seen as a linearised extended space.



῾Οδὸς ἄνω κάτω µία καὶ ὡυτή.

The road up and the road down is one and the same.

— Heraclitus, Fragments
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In this chapter we want to discuss the geometric quantisation of a string, its relation with
the doubled space and with the bundle gerbe which underlies it. Recall from chapter 3
our discussion of higher geometric quantisation. Let a prequantum bundle gerbe G �M

be given by a cocycle M f−→ B2U(1) on a phase space M . Let us focus on a closed string,
whose worldsheet would be of the form Σ = R× S1. We can transgress this cocycle to

203
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a U(1)-bundle P on the loop space LM of the phase space by

LM = [S1,M ] [S1,f ]−−−−→ [S1,B2U(1)] ∼= BU(1). (8.0.1)

Consequently, the BU -associated bundle G ×BU(1) BU � M given by a cocycle

M −→ BU//BU(1) (8.0.2)

is transgressed exactly to an ordinary C-associated bundle P ×U(1) C � LM given
by the transgressed cocycle

[S1,M ] −→ C//U(1) (8.0.3)

on the loop space LM = [S1,M ] of the smooth manifoldM . Thus, we can use the machin-
ery of ordinary geometric quantisation on the phase loop space LM of the closed string.

Higher geometric quantisation
on 2-plectic phase space

Geometric quantisation
of string σ-models
on loop phase space

take the
loop space
[S1,−]

Geometric quantisation
of double string σ-models
on loop doubled phase space

O(d, d)-covariantise by
generalised windings
& topological term

Geometric quantisation
on doubled phase space

truncate to
zero modes

Figure 8.1: Concept map of the T-duality covariant geometric quantisation of a closed string.

The zero modes of the phase loop space will give us the doubled phase space of DFT
and the choice of polarisation in the quantisation will provide the T-duality frame. We
will construct transformations between T-dual descriptions based on the transformations
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induced by different choices of polarisation. This will lead to the idea of a coherent state in
the doubled space that saturates the uncertainty bound on distance in the doubled space.
The geometric quantisation will result in a noncommutative algebra associated to the
doubled phase space. As usual, the noncommutative nature of position and momentum is
controlled by the parameter ~. In addition, we will also have a deformation parameter
`2s = ~α′ which controls the noncommutativity of coordinates xµ and their T-duals x̃µ.

8.1 Quantum geometry of the closed string

8.1.1 The phase space of the closed string

The configuration space of σ-models. The fields Xµ(σ, τ) are embeddings from a
surface Σ into a target space M , i.e. smooth maps C∞(Σ,M), denoted by

Xµ : Σ ↪−→ M

(σ, τ) 7−→ Xµ(σ, τ)
(8.1.1)

The configuration space of the closed string. Consider a surface of the form
Σ ' R× S1 with coordinates σ ∈ [0, 2π) and τ ∈ R. The fields Xµ(σ, τ) of the σ-model
can now be seen as curves C∞(R,LM) on the free loop space LM := C∞(S1,M) of the
original manifold M . This will be denoted as follows:

Xµ(σ) : R ↪−→ LM
τ 7−→ Xµ(σ, τ)

(8.1.2)

where Xµ(σ, τ) is a loop for any fixed τ ∈ R. In other words we have

C∞(R,LM) ∼= C∞(Σ,M) (8.1.3)

This is why the configuration space for the closed string can be identified with the free
loop space LM of the spacetime manifold M .

M LM

γ1(σ)

γ2(σ, τ)

L
γ1

γ2(τ)

Figure 8.2: A loop γ1 : S1 →M on the smooth manifold M corresponds to a point on the loop
space LM . Similarly, a cylinder γ2 : S1 × [0, 1]→M on M corresponds to a curve on LM .

Fortunately, for any given smooth manifold M , the free loop space LM is a Fréchet mani-
fold and this assures that there will be a well-defined notion of differential geometry on it.
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For any loop X(σ) : S1 →M of LM we can consider the space of sections Γ(S1, X∗TM).
This is homeomorphic to the loop space LRn where n = dim(M), which, thus, plays
the role analogous to a local patch.

Since the points of the loop space are loops X(σ) in M , a smooth function F ∈ C∞(LM)
can be identified with a functional F [X(σ)]. Similarly, a vector field V ∈ T (LM) will
be given by a functional operator of the form

V [X(σ)] =
∮

dσ V µ[X(σ)](σ) δ

δXµ(σ) . (8.1.4)

For a wider and deeper exploration of use of loop spaces to formalise some kinds of
path integrals in physics, see [Sza96].

The transgression functor. For any n-form ξ = 1
n!ξµ1...µndxµ1 ∧ · · · ∧ dxµn , given in

local coordinates {xµ} ofM , there exist a map, named transgression functor, from the com-
plex of differential forms on M to the one of the differential forms on the loop space LM :

T : Ωn(M) −→ Ωn−1(LM)

ξ 7−→
∮

dσ 1
(n− 1)!ξµ1...µn(X(σ)) ∂X

µ1(σ)
∂σ

δXµ2(σ) ∧ · · · ∧ δXµn(σ)
(8.1.5)

Crucially, it satisfies the following functorial property:

δ T = Td (8.1.6)

The phase space of the closed string. Thus, the choice for phase space of a string
on spacetime M will be the cotangent bundle T ∗(LM). By definition, the tangent
bundle of LM can be identified with

TLM = L(TM). (8.1.7)

By considering the dual bundle of the tangent bundle TLM , we can define the cotangent
bundle T ∗LM . This space comes equipped with a canonical symplectic form:

Ω :=
∮

dσ δPµ(σ) ∧ δXµ(σ) ∈ Ω2(T ∗LM). (8.1.8)

In the next paragraph we will illustrate that the phase space of the closed string is exactly
the infinite-dimensional symplectic manifold (T ∗LM, Ω) we just described.

We can now define a Liouville potential Θ such that its derivative is the canonical
symplectic form Ω ∈ Ω2(T ∗LM). Thus we have

Θ :=
∮

dσ Pµ(σ) δXµ(σ) ∈ Ω1(T ∗LU). (8.1.9)

We can verify that Ω = δΘ by calculating:

δΘ =
∮

dσ
(
δXµ(σ) ∧ δΘ

δXµ(σ) + δPµ(σ) ∧ δΘ
δPµ(σ)

)

=
∮

dσ
∮

dσ′ δ(σ − σ′) δPµ(σ) ∧ δXµ(σ′)

=
∮

dσ δPµ(σ) ∧ δXµ(σ) = Ω.

(8.1.10)
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The closed string as classical system. Let us start from the action of the closed
string

S[X(σ, τ), P (σ, τ)] = 1
2

∫
dτ
∮

dσ
(
PµẊ

µ +

− gµν(X)
(
Pµ −Bµλ(X)X ′λ

)(
Pν −Bνλ(X)X ′λ

)
+ gµν(X)X ′µX ′ν

)
.

(8.1.11)

Recall that the σ-model of a closed string
(
X(σ, τ), P (σ, τ)

)
: Σ ' R × S1 → T ∗M

can be equivalently expressed as a path R → T ∗LM on the cotangent bundle of the
loop space. Recall also that the Lagrangian density L ∈ Ω1(R) of a classical system,
consisting of a phase space (T ∗LM,Ω) and a Hamiltonian function H ∈ C∞(T ∗LM),
is given by L = (ιVHΘ −H)dτ , where VH ∈ ham(T ∗LM,Ω) is the Hamiltonian vector
of H. This means that the action will be

S[X(σ, τ), P (σ, τ)] =
∫ τ1

τ0
dτ
(
ιVHΘ−H

)
, (8.1.12)

where Θ is the Liouville potential of the symplectic form Ω. Now we want to check that
the symplectic structure Ω ∈ Ω2(T ∗LM) of the phase space of the closed string is exactly
the canonical symplectic structure (8.1.8) on T ∗LM . To do that, we can assume that the
Hamiltonian vector field is just the translation along proper time. In other words we impose

VH := d
dτ

=
∮

dσ
(
Ẋµ(σ) δ

δXµ(σ) + Ṗµ(σ) δ

δPµ(σ)

)
.

(8.1.13)

By putting together definition (8.1.13) and equation (8.1.12) we immediately get the equa-
tion

ιVHΘ =
∮

dσ Ẋµ(σ)Pµ(σ), (8.1.14)

which is solved by the Liouville potential

Θ =
∮

dσ Pµ(σ) δXµ(σ) ∈ Ω1(T ∗LU). (8.1.15)

Its differential is, indeed, exactly the canonical symplectic form (8.1.8), i.e.

Ω = δΘ

=
∮

dσ δPµ(σ) ∧ δXµ(σ).
(8.1.16)

Moreover, by combining the equation (8.1.12) with the action (8.1.11), we can immediately
find the Hamiltonian of a closed string:

H[X(σ), P (σ)] =
∮

dσ 1
2
(
gµν(X)

(
Pµ −Bµλ(X)X ′λ

)(
Pν −Bνλ(X)X ′λ

)
+ gµν(X)X ′µX ′ν

)
.

We can formally pack together the momentum P (σ) and the derivative X ′(σ) in the
following doubled vector:

PM (σ) :=
(
X ′µ(σ)
Pµ(σ)

)
(8.1.17)



208 8.1. Quantum geometry of the closed string

withM = 1, . . . , 2n. Notice that PM (σ) is uniquely defined at any given loop (X(σ), P (σ))
in the phase space. Thus, we can rewrite the Hamiltonian of the string as

H[X(σ), P (σ)] =
∮

dσ 1
2P

M (σ)HMN (X(σ))PN (σ), (8.1.18)

where the matrix HMN is defined by

HMN :=
(
gµν −BµλgλρBρν Bµλg

µν

−gµλBλµ gµν

)
. (8.1.19)

In conclusion, by putting everything together, we can see that a closed string is a classical
system (T ∗LM,Ω, H), where Ω is the canonical symplectic form on T ∗LM and the
HamiltonianH is given by definition (8.1.18). We now see the appearance of the generalised
metric, described by matrix (8.1.19). This metric is a representative of an O(d, d)/O(d)×
O(d) coset, and defines the generalised metric of generalised geometry. As such the
Hamiltonian (8.1.18) has a manifest O(d, d) symmetry. This is of course the T-duality
symmetry of the string. As discussed in the introduction, the Hamiltonian will often exhibit
the symmetries not present in the Lagrangian and T-duality is one of these symmetries.

8.1.2 Generalised coordinates and the Kalb-Ramond field

Example 8.1.1 (Generalised coordinates for a charged particle). In the geometric
quantisation of an ordinary particle we have, in local Darboux coordinates, a local
Liouville potential given by θ = pµdxµ, where pµ is the canonical momentum. In presence
of an electromagnetic field with a minimally coupled 1-form potential A, the canonical
momentum pµ which is defined from the Lagrangian perspective by pµ = ∂L

∂ ˙qµ is given by:
pµ = kµ + eAµ. (We have used kµ to denote the naive non-canonical momentum, also
sometimes called the kinetic momentum).
Then the Liouville potential can be rewritten as θ = kµdxµ + eA, with A is the pullback
of the electromagnetic potential to the phase space. Consequently the symplectic form
takes the form ω = dkµ ∧ dxµ + eF . Let us call the 2-form ωA=0 := dkµ ∧ dxµ. Thus, the
geometric prequantisation condition [ω] = [ωA=0] + e[F ] ∈ H2(T ∗M,Z) of the symplectic
form on the phase space implies the Dirac quantisation condition e[F ] ∈ H2(M,Z) of the
electromagnetic field on spacetime.
Notice that, in canonical coordinates, we have a Hamiltonian H = gµν(pµ−eAµ)(pν−eAν)
and the commutation relations

[x̂µ, x̂ν ] = 0, [p̂µ, x̂ν ] = i~δνµ, [p̂µ, p̂ν ] = 0. (8.1.20)

On the other hand, in terms of the kinetic non-canonical coordinates, we have the
Hamiltonian H = gµνkµkν and commutation relations

[x̂µ, x̂ν ] = 0, [k̂µ, x̂ν ] = i~δνµ, [k̂µ, k̂ν ] = i~eFµν . (8.1.21)

It is worth observing that the space coordinates do not commute anymore and the non-
commutativity term is proportional to the field strength of the electromagnetic field. A
similar picture will hold for strings.
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Kinetic coordinates for a charged string. Similarly to the charged particle, for a
string we require our Ω defined by equation (8.1.8) to be quantised as [Ω] ∈ H2(T ∗LM,Z).
We will now see that this implies, similarly to the electromagnetic field, the quantisation
of the Kalb-Ramond field flux [H] ∈ H3(M,Z).

Let us recall that an abelian gerbe with Dixmier-Douady class [H] ∈ H3(M,Z) on the
base manifold M is encoded by the following patching conditions:

H = dB(α) ∈ Ω3
cl(M),

B(α) −B(β) = dΛ(αβ) ∈ Ω2(Uα ∩ Uβ),
Λ(αβ) + Λ(βγ) + Λ(γα) = dG(αβγ) ∈ Ω1(Uα ∩ Uβ ∩ Uγ).

(8.1.22)

By using the properties of the transgression functor from M to its loop space LM , we
immediately obtain the new patching conditions

TH = δ(TB(α)) ∈ Ω2
cl(LM)

TB(α) − TB(β) = δ(TΛ(αβ)) ∈ Ω1(LUα ∩ LUβ)
(8.1.23)

on LM . Therefore, the transgression functor sends a gerbe on a manifold M to a circle
bundle on its loop space LM , i.e. in other words we have an equivalence

T : BU(1)Bund(M)
∼=−−−→ U(1)Bund(LM), (8.1.24)

where the first Chern class of the circle bundle is TH ∈ H2(LM,Z).

Now we can decompose the canonical symplectic form of the phase space of the closed
string (T ∗LM,Ω) by

Ω = ΩB=0 + TH. (8.1.25)

We can write ΩB=0 :=
∮

dσ δKµ(σ) ∧ δXµ(σ), so we find that the symplectic form
can be expressed by

Ω =
∮

dσ δ
(
Kν(σ) +Bµν

(
X(σ)

)
X ′µ(σ)

)
∧ δXν(σ), (8.1.26)

where Kν(σ) := Pν(σ)−Bµν
(
X(σ)

)
X ′µ(σ) is the non-canonical momentum of the string

and Pµ(σ) is its canonical momentum. The relevance of the transgression of gerbes
to the loop space in dealing with T-duality and, more generally, with Double Field
Theory was underlined by [BHM07].

For a clarification on the relation between the phase space of a closed string, seen as a
loop space, and the Courant algebroids of supergravity, see [Ost20; Ost21].

8.1.3 The algebra of operators of a closed string

The machinery of geometric quantisation can now be applied on the phase space (T ∗LM,Ω)
of the closed string. See also [SS13] for a different quantisation approach on a loop space.
Given our choice of gauge for the Liouville potential Θ =

∮
dσPµ(σ)δXµ(σ), we can now

determine the algebra heis(T ∗LM,Ω) of quantum observables defined by

f̂ = −i~∇Vf + f (8.1.27)
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for any classical observable f ∈ C∞(T ∗LM). For the classical observables corresponding
to the canonical coordinates Xµ(σ), Pµ(σ) of the phase space of the closed string, we
have the following quantum observables:

P̂µ(σ) = −i~ δ

δXµ(σ) , X̂µ(σ) = i~
δ

δPµ(σ) +Xµ(σ). (8.1.28)

If we choose the polarisation determined by the Lagrangian subbundle L = TLM with
the corresponding basis

{
|X(σ)〉

}
X(σ)∈LM , we have the following operators acting on

wave-functional Ψ[X(σ)] = 〈X(σ) |Ψ〉〈
X(σ)

∣∣∣ P̂µ(σ)
∣∣∣Ψ〉 = −i~ δ

δXµ(σ)Ψ[Xµ(σ)],〈
X(σ)

∣∣∣ X̂µ(σ)
∣∣∣Ψ〉 = Xµ(σ)Ψ[Xµ(σ)].

(8.1.29)

The commutation relations of these operators will then as follows:[
P̂µ(σ), X̂ν(σ′)

]
= 2πi~δ νµ δ(σ − σ′),[

X̂µ(σ), X̂ν(σ′)
]

= 0,[
P̂µ(σ), P̂ν(σ′)

]
= 0.

(8.1.30)

These define the Heisenberg algebra heis(T ∗LM,Ω) of quantum observables on the
phase space of the closed string.

On the other hand, if we use the non-canonical, kinetic coordinates (K(σ), X(σ)), we
obtain commutation relations of the form[

K̂µ(σ), X̂ν(σ′)
]

= 2πi~δ νµ δ(σ − σ′),[
X̂µ(σ), X̂ν(σ′)

]
= 0,[

K̂µ(σ), K̂ν(σ′)
]

= Hµνλ

(
X(σ)

)
X ′λ(σ) δ(σ − σ′).

(8.1.31)

8.1.4 The phase space of the closed string on a torus

Closed string on the torus. Let us consider a closed string propagating in the
background M = Tn with constant metric gµν and constant Kalb-Ramond field Bµν . As
explained by [KZ92], the compactification condition xµ = xµ + 2π of a torus target space
is background-independent, i.e. it does not depend on the bosonic background fields gµν
and Bµν . In fact, the coordinates xµ are periodic with radius 2π and the physical radii
of the compactification are given by Rµ :=

∫
S1
µ

√
gµµ dxµ = √gµµ.

Consider the phase space T ∗LM ∼= L(Tn × Rn) of a closed string on a torus background.
Let us call the matrix E := g + B, so that its transpose is ET = g − B. Let us also
define the generalised metric by the constant matrix

HMN =
(
gµν −BµλgλρBρν −gµλBλν

Bµλg
λν gµν

)
. (8.1.32)

We can, now, explicitly expand position and momentum in σ as follows:

Xµ(σ) = xµ + α′wµσ +
∑

n∈N\{0}

1
n

(
αµn(H)einσ + ᾱµn(H)e−inσ

)
,

Pµ(σ) = pµ +
∑

n∈N\{0}

(
ET
µνα

ν
n(H)einσ + Eµνᾱ

ν
n(H)e−inσ

)
,

(8.1.33)
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where we used the notation αµn = αµn(H) and ᾱµn = ᾱµn(H) to indicate that the higher-
modes depend on the background, encoded by the generalised metric. The operators α̂µn
and ˆ̄αµn are the creation and annihilation operators for the excited states of the string,
which depend on the background. However, ss pointed out by [KZ92], the operators
X̂µ(σ) and P̂µ(σ) must be thought as background-independent objects. From the Fourier
expansion, we also immediately obtain that the zero-modes coordinate pµ and wµ are
integers because of the periodicity of xi.

The T-dual coordinates X̃µ(σ) are defined by,

X̃ ′µ(σ) = Pµ(σ) , (8.1.34)

and so we must have X̃i(σ) = x̃i +
∫ σ

0 dσ′Pi(σ′). Therefore, we obtain the expressions

X̃µ(σ) = x̃µ + α′pµσ +
∑

n∈N\{0}

1
n

(
− ET

µνα
ν
n(H)einσ + Eµνᾱ

ν
n(H)e−inσ

)
,

P̃µ(σ) = wµ +
∑

n∈N\{0}

1
n

(
αµn(H)einσ + ᾱµn(H)e−inσ

)
.

(8.1.35)

Notice that the T-dual coordinate X̃µ(σ) is also periodic with period 2π. Moreover the new
coordinates X̃(σ) and P̃ (σ) are independent from the background. The commutation rela-
tions

[X̂µ(σ), P̂ν(σ′)] = iδµν δ(σ − σ′) (8.1.36)

become, on zero and higher modes,

[x̂µ, p̂ν ] = iδµν ,

[α̂µn(H), α̂νm(H)] = nδn+m,0 g
µν .

(8.1.37)

As we have seen in the first section, the action is given on the phase space by the
equation S :=

∮
dσ Ẋµ(σ, τ)Pµ(σ, τ) − H[X(σ, τ), P (σ, τ)]. We can, thus, rewrite the

action of the closed string on a torus as

S[X(σ, τ), P (σ, τ)] =
∫

dτ
∮

dσ
(
ẊµPµ −

1
2P

MHMN PN
)
. (8.1.38)

8.1.5 T-duality and background independence

T-duality as a symplectomorphism. We will now show that it is possible to interpret
T-duality as a symplectomorphism of phase spaces of two closed strings of the form

f : (T ∗LM, Ω) −→ (T ∗LM̃, Ω̃)(
Xµ(σ), Pµ(σ)

)
7−→

(
X̃µ(σ), P̃µ(σ)

)
.

(8.1.39)

In fact, in [ÁÁL94], it was firstly argued that T-duality can be seen a canonical transfor-
mation. However, a canonical transformation with generating functional F [X(σ), X̃(σ)]
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is nothing but the symplectomorphism f associated to the following Lagrangian cor-
respondence of the form (C.3.2)

(
T ∗L(M × M̃), π∗Ω− π̃∗Ω̃

)

(T ∗LM, Ω) (T ∗LM̃, Ω̃),

π̃π

f

(8.1.40)

which satisfies the following trivialisation condition for Liouville potential:

π∗Θ − π̃∗Θ̃ = δF. (8.1.41)

We can immediately check that, if we substitute the expression for the Liouville potentials,
we get the expression∮

dσ
(
Pµ(σ)δXµ(σ)− P̃µ(σ)δX̃µ(σ)

)
=
∮

dσ
(

δF

δXµ(σ)δX
µ(σ) + δF

δX̃µ(σ)
δX̃µ(σ)

)

and hence we recover exactly the equations of the canonical transformation

Pµ(σ) = δF

δXµ(σ) , P̃µ(σ) = − δF

δX̃µ(σ)
. (8.1.42)

By considering the generating functional

F [X(σ), X̃(σ)] : =
∫
D, ∂D=S1

dX̃µ ∧ dXµ

= 1
2

∮
dσ
(
X ′µ(σ)X̃µ(σ)−Xµ(σ)X̃ ′µ(σ)

) (8.1.43)

which was originally proposed by [ÁÁL94; AAL94], we obtain exactly T-duality on the
phase space:

Pµ(σ) = X̃ ′µ(σ), P̃µ(σ) = X ′µ(σ). (8.1.44)

The Lagrangian correspondence space in (8.1.40) is then the loop space of the doubled
space of DFT. We can notice that, in this simple case, the doubled space can be identified
with the correspondence space of a topological T-duality [BEM04b; BEM04a; BHM04;
BHM05; BP09] over a base point. A similar observation was made in [Pap15].

Relation with the symplectic form on the doubled space. Let us consider the
symplectic 2-form $ := dxµ ∧ dx̃µ ∈ Ω2(M × M̃) on the product space, where {xµ, x̃µ}
are local coordinates on M × M̃ . Notice that, for such a symplectic form, we can choose
a Liouville potential of the form 1

2(x̃µdxµ − xµdx̃µ). (This is like the choice in Weyl
quantisation or when we construct a Fock space). Now, we can immediately recognise
that the generating functional (8.1.43) is nothing but the transgression of this Liouville
potential to the loop space L(M × M̃), i.e. we have

F [X(σ), X̃(σ)] = 1
2 T(x̃µdxµ − xµdx̃µ). (8.1.45)
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By using the functorial property δT = Td of the transgression functor, we can rewrite
the trivialisation condition (8.1.41) of T-duality by

π∗Θ − π̃∗Θ̃ = T($). (8.1.46)

Therefore, T-duality on the phase space is associated to the symplectic 2-form $ on
the doubled space M × M̃ . Notice that this 2-form is a particular and simple case of
the fundamental 2-form considered by [FRS17; Svo18; FRS19].

Background independence. Since the two loop phase spaces T ∗LM and T ∗LM̃ are
symplectomorphic, they can be effectively considered the same symplectic ∞-dimensional
Fréchet manifold. In this "passive" symplectomorphism perspective, the T-duality from
(X(σ), P (σ)) to (X̃(σ), P̃ (σ)) can be interpreted as a change of coordinates on the phase
space of the closed string. The Hamiltonian formulation of the closed string on the
phase space is thus T-duality invariant.

T-duality as isomorphism of classical systems. T-duality, seen as a symplecto-
morphism f : (T ∗LM, Ω) → (T ∗LM̃, Ω̃) of the phase space of the closed string, does
also preserve the Hamiltonian of the closed string, i.e. we have

f∗H = H. (8.1.47)

In other words a T-duality is not just a symplectomorphism of our phase space (T ∗LM,Ω),
but also an isomorphism of the classical system (T ∗LM,Ω, H) of the closed string.

In general we can T-dualise the Hamiltonian of the closed string by applying a transfor-
mation O ∈ O(n, n;Z) to the doubled metric H. Notice that the Hamiltonian functional
does not change under such transformations. We have, in fact,

H[X̃, P̃ ] =
∮

dσ 1
2(OP)M (OTHO)MN (OP)N =

∮
dσ 1

2P
MHMNPN = H[X,P ].

T-duality as change of basis on the Hilbert space. The Lagrangian correspon-
dence (8.1.56) induces a diagram of quantum Hilbert spaces

HTΓf

HL H
L̃

π′∗π∗

f∗

(8.1.48)

where HL and H
L̃
are respectively polarised along the Lagrangian subbundles L = T (LM)

and L̃ = T (LM̃). Now, as we have seen in (C.3.7), the map (f∗)−1 HL ∼= H
L̃
is an

isomorphism HL ∼= H
L̃
of Hilbert spaces. Therefore we can use just the notation H

for the abstract quantum Hilbert space.

Any quantum state |Ψ〉 ∈ H can be expressed in the two basses defined by the two
different polarisations:

|Ψ〉 =
∫
DX(σ) Ψ[X(σ)] |X(σ)〉 , |Ψ〉 =

∫
DX̃(σ) Ψ̃[X̃(σ)] |X̃(σ)〉 , (8.1.49)
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where we called

〈X(σ)|Ψ〉 =: Ψ[X(σ)], 〈X̃(σ)|Ψ〉 =: Ψ̃[X̃(σ)]. (8.1.50)

The expansions in different basses will be then related by the Fourier-like transformation
(f∗)−1 of string wave-functionals, given by

Ψ̃[X̃(σ)] =
∫
LM
DX(σ) e

i
~F [X(σ),X̃(σ)] Ψ[X(σ)], (8.1.51)

in accord with [ÁÁL94]. We can also explicitly write the matrix of the change of
basis on the Hilbert space H by

〈X(σ)|X̃(σ)〉 = e
i
~F [X(σ),X̃(σ)]. (8.1.52)

Interestingly, this isomorphism is naturally defined by lifting the polarised wave functionals
Ψ[X(σ)] ∈ HL and Ψ̃[X̃(σ)] ∈ H

L̃
to wave-functionals Ψ[X(σ)] on the doubled space and by

considering their Hermitian product in the Hilbert space of the doubled space. In double
field theory solving the so called strong constraint provides the choice of polarisation.
Here the quantisation procedure itself demands a polarisation choice and the strong
constraint is solved automatically. It is interesting to consider the weak constraint from
this perspective but this is beyond the goals of this dissertation.

T-duality invariant dynamics. The dynamics of the quantised closed string is
encoded by the background independent equation

i~
∂

∂τ
|Ψ〉+ Ĥ |Ψ〉 = 0. (8.1.53)

Let us consider, for simplicity, that we are starting from a Minkowski flat background
with gµν = ηµν and Bµν = 0. Then we will have a trivial doubled metric HMN = δMN .
Therefore, the equation of motion can be expressed in the basis

{
|X(σ)〉

}
X(σ)∈LM by

i~
∂

∂τ
Ψ[X(σ)] +

∮
dσ1

2

(
−~2 δ2

δX(σ)2 +X ′(σ)2
)

Ψ[X(σ)] = 0, (8.1.54)

but immediately also in the T-dual basis
{
|X̃(σ)〉

}
X(σ)∈LM̃ by

i~
∂

∂τ
Ψ̃[X̃(σ)] +

∮
dσ1

2

(
X̃ ′(σ)2 − ~2 δ2

δX̃(σ)2

)
Ψ̃[X̃(σ)] = 0. (8.1.55)

T-duality as a symplectomorphism for torus bundles. Let us conclude this sec-
tion by considering a slightly more general class of examples: (geometric) T-duality of torus
bundles.

Let M � N and M̃ � N be two principal Tn-bundles on a common base manifold N .
T-duality can be still seen as a symplectomorphism between loop phase spaces T ∗LM →
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T ∗LM̃ and we can still employ the machinery of Lagrangian correspondence (C.3.2). Now,
the Lagrangian correspondence of the T-duality on the phase space of the closed string is

(
T ∗L(M ×N M̃), π∗Ω− π̃∗Ω̃

)

(T ∗LM, Ω) (T ∗LM̃, Ω̃)

π′π

f

(8.1.56)

where the fiber product M ×N M̃ can be naturally seen as the doubled torus bundle of the
duality. For the torus fibration, we have the following equation for the Liouville potential:

π∗Θ − π̃∗Θ̃ = T($), (8.1.57)

where T($) is the transgression to the loop space of the fundamental 2-form $ ∈
Ω2(M ×N M̃), which lives on the doubled torus bundle M ×N M̃ and it is given by

$ = (dxi +Ai) ∧ (dx̃i + Ãi) ∈ Ω2(M ×N M̃) (8.1.58)

If the bundle M ×N M̃ � N is trivial, then we recover the symplectic form $ =
dxi ∧ dx̃i from the previous paragraphs. Notice that, by moving to the generalised
coordinates, we can easily recover the equation characterising topological T-duality
by [BHM05], i.e. we have

H − H̃ = d(Ai ∧ Ãi) (8.1.59)

on the doubled torus bundle M ×N M̃ . In this class of cases, we notice that the doubled
space can be identified with the correspondence space M ×N M̃ of a topological T-duality
[BEM04b; BEM04a; BHM04; BHM05; BP09] over a base manifold M .

8.2 Quantum geometry of the doubled string

8.2.1 The generalised boundary conditions of the doubled string

The phase space and the doubled space. To describe doubled strings, we introduce
new coordinates X̃µ(σ) which satisfy the equation Pµ(σ) = X̃ ′µ(σ). Let us define the
following doubled loop-space vectors:

XM (σ) :=
(
Xµ(σ)
X̃µ(σ)

)
, PM (σ) :=

(
X ′µ(σ)
Pµ(σ)

)
= X′M (σ). (8.2.1)

Therefore, for a doubled string the doubled momentum PM (σ) coincides with the derivative
along the circle of the doubled position vector XM (σ). Thus, instead of encoding the
σ-model of the closed string by an embedding (Xµ(σ), Pµ(σ)) into the phase space, we
can encode it by an embedding XM (σ) = (Xµ(σ), X̃µ(σ)) into a doubled position space.
Our objective is, then, be able to reformulate a string wave-functional Ψ[Xµ(σ), Pµ(σ)]
in terms of doubled fields as a wave-functional of the form Ψ

[
XM (σ)

]
.
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However, notice that, since the new coordinates X̃µ(σ) are the integral of the momenta
of the string, specifying X̃µ(σ) is a stronger statement than specifying Pµ(σ) = X̃ ′µ(σ).
This observation is crucial when considering the possible boundary conditions of the
doubled string σ-model.
Let us define the following zero-modes of the doubled loop-space vectors:

xM := 1
2π

∮
dσXM (σ), pM := 1

2πα′
∮

dσX′M (σ), (8.2.2)

which, in components, read

xM =
(
xµ

x̃µ

)
, pM =

(
p̃µ

pµ

)
≡
(
wµ

w̃µ

)
. (8.2.3)

By using the new coordinate X̃µ, we can rewrite the action of a closed string by

Sstring[X(σ, τ), P (σ, τ)] = 1
2πα′

∫
dτ
∮

dσ
(
ẊµX̃ ′µ −

1
2X
′MHMN X′N

)
. (8.2.4)

Let us use the following notation for the derivatives

Ẋ(σ, τ) := ∂X(σ, τ)
∂τ

, X′(σ, τ) := ∂X(σ, τ)
∂σ

. (8.2.5)

The generalised boundary conditions. Since in the action of the closed string the
field XM (σ) never appears, but only its derivatives X′M (σ), we only need to require
that the latter are periodic, i.e.

X′M (σ + 2π) = X′M (σ). (8.2.6)

This implies that the generalised boundary conditions are

XM (σ + 2π, τ) = XM (σ, τ) + 2πα′pM (τ), (8.2.7)

where the quasi-period pM (τ) can, in general, be dynamical and depend on proper time.
Let us define the quasi-loop space LQM of a manifold M as follows:

LQM :=
{
X : [0, 2π)→M

∣∣ dX(2π) = dX(0)
}
, (8.2.8)

where we used the simple identity X′M(σ) dσ = dXM (σ).
The phase space of the doubled string will be a symplectic manifold (LQM,
) where the
symplectic form 
 ∈ Ω2(LQM) will be determined in the following subsection.

A remark on the global geometry of the doubled space. Given local coordinates
xM on the doubled space we can express the vector X′(σ) by

X′M(σ) dσ = dXM (σ) = X∗
(
dxM

)
, (8.2.9)

where X∗
(
dxM

)
denotes the pullback of dxM to the quasi-loop space. Therefore, the

requirement that X′(σ) is periodic can be immediately recasted as the requirement that
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the pullback of dxM is periodic. Chapter 5 explores the idea that the doubled spaceM
is globally not a smooth manifold, but a the atlas of a bundle gerbe. In particular, in
chapter 5, it is derived that the patching conditions for local coordinate patches U(α)
and U(β) of the doubled spaceM should be of the form xM(β) = xM(α) + ΛM

(αβ) + ∂Mφ(αβ),
where we have an additional gauge-like transformation φ(αβ) on the overlap of patches.
Notice that this implies the patching conditions dxM(β) = dxM(α) + dΛM(αβ) and therefore the
gauge transformations φ(αβ) do not appear for the differential. Since the Čech cocycle
condition dΛM

(αβ) + dΛM
(βγ) + dΛM

(γα) = 0 is satisfied, we do not encounter problems for
X∗
(
dxM

)
= dX(σ) being periodic. In other words, a doubled string can naturally live on a

doubled spaceM that is patched in a more general way than a manifold (like the proposal in
chapters 5 and 6) exactly because X(σ) does not appear in the action, but only X′(σ) does.

8.2.2 The symplectic structure of the doubled string.

Recall that the Lagrangian density is related to the Liouville potential � by

LH = (ιVH�−H)dτ. (8.2.10)

Therefore, we can find the symplectic structure 
 = δ� on the phase space of the doubled
string from its full Lagrangian. One should also note here that the different choices of
Liouville potential will give different results corresponding to either a particular choice
of duality frame or a duality symmetric frame.

The Tseytlin action. The doubled string σ-model as first constructed by Tseytlin
is by now well known [Tse90; Tse91] and there are many routes one might take to
its construction. Here, since we already have the doubled perspective in place for the
Hamiltonian, the immediate method is to take the action as given by (8.2.4) and then
allow the dual variables to also be dynamical by augmenting the term ẊµPµ term in the
action with its dual equivalent: ˙̃

XµP̃
µ. This is like picking a duality symmetric choice for

the Liouville potential. Once this term is included then one can simply substitute the
expressions for the doubled vectors into the action. It is these ẊP terms that produce
the Legendre transformation between the Hamiltonian and the Lagrangian. They are
sometimes called the abbreviated action and from now on we will adopt this nomenclature.
The duality augmented abbreviated action is then:

Sabb = 1
4πα′

∫
dτ
∮

dσ
(
ẊµPµ + ˙̃

XµP̃
µ
)
, (8.2.11)

which, using the expressions for the doubled vectors, becomes (up to total derivative
terms of which we will discuss more later) the O(d, d) manifestly symmetric term:

Sabb =
∫

dτ
∮

dσ 1
4πα′

(
ẊMηMNX′N

)
. (8.2.12)

Combining this with the Hamiltonian to produce the total action S = Sabb −H gives
the Tseytlin action [Tse90; Tse91]:

STsey[X(σ, τ)] = 1
4πα′

∫
dτ
∮

dσ
(
ẊMηMNX′N − X′MHMNX′N

)
. (8.2.13)
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This action has been the subject of much study and we will return to the quantum
equivalence to the usual string action later. Let us first examine this action taking care
with the important property that the fields are quasi-periodic in σ with quasi-period pM

which implies XM (σ+2π, τ) = XM (σ, τ)+2πα′pM (τ). This means that although the world
sheet is periodic and has no boundary the total derivative terms of such quasi periodic
fields can contribute to the action. These contributions to the Hamiltonian produce the
important zero mode contributions to the Hamiltonian from the winding and momenta.
What follows is an analysis of the doubled abbreviated action with quasi-periodic fields.

The total derivative contributions to the Tseytlin action. When integrating
with respect to σ we may write

∮
dσ as

∫ σ0+2π
σ0

dσ. Then the integral of a total derivative
is
∫

dσ d
dσf(σ) = f(2π + σ0)− f(σ0). For any periodic function f(σ) this then vanishes

as it should. However for a quasi-periodic function this integral will be non zero e.g.
pM = 1

2πα′
∮

dσX′M (σ). Note, that this is still independent of σ0 as it should be since
σ0 is an entirely arbitrary choice of coordinate origin in the loop.
Let us write the doubled abbreviated action explicitly with the manifest dependence on σ0
as follows:

STsey(σ0) = 1
4πα′

∫
dτ
∫ σ0+2π

σ0
dσ ẊM (σ, τ)ηMNX′N (σ, τ) . (8.2.14)

Then taking the derivative with respect to σ0 produces:
dSTsey

dσ0
= 1

4πα′
∫

dτ
(
ẊM (σ0 + 2π, τ)− ẊM (σ0, τ)

)
ηMNX′N (σ0, τ)

= 1
2

∫
dτ ṗM (τ)ηMNX′N (σ0, τ) .

(8.2.15)

To get to the second line we have used the periodicity of X′N (σ + 2π, τ) = X′N (σ, τ) and
the quasi-periodicity of XN (σ). We thus have an anomaly. The action now depends
on on the arbitrary choice of σ0 when we allow quasi-periodic fields to encode the zero
modes in the doubled space. The proposal in [Bla15] is then to add an explicit "boundary
term" to the Tseytlin action to cancel this piece as follows:

S∂Tsey[p(τ), X(σ0, τ)] := −1
2

∫
dτ ṗM (τ)ηMNXN (σ0, τ). (8.2.16)

The full action, therefore, does not depend on the choice of σ0, i.e.
d

dσ0
(STsey + S∂Tsey) = 0, (8.2.17)

and thus diffeomorphism-invariance of the doubled string is restored.
Putting together all these terms we obtain the action

S[X(σ, τ)] = 1
4πα′

∫
dτ
∮

dσ
(
ẊM (σ, τ)ηMNX′N (σ, τ)− X′M (σ, τ)HMNX′N (σ, τ)

)
− 1

2

∫
dτ pM (τ)ηMN ẊN (0, τ) . (8.2.18)

This doubled action is now world sheet diffeomorphism invariant for quasi-periodic fields
but how does it relate to the original string action? Recall that the in writing down
the Tseytlin action total derivative terms were neglected. We will now examine the
relationship between the Tseytlin string and ordinary string with quasi-periodic fields.
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σ0

Figure 8.3: The "cut" on the worldsheet at σ = σ0.

The Relation between Tseytlin string and ordinary string. Let us begin with
the usual abbreviated action for the ordinary string, and then integrate by parts keeping
the σ total derivatives, we may neglect the total derivatives: in τ since there is no
quasi periodicity in this variable:

1
2πα′

∫
dτ
∮

dσ ẊµPµ = 1
2πα′

∫
dτ
∮

dσ ẊµX̃ ′µ

= 1
4πα′

∫
dτ
∮

dσ (ẊµX̃ ′µ + ẊµX̃ ′µ)

= 1
4πα′

∫
dτ
∮

dσ (ẊµX̃ ′µ +X ′µ
˙̃
Xµ + d

dσ (ẊµX̃µ))

= 1
4πα′

∫
dτ
∮

dσ ẊMηMNX′N

+ 1
4πα′

∫
dτ
(
Ẋµ(2π + σ0)X̃µ(2π + σ0)− Ẋµ(σ0)X̃µ(σ0)

)
.

(8.2.19)

Here we remark that we have also here made a choice in boundary total derivative
term for σ. We are free to exchange it with:

− d
dσ (Xµ ˙̃

Xµ) . (8.2.20)

This choice is simply related by a neglected total derivative in τ . A natural possibility
is also the duality symmetric combination:

1
2

d
dσ
(
ẊµX̃µ −Xµ ˙̃

Xµ

)
. (8.2.21)

Now, the quasi-periodicity of the fields is:

XM (2π + σ0) = XM (σ0) + 2πα′pM (8.2.22)

so that we may evaluate the final term in (8.2.19) as follows:

Ẋ(2π + σ0)X̃(2π + σ0)− Ẋ(σ0)X̃(σ0) = 2πα′
(

˙̃pX̃(σ0) + pẊ(σ0) + 2πα′ ˙̃pp
)
. (8.2.23)

Substituting this into (8.2.19) produces:

1
2πα′

∫
dτ
∮

dσ ẊµPµ = 1
4πα′

∫
dτ
∮

dσ ẊMηMNX′N

+
∫

dτ
(1

2
˙̃pX̃(σ0) + 1

2pẊ(σ0) + πα′ ˙̃pp
)
.

(8.2.24)

Now, Ẋ(2π) = Ẋ(2π) + 2πα′ ˙̃p is quasi-periodic, so the initial term
∫

dτ
∮

dσ ẊP suffers
from the same anomaly as we described in the previous section. We need to also add a
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"boundary term" for
∫

dτ
∮

dσ ẊP so that there is no dependence on σ0. This implies
that the abbreviated action on the LHS of (8.2.19) must be changed to

Sabb := 1
2πα′

∫
dτ
∮

dσ ẊµPµ −
∫

dτ ˙̃pµX̃µ(σ0), (8.2.25)

so there is no overall σ0 dependence. Then including the same term to the RHS of
(8.2.19) will produce:

Sabb = 1
4πα′

∫
dτ
∮

dσ ẊMηMNX′N

+
∫

dτ
(
−1

2
˙̃pµX̃µ(σ0) + 1

2pµẊ
µ(σ0) + πα′ ˙̃pµpµ

)
.

(8.2.26)

We may now write this, using integration by parts and deleting total derivatives in
τ , or by using the duality symmetric choice of total derivative terms in σ, to give a
duality symmetric action

Sabb = 1
4πα′

∫
dτ
∮

dσ ẊMηMNX′N +
∫

dτ
(

+1
2 p̃

˙̃
X(σ0) + 1

2pẊ(σ0) + πα′

2 ( ˙̃pp− p̃ṗ)
)
,

that we may write in a using doubled vectors in an doubled fashion, to give

Sabb = 1
4πα′

∫
dτ
∮

dσ ẊMηMNX′N +
∫

dτ
(1

2p
MηMN ẊN (σ0) + πα′

2 ṗMωMNp
N
)
.

We may now identify the
∫

dτ 1
2p

MηMN ẊN (0) term as the "boundary term" (8.2.16) we
introduced earlier to make the Tseytlin action independent of σ0. Thus when the dust
settles we see that the abbreviated action of the string, including the "boundary" piece,
produces the Tseytlin string (including the doubled "boundary" term) and a correction
term from the final term in (8.2.2). Thus, the relation between Sabb of the usual string
and the Tseytlin abbreviated action STsey,abb (including "boundary" pieces) is

Sabb = STsey,abb +
∫

dτ πα
′

2 ṗMωMNp
N . (8.2.27)

The dual picture. Let us define the abbreviated action of the T-dual string, including
the "boundary" piece, as follows:

S̃abb := 1
2πα′

∫
dτ
∮

dσ ˙̃
XµP̃

µ −
∫

dτ ṗµXµ(σ0) . (8.2.28)

Now, we can repeat all this procedure with this "dual" abbreviated action. Then the
difference between the two duality related frames for the action will be the difference
of these abbreviated actions (the Hamiltonian being invariant), thus:

Sabb − S̃abb = πα′
∫

dτ ṗMωMNp
N . (8.2.29)

The implication is that ordinary string and its dual are related by a phase shift:

exp
(
i

~
Sabb

)
= exp

(
iπα′

~

∫
dτ ṗMωMNp

N
)

exp
(
i

~
S̃abb

)
. (8.2.30)
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Let us make a sanity check. For an ordinary toroidal space p is constant in τ so it is zero
for ordinary strings on a torus. The reader at this point may feel frustrated that after
some considerable care with total derivatives and quasi-periodic fields we have generated a
term that vanishes. However, crucially this term will not vanish for strings in backgrounds
where the winding number is not conserved. Such a situation is exactly where double field
theory is most useful captures the dynamic nature of winding. For example this occurs
with a string in a Kaluza-Klein monopole background; a set up that was first considered
in [GHM97] and studied using double field theory in [Jen11]. This term will also make
a contribution if there is no globally defined duality frame and so one needs to form a
good cover over the space and choose a duality frame in each patch. Such spaces with no
globally defined T-duality frame are called T-folds. The above phase shift will then be
part of the transition function between different patches acting on the string wavefunction.
From the geometric quantisation perspective this is reminiscent of the Maslov correction.

The Hull "topological" term and its role. In addition to the discussion above, Hull
proposed the addition of a "topological" to Tseytlin action based on global requirements
for a gauging procedure [Hul07a]. The importance of this term for the partition function
was emphasised in [BC07; Tan14]. This term is given by:

Stop[X(σ, τ)] = 1
4πα′

∫
dτ
∮

dσ ẊMωMNX′N . (8.2.31)

Now, we can use Stokes’ theorem as follows:

Stop[X(σ, τ)] = 1
4πα′

∫
dτ
∮

dσ ẊMωMNX′N

= 1
2πα′

∫∮
Σ

dXµ ∧ dX̃µ

= 1
2πα′

∫
dτ
(
Xµ(σ0 + 2π, τ) ˙̃

Xµ(σ0 + 2π, τ)−Xµ(σ0, τ) ˙̃
Xµ(σ0, τ)

)
= 1

2

∫
dτ
(

˙̃pX̃(σ0) + pẊ(σ0) + 2πα′ ˙̃pp
)

(8.2.32)

where, without any loss of generality, we have chosen the gauge XµdX̃µ for the potential
of the 2-form dXµ ∧ dX̃µ. Just like for the Tseytlin action, we can define a boundary
term for the topological term

S∂top[X(0, τ),p(τ)] = −1
2

∫
dτ ṗM (τ)ωMNXN (σ0, τ) (8.2.33)

to remove the dependence on the cut σ0. Recall the equation (8.2.24) relating the Tseytlin
abbreviated action of a doubled string with the term

∫
dτ
∮

dσ ẊµPµ. By combining
equation (8.2.24) with equation (8.2.32), we immediately obtain the relation

1
2πα′

∫
dτ
∮

dσ ẊµPµ = 1
4πα′

∫
dτ
∮

dσ ẊM (ηMN + ωMN )X′N . (8.2.34)

At this point, we can provide both sides of the equation with the boundary term, so that we
have

Sabb = 1
4πα′

∫
dτ
∮

dσ ẊM (ηMN + ωMN )X′N − 1
2

∫
dτ pM (ηMN + ωMN )ẊN (σ0)

(8.2.35)
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where we recall the definition (8.2.25) for the abbreviated action (including the boundary
term) of the ordinary string:

Sabb := 1
2πα′

∫
dτ
∮

dσ ẊµPµ −
∫

dτ ˙̃pµX̃µ(σ0) (8.2.36)

This equation can be interpreted as the fact that we need to add the boundary term
−
∫

dτ ˙̃pµX̃µ(σ0) to the usual abbreviated action 1
2πα′

∫
dτ
∮

dσ ẊµPµ of an ordinary string
to obtain the manifestly O(n, n)-covariant abbreviated action (8.2.35).

The total action. Finally, putting all this together, the total action of the doubled
string will be given as follows

S[X(σ, τ)] = 1
4πα′

∫
dτ
∮

dσ
(
ẊM (σ, τ)(ηMN + ωMN )X′N (σ, τ)− X′M (σ, τ)HMNX′N (σ, τ)

)
− 1

2

∫
dτ pM (ηMN + ωMN )ẊN (σ0). (8.2.37)

Fourier expansion of the kinetic term. Now, recall that the Hamiltonian of the
doubled string is the functional

H[X(σ)] = 1
4πα′

∮
dσX′M (σ)HMN

(
X(σ)

)
X′N (σ). (8.2.38)

We can now expand XM (σ) in σ by

XM (σ) = xM + α′σpM +
∑

n∈Z\{0}

1
n
�Mn e

inσ, (8.2.39)

where �Mn satisfies the identity �M−n = �̄Mn and it can be decomposed as �Mn = (αµn, α̃nµ)
with

α̃nµ =
{
−ET

µν α
ν
n, n > 0

+Eµν ανn, n < 0
. (8.2.40)

The coordinates of the phase space can be taken as {xM ,pM , αµk , ᾱ
µ
k}k∈N\{0}. Now

we can explicitly express the kinetic part of the action of the doubled string in these
coordinates. Firstly, we calculate the mode expansion of the abbreviated Tseytlin action
together with the topological term:

1
4πα′

∫
dτ
∮

dσ ẊM (ηMN + ωMN )X′N

= 1
2

∫
dτ

pµẋµ + πα′ ˙̃pµpµ + ˙̃pµ
∑

n∈Z\{0}

1
n

˙̃αnµ + i
∑

n∈Z\{0}

1
n
ωMN �̇M−n�

N
n

 . (8.2.41)

Then, we expand the boundary terms:

(S∂Tsey + S∂top)[X(0, τ),p(τ)] = −
∫

dτ 1
2p

M (τ)(ηMN + ωMN )ẊN (σ0, τ)

= −
∫

dτ 1
2

p̃µ ˙̃xµ + p̃µ
∑

n∈Z\{0}

1
n

˙̃αnµ

 (8.2.42)
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By adding these terms together, we obtain the the mode expansion of the abbreviated
action of the doubled string, which is the following:

S[X(σ, τ)] +
∫

dτH[X(σ, τ)] =
∫

dτ

pM ẋM − πα′

2 ωMNpM ṗN + i
∑

n∈Z\{0}

1
n
ωMN �̇M−n�

N
n


The symplectic structure of the doubled string. Now we can use the equation

S[X(σ, τ)] +
∫

dτH[X(σ, τ)] =
∫

dτ ιVH� (8.2.43)

to determine the Liouville potential � on the phase space of the doubled string and, hence,
the its symplectic structure. To solve the equation, we choose again the Hamiltonian vector
VH associated to the time flow, which, in the new coordinates {xM ,pM , αµk , ᾱ

µ
k}n∈Z\{0}

of the phase space, takes the form

VH = d
dτ

= ẋM
∂

∂xM
+ ṗM

∂

∂pM
+
∑
n>0

(
α̇µn

∂

∂αµn
+ ˙̄αµn

∂

∂ᾱµn

)
.

(8.2.44)

Now, by solving the equation (8.2.43) we obtain the following Liouville potential:

� = pMdxM − πα′

2 ωMNpMdpN + i
∑

n∈Z\{0}

1
n
ωMN d�M−n�Nn . (8.2.45)

By calculating the differential 
 = δ�, we finally obtain the symplectic form


 = dpM ∧ dxM − πα′

2 ωMNdpM ∧ dpN + i
∑

n∈N\{0}

1
n
ωMN d�M−n ∧ d�Nn . (8.2.46)

This is, therefore, the symplectic form of the phase space (LQM, 
) of the doubled string.
Notice that we can also rewrite this symplectic form as


 =
∮

dσ 1
2ωMN δXM (σ) ∧ δX′N (σ) + dpM ∧ dXM (σ0). (8.2.47)

Notice that, if we ignore the second term encoding the boundary, the first term can be
immediately given by a potential

∮
dσ 1

2ωMN δXM (σ)X′N (σ), which is nothing but the
transgression of a symplectic form $ := 1

2ωMN dxM ∧ dxN = dxµ ∧ dx̃µ defined on the
doubled space. Notice that this is still a particular example of the fundamental 2-form
which appears in Born geometry in [FRS17; Svo18; FRS19] for a background without fluxes.

8.2.3 Algebra of observables

We want to determine the algebra heis(LQM,
) of quantum observables of the phase
space of the doubled string.

f̂ = −i~∇Vf + f (8.2.48)
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We, thus, obtain the following commutation relations:
[
X̂M (σ) , X̂N (σ′)

]
= iπ~α′ωMN − i~ηMNε(σ − σ′). (8.2.49)

where the function ε(σ) is the quasi-periodic function defined by

ε(σ) := σ − i
∑

n∈Z\{0}

einσ

n
(8.2.50)

and it satisfies the following properties: firstly, its derivative ε′(σ) = δ(σ) is the Dirac
comb; secondly, it satisfies the boundary condition ε(σ + 2πn) = ε(σ) + 2πn and, finally,
it is an odd function, i.e. ε(−σ) = −ε(σ).

The fact that the operators associated with Xµ(σ) and X̃µ(σ′) do not commute by a
term ∝ ε(σ − σ′) was already observed as far as in [De +14]. However, the commutation
relations (8.2.49) contain a new term: the skew-symmetric constant matrix ∝ π~α′ωMN ,
originating from the topological term (8.2.31) in the total action of the doubled string
and totally analogous of the one recently observed by [FLM17a; FLM17b]. We can also
easily derive the commutation relations for the higher modes

[α̂µn, α̂νm] = ngµνδm+n,0 =
[
ˆ̄αµn, ˆ̄ανm

]
. (8.2.51)

Limits of the algebra of observables It is worth remarking the role of the dimen-
sionful constants ~ and α′ in providing the deformation to the classical algebra. We
are used to seeing ~ as a quantum deformation parameter but here we also see ~α′ as
another quantum deformation parameter. This suggests interesting limits. The classical
limit is the obvious limit given by ~ → 0. The particle limit is ~ fixed but α′ → 0.
This algebra suggests a new limit:

~→ 0 ; α′ →∞ ; α′~ fixed. (8.2.52)

This would be a classical stringy limit where we keep the stringy deformation but remove
the quantum deformation. It would be interesting to study the system further in this
limit to identify the pure string deformation based effects.

8.3 Geometric quantisation on the doubled space

8.3.1 The phase space of the zero-mode string

Recall that we can expand the fields XM (σ) of our doubled string σ-model by

XM (σ) = xM + α′σpM +
∑

n∈Z\{0}

1
n
�Mn e

inσ, (8.3.1)

where the coordinates of the phase space of a doubled string are {xM ,pM , αµk , ᾱ
µ
k},

with the former {xM ,pM} co-ordinatising the zero-modes of the string and the latter
{αµk , ᾱ

µ
k} co-ordinatising its higher-modes. A zero-mode truncated doubled string is
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a doubled string where we are neglecting the higher-modes and it can be seen as a
simple embedding of the form

XM (σ) = xM + α′σpM . (8.3.2)

The zero-modes of a doubled string XM (σ, τ) can be thought as a particle in a doubled
phase space (xM (τ),pM (τ)). Similarly we expect that the wave-functional Ψ[X(σ)] at
zero modes is just a wave-function ψ(x,p) on the doubled phase space of zero modes:

Ψ[X(σ)] 0 modes−−−−−−→ ψ(x,p), 
 0 modes−−−−−−→ �. (8.3.3)

The phase space of the zero-modes of a doubled string is, therefore, a 4n-dimensional
symplectic manifold (P,�) with symplectic form

� = ηMN dpM ∧ dxN − πα′

2 ωMN dpM ∧ dpN (8.3.4)

and underlying smooth manifold P = R4n. Notice that this 2-form, obtained by
a Hamiltonian treatment of the total action of a doubled string σ-model, exactly
agrees with the symplectic form found by [FLM17a; FLM17b] by starting from vertex
algebra arguments.

Now, we can apply the machinery of geometric quantisation to this symplectic manifold
(P,�) to quantise the zero-modes of a doubled string.

Kinetic coordinates for the doubled phase space. Let us change the canonical
momentum coordinates with the untwisted non-canonical momentum coordinates kM =
(e−B)MNpN . Given a doubled string σ-model X(σ, τ), these will be related by

kµ(σ, τ) =
∮

dσ gµνẊν(σ, τ), k̃µ(σ, τ) =
∮

dσ gµν ˙̃
Xν(σ, τ). (8.3.5)

We can rotate the doubled coordinates, accordingly xM 7→ (e−B)MNxN to the untwisted
frame. We can now rewrite the symplectic form in the kinetic coordinates {xM , kM} and
have

� = ηMN dkM ∧ dxN − πα′

2 ω
(B)
MN dkM ∧ dkN (8.3.6)

where we called the matrix

ω
(B)
MN =

(
Bµν δ ν

µ

−δµν 0

)
. (8.3.7)

Then, we can choose the following gauge for the Liouville potential:

� = ηMN kMdxN − πα′

2 ω
(B)
MN kMdkN . (8.3.8)
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The action of the zero-mode string. As we remarked, in geometric quantisation
the Lagrangian density L ∈ Ω1(γ) of a particle is related to the Liouville potential
� ∈ Ω1(P) by the equation

LH = (ιVH�−H)dτ. (8.3.9)

We can then immediately use it, in the form

S[x(τ), k(τ)] =
∫
γ

dτ
(
ιVH�−H

)
with VH = ẋM

∂

∂xM
+ k̇M

∂

∂kM
, (8.3.10)

to find the action of the zero-mode doubled string:

S[x(τ), k(τ)] =
∫
γ

dτ
(
ηMNk

M ẋN − πα′

2 ω
(B)
MN kM k̇N −H(0)

MNk
MkN

)
(8.3.11)

where we called the matrix

H(0)
MN =

(
gµν 0
0 gµν

)
. (8.3.12)

8.3.2 Algebra of the observables

Recall that in geometric quantisation a quantum observable f̂ ∈ Aut(H) is a linear
automorphism of the Hilbert space, obtained from the corresponding classic observable
f ∈ C∞(P) by the following identification:

f̂ := −i~∇Vf + f, (8.3.13)

where the vector Vf ∈ X(P) is the Hamiltonian vector with Hamiltonian function f ,
i.e. the vector which solves the Hamilton equation

ιVf� = df. (8.3.14)

In this subsection we want to determine the Lie algebra of quantum observables heis(P,�)
on the doubled phase space.

Hamiltonian vector fields. Let us first solve the Hamilton equation (8.3.14) for
a generic Hamiltonian function f ∈ C∞(P). We expand the vector Vf ∈ X(P) in
the kinetic coordinates

Vf = VM
f,x

∂

∂xM
+ VM

f,k
∂

∂kM
. (8.3.15)

Hence, the Hamilton equation (8.3.14), in coordinates, becomes

ηMN (VM
f,k dxN − VM

f,x dkN )− πα′ω(B)
MN V

M
f,k dkN = ∂f

∂xM
dxM + ∂f

∂kM
dkM . (8.3.16)

Therefore, the Hamiltonian vector field Vf with Hamiltonian f is given by

Vf =
(
ηMN ∂f

∂xN

) ∂

∂kM
+
(
− ηMN ∂f

∂kN
− πα′ωMN

(B)
∂f

∂xN

) ∂

∂xM
(8.3.17)

where we called ωMN
(B) := ηML ω

(B)
LP ηPN . In particular the Hamiltonian vector fields

corresponding to the classical observables of the kinetic coordinates xM and kM are

Vf=xN = ηMN ∂

∂kM
− πα′ωMN

(B)
∂

∂xM
,

Vf=kN = −ηMN ∂

∂xM
.

(8.3.18)



8. Geometric quantisation of Double Field Theory 227

Non-commutative Heisenberg algebra. By applying the definition (8.3.13) of quan-
tum observable, we find that the operators associated to the kinetic coordinates are the fol-
lowing:

x̂M = i~ηNM
∂

∂kN
− i~πα

′

2 ωNM(B)
∂

∂xN
+ xM ,

k̂M = −i~ηNM ∂

∂xN
.

(8.3.19)

Therefore the commutation relations between the coordinates operators are the following:

[x̂M , x̂N ] = πi~α′ωMN
(B) , [x̂M , k̂N ] = i~ηMN , [k̂M , k̂N ] = 0. (8.3.20)

Thus, the 4n-dimensional Lie algebra heis(P,�) can be regarded as a non-commutative
version of the usual Heisenberg algebra, where the position operators do not generally com-
mute.
Explicitly, in undoubled notation, we have the following commutation relations:

[x̂µ, x̂ν ] = 0, [x̂µ, ˆ̃xν ] = πi~α′δµν , [ˆ̃xµ, ˆ̃xν ] = −2πi~α′Bµν ,

[k̂µ, k̂ν ] = 0, [k̂µ, ˆ̃kν ] = 0, [ˆ̃kµ, ˆ̃kν ] = 0,

[x̂µ, ˆ̃kν ] = [ˆ̃xµ, k̂ν ] = 0, [x̂µ, k̂ν ] = i~δµν , [ˆ̃xµ, ˆ̃kν ] = i~δ νµ .

(8.3.21)

Examining this algebra from the perspective of the limits we discussed earlier we see
that ~ controls the noncommutativity of the position with the momentum and ~α′

the noncommutativity of the coordinates and their duals. Finally, α′B the noncom-
mutativity of the spacetime coordinates. Thus when the B-field is included we have
three noncommutativity parameters.

Uncertainty principle on the doubled space. Following standard text book tech-
niques applied to the commutation relations (8.3.21), we can immediately show that any
position coordinate xµ and its dual x̃µ satisfy the following uncertainty relation:

∆x∆x̃ ≥ π~
2 α′. (8.3.22)

This means that xµ and x̃µ cannot be measured with absolute precision at the same
time, but there will be always a minimum uncertainty proportional to the area ~α′.
This provides support to the intuition of a minimal distance scale in string theory. The
standard lore is that for small distances one goes to the T-dual frame and the distances
will always be larger than the string scale.
In addition, both the couples (x, p) and (x̃, p̃) satisfy the usual uncertainty relation
between position and momentum:

∆x∆p ≥ ~
2 , ∆x̃∆p̃ ≥ ~

2 . (8.3.23)

However, it is worth noticing that the momentum and its dual can be measured at the same
time:

∆p∆p̃ ≥ 0. (8.3.24)
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Hamiltonian. Notice that the Hamiltonian operator of the zero-mode doubled string
will be given by

Ĥ = H(0)
MN k̂

M k̂N = −~2HMN
(0)

∂

∂xM
∂

∂xN
, (8.3.25)

where we called the matrix HMN
(0) := ηMLηNPH(0)

LP .

Non-commutative Heisenberg algebra in canonical coordinates. In the zero-
mode string canonical coordinates {xM ,pM} we obtain the following operators:

x̂M = i~
∂

∂pM
− i~πα

′

2 ωNM
∂

∂xN
+ xM ,

p̂M = −i~ ∂

∂xM
.

(8.3.26)

Therefore the commutation relations between the canonical coordinates observables are

[x̂M , x̂N ] = πi~α′ωMN , [x̂M , p̂N ] = i~δMN , [p̂M , p̂N ] = 0. (8.3.27)

Relation with the symplectic structure of the doubled space. Let us now focus
on the subalgebra generated by the operators x̂µ and ˆ̃xµ. This will be given by the
following commutation relations:

[x̂µ, x̂ν ] = 0, [x̂µ, ˆ̃xν ] = πi~α′δµν , [ˆ̃xµ, ˆ̃xν ] = 0. (8.3.28)

Notice that this can be seen as an ordinary 2n-dimensional Heisenberg algebra h(2n).
This means that such an algebra is immediately given by a symplectic manifold (M, $)
withM∼= R2n and symplectic form $ := π~α′dxµ ∧ dx̃µ. This symplectic structure on
the doubled space is exactly the one introduced by [Vai12b].

8.3.3 T-duality and the string deformed Fourier transform

In ordinary quantum mechanics we choose to represent the wavefunctions in either the
position or the momentum basis and it is the Fourier transform that maps the wavefunction
in one basis to the other basis. From the persepective of geometric quantisation this
is the transformation between elements of the Hilbert spaces constructed with different
choices of Lagrangian submanifold i.e. different polarisations. T-duality is a change
in our choice of polarisation. We can then follow the pairing construction used in
[BW97; Vic84; Sou97; Woo80] to construct the transformation for the string wavefunction
moving between different duality frames. This will produce a string deformed Fourier
transform (that reduces to the usual Fourier transform in the α′ → 0 limit). From
the geometric quantisation perspective these transformations are known as Blatter-
Kostant-Sternberg [BW97] kernel’s.
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Polarisations. In the geometric quantisation of a symplectic space (P,�), a polarisation
corresponds to a choice of an integrable Lagrangian subspace L ⊂ P. Since P is a vector
space, the first Chern class of the prequantum U(1)-bundle whose curvature is the
symplectic form � ∈ Ω2(P), is necessarily trivial. In geometric quantisation, this implies
that the Hilbert space of the quantised system is defined by the space of the complex
L2-functions on the Lagrangian submanifold L ⊂ P, i.e. by

H := L2(L,C). (8.3.29)

Remarkably, this does not depend on the choice of polarisation L ⊂ P and it is possible
to prove that, for any other Lagrangian subspace L′ ⊂ P , we would have an isomorphism
of Hilbert spaces H ∼= L2(L′,C).

T-duality as a change of polarisation. Let us rewrite the symplectic form � ∈ Ω2(P)
in canonical coordinates (xM ,pM ), i.e.

� = ηMN dpM ∧ dxN − πα′

2 ωMN dpM ∧ dpN , (8.3.30)

and let us recall that the momenta doubled vector can be interpreted as the doubled
vector of winding numbers pM = (wµ, w̃µ). It is now immediate that the vector spaces

L := Span(xµ, wµ), L̃ := Span(x̃µ, w̃µ) (8.3.31)

are Lagrangian subspaces of the symplectic space (P,�). This means that we will have
two polarisations corresponding to the two T-duality frames (xµ, wµ) and (x̃µ, w̃µ). We
can thus define two basis {|x,w〉}(x,w)∈L and {|x̃, w̃〉}(x̃,w̃)∈L̃ for our Hilbert space H. If
we consider a generic state |ψ〉 ∈ H of our Hilbert space, we can now express it in the
basis associated to both the T-duality frames by

ψw(x) := 〈x,w |ψ〉 , ψ̃w̃(x̃) := 〈x̃, w̃ |ψ〉 . (8.3.32)

Now, we want to explicitly find the isomorphism L2(L;C) ∼= L2(L̃;C) between wave-
functions in the two T-duality frames. Let us expand our zero-mode truncated string
by Xµ(σ) = xµ + α′σp̃µ and X̃µ(σ) = x̃µ + α′σpµ and call XM (σ) =

(
Xµ(σ), X̃µ(σ)

)
. A

zero-mode truncated string XM (σ) = xM +α′σpM is represented by a point (xM ,pM ) ∈ P
of the phase space of the zero-mode doubled string.

Now, notice that the symplectic form immediately satisfies the following identity:

� = dLd
L̃

(
p̃µx̃µ − pµxµ + πα′pµp̃

µ
)
, (8.3.33)

where dL and d
L̃
are respectively the differentials on the Lagrangian subspaces L =

Span(xµ, p̃µ) and L̃ = Span(x̃µ, pµ). Thus, we can express the symplectomorphism
f : P → P encoding T-duality on the phase space of the zero-mode doubled string
by the generating function

F (x,p) = p̃µx̃µ − pµxµ + πα′pµp̃
µ

= ωMNp
MxN + πα′

2 ηMNp
MpN ,

(8.3.34)
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which is nothing but the zero-mode truncation of the lift to the phase space of the
doubled string of the action functional (8.1.43). Such a symplectomorphism is simply
the O(n, n) transformation of the doubled coordinates and momenta by (xM ,pM ) 7→
(ηMNxN , ηMNpN ). Now, by applying the machinery of geometric quantisation, the
matrix of the change of basis on the Hilbert space H will be given by the generating
function (8.3.34) as follows:

〈x,w | x̃, w̃〉 = exp i

~
(
pµx

µ − p̃µx̃µ + πα′pµp̃
µ)

= exp i

~

(
ωMNp

MxN + πα′

2 ηMNp
MpN

)
,

(8.3.35)

where wµ ≡ p̃µ and w̃µ ≡ pµ. Therefore we can equivalently rewrite the transformation

〈x̃, w̃ |ψ〉 =
∫
L

dnx dnw 〈x̃, w̃ |x,w〉 〈x,w |ψ〉 (8.3.36)

as the following, stringy Fourier transformation:

ψ̃w̃(x̃) =
∫
L

dnx dnw exp i

~

(
ωMNp

MxN + πα′

2 ηMNp
MpN

)
ψw(x) . (8.3.37)

This is the transformation between the wavefunctions in different duality frames. Mathe-
matically it is the isomorphism L2(L,C) ∼= L2(L̃,C). In undoubled coordinates we can
explicitly rewrite such a stringy Fourier transformation as follows:

ψ̃w̃(x̃) =
∫
L

dnx dnw exp i

~
(
w̃µx

µ − wµx̃µ + πα′w̃µw
µ)ψw(x), (8.3.38)

where we used the identities wµ ≡ p̃µ and w̃µ ≡ pµ. Notice that, even if the form of
the symplectomorphism f is particularly simple, the transformation for wave-function is
more complicated than just a Fourier transform. The difference from the usual Fourier
transformation is given by the additional πα′

2 ηMNpMpN term. This then will reduces
to a standard Fourier transform in the limit α′ → 0.
In terms of basis, this transformation can be also be expressed by

|x̃, w̃〉 =
∫
L

dnx dnw exp i

~

(
ωMNp

MxN + πα′

2 ηMNp
MpN

)
|x,w〉 . (8.3.39)

A phase term in the change of polarisation. Finally, notice that, if we restrict our
generalised winding to ordinary integer winding w, w̃ ∈ Zn, we will obtain a change
of polarisation of the form

ψ̃w̃(x̃) =
∑
w∈Zn

e
i
~πα

′w̃µwµ
∫
M

dnx e
i
~(w̃µx

µ−wµx̃µ)ψw(x). (8.3.40)

In this context, as firstly noticed with different arguments by [FLM17b], T-duality does not
simply act as a "double" Fourier transformation of the wave-function of a string, because
there will be an extra phase contribution given by exp

(
iπα

′

~ w̃µw
µ
)
for any term with

w, w̃ 6= 0. Since we are restricting now to the case where w, w̃ are integers and
√
~/α′ is just

the unit of momentum, we immediately conclude that the only possible phase contributions
are exp

(
iπα

′

~ w̃µw
µ
)
∈ {+1,−1}, depending on the product w̃µwµ ≡ pµwµ being even or

odd. Notice that the presence of the topological term in the action induces a very similar
phase term in the partition function of a string with an analogous role, as seen by [BC07].
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Darboux coordinates for the zero-mode string. Let us find the Darboux coordi-
nates on the manifold P for the symplectic form � ∈ Ω2(P). If we define the new coordi-
nates

qµ := xµ

q̃µ := x̃µ − πα′pµ
(8.3.41)

and we pack them together as qM := (qµ, q̃µ), we can rewrite the symplectic form simply as

� = dpM ∧ dqM (8.3.42)

with pM = ηMNpN = (pµ, p̃µ). Therefore the conjugate variable on the phase to the
canonical momenta pM of the zero-mode string is the new coordinate qM . Notice that
this variable is not the proper position xM on the doubled space, but a mix of position
and momentum. This change of coordinates is intimately related to what is known as
Bopp’s shift in non-commutative quantum mechanics.

8.3.4 Relation with non-commutativity induced by fluxes

The non-commutativity we are exploring follows that in [Bla15], but is different from
(though close to) the one introduced by [Lus10] and further explored by [And+13], where
the non-commutativity of the doubled space is induced by the presence of fluxes. For a more
recent account see [Sza18] (who also discusses the appearance of non-associativity) and
[Ost20]. The notion of non-commutativity we are considering is completely independent
by the presence of fluxes and characterises even flat and topologically trivial doubled
spaces. As we will see in the next section, the non-commutativity between a physical
coordinate and its T-dual is intrinsic and linked to the existence of a minimal length
`s =

√
~α′ on the doubled space.

The link between the two notions of non-commutativity is provided by [Bla15]. The
presence of flux implies monodromies for the generalised metric of the form

H(x+ 2π) = OH(x)OT (8.3.43)

with monodromy matrix O ∈ O(n, n). Thus, as explained by [Bla15], we need to consider
the further generalised boundary conditions

XM (σ + 2π) = OMNXN (σ) + 2πpM (8.3.44)

for our doubled string σ-model. When we write the Tseytlin action, we then have to
generalise its boundary term accordingly. As seen by [Bla15], the new action produces
the non-commutativity given by the fluxes on the doubled phase space.

8.4 Non-commutative QM of the zero-mode string

Non-commutative quantum mechanics was introduced as far as in 1947 by [Sny47]. The
fundamental idea, at the time, was to quantize flat spacetime by introducing a minimal
length and generalising the uncertainty principle to make it fuzzy.
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As we saw in the previous section, the zero-mode truncation of the pre-quantised wave-
functional Ψ[X(σ)] of a doubled string can be seen as a conventional pre-quantised
wave-function ψ(x,p) of a particle in a doubled space. In other words, the zero-modes
of strings behave like particles in a double space. However, such a doubled space is
intrinsically non-commutative. As we derived, indeed, the commutation relations of
the position operators are of the form

[x̂M , x̂N ] = iϑMN with ϑMN := π~α′ωMN . (8.4.1)

This means that the Quantum Mechanics of the string zero-modes will be non-commutative
(NCQM). Let us choose units where we only require c = 1. This way the two physi-
cal dimensions of length and energy are explicitly parametrised by the two universal
constants as follows:

[
~α′
]

= length2,

[ ~
α′

]
= energy2 (8.4.2)

and thus the string scale must be expressed as `s =
√
~α′. We notice that any couple

of T-dual coordinates fails in commuting by an area which is proportional to the
string scale, i.e. we have

[
x̂µ, ˆ̃xµ

]
= iπ`2s (8.4.3)

for any fixed µ = 1, . . . , n. In this context π`2s can be interpreted as a minimal area
of the doubled space.

8.4.1 Non-commutative coherent states of zero-mode strings

Let us start from the non-commutative Heisenberg algebra heis(�,P) of the phase space
(�,P) of the zero-modes truncated doubled string:

[x̂M , x̂N ] = πi~α′ωMN , [x̂M , p̂N ] = i~δMN , [p̂M , p̂N ] = 0. (8.4.4)

Notice that the subspace of P = R4n spanned by (xµ, x̃µ) is not a Lagrangian subspace,
therefore there is no well-defined notion of wave-function of the form ψ(xµ, x̃µ). In quantum
mechanical terms, since T-dual coordinates [x̂µ, ˆ̃xν ] 6= 0 do not generally commute, there
exists no basis

{
|xµ, x̃µ〉

}
6⊂ H of eigenstates of the doubled position operators.

Coherent states. However, we can define the following annihilation and creation opera-
tors

ẑµ = 1√
2π~

(
x̂µ + iˆ̃xµ

)
ẑ†µ = 1√

2π~

(
x̂µ − iˆ̃xµ

) (8.4.5)

whose commutator [
ẑµ, ẑ†ν

]
= α′δµν (8.4.6)
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satisfies the commutation relations of the Fock algebra. Thus the non-commutative
quantum configuration space is a bosonic Fock space

Fcs :=
⊙
k∈N

Cn = C⊕ Cn ⊕ (Cn � Cn)⊕ (Cn � Cn � Cn)⊕ . . . (8.4.7)

generated by vectors of the form

|0〉 , ẑ†µ |0〉 , 1√
2
ẑ†µ1 ẑ†µ2 |0〉 , 1√

3!
ẑ†µ1 ẑ†µ2 ẑ†µ3 |0〉 , . . . (8.4.8)

where the vacuum state |0〉 is defined by the equation ẑµ |0〉 = 0 for all µ = 1, . . . , n.
The important aspect of working with the creation and annihilation operators is that
there exist eigenstates

∣∣z1, · · · , zn
〉
for all the operators ẑµ with µ = 1, . . . , n. These

satisfy the following defining properties:

ẑµ
∣∣∣z1, · · · , zn

〉
= zµ

∣∣∣z1, · · · , zn
〉

〈
z1, · · · , zd

∣∣∣ ẑ†µ =
〈
z1, · · · , zd

∣∣∣ z̄µ (8.4.9)

for eigenvalues (z1, · · · , zn) ∈ Cn. These states are called coherent states.
Let us now use the compact notation |z〉 :=

∣∣z1, · · · , zn
〉
for coherent states. A normalised

coherent state can be expressed by

|z〉 := exp
(
−δµν2α′ z

µ z̄ν
)

exp
(
δµν
α′

zµ ẑ†ν
)
|0〉 , (8.4.10)

where the vacuum state |0〉 ∈ Fcs is defined as previously. These states constitute an
overcomplete basis on the Fock space space Fcs, since they satisfy the property

1
(2πα′)n

∫
Cn

dnz dnz̄ |z〉 〈z| = 1. (8.4.11)

There is an isomorphism between the non-commutative quantum configuration space
Fcs and the quantum Hilbert space H, i.e.

Fcs ∼= H. (8.4.12)

Such an isomorphism will be explicitly presented in equation (8.4.23).

Mean position of a coherent state. The expectation value of the non-commutative
position operators on a coherent state |z〉 can be found by

〈z|x̂µ|z〉 =
√

2π~ Re(zµ) =: xµ, 〈z|ˆ̃xµ|z〉 =
√

2π~ Im(zµ) =: x̃µ. (8.4.13)

The doubled vector xM = (xµ, x̃µ) is the mean position of the coherent state |z〉 on the
doubled space R2d, also known as quasi-coordinate vector. It is important to remark that
xM are not coordinates, i.e. they are not eigenvalues of the operators x̂M . Thus, by working
with coherent states |z〉 with mean position xM , we can bypass the problem of not being able
to work with eigenstates of the position operators. In general, any operator f̂(x̂M ) can be
expressed as a function of the mean positions of a coherent state by F (xM ) := 〈z|f̂(x̂M )|z〉.
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Minimal uncertainty. Coherent states minimize the uncertainty between a coordinate
operator of the doubled space and its T-dual, i.e.

∆xµ ∆x̃ν = π`2s
2 δµν . (8.4.14)

The coherent states of the quantum configuration space can then be interpreted as states
which are approximately localised at a point xM of the doubled space, the mean position.

8.4.2 Free particles on the doubled space

Plane waves. The mean value of a plane wave operator on a coherent state is given by〈
z
∣∣∣∣ exp

(
i

~
pM x̂M

) ∣∣∣∣ z〉 = exp
(
i

~
pMxM − πα′

4~ δ
MNpMpN

)
. (8.4.15)

This can be immediately proved by defining the complex momentum operators

p̂+
µ =

√
π

2~
(
p̂µ + i ˆ̃pµ

)
,

p̂−µ =
√
π

2~
(
p̂µ − i ˆ̃pµ

)
,

(8.4.16)

and by applying the Baker–Campbell–Hausdorff formula as follows:

exp
(
i

~
pM x̂M

)
= exp

(
ip+
µ ẑ
†µ + ip−µ ẑ

µ
)

= exp
(
ip+
µ ẑ
†µ
)

exp
(
ip−µ ẑ

µ
)

exp
(
−πα

′

4~ δ
MNpMpN

)
.

(8.4.17)

The Hilbert space of a free particle. The subspace Lp = Span(pM ) ⊂ P is
Lagrangian. This can be immediately understood by writing the symplectic form in
Darboux coordinates as � = dpM ∧ dqM . Therefore we can express our Hilbert space
H as the space of complex L2-functions on Lp, i.e. as

H ∼= L2(Lp;C) (8.4.18)

Since the doubled momenta commute, i.e. [p̂M , p̂N ] = 0, we can define a basis of
eigenstates {|p〉}p∈Lp ⊂ H of the doubled momentum operators p̂M without the problems
encountered with the doubled position operator. These satisfy p̂M |p〉 = pM |p〉 for
any M = 1, . . . , 2d. If we choose the basis of coherent states {|z〉}z∈Cn , a doubled
momentum eigenstate can then be expressed by

〈z |p〉 = exp
(
i

~
pMxM − πα′

4~ δ
MNpMpN

)
(8.4.19)

where xM is the mean position of the coherent state |z〉. This can be interpreted as
the expression of a free particle state on the doubled space, where we are using the
mean position as a variable.
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Strings are waves. Interestingly, if we choose the basis |x,w〉 with wµ = p̃µ, which
diagonalizes the commuting operators of the physical position x̂µ and winding ˆ̃pµ, a
doubled momentum eigenstate can be expressed just as a free particle in the wave-
function on the physical space

〈x,w |p〉 = 1
(2π~)n2

exp
(
i

~
pµx

µ
)

(8.4.20)

where now xµ are proper eigenvalues of the position operator. Analogously, in the T-dual
frame |x̃, w̃〉 with w̃µ = pµ, we recover a free particle on the T-dual space

〈x̃, w̃ |p〉 = 1
(2π~)n2

exp
(
i

~
p̃µx̃µ

)
(8.4.21)

The interpretation of this fact is that a free particle, i.e. a plane wave, on the doubled space
with fixed doubled momentum pM = (pµ, p̃µ) can be quantum-mechanically interpreted as

• a free string on the physical space with fixed momentum pµ and winding wµ = p̃µ,

• a free string on the T-dual space with fixed momentum p̃µ and winding w̃µ = pµ.

As classically derived in [BBR14], this implies that a plane wave with doubled momentum
pM = (pµ, 0) on the doubled space reduces to a plane wave with momentum pµ on the phys-
ical space and one with pM = (0, p̃µ) reduces to a standing string with winding wµ = p̃µ.

Probability distribution. Let us calculate the probability distribution of the wave-
function (8.4.19) of a free particle on the doubled space:

|〈z |p〉|2 =
(
α′

2~

)n
exp

(
−πα

′

2~ δ
MNpMpN

)
. (8.4.22)

Hence, the probability of measuring the doubled momentum pM (or equivalently a string
with momentum pµ and winding p̃µ) is not uniform, but it exponentially decays far from
zero.

Coherent state as superposition of strings. Now, the eigenstate |p〉 can be inter-
preted as a free string for which we know with certainty the momentum pµ and the
winding number wµ = p̃µ. The equation (8.4.19) can be immediately interpreted as the
expansion of a coherent state |z〉 in the basis |p〉, i.e.

|z〉 =
∫ d2np

(2π~)2n exp
(
i

~
pMxM − πα′

4~ δ
MNpMpN

)
|p〉 (8.4.23)

where xM is the mean doubled position of the coherent state |z〉.

Hamiltonian as number operator. Observe that the Hamiltonian operator is given
by

Ĥ = HMN p̂M p̂N (8.4.24)
Let us consider the simple case where the generalised metric is trivial, i.e. HMN = δMN .
We can then define a number operator N̂µ := p̂−µ p̂

+
µ for any fixed µ = 1, . . . , n and the

total number operator as a sum N̂ = ∑n
µ=1 N̂µ. What we obtain is that the Hamiltonian

is proportional to the number operator by Ĥ = 2
π~N̂ .
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8.4.3 Minimal scale of the doubled space

Non-commutative Fourier transform. Let us consider a general string state |ψ〉 ∈
H. We can express this state as a wave function ψ(p) = 〈p |ψ〉 on the momentum
space. Thus, if we want to express it in the coherent states basis |z〉, we need to
use equation (8.4.23) as follows:

〈z |ψ〉 =
∫ d2np

(2π~)2n exp
(
i

~
pMxM − πα′

4~ δ
MNpMpN

)
〈p |ψ〉 . (8.4.25)

Now we can transform wave-functions ψ(p) := 〈p |ψ〉 on the doubled momentum space
to wavefunctions ψ(x) := 〈z |ψ〉 expressed in the basis of the coherent states. (Here
xM denotes the mean position of |z〉 and is not a coordinate.) This is effectively a
non-commutative version of the Fourier transform.

Let us now mention an example of this non-commutative Fourier transform which is
useful to develop some intuition about the non-commutative nature of the doubled space.
Let us choose a wave-function ψ(p) = 1 on the doubled momentum space, which, in
some sense, means that the doubled momentum is maximally spread. The transformation
(8.4.23), applied to ψ(p) = 1, gives

ψ(x) =
∫ d2np

(2π~)2n exp
(
i

~
pMxM − πα′

4~ δ
MNpMpN

)

= 1
(π2~α′)n exp

(
−
∣∣xM ∣∣2
π~α′

)
,

(8.4.26)

which is a Gaussian distribution on the doubled space and not a delta function. This,
on an intuitive level, means that, even if the doubled momentum is maximally spread,
the uncertainty on the doubled coordinates cannot be zero. This is because each couple
of T-dual coordinates can shrink only to a minimal area proportional to `2s = ~α′. This
is an interesting manifestation of the fuzziness of doubled space between physical and
T-dual coordinates, which is parametrised by α′.

Amplitude between coherent states. Let us consider two coherent states |z1〉 and
|z2〉, respectively with mean position xM1 and xM2 . We want now to calculate the scattering
amplitude 〈z2 | z1〉 between such states1. First, notice that the following identity holds:

exp
(
− δµν

α′
zµẑ†ν

)
ẑλ exp

(
+ δµν

α′
zµẑ†ν

)
= ẑλ + zλ. (8.4.27)

By combining this identity with the definition of coherent state, we get the equation

〈z2 | z1〉 = exp
(
−
∣∣z2|2 + |z1

∣∣2
2α′

)〈
0
∣∣∣∣∣ exp

(
δµν
α′

z̄µ2 ẑ
ν
2

)
exp

(
δµν
α′

zµ1 ẑ
†ν
1

) ∣∣∣∣∣ 0
〉
. (8.4.28)

1We thank Kevin T. Grosvenor for extremely helpful discussion, which led to the improvement of this
section in the manuscript [Alf21]. In particular, the calculation of the amplitude between coherent states
will follow the calculation proposed in [Gro21].
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By using the Baker–Campbell–Hausdorff formula, we have

exp
(
δµν
α′

z̄µ2 ẑ
ν
2

)
exp

(
δµν
α′

zµ1 ẑ
†ν
1

)
= exp

(
δµν
α′

zµ1 ẑ
†ν
1

)
exp

(
δµν
α′

z̄µ2 ẑ
ν
2

)
exp

(
δµν
α′

z̄µ2z
ν
1

)
.

From this, we finally find the amplitude:

〈z2 | z1〉 = exp
(
−
∣∣z2 − z1

∣∣2 + δµν(zµ2 z̄ν1 − z̄µ2z
ν
1)

2α′

)
. (8.4.29)

Thus, we immediately get the result that the amplitude between two coherent states
with different mean positions xM1 and xM2 is given by

〈z2 | z1〉 = exp
(
−
∣∣x2 − x1

∣∣2 − iωMNxM2 xN1
π~α′

)
. (8.4.30)

Thus, the ordinary Dirac delta function 〈x2|x1〉 ∼ δ(x2 − x1) between eigenstates of the
coordinates operator of commutative Quantum Mechanics is replaced by the function
(8.4.30), whose width is proportional to string length scale `s =

√
~α′. The squared

amplitude between two coherent states is, then, the Gaussian distribution

| 〈z2 | z1〉 |2 = exp
(
− 2
π~α′

∣∣x2 − x1
∣∣2). (8.4.31)

Physically, this means that the probability is high if the distance between the mean
positions x1 and x2 of the respective coherent states |z1〉 and |z2〉 is smaller than

√
π`s.

The α′ → 0 limit. If we take the limit α′ → 0 the fuzziness of the doubled space
disappears. The non-commutative Heisenberg algebra of quantum observables reduces
to an ordinary commutative 4n-dimensional Heisenberg algebra, whose commutation
relations are given by

lim
α′→ 0

[x̂M , x̂N ] = 0, lim
α′→ 0

[x̂M , p̂N ] = i~δMN , lim
α′→ 0

[p̂M , p̂N ] = 0. (8.4.32)

Consequently the minimal uncertainty in measuring a coordinate and its dual vanishes.
The basis of coherent states |z〉 reduces to a basis of eigenstates |x, x̃〉 of the position
operator x̂, which are now well-defined. Moreover, the scattering amplitudes shrink to

lim
α′→ 0

〈z2 | z1〉 = δ(x2 − x1). (8.4.33)

In the limit α′ → 0, the quantum mechanics on the doubled space becomes ordinary
commutative quantum mechanics on a 2n-dimensional spacetime.

8.4.4 Polarisation of coherent states in a T-duality frame

Let us consider on our Hilbert space the basis {|x,w〉}(x,w)∈L ⊂ H, which corresponds to
the T-duality frame given by the Lagrangian subspace L ⊂ P with coordinates (xµ, wµ).
Recall that, given a string state |ψ〉 ∈ H, we can express it as a wave-function on the
Lagrangian subspace L ⊂ P by ψw(x) := 〈x,w |ψ〉, where wµ := p̃µ is the generalised
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winding number. Thus |ψw(x)|2 can be interpreted as the probability of measuring a
string at the point xµ on physical spacetime with winding number wµ. Now, we want
express a coherent state |z〉 in this basis. In other words we want to calculate

ψcoh
w (x) := 〈x,w | z〉 . (8.4.34)

To do that, we can use the fact that |p〉 are a complete basis for the Hilbert space H and
write

〈x,w | z〉 =
∫ d2np′

(2π)2n
〈
x,w

∣∣p′〉 〈p′ ∣∣ z〉 . (8.4.35)

Let us now use the notation 〈xM 〉 := 〈z|x̂M |z〉 for the mean position of a coherent sate
|z〉 and again (xµ, wµ) for the coordinates of the Lagrangian subspace L ⊂ P where the
polarised wave-function lives. Let us use the expressions (8.4.19) and (8.4.20) of a free
particle in the doubled space to calculate the intermediate terms

〈
x,w

∣∣p′〉 = exp
(
i

~
p′µx

µ
)
δ(w − p̃′)

〈
p′
∣∣ z〉 = exp

(
− i
~
p′M

〈
xM
〉
− πα′

4~ δ
MNp′Mp′N

)
.

(8.4.36)

Hence the integral (8.4.35) becomes a Fourier transform in the physical momentum p′µ only

〈x,w | z〉 =
(∫ dnp′

(2π)n exp
(
− i
~
p′µ(xµ − 〈xµ〉)−

πα′

4~
∣∣∣p′µ∣∣∣2)) exp

(
i

~
wµ〈x̃µ〉 −

πα′

4~ |w
µ|2
)
.

Thus we obtain the following wave-function:

ψcoh
w (x) = exp

(
−|x

µ − 〈xµ〉|2

π~α′

)
exp

(
i

~
wµ〈x̃µ〉 −

πα′

4~ |w
µ|2
)
. (8.4.37)

We notice that the first term of this wave-function is a Gaussian on the physical position
space and that the second term contains an exponential cut-off for large winding numbers.

Probability distribution. The probability of measuring a string with position xµ

and winding number wµ, for a given coherent state |z〉 with mean doubled position〈
xM
〉
, will be immediately given by

∣∣∣ψcoh
w (x)

∣∣∣2 = exp
(
− 2
π~α′

|xµ − 〈xµ〉|2 − πα′

2~ |w
µ|2
)
. (8.4.38)

This probability distribution exponentially decays by going away from the mean position
〈xµ〉 on the physical position space and from zero on the winding number space.

Limit α′ → 0. It is immediate to notice that, in the limit α′ → 0, the probability
distribution spreads in the winding space and localizes in the physical position space. In
other words, our probability distribution shrinks to a Dirac delta

∣∣∣ψcoh
w (x)

∣∣∣2 = δ(x− 〈x〉).
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Change of T-duality frame. Now we want to find the T-dual wave-function of (8.4.37).
To do so, we only need to express the same coherent state |z〉 ∈ H in another basis of our
Hilbert space, the basis |x̃, w̃〉 corresponding to the complementary Lagrangian subspace
L̃ ⊂ P. In other words we must calculate ψ̃coh

w̃ (x̃) := 〈x̃, w̃ | z〉. We immediately obtain
the following wave-function on the dual Lagrangian subspace L̃ ⊂ P

ψ̃coh
w̃ (x̃) = exp

(
−|x̃µ −〈x̃µ〉|

2

π~α′

)
exp

(
i

~
w̃µ 〈xµ〉 −

πα′

4~ |w̃µ|
2
)
, (8.4.39)

where the role of the physical and T-dual coordinates is exchanged.

8.5 Metaplectic structure

Let us focus on the doubled space M. We observed that it comes, at least locally,
equipped with a canonical symplectic form $. Let now assume that (M, $) is simply a
2n-dimensional symplectic manifold and L ⊂ TM be a Lagrangian subbundle.

The metaplectic structure. The metaplectic group Mp(2n,R) is the universal double
cover of the symplectic group Sp(2n,R). It is, thus, given by a group extension of the form

0 Z2 Mp(2n,R) Sp(2n,R). 0 . (8.5.1)

A metaplectic structure on a symplectic manifold (M, $) is defined as the lift of the struc-
ture group Sp(2n,R) of the bundle TM along the group extensionMp(2n,R)� Sp(2n,R).

There is a lemma (see [BW97]) which states that TM admits a metaplectic structure
if and only if L admits a metalinear structure. Another result states [BW97] that the
existence of a metalinear structure on a bundle E is equivalent to the existence of the
square root bundle

√
det(E). By putting these two lemmas together we obtain that TM

admits a metaplectic structure if and only if
√

det(L) exists.

The existence of a metaplectic structure is intimately linked to the definition of the
canonical Spin(d, d) spinor bundle

SM = ∧•L̃⊗
√

det(L). (8.5.2)

If the Lagrangian subbundle L is integrable, there exists a submanifold M ⊂ M such
that L = TM , i.e. the physical spacetime. In this case, the canonical Spin(d, d) spinor
bundle is isomorphic to the spinor bundle of generalised geometry on M , which is defined
in [Gua07]. Thus, the isomorphism L ⊕ L∗ by a B-shift L ⊕ L̃

e−B−−→ L ⊕ L∗ can be
immediately extended to an isomorphism

SM ∼= ∧•T ∗M ⊗
√

det(TM), (8.5.3)

given by the untwist Φ 7→ e−B ∧ Φ on polyforms Φ ∈ ∧•L̃⊗
√

det(L). Notice that this
recovers a construction which is analogous to [Gra+09].



240 8.5. Metaplectic structure

The quantum Hilbert space. The physical necessity for the existence of
√

det(L)
is that it is this measure that is used to construct the quantum Hilbert space. In half-
form quantisation, one thinks of a state as the combination of the wavefunction with
the half-form used to construct its norm.

Thus, the quantum Hilbert space of this symplectic manifold, which will be:

H =
{
ψ ∈ Γ

(
M, E ⊗

√
det(L)

) ∣∣∣∣ ∇V ψ = 0 ∀V ∈ L
}
. (8.5.4)

Let us now consider sections of the form e−φ
√

volM ∈ Γ
(
M,

√
det(L)

)
, where the top

form is the Riemannian volume form volM :=
√

det(g) dx1 ∧ · · · ∧ dxn and φ ∈ C∞(M)
is just a function. Any section |ψ〉 ∈ H can be uniquely written as:

|ψ〉 = ψe−φ ⊗
√

volM . (8.5.5)

With ψ and φ obeying the polarisation condition.

For A ∈ GL(n;R) acting on the bundle L, we have that sections of the square root
bundle transform accordingly by

e−φ
√

volM 7−→
√

det(A) (e−φ
√

volM ) (8.5.6)

Consider a state |ψ〉 ∈ H. Let us call simply ψ the corresponding wave-function. We,
thus, have a Hilbert product given by

〈ψ |ψ〉 =
∫
M
ψ†ψ

√
det(g) e−2φdx1 ∧ · · · ∧ dxn (8.5.7)

where
√

det(g) e−2φ is nothing but the string frame measure and it is T-duality invariant.
By following the literature we can, define a T-duality invariant dilaton by

d := φ− 1
2 ln det(g), (8.5.8)

so that we can rewrite the measure as
√

det(g) e−2φ = e−2d. Now, notice that a Hilbert
product 〈ψ |ψ〉 does not depend on the choice of polarisation and, therefore, it must
be invariant under change of T-duality frame. Under the symplectomorphism encoding
T-duality we have the volume half form transforming by

e−d
√

dx1 ∧ · · · ∧ dxn 7→ e−d
√

dx̃1 ∧ · · · ∧ dx̃n (8.5.9)

Thus, we can express the same state |ψ〉 ∈ H as an L̃-polarised section ψ̃e−φ̃ ⊗
√

vol
M̃
,

where the dual measure is vol
M̃

:=
√

det(g̃) dx̃1 ∧ · · · ∧ dx̃n. In this T-duality frame the
Hilbert product will immediately have the following form:

〈ψ |ψ〉 =
∫
M̃
ψ̃†ψ̃

√
det(g̃) e−2φ̃dx̃1 ∧ · · · ∧ dx̃n (8.5.10)

Thus the dilaton transformation arises from the transformation of the measure in the
half-form quantisation of the string.
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The Metaplectic correction to observables There is one further effect associated
to the Metaplectic structure of quantisation. When we move to the representation of
observables the operators now act on states in H i.e. ψe−φ ⊗

√
volM not just on the

wavefunctions ψ. Practically that means there may be in additional contribution to
an operator given by the Lie derivative generated by the vector field associated to the
observable acting on the half form. Contributions of this type occur with holomorphic
polarisations in which case the Hamiltonian operator is shifted by 1/2. For the simple
harmonic oscillator in quantum mechanics this is just the usual "zero-point" energy shift.
In this context, the Hamiltonian constructed in section 5.24 would receive a zero-point shift.
This would be relevant for T-fold type configurations where the space time moves between
x and x̃ spaces. Of course, we have only dealt with the bosonic string, it is a open question
as to whether fermionic contributions might cancel this shift for the full superstring.

8.5.1 The Maslov correction

A related effect is the Maslov quantisation condition [Arn67] (also known as Ein-
stein–Brillouin–Keller quantisation) is

1
2π

∮
γ
� = ~

(
n+ µ(γ)

4

)
, (8.5.11)

where n ∈ Z and µ(γ) is the Maslov index of the loop γ. Notice that the prequantisation
condition [�] ∈ H2(P,Z) alone implies only that 1

2π
∮
γ � = ~n for some integer n ∈ Z. The

Maslov quantisation condition adds an explicit correction to the quantisation procedure
depending on the Maslov index of the loop.

These metaplectic/Maslov type corrections really only appear when the polarisation
is non-trivial by which we mean in the double field theory context a spacetime that
moves between x and x̃ spaces. One expects such a description is needed for a T-fold
where no global T-duality frame exists. These subtle "quantum" effects will then change
the string spectrum in the T-fold background. We leave the detailed study of the
metaplectic/Maslov corrections for T-folds for future work.



No book can ever be finished.
While working on it we learn just enough to find
it immature the moment we turn away from it.

— Karl Popper
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9.1 Conclusion

From a small set of assumptions we developed a global formulation of the geometry
underlying Double Field Theory by directly generalising Kaluza-Klein principle to higher
gauge fields. We posit that the total space of the bundle gerbe should be understood
as the extended spacetime where Double Field Theory lives. In chapter 5, the higher
Kaluza-Klein hypothesis found an extremely interesting confirmation in the fact that a
bundle gerbe can be covered by an atlas whose charts can be naturally identified with
the coordinate charts of Double Field Theory. Crucially, this construction simultaneously
geometrises both the Kalb-Ramond flux and T-duality from a single principle.

From our formalism, we recovered many previous relevant proposals of geometry of Double
Field Theory and we clarified how they fit in a global geometric picture. Both in chapter 5
and 6 we illustrated that this proposal of doubled space naturally recovers para-Hermitian
geometry [Vai12b; Vai13], including the para-Hermitian structure of Drinfel’d doubles
[MS18; MS19]. We also showed that the infinitesimal symmetries of such doubled space
are given by a symplectic Lie 2-algebroid, which is equivalently a NQP-manifold, and
it can be related to the construction by [DS18; DHS18; DS19].

These geometric results are also able to shed new light on the nature of physical objects
in String Theory. In ordinary Kaluza-Klein theory, a magnetic monopole of the gauge
field can be embedded in a gravitational monopole on the extended spacetime: the
Gross-Perry monopole. In chapter 5 we showed that the NS5-brane of String Theory is

242
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nothing but the direct generalisation of the Gross-Perry monopole to the bundle gerbe.
This provides a new and clear geometric meaning to the NS5-brane and completes the
idea initially proposed by [BR15a].

In chapter 6, we showed that the dimensional reduction of the bundle gerbe recovers
exactly Hull’s doubled torus bundles [Hul07b], with their wanted topologies, monodromy
cocycles and T-dualities [BHM07]. Moreover, in chapter 6 we derived the notion of global
non-abelian T-fold by dimensionally reducing the bundle gerbe and we applied it to the
underlying geometry of tensor hierarchies [HS13b], i.e. the gauge field content of gauged
supergravity, where duality generally appears promoted to a local symmetry. From this
global version of the generalised Scherk-Schwarz reductions, for the very first time, it was
possible to study the topology of some simple examples of tensor hierarchies.

In chapter 7 we moved some first steps in generalising our proposal to other Extended
Field Theories. In particular, we defined a chart of the heterotic doubled space, the Type
II super-double space, the exceptional space and, finally, of the super-exceptional space.

Finally, in chapter 8 we apply geometric quantisation to a closed string and we link it
to the doubled space of Double Field Theory. A key result is the identification of the
stringy effects linked to the noncommutativity of the doubled space controlled by the
string length. The choice of polarisation in quantisation then becomes the choice of
duality frame. Transformations between frames is then given geometrically by changing
polarisations and constructing the non-local transforms acting on wavefunctions. The
construction of a double coherent state gives a minimal distance state which we can
examine from the point of view of traditional polarisations. Finally, the subtle metaplectic
effects may have important consequences for quantising strings on T-folds.

9.2 Discussion

We showed that the current understanding of Extended Field Theory and, in particular
for what it concerns its global properties, is far from complete. Moreover, several
mathematically interesting results deserve to be investigated further.

Global Exceptional Geometry. Recall the definition of the atlas R1,10
exc −→ m5brane

in chapter 7, which we identified with a local chart of exceptional space. As already
argued by [AB18, sec. 9.2], the naturally expected structure generalising the fundamental
2-form ω of para-Hermitian geometry to the exceptional case would generally be an almost
n-plectic structure. Recently, [SU20] proposed a local generalisation of the Born σ-model
of the string to the M-branes. These are equipped with 3- and 6-forms which appear to
be closely related to the transgression of the higher field whose curvature comes from the
dg-algebra (7.3.2). All these are strong hints that the correspondence between extended
geometry and higher geometry via atlases can be well-defined for the exceptional cases too.

Relation with representation theory. In [CP18; CP19a; CP19b], extended geom-
etry has been studied in algebraic terms, in the light of representation theory. The
extended/higher correspondence will then provide a complementary global geometric
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perspective to extended geometry, as well as new connections between higher geometry
and representation theory.

Exceptional Drinfel’d Algebras. It would be interesting to clarify the global picture
of the exceptional Drinfel’d algebras [Sak20a; MT20; BTZ20; MS20; Sak20b; MST21],
which are Leibniz algebras generalising the Drinfel’d algebras of Double Field Theory
to Exceptional Field Theory. Since the fluxes of M-theory appear to be formalised in
the context of cohomotopy, it would be interesting to investigate the relation between
exceptional Drinfel’d algebras and cohomotopy.

Global U-duality and moduli stack of global U-folds. A future natural direction
will be extending the global formalisation of T-duality we proposed in chapter 6 to
global U-duality, including Poisson-Lie U-duality, its underlying globally-defined tensor
hierarchies and generalised correspondence spaces. This can be achieved by by globalising
the local chart of exceptional space to a complete atlas of the higher structure of M-theory
and, then, by developing a global notion of generalised Scherk-Schwarz reductions. The
generalisation of this construction could lead to the definition of a cohomology theory
for global Poisson-Lie U-folds, or, in other words a global classification of such spaces
and their fluxes, geometric and non-geometric. Finally, once the characteristic classes
which classify the fluxes of M-theory are established, this procedure could lead to the
definition of a notion of topological U-duality, which prescribes how such topological
classes are mixed under U-duality.

Non-perturbative quantisation of M-theory. Since the non-perturbative quantisa-
tion of strings and branes can be achieved by higher geometric quantisation [SS11b; BSS17;
BS17; FRS16] on prequantum bundle n-gerbes, the close relation we established between
extended and higher geometries will have a profound impact on the problem of quantisation.
Moreover, the global properties of the geometric involved structures play a fundamental
role in higher geometric quantisation, just like in ordinary geometric quantisation. In this
perspective, our proposal of global geometry of Extended Field Theory and duality will
likely have an interesting role to play in this kind of non-perturbative quantisation.

The results of chapter 8 lead to some further questions far outside the scope of this thesis.
Usually the properties of double field theory are shared with exceptional field theory.
Here though seems a mystery. If double field theory is just phase space and its subsequent
quantisation then what is exceptional field theory. Is there some sense in which it can
be thought of as a more general "quantisation" with the generalised "phase space" being
related to the extended space. Spacetime would no longer be a Lagrangian submanifold
of the extended space. Perhaps some clue is available in the construction of the basic
states of theory as given in [BR15b] where the branes were again momentum states in
the extended space but now also combined with a type of generalised monopole to give
a self-dual configuration. Other mysterious properties of M-theory phase space have
been noticed in [LMS18]. Other exotica that would be curious to explain from the phase
space perspective would be the recently discovered non-Riemannian phase to Double
and Exceptional Field Theory as discussed in [MP17; CMP19; BBO19; PS20; BOP20;
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Gal+20]; this is also somewhat of a mystery from the quantisation perspective. Any
insight into such exotic backgrounds from the geometric quantisation approach proposed
here would be very interesting and we leave it for future work.
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Πᾶν τὸ µάθηµα γνώσεως ἕνεκα ἐπιτηδευόµενον.

The knowledge at which geometry aims is knowledge
of the eternal.

— Plato, Republic

A
Fundamentals of generalised geometry
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In this appendix we introduce fundamental notions in generalised complex geometry and
theory of Courant algebroids. For information about exceptional generalised geometry,
which is not included in this brief discussion, we redirect to the seminal works [Hul07b;
Gra+09; PW08; CSW11; CSW14] and [Bug+21] for a recent formalisation.

A.1 Generalised tangent bundle

Definition A.1.1 (Generalised tangent bundle). A generalised tangent bundle E �M

is a vector bundle which sits at the center of the following short exact sequence:

T ∗M E TM,
ρ∗ ρ (A.1.1)

where ρ : E � TM is known as anchor map.

Definition A.1.2 (Splitting map). A splitting map is a bundle map

T ∗M E TM,
ρ∗ ρ

ω

(A.1.2)

so that we have the isomorphism of vector bundles

ω ⊕ ρ∗ : TM ⊕ T ∗M
∼=−−−→ E. (A.1.3)

248
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Definition A.1.3 (Generalised vector). A generalised vector is a section V ∈ Γ(M,E).

Remark A.1.4 (Components of a generalised vector). Given a local patch U(α) ⊂ M ,
we can locally express a generalised vector V ∈ Γ(M,E) by

V =
(
v(α)

ṽ(α)

)
(A.1.4)

where v(α) ∈ X(Uα) and ṽ(α) ∈ Ω1(Uα) and their patching conditions are given by

v(α) = v(β),

ṽ(α) = ṽ(β) − ιv(α)dΛ(αβ),
(A.1.5)

on any overlap of patches U(α) ∩ U(β) ⊂ M . From the first patching condition, notice
that v ∈ X(M) is a globally defined vector field on M . By using the isomorphism
ω ⊕ ρ∗ : TM ⊕ T ∗M

∼=−−→ E, we can express a generalised vector as V = ω ⊕ ρ∗(v + µ),
where v + µ ∈ Γ(M,TM ⊕ T ∗M), as follows:

V =
(

v

µ+ ιvB(α)

)
, (A.1.6)

where v ∈ X(M) and µ ∈ Ω1(M) are respectively a globally defined vector and 1-form,
while B(α) ∈ Ω2(U(α)) is a local 2-form corresponding to ω and patched by the condition
B(β) −B(α) = dΛ(αβ).

Definition A.1.5 (Metric η and generalised vielbein). A metric η is a symmetric bilinear
form

η : Γ(M,E)× Γ(M,E) −→ C∞(M) (A.1.7)

defined as follows. Let us first define the generalised vielbein EA ∈ Γ(M,E) by

EA :=


Ea =

(
ea

−ιeaB(α)

)
A = a,

Ẽa =
(

0
ea

)
A = d+ a.

(A.1.8)

Finally, the η-metric can be defined by the generalised tensor

η = ηABE
A ⊗ EB, η :=

(
0 1
1 0

)
. (A.1.9)

Definition A.1.6 (Generalised frame bundle). The generalised frame bundle Fr(E) of a
generalised tangent bundle E is the principal O(d, d)-bundle defined by

Fr(E) :=
⊔
x∈M

{(
x, {EA}A=1,...,2d

) ∣∣ x ∈M, η(EA, EB) = ηAB
}

(A.1.10)

on the base manifold M .

Remark A.1.7 (Structure group). The metric η together with a choice of orientation
reduces the structure group O(d, d) of the generalised tangent bundle E �M to SO(d, d).
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Remark A.1.8 (Automorphisms of the generalised tangent bundle). The structure group
preserving the η-metric on E � M and the orientation is SO(d, d) ∼= SO(E). Its Lie
algebra will be

so(E) =
{
A ∈ Γ(M,E ⊗ E∗)

∣∣ η(A−,−) + η(−, A−) = 0
}
. (A.1.11)

This Lie algebra is isomorphic to

so(E) ∼= ∧2TM ⊕ ∧2T ∗M ⊕ End(TM). (A.1.12)

Thus, an element can be expressed by the block matrix

A =
(
N β

b −NT

)
(A.1.13)

where N ∈ End(TM), b ∈ ∧2T ∗M (known as B-shift) and β ∈ ∧2TM .

Definition A.1.9 (Isotropic subbundle). Let E �M be a generalised tangent bundle.
A subbundle L ⊂ E is called isotropic subbundle if it is isotropic under the symmetric
bilinear form η.

A.2 Courant algebroid structure

Let us start this section by recalling the definitions and some useful facts about Lie
algebroids and Lie bialgebroids.

A.2.1 Review of Lie algebroids and bialgebroids

Definition A.2.1. A Lie algebroid a is a triple
(
E, [−,−]a, ρ

)
where

(a) E −�M is a vector bundle on a smooth manifold M ,

(b) [−,−]a : Γ(M,E)× Γ(M,E)→ Γ(M,E) is a skew-symmetric pairing,

(c) ρ : E −� TM is a vector bundle morphism, known as anchor map,

such that the following properties hold:

(i) ρ
(
[X,Y ]a

)
=
[
ρ(X), ρ(Y )

]
Lie,

(ii) [X, fY ]a = ρ(X)(f)Y + f [X,Y ]a (Leibniz rule),

where [−,−]Lie is the usual Lie bracket on TM , for any X,Y ∈ Γ(M,E) and f ∈ C∞(M).

Example A.2.2 (Lie algebra). Notice that a Lie algebroid g = (E, [−,−]g, 0) over a
point M := {0} is exactly a Lie algebra g, whose underlying vector space is E and Lie
bracket is [−,−]g.

Example A.2.3 (Tangent bundle). The tangent bundle TM �M has a natural algebroid
structure (TM, [−,−]Lie, idTM ).
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Definition A.2.4. The exterior derivative on a Lie algebroid a =
(
E, [−,−]a, ρ

)
is the

map da : ∧•(E∗)→ ∧•+1(E∗) such that

(a) (daf)(X) = ρ(X)(f) for any f ∈ C∞(M),

(b) (daψ)(X1, · · · , Xk) = ∑k
i=1(−1)iρ(Xi)

(
ψ(X1, · · · , Xi−1, Xi+1, · · · , Xk)

)
+

+ ∑
1≤i<j≤k(−1)i+jψ

(
[Xi, Xj ]a, X1, · · · , Xk

)
for any ψ ∈ ∧k(E∗).

Definition A.2.5. The Lie derivative on the Lie algebroid
(
E, [−,−]a, ρ

)
along any

section X ∈ Γ(M,E) is defined as the operator LaX : ∧•(E∗)→ ∧•(E∗) given by

LaX := daιX + ιXda, (A.2.1)

where ιX is the inner product.

Definition A.2.6 (Lie bialgebroid). A Lie bialgebroid is the datum of two Lie algebroids
a = (E, [−,−]a, ρ) and a∗ = (E∗, [−,−]a∗ , ρ∗), whose underlying vector bundles E �M

and E∗ �M are dual and such that the following compatibility condition holds

da∗ [−,−]a = [da∗−,−]a + [−,da∗−]a, (A.2.2)

where da and da∗ are respectively the differentials of the algebroids a and a∗.

Example A.2.7 (Lie bialgebra). Notice that a Lie bialgebroid over a point M := {0} is
exactly a Lie bialgebra.

A.2.2 Courant algebroids

Let us start this section from the general definition of a Courant algebroid.

Definition A.2.8. A Courant algebroid c is a quadruple
(
E, η, ◦, ρ

)
where

(a) E �M is a vector bundle over a manifold M ,

(b) η : Γ(M,E)× Γ(M,E)→ C∞(M) is a non-degenerate symmetric pairing,

(c) ◦ : Γ(M,E)× Γ(M,E)→ Γ(M,E) is a pairing (Dorfman bracket),

(d) ρ : E � TM is a vector bundle morphism (anchor map),

such that the following properties hold:

(i) X ◦ (Y ◦ Z) + Y ◦ (Z ◦X) + Z ◦ (X ◦ Y ) = 0 (Leibniz identity),

(ii) ρ(X)
(
η(Y,Z)

)
= η(X ◦ Y,Z) + η(Y,X ◦ Z),

(iii) η(X ◦X,Y ) = 1
2ρ(Y )

(
η(X,X)

)
,

for any section X,Y, Z ∈ Γ(M,E).
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Example A.2.9 (Standard Courant algebroid). The simplest example of Courant
algebroid is the standard Courant algebroid, which is given by

(
TM⊕T ∗M,η, ◦, idTM ⊕0

)
.

η(v + λ,w + µ) := ιvµ+ ιwλ,

(v + λ) ◦ (w + µ) := [v, w]Lie + Lvµ− ιwdλ,
(A.2.3)

where the bracket are called standard Dorfman bracket.

Let us now generalise this simple example.

Example A.2.10 (Courant algebroid from a given Lie algebroid). Given a Lie algebroid
a =

(
E, [−,−]a, ρ

)
, we can directly define a Courant algebroid by

(
E ⊕ E∗, η, ◦, ρ ⊕ 0

)
where the pairings are canonically given by

η(v + λ,w + µ) := ιvµ+ ιwλ,

(v + λ) ◦ (w + µ) := [v, w]a + Lavµ− ιwdaλ.
(A.2.4)

Notice that the standard Courant algebroid is exactly an example of this kind, where the
chosen Lie algebroid is the tangent bundle (TM, [−,−]Lie, idTM ).

Definition A.2.11 (Courant bracket). Given a Courant algebroid c =
(
E, η, ◦, ρ

)
, we

can define the Courant bracket as the anti-symmetrisation of the Dorfman bracket ◦, i.e.

[X,Y ]Cou := 1
2(X ◦ Y − Y ◦X), (A.2.5)

for any couple of sections X,Y ∈ Γ(M,E).

Example A.2.12 (Standard Courant bracket). For the standard Courant algebroid
c =

(
TM ⊕ T ∗M,η, ◦, idTM ⊕ 0

)
, we obtain the standard Courant bracket

[v + µ,w + λ]Cou = [v, w]Lie + Lvλ− Lwµ−
1
2d(ιvλ− ιwµ), (A.2.6)

for any couple of sections v + µ,w + λ ∈ Γ(M,TM ⊕ T ∗M).

Definition A.2.13 (Integrable subbundle). Given a Courant algebroid c =
(
E, η, ◦, ρ

)
,

a subbundle L ⊂ E is an integrable subbundle if Γ(M,L) is closed under the Courant
bracket [−,−]Cou.

Definition A.2.14 (Dirac structure). Given a Courant algebroid c =
(
E, η, ◦, ρ

)
, a Dirac

structure is a subbundle L ⊂ E which is both maximally isotropic and integrable.

Lemma A.2.15 (Polarisation of a Courant algebroid). Let L be a Dirac structure of a
Courant algebroid c =

(
E, η, ◦, ρ

)
. Then c|L :=

(
L, [−,−]Cou, ρ|L

)
is a Lie algebroid.

Remark A.2.16 (Generalised tangent bundle as Courant algebroid). Given a generalised
tangent bundle E ρ−−→→ TM and a splitting map ω : TM ↪→ E, the isomorphism (A.1.3)
of vector bundles

ω ⊕ ρ∗ : TM ⊕ T ∗M
∼=−−→ E (A.2.7)

can be refined to an isomorphism of Courant algebroids from some c =
(
E, ηc, ◦c, ρc

)
to

the standard Courant algebroid
(
TM ⊕ T ∗M,η, ◦, idTM ⊕ 0

)
. Let us now rename the
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isomorphism I := (ω ⊕ ρ∗)−1. On generalised vectors V ∈ Γ(M,E), the isomorphism of
vector bundles can be given as follows:

I : V =
(
v

ṽ(α)

)
7−→ v + µ with µ := ṽ(α) − ιvB(α) (A.2.8)

where v ∈ X(M) and µ ∈ Ω1(M). Consequently, the Courant algebroid structure can be
defined as pullback of the standard Courant algebroid structure, i.e.

ηc := I∗η,
◦c := I∗◦,
ρc := I∗idTM .

(A.2.9)

Finally, we obtain that the Courant bracket on the generalised tangent bundle is

[V,W ]Cou = [v, w]Lie + Lvw̃(α) − Lwṽ(α) −
1
2d
(
ιvw̃(α) − ιwṽ(α)

)
+ ιvιwH (A.2.10)

where V,W ∈ Γ(M,E) is any couple of generalised vectors and H = dB(α) is the curvature
of the corresponding bundle gerbe.

Notice that the Dorfman bracket on a generalised tangent bundle can be rewritten as

(V ◦W )M = V N∂NW
M − (∂ ×ad V )MNWN , (A.2.11)

where we called ∂M := (∂µ, 0) and we defined the product

×ad : E∗ ⊗ E −→ ad(Fr(E)), (A.2.12)

where ad(Fr(E)) := Fr(E) ×ad o(d, d) is the adjoint bundle of the generalised frame
bundle Fr(E) −� M , regarded as an O(d, d)-bundle.

A.2.3 The double of a Lie bialgebroid as a Courant algebroid

This subsection will be devolved to the intimate relation between Courant algebroids
and Lie bialgebroids. For more details about this topic, see [LWX97].

Definition A.2.17 (Double of Lie bialgebroid). The double of a Lie bialgebroid, where the
Lie bialgebroid is given by two Lie algebroids a =

(
E, [−,−]a, ρ

)
and a∗ =

(
E∗, [−,−]a∗ , ρ∗

)
,

is a Courant algebroid whose underlying vector bundle is E ⊕ E∗ � M , whose anchor
map is ρ⊕ ρ∗ : E ⊕ E∗ � TM and which is equipped with

η(v + λ,w + µ) := ιvµ+ ιwλ,

(v + λ) ◦ (w + µ) := [v, w]a + La∗λ w − ιµda∗v+
+ [λ, µ]a∗ + Lavµ− ιwdaλ,

(A.2.13)

respectively as symmetric and skew-symmetric pairing. Here, the operators da∗ and La
∗

are the algebroid exterior derivative and Lie derivative of the dual Lie algebroid.

This last example of Courant algebroid puts on the same footing both Lie algebroids
which make up a Lie algebroid and it will be important in Double Field Theory.
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Definition A.2.18 (Manin triple of a Lie bialgebroid). If the Courant algebroid c is the
double of the Lie algebroid given by two Lie algebroid structures a and a∗, then we can
call (c, a, a∗) Manin triple of the Lie bialgebroid.

Lemma A.2.19 (Polarisation of a Courant algebroid II). Let c =
(
E, η, ◦, ρ

)
be a Courant

algebroid. Let L and L̃ be Dirac structures which are transversal to each other, i.e. such
that E = L⊕ L̃. Then, the couple c|L and c|

L̃
is the datum of a Lie bialgebroid, where L̃

is interpreted as the dual bundle of L under the pairing η.

A.3 Generalised complex structure

Definition A.3.1 (Generalised complex structure). A generalised complex structure on
a generalised tangent bundle E ρ−→→ TM is a bundle automorphism I : E → E such that

• it is an isometry, i.e. η(I−, I−) = η(−,−),

• it satisfies the equation I2 = −idE .

Remark A.3.2 (Structure group). The existence of a generalised complex structure I
on E

ρ−−→→ TM implies that the dimension of the base manifold is even. Moreover, it
reduces the structure group O(d, d) of the generalised tangent bundle to U(d/2, d/2). This
is analogous to how an ordinary complex structure on TM reduces the structure group
GL(n) to U(d/2).

We can use the isomorphism ρ⊕ ω : E
∼=−−→ TM ⊕ T ∗M to express a generalised complex

structure I ∈ Aut(E) in blocks by

I =
(
−j β
b jT

)
, (A.3.1)

where j ∈ Aut(TM), b ∈ ∧2T ∗M and β ∈ ∧2TM . In this terms, the defining equation
of the generalised complex structure becomes

I2 = −idE =⇒
j2 + βb = −idTM ,

−jβ + βjT = 0,
−bj + jTb = 0.

(A.3.2)

Example A.3.3 (Complex structure). The generalised complex structure defined by

Ij =
(
−j 0
0 jT

)
(A.3.3)

is, equivalently, a complex structure j ∈ Aut(TM) on the base manifold.

Example A.3.4 (Symplectic structure). The generalised complex structure defined by

Iω =
(

0 ω−1

−ω 0

)
(A.3.4)

is, equivalently, a symplectic structure ω ∈ Ω2(M) on the base manifold.
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Remark A.3.5 (±i-eigenbundles). Let us define the complexification of the generalised
tangent bundle by EC := E ⊗ C. Then, the generalised complex structure has two
eigenbundles with eigenvalues +i and −i, i.e.

EC ∼= L+i ⊕ L−i (A.3.5)

where L−i = L+i.

Lemma A.3.6 (±i-eigenbundles are maximally isotropic). The eigenbundles L+i and
L−i are maximally isotropic subbundles of E, i.e. η|L±i = 0 and rank(L±i) = d.

Proof. For any couple of generalised vectors V,W ∈ Γ(M,L±i), we have η(V,W ) =
η(IV, IW ) = η(±iV,±iW ) = (±i)2η(V,W ) = −η(V,W ).

The integrability of an ordinary complex structure j is equivalent to the involutivity of
the i-eigenbundle of TMC respect to the Lie bracket of the algebroid (TM, [−,−]Lie). If
this condition is satisfied, we can call the couple (M, j) complex manifold. In generalised
complex geometry, this statement is generalised as follows.

Definition A.3.7 (Integrable generalised complex structure). A generalised complex
structure I ∈ Aut(E) is integrable if and if the i-eigenbundle L+i of EC = E ⊗C is closed
under the Courant bracket, i.e.[

Γ(M,L+i),Γ(M,L+i)
]
Cou ⊂ Γ(M,L+i). (A.3.6)

A smooth manifold M equipped with an integrable generalised complex structure I ∈
Aut(E) can be called generalised complex manifold (M, I).

Remark A.3.8 (Dirac structures and integrability). Notice that, if I ∈ Aut(E) is an
integrable generalised complex structure, then L±i are transversal Dirac structures.



At ubi materia, ibi Geometria.

Where there is matter, there is geometry.

— Johannes Kepler, De Fundamentis Astrologiæ Certioribus
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In this appendix we provide an introduction to supergeometry, which underlies Super-
gravity. The focus will be given on the global higher structures which characterise the
Supergravity limit of the 10-dimensional string theories. The main species of fields we
find in Supergravity are collected in the following table.

Type II and Heterotic Supergravity fields
Field Meaning Curvature Meaning
ea Graviton T a Torsion
ψα Gravitino ρα Gravitino field strength
ωab Spin connection Rab Ricci curvature
ϕ Dilaton Fdil Dilaton field strength
χα Dilatino ραdil Dilatino field strength
Ai Yang-Mills field F i F-flux
λαi Gaugino ραigau Gaugino field strength
B Kalb-Ramond field H H-flux

Table B.1: A sum of the fields of Type II and Heterotic Supergravity, with their curvatures.
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B.1 Supermanifolds

Definition B.1.1 (Type II Dirac representations). There are two Dirac representations
of Spin(1, 9) on the vector space C16 ⊕ C16 which we will call 16 ⊕ 16 for Type IIA
supergravity and 16⊕ 16 for Type IIB supergravity. These are given by the following
matrices {Γa}a=0,...,10 acting on C16 ⊕ C16

Γa =
(

0 γa

γa 0

)
for a ≤ 8,

ΓIIA
9 =

(
0 1
−1 0

)
, ΓIIB

9 =
(

0 1
1 0

)
,

Γ10 =
(
i 0
0 −i

)
,

(B.1.1)

where {γa} with a = 0, . . . , 8 are the gamma-matrices of a Dirac representation 16 of
Spin(1, 8) on the vector space C16. Let us also define

Γa1a2···ak := 1
k!

∑
σ∈perm

(−1)|σ| Γaσ(1) · · ·Γaσ(k) (B.1.2)

Remark B.1.2 (Identities). Notice that we have the following useful identities:

ΓIIA
9 = iΓIIB

9 Γ10,

ΓIIB
9 = iΓIIA

9 Γ10.
(B.1.3)

Definition B.1.3 (Super-Minkowski space). A (1 + d|N)-dimensional super Minkowski
space R1,d|N, with a real spinor representation N of Spin(1, d), is

C∞
(
R1,d|N) := C∞

(
R1,d)⊗R ∧RN (B.1.4)

where ∧RN is the Grassmann (or exterior) algebra of RN . This means that any function
f ∈ C∞

(
R1,d|N) on the super Minkowski space can be expressed by

f(x, ϑ) = f(x) +
N∑
k=1

∑
α1<···<αk

fα1...αk(x)ϑα1 · · ·ϑαk (B.1.5)

where f, fα1...αk ∈ C∞(R1,d) are functions on R1,d.

Definition B.1.4 (Supertranslation supergroup). The super-Minkowski space is equipped
with a supergroup structure

+ : R1,d|N × R1,d|N −−−→ R1,d|N

(xµ, ϑα) + (x′µ, ϑ′α) = (xµ + x′µ + ϑ̄Γµϑ′, ϑα + ϑ′α)
(B.1.6)

Definition B.1.5 (Supersymmetry). In theoretical physics we call supersymmetry a
supertranslation in the odd coordinates of the form

(xµ, ϑα) + (0, εα) = (xµ + ϑ̄Γµε, ϑα + εα). (B.1.7)
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Definition B.1.6 (Supermanifold). A (d+ 1|N)-dimensional supermanifold M is defined
as a locally ringed space M := (|M |, C∞) where |M | is a topological space and C∞(−) is
a sheaf on |M | which is given on open subsets |U | ⊂ |M | by

C∞(U) := C∞
(
R1,d)⊗R ∧RN , (B.1.8)

where the space RN is spanned by the odd coordinates {ϑα}α=1,...,N .

Definition B.1.7 (Superdiffeomorphism). A superdifferentiable map M → N of super-
manifolds is a homomorphisms of locally ringed spaces. The set of all superdifferentiable
maps M → N will be denoted by

SDiff(M,N) := Hom
(
(|M |, C∞), (|N |, C∞)

)
. (B.1.9)

In particular, a superdiffeomorphism of supermanifolds is an isomorphism of locally ringed
space. The supergroup of all superdiffeomorphisms of a supermanifold M will be simply
denoted by SDiff(M).

Example B.1.8 (Superdifferential maps of super-Minkowski spaces). Superdifferential
maps R1,d|N f−→ R1,d′|N′ between super-Minkowski spaces are given by the following
transformations of coordinates:

x′µ = fµ(x) +
N∑
k=1

∑
α1<···<αk

fµα1...αk(x)ϑα1 · · ·ϑαk ,

ϑ′α = fα(x) +
N∑
k=1

∑
α1<···<αk

fαα1...αk(x)ϑα1 · · ·ϑαk .
(B.1.10)

Remark B.1.9 (Gluing a supermanifold). The local coordinate patches (Uα, z(α)) of a
supermanifold M are glued by

z(α) = f(αβ)
(
z(β)

)
, (B.1.11)

where SDiff
(
Uα ∩ Uβ

)
3 f(αβ) : Uα ∩ Uβ −→ Uβ ∩ Uα are superdiffeomorphisms. In

coordinates, such maps can be expanded as follows:

xµ(α) = fµ(αβ)
(
x(β)

)
+

N∑
k=1

∑
α1<···<αk

fµ(αβ)α1...αk

(
x(β)

)
ϑα1

(β) · · ·ϑ
αk
(β),

ϑα(α) = fα(αβ)
(
x(β)

)
+

N∑
k=1

∑
α1<···<αk

fα(αβ)α1...αk

(
x(β)

)
ϑα1

(β) · · ·ϑ
αk
(β).

(B.1.12)

Definition B.1.10 (Reduced manifold). Given any supermanifoldM , its reduced manifold
 
M is an ordinary manifold defined by

 
M = (|M |, C∞/I), where the presheaf I is the

nilpotent ideal of C∞ which is given on local patches by functions of the odd coordinates

I(U) := R[ϑ1, ϑ2, . . . , ϑN ]
〈ϑαϑβ + ϑβϑα〉

⊂ C∞(U). (B.1.13)
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Lemma B.1.11 (Canonical embedding of reduced manifold). Given a supermanifold M ,
its reduced manifold

 
M is a canonically embedded in the former by a superdifferential

map
 
M M.ι (B.1.14)

Proof. There is a canonical morphism of ringed spaces ι : (|M |, C∞/I) ↪→ (|M |, C∞) given
by a pair ι =

(
id|M |, ι]

)
where id|M | : |M |

∼=−→ |M | is the identity map on the topological
space |M | and ι] : C∞ � C∞/I is a quotient map of sheaves on |M |.

Example B.1.12 (Reduced Minkowski space). The reduced manifold of a super-Minkowski

space is a Minkowski space, i.e.
 

R1,d|N = R1,d.

Definition B.1.13 (Reduced differentiable map). Given a superdifferentiable map f :
M → N , we define its reduced differentiable map

 
f :

 
M →

 
N as the map which makes

the following diagram commute

 
M

 
N

M N.

ι

 
f

ι

f

(B.1.15)

Remark B.1.14 (Reduced differential maps of Minkowski spaces). Given a superdiffer-
entiable map f : R1,d|N → R1,d′|N′ , its reduced differentiable map is

 
f : R1,d → R1,d′ and

it is given by the first term x′µ = fµ(x) of equation (B.1.10)

Lemma B.1.15 (Gluing the reduced manifold). If ⊔αUα is a cover for a supermanifold
M , then ⊔α U (α) is a cover for its reduced manifold

 
M . By looking at the patching

conditions (B.1.12) of M , the reduced manifold
 
M will be glued by the component

xµ(α) = fµ(αβ)
(
x(β)

)
. (B.1.16)

Notice that the kernel of the quotient map ι] : C∞(R1,d|N) � C∞(R1,d) is a nilpotent
ideal C∞(R0|N) generated by the odd coordinates. This implies that the ring C∞(R1,d|N)
is an infinitesimal extension of C∞(R1,d).

Remark B.1.16 (Superpoint is infinitesimally thickened point). Notice that we have

C∞(R0|1) = R[ϑ]
〈ϑ2〉

. (B.1.17)

Hence the superpoint is the ringed space R0|1 = Spec
(
R[ϑ]/〈ϑ2〉

)
, whose underlying

topological space is a single point
∣∣R0|1∣∣ = {0}, but equipped with a smooth algebra of

function given by the ring of dual numbers.

As pointed out by [HS18], a scalar field on the superpoint (i.e. a differentiable map
R0|1 → R) is equivalently a map of smooth algebras of functions C∞(R)→ C∞(R0|1) =
R ⊕ Rϑ which can be interpreted as sending f 7→ f(0) + f ′(0)ϑ for any function f ∈
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C∞(R). Crucially this map well-behaves respect to the product of scalars, indeed we have(
f(0) + f ′(0)ϑ

)(
g(0) + g′(0)ϑ

)
= f(0)g(0) + (f ′(0)g(0) + f(0)g′(0))ϑ = (fg)(0) + (fg)′(0)ϑ

for any couple of functions f, g ∈ C∞(R).

More generally, a superdiffeomorphism R0|1 → M to any ordinary manifold M is
equivalently a morphism of ringed spaces (x,X) : ({0}, C∞) → (M, C∞) where x :
{0} ↪→ M is the embedding of the underlying point |R0|1| = {0} in the manifold
M and where X : C∞(M) → R[ϑ]/〈ϑ2〉 is a morphisms of smooth algebras sending
f 7→ f(x) +Xµ∂µf(x)ϑ for any function f ∈ C∞(M). In other words (x,X) is the datum
of a point x ∈M and a vector X ∈ TxM . Therefore the space of all superdiffeomorphisms
R0|1 (x,X)−−−−→M is exactly the tangent bundle of M , i.e.

[R0|1, M ] ∼= TM (B.1.18)

This gives an important insight in the nature of the geometry of supermanifolds.

Remark B.1.17 (Supermanifolds as infinitesimally thickened manifolds). Consider

C∞(R0|N) = R[ϑ1, . . . , ϑN ]
〈ϑαϑβ + ϑβϑα〉

. (B.1.19)

Notice that its underlying topological space is just a point
∣∣R0|N∣∣ = {0}. Thus, morally

speaking, a supermanifold can be interpreted as an ordinary manifold with infinitesimal
neighborhoods. See [HS18] for more details.

B.2 Super-Cartan geometry

Definition B.2.1 (Super-Poincaré group). We can define the super Poincaré algebra
iso(1, d|N), where N is a spin representation, by extending the Poincaré algebra iso(1, d)
with new odd generators {qα} such that they appear in the following commutation
relations:

[pa, qβ] = 0,

[mab, qβ] = 1
4Γ α

ab β qα,

{qα, qβ} = iΓaαβ pa,

(B.2.1)

where pa are the generators of R1,d, mab are the generators of so(1, d) and Γaαβ are
the gamma-matrices of the spin representation N. Finally, the super Poincaré group
ISO(1, d|N) := R1,d|N o SO(1, d) is given by the Lie-integration of iso(1, d|N).

Notice that a (1 + d|N)-dimensional super-Minkowski space is thus recovered by

ISO(1, d|N)
SO(1, d)

∼= R1,d|N. (B.2.2)

Definition B.2.2 (Super-Cartan geometry). A super-Cartan geometry on a (1 + d|N)-
dimensional supermanifold M is the datum of a principal SO(1, d)-bundle FM → M ,
called frame bundle, equipped with a 1-form

(E,ω) ∈ Ω1(FM, iso(1, d|N)
)

(B.2.3)

called super-Cartan connection, which satisfies the following properties:
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• (E,ω)|E : TEFM
∼=−−→ g is an isomorphism of vector spaces for any E ∈ FM ,

• (E,ω) maps vertical vectors in so(1, d) ⊂ iso(1, d|N) and, in particular, ω restricts
to the Maurer-Cartan form T (FxM) ∼= TeSO(1, d)

∼=−−→ so(1, d),

• (Rh)∗(E,ω) = Adh−1(E,ω), where Rh is the right multiplication ∀h ∈ SO(1, d).

Remark B.2.3 (Spin connection). Notice that ω ∈ Ω1(FM, so(1, d)) is exactly an
Ehresmann connection for the principal SO(1, d)-bundle FM →M . We will call it spin
connection.

Remark B.2.4 (Coframe field). Notice that E ∈ Ω1(FM, R1,d|N) is exactly a coframe
field or, in other words, the vielbein.

Remark B.2.5 (Local trivialisation of a super-Cartan geometry). Let U := {Uα} be a
good open cover of a supermanifold M . A Cartan connection is given in local data by

ω(α) ∈ Ω1(Uα, so(1, d)
)
,

E(α) ∈ Ω1(Uα, R1,d|N),
h(αβ) ∈ C∞

(
Uα ∩ Uβ, SO(1, d)

)
,

(B.2.4)

such that they satisfy the following patching conditions:

ω(β) = Adh−1
(αβ)

ω(α) + h−1
(αβ)dh(αβ),

E(β) = h−1
(αβ) · E(α),

h(αγ) = h(αβ) · h(βγ).

(B.2.5)

A gauge transformation between two Cartan connections is defined as a coboundary
η(α) ∈ C∞

(
Uα, SO(1, d)

)
of the Čech SO(1, d)-cocycle, i.e.

ω′(α) = Adη−1
(α)
ω(α) + η−1

(α)dη(α),

E′(α) = η−1
(α) · E(α),

h′(αβ) = η−1
(α) · h(αβ) · η(β).

(B.2.6)

Notice that we can define a groupoid Cartan(M) whose objects are Cartan connections
on M and whose morphisms are gauge transformations between Cartan connections. In
other words, we have

M ' Č(U) Cartan.

(ω(α), E(α), h(αβ))

(ω′(α), E
′
(α), h

′
(αβ))

(η(α)) (B.2.7)

Notice that the vielbein and the spin connection are not globally defined 1-forms on
the base manifold M .
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Remark B.2.6 (Supervielbein in local coordinates). Given a local patch U ⊂M with
coordinates {zM} = {xµ, ϑα} with index M = (µ,α), we can express the supervielbein
in local coordinates by EA = EAMdzM with index A = (a,α). We can then split the
supervielbein in bosonic-valued component Ea =: ea = eaMdzM and fermionic-valued
component Eα =: ψα = ψα

MdzM . We have then the further split in local coordinates:

ea(x, ϑ) = eaµ(x, ϑ)dxµ + eaβ(x, ϑ)dϑβ

ψα(x, ϑ) = ψα
µ(x, ϑ)dxµ + ψα

β(x, ϑ)dϑβ
(B.2.8)

In more physical terms, we can identify ea with the graviton and ψα with the gravitino
field.

Remark B.2.7 (Supervielbein commutation/anti-commutation rule). The commutation/anti-
commutation rule of the supervielbein are equivalently the following:

ea ∧ eb = −eb ∧ ea,
ea ∧ ψβ = −ψβ ∧ ea,
ψα ∧ ψβ = +ψβ ∧ ψα.

(B.2.9)

Remark B.2.8 (Patching conditions in terms of graviton and gravitino). The patching
conditions (B.2.5) become

ω(β) = Adh−1
(αβ)

ω(α) + h−1
(αβ)dh(αβ),

e(β) = h−1
(αβ) · e(α),

ψ(β) = h−1
(αβ) · ψ(α),

h(αγ) = h(αβ) · h(βγ).

(B.2.10)

Definition B.2.9 (Curvature of a super-Cartan geometry). The curvature of a super-
Cartan connection is defined by

(T ,R) := d(E,ω) + [(E,ω) ∧ (E,ω)] ∈ Ω2(FM, iso(1, d|N)
)

(B.2.11)

where d here is the differential on the manifold FM .

Notice that the curvature satisfies the property (Rh)∗(T ,R) = Adh−1(T ,R) for any
element h ∈ SO(1, d).

Remark B.2.10 (Local trivialisation of curvature of a super-Cartan geometry). By
rewriting (B.2.11) in components (and by suppressing the patch index α of Uα) and by
splitting TA = (T a, ρα) we get

Rab = dωab + ωac ∧ ωcb ∈ Ω2(U, so(1, d))

T a = dea + ωab ∧ eb − ψ̄Γaψ ∈ Ω2(U,R1,d)

ρα = dψα + 1
4ω

abΓ α
ab βψ

β ∈ Ω2(U,R0|N)

(B.2.12)
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By following the physics convention we can identify Rab with the Riemannian curvature,
T a with the (super-)torsion and ρα with the field strength of the gravitino. The patching
conditions of the curvature on overlaps of patches Uα ∩ Uβ ⊂M are then given by

R(β) = Adh−1
(αβ)

R(α)

T(β) = h−1
(αβ) · T(α)

ρ(β) = h−1
(αβ) · ρ(α)

(B.2.13)

where h(αβ) ∈ C∞
(
Uα ∩ Uβ, SO(1, d)

)
is the Čech cocycle of the frame bundle FM .

Digression B.2.11 (Spin connection convention in literature). Let us consider a spin
connection of the following form, on the supermanifold:

ωAB :=
(
ωab 0
0 1

4ω
abΓ α

ab β

)
, (B.2.14)

where ωab is the usual (bosonic) spin connection.

Definition B.2.12 (Spin-covariant derivative). Let us define the spin-covariant derivative:

Dζ := dζ + [ω ∧, ζ], (B.2.15)

where ζ is a iso(1, d|N)-valued differential form.

By using the spin-covariant derivative we can rewrite the curvature in a simple fashion:

Rab = Dωab ∈ Ω2(U, so(1, d)),
T a = Dea − ψ̄Γaψ ∈ Ω2(U,R1,d),
ρα = Dψα ∈ Ω2(U,R0|N).

(B.2.16)

Example B.2.13 (Supervielbein of a flat superspace). On a flat super-Minkowski space
R1,d|N with coordinates (xµ, ϑα) we can solve the zero curvature equations R = T = ρ = 0
and find

eµ = dxµ + ϑ̄Γµdϑ
ψα = dϑα

(B.2.17)

We notice that even in a flat superspace, e.g. a super-Minkowski space, the differential of
the vielbein deµ = ψ̄Γµψ is not zero.

Definition B.2.14 (Bianchi identities of a super-Cartan geometry). The curvature of a
super-Cartan geometry satisfies the Bianchi identities, i.e.

d(T ,R) + [(T ,R) ∧, (T ,R)] = 0 ∈ Ω3(FM, iso(1, d|N)
)

(B.2.18)

where, here, d is the differential on the manifold FM .

Remark B.2.15 (Local trivialisation of Bianchi identities of a super-Cartan geometry).

DRab = 0 ∈ Ω3(U, so(1, d))

DT a = Rabe
b − 2ψ̄Γaρ ∈ Ω3(U,R1,d)

Dρα = 1
4R

abΓ α
ab βψ

β ∈ Ω3(U,R0|N)

(B.2.19)
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Remark B.2.16 (Super-Cartan geometry as a SO(1, d)-structure). By equations (B.2.8)
and (B.2.9) the supervielbein, locally given by 1-forms EA = EAMdzM , can be seen locally
as a GL(1 + d|N)-valued functions

EAM =
(
eaµ eaβ
ψα
µ ψα

β

)
(B.2.20)

Thus we have the usual picture of non-coordinate basis for differential forms on M :(
ea

ψα

)
=
(
eaµ eaβ
ψα
µ ψα

β

)(
dxµ
dϑβ

)
. (B.2.21)

By applying the theory of G-structures from chapter 3, we can easily see that super-Cartan
geometry can be obtained by reduction of the structure group SO(1, d) ↪→ GL(1 + d|N),
where GL(1 + d|N) is the structure group of the frame bundle FM prior of the reduction.
In other words, we have a structure group reduction of the following form:

BSO(1, d)

M BGL(1 + d|N).f

f̂ (B.2.22)

Remark B.2.17 (Field equations from supergeometry). Interestingly, the equations of
motion of supergravity are typically implied by the Bianchi identities together with a
superconstraint, i.e. an extra constraint on the field strenghts. In other words, we typically
have:

Bianchi identities & superconstraint =⇒ field equations.
The superconstraint often takes the form of a Supergravity Torsion Constraints [How97].

B.2.1 Super-Cartan geometry with dilaton

Now, we want to add a super-dilaton to our formalisation of Cartan geometry. We will
consider the following extension of the moduli stack of the general linear supergroup:

BGL(1, d|N)dil := BGL(1, d|N) nR1|N. (B.2.23)

The super-dilaton (ϕ, χ) will thus be scalar field encoded by a section of the associated
R1|N-bundle FM ×SO(1,d) R1|N. The bosonic component, i.e. the dilaton, will be then
a global scalar field ϕ ∈ C∞(M), while the fermionic component, i.e. the dilatino
(or gravitello), will not.
Remark B.2.18 (Local trivialisation of a super-Cartan geometry with dilaton). Given
a good open cover U := {Uα} of the supermanifold M , a Cartan connection with super-
dilaton on M will be given by the following differential data

ω(α) ∈ Ω1(Uα, so(1, d)
)
,

e(α) ∈ Ω1(Uα, R1,d),
ψ(α) ∈ Ω1(Uα, R0|N),
ϕ ∈ C∞(M),
χ(α) ∈ C∞

(
Uα, R0|N),

h(αβ) ∈ C∞
(
Uα ∩ Uβ, SO(1, d)

)
.

(B.2.24)
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The patching conditions are the same as (B.2.10) with the addition of the following ones:

ϕ(β) = ϕ(α),

χ(β) = h−1
(αβ) · χ(α),

(B.2.25)

for the dilaton and dilatino. Similarly, dilaton and dilatino transform under gauge
transformations of the Cartan connection as follows:

ϕ′(α) = ϕ(α),

χ′(α) = η−1
(α) · χ(α).

(B.2.26)

Remark B.2.19 (Curvature of a super-Cartan geometry with dilaton). On any patch
U ⊂M , the curvature of our Cartan geometry will be given by the forms

Rab = Dωab ∈ Ω2(U, so(1, d)),
T a = Dea − ψ̄Γaψ ∈ Ω2(U,R1,d),
ρα = Dψα ∈ Ω2(U,R0|N),
Fdil = dϕ ∈ Ω1(M),
ραdil = Dχα ∈ Ω1(U,R0|N),

(B.2.27)

where Fdil and ραdil are respectively the curvature of the dilaton and the dilatino.

Remark B.2.20 (Bianchi identities of a super-Cartan geometry with dilaton). On any
patch U ⊂M , the Bianchi identities of our Cartan geometry will be given by the equations

DRab = 0 ∈ Ω3(U, so(1, d)),
DT a = Rabe

b − 2ψ̄Γaρ ∈ Ω3(U,R1,d),

Dρα = 1
4R

abΓ α
ab βψ

β ∈ Ω3(U,R0|N),

dFdil = 0 ∈ Ω2(M),

Dραdil = 1
4R

abΓ α
ab βχ

β ∈ Ω2(U,R0|N).

(B.2.28)

Remark B.2.21 (Geometrical and physical meaning of dilaton and dilatino). Components
φ = e10

10 and χα = ψα
10 of the supervielbein of a (1 + 10|32)-dimensional supermanifold.

Remark B.2.22 (Dilatino or gravitello). This dissertation has been following the physical
convention that the spinor χα is named dilatino, even if this nomenclature is misleading.
Indeed, χα is not the superpartner of the dilaton field (which is instead ∂αϕ), but a totally
different field coming from the dimensional reduction of the gravitino of 11-dimensional
supergravity.

B.3 Type II super-Cartan geometry

Type II super-Cartan geometry was developed by [DAu+08].

Remark B.3.1 (Fierz identities). The following identities are called Fierz identities:

ΓIIA
a ψ ∧ ψ̄ΓaIIAψ = 0 =⇒ iψ̄ΓIIA

a ψ ∧ ea ∈ Ω3
cl

(
R1,9|16⊕16

)
,

ΓIIB
a ψ ∧ ψ̄ΓaIIBψ = 0 =⇒ iψ̄ΓIIB

a ψ ∧ ea ∈ Ω3
cl

(
R1,9|16⊕16

)
.

(B.3.1)
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These Fierz identities identify super-algebra 3-cocycles on the Type IIA and IIB super-
Minkowski spaces. Recall that a 3-cocycle on a Lie algebra g can be dually interpreted as
a map to the Chevalley-Eilenberg dg-algebra CE(g) from the dg-algebra CE

(
b3u(1)

)
=

(R[3], d = 0). By Lie integration, we can use such cocycles to define super Lie group
extensions of the supertranslation group (i.e. of the super-Minkowski space).

Definition B.3.2 (Type IIA supergravity 2-group). The Type IIA string 2-group StringIIA
is defined by the following group extension of the Type IIA super-Minkowski space:

BStringIIA ∗

BR1,9|16⊕16 B3U(1).

hofib(iψ̄ΓaIIAΓ10ψ∧ea)

iψ̄ΓaIIAΓ10ψ∧ea

(B.3.2)

See [FSS14b] for details. The Type IIA supergravity 2-group SugraIIA is now defined by:

SugraIIA := StringIIA o SO(1, d), (B.3.3)

where SO(1, d) acts on the subgroup R1,9|16⊕16. Notice that we have the coset spaces

StringIIA
∼=

SugraIIA
SO(1, 9) ,

R1,9|16⊕16 ∼=
SugraIIA

SO(1, 9)×BU(1) .
(B.3.4)

Definition B.3.3 (Type IIB supergravity 2-group). The Type IIB string 2-group SugraIIB
is defined by the following group extension of the Type IIB super-Minkowski space:

BStringIIB ∗

BR1,9|16⊕16 B3U(1)

hofib(iψ̄ΓaIIBΓ10ψ∧ea)

iψ̄ΓaIIBΓ10ψ∧ea

(B.3.5)

The Type IIB supergravity 2-group SugraIIB is now defined by:

SugraIIA := StringIIA o SO(1, d), (B.3.6)

where SO(1, d) acts on the subgroup R1,9|16⊕16. Notice that we have the coset spaces

StringIIB
∼=

SugraIIA
SO(1, 9) ,

R1,9|16⊕16 ∼=
SugraIIB

SO(1, 9)×BU(1) .
(B.3.7)
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Remark B.3.4 (Local trivialisation of a Type IIA Supergravity). On any local patch
Uα ⊂ M and overlaps of patches, the connection of Type IIA Supergravity is given by
the following differential data:

ω(α) ∈ Ω1(Uα, so(1, 9)
)
,

e(α) ∈ Ω1(Uα, R1,9),
ψ(α) ∈ Ω1(Uα, R0|16⊕16)
B(α) ∈ Ω2(Uα),
ϕ ∈ C∞(M),

χ(α) ∈ C∞
(
Uα, R0|16⊕16),

h(αβ) ∈ C∞
(
Uα ∩ Uβ, SO(1, 9)

)
,

Λ(αβ) ∈ Ω1(Uα ∩ Uβ),
G(αβγ) ∈ C∞

(
Uα ∩ Uβ ∩ Uγ

)
.

(B.3.8)

Patching conditions on n-fold overlaps of patches are the following:

ω(β) = Adh−1
(αβ)

ω(α) + h−1
(αβ)dh(αβ),

e(β) = h−1
(αβ) · e(α),

ψ(β) = h−1
(αβ) · ψ(α),

B(β) = B(α) + dΛ(αβ),

ϕ(β) = ϕ(α),

χ(β) = h−1
(αβ) · χ(α),

h(αβ) · h(βγ) · h(γα) = 1,
Λ(αβ) + Λ(βγ) + Λ(γα) = dG(αβγ),

G(αβγ) −G(βγδ) +G(γδα) −G(δαβ) ∈ 2πZ.

(B.3.9)

Remark B.3.5 (Curvature of Type IIA Supergravity). On any patch U ⊂M

Rab = Dωab ∈ Ω2(U, so(1, 9))
T a = Dea − ψ̄ΓaIIAψ ∈ Ω2(U,R1,9)

ρα = Dψα ∈ Ω2(U,R0|16⊕16)
H = dB + iψ̄ΓIIA

a Γ10ψ ∧ ea ∈ Ω3(M)
Fdil = dϕ ∈ Ω1(M)

ραdil = Dχα ∈ Ω1(U,R0|16⊕16)

(B.3.10)
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Remark B.3.6 (Bianchi identities of Type IIA Supergravity). On any patch U ⊂M

DRab = 0 ∈ Ω3(U, so(1, 9))
DT a = Rabe

b − 2ψ̄ΓaIIAρ ∈ Ω3(U,R1,9)

Dρα = 1
4R

abΓIIAα
ab βψ

β ∈ Ω3(U,R0|16⊕16)

dH = 2iψ̄ΓIIA
a Γ10ρ ∧ ea − iψ̄ΓIIA

a Γ10ψ ∧ T a ∈ Ω4(M)
dFdil = 0 ∈ Ω2(M)

Dραdil = 1
4R

abΓIIAα
ab βχ

β ∈ Ω2(U,R0|16⊕16)

(B.3.11)

The string frame is defined by the following equations

T a = 0,
H = Habce

a ∧ eb ∧ ec,
(B.3.12)

for some function Habc.

Remark B.3.7 (Supervectors). Consider the push-forward of the canonical bosonic
inclusion ι :

 
M ↪→M . This will induce a short exact sequence

0 Ker(ι∗) T
 
M TM 0.ι∗ (B.3.13)

Let us call S := Ker(ι∗). We can construct the isomorphism

TM | 
U

∼= T
 
U ⊕ S

∣∣ 
U
. (B.3.14)

Thus, we can write a supervector in components by X+ ε ∈ Γ
( 
M,TM

)
, where X = Xa∂a

and ε = εα∂α. If we consider a pure spinorial vector ε = εα∂α and we consider infinitesimal
translations on a super-Cartan geometry, we find the local supersymmetry:

Lεea = ψ̄Γaε,
Lεψ = Dε,

LεB = i(ψ̄ΓaΓ10ε) ∧ ea,
Lεϕ = 0,
Lεχ = 0.

(B.3.15)

B.4 Super Yang-Mills theory

Let γa be the gamma-matrices of the spin representation 16 and let M be a (1 +
9|16)-dimensional supermanifold. A Super Yang-Mills theory on M is encoded by
a G-bundle of the following form:

PSYM ∗

M BG

π

h

(B.4.1)
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The map h ∈ H(M,BG) is given in local data by a G-valued function h(αβ) ∈ C∞
(
Uα ∩

Uβ, G
)
on each two-fold overlap of patches ofM such than they satisfy the Čech cocycle con-

dition
h(αβ) · h(βγ) · h(γα) = 1 (B.4.2)

on each three-fold overlap of patches.

Definition B.4.1 (Connection and curvature). A connection for M h−→ BG is defined by
a collection of local g-valued 1-forms A(α) ∈ Ω1(Uα, g) patched together by

A(β) = Adh−1
(αβ)

A(α) + h−1
(αβ)dh(αβ) (B.4.3)

on two-fold overlaps of patches. The curvature F ∈Ω2(M, ad(PSYM)) of the bundle is
defined as

F(α) = dA(α) +
[
A(α) ∧, A(α)

]
g (B.4.4)

and it is patched in the adjoint representation of the transition functions by

F(β) = Adh−1
(αβ)

F(α). (B.4.5)

The Bianchi identity of the curvature is given by

∇F(α) = 0. (B.4.6)

An infinitesimal gauge transformation of the connection is given by δζ(α)A(α) = ∇ζ(α) =
dζ(α) + [A(α), ζ(α)], where ζ(α) ∈ C∞(M, g) is an infinitesimal gauge parameter.

Definition B.4.2 (Gauge transformation). A gauge transformation is a coboundary of
the cocycle h ∈ H(M,BG), i.e. a morphism (A(α), h(αβ))

(ζ(α))
7−−−→ (A′(α), h

′
(αβ)) given in

local data by local functions ζ(α) ∈ C∞(Uα, G) on each patch such that

h′(αβ) = ζ−1
(α)h(αβ)ζ(β)

A′(α) = Adζ−1
(α)
A(α) + ζ−1

(α)dζ(α)
(B.4.7)

Definition B.4.3 (Covariant derivative). The covariant derivative of the connection A(α)
of the principal G-bundle PSYM is defined on any g-valued differential form ζ by

∇ζ := dζ + [A(α) ∧, ζ]g (B.4.8)

This is given in components as follows:

∇aζ = ∂aζ + [A(α)a, ζ]g
∇αζ = ∂αζ + {A(α)α, ζ}g

(B.4.9)

where we decomposed as d = ea∂a + ψα∂α the differential on the supermanifold M .
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Remark B.4.4 (Connection and curvature in bosonic and fermionic components). Notice
that the following expansion holds:

A(α) = A(α)a e
a +A(α)α ψ

α,

F(α) = F(α)ab e
a ∧ eb + F(α)aβ e

a ∧ ψβ + F(α)αβ ψ
α ∧ ψβ,

(B.4.10)

If we also rewrite (B.4.4) in bosonic and fermionic components we obtain the equations

F(α)ab = ∂aA(α)b − ∂bA(α)a +
[
A(α)a, A(α)b

]
g
,

F(α)aβ = ∂aA(α)β − ∂βA(α)a +
[
A(α)a, A(α)β

]
g
,

F(α)αβ = ∂αA(α)β + ∂βA(α)a + γaαβA(α)a +
{
A(α)α, A(α)β

}
g
,

(B.4.11)

where the superderivative is given by ∂α = ∂/∂ϑα − (γaϑ)α∂a.

Remark B.4.5 (Superconstraint). The superconstraint of Super Yang-Mills theory is
the equation F(α)αβ = 0. See [HS86] for more details.

Let us explicitly show that the differential data of a principal G-bundle which satisfies
the superconstraint are exactly given by a super Yang-Mills theory.

Lemma B.4.6 (Super Yang-Mills theory = G-bundle with superconstraint). The con-
nection of a G-bundle on a (1 + 9|16)-dimensional supermanifold M satisfying the
superconstraint is equivalently given by a gauge field A and a gaugino field X on the
(1 + 9)-dimensional manifold

 
M minimizing the super Yang-Mills action

S[A ,X ] =
∫
 
M

d10x trg
(
− 1

4F abFab + X /∇X

)
(B.4.12)

where Fab := ∂aAb − ∂bAa + [Aa,Ab]g is the strength of the gauge field.

Sketch of the proof. The superconstraint Fαβ = 0 can be rewritten on any patch Uα ⊂M
by using equation (B.4.11) as

DαA(α)β +DβA(α)a + γaαβA(α)a +
{
A(α)α, A(α)β

}
g

= 0 (B.4.13)

and, more compactly, as γaαβA(α)a +∇(αA(α)β) = 0. This immediately implies the relation
A(α)a = −1

8γ
αβ
a ∇αA(α)β between bosonic and fermionic components of the connection.

Now we can define a g-valued scalar by χα
(α) := ∇β∇αA(α)β. If we plug this definition in

(B.4.11) we can explicit the components of the curvature of the bundle by

F(α)ab = γ β
abα ∇βχ

α
(α)

F(α)aβ = γaαβχ
α
(α)

F(α)αβ = 0.
(B.4.14)

Thus the superconstraint implies that the curvature of the bundle is of the form

F(α) =
(
γ β
abα ∇βχ

α
(α)
)
ea ∧ eb + ψ̄γaχ(α). (B.4.15)
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Sketchily, we can expand A and χ on each patch U ⊂ M of the base supermanifold
with local coordinates (x, ϑ) in the fermionic coordinates as follows. First, the bosonic
components can be expanded as

Aa(x, ϑ) = Aa(x) + ϑ̄γaX (x) +O(ϑ2). (B.4.16)

From this, by applying equation Aa = −1
8γ

αβ
a ∇αAβ, we can obtain

Aα(x, ϑ) = 0 + (ϑ̄γa)αAa(x) + 1
2ϑ

2Xα(x). (B.4.17)

Finally, by applying equation χα = ∇β∇αAβ, we can obtain

χα(x, ϑ) = X α(x) + (ϑ̄γab)αFab(x) +O(ϑ2). (B.4.18)

Now notice that we can recover the gauge and gaugino field of super Yang-Mills theory
respectively by

A(x, ϑ)
∣∣
ϑ=0
dϑ=0

= A (x) ∈ Ω1( U, g), χ(x, ϑ)
∣∣
ϑ=0
dϑ=0

= X (x) ∈ γ
( 
U, S ⊗ g

)
, (B.4.19)

in clear compatibility with rheonomy principle. Here A can be interpreted as the
connection of the bosonic principal G-bundle

 
P SYM →

 
M . We can now rewrite the

Bianchi identity ∇F = 0 in terms of the fields A and X by

∇aFab = [X , γbX ]g, /∇X = 0, (B.4.20)

where /∇ := γa∇a. These are the super Yang-Mills equations coming from (B.4.12). For
a more detailed discussion see [HS86].

B.5 Heterotic Supergravity

Let M be a (1 + 9|16)-dimensional supermanifold. As firstly delineated by [SSS12],
heterotic Supergravity is encoded by a principal Stringc2-bundle of the following form:

Ghet ∗

FM ×MP B2U(1) ∗

M BStringc2(1, 9) B(Spin(1, 9)×G).

Π

π

(B.5.1)
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Let γa be the gamma-matrices of the spin representation 16. The curvature of such a
bundle must be, on any patch Uα ⊂ M , of the form

R a
(α)b = dω a

(α)b + ω a
(α)c ∧ ω

c
(α)b,

T a(α) = dea(α) + ω a
(α)b ∧ e

b
(α) − ψ̄(α)γ

aψ(α)

F(α) = dA(α) +
[
A(α) ∧A(α)

]
g
,

H(α) = dB(α) + ψ̄(α)γaψ(α) ∧ ea(α) + cs3
(
A(α)

)
− cs3

(
ω(α)

)
,

ρ(α) = Dψ(α),

(B.5.2)

where cs3
(
A(α)

)
and cs3

(
A(α)

)
are the Chern-Simons super 3-forms of the two connections,

defined by the expressions

cs3
(
A(α)

)
:= trg

(
A(α) ∧ F(α) + 2

3A(α) ∧
[
A(α) ∧A(α)

]
g

)
cs3
(
ω(α)

)
:= trspin(1,9)

(
ω(α) ∧R(α) + 2

3ω(α) ∧
[
ω(α) ∧ ω(α)

]
spin(1,9)

)
.

(B.5.3)

The following can be seen as a global closed 3-form on the total space of the G-bundle P :

π∗H + cs3(ω)− cs3(A) ∈ Ω3
cl(FM ×MP ) (B.5.4)

where A ∈ Ω1(P, g) and ω ∈ Ω1(FM, so(1, 9)) are the global Ehresmann connections
respectively of the bundles P � M and FM � M .

Remark B.5.1 (Superconstraint). The superconstraint of Heterotic Supergravity [Bon+90]
is given by the equations T a(α) = 0, F(α)αβ = 0 and H(α)αβγ = 0.

Remark B.5.2 (Topology of Heterotic doubled space). Topologically, principal bundles
P �M are classified by the 2nd Chern class c2(P ) ∈ H4(M,Z), while the frame bundle
FM � M by and 1st fractional Pontryagin class 1

2p1(FM) ∈ H4(M,Z). However, we
need to impose the Green-Schwarz anomaly cancellation on the topology of the bundle:

1
2p1(FM)− c2(P ) = 0 ∈ H4(M,Z) (Green-Schwarz anomaly). (B.5.5)

Thus, the Heterotic doubled spaces will be topologically classified by the following data:

1
2p1(FM) = c2(P ) ∈ H4(M,Z),[

π∗H + cs3(ω)− cs3(A)
]
∈ H3(FM ×MP,Z).

(B.5.6)

B.6 Rheonomy principle

Remark B.6.1 (Pullback of the canonical embedding). The pullback of the canonical
embedding of a reduced manifold ι :

 
M ↪−→M induces a pullback

Ω•(M, g) Ω•(
 
M, g)ι∗ (B.6.1)
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for superdifferential forms valued in any super Lie algebra g. Locally, let ξ ∈ Ωk(Uα, g)
where the open set Uα ⊂ M is equipped with local coordinates (x, ϑ). Thus, in local
coordinates the pullback is given by

ι∗ξ = ξ
∣∣
ϑ=0
dϑ=0

. (B.6.2)

More in general, we can patch-wise apply this pullback of superdifferential forms to define
a map of Cartan geometries

Cartang(M) Cartang(
 
M),ι∗ (B.6.3)

where Cartang(M) is a super-Cartan geometry locally modelled on the super L∞-algebra
g (e.g. g = sugraIIA for Type IIA Supergravity) and Cartang(

 
M) is its bosonic Cartan

geometry on the reduced manifold
 
M .

Example B.6.2 (Pullback of supergravity fields). Explicitly, on a patch Uα with local
coordinates {xµ, ϑα}, we have that the supergravity fields are mapped by the pullback ι∗
as follows:

ω(α) = ω(α)µ(x, ϑ)dxµ + ω(α)α(x, ϑ)dϑα 7−→ ω(α)µ(x, 0)dxµ,
e(α) = e(α)µ(x, ϑ)dxµ + e(α)α(x, ϑ)dϑα 7−→ e(α)µ(x, 0)dxµ,
ψ(α) = ψ(α)µ(x, ϑ)dxµ + ψ(α)α(x, ϑ)dϑα 7−→ ψ(α)µ(x, 0)dxµ,
B(α) = B(α)µν(x, ϑ)dxµ ∧ dxµ+

+ 2B(α)µβ(x, ϑ)dxµ ∧ dϑβ+
+B(α)αβ(x, ϑ)dϑα ∧ dϑβ 7−→ B(α)µν(x, 0)dxµ ∧ dxν ,

ϕ = ϕ(x, ϑ) 7−→ ϕ(x, 0),
χ(α) = χ(α)(x, ϑ) 7−→ χ(α)(x, 0),
h(αβ) = h(αβ)(x, ϑ) 7−→ h(αβ)(x, 0).

(B.6.4)

Definition B.6.3 (Rheonomy). Let us define the groupoid of rheonomic super-Cartan
geometries as a subgroupoid CartanRh(M) ⊂ Cartan(M) which satisfies

ι∗Cartang
Rh(M) ∼= Cartang(

 
M). (B.6.5)

We can now define the rheonomy extension mapping by the inverse of ι∗

Rh : Cartang(
 
M) −→ Cartang

Rh(M). (B.6.6)

A sufficient condition for the subgroupoid CartanRh(M) to be rheonomic is that the
components of the curvature with at least one odd-graded index are linear combinations
of the components of the curvature with all even-graded indices.

Definition B.6.4 (Metric). Given a super-Cartan geometry which satisfies rheonomy,
we can define a metric by

g = e∗(α)η(α), (B.6.7)

where η(α) ∈
⊙2 T ∗Uα is just the local Lorentzian metric η(α) := ηµνdxµ(α) � dxν(α).
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Md|N

Md

Rh

x
(x, ϑ)

Manifold with spinor bundle

Supermanifold

∼= Rd
∼= Rd|N

Rheonomy

 

Bosonic

∼= N

Figure B.1: A picture of rheonomy.
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In this appendix we provide an introduction to geometric quantisation, an approach
to quantisation that is underpinned by the symplectic geometry of phase space. Its
emergence in the 1970s from the work of Kostant and Souriau has produced a geometric
approach to quantisation that provides numerous insights into the quantisation procedure.
In particular, it showed how the symplectomorphism-invariance of phase space is broken
in naive quantisation methods, even though the physics is left invariant, and how the
underlying symplectomorphism-invariance may be restored.

In more mundane language, classical Hamiltonian physics is invariant under canonical
transformations and yet the wavefunctions of quantum mechanics are functions of just
half the coordinates of phase space and, thus, they break such invariance. A key part of
quantum mechanics is that physics cannot depend on the choice of basis of wavefunctions.
We can transform between the coordinate and momentum basis and the physics is
invariant. In fact, the coordinate and momentum representations are mutually non-
local and to move between different bases requires a non-local transformation (this is
the Fourier transform, in a free theory).
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Much of this can be found in any one of the books by [BW97; Vic84; Sou97; Woo80]
or the recent review by [Nai16].

C.1 Classical physics as symplectic geometry

C.1.1 Hamiltonian mechanics

Let us recall that a symplectic manifold (P, ω) is defined as a smooth manifold P
equipped with a closed non-degenerate 2-form ω ∈ Ω2(M), called the symplectic form. In
Hamiltonian mechanics, a classical system (P, ω,H) is defined by a symplectic manifold
(P, ω), describing the phase space of the system, and a smooth function H ∈ C∞(P),
called the Hamiltonian. In Newtonian terms, the phase space and the Hamiltonian encode
respectively the kinematics and the dynamics of a classical system. The equations of
motion are described Hamilton’s equation as follows:

ιXHω = dH. (C.1.1)

A vector field XH ∈ X(P) which solves the Hamilton equation is called Hamiltonian vector
for the Hamiltonian H. The flow of a Hamiltonian vector fields describes the motion of
the classical system on the phase space. This means if we choose a starting point γ0 ∈M
in phase space, the motion of the classical system will be given by the path

γ : R −→ P
τ 7−→ γ(τ) = eτXHγ0

(C.1.2)

where τ ∈ R is a 1-dimensional parameter.
Locally, on an simply connected open subset U ⊂ P , we can apply Poincaré lemma to the
symplectic form and find ω = dθ, where the local 1-form θ ∈ Ω1(U) is called Liouville
potential. The definition of the Liouville potential is gauge dependent, meaning that any
other choice of potential θ′ = θ + dλ with λ ∈ C∞(U) equally satisfies ω = dθ′. Now,
given a path γ : R→ P on the phase space, we define the Lagrangian LH ∈ Ω1(R) by

LH = γ∗θ −Hdτ . (C.1.3)

Where we denote the pull-back of the Liouville one-form θ to the curve γ by γ∗θ. The
action SH [γ(τ)] associated to such a Lagrangian will be given by

SH [γ(τ)] =
∫
R

(γ∗θ −Hdτ) . (C.1.4)

For future use, let us notice that we can rewrite γ∗θ = ιXHθ dτ , when restricted on the
path γ. Thus note that the choice of Liouville potential effects the Lagrangian description.

C.1.2 Classical algebra of observables

An observable is defined as a smooth function f ∈ C∞(P) of the phase space. Crucially,
a symplectic manifold (P, ω) is canonically also a Poisson manifold (P, {−,−}), where
the Poisson bracket is given as follows:

{f, g} := ω(Xf , Xg) (C.1.5)
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for any pair of observables f, g ∈ C∞(P). In other words, this means that the observables
of a symplectic manifold (M,ω) constitute a Poisson algebra:

[Xf , Xg] = X{f,g} . (C.1.6)

Thus, the Hamiltonian vector field on a symplectic manifold (P, ω) constitute a Lie
algebra, which we will denote as ham(P, ω).

C.2 Geometric quantisation

C.2.1 Prequantum geometry

Let us consider the Lie group U(1)~ := R/2π~Z. The prequantum bundle Q � P is
defined as the principal U(1)~-bundle, whose first Chern class c1(Q) ∈ H2(M,Z) is the
image of the element [ω] ∈ H2(M,R) of the de Rham cohomology group. We can now
define the associated bundle E � P to the prequantum bundle with fibre C, i.e.

E := Q×U(1)~C, (C.2.1)

where the natural action U(1)~ × C → C is given by the map (φ, z) 7→ e
i
~φz. Now, the

prequantum Hilbert space of the system is defined by

Hpre := L2(P, E), (C.2.2)

i.e. the Hilbert space of L2-integrable sections of the bundle E on the base manifold
P. Whenever the first Chern class of Q is trivial, then the bundle E = P × C is trivial
and the prequantum Hilbert space reduces to Hpre = L2(P;C), i.e. the Hilbert space
of L2-integrable complex functions.

C.2.2 Quantum algebra of observables

In geometric quantisation, given a classical observable f ∈ C∞(P), we define a quantum
observable f̂ ∈ Aut(Hpre) by the expression

f̂ := −i~∇Vf + f, (C.2.3)

where Vf ∈ ham(P, ω) is the Hamiltonian vector of the Hamiltonian function f ∈ C∞(P)
and ∇ is the connection on TP given by the Liouville potential θ. By using equations
(C.1.5) and (C.1.6), we find that the commutator of two quantum observables closes.
In particular, given f̂ and ĝ, we obtain the commutator

[f̂ , ĝ] = i~ {̂f, g} (C.2.4)

where the classical observable of {̂f, g} is the Poisson bracket {f, g} of the classical
observables f and g. Thus, we can use this fact to define the Heisenberg Lie algebra
heis(P, ω) of quantum observables on our phase space (P, ω).



278 C.2. Geometric quantisation

C.2.3 Quantum geometry

Denote the tangent bundle of phase space by TP. A polarisation of the phase space
(P, ω) is an involutive Lagrangian subbundle L ⊂ TP , i.e. an n-dimensional subbundle of
TP such that ω|L = 0 and [V,W ] ⊂ L for any pair of vectors V,W ∈ L.
The square root bundle of a line bundle B �M is defined as a complex line bundle, which
we will denote as

√
B �M, equipped with a bundle isomorphism

√
B ⊗
√
B '−−→ B

which sends sections
√
s ∈ Γ(M,

√
B) to

√
s ⊗
√
s 7→ s ∈ Γ(M,B).

Let us consider the determinant bundle det(L) := ∧nL∗C of a Lagrangian subbundle
L ⊂ TP of our phase space, where n = rank(L). We need now to consider the square root
bundle

√
det(L) of the determinant bundle, which comes equipped with the isomorphism√

det(L)⊗
√

det(L) '−−→ det(L) (C.2.5)

The choice of square root bundle
√

det(L) is also related to the metaplectic correc-
tion which leads to the quantum theory forming a representation of the metaplectic
group rather than the symplectic group. The quantum Hilbert space is defined by
the following space of sections:

H :=
{
ψ ∈ L2(P, E ⊗√det(L)

) ∣∣∣ ∇V ψ = 0 ∀V ∈ L
}
. (C.2.6)

If the Lagrangian subbundle L is integrable, we can write L = TM for some n-dimensional
submanifold M ⊂ P of the phase space. Then, quantum states |ψ〉 ∈ H can be
uniquely chosen of the form

|ψ〉 = ψ ⊗
√

volM, (C.2.7)

where ψ ∈ L2(M, E) is a polarised section and
√

volM ∈ Γ(P,
√

det(L)) is the half-
form whose square is a fixed volume form volM ∈ Ωn(M). The inner product of the
Hilbert space is given by the integral

〈ψ1 |ψ2〉 =
∫
M
ψ∗1ψ2 volM (C.2.8)

for any couple of quantum states |ψ1〉 = ψ1 ⊗
√

volM and |ψ2〉 = ψ2 ⊗
√

volM ∈ H.
Crucially, the Hilbert space defined in (C.2.6) does not depend on the choice of Lagrangian
subbundle L. If we call HL the quantum Hilbert space polarised along the Lagrangian
subbundle L and HL′ the one along another Lagrangian subbundle L′, we have a canonical
isomorphism HL ∼= HL′ . At the end of this section we will explain why this is the case.

Example C.2.1 (Wave-functions of QM). To illustrate the ideas in this section lets look at
a simple example with (M,ω) = (R2n, dpµ∧dxµ), where {pµ, xµ} are Darboux coordinates
on R2n. We can now choose the gauge θ = pµdxµ for the Liouville potential. We have
two perpendicular polarisations defined by the Lagrangian fibrations Lp := Span

(
∂
∂pµ

)
and Lx := Span

(
∂
∂xµ

)
. Recall that the covariant derivative is related to the Liouville

potential by ∇V = V − i
~ ιV θ. In our case, this implies

∇ ∂
∂xµ

= ∂

∂xµ
− i

~
pµ

∇ ∂
∂pµ

= ∂

∂pµ
.

(C.2.9)
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Therefore, for the polarisation Lp and Lx, we obtain respectively the sections

|ψ〉 = ψ(p)e−ipµxµ ⊗
√

dnp
|ψ〉 = ψ(x)⊗

√
dnx,

(C.2.10)

where
√

dnp is the half form such that
√

dnp⊗
√

dnp = dnp and analogously for
√

dnx.

C.3 Polarisations and canonical transformations

C.3.1 Canonical transformations as symplectomorphisms

Let us recall that a symplectomorphism between two manifolds (P, ω) f−→ (P ′, ω′) is a
diffeomorphism f : P → P ′ which maps the symplectic form of the first manifold into
the symplectic form of the second one, i.e. such that it satisfies ω = f∗ω′. According to
[Arn89], what in Hamiltonian physics is known under the name of canonical transformation
with generating function F is equivalently a symplectomorphism f : (P, ω) → (P ′, ω′)
such that the Liouville potential is gauge-transformed by θ − f∗θ′ = dF . However, this
first formalisation can be significantly refined.

C.3.2 Lagrangian correspondence

Following [Wei77], there exists a powerful way to formalise a canonical transformation by
using the notion of Lagrangian correspondence. To define a Lagrangian correspondence
we first need to introduce the graph of a symplectomorphism f : (P, ω)→ (P ′, ω′), which
is the submanifold of the product space P × P ′ given by

Γf :=
{
(a, b) ∈ P × P ′

∣∣ b = f(a)
}
. (C.3.1)

Let us call ι : Γf ↪→ P × P ′ the inclusion in the product space. Now, a Lagrangian
correspondence is defined a correspondence diagram of the form

(P × P ′, π∗ω − π′∗ω′)

(P, ω) (P ′, ω′)

π′π

f

(C.3.2)

where f is a symplectomorphism and π, π′ are the canonical projections of P × P ′ onto
P,P ′ respectively. The submanifold Γf ⊂ P × P ′ can be immediately recognised as a
Lagrangian submanifold of (P × P ′, π∗ω − π′∗ω′), i.e. the total symplectic form vanishes
when restricted on Γf . In other words, we have

ι∗
(
π∗ω − π′∗ω′

)
= 0. (C.3.3)

To formalise a canonical transformation, we need to add another condition: the cor-
respondence space (P × P ′, π∗ω − π′∗ω′) must be symplectomorphic to a symplectic
manifold (T ∗M, ωcan) for some manifoldM, where ωcan ∈ Ω2(T ∗M) is just the canonical
symplectic form of the cotangent bundle.
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This implies that we can write the combination of Liouville potentials π∗θ − π′∗θ′ as the
Liouville 1-form on P × P ′ ∼= TM. Since Γf is Lagrangian, the Liouville potential can
be trivialised on TΓf . In other words, we have the equation

π∗θ − π′∗θ′ = d(F ◦Π) on TΓf , (C.3.4)

where Π : T ∗M�M is the canonical projection and where the function F ∈ C∞(M) can
be interpreted as the generating function of the canonical transformation associated
to the symplectomorphism f .

Example C.3.1 (Canonical transformations). For clarity, let us consider a simple example.
Let us start from symplectic manifolds which are cotangent bundles of configuration
spaces, i.e. P = T ∗M and P ′ = T ∗M ′. Thus we can write the Liouville potential as

pµdxµ − p′µdx′µ = dF (C.3.5)

in local coordinates on the correspondence space P ×P ′ = T ∗(M ×M ′). We immediately
notice that, in the notation of the previous paragraph, we haveM := M ×M ′. Now the
generating function F = F (x, x′) of a canonical transformation can be properly seen as
the pullback of a function of the product manifold M ×M ′. Equation (C.3.5) can be
equivalently written as

pµ = ∂F

∂xµ
, p′µ = − ∂F

∂x′µ
. (C.3.6)

In particular, If we chooseM,M ′ = Rd and F (x, x′) = δµνx
µx′ν , we recover the symplectic

linear transformation (x, p) 7→ f(x, p) = (p,−x).

C.3.3 Canonical transformation on the Hilbert space

So far we formalised canonical transformations as symplectomorphisms. Now, we need to
show how these symplectomorphisms give rise to isomorphisms of the corresponding
quantum Hilbert spaces.

First of all, we must fix a symplectomorphism f : P → P ′, then we must choose
two polarisations L ⊂ TP and L′ ⊂ TP ′ which satisfy L = f∗(L′). Let us call
HL and HL′ the quantum Hilbert spaces corresponding respectively to the L and L′

polarisations of the phase space.

Now, notice that TΓf ⊂ T (P × P ′) is a Lagrangian submanifold of the Lagrangian
correspondence space (P × P ′, π∗ω − π′∗ω′). As observed by [BW97], The TΓf -polarised
Hilbert space HTΓf of the correspondence space (P × P ′, π∗ω − π′∗ω′) is isomorphic
to the topological tensor product HTΓf

∼= HL ⊗̂H∗L′ , which is nothing but the space of
Hilbert–Schmidt operators HL′ −→ HL. Then, we will obtain the following diagram:

HTΓf

HL HL′

π′∗π∗

f∗

(C.3.7)
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Now we can lift sections ψ ∈ HL and ψ′ ∈ HL′ to the Hilbert space HTΓf and consider
their products 〈π∗ψ |π′∗ψ′〉 in this space. This, then, naturally defines a pairing (( · , · )) :
HL × HL′ → C between the two polarised Hilbert spaces given by

(( · , · )) :=
〈
π∗ ·

∣∣π′∗ · 〉 (C.3.8)

But any such pairing is equivalently a linear isomorphism f∗ : HL′
∼=−−→ HL such that

(( · , · )) = 〈 · | f∗ · 〉 (C.3.9)

where this time the product on the right hand side is the hermitian product of the
first Hilbert space HL.
Let us workout what this means in coordinates. Recall that on TΓf ⊂ T (P × P ′)
we have the gauge transformation π′∗θ′ = π∗θ − dF , where F (x, x′) is the generating
function of the symplectomorphism. Therefore, wave-functions ψ(x) of HL will be lifted
by ψ(x) 7→ ψ(x, x′) = ψ(x) and wave-functions ψ′(x′) of HL′ will be lifted by ψ′(x′) 7→
ψ′(x, x′) = ψ(x)e− i

~F (x,x′) to wave-functions of HTΓf . Thus, the pairing will be given by

((ψ,ψ′)) =
∫
M

dnx dnx′ ψ†(x)ψ′(x′)e−
i
~F (x,x′) (C.3.10)

where we called M the manifold such that T ∗M ∼= P × P. Finally the isomorphism
f∗ : HL → HL′ induced by the diffeomorphism f will be given in coordinates by

(f∗ψ′)(x) =
∫
M ′

dnxψ′(x′)e−
i
~F (x,x′) (C.3.11)

where we called M ′ the manifold such that T ∗M ′ ∼= P ′. Therefore we have a natural
isomorphism HL ∼= HL′ any time there is a canonical transformation mapping the
Lagrangian subbundle L into L′ and thus we are allowed to write just H for the Hilbert
space of a quantum system, without specifying the polarisation. We will write just

|ψ〉 ∈ H (C.3.12)

for an abstract element of the Hilbert space, independent from the polarisation.

Example C.3.2 (Quantum canonical transformations). To give some intuition for this
idea, let us consider a simple example. ChooseM,M ′ = Rn and let the symplectomorphism
f : (R2n, dpµ ∧ dxµ)→ (R2n, dp′µ ∧ dx′µ) be the linear transformation f(x, p) = (p,−x).
This is generated by generating function F (x, x′) = δµνx

µx′ν . Thus, if we substitute
(x′, p′) = f(x, p) = (p,−x), we recover that (f∗)−1 is exactly the Fourier transformation
of wave-functions:

(f∗ψ′)(x) =
∫
M ′

dnpψ′(p)e−
i
~pµx

µ

(
(f∗)−1ψ

)
(p) =

∫
M

dnxψ(x)e
i
~pµx

µ
(C.3.13)

Thus the same quantum state |ψ〉 ∈ H can be represented as a wave-function 〈x |ψ〉 = ψ(x)
or as its Fourier transform 〈p |ψ〉 = ψ(p) in the two basis

{
〈x|
}
x∈M and

{
〈p|
}
p∈M ′ given

by the Lagrangian correspondence.



References

[AMN13] Gerardo Aldazabal, Diego Marques, and Carmen Nunez. “Double Field Theory: A
Pedagogical Review”. In: Class. Quant. Grav. 30 (2013), p. 163001. arXiv:
1305.1907 [hep-th].

[Ale+97] M. Alexandrov et al. “The Geometry of the master equation and topological
quantum field theory”. In: Int. J. Mod. Phys. A 12 (1997), pp. 1405–1429. arXiv:
hep-th/9502010.

[Alf20a] Luigi Alfonsi. “Global Double Field Theory is Higher Kaluza-Klein Theory”. In:
Fortschritte der Physik 68.3-4 (Feb. 2020), p. 2000010. arXiv: 1912.07089 [hep-th].

[Alf20b] Luigi Alfonsi. “The puzzle of global Double Field Theory: open problems and the
case for a Higher Kaluza-Klein perspective”. In: Fortsch. Phys. 2021 (July 2020),
p. 2000102. arXiv: 2007.04969 [hep-th].

[Alf21] Luigi Alfonsi. “Towards an extended/higher correspondence – Generalised geometry,
bundle gerbes and global Double Field Theory”. In: (Feb. 2021). arXiv: 2102.10970
[hep-th].

[AB21] Luigi Alfonsi and David S. Berman. “Double field theory and geometric
quantisation”. In: JHEP 06 (2021), p. 059. arXiv: 2101.12155 [hep-th].

[AWW20] Luigi Alfonsi, Chris D. White, and Sam Wikeley. “Topology and Wilson lines: global
aspects of the double copy”. In: JHEP 07 (2020), p. 091. arXiv: 2004.07181
[hep-th].

[AAL94] Enrique Alvarez, Luis Alvarez-Gaume, and Yolanda Lozano. “A Canonical approach
to duality transformations”. In: Phys. Lett. B 336 (1994), pp. 183–189. arXiv:
hep-th/9406206.

[ÁÁL94] Enrique Álvarez, Luis Álvarez-Gaumé, and Yolanda Lozano. “A canonical approach
to duality transformations”. In: Physics Letters B 336.2 (Sept. 1994), pp. 183–189.
url: http://dx.doi.org/10.1016/0370-2693(94)00982-1.

[And+13] David Andriot et al. “(Non-)commutative closed string on T-dual toroidal
backgrounds”. In: JHEP 06 (2013), p. 021. arXiv: 1211.6437 [hep-th].

[ACP18] Stephen Angus, Kyoungho Cho, and Jeong-Hyuck Park. “Einstein Double Field
Equations”. In: Eur. Phys. J. C78.6 (2018), p. 500. arXiv: 1804.00964 [hep-th].

[Arn89] V.I. Arnol’d. Mathematical Methods of Classical Mechanics. 2nd ed. Vol. 60. Lecture
Notes in Mathematics. Springer-Verlag New York, 1989.

[Arn67] V. Arnold. “On a characteristic class arising in quantization conditions”. In:
Functional Analysis and Its Applications (1967).

[Arv18] Alex S. Arvanitakis. “Brane Wess-Zumino terms from AKSZ and exceptional
generalised geometry as an L∞-algebroid”. In: (2018). arXiv: 1804.07303 [hep-th].

[Arv21] Alex S. Arvanitakis. “Brane current algebras and generalised geometry from QP
manifolds”. In: (Mar. 2021). arXiv: 2103.08608 [hep-th].

[AB18] Alex S. Arvanitakis and Chris D. A. Blair. “The Exceptional Sigma Model”. In:
JHEP 04 (2018), p. 064. arXiv: 1802.00442 [hep-th].

282

https://arxiv.org/abs/1305.1907
https://arxiv.org/abs/hep-th/9502010
https://arxiv.org/abs/1912.07089
https://arxiv.org/abs/2007.04969
https://arxiv.org/abs/2102.10970
https://arxiv.org/abs/2102.10970
https://arxiv.org/abs/2101.12155
https://arxiv.org/abs/2004.07181
https://arxiv.org/abs/2004.07181
https://arxiv.org/abs/hep-th/9406206
http://dx.doi.org/10.1016/0370-2693(94)00982-1
https://arxiv.org/abs/1211.6437
https://arxiv.org/abs/1804.00964
https://arxiv.org/abs/1804.07303
https://arxiv.org/abs/2103.08608
https://arxiv.org/abs/1802.00442


References 283

[ADS18] Paolo Aschieri, Marija Dimitrijevic Ciric, and Richard J. Szabo. “Nonassociative
differential geometry and gravity with non-geometric fluxes”. In: JHEP 02 (2018),
p. 036. arXiv: 1710.11467 [hep-th].

[AS15] Paolo Aschieri and Richard J. Szabo. “Triproducts, nonassociative star products and
geometry of R-flux string compactifications”. In: J. Phys. Conf. Ser. 634.1 (2015),
p. 012004. arXiv: 1504.03915 [hep-th].

[BH11] John C. Baez and John Huerta. “An Invitation to Higher Gauge Theory”. In: Gen.
Rel. Grav. 43 (2011), pp. 2335–2392. arXiv: 1003.4485 [hep-th].

[BS05] John C. Baez and Urs Schreiber. Higher Gauge Theory. 2005. arXiv: math/0511710
[math.DG].

[BKM16] Ilya Bakhmatov, Axel Kleinschmidt, and Edvard T. Musaev. “Non-geometric branes
are DFT monopoles”. In: JHEP 10 (2016), p. 076. arXiv: 1607.05450 [hep-th].

[BSS14] Gwendolyn E. Barnes, Alexander Schenkel, and Richard J. Szabo. “Nonassociative
geometry in quasi-Hopf representation categories I: Bimodules and their internal
homomorphisms”. In: J. Geom. Phys. 89 (2014), pp. 111–152. arXiv: 1409.6331
[math.QA].

[BSS16a] Gwendolyn E. Barnes, Alexander Schenkel, and Richard J. Szabo. “Nonassociative
geometry in quasi-Hopf representation categories II: Connections and curvature”. In:
J. Geom. Phys. 106 (2016), pp. 234–255. arXiv: 1507.02792 [math.QA].

[BSS16b] Gwendolyn E. Barnes, Alexander Schenkel, and Richard J. Szabo. “Working with
Nonassociative Geometry and Field Theory”. In: PoS CORFU2015 (2016), p. 081.
arXiv: 1601.07353 [hep-th].

[BP20] Francesco Bascone and Franco Pezzella. “Principal Chiral Model without and with
WZ term: Symmetries and Poisson-Lie T-Duality”. In: 19th Hellenic School and
Workshops on Elementary Particle Physics and Gravity. May 2020. arXiv:
2005.02069 [hep-th].

[BPV20] Francesco Bascone, Franco Pezzella, and Patrizia Vitale. “Poisson-Lie T-Duality of
WZW Model via Current Algebra Deformation”. In: (Apr. 2020). arXiv: 2004.12858
[hep-th].

[Bas+19] Francesco Bascone et al. “T-Duality and Doubling of the Isotropic Rigid Rotator”.
In: PoS CORFU2018 (2019). Ed. by Konstantinos Anagnostopoulos et al., p. 123.
arXiv: 1904.03727 [hep-th].

[BJP20] Thomas Basile, Euihun Joung, and Jeong-Hyuck Park. “A note on Faddeev-Popov
action for doubled-yet-gauged particle and graded Poisson geometry”. In: Journal of
High Energy Physics 2020.2 (Feb. 2020). url:
http://dx.doi.org/10.1007/JHEP02(2020)022.

[BW97] Sean Bates and Alan Weinstein. Lectures on the Geometry of Quantization. Vol. 8.
Berkeley Mathematics Lecture Notes. American Mathematical Society, 1997.

[BHM07] Dmitriy M. Belov, Chris M. Hull, and Ruben Minasian. “T-duality, gerbes and loop
spaces”. In: (2007). arXiv: hep-th/0710.5151 [hep-th].

[BBS19] Marco Benini, Simen Bruinsma, and Alexander Schenkel. “Linear Yang–Mills Theory
as a Homotopy AQFT”. In: Commun. Math. Phys. 378.1 (2019), pp. 185–218. arXiv:
1906.00999 [math-ph].

[BS19] Marco Benini and Alexander Schenkel. “Higher Structures in Algebraic Quantum
Field Theory”. In: Fortsch. Phys. 67.8-9 (2019), p. 1910015. arXiv: 1903.02878
[hep-th].

[BSW19] Marco Benini, Alexander Schenkel, and Lukas Woike. “Homotopy theory of algebraic
quantum field theories”. In: Lett. Math. Phys. 109.7 (2019), pp. 1487–1532. arXiv:
1805.08795 [math-ph].

https://arxiv.org/abs/1710.11467
https://arxiv.org/abs/1504.03915
https://arxiv.org/abs/1003.4485
https://arxiv.org/abs/math/0511710
https://arxiv.org/abs/math/0511710
https://arxiv.org/abs/1607.05450
https://arxiv.org/abs/1409.6331
https://arxiv.org/abs/1409.6331
https://arxiv.org/abs/1507.02792
https://arxiv.org/abs/1601.07353
https://arxiv.org/abs/2005.02069
https://arxiv.org/abs/2004.12858
https://arxiv.org/abs/2004.12858
https://arxiv.org/abs/1904.03727
http://dx.doi.org/10.1007/JHEP02(2020)022
https://arxiv.org/abs/hep-th/0710.5151
https://arxiv.org/abs/1906.00999
https://arxiv.org/abs/1903.02878
https://arxiv.org/abs/1903.02878
https://arxiv.org/abs/1805.08795


284 References

[Ben+21] Marco Benini et al. “Categorification of algebraic quantum field theories”. In: Lett.
Math. Phys. 111 (2021), p. 35. arXiv: 2003.13713 [math-ph].

[BBR14] Joel Berkeley, David S. Berman, and Felix J. Rudolph. “Strings and branes are
waves”. In: Journal of High Energy Physics 2014.6 (June 2014). arXiv: 1403.7198.
url: http://dx.doi.org/10.1007/JHEP06(2014)006.

[BC07] David S Berman and Neil B Copland. “The String partition function in Hull’s
doubled formalism”. In: Phys. Lett. B649 (2007), pp. 325–333. arXiv:
hep-th/0701080 [hep-th].

[Ber19] David S. Berman. “A Kaluza–Klein Approach to Double and Exceptional Field
Theory”. In: Fortschritte der Physik 67.8-9 (Apr. 2019), p. 1910002. arXiv:
1903.02860 [hep-th]. url: http://dx.doi.org/10.1002/prop.201910002.

[BBO19] David S. Berman, Chris D. A. Blair, and Ray Otsuki. “Non-Riemannian geometry of
M-theory”. In: JHEP 07 (2019), p. 175. arXiv: 1902.01867 [hep-th].

[BB20] David S. Berman and Chris D.A. Blair. “The Geometry, Branes and Applications of
Exceptional Field Theory”. In: (June 2020). arXiv: 2006.09777 [hep-th].

[BCP14] David S. Berman, Martin Cederwall, and Malcolm J. Perry. “Global aspects of
double geometry”. In: JHEP 09 (2014), p. 066. arXiv: 1401.1311 [hep-th].

[BL14] David S. Berman and Kanghoon Lee. “Supersymmetry for Gauged Double Field
Theory and Generalised Scherk-Schwarz Reductions”. In: Nucl. Phys. B 881 (2014),
pp. 369–390. arXiv: 1305.2747 [hep-th].

[BR15a] David S. Berman and Felix J. Rudolph. “Branes are Waves and Monopoles”. In:
JHEP 05 (2015), p. 015. arXiv: 1409.6314 [hep-th].

[BR15b] David S. Berman and Felix J. Rudolph. “Strings, Branes and the Self-dual Solutions
of Exceptional Field Theory”. In: JHEP 05 (2015), p. 130. arXiv: 1412.2768
[hep-th].

[BT14] David S. Berman and Daniel C. Thompson. “Duality Symmetric String and
M-Theory”. In: Phys. Rept. 566 (2014), pp. 1–60. arXiv: 1306.2643 [hep-th].

[Ber+12] David S. Berman et al. “Duality Invariant M-theory: Gauged supergravities and
Scherk-Schwarz reductions”. In: JHEP 10 (2012), p. 174. arXiv: 1208.0020
[hep-th].

[Ber+14] David S. Berman et al. “The OD,D geometry of string theory”. In: Int. J. Mod. Phys.
A29 (2014), p. 1450080. arXiv: 1303.6727 [hep-th].

[Bla15] Chris D. A. Blair. “Non-commutativity and non-associativity of the doubled string in
non-geometric backgrounds”. In: JHEP 06 (2015), p. 091. arXiv: 1405.2283
[hep-th].

[BM15] Chris D. A. Blair and Emanuel Malek. “Geometry and fluxes of SL(5) exceptional
field theory”. In: JHEP 03 (2015), p. 144. arXiv: 1412.0635 [hep-th].

[BOP20] Chris D. A. Blair, Gerben Oling, and Jeong-Hyuck Park. “Non-Riemannian
isometries from double field theory”. In: (Dec. 2020). arXiv: 2012.07766 [hep-th].

[BTZ20] Chris D. A. Blair, Daniel C. Thompson, and Sofia Zhidkova. “Exploring Exceptional
Drinfeld Geometries”. In: JHEP 09 (2020), p. 151. arXiv: 2006.12452 [hep-th].

[BHL15] Ralph Blumenhagen, Falk Hassler, and Dieter Lüst. “Double field theory on group
manifolds”. In: Journal of High Energy Physics 2015.2 (Feb. 2015). url:
http://dx.doi.org/10.1007/JHEP02(2015)001.

[Blu+15] Ralph Blumenhagen et al. “Generalized metric formulation of double field theory on
group manifolds”. In: Journal of High Energy Physics 2015.8 (Aug. 2015). url:
http://dx.doi.org/10.1007/JHEP08(2015)056.

https://arxiv.org/abs/2003.13713
https://arxiv.org/abs/1403.7198
http://dx.doi.org/10.1007/JHEP06(2014)006
https://arxiv.org/abs/hep-th/0701080
https://arxiv.org/abs/1903.02860
http://dx.doi.org/10.1002/prop.201910002
https://arxiv.org/abs/1902.01867
https://arxiv.org/abs/2006.09777
https://arxiv.org/abs/1401.1311
https://arxiv.org/abs/1305.2747
https://arxiv.org/abs/1409.6314
https://arxiv.org/abs/1412.2768
https://arxiv.org/abs/1412.2768
https://arxiv.org/abs/1306.2643
https://arxiv.org/abs/1208.0020
https://arxiv.org/abs/1208.0020
https://arxiv.org/abs/1303.6727
https://arxiv.org/abs/1405.2283
https://arxiv.org/abs/1405.2283
https://arxiv.org/abs/1412.0635
https://arxiv.org/abs/2012.07766
https://arxiv.org/abs/2006.12452
http://dx.doi.org/10.1007/JHEP02(2015)001
http://dx.doi.org/10.1007/JHEP08(2015)056


References 285

[BH19a] Roberto Bonezzi and Olaf Hohm. “Duality Hierarchies and Differential Graded Lie
Algebras”. In: (2019). arXiv: 1910.10399 [hep-th].

[BH19b] Roberto Bonezzi and Olaf Hohm. “Leibniz Gauge Theories and Infinity Structures”.
In: (2019). arXiv: 1904.11036 [hep-th].

[Bon+90] L. Bonora et al. “A Discussion of the constraints in N=1 SUGRA-SYM in 10-D”. In:
Int. J. Mod. Phys. A 5 (1990), pp. 461–477.

[BKS21] Leron Borsten, Hyungrok Kim, and Christian Saemann. “EL∞-algebras, Generalized
Geometry, and Tensor Hierarchies”. In: (May 2021). arXiv: 2106.00108 [hep-th].

[BP09] P. Bouwknegt and Ashwin S. Pande. “Topological T-duality and T-folds”. In: Adv.
Theor. Math. Phys. 13.5 (2009), pp. 1519–1539. arXiv: 0810.4374 [hep-th].

[BEM04a] Peter Bouwknegt, Jarah Evslin, and Varghese Mathai. “On the topology and H flux
of T-dual manifolds”. In: Phys. Rev. Lett. 92 (2004), p. 181601. arXiv:
hep-th/0312052 [hep-th].

[BEM04b] Peter Bouwknegt, Jarah Evslin, and Varghese Mathai. “T-duality: Topology change
from H-flux”. In: Commun. Math. Phys. 249 (2004), pp. 383–415. arXiv:
hep-th/0306062 [hep-th].

[BHM04] Peter Bouwknegt, Keith Hannabuss, and Varghese Mathai. “T duality for principal
torus bundles”. In: JHEP 03 (2004), p. 018. arXiv: hep-th/0312284 [hep-th].

[BHM05] Peter Bouwknegt, Keith Hannabuss, and Varghese Mathai. “T-duality for principal
torus bundles and dimensionally reduced Gysin sequences”. In: Adv. Theor. Math.
Phys. 9.5 (2005), pp. 749–773. arXiv: hep-th/0412268 [hep-th].

[BSS19] Vincent Braunack-Mayer, Hisham Sati, and Urs Schreiber. “Gauge enhancement of
super M-branes via parametrized stable homotopy theory”. In: Commun. Math.
Phys. 371.1 (2019), pp. 197–265. arXiv: 1806.01115 [hep-th].

[Bug19] Mark Bugden. “Non-abelian T-folds”. In: JHEP 03 (2019), p. 189. arXiv:
1901.03782 [hep-th].

[Bug+21] Mark Bugden et al. “G-algebroids: a unified framework for exceptional and
generalised geometry, and Poisson-Lie duality”. In: (Mar. 2021). arXiv: 2103.01139
[math.DG].

[Bun21] Severin Bunk. “Gerbes in Geometry, Field Theory, and Quantisation”. In: (Feb.
2021). arXiv: 2102.10406 [math.DG].

[BMS19] Severin Bunk, Lukas Müller, and Richard J. Szabo. “Geometry and 2-Hilbert Space
for Nonassociative Magnetic Translations”. In: Lett. Math. Phys. 109.8 (2019),
pp. 1827–1866. arXiv: 1804.08953 [hep-th].

[BSS17] Severin Bunk, Christian Saemann, and Richard J. Szabo. “The 2-Hilbert Space of a
Prequantum Bundle Gerbe”. In: Rev. Math. Phys. 30.01 (2017), p. 1850001. arXiv:
1608.08455 [math-ph].

[BS17] Severin Bunk and Richard J. Szabo. “Fluxes, bundle gerbes and 2-Hilbert spaces”.
In: Lett. Math. Phys. 107.10 (2017), pp. 1877–1918. arXiv: 1612.01878 [hep-th].

[Bun20] Bunk, Severin and Müller, Lukas and Szabo, Richard J. “Smooth 2-Group Extensions
and Symmetries of Bundle Gerbes”. In: (Apr. 2020). arXiv: 2004.13395 [math.DG].

[BN15] Ulrich Bunke and Thomas Nikolaus. “T-duality via Gerby Geometry and
Reductions”. In: Reviews in Mathematical Physics 27.05 (June 2015), p. 1550013.
arXiv: 1305.6050 [math.DG]. url:
http://dx.doi.org/10.1142/S0129055X15500130.

[BSS18] Simon Burton, Hisham Sati, and Urs Schreiber. Lift of fractional D-brane charge to
equivariant Cohomotopy theory. 2018. arXiv: 1812.09679 [math.RT].

https://arxiv.org/abs/1910.10399
https://arxiv.org/abs/1904.11036
https://arxiv.org/abs/2106.00108
https://arxiv.org/abs/0810.4374
https://arxiv.org/abs/hep-th/0312052
https://arxiv.org/abs/hep-th/0306062
https://arxiv.org/abs/hep-th/0312284
https://arxiv.org/abs/hep-th/0412268
https://arxiv.org/abs/1806.01115
https://arxiv.org/abs/1901.03782
https://arxiv.org/abs/2103.01139
https://arxiv.org/abs/2103.01139
https://arxiv.org/abs/2102.10406
https://arxiv.org/abs/1804.08953
https://arxiv.org/abs/1608.08455
https://arxiv.org/abs/1612.01878
https://arxiv.org/abs/2004.13395
https://arxiv.org/abs/1305.6050
http://dx.doi.org/10.1142/S0129055X15500130
https://arxiv.org/abs/1812.09679


286 References

[Bus87] T. H. Buscher. “A Symmetry of the String Background Field Equations”. In: Phys.
Lett. B 194 (1987), pp. 59–62.

[Bus88] T. H. Buscher. “Path Integral Derivation of Quantum Duality in Nonlinear Sigma
Models”. In: Phys. Lett. B 201 (1988), pp. 466–472.

[CCM19] Yago Cagnacci, Tomas Codina, and Diego Marques. “L∞ algebras and Tensor
Hierarchies in Exceptional Field Theory and Gauged Supergravity”. In: JHEP 01
(2019), p. 117. arXiv: 1807.06028 [hep-th].

[Car+19] Ursula Carow-Watamura et al. “DFT in supermanifold formulation and group
manifold as background geometry”. In: JHEP 04 (2019), p. 002. arXiv: 1812.03464
[hep-th].

[CG11] Gil R. Cavalcanti and Marco Gualtieri. “Generalized complex geometry and
T-duality”. In: A Celebration of the Mathematical Legacy of Raoul Bott (CRM
Proceedings Lecture Notes) American Mathematical Society (2010) 341-366. ISBN:
0821847775. 2011, p. 0821847775. arXiv: math.DG/1106.1747 [math.DG].

[Ced16] Martin Cederwall. “Double supergeometry”. In: JHEP 06 (2016), p. 155. arXiv:
1603.04684 [hep-th].

[CP18] Martin Cederwall and Jakob Palmkvist. “Extended geometries”. In: JHEP 02 (2018),
p. 071. arXiv: 1711.07694 [hep-th].

[CP19a] Martin Cederwall and Jakob Palmkvist. “L∞ Algebras for Extended Geometry from
Borcherds Superalgebras”. In: Commun. Math. Phys. 369.2 (2019), pp. 721–760.
arXiv: 1804.04377 [hep-th].

[CP19b] Martin Cederwall and Jakob Palmkvist. “L∞ algebras for extended geometry”. In: J.
Phys. Conf. Ser. 1194.1 (2019), p. 012021. arXiv: 1812.01383 [hep-th].

[CP20a] Martin Cederwall and Jakob Palmkvist. “Tensor hierarchy algebras and extended
geometry. Part I. Construction of the algebra”. In: Journal of High Energy Physics
2020.2 (Feb. 2020). url: http://dx.doi.org/10.1007/JHEP02(2020)144.

[CP20b] Martin Cederwall and Jakob Palmkvist. “Tensor hierarchy algebras and extended
geometry. Part II. Gauge structure and dynamics”. In: Journal of High Energy
Physics 2020.2 (Feb. 2020). url: http://dx.doi.org/10.1007/JHEP02(2020)145.

[Cha+19] Athanasios Chatzistavrakidis et al. “BRST symmetry of doubled membrane
sigma-models”. In: PoS CORFU2018 (2019). Ed. by Konstantinos Anagnostopoulos
et al., p. 147. arXiv: 1904.04857 [hep-th].

[CMP19] Kyoungho Cho, Kevin Morand, and Jeong-Hyuck Park. “Kaluza-Klein reduction on
a maximally non-Riemannian space is moduli-free”. In: Phys. Lett. B 793 (2019),
pp. 65–69. arXiv: 1808.10605 [hep-th].

[CP20c] Kyoungho Cho and Jeong-Hyuck Park. “Remarks on the non-Riemannian sector in
Double Field Theory”. In: Eur. Phys. J. C 80.2 (2020), p. 101. arXiv: 1909.10711
[hep-th].

[CSW11] Andre Coimbra, Charles Strickland-Constable, and Daniel Waldram. “Supergravity
as Generalised Geometry I: Type II Theories”. In: JHEP 11 (2011), p. 091. arXiv:
1107.1733 [hep-th].

[CSW14] Andre Coimbra, Charles Strickland-Constable, and Daniel Waldram. “Supergravity
as Generalised Geometry II: Ed(d) × R+ and M-theory”. In: JHEP 03 (2014), p. 019.
arXiv: 1212.1586 [hep-th].

[Col11] Braxton L. Collier. Infinitesimal Symmetries of Dixmier-Douady Gerbes. 2011. arXiv:
math.CT/1108.1525 [math.CT].

[DF82] R. D’Auria and P. Fre. “Geometric Supergravity in d = 11 and Its Hidden
Supergroup”. In: Nucl. Phys. B 206 (1982), p. 496.

https://arxiv.org/abs/1807.06028
https://arxiv.org/abs/1812.03464
https://arxiv.org/abs/1812.03464
https://arxiv.org/abs/math.DG/1106.1747
https://arxiv.org/abs/1603.04684
https://arxiv.org/abs/1711.07694
https://arxiv.org/abs/1804.04377
https://arxiv.org/abs/1812.01383
http://dx.doi.org/10.1007/JHEP02(2020)144
http://dx.doi.org/10.1007/JHEP02(2020)145
https://arxiv.org/abs/1904.04857
https://arxiv.org/abs/1808.10605
https://arxiv.org/abs/1909.10711
https://arxiv.org/abs/1909.10711
https://arxiv.org/abs/1107.1733
https://arxiv.org/abs/1212.1586
https://arxiv.org/abs/math.CT/1108.1525


References 287

[DAu+08] R D’Auria et al. “Pure spinor superstrings on generic type IIA supergravity
backgrounds”. In: Journal of High Energy Physics 2008.07 (July 2008), pp. 059–059.
url: http://dx.doi.org/10.1088/1126-6708/2008/07/059.

[DH03] Atish Dabholkar and Chris Hull. “Duality twists, orbifolds, and fluxes”. In: JHEP 09
(2003), p. 054. arXiv: hep-th/0210209.

[De +14] Luca De Angelis et al. “Comparing Double String Theory Actions”. In: JHEP 04
(2014), p. 171. arXiv: 1312.7367 [hep-th].

[Del+99] P. Deligne et al., eds. Quantum fields and strings: A course for mathematicians. Vol.
1, 2. 1999.

[DHT19a] Saskia Demulder, Falk Hassler, and Daniel C. Thompson. “An invitation to
Poisson-Lie T-duality in Double Field Theory and its applications”. In: PoS
CORFU2018 (2019). Ed. by Konstantinos Anagnostopoulos et al., p. 113. arXiv:
1904.09992 [hep-th].

[DHT19b] Saskia Demulder, Falk Hassler, and Daniel C. Thompson. “Doubled aspects of
generalised dualities and integrable deformations”. In: JHEP 02 (2019), p. 189.
arXiv: 1810.11446 [hep-th].

[DHS18] Andreas Deser, Marc Andre Heller, and Christian Saemann. “Extended Riemannian
Geometry II: Local Heterotic Double Field Theory”. In: JHEP 04 (2018), p. 106.
arXiv: 1711.03308 [hep-th].

[DS18] Andreas Deser and Christian Saemann. “Extended Riemannian Geometry I: Local
Double Field Theory”. In: 19.8 (2018), pp. 2297–2346. arXiv: 1611.02772 [hep-th].

[DS19] Andreas Deser and Christian Saemann. “Extended Riemannian Geometry III: Global
Double Field Theory with Nilmanifolds”. In: JHEP 05 (2019), p. 209. arXiv:
1812.00026 [hep-th].

[DJP19] Martin Doubek, Branislav Jurčo, and Ján Pulmann. “Quantum L∞-Algebras and
the Homological Perturbation Lemma”. In: Communications in Mathematical
Physics 367.1 (Feb. 2019), pp. 215–240. url:
http://dx.doi.org/10.1007/s00220-019-03375-x.

[Dus02] John Duskin. “Simplicial matrices and the nerves of weak n-categories I: nerves of
bicategories”. In: Theory and Applications of Categories 9.10 (2002).

[Fai17] Maxime Fairon. “Introduction to graded geometry”. In: European Journal of
Mathematics 3.2 (Mar. 2017), pp. 208–222. url:
http://dx.doi.org/10.1007/s40879-017-0138-4.

[FRS13] Domenico Fiorenza, Christopher L. Rogers, and Urs Schreiber. “A Higher
Chern-Weil derivation of AKSZ σ-models”. In: Int. J. Geom. Meth. Mod. Phys. 10
(2013), p. 1250078. arXiv: 1108.4378 [math-ph].

[FRS16] Domenico Fiorenza, Christopher L. Rogers, and Urs Schreiber. “Higher U(1)-gerbe
connections in geometric prequantization”. In: Rev. Math. Phys. 28.06 (2016),
p. 1650012. arXiv: 1304.0236 [math-ph].

[FSS13a] Domenico Fiorenza, Hisham Sati, and Urs Schreiber. “A higher stacky perspective on
Chern-Simons theory”. In: Winter School in Mathematical Physics: Mathematical
Aspects of Quantum Field Theory. Springer, Jan. 2013. arXiv: 1301.2580 [hep-th].

[FSS13b] Domenico Fiorenza, Hisham Sati, and Urs Schreiber. “Extended higher cup-product
Chern-Simons theories”. In: J. Geom. Phys. 74 (2013), pp. 130–163. arXiv:
1207.5449 [hep-th].

[FSS14a] Domenico Fiorenza, Hisham Sati, and Urs Schreiber. “Multiple M5-branes, String
2-connections, and 7d nonabelian Chern-Simons theory”. In: Adv. Theor. Math.
Phys. 18.2 (2014), pp. 229–321. arXiv: 1201.5277 [hep-th].

http://dx.doi.org/10.1088/1126-6708/2008/07/059
https://arxiv.org/abs/hep-th/0210209
https://arxiv.org/abs/1312.7367
https://arxiv.org/abs/1904.09992
https://arxiv.org/abs/1810.11446
https://arxiv.org/abs/1711.03308
https://arxiv.org/abs/1611.02772
https://arxiv.org/abs/1812.00026
http://dx.doi.org/10.1007/s00220-019-03375-x
http://dx.doi.org/10.1007/s40879-017-0138-4
https://arxiv.org/abs/1108.4378
https://arxiv.org/abs/1304.0236
https://arxiv.org/abs/1301.2580
https://arxiv.org/abs/1207.5449
https://arxiv.org/abs/1201.5277


288 References

[FSS14b] Domenico Fiorenza, Hisham Sati, and Urs Schreiber. “Super Lie n-algebra
extensions, higher WZW models, and super p-branes with tensor multiplet fields”. In:
Int. J. Geom. Meth. Mod. Phys. 12 (2014), p. 1550018. arXiv: 1308.5264 [hep-th].

[FSS15a] Domenico Fiorenza, Hisham Sati, and Urs Schreiber. “A higher stacky perspective on
Chern-Simons theory”. In: Proceedings, Winter School in Mathematical Physics:
Mathematical Aspects of Quantum Field Theory: Les Houches, France, January
29-February 3, 2012. Springer. Springer, 2015, pp. 153–211. arXiv: 1301.2580
[hep-th].

[FSS15b] Domenico Fiorenza, Hisham Sati, and Urs Schreiber. “The E8 Moduli 3-Stack of the
C-Field in M-Theory”. In: Commun. Math. Phys. 333.1 (2015), pp. 117–151. arXiv:
1202.2455 [hep-th].

[FSS15c] Domenico Fiorenza, Hisham Sati, and Urs Schreiber. “The Wess-Zumino-Witten
term of the M5-brane and differential cohomotopy”. In: J. Math. Phys. 56.10 (2015),
p. 102301. arXiv: 1506.07557 [math-ph].

[FSS17a] Domenico Fiorenza, Hisham Sati, and Urs Schreiber. “Rational sphere valued
supercocycles in M-theory and type IIA string theory”. In: J. Geom. Phys. 114
(2017), pp. 91–108. arXiv: 1606.03206 [hep-th].

[FSS17b] Domenico Fiorenza, Hisham Sati, and Urs Schreiber. “T-duality in rational
homotopy theory via L∞-algebras”. In: (2017). arXiv: 1712.00758 [math-ph].

[FSS18a] Domenico Fiorenza, Hisham Sati, and Urs Schreiber. “Higher T-duality of super
M-branes”. In: (2018). arXiv: 1803.05634 [hep-th].

[FSS18b] Domenico Fiorenza, Hisham Sati, and Urs Schreiber. “T-Duality from super Lie
n-algebra cocycles for super p-branes”. In: Adv. Theor. Math. Phys. 22 (2018),
pp. 1209–1270. arXiv: 1611.06536 [math-ph].

[FSS19a] Domenico Fiorenza, Hisham Sati, and Urs Schreiber. “Super-exceptional geometry:
origin of heterotic M-theory and super-exceptional embedding construction of M5”.
In: (2019). arXiv: 1908.00042 [hep-th].

[FSS19b] Domenico Fiorenza, Hisham Sati, and Urs Schreiber. “The Rational Higher Structure
of M-theory”. In: Fortsch. Phys. 67.8-9 (2019), p. 1910017. arXiv: 1903.02834
[hep-th].

[FSS19c] Domenico Fiorenza, Hisham Sati, and Urs Schreiber. “Twisted Cohomotopy implies
level quantization of the full 6d Wess-Zumino term of the M5-brane”. In: (2019).
arXiv: 1906.07417 [hep-th].

[FSS19d] Domenico Fiorenza, Hisham Sati, and Urs Schreiber. “Twisted Cohomotopy implies
M-Theory anomaly cancellation”. In: (2019). arXiv: 1904.10207 [hep-th].

[FSS20a] Domenico Fiorenza, Hisham Sati, and Urs Schreiber. “Super-exceptional embedding
construction of the heterotic M5: Emergence of SU(2)-flavor sector”. In: (2020).
arXiv: 2006.00012 [hep-th].

[FSS20b] Domenico Fiorenza, Hisham Sati, and Urs Schreiber. “Twistorial Cohomotopy
implies Green-Schwarz anomaly cancellation”. In: (Aug. 2020). arXiv: 2008.08544
[hep-th].

[FSS12] Domenico Fiorenza, Urs Schreiber, and Jim Stasheff. “Čech cocycles for differential
characteristic classes: an ∞-Lie theoretic construction”. In: Adv. Theor. Math. Phys.
16.1 (2012), pp. 149–250. arXiv: 1011.4735 [math.AT].

[FLM17a] Laurent Freidel, Robert G. Leigh, and Djordje Minic. “Intrinsic non-commutativity
of closed string theory”. In: JHEP 09 (2017), p. 060. arXiv: 1706.03305 [hep-th].

[FLM17b] Laurent Freidel, Robert G. Leigh, and Djordje Minic. “Noncommutativity of closed
string zero modes”. In: Phys. Rev. D 96.6 (2017), p. 066003. arXiv: 1707.00312
[hep-th].

https://arxiv.org/abs/1308.5264
https://arxiv.org/abs/1301.2580
https://arxiv.org/abs/1301.2580
https://arxiv.org/abs/1202.2455
https://arxiv.org/abs/1506.07557
https://arxiv.org/abs/1606.03206
https://arxiv.org/abs/1712.00758
https://arxiv.org/abs/1803.05634
https://arxiv.org/abs/1611.06536
https://arxiv.org/abs/1908.00042
https://arxiv.org/abs/1903.02834
https://arxiv.org/abs/1903.02834
https://arxiv.org/abs/1906.07417
https://arxiv.org/abs/1904.10207
https://arxiv.org/abs/2006.00012
https://arxiv.org/abs/2008.08544
https://arxiv.org/abs/2008.08544
https://arxiv.org/abs/1011.4735
https://arxiv.org/abs/1706.03305
https://arxiv.org/abs/1707.00312
https://arxiv.org/abs/1707.00312


References 289

[FRS17] Laurent Freidel, Felix J. Rudolph, and David Svoboda. “Generalised Kinematics for
Double Field Theory”. In: JHEP 11 (2017), p. 175. arXiv: 1706.07089 [hep-th].

[FRS19] Laurent Freidel, Felix J. Rudolph, and David Svoboda. “A Unique Connection for
Born Geometry”. In: Commun. Math. Phys. 372.1 (2019), pp. 119–150. arXiv:
1806.05992 [hep-th].

[Gal+20] A. D. Gallegos et al. “Non-Riemannian gravity actions from double field theory”. In:
(Dec. 2020). arXiv: 2012.07765 [hep-th].

[Gei11] David Geissbuhler. “Double Field Theory and N=4 Gauged Supergravity”. In: JHEP
11 (2011), p. 116. arXiv: 1109.4280 [hep-th].

[Gei+13] David Geissbuhler et al. “Exploring Double Field Theory”. In: JHEP 06 (2013),
p. 101. arXiv: 1304.1472 [hep-th].

[GJ99] P.G. Goess and J.F. Jardine. Simplicial Homotopy Theory: Progress in Mathematics
174. English. Birkhauser, 1999.

[Gra+09] Mariana Grana et al. “T-duality, Generalized Geometry and Non-Geometric
Backgrounds”. In: JHEP 04 (2009), p. 075. arXiv: 0807.4527 [hep-th].

[GHM97] Ruth Gregory, Jeffrey A. Harvey, and Gregory W. Moore. “Unwinding strings and t
duality of Kaluza-Klein and h monopoles”. In: Adv. Theor. Math. Phys. 1 (1997),
pp. 283–297. arXiv: hep-th/9708086 [hep-th].

[GJ20a] Clay James Grewcoe and Larisa Jonke. “L∞-algebras and membrane sigma models”.
In: PoS CORFU2019 (2020), p. 156. arXiv: 2004.14087 [hep-th].

[GJ20b] Clay James Grewcoe and Larisa Jonke. “Courant Sigma Model and L∞-algebras”.
In: Fortsch. Phys. 68.6 (2020), p. 2000021. arXiv: 2001.11745 [hep-th].

[GJ20c] Clay James Grewcoe and Larisa Jonke. “DFT algebroid and curved L∞-algebras”.
In: (Dec. 2020). arXiv: 2012.02712 [hep-th].

[GP83] David J. Gross and Malcolm J. Perry. “Magnetic Monopoles in Kaluza-Klein
Theories”. In: Nucl. Phys. B226 (1983), pp. 29–48.

[Gro21] Kevin T. Grosvenor. Double Field Theory Notes. Mar. 2021.
[Gua07] Marco Gualtieri. “Generalized complex geometry”. In: (Mar. 2007). arXiv:

math/0703298.
[Gua11] Marco Gualtieri. “Generalized complex geometry”. In: Annals of Mathematics 174.1

(July 2011), pp. 75–123. url:
http://dx.doi.org/10.4007/annals.2011.174.1.3.

[HS86] John P. Harnad and S. Shnider. “CONSTRAINTS AND FIELD EQUATIONS FOR
TEN-DIMENSIONAL SUPERYANG-MILLS THEORY”. In: Commun. Math. Phys.
106 (1986), p. 183.

[Has17] Falk Hassler. “Poisson-Lie T-Duality in Double Field Theory”. In: (2017). arXiv:
1707.08624 [hep-th].

[Has18] Falk Hassler. “The topology of Double Field Theory”. In: Journal of High Energy
Physics 2018.4 (Apr. 2018). url: http://dx.doi.org/10.1007/JHEP04(2018)128.

[HLR19] Falk Hassler, Dieter Lüst, and Felix J. Rudolph. “Para-Hermitian geometries for
Poisson-Lie symmetric σ-models”. In: Journal of High Energy Physics 2019.10 (Oct.
2019). url: http://dx.doi.org/10.1007/JHEP10(2019)160.

[Hei05] J. Heinloth. “Notes on differentiable stacks”. In: In: Mathematisches Institut,
Georg-August-Universität G öttingen: Seminars Winter Term 2004/2005 (Jan. 2005).
uni-due.de/∼hm0002/stacks.pdf.

[Hit01] Nigel J. Hitchin. “Lectures on special Lagrangian submanifolds”. In: AMS/IP Stud.
Adv. Math. 23 (2001), pp. 151–182. arXiv: math/9907034 [math].

https://arxiv.org/abs/1706.07089
https://arxiv.org/abs/1806.05992
https://arxiv.org/abs/2012.07765
https://arxiv.org/abs/1109.4280
https://arxiv.org/abs/1304.1472
https://arxiv.org/abs/0807.4527
https://arxiv.org/abs/hep-th/9708086
https://arxiv.org/abs/2004.14087
https://arxiv.org/abs/2001.11745
https://arxiv.org/abs/2012.02712
https://arxiv.org/abs/math/0703298
http://dx.doi.org/10.4007/annals.2011.174.1.3
https://arxiv.org/abs/1707.08624
http://dx.doi.org/10.1007/JHEP04(2018)128
http://dx.doi.org/10.1007/JHEP10(2019)160
https://www.uni-due.de/~hm0002/stacks.pdf
https://arxiv.org/abs/math/9907034


290 References

[HT16] B. Hoare and A. A. Tseytlin. “Homogeneous Yang-Baxter deformations as
non-abelian duals of the AdS5σ-model”. In: J. Phys. A 49.49 (2016), p. 494001.
arXiv: 1609.02550 [hep-th].

[HK11] Olaf Hohm and Seung Ki Kwak. “Double Field Theory Formulation of Heterotic
Strings”. In: JHEP 06 (2011), p. 096. arXiv: 1103.2136 [hep-th].

[HLZ13] Olaf Hohm, Dieter Lüst, and Barton Zwiebach. “The Spacetime of Double Field
Theory: Review, Remarks, and Outlook”. In: Fortsch. Phys. 61 (2013), pp. 926–966.
arXiv: 1309.2977 [hep-th].

[HS13a] Olaf Hohm and Henning Samtleben. “Exceptional Form of D=11 Supergravity”. In:
Phys. Rev. Lett. 111 (2013), p. 231601. arXiv: 1308.1673 [hep-th].

[HS13b] Olaf Hohm and Henning Samtleben. “Gauge theory of Kaluza-Klein and winding
modes”. In: Phys. Rev. D88 (2013), p. 085005. arXiv: 1307.0039 [hep-th].

[HS14a] Olaf Hohm and Henning Samtleben. “Exceptional Field Theory I: E6(6) covariant
Form of M-Theory and Type IIB”. In: Phys. Rev. D89.6 (2014), p. 066016. arXiv:
1312.0614 [hep-th].

[HS14b] Olaf Hohm and Henning Samtleben. “Exceptional field theory. II. E7(7)”. In: Phys.
Rev. D 89 (2014), p. 066017. arXiv: 1312.4542 [hep-th].

[HS19] Olaf Hohm and Henning Samtleben. “Higher Gauge Structures in Double and
Exceptional Field Theory”. In: Fortsch. Phys. 67.8-9 (2019), p. 1910008. arXiv:
1903.02821 [hep-th].

[HZ13] Olaf Hohm and Barton Zwiebach. “Large Gauge Transformations in Double Field
Theory”. In: JHEP 02 (2013), p. 075. arXiv: 1207.4198 [hep-th].

[HZ17] Olaf Hohm and Barton Zwiebach. “L∞ Algebras and Field Theory”. In: Fortsch.
Phys. 65.3-4 (2017), p. 1700014. arXiv: 1701.08824 [hep-th].

[Hoh+18] Olaf Hohm et al. “Constructions of L∞ algebras and their field theory realizations”.
In: Adv. Math. Phys. 2018 (2018), p. 9282905. arXiv: math-ph/1709.10004
[math-ph].

[HP17] P. S. Howe and G. Papadopoulos. “Patching DFT, T-duality and Gerbes”. In: JHEP
04 (2017), p. 074. arXiv: 1612.07968 [hep-th].

[How97] Paul S. Howe. “Weyl superspace”. In: Phys. Lett. B 415 (1997), pp. 149–155. arXiv:
hep-th/9707184.

[HSS19] John Huerta, Hisham Sati, and Urs Schreiber. “Real ADE-equivariant (co)homotopy
and Super M-branes”. In: Commun. Math. Phys. 371.2 (2019), pp. 425–524. arXiv:
1805.05987 [hep-th].

[HS18] John Huerta and Urs Schreiber. “M-theory from the Superpoint”. In: Lett. Math.
Phys. 108.12 (2018), pp. 2695–2727. arXiv: 1702.01774 [hep-th].

[Hul98] C. M. Hull. “Gravitational duality, branes and charges”. In: Nucl. Phys. B 509
(1998), pp. 216–251. arXiv: hep-th/9705162.

[Hul07a] C. M. Hull. “Doubled Geometry and T-Folds”. In: JHEP 07 (2007), p. 080. arXiv:
hep-th/0605149 [hep-th].

[Hul07b] C. M. Hull. “Generalised Geometry for M-Theory”. In: JHEP 07 (2007), p. 079.
arXiv: hep-th/0701203 [hep-th].

[Hul07c] C. M. Hull. “Global aspects of T-duality, gauged sigma models and T-folds”. In:
JHEP 10 (2007), p. 057. arXiv: hep-th/0604178 [hep-th].

[HR09] C. M. Hull and R. A. Reid-Edwards. “Non-geometric backgrounds, doubled geometry
and generalised T-duality”. In: JHEP 09 (2009), p. 014. arXiv: 0902.4032 [hep-th].

[Hul15] Chris Hull. “Finite Gauge Transformations and Geometry in Double Field Theory”.
In: JHEP 04 (2015), p. 109. arXiv: 1406.7794 [hep-th].

https://arxiv.org/abs/1609.02550
https://arxiv.org/abs/1103.2136
https://arxiv.org/abs/1309.2977
https://arxiv.org/abs/1308.1673
https://arxiv.org/abs/1307.0039
https://arxiv.org/abs/1312.0614
https://arxiv.org/abs/1312.4542
https://arxiv.org/abs/1903.02821
https://arxiv.org/abs/1207.4198
https://arxiv.org/abs/1701.08824
https://arxiv.org/abs/math-ph/1709.10004
https://arxiv.org/abs/math-ph/1709.10004
https://arxiv.org/abs/1612.07968
https://arxiv.org/abs/hep-th/9707184
https://arxiv.org/abs/1805.05987
https://arxiv.org/abs/1702.01774
https://arxiv.org/abs/hep-th/9705162
https://arxiv.org/abs/hep-th/0605149
https://arxiv.org/abs/hep-th/0701203
https://arxiv.org/abs/hep-th/0604178
https://arxiv.org/abs/0902.4032
https://arxiv.org/abs/1406.7794


References 291

[HZ09] Chris Hull and Barton Zwiebach. “Double Field Theory”. In: JHEP 09 (2009),
p. 099. arXiv: 0904.4664 [hep-th].

[IS20] Noriaki Ikeda and Shin Sasaki. “Global Aspects of Doubled Geometry and
Pre-rackoid”. In: (June 2020). arXiv: 2006.08158 [math-ph].

[Its+13] Georgios Itsios et al. “Non-Abelian T-duality and the AdS/CFT correspondence:new
N=1 backgrounds”. In: Nucl. Phys. B 873 (2013), pp. 1–64. arXiv: 1301.6755
[hep-th].

[IRS06] Fernando Izaurieta, Eduardo Rodriguez, and Patricio Salgado. “Expanding Lie
(super)algebras through Abelian semigroups”. In: J. Math. Phys. 47 (2006),
p. 123512. arXiv: hep-th/0606215.

[Jen11] Steuard Jensen. “The KK-monopole/NS5-brane in doubled geometry”. In: Journal of
High Energy Physics 2011.7 (July 2011). arXiv: 1106.1174 [hep-th]. url:
http://dx.doi.org/10.1007/jhep07(2011)088.

[JLP11] Imtak Jeon, Kanghoon Lee, and Jeong-Hyuck Park. “Stringy differential geometry,
beyond Riemann”. In: Phys. Rev. D84 (2011), p. 044022. arXiv: 1105.6294
[hep-th].

[Joh03] Stuart Johnson. Constructions with bundle gerbes. 2003. arXiv: math.DG/0312175
[math.DG].

[Joy14] Dominic Joyce. “An introduction to d-manifolds and derived differential geometry”.
In: Moduli Spaces (2014). Ed. by Leticia Brambila-Paz et al., pp. 230–281. url:
http://dx.doi.org/10.1017/CBO9781107279544.006.

[JSW16] Branislav Jurco, Christian Saemann, and Martin Wolf. “Higher Groupoid Bundles,
Higher Spaces, and Self-Dual Tensor Field Equations”. In: Fortsch. Phys. 64 (2016),
pp. 674–717. arXiv: 1604.01639 [hep-th].

[Jur+19a] Branislav Jurco et al. “L∞-Algebras of Classical Field Theories and the
Batalin-Vilkovisky Formalism”. In: Fortsch. Phys. 67.7 (2019), p. 1900025. arXiv:
1809.09899 [hep-th].

[Jur+19b] Branislav Jurco et al. “L∞-Algebras, the BV Formalism, and Classical Fields”. In:
Fortsch. Phys. 67.8-9 (2019), p. 1910025. arXiv: 1903.02887 [hep-th].

[Jur+20a] Branislav Jurco et al. “Perturbative Quantum Field Theory and Homotopy
Algebras”. In: PoS CORFU2019 (2020), p. 199. arXiv: 2002.11168 [hep-th].

[Jur+19c] Branislav Jurčo et al. “L∞-Algebras of Classical Field Theories and the
Batalin–Vilkovisky Formalism”. In: Fortschritte der Physik 67.7 (July 2019),
p. 1900025. url: http://dx.doi.org/10.1002/prop.201900025.

[Jur+19d] Branislav Jurčo et al. “Higher Structures in M-Theory”. In: Fortsch. Phys. 67.8-9
(2019), p. 1910001. arXiv: 1903.02807 [hep-th].

[Jur+20b] Branislav Jurčo et al. “Loop Amplitudes and Quantum Homotopy Algebras”. In:
JHEP 07 (2020), p. 003. arXiv: 1912.06695 [hep-th].

[KV09] Alexander Kahle and Alessandro Valentino. “T-duality and Differential K-Theory”.
In: (2009). arXiv: 0912.2516 [math.KT].

[Kel+15] Ozgür Kelekci et al. “Supersymmetry and non-Abelian T-duality in type II
supergravity”. In: Classical and Quantum Gravity 32.3 (Jan. 2015), p. 035014. url:
http://dx.doi.org/10.1088/0264-9381/32/3/035014.

[KS17] Igor Khavkine and Urs Schreiber. Synthetic geometry of differential equations: I. Jets
and comonad structure. 2017. arXiv: 1701.06238 [math.DG].

[KS20] Hyungrok Kim and Christian Saemann. “Adjusted parallel transport for higher gauge
theories”. In: J. Phys. A 53.44 (2020), p. 445206. arXiv: 1911.06390 [hep-th].

https://arxiv.org/abs/0904.4664
https://arxiv.org/abs/2006.08158
https://arxiv.org/abs/1301.6755
https://arxiv.org/abs/1301.6755
https://arxiv.org/abs/hep-th/0606215
https://arxiv.org/abs/1106.1174
http://dx.doi.org/10.1007/jhep07(2011)088
https://arxiv.org/abs/1105.6294
https://arxiv.org/abs/1105.6294
https://arxiv.org/abs/math.DG/0312175
https://arxiv.org/abs/math.DG/0312175
http://dx.doi.org/10.1017/CBO9781107279544.006
https://arxiv.org/abs/1604.01639
https://arxiv.org/abs/1809.09899
https://arxiv.org/abs/1903.02887
https://arxiv.org/abs/2002.11168
http://dx.doi.org/10.1002/prop.201900025
https://arxiv.org/abs/1903.02807
https://arxiv.org/abs/1912.06695
https://arxiv.org/abs/0912.2516
http://dx.doi.org/10.1088/0264-9381/32/3/035014
https://arxiv.org/abs/1701.06238
https://arxiv.org/abs/1911.06390


292 References

[KS13] Tetsuji Kimura and Shin Sasaki. “Worldsheet instanton corrections to 52
2-brane

geometry”. In: JHEP 08 (2013), p. 126. arXiv: 1305.4439 [hep-th].
[KPS17] Sung Moon Ko, Jeong-Hyuck Park, and Minwoo Suh. “The rotation curve of a point

particle in stringy gravity”. In: JCAP 1706.06 (2017), p. 002. arXiv: 1606.09307
[hep-th].

[KSM93] Ivan Kolář, Jan Slovák, and Peter W. Michor. Natural operations in differential
geometry. Springer, 1993.

[KZ92] Taichiro Kugo and Barton Zwiebach. “Target space duality as a symmetry of string
field theory”. In: Prog. Theor. Phys. 87 (1992), pp. 801–860. arXiv: hep-th/9201040.

[LS93] Tom Lada and Jim Stasheff. “Introduction to SH Lie algebras for physicists”. In: Int.
J. Theor. Phys. 32 (1993), pp. 1087–1104. arXiv: hep-th/9209099.

[LP14] Kanghoon Lee and Jeong-Hyuck Park. “Covariant action for a string in "doubled yet
gauged" spacetime”. In: Nucl. Phys. B880 (2014), pp. 134–154. arXiv: 1307.8377
[hep-th].

[LWX97] Zhang-Ju Liu, Alan Weinstein, and Ping Xu. “Manin triples for Lie bialgebroids”. In:
Journal of Differential Geometry 45.3 (1997), pp. 547–574.

[Loz+13] Yolanda Lozano et al. “Supersymmetric AdS6 via T Duality”. In: Phys. Rev. Lett.
110.23 (2013), p. 231601. arXiv: 1212.1043 [hep-th].

[Lur06] Jacob Lurie. Higher Topos Theory. Princeton University Press, 2006. arXiv:
math/0608040 [math.CT].

[Lur09] Jacob Lurie. “(∞, 2)-Categories and the Goodwillie Calculus I”. In: (2009). arXiv:
0905.0462 [math.CT].

[Lur17] Jacob Lurie. “Higher Algebra”. math.ias.edu/ lurie/papers/HA.pdf. 2017.
[Lus10] Dieter Lust. “T-duality and closed string non-commutative (doubled) geometry”. In:

JHEP 12 (2010), p. 084. arXiv: 1010.1361 [hep-th].
[LMS18] Dieter Lust, Emanuel Malek, and Marc Syvari. “Locally non-geometric fluxes and

missing momenta in M-theory”. In: JHEP 01 (2018), p. 050. arXiv: 1710.05919
[hep-th].

[MST21] Emanuel Malek, Yuho Sakatani, and Daniel C. Thompson. “E6(6) exceptional
Drinfel’d algebras”. In: JHEP 01 (2021), p. 020. arXiv: 2007.08510 [hep-th].

[MT20] Emanuel Malek and Daniel C. Thompson. “Poisson-Lie U-duality in Exceptional
Field Theory”. In: JHEP 04 (2020), p. 058. arXiv: 1911.07833 [hep-th].

[MS18] Vincenzo E. Marotta and Richard J. Szabo. “Para-Hermitian Geometry, Dualities
and Generalized Flux Backgrounds”. In: (2018). arXiv: 1810.03953 [hep-th].

[MS19] Vincenzo Emilio Marotta and Richard J. Szabo. “Born Sigma-Models for
Para-Hermitian Manifolds and Generalized T-Duality”. In: (2019). arXiv:
1910.09997 [hep-th].

[Mat+20] Philippe Mathieu et al. “Homological perspective on edge modes in linear Yang-Mills
and Chern-Simons theory”. In: Lett. Math. Phys. 110 (2020), pp. 1559–1584. arXiv:
1907.10651 [hep-th].

[MP17] Kevin Morand and Jeong-Hyuck Park. “Classification of non-Riemannian
doubled-yet-gauged spacetime”. In: Eur. Phys. J. C 77.10 (2017). [Erratum:
Eur.Phys.J.C 78, 901 (2018)], p. 685. arXiv: 1707.03713 [hep-th].

[Mur96] Michael K. Murray. “Bundle gerbes”. In: Journal of the London Mathematical
Society (2) 54 (1996), pp. 403–416. arXiv: dg-ga/9407015 [math.DG].

[Mur07] Michael K. Murray. “An Introduction to bundle gerbes”. In: 2007. arXiv: 0712.1651
[math.DG].

https://arxiv.org/abs/1305.4439
https://arxiv.org/abs/1606.09307
https://arxiv.org/abs/1606.09307
https://arxiv.org/abs/hep-th/9201040
https://arxiv.org/abs/hep-th/9209099
https://arxiv.org/abs/1307.8377
https://arxiv.org/abs/1307.8377
https://arxiv.org/abs/1212.1043
https://arxiv.org/abs/math/0608040
https://arxiv.org/abs/0905.0462
https://www.math.ias.edu/~lurie/papers/HA.pdf
https://arxiv.org/abs/1010.1361
https://arxiv.org/abs/1710.05919
https://arxiv.org/abs/1710.05919
https://arxiv.org/abs/2007.08510
https://arxiv.org/abs/1911.07833
https://arxiv.org/abs/1810.03953
https://arxiv.org/abs/1910.09997
https://arxiv.org/abs/1907.10651
https://arxiv.org/abs/1707.03713
https://arxiv.org/abs/dg-ga/9407015
https://arxiv.org/abs/0712.1651
https://arxiv.org/abs/0712.1651


References 293

[MS00] Michael K. Murray and Daniel Stevenson. “Bundle gerbes: stable isomorphism and
local theory.” In: Journal of the London Mathematical Society 62.3 (2000),
pp. 925–937.

[MS20] Edvard T. Musaev and Yuho Sakatani. “Non-abelian U-duality at work”. In: (Dec.
2020). arXiv: 2012.13263 [hep-th].

[MSS13] Dionysios Mylonas, Peter Schupp, and Richard J. Szabo. “Nonassociative geometry
and twist deformations in non-geometric string theory”. In: PoS ICMP2013 (2013),
p. 007. arXiv: 1402.7306 [hep-th].

[MSS14] Dionysios Mylonas, Peter Schupp, and Richard J. Szabo. “Non-Geometric Fluxes,
Quasi-Hopf Twist Deformations and Nonassociative Quantum Mechanics”. In: J.
Math. Phys. 55 (2014), p. 122301. arXiv: 1312.1621 [hep-th].

[Nai16] V. P. Nair. “Elements of Geometric Quantization and Applications to Fields and
Fluids”. In: (June 2016). arXiv: 1606.06407 [hep-th].

[NSS14] Thomas Nikolaus, Urs Schreiber, and Danny Stevenson. “Principal ∞-bundles:
presentations”. In: Journal of Homotopy and Related Structures 10.3 (Feb. 2014),
pp. 565–622. url: http://dx.doi.org/10.1007/s40062-014-0077-4.

[NSS15] Thomas Nikolaus, Urs Schreiber, and Danny Stevenson. “Principal ∞-bundles -
General theory”. In: Journal of Homotopy and Related Structures 10 (2015),
pp. 749–801. arXiv: math.AT/1207.0248 [math.AT].

[NW13] Thomas Nikolaus and Konrad Waldorf. Four Equivalent Versions of Non-Abelian
Gerbes. 2013. arXiv: 1103.4815 [math.DG].

[NW19] Thomas Nikolaus and Konrad Waldorf. “Higher geometry for non-geometric
T-duals”. In: Communications in Mathematical Physics (June 2019). arXiv:
math.AT/1804.00677 [math.AT]. url:
http://dx.doi.org/10.1007/s00220-019-03496-3.

[Ost20] David Osten. “Current algebras, generalised fluxes and non-geometry”. In: J. Phys.
A 53.26 (2020), p. 265402. arXiv: 1910.00029 [hep-th].

[Ost21] David Osten. “Currents, charges and algebras in exceptional generalised geometry”.
In: (Mar. 2021). arXiv: 2103.03267 [hep-th].

[Pap15] G. Papadopoulos. “C-spaces, generalized geometry and double field theory”. In:
JHEP 09 (2015), p. 029. arXiv: 1412.1146 [hep-th].

[Pap14] George Papadopoulos. “Seeking the balance: Patching double and exceptional field
theories”. In: JHEP 10 (2014), p. 089. arXiv: 1402.2586 [hep-th].

[Par13] Jeong-Hyuck Park. “Comments on double field theory and diffeomorphisms”. In:
JHEP 06 (2013), p. 098. arXiv: 1304.5946 [hep-th].

[Par16] Jeong-Hyuck Park. “Green-Schwarz superstring on doubled-yet-gauged spacetime”.
In: JHEP 11 (2016), p. 005. arXiv: 1609.04265 [hep-th].

[PS20] Jeong-Hyuck Park and Shigeki Sugimoto. “String Theory and non-Riemannian
Geometry”. In: Phys. Rev. Lett. 125.21 (2020), p. 211601. arXiv: 2008.03084
[hep-th].

[Pau14] Frederic Paugam. Towards the Mathematics of Quantum Field Theory. Springer,
2014.

[PW08] Paulo Pires Pacheco and Daniel Waldram. “M-theory, exceptional generalised
geometry and superpotentials”. In: JHEP 09 (2008), p. 123. arXiv: 0804.1362
[hep-th].

[PV18] Erik Plauschinn and Valentí Vall Camell. “T-duality transformations for the
NS5-brane along angular directions”. In: JHEP 03 (2018), p. 060. arXiv:
1712.05750 [hep-th].

https://arxiv.org/abs/2012.13263
https://arxiv.org/abs/1402.7306
https://arxiv.org/abs/1312.1621
https://arxiv.org/abs/1606.06407
http://dx.doi.org/10.1007/s40062-014-0077-4
https://arxiv.org/abs/math.AT/1207.0248
https://arxiv.org/abs/1103.4815
https://arxiv.org/abs/math.AT/1804.00677
http://dx.doi.org/10.1007/s00220-019-03496-3
https://arxiv.org/abs/1910.00029
https://arxiv.org/abs/2103.03267
https://arxiv.org/abs/1412.1146
https://arxiv.org/abs/1402.2586
https://arxiv.org/abs/1304.5946
https://arxiv.org/abs/1609.04265
https://arxiv.org/abs/2008.03084
https://arxiv.org/abs/2008.03084
https://arxiv.org/abs/0804.1362
https://arxiv.org/abs/0804.1362
https://arxiv.org/abs/1712.05750


294 References

[Pri13] J.P. Pridham. “Presenting higher stacks as simplicial schemes”. In: Advances in
Mathematics 238 (May 2013), pp. 184–245. url:
http://dx.doi.org/10.1016/j.aim.2013.01.009.

[Rog11] Christopher L. Rogers. “Higher Symplectic Geometry”. In: 2011. arXiv: 1106.4068
[math-ph].

[Rog13] Christopher L. Rogers. “2-plectic geometry, Courant algebroids, and categorified
prequantization”. In: J. Sympl. Geom. 11 (2013), pp. 53–91. arXiv: 1009.2975
[math-ph].

[Roy02] Dmitry Roytenberg. “On the structure of graded symplectic supermanifolds and
Courant algebroids”. In: Workshop on Quantization, Deformations, and New
Homological and Categorical Methods in Mathematical Physics Manchester, England,
July 7-13, 2001. 2002. arXiv: math/0203110 [math-sg].

[Sae19] Christian Saemann. “Higher Structures, Self-Dual Strings and 6d Superconformal
Field Theories”. In: Durham Symposium, Higher Structures in M-Theory Durham,
UK, August 12-18, 2018. 2019. arXiv: 1903.02888 [hep-th].

[SS18] Christian Saemann and Lennart Schmidt. “Towards an M5-Brane Model I: A 6d
Superconformal Field Theory”. In: J. Math. Phys. 59.4 (2018), p. 043502. arXiv:
1712.06623 [hep-th].

[SS19a] Christian Saemann and Lennart Schmidt. “Towards an M5-Brane Model II: Metric
String Structures”. In: (2019). arXiv: 1908.08086 [hep-th].

[SS11a] Christian Saemann and Richard J. Szabo. “Groupoid Quantization of Loop Spaces”.
In: PoS CORFU2011 (2011), p. 046. arXiv: 1203.5921 [hep-th].

[SS11b] Christian Saemann and Richard J. Szabo. “Quantization of 2-Plectic Manifolds”. In:
Proceedings, 4th Annual Meeting of the European Non Commutative Geometry
Network (EU-NCG): Progress in Operator Algebras, Noncommutative Geometry, and
their Applications: Bucharest, Romania, April 25-30, 2011. 2011. arXiv: 1106.1890
[hep-th].

[SS13] Christian Saemann and Richard J. Szabo. “Groupoids, Loop Spaces and
Quantization of 2-Plectic Manifolds”. In: Rev. Math. Phys. 25 (2013), p. 1330005.
arXiv: 1211.0395 [hep-th].

[Sak20a] Yuho Sakatani. “U -duality extension of Drinfel’d double”. In: PTEP 2020.2 (2020),
023B08. arXiv: 1911.06320 [hep-th].

[Sak20b] Yuho Sakatani. “Extended Drinfel’d algebras and non-Abelian duality”. In: (Sept.
2020). arXiv: 2009.04454 [hep-th].

[SU20] Yuho Sakatani and Shozo Uehara. “Born sigma model for branes in exceptional
geometry”. In: PTEP 2020.7 (2020), 073B05. arXiv: 2004.09486 [hep-th].

[SS19b] Hisham Sati and Urs Schreiber. “Equivariant Cohomotopy implies orientifold tadpole
cancellation”. In: (2019). arXiv: 1909.12277 [hep-th].

[SS20] Hisham Sati and Urs Schreiber. “The character map in equivariant twistorial
Cohomotopy implies the Green-Schwarz mechanism with heterotic M5-branes”. In:
(Nov. 2020). arXiv: 2011.06533 [hep-th].

[SS21] Hisham Sati and Urs Schreiber. “M/F-Theory as Mf -Theory”. In: (Mar. 2021).
arXiv: 2103.01877 [hep-th].

[SSS12] Hisham Sati, Urs Schreiber, and Jim Stasheff. “Differential twisted String and
Fivebrane structures”. In: Commun. Math. Phys. 315 (2012), pp. 169–213. arXiv:
0910.4001 [math.AT].

[Sch16] Urs Schreiber. “Higher prequantum geometry”. In: 2016. arXiv: 1601.05956
[math-ph].

http://dx.doi.org/10.1016/j.aim.2013.01.009
https://arxiv.org/abs/1106.4068
https://arxiv.org/abs/1106.4068
https://arxiv.org/abs/1009.2975
https://arxiv.org/abs/1009.2975
https://arxiv.org/abs/math/0203110
https://arxiv.org/abs/1903.02888
https://arxiv.org/abs/1712.06623
https://arxiv.org/abs/1908.08086
https://arxiv.org/abs/1203.5921
https://arxiv.org/abs/1106.1890
https://arxiv.org/abs/1106.1890
https://arxiv.org/abs/1211.0395
https://arxiv.org/abs/1911.06320
https://arxiv.org/abs/2009.04454
https://arxiv.org/abs/2004.09486
https://arxiv.org/abs/1909.12277
https://arxiv.org/abs/2011.06533
https://arxiv.org/abs/2103.01877
https://arxiv.org/abs/0910.4001
https://arxiv.org/abs/1601.05956
https://arxiv.org/abs/1601.05956


References 295

[DCCT] Urs Schreiber. “Differential cohomology in a cohesive ∞-topos”. v2.
ncatlab.org/schreiber/files/dcct170811.pdf.

[SW08] Urs Schreiber and Konrad Waldorf. “Connections on non-abelian Gerbes and their
Holonomy”. In: arXiv e-prints, arXiv:0808.1923 (Aug. 2008), arXiv:0808.1923. arXiv:
0808.1923 [math.DG].

[Sev01] Pavol Severa. “Some title containing the words "homotopy" and "symplectic", e.g.
this one”. In: (2001). arXiv: math/0105080 [math.SG].

[Sev06] Pavol Severa. “L∞ algebras as 1-jets of simplicial manifolds (and a bit beyond)”. In:
arXiv Mathematics e-prints, math/0612349 (Dec. 2006), math/0612349. arXiv:
math/0612349 [math.DG].

[ŠŠ15] Pavol Ševera and Michal Širaň. “Integration of differential graded manifolds”. In:
(2015). arXiv: 1506.04898 [math.DG].

[Sez97] Ergin Sezgin. “The M algebra”. In: Phys. Lett. B 392 (1997), pp. 323–331. arXiv:
hep-th/9609086.

[Sha02] Eric R. Sharpe. “String orbifolds and quotient stacks”. In: Nucl. Phys. B 627 (2002),
pp. 445–505. arXiv: hep-th/0102211.

[Shi19] Kenta Shiozawa. “Para-Hermitian Geometry and Doubled Aspects of Vaisman
Algebroid”. In: J. Phys. Conf. Ser. 1416.1 (2019). Ed. by C. Burdik, O. Navrátil, and
S. Posta, p. 012031.

[Sie93a] W. Siegel. “Manifest duality in low-energy superstrings”. In: International
Conference on Strings 93 Berkeley, California, May 24-29, 1993. 1993, pp. 353–363.
arXiv: hep-th/9308133 [hep-th].

[Sie93b] W. Siegel. “Superspace duality in low-energy superstrings”. In: Phys. Rev. D48
(1993), pp. 2826–2837. arXiv: hep-th/9305073 [hep-th].

[Sny47] Hartland S. Snyder. “Quantized Space-Time”. In: Phys. Rev. 71 (1 Jan. 1947),
pp. 38–41. url: https://link.aps.org/doi/10.1103/PhysRev.71.38.

[Sou97] J.M. Souriau. Structure of Dynamical Systems - A Symplectic View of Physics.
Vol. 149. Progress in Mathematics. Birkhauser Basel, 1997.

[Svo18] David Svoboda. “Algebroid Structures on Para-Hermitian Manifolds”. In: J. Math.
Phys. 59.12 (2018), p. 122302. arXiv: 1802.08180 [math.DG].

[Svo20] David Svoboda. “Born Geometry”. http://hdl.handle.net/10012/15772.
PhD thesis. University of Waterloo, 2020.

[Sza96] Richard J. Szabo. “Equivariant localization of path integrals”. In: (Aug. 1996). arXiv:
hep-th/9608068.

[Sza18] Richard J. Szabo. “Higher Quantum Geometry and Non-Geometric String Theory”.
In: PoS CORFU2017 (2018), p. 151. arXiv: 1803.08861 [hep-th].

[Tan14] Hai Siong Tan. “Closed String Partition Functions in Toroidal Compactifications of
Doubled Geometries”. In: JHEP 05 (2014), p. 133. arXiv: 1403.4683 [hep-th].

[Tho16] Daniel C. Thompson. “Generalised T-duality and Integrable Deformations”. In:
Fortsch. Phys. 64 (2016). Ed. by Riccardo Argurio et al., pp. 349–353. arXiv:
1512.04732 [hep-th].

[Tho19] Daniel C. Thompson. “An Introduction to Generalised Dualities and their
Applications to Holography and Integrability”. In: PoS CORFU2018 (2019). Ed. by
Konstantinos Anagnostopoulos et al., p. 099. arXiv: 1904.11561 [hep-th].

[Tse90] Arkady A. Tseytlin. “Duality Symmetric Formulation of String World Sheet
Dynamics”. In: Phys. Lett. B 242 (1990), pp. 163–174.

[Tse91] Arkady A. Tseytlin. “Duality symmetric closed string theory and interacting chiral
scalars”. In: Nucl. Phys. B 350 (1991), pp. 395–440.

https://ncatlab.org/schreiber/files/dcct170811.pdf
https://arxiv.org/abs/0808.1923
https://arxiv.org/abs/math/0105080
https://arxiv.org/abs/math/0612349
https://arxiv.org/abs/1506.04898
https://arxiv.org/abs/hep-th/9609086
https://arxiv.org/abs/hep-th/0102211
https://arxiv.org/abs/hep-th/9308133
https://arxiv.org/abs/hep-th/9305073
https://link.aps.org/doi/10.1103/PhysRev.71.38
https://arxiv.org/abs/1802.08180
http://hdl.handle.net/10012/15772
https://arxiv.org/abs/hep-th/9608068
https://arxiv.org/abs/1803.08861
https://arxiv.org/abs/1403.4683
https://arxiv.org/abs/1512.04732
https://arxiv.org/abs/1904.11561


296 References

[Vai12a] Izu Vaisman. “On the geometry of double field theory”. In: J. Math. Phys. 53 (2012),
p. 033509. arXiv: 1203.0836 [math.DG].

[Vai12b] Izu Vaisman. “On the geometry of double field theory”. In: J. Math. Phys. 53 (2012),
p. 033509. arXiv: 1203.0836 [math.DG].

[Vai13] Izu Vaisman. “Towards a double field theory on para-Hermitian manifolds”. In: J.
Math. Phys. 54 (2013), p. 123507. arXiv: 1209.0152 [math.DG].

[Vic84] Victor Guillemin and Shlomo Sternberg. Symplectic Techniques in Physics.
Cambridge University Press, 1984.

[Vit14] Luca Vitagliano. “On the strong homotopy Lie–Rinehart algebra of a foliation”. In:
Communications in Contemporary Mathematics 16.06 (Nov. 2014), p. 1450007. url:
http://dx.doi.org/10.1142/s0219199714500072.

[Vit19] Patrizia Vitale. “A Simple Model of Double Dynamics on Lie Groups”. In: Springer
Proc. Phys. 229 (2019). Ed. by G. Marmo, David Martín de Diego, and
Miguel Muñoz Lecanda, pp. 337–359.

[Wal17] Konrad Waldorf. “Parallel transport in principal 2-bundles”. In: arXiv e-prints,
arXiv:1704.08542 (Apr. 2017), arXiv:1704.08542. arXiv: 1704.08542 [math.DG].

[Wei77] Alan Weinstein. Lectures on Symplectic Manifolds. 3rd ed. Vol. 29. CBMS Regional
Conference Series in Mathematics. American Mathematical Society, 1977.

[Wil08] Simon Willerton. “The twisted Drinfel’d double of a finite group via gerbes and finite
groupoids”. In: Algebraic & Geometric Topology 8.3 (Sept. 2008), pp. 1419–1457.
url: http://dx.doi.org/10.2140/agt.2008.8.1419.

[Woo80] N. Woodhouse. Geometric Quantization. Oxford Mathematical Monographs, 1980.

https://arxiv.org/abs/1203.0836
https://arxiv.org/abs/1203.0836
https://arxiv.org/abs/1209.0152
http://dx.doi.org/10.1142/s0219199714500072
https://arxiv.org/abs/1704.08542
http://dx.doi.org/10.2140/agt.2008.8.1419

	Abstract
	Contents
	List of Figures
	List of Tables
	Introduction
	String Theory and duality
	T-duality
	Buscher's rules
	T-duality on the torus
	Topological T-duality
	Extended Field Theory

	Higher geometry and String Theory
	Higher geometry and T-duality

	Outline of this Thesis

	Introduction to Extended Field Theories
	Double Field Theory
	Coordinate representation
	Generalised diffeomorphisms
	Generalised metric
	Tensor hierarchy
	Generalised Scherk-Schwarz reductions

	Exceptional Field Theory
	The globalisation problem

	Elements of higher geometry
	Category theory
	Smooth -groupoids
	Simplicial sets
	-groupoids
	Smooth stacks
	Lie -groups
	Dold-Kan correspondence
	Geometric stacks

	-Lie theory
	L-algebras
	L-algebroids
	Chevalley-Eilenberg dg-algebras
	Weil dg-algebra
	NQ-manifolds
	Lie integration

	Principal -bundles
	Action -groupoid
	Bundle gerbes
	Principal -bundles with connection
	Bundle gerbes with connection
	Global higher gauge fields and L-algebras

	Automorphisms of principal -bundles
	Atiyah L-algebroids and generalised geometry

	Twisted -bundles and G-structures
	Twisted -bundles
	Principal Stringa(G)-bundle
	11d Supergravity
	G-structures
	Orthogonal structure
	Cartan geometry

	Atlases and charts
	Higher geometric quantisation
	Prequantum -bundles
	BRST complex
	Batalin–Vilkovisky quantisation


	Review of proposals of doubled geometry
	Non-associative proposal
	Modified exponential map
	-product and non-associativity

	Proposal with gerbe-like local transformations
	Doubled-yet-gauged space proposal
	The coordinate gauge symmetry

	Finite gauge transformations proposal
	C-space proposal
	Pre-NQP manifold proposal
	Symplectic L-algebroids as NQP-manifolds
	A pre-NQP-manifold for Double Field Theory
	An example of global pre-NQP manifold

	Tensor hierarchies proposal
	Embedding tensor and Leibniz-Loday algebra
	Tensor hierarchies
	The puzzle of the global tensor hierarchy

	Born Geometry
	Para-Hermitian geometry
	Recovering generalised geometry
	Born geometry

	Can DFT actually recover bosonic supergravity?
	Recovering a string background
	Papadopoulos' puzzle revised


	Global Double Field Theory as higher Kaluza-Klein theory
	Doubled/higher correspondence
	Doubled space as atlas of a bundle gerbe
	Global generalised metric
	Global strong constraint as higher cylindricity
	Recovering generalised geometry
	Generalised tangent bundle on the atlas
	Finite symmetries
	Courant algebroid as Atiyah L-algebroid
	A prequantum interpretation for the bundle gerbe

	NS5-brane as higher Kaluza-Klein monopole
	Higher Dirac monopole of the Kalb-Ramond field
	Higher Kaluza-Klein monopole in 10d
	Berman-Rudolph DFT monopole in 9d
	Berman-Rudolph DFT monopole in 8d


	Global T-duality from higher geometry
	Moduli stack of global string compactifications
	Moduli stack of generalised Scherk-Schwarz reductions
	Toy example: electromagnetic flux compactifications
	Moduli stack of Kalb-Ramond flux compactifications
	Moduli stack of global tensor hierarchies

	Topology of a bundle gerbe on a Tn-bundle
	Geometrisation of T-duality
	Correspondence space
	Atlas formulation 
	Global tensor hierarchy
	Relation with pre-NQP-manifolds

	Geometrisation of non-geometric T-duality
	Generalised correspondence space formulation
	Atlas formulation
	T-fold as global tensor hierarchy

	Geometrisation of general abelian T-duality
	Geometrisation of non-abelian T-duality
	Non-abelian T-fold as global tensor hierarchy

	Geometrisation of Poisson-Lie T-duality
	Poisson-Lie T-folds as non-abelian global tensor hierarchies

	Physical insights from global DFT compactifications
	The puzzle of the T-dual fibre
	Application to holographic backgrounds
	Application to general brane configurations


	Towards global super-Exceptional Field Theory
	Towards global heterotic Double Field Theory
	An atlas for heterotic Double Field Theory
	Atiyah L-algebroid for heterotic Double Field Theory

	Towards global super-Double Field Theory
	An atlas for super-Double Field Theory
	T-duality on the doubled superspace

	Towards global Exceptional Field Theory
	An atlas for Exceptional Field Theory
	Atiyah L-algebroid for Exceptional Field Theory
	U-duality from higher geometry

	Towards global super-Exceptional Field Theory
	An atlas for super-Exceptional Field Theory
	Relation with D'Auria-Fré algebra, M-algebra and osp(1|32)


	Geometric quantisation of Double Field Theory
	Quantum geometry of the closed string
	The phase space of the closed string
	Generalised coordinates and the Kalb-Ramond field
	The algebra of operators of a closed string
	The phase space of the closed string on a torus
	T-duality and background independence

	Quantum geometry of the doubled string
	The generalised boundary conditions of the doubled string
	The symplectic structure of the doubled string.
	Algebra of observables

	Geometric quantisation on the doubled space
	The phase space of the zero-mode string
	Algebra of the observables
	T-duality and the string deformed Fourier transform
	Relation with non-commutativity induced by fluxes

	Non-commutative QM of the zero-mode string
	Non-commutative coherent states of zero-mode strings
	Free particles on the doubled space
	Minimal scale of the doubled space
	Polarisation of coherent states in a T-duality frame

	Metaplectic structure
	The Maslov correction


	Conclusion
	Conclusion
	Discussion

	Appendices
	Fundamentals of generalised geometry
	Generalised tangent bundle
	Courant algebroid structure
	Review of Lie algebroids and bialgebroids
	Courant algebroids
	The double of a Lie bialgebroid as a Courant algebroid

	Generalised complex structure

	Fundamentals of supergeometry
	Supermanifolds
	Super-Cartan geometry
	Super-Cartan geometry with dilaton

	Type II super-Cartan geometry
	Super Yang-Mills theory
	Heterotic Supergravity
	Rheonomy principle

	Fundamentals of geometric quantisation
	Classical physics as symplectic geometry
	Hamiltonian mechanics
	Classical algebra of observables

	Geometric quantisation
	Prequantum geometry
	Quantum algebra of observables
	Quantum geometry

	Polarisations and canonical transformations
	Canonical transformations as symplectomorphisms
	Lagrangian correspondence
	Canonical transformation on the Hilbert space


	References


